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Abstract. — The moduli space Mg of degree d > 2 rational maps can naturally be endowed with
a measure upir detecting maximal bifurcations, called the bifurcation measure. We prove that the
support of the bifurcation measure unir has positive Lebesgue measure. To do so, we establish a
general sufficient condition for the conjugacy class of a rational map to belong to the support of
pvif and we exhibit a large set of Collet-Eckmann rational maps which satisfy this condition. As a
consequence, we get a set of Collet-Eckmann rational maps of positive Lebesgue measure which are
approximated by hyperbolic rational maps.
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1. Introduction

For an integer d > 2, we let Raty be the space of rational maps of degree d of the Riemann
sphere P!. The space Raty of degree d rational maps is a quasi-projective subvariety of dimension
2d + 1. More precisely, there exists an (irreducible) variety V such that Raty ~ P21\ V. The
J-stability locus in Ratg is defined as the set of maps f which are structurally stable on their
Julia set Jy. By the seminal work [MSS]| of Mané, Sad and Sullivan, it is an open and dense
subset of Ratg. The bifurcation locus in Raty is its complement.

One can give a measurable description of this bifurcation as follows: any rational map f €
Raty has a unique measure py of maximal entropy logd. The Lyapunov exponent of f with
respect to the measure juy can be defined as L(f) := [p log|f’| i1y, where |- | is any Hermitian
metric on P'. DeMarco [DeM] proved that the function L : f € Raty — L(f) € Ry is
plurisubharmonic (psh for short) and continuous and that the bifurcation locus is the support
of the positive closed (1, 1)-current Ty := dd°L.
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Moreover, M&bius transformations act by conjugacy on Raty and the quotient space is an
orbifold affine variety of dimension 2d — 2 which is known as the moduli space My of degree
d rational maps. As the functlon L is invariant by conjugacy, the function L induces a psh
and continuous function L : My — R. The support of dd°L coincides with the image of the
bifurcation locus under the quotient map II : Raty — M.

Definition 1.1. — The bifurcation measure of the space My is the positive measure
Mpif = (ddci)2d_2.

Even though M, is a singular variety (with orbifold singularities), as the function L is con-
tinuous, one can define (dalCE)Qd_2 classically on the regular part of My and extend it trivially
through the singularities, see [Dem)| for more details on currents on singular varieties.

Notice that the support of up;s is strictly contained in the bifurcation locus. This measure has
been introduced by Bassanelli and Berteloot in [BBJ. Its support is exactly the accumulation
set of the hyperbolic (conjugacy class of) rational maps (see [BB| and also Buff and Epstein
[BE] and the second author [G2] for other dynamical characterizations). Recall that a rational
map is hyperbolic if it is uniformly expanding on its Julia set J¢, i.e. there exist C' > 0 and
A > 1 such that for any n > 1 and any z € Jy, |(f")'(2)| > C - A". Another way to define pu
Tt

is as follows: it is the only finite measure on My such that IT*(upif) = as closed positive

(2d — 2,2d — 2)-currents on Ratg (see [BB §6]).

In the family {z? + c}.ec of quadratic polynomials, this measure is exactly the harmonic
measure of the Mandelbrot set and its support is exactly the boundary of the Mandelbrot set.
One of the important questions in complex dynamics which is still open is the following.

Question. — Does the boundary of the Mandelbrot set have positive area?

It is natural to ask similar questions in the moduli space My of degree d rational maps. For
that, let us naturally endow M, with a volume form: let wpzar1 be the Fubini-Study form on
P24+ we let Vol , be the unique volume form on the moduli space M, such that

IT* (Voluy,) = w2 3.

This is a probability measure on M . Moreover, in any (smooth) local chart of M it is smoothly
equivalent to the Lebesgue measure, hence it is a non-degenerate volume form in M,;. We also
let
Volgrat, := w;ffj;ll.
For the bifurcation locus, Rees showed that it has positive Vola,-measure (resp. of positive
VolRat,-measure), see [R]. This leaves the question of the volume of the support of the measure
Hpir in Mg.
Another major problem concerning the moduli space My is the Hyperbolicity Conjecture:

Conjecture (Hyperbolicity). — Hyperbolic rational maps are dense in Ratg.

In the present paper, we are interested in the following simpler but related problem: is
any Collet-Eckmann rational map approximated by hyperbolic rational maps? Refining Rees’
results, Aspenberg [As2| showed that there is a set of positive Volyg,-measure of (suitable)
Collet-Eckmann rational map (such maps are in the bifurcation locus). A rational map f € Raty
is Collet-Eckmann if the critical set Crit(f) of f is contained in J and if there exist v,y > 0
such that

(CE(7,7%)) (™) (f()] =z e,
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for any ¢ € Crit(f) and any n > 0.
Our main result is the following

Theorem A. — Pick an integer d > 2 and let [f] € supp(upir). Then for any open neighborhood
QO C My of [f], there is a set CEq C Q Nsupp(upit) of Collet-Eckmann maps with:

VOIMd(CEQ)) > 0.
This implies the following result related to the above conjecture.

Corollary 1. — There exists a set of positive Volgag,-measure of Collet-Eckmann rational maps
f of Raty with [f] € supp(unit) such that f is approzimated by hyperbolic rational maps.

We rely on the following strategy: we first give a very general sufficient condition for a conju-
gacy class of rational maps to belong to the support of the bifurcation measure (see Theorem .
Then we exhibit a large set of rational maps fulfilling this condition. Theorem [A] becomes a
corollary of Theorem [B] Theorem [C] and Theorem [D] below and of the Main Theorem of [BE].

When a rational map f has simple critical points, one can follow them holomorphically as
maps ci,...,cq_2 : V — P! where V is an open neighborhood of f in Raty. For any (2d — 2)-
tuple of positive integers n := (ni,...,na4—2), one also can define a holomorphic map U, :
V — (P1)%4-2 by letting

Bn(g) == (g" (c1(9)); - -+, 9" 2 (c2d-2(9))) -

This map detects, in a certain sense, the collective stability/unstability of the critical points
Cly-..,Coq—2. In the sequel, we will use the following definition in a crucial way.

Definition 1.2. — Let f € Raty with simple critical points and let I',, denote the graph of U,
We say that f satisfies the large scale condition if there exist a (local) complex submanifold
Ay C Raty of dimension 2d — 2, disks D1,...,Dag_o C P! with D;NJr # 0, a sequence ny,
(such that ny j — +oo for all j), a nested sequence Sy of open subsets of Ay with

i ﬂkm ={f} and

U, : Q) — Dy x - x Doy 5 is a proper map.

This means that a rational map f satisfies the large scale condition if, infinitely many times,
the map U, sends an arbitrarily small neighborhood of [f] in the moduli space Mg to a polydisk
of fixed size in (P!)??=2 and its graph is vertical-like near [f]. The first step of our proof consists
in proving that the large scale condition is actually a sufficient condition for maximal bifurcations
to occur at f. More precisely, we prove the following.

Theorem B. — Pick f € Raty. Assume that f has simple critical points and that f satisfies
the large scale condition. Then [f] € supp(fbif)-

This condition extracts the core of the ones previously used, such as having a uniform expan-
sion along the postcritical set, the famous Misiurewicz condition. To illustrate the interest of
this condition, we show in §4] that this condition is satisfied by Misiurewicz maps. The proof
drastically simplifies the proof of [G1, Theorem 1.4]. In particular, we are now able to avoid any
linearization process along the critical orbits which was a crucial step in the proof given by the
second author (see [G1], §5]). Indeed, we only use here the transversality and the holomorphic
motion of the hyperbolic set containing the post-critical set. The proof of Theorem [B]is based
on a phase-parameter transfer (giving a measurable version of Tan Lei’s work [Tal). For clarity,
we give the proof in the easier case of one critical point in Section [3.1
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*

A rational map is strongly Misiurewicz if all its critical points are preperiodic to repelling
cycles. Reformulating the main result of Aspenberg [As2| gives the following (see Theorem
in Section [5| for a precise statement):

O Any strongly Misiurewicz map fo € Ratg which has simple critical points and which is not
a flexible Lattes map is a Lebesque density point of sufficiently regular Collet-Eckmann
maps.

We postpone the precise statement to Section [ see Theorem [C] where the sufficient regularity
is formulated in terms of the conditions CE(v,v9), CE2(u, 110), BA(«) and FA(n, ) (defined at
the beginning of Section [5).

The last key ingredient is to relate the big set of Collet-Eckmann parameters near a strongly
Misiurewicz map and the large scale condition. We prove the following:

OO Any sufficiently regular Collet-Eckmann rational map fo € Raty satisfies the large scale
condition.

Again, we refer to Theorem [D|in Section [5| for a precise statement.

To prove Theorem @, we follow Tsujii’s generalization [Ts] of Benedicks and Carleson con-
struction [BC] that we need to adapt to the complex setting. The strategy of the proof is
summarized below.

e Take a Collet-Eckmann map f and a small ball in the dynamical plane centered at a critical
value. That ball will go to the large scale with exponential growth and good distortion
estimates under f” by (CE) as long as its orbit stays far away from the critical set C(f).
For each n we will choose such a starting ball B,,.

e Passages of the critical orbit near C(f) impose upper bounds of the size of B,,. The assertion
(BA) gives lower bounds for the approach rate to C(f). After a close visit near C(f), the
image is even closer to the visited critical value. Lemma shows that the sequel of the
critical orbit copies the good properties of a long prefix of the orbit of the visited critical
value.

e Lemma guarantees that just before going (again) near a critical point, we gain ex-
pansivity by (CE2), so we have restored the exponential growth and the bound for the
distortion on B,. We use a Lemma a la Mané (Proposition for the suffix of a (finite)
critical orbit that does not visit a neighborhood of C(f).

e Lemma gives a large density of times n for which B, goes to the large scale ((FA)
tells that the critical orbit does not go too often near the critical set). We intersect over
all the critical values and still have positive density of times for which the starting balls go
to the large scale for all the critical values.

e Using Lemma[5.15 allows to bound parametric distortion on complex lines passing through
f thanks to the transversality of critical relations (using again (CE) and (BA)).

e Finally, we use a result of Sibony and Wong [SW] and the transversality to extend the
distortion to a ball on a neighborhood of f to get the large scale condition (Theorem .

Structure of the paper. — In Section [2| we recall facts on bifurcation currents. In Sec-
tion 3, we define a (generalized) large scale condition and show that if a parameter satisfies it
for some m then it is in the support of T}%}. In Section @, we apply this result to k-Misiurewicz
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maps. In Section [5] we prove Theorems [C| and [D] In Section [6 we prove Theorem [A] and a
strengthened version of Corollary

Acknowledgement. —  We thank the anonymous referee for his careful reading and his
suggestions, in particular his formulation of the large scale condition.

2. Basics on bifurcation currents

This section is devoted to the bifurcation currents. We begin with giving a description of the
bifurcation currents. We then give a new formula for the higher bifurcation currents.

2.1. The bifurcation currents of critical points
Let (fx)aea be a holomorphic family of rational maps.

Definition 2.1. — A critical point c is said to be marked if there exists a holomorphic function
c: A — P! satisfying fi(c(N)) =0 for every X € A.

We say that the critical point c is active at Ao € A if (fY(c(N)))n>0 is not a normal family in
any neighborhood of A\g. Otherwise we say that ¢ is passive at A\g. The activity locus of ¢ is the
set of parameters X\ € A at which c is active.

Let us construct the bifurcation current of the critical point ¢;. One can define a fibered
dynamical system f acting on A x P!

fiAxP' — AxP!
()\72) — ()‘7 f)\(Z)) :
We denote by pp : A x P! — A and pp1 : A x P! — A the respective natural projections and by
& = (pp1)*wrs, where wrg is the Fubini-Study form on P! normalized so that fJP’l wrs = 1. We
say that a function ) is w-psh if it can be locally written as the sum of a smooth function and

a plurisubharmonic function (psh for short) and ddy + @ > 0 in the sense of currents. Then,
there exists a w-psh function g such that

A~

(1) () (@+dd°g) =d- (&+dd°).

Indeed, since d—*( f)*d) and @ are in the same cohomology class, there exists a smooth w-psh
function u such that d=!(f)*@ = & + dd“u. Taking
n—1 N
_N~ue ()
Unp = Z a4
§=0

we defined g := lim,, u,,. The function ¢ is continuous and @-plurisubharmonic on A x P!, since
lg — unlloo = O(d™™). The function g is the Green function of f and is unique up to an additive
constant. We shall use the following notation in the sequel

T:=&+ddg .
One can give the following definition.
Definition 2.2. — The bifurcation current of the critical point ¢; in (fx)xea 1S
T, = (pa)- (@ + dd°g) A[Vi])
where Vi = {(\,vi(\)) : X € A} is the graph of the map v;(\) == fx(c;(N)).
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The holomorphic family (fy)xea admits local lifts, i.e. for any small enough V' C A, there
exists a holomorphic family (Fy)x ey of non-degenerate homogeneous degree d polynomial endo-
morphims of C2, and the Green function of the lift is then

G(\a,y) = lim d™"log||F}(z,y)| , (z,y) € C*\ {0} .

It actually is a continuous and psh function on V x (C2?\ {0}). According to [Bl Section 3.2.2],
one can prove that for any local holomorphic section o : U C P — C?\ {0} of the canonical
projection C2?\ {0} — P!, then

W+ dd¢g =dd°G(\,0(2)), on V x U.
We thus can locally write T; = dd°G (A, 0 0 v;(A\)) = d - dd°G(\, 0 0¢;(N)) on U.

Remark. — The definition we give here is not the classical one. The usual definition of the
bifurcation currents is to take locally T; := dd°G(\, 0 o ¢;(\)) = d~! - T}, which does not change
the support of the current.

The important information concerning the current T; is the following (see [DF]).
Proposition 2.3 (Dujardin-Favre). — The support of T; is the activity locus of c;.

Another way to characterize the bifurcation current of ¢; is the following. Let & : A — P!
be the map given by £*(\) := f{'(vi(N)), for n > 0 and 1 < i < 2d — 2. The sequence of forms
d7"(&]')*wrg converge to the current 7; in the sense of currents (see e.g. [Dul).

2.2. Bifurcation currents of a holomorphic family

Recall that f € Raty admits a unique maximal entropy measure . The Lyapounov exponent of
f with respect to the measure yiy is the real number L(f) := [p1 log|f’|ps. For a holomorphic
family (fx)xea of degree d rational maps, the function A —— L(fy) is called the Lyapounov
function of the family (f\)aea. It is a psh and continuous function on A (see [BBJ] Corollary
3.4). The Margulis-Ruelle inequality implies that L(f) > logd‘

When (f\)aca is fully marked, i.e. there exists ci,...,c00-2 : A — P! such that
c1(A),...,c2q—2(A) are the critical points of f) counted with multiplicity, the bifurcation
locus in the sense of Mané-Sad-Sullivan and Lyubich (see [Lyl, IMSS]) coincides with the union
of the activity loci of the ¢;’s. According to DeMarco [DeM], we have the following.

Theorem 2.4 (DeMarco). — Let (fa)aea be a holomorphic family of degree d rational maps
with 2d — 2 distinct marked critical points Then the current Ty := dd°L is exactly supported
by the bifurcation locus. Moreover, Ty = 22(1 2T

The current Ty is the bifurcation current of of the family (fx)aca. The self-intersections of
the current Ty;¢ have been first studied by Bassanelli and Berteloot [BB].

Definition 2.5. — We define the m™-bifurcation current of the family (fx)rea by setting

m
T = /\ T -
i=1
It is known that for all 1 < i < 2d — 2, we have T; A T; = 0 (see [G1l Theorem 6.1]) and one
can show that

(2) T = m! Z Ty N NT,

11 <. <l



COLLET, ECKMANN AND THE BIFURCATION MEASURE 7

2.3. A formula for higher bifurcation currents

We want here to give a similar expression as the one given in Definition [2.2] for the higher
bifurcation current associated to a m-tuple of critical points. Let us introduce some notations.
Let (fa)aea be a holomorphic family of degree d rational maps. Assume that m critical points

are marked on A by maps ci,...,c¢p : A — P! with 1 < m < min(2d — 2,dim A). As above, we
define v; : A — P! for A € A by v;(\) := fi(c;(N)). This time, we let

Vii={(Az) € Ax (B : 2 =v;(N)

We finally let py : A x (PH)™ — A and, for 1 < j < m, we let

it Ax (PH™ — AxP!
Az — (Az)

be the respective natural projection. Let T; be the bifurcation current of ¢; in (f))xen-

Lemma 2.6. — With the above notations, we have
AT = @) | A (T) A1)
j=1 j=1
Proof. — Tt is a local problem, so we can assume that A is a ball B of CV for some N > 1.

Recall that, up to reducing the ball, one can also write 7' = ddS ,Gx(0(2)), where G is the
Green function of a holomorphic family of non-degenerate homogeneous polynomial lift F) of

f)\, i.e.

Ga(a,y) = Tim ™" og | FY(,9)ll, (21,5) € €\ {0} ,

and o is any local section of the natural projection C?\ {0} — P!. Let o; be such a section which
up to reducing the ball contains the image of the map vj : B — P!, then dd°G(co; 0 v;(\)) = T}
(see e.g. [Bl Section 3.2.2]).
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Let now ¢ be a smooth test (N —m, N —m)—form on B and let V := [, V;. Let p(A) :=
(A v1(A)y ..., v (X)), so that pp o p = idg and p(B) = V. Then

~

()" (T) AV A (a)"

>3

<<pA>* Z\((m)*if)A[vj] ,¢>— /1
-/ Z\ (m)* (T) A (pa)9

(mj)7ddS ,(Gxoaj) A (pa)*d

[
o
>3

3. Generalized large scale condition and the bifurcation currents

For the whole section, we let (f\)aca be a holomorphic family of rational maps and m =

dim(A) > 1. Assume that m critical points are marked on A by ci,...,cn : A — P As above,
we use the notation vj(A) := fa(c;(A)). We set ¢ := (c1,...,¢n) and we also use the following
notation: For any m-tuple of positive integers n = (ny,...,ny), any 1 < j < m and any X\ € A,
we let

&' (N) = £y (V) , and T;,(N) == (€1 (N),- .. & (V) -

J ' 5m

This way, we define a holomorphic map Uj, : A — (P1)™. We denote by V, the graph of RUS
We now can define the (generalized) large scale condition.

Definition 3.1 (Generalized large scale condition). — We say that a parameter A\g € A
satisfies the generalized large scale condition at fy, for the m-tuple (c1,...,¢m) in A if there
exist disks Dy, ..., Dy, C P! with D;n ijO # &, a sequence ny, = (Nk.1,...,Nkm) of m-tuples
with ny ; — +00 and a nested sequence of open subsets Qi of A with

e N, Q% ={Xo} and

° ‘Z]‘Ek :Qp — D1 X -+ X Dy, is a proper map.

We prove in this section the following result which we view as a general sufficient condition
for a parameter to belong to the support of a (higher) bifurcation current.

Theorem 3.2. — Let 1 < m < min(2d — 2,dim A) be an integer and let Ao € A. Assume
that \o satisfies the generalized large scale condition for ¢ := (c1,...,cm) in a local submanifold
S 3 X of A with dimS = m. Then Ao € supp(T1 A - ANTy,).
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Proof of Theorem [Bl — By definition of i, we have [f] € supp(up) if and only if f €

supp(T; bQin_2). On the other hand, since f has simple critical points, there exist a neighborhood

U C Ratg of f and holomorphic maps c1, . .., caq_2 : U — P! with Crit(g) = {c1(g),.-.,c2q_2(9)}
for all ¢ € U. We then can apply the above Theorem to ¢ = (c1,...,c29—2). Since, by ,
Tgi‘f_Q = (2d—2)!Ty N-+- N Tyq_o on U, the result follows. O

Remark. — Note that the generalized large scale condition implies that the w-limit set
w(cj(Ao)) of the critical points ¢;(A\g) are contained in Jy,. However, ¢;(Ag) needs not be in
JIx,- The point ¢j(Ag) could belong to a parabolic basin.

First, note that it is sufficient to treat the case when dim A = m and )\ satisfies the large scale
condition for ¢ := (c1,...,¢p) in A. Indeed, by [G1, Lemma 6.3], if for some m-dimensional
submanifold S of A, we have A\g € supp((T1 A--- ATy)|s), then A\g € supp (11 A --- A Ty,). We
hence may assume S = A has dimension m and let

wi=Ti AN NTy, .

It defines a positive measure on A.

Let (A1,...,Am) be a local system of holomorphic coordinates centered at A\g. We let DY be
the polydisk of radius § > 0 of A centered at A\g in those coordinates.

3.1. The case m = 1: a toy-model for the general case

We give here the proof of Theorem in the case m = 1. We let ¢ : A — P! be the marked

critical point satisfying the large scale condition at Ag. As above, for n > 0 and A € A, write
£"(N) = [T eN) = REW) -

Of course, in that case, it is easy to see that the large scale condition implies the non-normality

of the family (f{(c())))n but we provide here a proof that can be adapted to work with higher

degree bifurcation currents. For that, recall that V, is the graph of ¢” : A — P!. Recall that

d~1(f)*T = T. Choose any ¢ > 0. We shall prove that u(D(\o,€)) > 0 for all € > 0 small
enough. For any n > 1

u@%@)=/1 F A Vo)
D(Ao,¢€) xPL

_ g /D ! iy (2) n .

As a consequence,

b= ea@Oe) = [ (T) A

A~ ~

_ / T/\(f”)*[Vg]:/ T A,
D(Ag,e) X P! D(Ag,e) X P

since on one hand f~1(D(A, €) x P1) = D(Ag, €) x P! = f(D()\g, €) x P') and, on the other hand,
(f™+[Vo] = [Va]. Let now D C P! with D n Tty # 9, (ny) and () be given by the large
scale condition, so that D = " () for all £ and Q C D(\g,€) for all & > ky. Remark that
Sk := Vp,, N Qe x PL satisfies Sy C Qx x D. The current [Sk]/||[Sk]|| has mass 1 and

Vil = 1nag,0xp[Tng] = [Sk] -
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for all k£ > ko. Let now S be any weak limit of the sequence [Sg]/||[Sk]||- Then supp(S) =
{Ao} x D and S has mass 1 by the large scale condition. By extremality of the current [{ Ao} x D],
we deduce S = M-[{Ao}x D], where M~! > 0 is the Fubini-Study area of D. As T has continuous
potential, T A [Sk]/II[Sk]ll = T A S as k — oo in the sense of measures so:

[Sk] R S "
BN /TAS‘M /“ {20} x D]
:M'M)\o (D)

lim inf ||[Sg]|| 7! - Iy, > nminf/fA
k—o00 k—o0

as Tlxeo = Lxo- Since Jr = supp(py,) then py, (D) > 0, and we get

lim inf [|[Sk]|| ™ - I, >0,
k—ro0

which means that I,,, > 0 for k large enough so p(ID(Ag, €)) > 0. Since this holds for all € > 0,
this ends the proof.

3.2. First step: pulling-back by a fibered dynamical system

We now return to the general case. Let us define a family of fibered dynamical systems acting
on A x (PY)™ as follows: for any m-tuple n := (n1,...,nm,) € (N*)™, we let

F,:Ax (PH™ — Ax (PH™
Nz, zm) — (A (21)s -, fY (2m) -
For a m-tuple n = (n1,...,ny,) of positive integers, we also set
In|:=ni 4+ +np, .

Let us first partially rewrite the mass of u on any open set in terms of iterated pull-back by one
the F},’s.

Lemma 3.3. — For any m-tuple n = (ni,...,ny,) of positive integers, we let V,, be the graph
in A x (P1Y™ of G,,. Then, for any Borel set Q C A, we have

m
A~

WQ) = al A ()" (T) AR

Qx (@™ \ ;1

Proof. — Recall that we defined in Section a dynamical system f acting on A x P! by
fiAxP' — AxP!
Nz) — (N A(2) .

By definition of F}, and f , for all j, the following diagram commutes

Fn
A x (P —= A x (PL)™

l l

A x P! A x P,

fr
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In particular, by , we get

() () (T)) = d(m o By (T) = d(f" omy)* (T)
= a7y ((F) (T)) = (x) (7).
According to Lemma the change of variable formula gives

m

w@ = [ . | Ay (T) A

j=1
- /ml(m a

(m) (T) A Vi)
1
= a () XCRGIESaE

Qx(Ph) j= j=1

m

—_

where the last equality comes from 7,1 (Q) = Q x (P!)™. Whence

w(Q) = d-12 ) (T) | A (F). 1
and we conclude using (Fn)« /\;[V;] = [Val- O]

3.3. Second step: a phase-parameter transfer phenomenon

For the sake of simplicity, we let in the sequel Uy, := ‘Z]‘ﬂk, where n;, is given by the large scale
condition. Let also D1, ..., D,, C P! be given by the large scale condition and set

D:=D; x---x D, C (PH™.

Let finally 2, be given by the large scale condition, so that Uy : ), — D is proper.
We want to reduce the problem to a purely dynamical datum of f. Building on the large
scale condition, one actually gets the following.

Proposition 3.4. — As k — oo, we have

liﬂgf /Qkx(lP’l)m ;'/:\1(7Tj) (T> A [Va,] Zjl;[lmo(Dj)>0‘

Proof of Proposition — Set

fe= /QkX(IP’l)m 7\(%)* (f) A Vad

J=1

and let Sy := Yy, N QY x (P1)™. Note that supp(Sg) C Q4 x D, so that he current [Si]/||[Sk]||
is a vertical current of mass 1 in A X D and, by the large scale condition, any weak limit
S of the sequence [S]/||[Sk]||l is a closed positive (m,m)-current of mass 1 in A x D with
supp(5) = {Ao} x D
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Hence, by extremality of [{\g} x D], we have that S = M - [{\o} x D], where M~! > 0 is the

volume
m
-1
M ://\w]‘:H/ WFS;
D j=17Dj

where w; = (pj)*wrs and p; : (P1)™ — P! is the projection on the j-th coordinate.

As a consequence, [Si]/||[Sk]|| weakly converges to S as k — oo. Since AL, (m;)* (f) is the

wedge product of (1,1) current with continuous potentials, we have

7\(@* (T) A A (m;)* (if) A S
j=1

anz/ AT () ns

SO

fimint (1[5, 1) > it | Awr (7) A
]:

By the above, this gives

T>>3

timin (S~ 1) > M / (my)* (T)

)\o}XDm(Cﬁ) j=1
> M- //\w] Ao} x D).

Note finally, since Uy : Q. — D is proper, it is finite and we have
I1Sk]ll = deg(mk)Mfl > M~ for all k.

11 11N I 1 7 )\ D

The proof of the proposition directly follows from the following lemma. O

Lemma 3.5. — For any disks D1, ..., D,, C P! with DiNTx, # D, if welet D = Dy X---Xx Dy,
we have

/ /\ 7 (T) A l{ro} x D] = [[ oD
j=1

Proof. — Let us set w; 1= ((m)*W) [a=),. First, we can remark that g|x—=x, = g, is the Green
function of the rational map f),. We denote by p; : (P1)¥ — P! the canonical projection onto
the j*" coordinate. A classical slicing argument gives

((mj)"ddg) |x=r, = ddZ(gx, © pj) = (pj)"dd gy, -

In particular, since w; = (p;)*wrs, we have

() @)] = ()" wrs + dd*g)),_y, = (7))

A=Xo
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where 1), is the maximal entropy measure of f),, hence

I:= /Z\l(wj)* (f) A[{ o} x D] /{AO}XDZ\I(@)* (f)
- LAl
-/ _/_ni@j)* (1) -

Since supp(iy,) = Jx, and Dj N Jy, # &, Fubini Theorem yields

=] (/ /%) =[] m(D;) >0,
j=1 j j=1
which ends the proof of Lemma 3.5 O
Remark. — In fact, the above proof gives:

m
lim inf @1+ +Hkm / Ty A~ AT > [ ] #0(Dy) > 0.
k—o00 Q. jale

The proof of Theorem [3.2] directly follows from Lemma [3.3| and Proposition since {2}
is a basis of neighborhood of Ay in A.

4. Misiurewicz maps and the generalized large scale condition

Fix d > 2 and pick 1 < k < 2d — 2. A rational map f € Raty is k- Misiurewicz if the following
properties hold:

e f has no parabolic periodic points,
e f has exactly k critical points in its Julia set, counted with multiplicity,
e for any c € Crit(f) N Jy, the omega limit set w(c) of ¢ satisfies w(c) N Crit(f) = @.

In this section, we want to emphasize that the large scale condition is a good condition for
proving that specific parameters lie in the support of the bifurcation measure. Our motivation
here is also to provide a simpler and more intrinsic proof of Theorem 1.4 of [G1]. Recall that
for a critical point ¢;j, we denote by v; the critical value f(c;). According to Theorem it is
sufficient to prove the existence of a (local) submanifold in which f satisfies the (generalized)
large scale condition. More precisely, we prove the following.

Theorem 4.1. — Let f € Ratg and 1 < k < 2d — 2. Assume that f is k-Misiurewicz and that
Crit(f)NJTr = {c1,...,ck}. Assume that for alln € N and all i # j < k, f™(v;j) # vi. If f is
not a flewible Lattes map, then there exists a k-dimensional local submanifold Ay C Raty such
that f satisfies the generalized large scale condition for (c1,...,cx) in Ay.

This approach allows us to exhibit the key expansion and distortion arguments, without
using more elaborate tools that will necessarily be missing in a more general situation, such as
linearizing coordinates along repelling orbits.
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Observe also that the condition "for all n € N and all @ # j < k, f"(vj) # v;” is not an
issue: any k- Misiurewicz map that does not satisfy this condition can be approximated by k-
Misiurewicz maps that do satisfy it using Montel theorem. In particular, it is in the support of
the bifurcation current 77 A - -+ A T}.

4.1. Hyperbolic sets and holomorphic motions

We recall some classical definitions and facts. Let f € Raty and E C P! be a non-empty compact
f-invariant set, i.e. such that f(E) C E. For any metric on P!, in what follows, we denote by
|.|a, Do the distance and disk with respect to that metric.
We say that E is f-hyperbolic if one of the following equivalent conditions is satisfied:
1. for any metric on P!, there exist C' > 0 and A > 1 such that |(f")'(z)| > CA" for all z € E
and all n > 0,
2. for some appropriate metric on P!, there exists K > 1 such that |f/(z)] > K for all z € E.
Such a constant K is called a hyperbolicity constant for f.
Recall also that a holomorphic motion of a set X C P! over a complex manifold A centered at
Ao € Aisamap h: A x X — P! such that:
e hy, :=h(Ag,) : X — P! is the identity map,
e hy:=h(),-): X — P! is injective for all X € A,
e A\ — h(A,x) is holomorphic on A for all z € X.
First, notice that the classical A\-lemma of Mané-Sad-Sullivan [MSS] says that any holomor-
phic motion of X extends continuously to a holomorphic motion of the closure of X. It is known

that a hyperbolic set E admits a natural holomorphic motion (see, e.g., [S, Property (1.2) page
229] or [Jl, Theorem CJ).

Theorem 4.2. — Let (f\)aepo,) be a holomorphic family of degree d rational maps
parametrized by a ball B(0,r) C C™. Let Eg C P! be a compact fo-hyperbolic set. Then
there exist 0 < p < r and a unique holomorphic motion

h:B(0,p) x By — P!
(A 2) — ha(2)
centered at 0 and such that fy o hy(z) = hy o fo(2) for all z € Ej.

The proof of Theorem relies on the compactness of Ey and on the next lemma, which is an
immediate corollary of the Implicit Function Theorem. Let K > 1 be a hyperbolicity constant
for Ey for a suitable metric a. Up to reducing K and r, we can find a d-neighborhood Nj of Ej
in P! such that

(3) |f3(2)|la > K > 1 for all (\,2) € B(0,7) x Ns .

Lemma 4.3 (Inverse branches). — Under the assumption of Theorem there exist € > 0
and 0 < p < r, such that for all zy € Ey, there ezists a map (A, w) — [ \(w) which depends
holomorphically on (A, w) € B(0, p) x Do (fo(z0),€) and taking values in Dy (20,€) which satisfies

1. 20 (fo(20)) = 20,
2. fx (fz_ol)\(w)) =w for all (A\,w) € B(0, p) x Dy (fo(20),¢), and

5. [(f3) ()| < F for all (\w) € B(0, p) x Dalfo(z0). ).
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2. Transversality for Misiurewicz maps

It is well known that if f is a k-Misiurewicz degree d rational map but not a flexible Lattes
map, then all periodic Fatou components of f are attracting basins and f does not carry any
invariant line field on its Julia set. Moreover, there exists a positive integer ng > 1 such that
the set

E¢:={f"(c);n>np and c € Crit(f)NJr}
is a compact hyperbolic f-invariant set (see e.g. [As1), [G1]).

If f € Ratg is k-Misiurewicz, Crit(f) N Jr = {c1,...,c,} and, for alln € N and all ¢ # j <k,
"(vj) # vi, where v; = f(c;), we let h : B(f,r) x Ef — P! be the dynamical holomorphic
motion of Ey. Since by assumption we have v; # v;, we may follow the critical values of f in J
holomorphically in a neighborhood of f: denote by v;(g), 1 < i < k, the corresponding critical
values of g € B(f,r).

Given a holomorphic curve A € D(X\g,r) — fy € Raty passing through fy, := f, it will be
convenient to denote by 7 the meromorphic vector field on P! defined by

n(z) == LM:AOA(Z)
f'(z)
Recall that the pullback of n by f™ is given in coordinates by (f™)*n(z) = ?;,{;,Ez; As before,
let &(A) := f{ (vi(N)).

Lemma 4.4. — Let (fA)Ae]D(AOJ») be a holomorphic curve of rational maps as above with a

marked critical value v;(X). Assume that the orbit of v; := v;(Ag) does not meet the critical set
of f:= fr,- We have, for alln >1: :

Lod oy d -/\-|—nz:1fk* |
(fn) (Uz) CD\\)\ )\Ogi )_ ﬁ‘)\:)\ovz( ) kio( ) ?7(%)-

Moreover, if v; lies in a hyperbolic set Ey and hy(v;) denote its holomorphic motion, then

d = n\ *
ﬁu:xohk(vi) = —;(f ) n(vi).

Proof. — To lighten the notations, we will denote by 0;, f(2), etc. the derivatives %I/\:\ovi()‘)’
%Mzkof)\(z), etc. We also let (f™)* (§”) = 7y (U g"
We have: €(\) = fR(vi(N) = fro £ (vi(N)), so
& =1/o f” N+ f o S ) - €
Therefore

. @) nil ,UZ _ o _ .
(Y E = W FUTYEY = () + (FUNED).

The first statement then follows by induction on n.
Let us now prove the second statement. By Theorem [£.2] there exists a holomorphic family
of homeomorphisms hy : By — P!, with h A = 1d and such that

hao f = fxohx.
Differentiating with respect to A at A = A\g, we get:

of=f+fh,
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which we may rewrite as f*h — h = n. Since E; is hyperbolic, the operator f* is strictly
contracting on the space of vector fields on Ey, and therefore

—+00

h(vi) = =Y (") n(ve),

n=0
ending the proof. O
We can deduce the following from Theorem B of [As] (see the discussion after Theorem B
in [As]):

Proposition 4.5. — Let f € Raty be k-Misiurewicz, Crit(f) N Jr = {c1,...,ck} and, for all
n€Nand all i # j <k, f"(vj) # v;. Then, there exists a local complex submanifold Ay C Ratq
which contains f, such that the holomorphic map

AE Af — (1)1()\) — h)\<’l)1), .. .,Uk(/\) — h)\(vk)) S (Ck

defines local coordinates at fo = f in Ay. Furthermore, the limits

D&}
TS (Y ()
exist as linear maps on TyAy, for 1 <i <k, and 11,...,7; are linearly independent.

4.3. The generalized large scale condition for k-Misiurewicz maps
We now turn to the proof of Theorem

Proof of Theorem — We restrict to the submanifold Ay given by Proposition [{.5] and use
the coordinate (71,...,7) on this slice. Up to an affine change of chart on P!, we can assume

f"(v;) # oo for all n. Consider the set
1
Up:=9X€ A, Vi <k, |hy(v;) —vi(A §},
Prea iafen) = w = oy

then, by Proposition it can written as L, 1(£2) where

— tl tk
Eatts) = (g ey )

and € is some polydisk around 0.

By chaining Lemma [£.3] there exists € > 0 such that for all A small enough, for all n € N,
there is an inverse branch g, x of f{ that is well-defined on D (f{ (hA(v;)),€), and that maps
[ (ha(vi)) to ha(v;). As the standard metric and the metric a are equivalent, we have that
the map g, » is univalent on some disk D(f{ (hx(v;)),C - €) for some constant C' that does not
depend on n nor A. By Koebe’s distortion theorem, the distortion of g, ) is uniformly bounded
on D(f(ha(vi)), C - </2).

We prove by induction on n that there is a constant 0 < p < 1 depending only on f such that
if [hx(vi) —vi(A)] < W, then |f(v;(\)) — fR(ha(vy))| < €. Assume it is true for n — 1.
Observe first that by Lemma 6.6 of [G1], there exists C; > 0 depending only on f and on the
metric, such that we have:

i (D ()l (7Y ()] L(=1)CIA
( (=1 ()l 7 |( fl)’(hA(Uz‘)N) = =%

(4)
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by our choice of A\. We can thus apply the induction hypothesis and the bound on the distortion
of gn—1,x, and then to find:

AT i) = S (o)) < 27 (ha(va))] - [0 (V) = ha(vi))
<Al )l Jui(A) = ha(w)-
Let M := supyep(o ) | fAlloo and m := [|(f') 7! ;.00 < +00 we deduce:

R (@i(N) = FR ()l < MU wi(V) = £ (ha(w1)]

< AM(F Y ()] - [oi(\) = ha(vi)]
< AMm| (") (03)| - [0:() = (09
< AMm(FY @) e

L Ce

-4

for p small enough, independent of n. In particular,

[FX (0i(A)) = SR (ha(vi))| = O(1).
Now, we note that | £ (hx(vi))— f™(vi)| = |ha(f"(vi))— f"(v;)|, and that hy extends continuously
to a holomorphic motion of P! by the A-lemma, hence in particular A is uniformly continuous
on B(f,r) x Ey.
In particular, for A € U,,, we have:

& (A) = & (0)] = [FX (vi(A)) — ™ (i)
(5) < AR (i(A)) = S (ha(wa)) + | fX (ha(vi)) — f"(vi)] = O(1).
For all 1 <i <k, let ¢! :  — C be defined by:

On(N) = ¢ (W) —¢&;'(0).
Let ¢n, : Q — CF be defined by ¢y, := (¢},)1<i<. Note that ¢y, is well-defined by the above.

We have proved that the sequence (¢, )nen is bounded, hence normal, on some small polydisk
p-Q. If ¢ is a limit of a subsequence of (¢,,), then Proposition implies that D¢(0) is invertible,
hence that ¢ is open near 0. So there is some polydisk D(0,26)* such that D(0,25)* C ¢(5- Q)
and therefore, for arbitrarily large n, D(0,6)* C ¢,(p-Q). Again, as D$(0) is invertible, its graph
is vertical near the origin (restricting ¢ if necessary); by normality, this is also the case for ¢,

for n large enough. To conclude, we extract a subsequence so that (£;7(0),...,&.”(0)) converges
to (x1,...,75) € (Jf)*. For k large enough, ( I ,g,’jj)(Unj) contains a given polydisk D
centered at (z1,...,zy) and we let ; := (&7,...,&7)" (D). O

5. The large scale condition and good Collet-Eckmann maps

In the present section, we prove Theorem [D]and Theorem [C] We start by recalling the conditions
appearing in Theorem [C| which correspond to ”good” Collet-Eckmann maps for which we will
be able to prove that they also satisfy the large scale condition.

Let f be a rational map, and denote by Crit(f) its critical set. Fix a metric on P! (take the
Fubini-Study metric for example). Recall the Collet-Eckmann condition:
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Collet-Eckmann (CE) : there exist v,y > 0 such that for all v € f(Crit(f)) and n >0
|(f") (v)] = e™

and the so-called backward Collet-Eckmann condition:
Backward Collet-Eckmann (CE2) : for alln > 0 and x € f~"(Crit(f))

(") ()] > emre.

Additionally, recall the following conditions appearing in the papers [Ts| and [As2]:
Basic Assumption (BA) : there exists o > 0 such that for all v € f(Crit(f)) and n >0

In|f'(f"(v))] > —na.
Free Assumption (FA) : there exist n,¢ > 0 such that for all v € f(Crit(f)) and n > 0

n—1

> In|f'(f7(v))] > —ne.
j=0
d<fﬂ'<v>,]cm(f))§n

Aspenberg’s Basic Assumption (BA’) : there exists @ > 0 such that for all v €
f(Crit(f)), ¢ € Crit(f) and n > 0,

|f"(v) —¢| > e "

We will now describe a somewhat more technical key condition from [As2] (definition 1.15),
which we will soon prove implies the condition (FA) with appropriate constants. Let ~y,~v9 > 0
and assume that f satisfies CE with constants v,7vy. Fix 0 < 8 < v and 0 < § < 1. For some
v € f(Crit(f)), we say that f makes a deep return at time v if

A" (v), Crit(f)) < 6%
The corresponding bound period p is defined by
pr=min{k >0 : [fFH(f(0) = ()] > e,

where ¢ is the closest critical point to f“(v). Only deep returns outside bound periods are
considered. Thus, for a given critical value v we can enumerate them

vp(v) < vo(v) +po(v) <vr(v) < ...
The length of the free orbit between two consecutive deep returns is in this case
11:(v) := vi(v) = (V-1 (v) + pi-1(v)) and po(v) := vo(v).

We omit the definition of shallow returns in [As2|, as they are not needed here.

Aspenberg’s Free Assumption (FA’) : there exist §,4 > 0 and 7 € (0,1) such that for
all v e f(Crit(f)) and s >0

Y niv) > (1= 7)(ws(v) + ps(v)).
i=0

We will use the notation BA(«), CE(v,7), FA(n,¢), etc. to refer to those conditions with
the specified constants «,~, 7, ¢, etc.
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5.1. Getting a positive measure set of good parameters
This subsection is devoted to the proof of the next result.

Theorem C. — Assume that f € Raty is strongly Misiurewicz, has simple critical points and
is mot a flexible Lattés map. Then, there exist u,po,7v,7% > 0 and & > 0 such that for all
a < min(%,o}), there exist 1 > 0 and & > 0 such that for all n < 7 and for all v < I, the
map [ is a Lebesgue density point of rational maps satisfying CE(v,70), CE2(u, 1), BA(a)
and FA(m,¢).

In order to find a set of positive measure of good Collet-Eckmann rational maps, our strategy
is as follows: first, we deduce from the main result of [As2] the existence of a positive measure set
of Collet-Eckmann rational maps satisfying all of the previous conditions with appropriate con-
stants. Then, we follow Tsujii’s presentation and improvement [T's| of the Benedicks-Carleson
theory for interval maps [BC|]. This will enable us to obtain precise distortion estimates for
those good parameters, from which we will deduce that the large scale condition is satisfied.

From now on and through all of this section, fy is a fixed Collet-Eckmann rational map such
that each critical point of fy is simple. We can parameterize analytically a neighborhood of fy
in parameter space by means of an open set O C C?**! and an analytic map F : O x P! — P
We endow O with the standard Hermitian metric of C2¢*1 and P! with the spherical metric. Up
to restricting O we may assume that each of the following conditions hold for a certain constant
K> 0:

(K1) : ||Fle2 < k.

(K2) : L < RO < if 2 ¢ Crit(fy).

(K3) : |8 log f1(2)] < o i 2 ¢ Crit(fy).

(K4) : d(ci(N),¢j(N)) > 2, for all X' € O and i # j.

(K5) : ||ciller < &, for all i,

(K6) : if 0 <r < s~ ! and ¢ € Crit(f)), then

D(e, = ') fy HD(fa(e), ) ED(e, ky/T).
We start by recalling the definition of the distortion of an analytic map.
Definition 5.1. — Let ¢ : Q — C be holomorphic. We define its complex distortion by
V' (x)
V' (y)

We are only interested in small values of the distortion, and therefore log (referring to the
principal branch of the logarithm) will always be well-defined on ¢'(2). Let g; : U; — U;41 be
holomorphic maps for ¢ = 1,...,n. Observe that

Dist(v,Q2) := sup
z,yeQ

log

‘e [0, o0].

(6) Dist(gy 0...0g1,U1) < Y _ Dist(g;, Uy).
=1

Assume that 1 : D(a,r) — C has Dist(y),D(a,r)) < 5071, Tt is relatively easy to check that

™ D (vta). 3514 ) o@D (via) 1@

Definition 5.2. — Let UCC be a connected open set. We define its inner diameter as follows

O(U) := sup inf(T),
z,ycU r
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where the inf is taken over all curves I'CU which connect x to y.

Combining with the definition of the distortion, we obtain the following upper bound
(8) Dist(y,U) < 6(U) Sup ¥ (2)/¢'(2)]-
FAS]

Another natural property of the inner diameter is

(9) S@(U)) < 8(U) sup [9/(2)].
For any A € O, n € N* and z € P!\ U= (Crlt(f)\)), we define
-1
() (2)]
10 at =at(z,n 400ex? A .
i s ( Zm (R z)))

As an immediate consequence of the previous definition, we observe

n—1

1 ! 1
S BEN - HE)] 400k

Lemma 5.3. — Let f) be a rational map satisfying (K2, K3, K6). Let D(y,r)CD(z,a™). Then
forall0<j<m<n

(1) @ (zn ) - [ ()] = (400%2

r

Dist (£, K B.1)) < 155+
Proof. — We show by induction that for all j =0,...,n—1

GO
AN

and conclude by the definition of a™ and the bound @ Let 0 < j < n and assume
holds for all 0 <7 < j and all D(y,r)Q]D)(z,aﬂ. Using (),

(12) Dist ( s f{(D(y,T))) < der’r

=

Dist(f],D(z,a™)) < Y Dist (fy, fi(D(z,a™))) < 1072,

<.

<.
I
o

thus, by (K2)
diam.(fi(D(zvaJr))) < 26001t 1))
d(f3(2), Crit(fx)) ()
As a consequence of the above inequalities, using bounds , (K3), (K2) and @, we obtain
SR  _ M(B®.)
d(f3D(y, 7)), Crit(f)) — d(f3(D(z,a")), Crit(fy))
SRDEr)) | 00,2l @)D, 1))
d(f3(2), Crit(fx)) (RG]
< 003 227"|(f,\)( z)|
AN

which completes the inductive proof. O

<1072,

Dist(fy, f{(D(y, 7)) < &

< 1.01k
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For any set ACP! and any > 0, we denote the r-neighborhood of A by
)= |J D(z,r)
z€A

and its punctured neighborhood by
B(A,r)* .= B(A,r)\ A.

For a rational map f, let C(f,0) := B(Crit(f),0) and C(f,d)* := B(Crit(f),0)*.
For z € C(f, k= 1)*, we define

(13) k() = min{k > 1; log|(f*)'(f(¢))| > 1 — 1.91og | f'(2)[},
where ¢ is the closest critical point of f to z.

We now fix once and for all a finite atlas on P'. In each chart of this atlas, the euclidean and
spherical metrics are equivalent. In particular, when we estimate small distances, we can assume
that we stay in the same chart, whence we can estimate distances in the euclidean metric.

Lemma 5.4. — Let o, v, 70, i, o > 0, and let f be a rational map satisfying BA(a), CE(~v,70)
and CE2(p, o). If a < 5, there exist 69 > 0 such that for all 0 < § < dg and z € C(f,06)*

log | f'(2)] log |f'(2)]
(1)~ @l ¢ () 41 < kel G

(2) log |(f*I 1Y ()] > —0.91og | f'(2)] > F(k(2) +1) + 70 + o + 1,
(3) log|f'(f7(2))] > 0.1log |f'(2)] for all 0 < j < k(2),
(4)

1) [tog | LUB=LY 10g (7Y ()| < 1, Jor all 0 < j < k().

Proof. — Let ¢ be the critical point which is closest to z and v := f(¢). Claim (1) follows from
(K1) and (CE). From (BA) we deduce that

log /(£ ()] > —h(z) 50

provided ¢ is sufficiently small and thus k(z) is large. Combined with claim (1), we obtain
log | £/ (f'(v))] > 10 2log | f'(2)|, for all 0 < i < k(z).

for all 0 <1i < k(z),

By (K2)

(14) d(f(2),v) < K| f' ()
By the definition , we immediately obtain

; -1
) ()]
15 at(z,n; f) > <400€/€ n max ‘( .
1) (=) oAsl
Combining the previous three inequalities with the definition of k(z), we obtain
(16) d(f(2),v) < a™(v,k(2); f)-
All other claims follow from Lemma (.3 in v. O

Remark. — An inspection of the proof of Lemma shows that we did not in fact use the
property CE2. However, in further applications of this lemma, we will apply it to rational maps
that do satisfy CE2, and we will need the estimate from item (2) in which ug appears.

We are now able to reconcile the difference in the definition of the conditions FA and FA’:
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Lemma 5.5. — Let v,v0, 4,00 > 0, let a« < /200 and let f\ € O satisfying CE(v,v0),
CE2(u, o), BA’(a) and (K1-6). Let 7 > 0. There exist & > 0 and 5 > 0 such that if
fr satisfies FA’(5,3,7) with 6 < § and B < (3, then f\ satisfies FA(n,1) with n := 6% and

+logn) —1).

B8
t:=Tlogk - max(l 3 po

Proof. — Let 6% := &y from Lemma and let 8 := 0.05y. Let f := fi be a rational map
satisfying all the above conditions and FA’(5,6,7) with § < 6 and 8 < . Let v be a deep return
for a critical value v, i.e. d(f*(v'),c) < 62 for some critical point c. Let v = f(c).

Let ko := k(f“(v')) and 20 = f**!(v'). Then, by (6], zo € D := D(v,a™ (v, k(f*(v")))). We
claim that
(17) ko+1<p

where p is the length of the bound period. In order to prove the claim, we need to prove that
for all j < ko, |fIT7(v") — f7(c)| < e7P7 (by definition of p). Let z := f¥(v).
By Lemma (4), we have that for all j < kg,
|F7H ) = )] < el () (F(e)] - 1f(z) = fle)]
and by (K6), we have d(f(2), f(c)) < kd(z,¢)? < k3| f'(2)|%. By definition of ko, we also have
[(F) (f(e)] <e-|f'(2)]719. Therefore we have
|7 @) = )] < &1F (2)
On the other hand, by Lemma [5.4)(1),
e P > e7Pko > | ()28

By the choice of B, we have ? < 0.1, and therefore, up to taking an even smaller 5, we have

proved the claim .
We consider the following sets:

Vie '=Dn f_k(D(fk(v)’?’e_kB))v Vk j ko‘/J’ Vi=VP
R — e kB k .
Ui =D g™ (D (v, iy ) ) UF =l U, U =07
Wi =D fRD(fFw),e0)),  Whi=nj, Wy, W= WP
Let us show that for all kg < k <p

(18) Dist(f*, VF) <

By inequality @:
k—1
Dist(f*, V*) < Dist(f*,V*) + )~ Dist(f, f/(V¥))
J=ko
k—1
< Dist(f*, D) + Y _ Dist(f,D(f/(v), 3¢ 77)).

J=ko
By Lemma the first term is < 1072, By Lemma 2.1 in [As2], it is enough to show that for
all y € D(f7(v), 3e77P)
)

— 'y
Z (i)

) 1' <1073
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By (BA) and (K1), for y € D(f7(v),3¢7%), one has:
f'(y)

— 2 1| < k3e I,
f(f ()
By Lemma (1) and (K2), ko > —%;:(v))l —-1> —%ﬁ — 2. So, by Lemma 2.1 in [As2]:
k—1 '(y) k—1
Z 7 1| < Z ke (=)
"(fi
S 1F(f () =

2(B=a)
3keko(B=a) Ke2§ logn

Sl o S1_c 6
which completes our argument, as § can be taken arbitrarily small.
We show that UF ¢ V* for all kg < k < p. If not, let kg < k such that there is x € Uk\Vk.
Taking k and = minimal, we assume that [z,v] € V¥=! [v,2[C V¥ and 2 € dV}. In particular,
1
50

Dist(f*, [v,2]) <
hence, as x € Uy:
3¢ = [ fH(x) — fH(0)] < L0BJz — vl J(F*) (v)] < 2.06¢ 7,
a contradiction.

We show now that W* c U* for all kg < k < p. If not, let ky < k and € W* minimal, such
that [x,v] € U* C V¥, [v,z[C V¥ and x € OUj. In particular,
1
Dist( f* < —
18 (f 7[”7 x]) — 50
hence, as x € OUy:
e S () — F5(0)] < 0.97] — ul.|(f5) (0)] = 1.94¢7,
a contradiction.
In particular, we have W C U C V therefore [v, zp] C V' which implies that Vko < k < p:

(19) 0.97.z0 — vl.|(f*)' (v)] < f*(z20) — F*(v)| < 1.03.]z0 — v].|(f*)'(20)]
We have seen that p > ko +1 > —log%#. Thus, by (FA’):
(20) > —log |f/(f* ()| <logr Y pi(v) < Tlog r(vs(v) + ps(v))-
i=0 1=0

By inequalities (K2) and applied for j =p — 1, (CE) and the definition of p,
R < If() = fle)] < @t

thus

0 toglf(2)]
- +B '
Let X1 and X5 be the sums of log|f’(f7(2))| respectively over the sets

{0<j<p: Fx)eC(f.6")}and {0 <j<p: f(2) € C(f,6°)}.

Observe that ¥ := X1+ = log |(f?)'(20)]. By (K2), inequalities and (|7)) and the definition
of p, we have

p<-

S+ 2log |f(2) > £ +log |£(2) — f(c)| — 2log x> —pB — 3log .
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thus by (K1)

—¥1 < Xp +2log | f(2)| + pB + 3log k < log|f'(2)] + p(B + log k)

B+logk
< —log|f' (2 <3—1 .
e (325
Combined with inequality it shows that Aspenberg’s (FA’) implies (FA) with constants
n =62 anduz7’logm-max<1,3%—l). O

By the main result of [GS], Collet-Eckmann rational maps satisfy the backward Collet-
Eckmann condition at critical points of maximal multiplicity. In our setting, all critical points
of fy are simple. However, we need uniform constants for the backward contraction in a neigh-
borhood of fp.

Let v,~v0 > 0 such that fj satisfies CE(~,70). Graczyk & Smirnov [GS] prove:

Proposition 5.6 ([GS]). — There ezist O, a neighborhood of fo in Raty and constants p, poy >
0 such that every g € O satisfying CE(~y,v) also satisfies CE2(, j10)-

This result requires a careful inspection of the proof of Proposition 1 in |[GS], which reveals
the following facts. Dynamically defined constants M, R" and R can be chosen to be uniform
in a neighborhood of fy. They also depend on A; and C}, which in our setting are expressed
by constants v,79. A C! continuity argument, similar to the proof of the above proposition,
shows that constants Co; and L can be chosen uniformly for maps fy satisfying CE(vy,7) in a
neighborhood of fy. Observe that the constant K31 only depends on R’.

We now restate for the reader’s convenience the main result from [As2]:

Theorem 5.7 (Aspenberg, [As2]). — Let fo be a strongly Misiurewicz rational map with
simple critical points. If fo is not a flexible Lattés map, there exist v,vo > 0 and G,6,7 > 0

such that for all « < &,0 < 6,7 < 7, the map fy is a Lebesgue point of density of rational maps
satisfying CE(y,v), BA’(a), and FA’(3,6,7) with 5 := 10c.

Putting together those results, we are now ready to prove Theorem [C}

Proof of Theorem[( — Let 7,70 >0 be the constants given by Theorem Let pu, po > 0 be
the constants given by Proposition Let 7 := 62 and

B+ log k _1>

t:= sup 7logk- -max (1,3
v+ 5

0<B<L104

Let o < min(é&,/200), n <7 and ¢ < L.
Let E be the set of rational maps satisfying CE(~, ), BA’(a/k), and FA’(j3,6,7) with 8 :=

10a, 6% :=n, and 7 > 0 small enough to ensure that 7 max (1, 3@*%“) - 1) <.

By Lemma each f € FE satisfies FA(n,.). By Proposition each f € FE satisfies
CE2(u, o). By (K2), each f € E satisfies BA(«). By Theorem fo is a Lebesgue density

point of F. O
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5.2. Proving the large scale condition for good parameters

In the present section, we prove

Theorem D. — Let v, 70, i, po,n, & > 0 and o < v/200. There exists © > 0 such that any
f € Raty with simple critical points and satisfying CE(~y,v), CE2(u, o), BA(a), FA(n, 1) and
(K1-6) satisfies the large scale condition.

Let F be the space of complex lines passing through 0 in CV and let £ be the unique volume
form on F which is invariant under the action of the unitary group U(NN) and of total mass 1.
We shall rely on the following result of Sibony and Wong [SW].

Theorem 5.8 (Sibony-Wong). — Let m > 0 be a positive constant. Let F' C F be such that
L(F") >m and let ¥ denote the intersection of the family F' with the ball B(0,7) of CN. Then
any holomorphic function h on a neighborhood of ¥ can be extended to a holomorphic function
on B(0, pr) where 0 < p <1 is a constant depending on m and N but independent of F' and r.
Moreover, we have

sup |h| < sup [A].
B(0,5r) b))

Another key ingredient will be a transversality property of the differentials of the £'. This
property first appeared in the work of Tsujii in the real dynamics case. It was proved for some
class of rational maps (containing notably Collet-Eckmann polynomials) by Levin in [Le]. In
[As], this property was extended to rational maps having no invariant line fields, and so (see
Lemma this property is satisfied by all Collet-Eckmann rational maps.

From now on, we will not rely on the result of Aspenberg ([As2]). We will also not make any
more use of the conditions FA’ or BA’. Instead, we fix in this whole subsection some rational map
f satistying CE(v,70), CE2(u, to), BA(«) and FA(n,¢). We denote by So;_5 the unit sphere in
C2d72.

The main goal of this section is to prove the following distortion estimate for rational maps
f satisfying all the previous conditions:

Proposition 5.9. — Let v,70, t,io > 0 and o < ~/200. Let n > 0. There exists © > 0
such that if f satisfy CE(y,v), CE2(u, o), BA(a) and FA(n, ), then there exist C > 0, a set
E C Saq—2 such that A(E) > 0 and an infinite set GCN of natural numbers with the following
property: for everyn € G and all ¢; € Crit(f) there exists ryn; > 0 such that for every u € E

Dist (£, D(0,7) - u) < 1072, and

1

& <l () ()] < €.

5.3. Distortion estimates for a single CE map

Lemma 5.10. — Assume a < 7/200. There exist 51 > 0 such that for all0 < d < d1, if n >0
and z € P! satisfy

(21) fi(2) & C(f,0) for all0 < j <n and f"(z) € C(f,9),

we have
(™) (2)] > et
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Proof. — For § > 0 and n € N denote
A(n,0) == f~™(Crit(f)) \ U F2(C(f,6%)

Let us prove that if W is a connected component of f~"(C(f,d)) which intersects A(n,d) then
(22) Dist(f", W) < 1072
Let z € WN A(n,d), 1 :== —2u'logd and X1, X9, X3 the sums of
(Y ) f (P DI
on the following sets of j € N, respectively:
(n—1<j<n : fi(z) € C(f,Vd)},

{n—l<j<n: PR ECUHEVIL{0<j<n-1}
If § is small and y € C(f,v/d) then Lemma claims (3) and (4), provides £ > 0 such that

log |(f*T1(y)| > —0.9log|f'(y)| and for all 0 < j < k, fi(y) ¢ C(f,6). Combined with (K2)
and (CE2) at f"(z) € Crit(f), we obtain

0.1
i<l () el Sy < 1-k60PeH0 ) By < Zﬁ5—2€—ju+uo )
K ,
j>l
By inequality
at(z,m, ) |(fM) (2)| = (400ex*(S1 + Xo 4+ X3)) 71 > 26 .
Lemma and observation @ complete the proof of claim .

Let z € P! satisfying for some n > 0. Let 0 < kg < n be the smallest integer such that
fFo(z) € W, a connected component of f~"*+%0(C(f,6)) which contains 2’ € A(n — ko,d). We
prove that kg = 0 and use inequality and (CE2) to complete the proof.

Suppose kg > 0. Let J be the connected component of f~1(W) containing y := fF0~1(2).

There are two possibilities.
Case 1. There exists ¢ € Crit(f) NJ. Then by (21)), y ¢ D(c,d) and by (K6) diam(W) >

d(f(y), f(c)) > k=262, Then by and

n—koy/ 20 _
(7 R) (f(e))] <2 Jam(V) <4r%071

Then by (CE)
10— ko) < log |(f" Y (F(e)] + 0 < log(8™) + log(4x2) + .
As frkotl(c) € C(f,6), by (BA) and (K2) we obtain
—(n —ko)a < log|f (f*F*1(¢))| < log + log k.

As a < /200, taking ¢ sufficiently small, we obtain a contradiction.
Case 2. JNCrit(f) = @. Let 2" := (f];)"1(2') ¢ A(n — ko + 1,6). There exists ¢ € Crit(f)
with d(2”,¢) < §2. As ¢ ¢ J, we may choose x € [2”,c]NdJ. By (K6), d(2/, f(z)) < x25*. As
f(x) € OW, by and (7)) applied to f—(n—ko)

WCD(2',2k25%) and hence JCD(2", V2 k252).

But this implies d(y, ¢) < diam(J) + d(z”, ¢) < 4, which contradicts (21)). O
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Let d2 := min(dg, d1) such that lemmas and apply for all § < ds.

We will use the following variant of a well known result due to Mané [Mal. We provide a
short proof using the ExpShrink property of (CE) maps [PRLS| Main Theorem]: there exist
7,7 > 0 such that for all z € P! (since it is the Julia set of f by the classification of Fatou
domains), every n > 0 and every connected component W of f~"(D(z,))

diam(W) < e

Proposition 5.11. — Let K := P!\ C(f,d2) be a compact set. There exist v/, 7 > 0 such that
for alln € N and z € ﬂ?:_ol “(K)

(£ ()] > €',

Proof. — As all critical orbits of f satisfy the Collet-Eckmann condition, by the classification
of Fatou domains, J; = P!. Using ExpShrink, by continuity and by eventually shrinking r, we
may assume that for all i <n

d(K, Crit(f))
2 )
where W is an arbitrary connected component of f~"(ID(z,7)). Then f™ is univalent on W and

we conclude by the Koebe lemma applied to f~" on D(z,7/2) that if n is large enough and
fi(z)e K fori=0,...,n—1 then

diam(fH{(W)) <

(f")'(2)] > 3.

which completes the proof. O
Let 4" and +{, be provided by Proposition Let
(23) o :=min(y/3, u,7") and og := log k + 7' + po + vy + 1.

Lemma 5.12. — Let z € P! and n > 0 such that for all 0 < i < n, fi(z) ¢ Crit(f). Let
I={0<i<n : fi2)eC(fd) andi+ k(f'(z)) > n}. Let 3 :=1if I =@, otherwise
B = min{d(f*(z),Crit(f)) : i € I}. Then

log|(f")'(2)] > log B + no — oo

Proof. — Ifforall 0 < i < n, fi(z) ¢ C(f,d2), I = @ and we apply Propositionto complete
the proof.

Let i1 :=min{0 <i <n : f(z) € C(f,d2)} and for each p > 1, i,41 := min{i, + k(f*(2)) <
i<n: fi(z) € C(f,62)}. Let s be the largest index such that is < co.

We use Lemma [5.10] at z and obtain

log |(f*) (2)| > iapp = po = 1 > a0 — pio — 1.
Let ky := k(fi(z)) for all 1 < p < s. By Lemma (2), we get

log (75 (F1 ()] > U+ 1T 4+ po+12 (ky + Do+ o + 1,

We iterate this chaining of lemmas and [5.4] from i,_1 + k,_1 + 1 to 4, and respectively from
ip to ip + kp + 1.
The only exception occurs for p = s if i, € I. In this case, we stop at is and estimate directly
by (K2)
log | f'(f"(2))| > logd(f*(2), Crit(f)) — log x > log 8 — log k.
We apply Proposition [5.11] from is + 1 to n and obtain

log [(f* =7 (F (@) > (n—is = 1)y =5 = (n = is)o =+ =
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If is ¢ I, then we apply Proposition from is + ks + 1 to n. We conclude by summing up
all above estimates. O

Recall that 7, ¢ characterize the (FA) condition on f. Shrinking 7 only improves condition
(FA), so we may assume 1 < Js.

Lemma 5.13. — There exists p > 0 such that for all v € f(Crit(f)) and m > 0, there exists
GCNN (m,2m] with

4 1
(24) |G>1—L<1+1.20g“>,

m ¥ o

such that for alln € G
(25) [(f") ()] - a™ (v,n5 f) > p.

Proof. — Fix v € f(Crit(f)) and let vj := fI(v) for j > 0. For all n > 0let R(n) :={0 < j <
n v € C(f,n)} ={ji1 <je2 <...<Jjs}. Note that s depends on n. Note that by (FA), for all
n >0

(26) > In|f'(v))] > —ne.
JER(n)
Fori=1,...,s, let k; := k(vj,), J! == NN (Ji;, ji + ki + 1] and J'(n) := U;_,J!. For any m > 0
we define
G' :=Nn(m,2m]\ J' (2m).
Let 0 > 1, J; := NN (i, ji +0(ki +1)] and J(n) := U;_,J;. As before,
G :=NnN(m,2m]\ J(2m).

Let us denote ‘
d7 = 1log |(f"79) (v;)l, d; :=ds™! and d" :=df.

By Lemma (1)7 ki +1 < —2y71d;,, thus by
0
7' (2m)| < 4% and |J(2m)| < 4%.

It suffices to choose
1
0:—14+1.28"

and show inequality (25| for all n € GCG'.

o
We employ Lemma to estimate d7 for all j < n. First, observe that as n € G’, 8 > n for
all 0 < j < n. Therefore, for all j < n we have
(27) d} >logn + (n — j)o — oo.
By Lemma (2) and for j =7, +k +1
dj, +dj > 0.1dj, + dj, 4,41 > 0.1dj, + (n — ji — ki — 1)o — 0.

If n € G, then by Lemma (1) n—ji—ki—1>(0—-1)(ki +1) > —d;, 1%;@' Combine the
ith the choice of § to obtain

previous two inequalities w
(28) dj, + d?l_ > —dj, + (n —ji — 0(k; + 1))0 > —dj,,
as —dj; > —logn —logk.
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To complete the proof, using inequality , we need to bound

n—1 1 n—1
S(n) = A = xp(—d; — d7).
)= 2 Gyt 7w~ 2 P = )
Let Sy(n) := Z:( )exp(—dj —d7}) and Si(n) := S(n) — So(n). By and (K2),
JER(n
n—1
S1(n) < k= 2e Z e 17,
§=0

Let Q(n) :={j € R(n) : —dj > (n — j)o/2}. Then by inequalities and we can

estimate

So(n)= > exp(—d; —dj)+ > exp(—d;—d})

Jj€Q(n) JER(MN\Q(n)
. . n—1
< Z 6_% i Z 6_%_1ogn+ao < ,'7—1600 Ze—j%‘
JjEQ(n) JER(MN\Q(n) 3=0
This ends the proof. O
Remark. — The scale p only depends on o, 0y and 7.

5.4. Using the transversality property

From now on, we consider a local parametrization of the moduli space near f, given by a
holomorphic injection F : O x P! — P! where O is a small neighborhood of the origin in C2¢~2,
and F'(0,-) = f. For all A € O, we denote fy := F(\,-).

In [As], the first author proves a transversality property under the assumption that f has no
invariant line fields. We show that it is the case for Collet-Eckmann rational maps which is not
a flexible Lattes map. Though it is known by the experts, we did not find a complete proof in
the literature, so we provide it here.

Lemma 5.14. — Let f € Raty be Collet-Eckmann. If f carries an invariant line field on its
Julia set, then f is a flexible Lattés map.

Proof. — Recall that a point 29 € J; is said to be a conical point of f if there exist z; — 2o,
integers nj — 400 and positive numbers p; — 0 such that ™ (z; + p; - z) converges uniformly
on D to some non-constant holomorphic function (see, e.g., [BM] page 109). Denote by A the
set of conical points of f. Przytycki proved (see [P] Proposition A.3.4) that for any f € Raty
which is a Collet-Eckmann rational map, we have Ay = Jy. In particular Leb(Af) > 0.

As a consequence, if f is Collet-Eckmann and carries an invariant line field on its Julia set,
by Theorem VII.22 of [BM], this implies that f is a Lattés map. Finally, Corollary 3.18 of [Mc]
asserts that if f is a Lattés map and carries an invariant line field on its Julia set, then f is a
flexible Lattes map. O

Therefore, by Theorem B of [As| and Lemma Collet-Eckmann rational maps satisfy the
following property:
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Transversality (T) : The following limits exist (as linear forms on ToO ~ C??~2), and they
are linearly independent:

< o F(tu f( i)
dt|
2 (i)

Jj=0

where €8(A) == £ (c;(N)).
Note that the equality is just the first part of Lemma [4.4] with different notations. Indeed,
observe that 0; = %lt:OF(tu,ci).

Since the (7;) are linearly independent, we can choose 2d—2 unit vectors uy, ..., usq—2 €
such that 7;(u;) # 0 if and only if ¢ = j. Moreover, there is an open subset E of Syq_o such that
for all u € E and all 4,

(29) [7i(w)] =

(C2d_2

(we can take F to be a small enough neighborhood of u = || sz 2 jH_l Z?i_f uj).

We fix some critical point ¢;. From the transversality condltlon (T) and the definition
of the set of directions F in parameter space, we get mg > 0 such that for all m > mg and all
u € E, 0,£"(0) # 0. For some r > 0, let us define the corresponding parameter neighborhood
of 0 in direction u

(30) V(u,r) = (D0, r)-u)NO.
For any m > mg and each i, we say that I'*(m) > 0 satisfies (T1), (T2) and (T3) if:
(T1) : if V :=V(u,I'(m)), then for all mg < j <m
Dist(¢/, V) < 1072,
m—1 j+1
fa (€] (@) -2
T2) : ¥ oot /e < ]
(T2) + Xw,m, V) := JZO apev |8 1 <£3“(5>>’ =107
(T3) : diam(&/(V)) < L for all 0 < j < m.
Combining (T1) and (T3) with (7)) we observe that
(31) (m) < 9.7 (0)] "
Recall that 7;(u) # 0 is a condition of the transversality hypothesis (T) and the definition
of E. Denote by v; = v;(0) := fo(c;(0)).
Lemma 5.15. — There exist 1 > 1 and m1 > mg such that for allu € E and m > my, then
(32) T(m) = 17" - a* (vi,m; fo),
satisfies (T1), (T2) and (T3).

log

Proof. — By (CE) and (T), there exists m’ > myg such that for all u € E:

(33) KM Y e It <1073,

j=m

et d (g, ()
df |t=0 0 B 3
(34) ORI

=0
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where M := 1 4+ max{|r;(u)|, |(u)|~ : u € E}. Furthermore, for k > m/, one has by (T) and
(CE) that

g
o8 () ()

We choose 0 < €7 small enough such that

(35) <1072 and [0,£F(0)| > 2ex.

diam(@j(V(u, 2¢1)) < e k7! for any v € E and all 0 < j < m/,

Dist(ff, V(u,2¢1)) < 1073 for any u € E and all my < j < m’ and
S (u,m, V(u,2e1)) < 1073,
recalling that V' was defined by and ¥ in condition (T2). Put
l1 :=1lesM
and choose m1 > m' such that
€™M0 > max (dexM, 5{1) .

We prove the lemma for these l; and m;.
Take any m > my, u € FE. Let

A = V(u, Iy aT (v, m5 fo)),

W= D(via 10_1a+(’0i, m; fO))7
and prove by induction the following claim for all mg < j < m
(%); Dist(&/,A) < 1072 and ¥(u, j,A) < 1072.
Since a™t(vi,m; f) < |(f*) (vi)|7! < &1 by the choice of m1, we can get (x); for mg < j < m/
from the choice of €.
Assume that for some m’ < j < m, (x); holds for all mg < k < j. Observe that £F(A)C fE(W)
for all m’ < k < j. On one hand, we use (35, Dist(¢F,A) < 1072, and the choice of ;. On

the other, we use Lemma applied to f3" on W and . In particular, by Lemma for all
acelNandm' <k<j

fé(éf(a))‘ 3
36 log 285 "V - 1073,
0 % ko |~
Summing for k = m/ to j — 1 implies:
S ‘ - 21wl
Di  fo(W 10~ i, m; £)400 OS2
k;ﬂ ist(fo, f§ (W) < 107%a™ (vs, m; f)400er k;n o)

hence, by definition of a™ (v;, m; f):

j—1
(37) > Dist(fo, f§(W)) < 1072,

k=m'

Also, for all @ € A and m’ < k < j, by (K1), (%), and direct calculation, we get
|fa (& () = fo&F(@))] < wla] < wlyta™ (viym; f) < wl(fg) ()],

o) | Pl ) o
ouei) GO =T T S @GR W)
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Divide the last two inequalities by | f}(£¥ ()|, use Dist(fo, £F(A)) < 1073, the triangle inequality,
(CE) and to obtain

k+1
au§i+ () —1| < _ nMe < kMe~FHDn+r0+2 1073,
Ou€f (@) (68 (a)) (S5 ()]
which immediately implies
k+1
log 25 _ 10g fi(eh(a))| < mase Ot
9u&; (@)

Observe that

k+1 k+1
g 2 @) 08 (9)

Ousf () 9ugf ()

The last two inequalities with the choice of €1, inequality , the choice of W and bound
imply:

Dist(¢F1, A) < Dist(¢F, A) + sup
a,BEA

7—1
Dist(¢], A) <Dist(€/",A) + > Dist(fo, [E(W))

k=m'
7j—1
+2 Z kMe~(kTDm+r+3 - 4. 1073,
k=m'

Similarly, by the choice of €1, inequality (37), the bound for |, (¢¥(a)) — f5(€F(a))| above,
inequality , the choice of W and bound (33)) imply

j—1
S(u,j, A) < S(um A+ (Dist(fg,fé“(W)) + 2me*’mﬂ0+1) <3.1073,
k=m/'
Therefore (x); holds for all my < j < m. Thus by inequality , the definition of A and
inequality
diam(&! (A)) < eM|(f]) (v;)|diam(A) < e~ '~1

Conditions (T1-3) are satisfied by T%(m) := ;' - a™ (vi, m; f), which completes the proof. [

5.5. Proof of Proposition (5.9

Proof of Proposition[5.9 — We assume that we have a rational map f = fy that satisfies all
the assumptions of Proposition [5.9 and such that

41 log 1
g =1——(1+12 >1——,
’y( * o > 2d — 2

where o is defined by .

We apply Lemmal[5.15] Fix p > 0 provided by Lemma [5.13] applied for each i = 1,...,2d —2.
The intersection G of sets G, . . ., Goq—o of densities at least 0 in NN (m, 2m] has positive density,
thus the union of such sets G is infinite.

By inequalities , and , for each n € G and ¢ = 1,...,2d — 2 we compute, for
u € E:

L'y Iy ' oM
() (i)l ~ el0ug (0)]

I’Z(n) = ll_1 cat (v, m; f) >
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where M := 1 + max{|7;(u)], |7:(v)|™' : w € E}. The bounds for r,; := I''(n) compared to
C = e’y Mp~! follow from the bounds (35), and (T1) in the definition of I'*(n). This gives
the lower bound for ry, ;|(f™)'(vi)|. On the other hand, gives
[(f™)' (vi)]
Tl (f7) (0)] < S5 < 2M
|97 (0)]

for all n € G large enough and the upper bound follows. This completes the proof. O

Theorem 5.16. — Let f be a rational map satisfying the conditions of Proposition[5.9. Then
f satisfies the large scale condition. Furthermore, it is possible to choose the sequence (ny)r in
Deﬁnition of the form n, = (ng,...,ng) with ngy — +oo.

Proof. — Let f = fo be such a rational map, and let (f))xco be alocal holomorphic parametriza-
tion of the moduli space, where O is some neighborhood of the origin in C?¢~2. Recall that by
the transversality property (T), there are unit vectors (u;)1<j<24—2 in C??~2 such that 7;(u;) # 0
if and only if ¢ = j. Let 7,;, G C N and E C Syq—2 be provided by Proposition Recall that
E is an open neighborhood of || 2322 ug]| =t 2522 u; in the unit sphere Soq_o of C2472 such
that for all 1 < j < 2d — 2 we have 7j(u) # 0. We now fix an affine chart on P! for the rest of
the proof.
For all n € G, let

On(A) == (&' (rni)) — f?(o))1gig2d—2
As rni =< () (v3)| 7! — 0 when n — oo, for all i by transversality property (T), for all n € G

large enough ¢, is defined in the neighborhood of a ball of fixed size in C2¢~2. Up to rescalling,
we may assume it is the unit ball B C C24-2 Observe that for all 1 < i < 2d — 2, we have

d .
— ! (tu) = 1 DEF(O) -
(1) = DEO) -
so that by the definitions of 7; we have
d ,
%l Od)fl(tu) = rp,iTi(uw)(f") (vi) + o(1), as n — oo.
t=

Using again Proposition and inequality , we find that there is a constant C’ > 0 depending
only on f such that for alln € G and all u € F,

1 d -
< = L (t
c— dt\t:0¢n( u)
From the distortion control of Proposition and equation , we therefore have that for all
uw € FE, forall t €D, and for all 1 <14 < 2d — 2,

<C.

; 11
7 < = l'

Now applying Sibony-Wong’s theorem (Theorem to ¢, on E, we see that there is a
constant 0 < p < 1 independent of n € G such that for all z € B(0, p),

11
[on(2)| < (2d — Q)EC/.

Therefore the sequence (¢p)nec is normal near the origin, hence up to extraction converges to
some holomorphic map ¢ : B(0,5) — C?>?~2. By the transversality property (T) and the fact
that ry;|(f")(v;)| > &, we have that D¢(0) is invertible. Therefore ¢(B(0,5)) contains some
ball B(0,2r) for some r > 0, and so for all large enough n € G, ¢,(B(0, p)) contains the ball
B(0,7). Recalling the definition of ¢,,, we claim that this implies that f satisfies the large scale
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condition for all n € G. Indeed, up to extraction, we can assume &;'(0) converges to x; € Pl =7 f;
and ¢,,(ID(0, §)) contains a polydisk D C (P!)?¢=2 centered at (w1, ...,22q_2) for all n € G. Let

Q= (€],...,&8, 5) (D), neq.
Then (£7,...,&5, 5) : Qn — D is proper and the conclusion follows. O

6. The proofs of Theorem [A] and Corollary

A map f € Raty is a flexible Lattés map if there exist an elliptic curve E, an affinemap ¢ : £ — FE
with integral linear part and finite branched cover 7 : E — P! such that the following diagram

commutes

E—‘t,FE

b

Pl ! ]P>1
It follows from the definition that any flexible Lattes map is strongly Misiurewicz, that Post(f)N
Crit(f) = @ and that Card(Post(f)) < 4 and that its degree d is the square of the linear part

of ¢ (see e.g. [Mil). In particular, if f is a flexible Lattés map, then d > 4.

Proof of Theorem[4] — Recall that a rational map is strongly Misiurewicz if all its critical
points are preperiodic to repelling cycles. Let us denote by X C M, the set of all conjugacy
classes of strongly Misiurewicz degree d rational maps and by X'* C X those classes of rational
maps with Post(f) N Crit(f) = @ with simple critical values. Choose [f] € X*. If d < 3,
then f can not be a flexible Lattes map. If d = deg(f) > 4, since f has simple critical values,
Card(Post(f)) > Card(f(Crit(f))) = 2d—2 > 4 hence X* does not contain flexible Lattes maps.
Observe that X'* is countable.

Pick any [f] € supp(upif) and @ C M,y an open neighborhood of [f]. According to
[BE, Main Theorem], the set X* is dense in supp(upif), hence in particular X* N Q # .
Choose now such [fy] € X* N Q. By the above argument, we apply Theorem there exist

w(fo)s po(fo)sv(fo), Y0 (fo) > 0 and &(fy) > 0 such that for all o < min(vz(gg),éc(fo)), there
exist 7(fo) > 0 and i(fp) > 0 such that for all n < 7(fy) and for all ¢ < i(fp), the map fy is
a Lebesgue point of density of rational maps satisfying CE(~(fo),v0(f0)), CE2(u(fo), po(fo)),
BA(«) and FA(n, ).

We let CEjy, be those conjugacy classes [g] € Q of maps g satisfying the properties
CE(y(fo),0(fo0)), CE2(1(fo), to(fo)), BA(a) and FA(5, ) with 1 < 7(fo) and ¢ < i(fo). Up to
reducing 7(fy), we may assume that such [g] satisfies the Large scale condition by Theorem @
The set C'Ejy,) is contained in € N supp(upir) by Theorem [Bf and has positive Lebesgue volume
by Theorem [C] This concludes the proof of Theorem [A] O

Combining Theorem D] with Theorem [B], we also get the following result. In the light of the
proof above, it is an enhanced version of Corollary

Theorem 6.1. — Let v,v0,p, 0 > 0, let o < /200 and let n > 0. Let ¢+ > 0 be given by
Theorem[D Assume that f € Ratq has simple critical points and satisfies CE(y,v), CE2(, o),
BA(a) and FA(n, 1), then [f] € supp(unir). In particular,
1. f is approximated by strongly Misiurewicz rational maps;
2. for any given 01,...,09q_9 € R\ 2nZ, f is approzimated by rational maps having 2d — 2
distinct neutral cycles with respective multipliers €1, . .., e'02a-2;
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3. for any given w1, ..., weq_o € D, f is approrimated by hyperbolic rational maps with 2d — 2
distinct attracting cycles with respective multipliers wy, ..., waq_2.

Proof. — Combining Theorem [D] with Theorem [B] we see that for any such Collet-Eckmann
rational map f, the class [f] belongs to supp(upnit), or equivalently that f € supp(Tgi‘?Q).
The three points respectively follow from [BE, Theorem 1], from |[G2, Theorem 1.1] and from

Theorem 134 of [B. O

The support of the measure upir has been proven to be the closure of classes of rational maps
having a maximal number of neutral cycles with given multipliers. The following is a direct
consequence of Theorem [A| and [G2, Theorem 1.1].

Corollary 6.2. — Fix any 01,...,050 0 € R\ 27Z, and let N(61,...,02q_2) be the set
of degree d rational maps having (2d — 2) distinct neutral cycles of respective multipliers
exp(ify),. .., exp(ibag—2). Then

Vol ({[f] e My; feN@,.. .,92d_2)}) > 0.

It is actually difficult to exhibit one example of such a rational map. Here, we prove that
they are dense in a set which is not negligible.
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