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Abstract

This paper is devoted to the proof of a global existence result for the water waves
equation with smooth, small, and decaying at infinity Cauchy data. We obtain more-
over an asymptotic description in physical coordinates of the solution, which shows that
modified scattering holds.

The proof is based on a bootstrap argument involving L? and L™ estimates. The
L? bounds are proved in the companion paper [5] of this article. They rely on a normal
forms paradifferential method allowing one to obtain energy estimates on the Fulerian
formulation of the water waves equation. We give here the proof of the uniform bounds,
interpreting the equation in a semi-classical way, and combining Klainerman vector fields
with the description of the solution in terms of semi-classical lagrangian distributions.
This, together with the L? estimates of [5], allows us to deduce our main global existence
result.

Introduction

1 Main result

Consider an homogeneous and incompressible fluid in a gravity field, occupying a time-
dependent domain with a free surface. We assume that the motion is the same in every
vertical section and consider the two-dimensional motion in one such section. At time ¢, the



fluid domain, denoted by €(t), is therefore a two-dimensional domain. We assume that its
boundary is a free surface described by the equation y = n(t, x), so that

Q) ={(z,y) eRxRyy<n(ta)}.

The velocity field is assumed to satisfy the incompressible Euler equations. Moreover, the fluid
motion is assumed to have been generated from rest by conservative forces and is therefore
irrotational in character. It follows that the velocity field v: Q — R? is given by v = Viy®
for some velocity potential ¢: 2 — R satisfying

1
(1) Doyd =0, B+ 5 |Vayo +P+gy=0,

where g is the modulus of the acceleration of gravity (¢ > 0) and where P is the pressure
term. Hereafter, the units of length and time are chosen so that g = 1.

The problem is then given by two boundary conditions on the free surface:

2 { 8 = /1 + (020)29pd on AL,

P=0 on 0},

where 9, is the outward normal derivative of €2, so that \/1+ (9;1)? Opp = Oy — (921) 0.
The former condition expresses that the velocity of the free surface coincides with the one of
the fluid particles. The latter condition is a balance of forces across the free surface.

Following Zakharov [68] and Craig and Sulem [27], we work with the trace of ¢ at the free
boundary

Y(t,x) = ¢(t, z,n(t, ).

To form a system of two evolution equations for 7 and 1, one introduces the Dirichlet-
Neumann operator G(n) that relates ¢ to the normal derivative 0,¢ of the potential by

(G(U)¢)(t» x) =V 1+ (8xn)2 8n¢‘y:n(t,x)-

(This definition is made precise in the first section of the companion paper [5]. See propo-
sition 1.2 below). Then (n,v) solves (see [27]) the so-called Craig-Sulem-Zakharov system

815"7 - G(’?)W

1 2
O +n+ 5(81-1#) T30+ ()

(3) 2
(G + (2em)(D240))” = 0.

In [4], it is proved that if (n,v) is a classical solution of (3), such that (n,1) belongs to
CY([0,T); H3(R)) for some T' > 0 and s > 3/2, then one can define a velocity potential ¢ and
a pressure P satisfying (1) and (2). Thus it is sufficient to solve the Craig—Sulem—Zakharov
formulation of the water waves equations.

Our main result is stated in full generality in the first section of this paper. A weaker statement
is the following:



Main result. For small enough initial data of size ¢ < 1, sufficiently decaying at infinity, the

1
Cauchy problem for (3) is globally in time well-posed. Moreover, u = |D|2 1 + in admits the
following asymptotic expansion ast goes to +00: There is a continuous function a: R — C,
depending of € but bounded uniformly in e, such that

e qx it ie? |a(z/t)*
“(t’x)_ﬁg<?> eXp(4\:n/t| 64 |z/tP

where kK is some positive number and p is a function uniformly bounded for t > 1, £ €]0, go].

log(t)) + et ™5 p(t, 2)

As an example of small enough initial data sufficiently decaying at infinity, consider

(4) 77’1%:1 = &Mo, Wt:l - €¢07

with 79, 10 in C§°(R). Then there exists a unique solution (7, ) in C*°([1, +oo[; H*(R)) of
(3). In fact, in Theorem 1.4 we allow ¥ to be merely in some homogeneous Sobolev space.

The strategy of the proof will be explained in the following sections of this introduction. We
discuss at the end of this paragraph some related previous works.

For the equations obtained by neglecting the nonlinear terms, the computation of the asymp-
totic behavior of the solutions was performed by Cauchy [17] who computed the phase of
oscillations. The reader is referred to [31] and [30] for many historical comments on Cauchy’s
memoir.

Many results have been obtained in the study of the Cauchy problem for the water waves
equations, starting from the pioneering work of Nalimov [54] who proved that the Cauchy
problem is well-posed locally in time, in the framework of Sobolev spaces, under an additional
smallness assumption on the data. We also refer the reader to Shinbrot [59], Yoshihara [67]
and Craig [23]. Without smallness assumptions on the data, the well-posedness of the Cauchy
problem was first proved by Wu for the case without surface tension (see [63, 64]) and by
Beyer-Giinther in [11] in the case with surface tension. Several extensions of their results have
been obtained and we refer the reader to Cérdoba, Cérdoba and Gancedo [20], Coutand-
Shkoller [22], Lannes [48, 49, 47], Linblad [50], Masmoudi-Rousset [52] and Shatah-Zeng
[57, 58] for recent results on the Cauchy problem for the gravity water waves equation.

Our proof of global existence is based on the analysis of the Fulerian formulation of the
water waves equations by means of microlocal analysis. In particular, the energy estimates
discussed in [5] are influenced by the papers by Lannes [48] and Iooss-Plotnikov [43] and
follow the paradifferential analysis introduced in [6] and further developed in [2, 1].

It is worth recalling that the only known coercive quantity for (3) is the hamiltonian, which
reads (see [68, 27])

(5) H = ;/ﬁ de + ;/wG(n)w de.

We refer to the paper by Benjamin and Olver [10] for considerations on the conservation laws
of the water waves equations. One can compare the hamiltonian with the critical threshold



given by the scaling invariance of the equations. Recall (see [10, 18]) that if (1, ) solves (3),
then the functions (7, 1)) defined by

(6) mtz) =272 (M, N%2), a(tz) = A3 (M, A%x) (A>0)

are also solutions of (3). In particular, one notices that the critical space for the scaling
corresponds to 79 in H*/2(R). Since the hamiltonian (5) only controls the L?(R)-norm of 1,
one sees that the hamiltonian is highly supercritical for the water waves equation and hence
one cannot use it directly to prove global well-posedness of the Cauchy problem.

Given € > 0, consider the solutions to the water waves system (3) with initial data satisfying
(4). In her breakthrough result [65], Wu proved that the maximal time of existence T is larger
or equal to e/¢ for d = 1. Then Germain-Masmoudi-Shatah [35] and Wu [66] have shown
that the Cauchy problem for three-dimensional waves is globally in time well-posed for € small
enough (with linear scattering in Germain-Masmoudi-Shatah and no assumption about the

decay to 0 at spatial infinity of |Dz|% ¥ in Wu). Germain—-Masmoudi-Shatah recently proved
global existence for pure capillary waves in dimension d = 2 in [34].

There is at least one other case where the global existence of solutions is now understood,
namely for the equations with viscosity (see [9], [36] and the references therein). Then global
well-posedness is obtained by using the dissipation of energy. Without viscosity, the analysis
of global well-posedness is based on dispersive estimates. Our approach follows a variant
of the vector fields method introduced by Klainerman in [45, 44] to study the wave and
Klein-Gordon equations (see the book by Hérmander in [38] or the Bourbaki seminar by
Lannes [46] for an introduction to this method). More precisely, as it is discussed later in this
introduction, we shall follow the approach introduced in [32] for the analysis of the Klein-
Gordon equation in space dimension one, to cope with the fact that solutions of the equation
do not scatter. Results for one dimensional Schrodinger equations, that display the same non
scattering behavior, have been proved by Hayashi and Naumkin [37], and global existence for
a simplified model of the water waves equation studied by Ionescu and Pusateri in [41].

Let us discuss two other questions related to our analysis : the possible emergence of singu-
larities in finite time and the existence of solitary waves.

An important question is to determine whether the lifespan could be finite. Castro, Cérdoba,
Fefferman, Gancedo and Gémez-Serrano conjecture (see [15]) that blow-up in finite time is
possible for some initial data. It is conjectured in [15] that there exists at least one water-wave
solution such that, at time 0, the fluid interface is a graph, at a later time ¢; > 0 the fluid
interface is not a graph, and, at a later time to > t1, the fluid self-intersects. Notice that,
according to this conjecture, one does not expect global well-posedness for arbitrarily large
initial data. One can quote several results supporting this conjecture (see [14, 16, 21]). In
[14] (see also [21]), the authors prove the following result: there exists an initial data such the
free surface is a self-intersecting curve, and such that solving backward in time the Cauchy
problem, one obtains for small enough negative times a non self-intersecting curve of R?. On
the other hand, it was conjectured that there is no blow-up in finite time for small enough,
sufficiently decaying initial data (see the survey paper by Craig and Wayne [29]).

Our main result precludes the existence of solitary waves sufficiently small and sufficiently
decaying at infinity. In this direction, notice that Sun [61] has shown that in infinitely deep



water, no two-dimensional solitary water waves exist. For further comments and references
on solitary waves, we refer the reader to [25] as well as to [13, 39, 53] for recent results.

We refer the reader to [2, 3, 19] for the study of other dispersive properties of the water waves
equations (Strichartz estimates and smoothing effect of surface tension).

Finally, let us mention that Ionescu and Pusateri [40] independently obtained a global exis-
tence result very similar to the one we get here. The main difference is that they assume less
decay on the initial data, and get asymptotics not for the solution in physical space, with
control of the remainders in L™, but for its space Fourier transform, with remainders in L?.
These asymptotics, as well as ours, show that solutions do not scatter. To get asymptotics
with remainders estimated in L°°, we shall commute iterated vector field Z = t9; + 2x0,
to the water waves equations. This introduces several new difficulties and requires that the
initial data be sufficiently decaying at infinity.

2 General strategy of proof

Let us describe our general strategy, the difficulties one has to cope with, and the ideas used
to overcome them. The general framework we use is the one of Klainerman vector fields.
Consider as a (much) simplified model an equation of the form

(Dy — P(Dy))u = N(u)

u|t=l = EuUo,

(7)

where D; = %%, P(¢) is a real valued symbol (for the linearized water waves equation,

P(€) would be [£]'/?), and N(u) is a nonlinearity vanishing at least at order two at zero.
Recall that a Klainerman vector field for D; — P(D,) is a space-time vector field Z such that
[Z, Dy — P(D,)] is zero (or a multiple of D; — P(D,)). For the water waves system, Z will be
t0y + 220, or D,. In that way, (D; — P(D,))Z*u = Z*N(u) for any k, and since P(€) is real
valued, an easy energy inequality shows that

(8) 1Z u(t, )2 < 125, )]l 2 +/1 1Z*N (u) (7, )l 2 dr,

for any ¢t > 1. Assume first that N(u) is cubic, so that

9)  NZ*N@Wpe < Clulliw | Z¥ul e +C Y 1ZMullpe || 2% ul| e | 27wl 2

ki+ko+ks<k
k1,k2<k3<k-1

Assuming an a priori L> bound, one can deduce from (8) an L? estimate. More precisely,
introduce the following property, where s is a large even integer:

For ¢ in some interval [1, T, ||u(t, )|z = O(g/V't)
) 7
and for k=0,...,5/2, || Z*u(t, )| = O(et737%),



where 5; are small positive numbers. Plugging these a priori bounds in (8), (9), we get

t dr
1Z%u(t, )| g2 < 11Z%u(1, )| 2 +C€2/1 1 Z%u(r, )| 2 —

(10) i

t !
4 Ce? / 125, )| por 2 i,
1

Gronwall inequality implies then that
(B) 1Z5u(t, g2 = Oet™), k < s,

for some small 6 > 0 (§ > Ce? and &), > 252/2).

The proof of global existence is done classically using a bootstrap argument allowing one to
to show that if (A) and (B) are assumed to hold on some interval, they actually hold on the
same interval with smaller constants in the estimates.

We have outlined above the way of obtaining (B), assuming (A) for a solution of the model
equation (7). In this subsection of the introduction, we shall explain, in a non technical way,
the new difficulties that have to be solved to prove (B) for the water waves equation. Actually,
the proof of a long time energy inequality for system (3) faces two serious obstacles, that we
describe now.

e Apparent loss of derivatives in energy inequalities

This difficulty already arises for local existence results, and was solved initially by Nalimov [54]
and Wu [63, 64]. For long time existence problems, Wu [66] uses arguments combining
the Eulerian and Lagrangian formulations of the system. The approach followed in our
companion paper [5] is purely Eulerian. We explain the idea on the model obtained from
(3) paralinearizing the equations and keeping only the quadratic terms. If we denote U =

[|Dz|q/z¢], such a model may be written as
U =TpU

where T4 is the paradifferential operator with symbol A, and where A(U,z,§) is a matrix of
symbols A(U, z,&) = Ag(U, z,&) + A1 (U, z,§), with

—i(@)¢  1¢"? -1.0
A= |00 K| e = ape [ Y]
Because of the A; contribution, which is self-adjoint, the eigenvalues of A(U,x,&) are not
purely imaginary. For large ||, there is one eigenvalue with positive real part, which shows
that one cannot expect for the solution of 9;U = TAU energy inequalities without derivative
losses. A way to circumvent this difficulty is well known, and consists in using the “good
unknown” of Alinhac [7]. For our quadratic model, this just means introducing as a new

unknown U = [|Dz|q/2w], where w = ¥ — T|p, 47 is the (quadratic approximation of the)
good unknown. In that way, ignoring again remainders and terms which are at least cubic,



one gets for U an evolution equation 8,0 = TAOfJ . Since Ay is anti-self-adjoint, one gets L?

or Sobolev energy inequalities for U. In particular, if for some s, ||| Dg|"%w| s + |0l z= is
under control, and if one has also an auxiliary bound for |||D;| | 1, one gets an estimate

for [[|Dz "4 | o172 + [0l =
e Quadratic terms in the nonlinearity

In the model equation (7) discussed above, we considered a cubic nonlinearity: this played
an essential role to make appear in the first integral in the right hand side of (10) the almost
integrable factor 1/7. For a quadratic nonlinearity, we would have had instead a 1//7-factor,

which would have given in (B), through Gronwall, a O(e*V?)-bound, instead of O(et%). The
way to overcome such a difficulty is well known since the work of Shatah [56] devoted to
the non-linear Klein-Gordon equation: it is to use a normal forms method to eliminate the
quadratic part of the nonlinearity, up to terms that do not contribute to the Sobolev energy
inequality.

In practice, one looks for a local diffeomorphism at 0 in H®, for s large enough, so that the
Sobolev energy inequality written for the equation obtained by conjugation by this diffeomor-
phim be of the form (10). Nonlinear changes of unknowns, reducing the water waves system
to a cubic equation, have been known for quite a time (see Craig [24] or Iooss and Plotnikov
[42, Lemma 1]). However, these transformations were losing derivatives, as a consequence of
the quasi-linear character of the problem. Nevertheless, one can construct a bona fide change
of unknown, without derivatives losses, if one notices that it is not necessary to eliminate the
whole quadratic part of the nonlinearity, but only the part of it that would bring non zero
contributions in a Sobolev energy inequality. This is what we do in our companion paper [5].
Let us also mention that the analysis of normal forms for the water waves system is motivated
by physical considerations, such as the derivations of various equations in asymptotic regimes
(see [28, 26, 55, 62]).

Our proof of L?-estimates of type (B), assuming that a priori inequalities of type (A) hold,
is performed in [5] using the ideas that we just outlined. Of course, the models we have
discussed so far do not make justice to the full complexity of the water waves system. In
particular, the good unknown w is given by a more involved formula than the one indicated
above, and one also needs to define precisely the Dirichlet-Neumann operator. The latter is
done in [5]. We recall in section 1 below the main properties of the operator G(n) when 7
belongs to a space of the form C7(R) N L?(R) with v > 2, and is small enough. Once G(n)y
has been defined, one can introduce functions of (n,1), B = (0y®)|y=y, V = (02¢)|y—y, where
¢ is the harmonic potential solving (1). Explicit expressions of these quantities are given by

G + (02n)(02¢))
2

V = 0,9 — BO.n.
T+ @m? ¥ = Bon

The good unknown for the water waves equation is given by w = ¢ — Tpn. Following the
analysis in [1, 2, 6], we prove in [5] an expression for G(n) in terms of w:

G(n)Y = [Da|w — 8:(Tyn) + F(n)i),



where F(n)i is a quadratic smoothing term, that belongs to Ht7=% if  is in C7 N H® and

|Dx|1/ 21 belongs to C7~1/2 N H5~Y/2, This gives a quite explicit expression for the main
contributions to G(n)y. Moreover, we prove as well tame estimates, that complement similar
results due to Craig, Schanz and Sulem (see [26], [60, Chapter 11] and [8, 43]), and establish
bounds for the approximation of G(n)Y (resp. F(n)y) by its Taylor expansion at order two

G<2(n)y (resp. F<a(n)).

3 Klainerman-Sobolev inequalities

As previously mentioned, the proof of global existence relies on a bootstrap argument on
properties (A) and (B). We have indicated in the preceding section how (B) may be deduced
from (A). On the other hand, one has to prove that conversely, (A) and (B) imply that (A)
holds with smaller constants in the inequalities. The first step is to show that if the L2-
estimate (B) holds for & < s, then bounds of the form

(A7) | Z%u(t, ) || e = O(et™27%), k < s — 100

are true, for small positive d,. This is not (A), since the &, may be larger that the &), of (A),
and since this does not give a uniform bound for ||u(t,-)| ;. But this first information will
allow us to deduce, in the last step of the proof, estimates of the form (A) from (A’) and the
equation.

Let us make a change of variables x — z/t in the water waves system. If u(¢,z) is given

by u(t,x) = (]Dz|1/2¢ +in)(t,x), we define v by u(t,z) = %v(t,x/t}. We set h = 1/t and

eventually consider v as a family of functions of x depending on the semi-classical parameter h.
Moreover, for a(z,§) a function satisfying convenient symbol estimates, and (vp,);, a family of
functions on R, we define

Opy(@)on = ale.hD)un = 5 [ (e, h)in(€) e

Then the water waves system is equivalent to the equation
(1) (D= Opalag + |60 = VEQ(V) + 1 [Co(V) = o] + 1 R(V),

where we used the following notations

e Qo (resp. Cp) is a nonlocal quadratic (resp. cubic) form of V' = (v, v) that may be written
as a linear combination of expressions Oph(bo)[l_[g:1 Opy,(bj)v+], £ =2 (resp. £ = 3), where
by(€) are homogeneous functions of degree dy > 0 with 32 dy = 3/2 (vesp. Y5 dy = 5/2) and
Vy =V, V- = .

e R(V) is a remainder, made of the contributions vanishing at least at order four at V' = 0.

To simplify the exposition in this introduction, we shall assume that v satisfies p(hD)v = v
for some C§°(R—{0})-function ¢, equal to one on a large enough compact subset of of R—{0}.



Such a property is not satisfied by solutions of (11), but one can essentially reduce to such a
situation performing a dyadic decomposition v = ) ez ©(277hD)v.

The Klainerman vector field associated to the linearization of the water waves equation may
be written, in the new coordinates that we are using, as Z = t0; + xd,. Remembering h = 1/t
and expressing 0y from Z in equation (11), we get

(12) Opy, (226 + €]"*)v = —VhQo(V) + h %v —iZv — Co(V)| — hIHR(V).

Since we factored out the expected decay in 1/4/¢, our goal is to deduce from assumptions
(A) and (B) estimates of the form ||Z*v]||p = O(eh~%) for k < s — 100.

Proposition. Assume that for t in some interval [Ty, T| (i.e. for h in some interval W', hg)),
one has estimates (A) and (B):

(13) |Z*0] oo = O(eh™%), &k < s/2, | Z%0|| 2 = O(eh™%), k <s.

Denote A = {(z,dw(zx));x € R*} where w(x) = 1/(4|x|). Then, if ya is smooth, supported
close to A and equal to one on a neighborhood of A, and if v§ = 1—~ya, we have for k < s—100

1_ s
(14) 12* Opy,(5)vll 2 = O(eh=~0%),
(15) |(hD — dw)Z* Opy(va)vll 2 = O (eh' %),
(16) 1Z50|| oo = O(ch™%).

Idea of proof. One applies k vector fields Z to (12) and uses their commutation properties to
the linearized equation. In that way, taking into account the assumptions, one gets

(17) Opy, (2a€ + |€]Y/%) ZF0 = 02 (eh= %)

for some small ¢; > 0. One remarks that 2z§ + [£ |1/ 2 vanishes exactly on A. Consequently,

this symbol is elliptic on the support of 7§, and this allows one to get (14) by ellipticity.
To prove the second inequality, one uses the fact that,
(18) Opy, (22€ + |€]2) ZF Opy(7a)v = —VE Opy (14) Z5 Qo (V) + O (eh'~%).

We may decompose v = vy + vpae where vpa = Opp(ya)v and vae = Opy(7§)v. We may
write Z¥Qo(V) — Z¥Qo(va,0a) = B(va, ZFvpc) + -+ where B is the polar form of Q.
By (14), |Z*vpc|| 2 = O(Ehéf‘%), and by assumption |lvp|re = O(e). It follows that
| B(va, ZFvpe) 2 = O(sh%_‘s;c). The other contributions to Z*Qo (V) — Z*Qq(va, vx) may

9



be estimated in a similar way, up to extra contributions, that we do not write explicitly in this
outline, and that may be absorbed in the left hand side of (16) at the end of the reasoning.
The right hand side of (18) may thus be written

(19) —VhOp,(14)Z*Qo(Va) + Oz (eh' %),

where Vi = (vp,0p). One notices then that since vp (resp. v4) is microlocally supported close
to A (resp. —A), Qo(V) is microlocally supported close to the union of 2A, 0A and —2A, so
far away from the support of the cut-off y5 (where (A = {(z, ldw(x)); x € R*}).

Consequently, the first term in (19) vanishes, and we get
Opy, (22€ + |€]2) ZF Opy (7a)v = Op2 (eh' %),

Since 2z€ + [€ \1/ > and € — dw(x) have the same zero set, namely A, one deduces (15) from
this estimate using symbolic calculus.

Finally, to obtain (16), we write
g _ 1/2 —q 1/2
|Z¥ 0| poe = e /M ZR0p || oo < Clle™ ™/ ZF0p 157 || Dule™ /" ZF0p) |11

The last factor is h~1/2||(hD, — dw)ZkvA|]1L/22, which is O(y/eh~%/2) by (15). Moreover, (14)

and Sobolev inequality imply that ||Z*vpe|/pe = O(Eh*‘%), since we have assumed that v is
spectrally localized for || ~ 1/h. This gives (16).

4 Optimal L*° bounds

As seen in the preceding section, one can deduce from the L?-estimates (B) some L>-estimates
(16), which are not the optimal estimates of the form (A) that we need (because the exponents
9y, are larger than Y , and because §(, is positive, while we need a uniform estimate when no
Z field acts on v). In order to get (A), we deduce from the PDE (11) an ODE satisfied by wv.

Proposition. Under the conclusions of the preceding proposition, we may write
(20) v =vp + Vh(van +v_op) + h(vsa +v_p +v_3r) + 1T,

where k > 0, g satisfies bounds of the form || Z%g||L~ = O(eh=%), and ven is microlocally
supported close to LA and is a semi-classical lagrangian distribution along LA, as well as
ZFwyp for k < s/2, in the following sense

(21) | Z%ven || poe = O(eh™%),
(22) ||Oph(€€($a£))ZkaA||L°° = O(ehl_%% 14 € {17 _2a 2}7
(23) 10Dy (e(x, €)) ZFvia | e = O(eh2 %), € € {—3, 1,3},

if ey vanishes on LA.

10



Remark. Consider a function w = «a(x) exp(iw(z)/h). If a is smooth and bounded as well
as its derivatives, we see that (hD; — dw(x))w = Op~(h) i.e. w satisfies the second of the
above conditions with ¢ = 1, where e1(z,§) = £ — dw(x) is an equation of A. The conclusion
of the proposition thus means that vy enjoys a weak form of such an oscillatory behavior.

The proposition is proved using equation (12). For instance, the bound (22) for vy =
Op;,(ya)v is proved in the same way as (15), with L%norms replaced by L* ones, using
(16) to estimate the right hand side. In the same way, one defines viop as the cut-off of v

close to £2A. As in the proof of (14), one shows an OLoo(h%_‘S;c) bound for Z*vxe, which
implies that the main contribution to Qo(v,v) is Qo(va,vp). Localizing (12) close to £2A,
one gets an elliptic equation that allows to determine vi9p as a quadratic function of vy, v4.
Iterating the argument, one gets the expansion of the proposition. One does not get in the
Vh-terms of the expansion a contribution associated to 0A because Qo(V) may be factored
out by a Fourier multiplier vanishing on the zero section. Consequently, non oscillating terms
form part of the O(h!**) remainder.

Let us use the result of the preceding proposition to obtain an ODE satisfied by wv:

Proposition. The function v satisfies an ODE of the form

Div = 11— x(hPa))|dw| 20 — ivVR(L — x(h~Pa)) [@a(2)0® + <I>_z(x>172]

2
(24) + h(1 = x(hPz)) | ®3(z)v® + 1 (2)|v]*v + B_1 (x)|v]?D + @,3(:,;)@3}
+ O(eh' %),

where kK > 0,8 > 0 are small, ®; are real valued functions of x defined on R* and x is in
C3°(R), equal to one close to zero.

To prove the proposition, one plugs expansion (20) in equation (11). The key point is to
use (22), (23) to express all (pseudo-)differential terms from multiplication operators and
remainders. For instance, if b(§) is some symbol, one may write b(§) = b|sn + e¢ where ey
vanishes on /A = {{ = ¢dw}. Consequently

Opy, (b)vea = b(Ldw)vep + Opy,(er)ven,

and by (22), when ¢ = —2,1,2, one gets ||Opy,(eg)venllL~ = O(ahl_‘;()). Since Qo(va,vn) is
made of expressions of type

S = Opy,(bo)[(Opy, (b1)va) (Opy (b2)va)]

(and similar ones replacing vy by ¥,), one gets, using that v% is lagrangian along 2A,

S = bo(2dw)by (dw)ba (dw) vy + Opee (R*%).

One applies a similar procedure to the other pseudo-differential terms of equation (11), namely

Opy, (€ + \§|1/2)v and Cy(V'), where v is expressed using (20) in which the vyy are written
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as explicit quadratic or cubic forms in (va,0p). This permits to write all those terms as
polynomial expressions in (va, v5) with z-depending coefficients, up to a remainder vanishing
like A!** when h goes to zero. Expressing back vy from v, one gets the ODE (24).

As soon as the preceding proposition has been established, the proof of optimal L*°-estimates
for v is straightforward. Applying a Poincaré normal forms method to (24), one is reduced
to an equivalent ODE of the form

2
D = 50— xboplaal |14 L 2 £+ Ot

This implies that 0| f |2 is integrable in time, whence a uniform bound for f and explicit
asymptotics when ¢ goes to infinity. Expressing v in terms of f, and writing u(t,z) =
%v(t, /t), one obtains the uniform O(t~'/2) bound for u given in (A) as well as the asymp-

totics of the statement of the main theorem. Estimates for Z*¥u are proved in the same
way.
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1 Statement of the main result

We have already written in the introduction the water waves equations under the form of the
Craig-Sulem-Zakharov system (3). We shall give here the precise definition of the Dirichlet-
Neuman operator that is used in that system, and state some of its properties that are used
in the rest of this paper, as well as in the companion paper [5]. Theses properties, that are
essentially well known, are proved in that reference. Once the Dirichlet-Neuman operator has
been properly defined, we give the precise statement of our global existence result. Next, we
explain the strategy of proof, which relies on a bootstrap argument on some a priori L? and
L™ estimates. The L? bounds are proved in the companion paper [5]. The L> ones, that
represent the main novelty of our method, are established in sections 2 to 6 of the present

paper.

1.1 Dirichlet-Neumann operator

Let n: R — R be a smooth enough function and consider the open set
Q:={(z,y) ERxR;y<n(z)}.

It ¢p: R — R is another function, and if we call ¢: Q@ — R the unique solution of A¢ = 0
in ) satisfying qﬁ]y:n(x) = ¢ and a convenient vanishing condition at y — —oo, one defines
the Dirichlet-Neumann operator G(n) by

G(UW =V 1+ (8:1077)2 6n¢’y=m

where 0, is the outward normal derivative on 0f2, so that

Gy = (0y)(z,1(x)) = (921)(02) (2, 1(2))-
In this subsection, we recall the estimates obtained in [5] for G(n).

One may reduce the problem to the negative half-space through the change of coordinates
(z,y) — (z,2 = y—n(x)), which sends Q on {(z,2) € R?; z < 0}. Then ¢(z,y) solves A¢p = 0
if and only if ¢(x, z) = ¢(x, z + n(z)) is a solution of P =0 in z < 0, where

(1.1) P=(1+9%0*+ 0% - 200,0. — 10,

(we denote by 1’ the derivative 9;1). The boundary condition becomes ¢(z,0) = 9 (z) and
G(n) is given by
G = [(1+n0")0:0 = 110:0] | _y-
It is convenient and natural to try to solve the boundary value problem
PQO = 07 ¢’Z:0 = w

when ¢ lies in homogeneous Sobolev spaces. Let us introduce them and fix some notation.

We denote by S (R) (resp. S7(R)) the quotient space S'(R)/C[X] (resp. S'(R)/C). If Soo(R)
(resp. S1(R)) is the subspace of S(R) made of the functions orthogonal to any polynomial
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(resp. to the constants), S/ (R) (resp. S;(R)) is the dual of S (R) (resp. S1(R)). Since the
Fourier transform realizes an isomorphism from So(R) (resp. S1(R)) to

Soo(R) = {u € SR); u*¥ (0) = 0 for any k in N}

(resp. S1(R) = {u € S(R); u(0) = 0}), we get by duality that the Fourier transform defines
an isomorphism from S, (R) to (Sw(R))’, which is the quotient of S'(R) by the subspace of
distributions supported in {0} (resp. from S{(R) to (Si1(R)) = S'(R)/Vect (do)).

Let ¢: R — R be a function defining a Littlewood-Paley decomposition and set for j € Z,
A; = ¢(277D). Then for any u in S, (R), the series > jez Aju converges to u in S (R)
(for the weak-* topology associated to the natural topology on Ss(R)). Let us recall (an
extension of ) the usual definition of homogeneous Sobolev or Holder spaces.

Definition 1.1. Let s, s be real numbers. One denotes by H* 5(R) (resp. C*5(R)) the space
of elements u in S, (R) such that there is a sequence (c;)jez in (*(Z) (resp. a constant C > 0)
with for any j in 7Z,

180l 2 < 0277777

(resp. o
1Ajull oo < C2772774%)

where j4 = max(j,0). We set H (resp. C% ) when s = 0.

The series Zjﬁg Aju always converges in S’'(R) under the preceding assumptions, but the
same is not true for Zj_:lfoo Aju. If uis in H¥°(R) with s’ < 1/2 (resp. in C¥5(R) with
s’ < 0), then Zj_:lfoo Aju converges normally in L, so in S'(R), and u — 3.7 Aju gives

the unique dilation and translation invariant realization of H"* (resp. C**(R)) as a subspace
of S/(R). One the other hand, if s € [1/2,3/2[ (resp. s’ € [0,1]), the space H¥ (R) (resp.
C¥(R)) admits no translation commuting realization as a subspace of S’(R), but the map
u — ng Aju defines a dilation and translation commuting realization of these spaces as
subspaces of S{(R). We refer to Bourdaud [12] for these properties.

Recall also that if s is in R (resp. < is in R — N), the usual Sobolev space H*(R) (resp.
the space C7(R)) is defined as the space of elements u of §’(R) satisfying, for any j in N,
|Aullrz < ¢;2775 (resp. [|Ajullpe < C277) for some ¢*(N)-sequence (c;j); (resp. some
constant C'), and x(D)u € L? (resp. x(D)u € L*) for some C§°(R)-function y equal to one
on a large enough neighborhood of zero. Moreover, if v is in N, we denote by C7(R) the space
of v times continuously differentiable functions, which are bounded as well as their derivatives
(endowed with the natural norms).

The main result about the Dirichlet-Neumann operator that we shell use in that paper is the
following proposition, which is proved in the companion paper [5] (see Corollary 1.1.8.):

Proposition 1.2. Let v be a real number, v > 2,v ¢ %N. There is some § > 0 such that,

for any n in L?> N C7(R) satisfying ||n'||cv—1 + ||77'H10/_21 H77'||}{/gl < 0, one may define for
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in H'2(R) the Dirichlet-Neumann operator G(n) as a bounded operator from HY2(R) to
H~Y2(R) that satisfies an estimate

(1.2) Gl -1 < C(I llgv) || Dl 2 | -

In particular, if we define Gy 2(n) = |Dx\7% G(n), we obtain a bounded operator from H'Y?(R)
to L*(R) satisfying

1
(1-3) HG1/2(77)¢HL2 < C(H#HC”*) H’DIP 1/}HL2-
Moreover, G(n) satisfies when 1 is in C"%"V*%(R)

(1.4) IG@)Eller-r < C(Un lov)[[1Dal 9] ooy -

where C(+) is a non decreasing continuous function of its argument.

126’

If we assume moreover that for some 0 < 0 < 6 < 2, Hn H Hn HC 1 15 bounded, then

|Dy|™ 2+0 G(n) satisfies

(15) [1D:175* G| Ol ll -1 1D=1% |

ch-o S o3

1.2 Global existence result

The goal of this paper is to prove global existence of small solutions with decaying Cauchy
data of the Craig-Sulem-Zakharov system. We thus look for a couple of real valued functions
(n,1) defined on R x R satisfying for ¢ > 1 the system

81577 = G(U)%

(1.6)
oy +n+ = ( Oath)® —

ST @ (G +0mdy)” =

with Cauchy data small enough in a convenient space.

The operator G(n) in (1.6) being defined as in the preceding subsection, we set, for 7,
smooth enough and small enough functions

Gn)e + Bendats
14 (92m)?

(1.7) B(n)y =

Before stating our global existence result, let us recall a known local existence theorem (see [63,
47, 1]).
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Proposition 1.3. Let v be in ]7/2,400[\iN, s € N with s > 2y — 1/2. There are 5y > 0,
T > 1 such that for any couple (no, o) in HS(R) x H%”(R) satisfying

1 1
(1.8) Yo — TB(no)yo™0 € H2*R), |mollev + H|Dr‘2 @/JOHC“/f% < do,

equation (1.6) with Cauchy data n|i=1 = Mo, ¥|t1=1 = Yo has a unique solution (n,) which is
continuous on [1,T] with values in

.1 -1
(1.9) {{1,0) € BR) x H3I(R); % — Togypyn € HE*(R) }.
Moreover, if the data are O(eg) on the indicated spaces, then T > c/e.

Remarks. e The assumption g € et implies that g is in 3773 5o that Proposition 1.2
shows that G(no)vg whence B(ng)vg is in C7~1 C L. Consequently, by the first half of
(1.8), |D$|% Y is in H*"2 C C7"2 as our assumption on s implies that s > v+ 1/2. This
gives sense to the second assumption (1.8).

e As already mentioned in the introduction, the difficulty in the analysis of equation (1.6)

1
is that writing energy inequalities on the function (n,|D,|2 ¢) makes appear an apparent
loss of half a derivative. A way to circumvent that difficulty is to bound the energy not

of (n, |Dx|% ), but of (n, |Dx|% w), where w is the “good unknown” of Alinhac, defined by
w =1 = Tpyn (see subsection 2 of the introduction). This explains why the regularity
assumption (1.8) on the Cauchy data concerns 1o — Tg(y,)y, 70 and not vy itself. Notice that

this function is in F/2** while o itself, written from ¥ = wo + Tg(yy)p,70 is only in H%’Sfé,
because of the H®-regularity of ng.

e By (1.4) if ¢ is in 2772 and nis in C7, G(n)y is in C7~L, so B(n)y is also in C771
1 : .
with [|B()¢|lcr-1 < C(17lcr-1) ||| D22 mef%' In particular, as a paraproduct with an

L*-function acts on any Holder space,

y <C(lnller—) Inllon [[1D212 ]| -y -

1
[1Dal? Tpyenll ;-1

This shows that for ||7]|o, small enough, 1 — ¥ — Tg(,),n is an isomorphism from C2s

to itself. In particular, if we are given a small enough w in H 25 (¢ %’”’7%, we may find
a unique ¢ in €272 such that w = ¢ — Tg(,)yn. In other words, when interested only in

3 1
C"~3-estimates for |D,|? w, we may as well establish them on |D,|2 ¢ instead, as soon as
]l stays small enough.

Let us state now our main result.

We fix real numbers s, s1, sg satisfying, for some large enough numbers a and v with v ¢ %N
and a > v, the following conditions

(1.10) s,80,51 € N, S—aZslzsozg_F%
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Theorem 1.4. There is €9 > 0 such that for any € €]0, 9], any couple of functions (1o, o)
satisfying for any integer p < s1

(2,)Pn0 € HSP(R), (20,)Puo € H25 P2 (R),
(202)P (Yo — Th(ne)e0) € H>7(R),

and such that the norm of the above functions in the indicated spaces is smaller than 1,
equation (1.6) with the Cauchy data n|i=1 = eno, Y|t=1 = €Yo has a unique solution (n,1))
which is defined and continuous on [1,+oo] with values in the set (1.9).

(1.11)

1
Moreover, u = |Dy|2 ¥ + in admits the following asymptotic expansion ast goes to +00:

There is a continuous function a: R — C, depending of € but bounded uniformly in €, such
that

z { ie? oz /1) 2 1
(1.12) u(t,x) = \%g<¥> exp(4‘xt/t‘ + 6674 ||(x/{5?" log(t)) +et 2 p(t, x)

where kK is some positive number and p is a function uniformly bounded for t > 1, ¢ €]0, go].

Remark. If the integers s,s1,sy are large enough, we shall see in section 6 that a(x/t)
vanishes when x/t goes to zero at an order that increases with these integers. Because of
that, we see that the singularity of the phase at x/t = 0 is quite irrelevant: for |z/t| small
enough, the first term in the expansion is not larger than the remainder.

1.3 Strategy of the proof

The proof of the main theorem relies on the simultaneous propagation through a bootstrap
of L>® and L?*-estimates. We state here these two results. The first one is proved in the
companion paper [5]. The proof of the second one is the bulk of the present paper. We show
below how these two results together imply Theorem 1.4.

The main point will be to prove L? and L>-estimates for the action of the vector field
(1.13) Z = t0y + 220,

on the unknown in equation (1.6). We introduce the following notation:

We assume given 7, s, a, sp, 51 satisfying (1.10). For (n,) a local smooth enough solution of
(1.6), we set w = 1 — Tg(,)yn and for any integer k < sy,

k

(111 MO = S 122006y + [1DlE 22, ) )
p=0

In the same way, for p a positive number (that will be larger than sy), we set for k < sg,

(1220t ) | o + 10212 220 (2, )| ) -

] =

(1.15) N® (1) =

=3
I
o
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By local existence theory, for any given Ty > 1, there is €, > 0 such that if ¢ < ¢, equation
(1.6) has a solution for t € [1,Tp]. Moreover, assumptions (1.11) remain valid at t = Tp (see
Proposition A.4.2. in the companion paper). Consequently, it is enough to prove Theorem 1.4
with Cauchy data at t = Tj.

The L? estimates that we need are given by the following theorem, that is proved in the
companion paper [5] (see Theorem 1.2.2. of that paper).

Theorem 1.5. There is a constant By > 0 such that Ms(sl)(To) < %Bge, and for any constants
By > 0, Bl > 0 there is gy such that the following holds: Let T > Ty be a number such
that equation (1.6) with Cauchy data satisfying (1.11) has a solution satisfying the regularity
properties of Proposition 1.8 on [Ty, T[xR and such that

i) For any t € [Ty, T, and any ¢ €]0, 0],

1 _1
(1.16) 11D 9 (t, )| -y + It )llor < Booet ™.

i1) For any t € [To, T[, any € €]0, o)

(1.17) NGO (£) < Booet™2+5%="

)
Then, there is an increasing sequence (O )o<k<s,,» depending only on Bl and e with 65, < 1/32
such that for any t in [Ty, T, any € in |0, 0], any k < s1,

(1.18) MP(t) < %Bgaték.

S

Remark. We do not get for the L?-quantities Ms(k) (t) a uniform estimate when ¢ — +o0.
Actually, the form of the principal term in the expansion (1.12) shows that the action of a
Z-vector field on it generates a log(t)-loss, so that one cannot expect (1.18) to hold true with

0 = 0. For similar reasons, one could not expect that N,ESO)(t) in (1.17) be O(t~%/?) when
t — +00. Such an estimate can be true only if no Z-derivative acts on the solution, as in
(1.16).

Let us write down next the L°-estimates.

Theorem 1.6. Let T' > Ty be a number such that the equation (1.6) with Cauchy data satis-
fying (1.11) has a solution on [Ty, T[xR satisfying the reqularity properties of Proposition 1.3.
Assume that, for some constant By > 0, for any t € [To,T[, any € in ]0,1], any k < s1,

M®) (1) < Boet®,

S

(1.19)
Ni©(t) < Ve <1

Then there are constants Beo, BL, > 0 depending only on Ba and some g}, €]0, 1], independent
of Ba, such that, for any t in [Ty, T[, any € in )0, (],

NE)(t) < %Bmst*%“@&u
(1.20) .
1 _1
D212 08| oy + 0t Vo < 5 Bocet ™2
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We deduce form the above results the global existence statements in Theorem 1.7.

Proof of Theorem 1.4. We take for Bs the constant given by Theorem 1.5. Then Theorem 1.6
provides constants Bo, > 0, B., > 0, and given these Boo, B, Theorem 1.5 brings a small
positive number 9. We denote by T the supremum of those T' > T such that a solution exists
over the interval [T, T'[, satisfies over this interval the regularity conditions of Proposition 1.3
and the estimates

MP(t) < Boet*  for k < s,

(1.21) N (t) < Boet~ 3+ Bl

D212 6t oy + 198 < Bocet ™2

We have T, > Tjy: By the choice of Bs in the statement of Theorem 1.5, the first estimate
(1.21) holds at ¢ = Ty with Bg replaced by Bg/2. If By, is chosen from start large enough,
we may as well assume that at ¢ = Tj, the second and third inequalities in (1.21) hold with
By replaced by Bo/2. Consequently, the local existence results of Appendix A.4 in the
companion paper [5] show that a solution exists on some interval [Ty, Tp + 0|, and will satisfy
(1.21) on that interval if ¢ is small enough.

If T, < 400, and if we take gy small enough so that By,/eg < 1, we see that (1.21) implies
that assumptions (1.16), (1.17), and (1.19) of Theorem 1.5 and 1.6 are satisfied. Consequently,
(1.18) and (1.20) hold on the interval [Ty, T%[ i.e. (1.21) is true on this interval with By (resp.
By) replaced by By/2 (resp. Boo/2). This contradicts the maximality of Ti. So Ty = 400
and the solution is global. We postpone the proof of (1.12) to the end of Section 6. O

The rest of this paper will be devoted to the proof of Theorem 1.6. Theorem 1.5 is proved in
the companion paper [5].

2 Classes of Lagrangian distributions

We denote by h a semi-classical parameter belonging to ]0,1]. If (z, &) — m(z, &) is an order
function from T*R to C, as defined in Appendix A, and if a is a symbol in the class S(m) of
Definition A.1, we set, for (up);, any family of elements of S'(R)

(2.1) Opy,(a)u = ;r/eixﬁa(x,hﬁ, h)u(€) dg.

It turns out that we shall need extensions of this definition to more general classes of symbols.
On the one hand, we notice that if a is a continuous function such that |a(z, &, h)| < m(x,§)
and if u is in L2(R), (2.1) is still meaningful.

We shall also use a formula of type (2.1) when the symbol a is defined only on a subset of
T*R. Denote by m : (x,§) — x and ma: (x,&) — & the two projections. For F' a closed subset
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of T*R, and r > 0, we set
Fr={(2,8) e T"R; d((,§),F) <7}
where d is the euclidian distance.

Definition 2.1. Let m be an order function on T*R, F a closed non empty subset of T*R such
that mo(F') is compact. We denote by S(m, F') the space of functions (z,&,h) — a(z,§,h),
defined on F,,x]0,1] for some ro > 0, and satisfying for any o, B in N, any (z,§) in F,,, any
h in 10, 1],

9207 a(x,€,1)| < Cagm(z,€).

We define next the notion of a family of functions microlocally supported close to a subset F'
as above.

Definition 2.2. i) Let p be in [1,+o0]. We denote by Eg the space of families of LP functions
(vp)p indezed by h €]0,1], defined on R with values in C such that for any N in N, there is
Cy > 0 with ||vp]|;, < CNBY for any h in )0, 1].

i) Let F be a closed non empty subset of T*R such that ma(F) is compact. We denote by EY,
the space of families of functions (vp)p of LP(R) satisfying

e There are Ny in N, Cy > 0 and for any h in]0,1], |Jvp|l» < Coh™™o.

e For any r > 1’ > 0, there is an element ¢ of S(1) supported in F., equal to one on F,/ such
that (Opy,(¢)vn — va)n belongs to Ej. We say that (vp,)n is microlocally suported close to F.

Remarks. e Notice that definition 2.2 is non empty only if there exists at least one function
¢ in S(1) supported in F;., equal to one on F,.. This holds if F' is not “too wild” when |z| goes
to infinity, for instance if F' is compact, or if F' = m, L(K) for some compact subset K of R. In
the sequel, we shall always implicitly assume that such a property holds for the closed subsets
in which are microlocally supported the different classes of distributions we shall define.

e It follows from Theorem A.2 of Appendix A that the last condition in Definition 2.2 will
hold for any element ¢ of S(1), supported in F., equal to one on F,..

We may define the action of operators associated to symbols belonging to the class S(1, F)
on functions microlocally supported close to F', modulo elements of Eg . Let us notice first
that if @ is in S(1) and is supported in a domain {(z,&,h); |{| < C} for some C' > 0, then
(2.1) defines an operator bounded on LP(R) for any p, uniformly in h. It follows then from
the theorem of symbolic calculus A.2 of Appendix A that, if a is in S(1, F), if ¢ is in S(1)
supported in F, N (F)¢, for some 0 < 7' < r < 1, then (Opy,(ad)vy)y is in Ej for any (vp,)n
in E%.. We may thus state:

Definition 2.3. Let F be a closed set as in Definition 2.2, a be an element of S(1, F'). For
(vn)n in EY%., we define

(2.2) Opy,(a)vy, = Opy(ad)vy,.
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where the right-hand side is defined by (2.1) and where ¢ is in S(1), supported in F,x]0,1]
for small enough v > 0 and equal to one on F,.x]0,1], for some ' €]0,r[. The definition
is independent of the choice of ¢ modulo EY, so that Opy,(a) is well defined from E%/Eg to
itself.

Let K be a compact subset of T*R, K1 = 71 (K) and let w be a real valued function defined
on an open neighborhood U of K. Denote by x,, the canonical transformation

Xw: T*U — T*U
(93,5) = (x7§ - dCL)(.%'))
Set K’ = x,(K).
Lemma 2.4. i) Let a be in S(1,K’). There is a symbol b in S(1, K) such that for any (vp)p
mn EIID{, we may write
(23) e/ 0p,(a) (e M) = Opy(ao vle. E)on +hOp, (Bl

modulo Eg.

ii) If (vn)p is in EY., then (e‘iw(”")/hvh)h is in B,

Proof. We shall prove both assertions at the same time. Remark first that since (v, — vp)p
is in Eg if # is in C3°(U) equal to one on a neighborhood of K, we may always assume that
vy, is compactly supported in U. By symbolic calculus, and the assumption a € S(1, K'), we
may also assume that a is compactly supported and that the first projection of the support
is contained in U. Consequently, we may replace in (2.3) w by a C§°(R) function, equal to
the given phase in a neighborhood of K;.

We compute

(2.4 e Opya) () = o [ el b, By e) de
T
with
(@, € h) = ﬁ eilm—(@ —w@—9)/hg(y ¢ —n B) dydy
s
(2.5) X
- —iyn/h o
57 | € a(, & —n—0(x,y),h) dydn

w(z) —w(z—y)
Yy
hood of zero in R and equal to one close to zero. We insert under the last oscillatory integral

in (2.5) a factor (y)x(n). The error introduced in that way is a symbol in h>°S((¢)~°°). The

. Let k be a smooth function supported in a small neighbor-

where 6(z,y) =
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action of the associated operator on vy gives an element of Eg . We have reduced ourselves to

(2.0 o € et — 0 = 6o ). Wysly)sn) dyn

The argument of a belongs to K/ if (x,&) is in K,» with ' < r and the support of x has
been taken small enough. Moreover, it is given by (z,£ — dw(z) + O(y) + O(n)), so that an
integration by parts shows that (2.6) may be written ao x,, + hb for some symbol b in S(1, K).
This gives 7).

To check i7) we apply (2.4) with a = ¢/ an element of S(1) supported in Kfné %10, 1], equal to
one on Kr’,,lx]O, 1] for some 0 < 7} < ry. We assume that ||Opy,(¢)vy, — vp|| ., = O(R™) for

some ¢ in S(1) supported in K,,x]0,1], ¢ =1 on K,, x]0, 1] with r; < ro < r]. Then if (z, &)
is in K,, and Supp k has been taken small enough in (2.6), we see that this integral is equal

to
1

5 / =M (y)k(n) dy dn,

which is equal to one modulo O(h®). We conclude from (2.4) where we replaced vy by
Opy,(¢)vp, modulo O(h*) and from symbolic calculus that

Heiw/h Oph(¢/) (efiw/hvh) o /UhHLp _ O(hoo)’

which is the wanted conclusion. O

Lagrangian distributions We consider A a Lagrangian submanifold of 7*(R \ {0}) that
is, since we are in a one-dimensional setting, a smooth curve of 7*(R\ {0}). We shall assume
that

A={(z,dw(z)); we R*}

for w a smooth function from R* to R. We want to define semi-classical lagrangian distribu-
tions on A i.e. distributions generalizing families of oscillating functions (#(x)e™®)/"),. Since
in our applications w will be homogeneous of degree —1, so will have a singularity at zero, we
shall define in a first step these distributions above a compact subset of R\ {0}. In a second
step, the lagrangian distributions along A will be defined as sums of conveniently rescaled
Lagrangian distributions on a compact set.

We fix o, 8 two small positive numbers and consider two Planck constants h and & satisfying
the inequalities

(2.7) 0< Cyth'™P << Coh? <1

for some constant Cy > 0. Notice that these inequalities imply that O(A°°) remainders will
be also O(h*°) remainders.

Definition 2.5. Let F' be a closed nonempty subset of T*R such that wo(F) is compact. Let
v, be in R, v € Ry, p €1, +o0].
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i) One denotes by h” By [F] the space of elements (vy)y of E%/EY, indexed by h and depending
on h, such that there is C > 0 and for any h,h in |0, 1] satisfying (2.7)

h HJF% n\ 2
(25) lonlly < CR” (h) (1+h> |

We denote
nByY =B F),
F

where the union is taken over all closed non empty subsets F of T*R such that ma(F) is
compact.

i1) Let K be a compact subset of T*(R\ {0}) such that K N A # (). Denote by e an equation
of A defined on a neighborhood of K. One denotes by h”LPIN" (K] (resp. h”LP J\"[K]) the
subspace of h” By K| made of those families of functions (vy)y such that there is C > 0 and
for any h,h in |0,1] satisfying (2.7), one has the inequality

h pti h —2v
(29) |0p(e)vnlls < ChY <h> : (1+h) (1 1]

respectively, the inequality
h IH‘% h —2v
. pr(e)villrr < - + - .
(2.10) op(eyunle < (3) 7 (143)

Notice that by definition h”LPJ{"7[K] is included in hYLPI\""[K]. If € is another equation
of A close to K, we may write € = ae for some symbol a € S(1, K) on a neighborhood of
K. By Theorem A.2, Op;(é) = Opy(a) Opy(e) + hOpp(b) for another symbol b in S(1, K).
Consequently (2.8) and (2.9) imply that the same estimate holds with e replaced by é, so that
the space h”LPI\"'[K] depends only on A. The same holds for k”LPJ\"7[K]. In particular,
because of our definition of A, we may take e(z,£) = { — dw(x).

Example 2.6. Let 6 be in C°(R \ {0}) and set vp(x) = 6(x)e®@/" Then (vp) is in
LOOJK’O[K] for any compact subset of T*(R \ {0}) meeting A such that Suppf C m(K).
Actually (vp)p is microlocally supported close to K and Lemma 2.4 shows that Op(§ —
dw(z))vy satisfies estimate (2.10) with p = oo, v = = v = 0. Notice that in this example,
one could apply Opy,(§ —dw(x)) several times to v, and gain at each step one factor A in the
L*° estimates. It turns out that the lagrangian distributions we shall have to cope with will
not satisfy such a strong statement, but only estimates of type (2.9) or (2.10).

Proposition 2.7. Let p € [1,4o0], u,v in R, K a compact subset of T*(R \ {0}) with
ANK #0.

i) Let a be in S(1,K) and (vy)n an element of LPIN[K]. Then ((Opy(a) — a(z, dw(z))vy),
is in (hY/? 4+ h)By[K].

Assume we are given a vector field Z = a(h,x) Dy + B(h,x)D, satisfying the following con-
ditions: || Zh||;« = O(h) and if e is a symbol in S(1,K) (resp. that vanishes on A), then
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[Z,0py(e)] = Opy(€) for some other symbol € in S(1,K) (resp. that vanishes on A). Assume
also that for some integer k, Z¥ vy is in LPIN7 (K] for 0 < k' < k. Then Z* Opp(a)vy, is in
LPINYK] and ZF[(Opy(a) — a(z,dw))vy] is in (RY/2 + h) B [K].

ii) Denote by Ao the zero section of T*R. Let (vy)y be in LPINV[K]. Then (e=™/hyy),
is LPI\[Ko] where Ko = xo(K). Conversely, if (vn)n is in LPI\[Kol, (e™/Myy)y s in
LI K).

ii1) Let Ay, Ay be two Lagrangian submanifolds of T*(R\{0}) satisfying the same assumptions
as A, let K1, Ko be compact subsets of T*(R \ {0}) with Ay N Ky # 0, Ao N Ko # (). Set

A+ A ={(2,&+&); (,6) € A1, (7,82) € Aa }
and define in the same way Ky + Ko. Let p1,p2 be in [1,00] with p% + p% = %, W1y 12, 7Y1, Y2
in R with py 4 pa = p1, 1 +v2 = . Let (vj)n be in LI (K] for £ = 1,2. Then (v} - v3)n
is in LPIN ) [Ky + K.

A similar statement holds for the classes LPJ\""[K] and By [K].

Proof. i) We may always modify w outside a neighborhood of 71 (K) so that it is compactly
supported, and this will modify the quantities at hand only by an element of Eg . We may
find a symbol b in S(1, K) so that

a(z,§) — a(z,dw(z)) = b(z,§)(§ — dw(x))

in K, for some small . By the symbolic calculus of appendix A,

Opp(a)vp — a(z,dw)vy = Opy(b) Opy(€§ — dw(x))vr + hOpy(c)up
for a new symbol e in S(1, K). The conclusion follows from estimate (2.9).
If we make act a vector field Z as in the statement on the last equality and use the commu-
tation assumptions, we obtain the last statement of 7).
ii) We have seen in Lemma 2.4 that (e=/Muy,); is in E%O/Eg. Since Opy(€)(e~ ™/ ) =
e~ /" Op (€ — dw(z))vs, we deduce from (2.9) the statement.
ii1) Denote by w1, ws two smooth functions, that may be assumed to be compactly supported

close to m1 (K1), m1(K32) respectively, such that Ay = {(z,dws(x))} close to Ky, £ = 1,2. Then
w = wy + wy parametrizes A = Ay + As close to K + K5. We define wf; = e"“l/hvé. By i),
(wh)y is in LPe] WV [ K], where Kpg = Xuw,(K¢). Writing a product from the convolution

of the Fourier transforms of the factors, we see that (wjiw?)s is in E%. /Ej. Let us

1,0+K2.0

check that wlw? satisfies estimate (2.9) when e is an equation of A i.e. e(z,£) = £ so that
Op;(e) = hD;. We write

1,2 1 2 1 2
|hDa(wrwi)||y < [ADwwp|| o 1wkl oo + [wnll v [12Dzw7 ]| o,
and use (2.8), (2.9) for each factor to get that (wywi)p is in LPIN"[K1 0+ Ko0]. We just have
to apply again i1) to v, = ™/ h(w}iw%) to get the conclusion. The proof is similar for classes

LPJN K] and By [K]. O
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We have defined, up to now, classes of Lagrangian distributions microlocally supported close
to a compact set of the phase space. We introduce next classes of Lagrangian distributions
that do not obey such a localization property.

From now on, we consider phase functions w: R\ {0} — R which are smooth, non zero, and
positively homogeneous of degree —1. We set

(2.11) A={(z,dw(z)); z € R\ {0}} C T*(R\ {0})

so that A is invariant under the action of R% on 7%(R\ {0}) given by X - (z,£) = (Az, A2¢).
For h €]0, 1], C' a positive constant, we introduce the notations

J(h,C) = {j eZ: C1p21-9) < 9i < Ch‘zﬁ} ,
(2.12) h; = h279/%if j € J(h,C),

jo(h,C) = min(J(h,C)) — 1, j1(h,C) =max(J(h,C))+ 1.
We note that (2.7) is satisfied by h = h; if j € J(h,C) (for a constant C = C?). For j € Z, v
a distribution on R, we set

Ojv = v(2j/2-),

so that in particular, if p € [1, o0],

o Hﬁ(Lp Iy = 27-3/(2P) If a belongs to the class of symbols
S(m) and if aj(z,&) = a(279/%x,27¢) we notice that for j € J(h, C)

(2.13) ©~; Op,(a)©] = Opy, (a)).

We fix a function ¢ in C§°(R?) such that Z ©(279¢) = 1. We define

JEZL

-1
wo(€) = D »(277¢), A} =O0p,(p(277¢)) = ¢(277hD).

j=—o00

Definition 2.8. Let v € R, p € [1,00], b € R. One denotes by h”Rg the space of families of
LP-functions (vy)n such that there is C' > 0 and

|A%w,[,, < Coh*277+0 for j > jo(h, C)

(2.14) ,
0Dy (0 (2770 )y ||, < CHY,

where j+ = max(7,0).

Clearly the definition is independent of the choice of ¢g.

Definition 2.9. Let A be a lagrangian submanifold of form (2.11), K a compact subset of
T*(R\ {0}) meeting A. Let v,p be in R, v € Ry, F a closed non empty subset of T*R such
that mo(F) is compact in R. One denotes by h* LPINVY[K] (resp. h’ LPJK7 K], resp. h* By [F])
the space of families of functions (vp)neo,1) such that
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e For any j € J(h,C), there is a family (vflj)hj, indexed by
By € 0, min (€57 2505, ¢ 27757 )|

which is an element of h” LPIN7 (K| (resp. h”LPJ\"7 K], resp. h” By [F|) with the constants
in (2.8), (2.9), (2.10) uniform in j € J(h,C).

e For any h €]0,1], vy, = ZjeJ(h,c) @§”ij'

One defines hBly" = |Jh? By [F] where the union is taken over the sets F which are closed
with mo(F') compact in R.

Remark 2.10. e The interval of variation imposed to h; in the preceding definition is the
one deduced from (2.7) with i = h;.

e The building blocks (v{;j)hj in the above definition are defined modulo O(h3°) so modulo

O(h*°) since h; < h?. Since the cardinal of J(h,C) is O(|logh|), we see that the classes
introduced in the above definition are well defined modulo O(h>).

e It follows from the above two definitions that h”Bg’b C h”Rg. Moreover, by (2.14) and the

fact that the cardinal of Z_ N {j > jo(h,C)} is O(|log h|), we see that if u, v are in RY, with
b > 0, then uv is in h—OR’;O = mg>0h—97€§;®.

Let us prove a statement similar to ¢) of Proposition 2.7 for elements of the classes of distri-
butions we just defined.

Proposition 2.11. We assume that the function w defining A satisfies either w(x) # 0 for
all z € R* or w = 0. In the first (resp. second) case we denote by K a compact subset of
T*(R\ {0})\ 0 (resp. of T*(R\ {0})) such that KA #0. Let u € R, v € Ry, p € [1,00],
k € N be given. Consider a function (z,£) — a(x,&) smooth on R* x R* (resp. R* x R)
satisfying for some real numbers €0 d,d' (resp. £,¢', d>0,d >0) and all o, in N

(2.15)

0207 a(w,€)| < Caglal~ ()" €[4 ()

when (x,€) € R* x R* (resp. (2.15) when 8 < d and

(2.16) 0500a(z,£) =0 for B> d,

when (z,§) € R* xR).

Denote Z = —hDy, + 2D, and let (vy) satisfy for any k' < k, (ZFvy), € LPIVV K] (resp.
ByV[K]). Then (Z*(Opy,(a)vp))n belongs to LPINA’L;Y[K] (resp. 35’17[1(]) where fi = p+2d—L—1',
y=v-%-d.

Moreover, under the assumption (Z¥ vy,)y € LPINY[K], if x is in C3°(R) is equal to one close

to zero, and has small enough support, Z*((1—x)(xzh~?)a(x, dw)vy) is also in ij:/‘;m[K] and
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(2.17) Z% |Opy(a)v, — (1 — X)(a:h_ﬁ)a(:r;,dw)vh}

belongs to h'/2BL7 K] + hBL~ [K].

If we assume that (Z¥ vy is in LPINYK] for k' < k, we obtain instead that (Z* Opy,(a)vy)n
and (Z¥(1 — x)(zh=P)a(z,dw)vy);, belong to ij/’\]’:y[K] and that (2.17) is in hl’;’g*l’&[K].
When w = 0, if Z¥ vy, is in BYV[K), we obtain that (ZF Opy,(a)on )y is in BE7[K].

The same results hold if we quantize a by Opy,(a)* instead of Opy(a) i.e. under the same
assumptions as above (Z* Op,,(@)*(vy)) belongs to LPI“W[K] and

(2.18) Z* | Op, (@) on — (1 — X)(mh_ﬁ)a(x,dw)vh}

belongs to the same spaces as indicated above after (2.17). In the same way, when w =0, and
when (Z¥ vy, is in By [K], for k' <k, (Z¥(Opy(@)*vp))n is in By [K].
Proof. According to Definition 2.9, we represent v, = Zje J(h,C) @;vij where (Uflj)hj is a

bounded sequence of elements of LPIY7[K], as well as (Z¥ vy, for k' < k. By (2.13) and
(2.15),

(2.19) Opp(a)on = Y ©Ofwj
jeJ(h,C)

with waJ_ = Ophj(aj)vflj and
, . i(d— =Y+ (a0 +2
aj(w,€) = a (27722, 27¢) = o) () g,

When (z,&) stays in a compact subset of 7*(R \ {0}) \ 0, (2.15) shows that 8;‘8§bj =0(1)
uniformly in j. In the same way when (z, &) stays in a compact subset of T*(R \ {0}), (2.15)

for p < d and (2.16) show also that 8?8?6]- = O(1) uniformly in j. Since 2/ = (h/h;)?, it
follows from Theorem A.2 of the appendix that (w‘}jlj)hj is a bounded sequence indexed by

j € J(h,C) of elements of LPI 1’;“7 [K]. Moreover, the vector field Z satisfies for any symbol e

[Z,0py,;(e)] = Opy,; ((2Dx — 26 Dg)e) -

Since either A = {(z,dw(x))} with w homogeneous of degree —1 or A = {(z,0)}, we see that
(xDy — 2 D¢)e vanishes on A if e does. Consequently, the assumption of the last statement

in 7) of Proposition 2.7 is satisfied and we conclude that (Zw{;j) h; 1s a bounded sequence of

elements of LPIK’J[K}.
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To prove (2.17), we use that again by i) of Proposition 2.7,

wfb_ a;(z, dw)v! U, (h1/2+h)

J

where (rij)hj is a bounded sequence indexed by j € J(h,C) of elements of Bgﬁ[K ], that

stay in that space if one applies Z¥ (k' < k) on them. Let x be as in the statement of the
proposition, with small enough support. Then, if z is close to 71 (K ) and j is in J(h,C),
(1 —x)(279/2zh=P) = 1. Consequently, since (vh )n;»> as well as (Z¥ ] )h]. is microlocalized

close to K, we may write vhj = vhj (1—x)(277/22h=P) modulo a remainder which is O(h$°) =

O(h™) in LP, as well as its Z K _derivatives, 0 < k' < k. Integrating such a remainder in the
rflj contributions, we may write, using that d w is homogeneous of degree —2,

wy = (1=x)27*zh™")a (2‘j/2x,dw(2—j/%)) + V2]

where (rij)hj is as above and F{Lj = 2*1/27{” is such that (Zklffij)hj is in By Y[K] for K < k.
This gives (2.17) if we plug this expansion in (2.19).
To check that (Z*((1 — x)(zh™)a(z,dw)vy))

which acts ZF as

, 18 also in ij:/’\]ﬁ[K], we write the function on

3 @*[ 279/2 dw(27922))(1 — x) (227920 )0l
jeJ(h,C)

J

and remark that, as above, the assumptions of microlocal localization of (”{Lj)hj allow one to

remove the cut-off (1 — x) up to O(h*) remainders. Since dw is homogeneous of degree —2,
a(2” 32 ydw(27 i/2 r)) =0 (23(‘1—“2/5,)+j+(d’+‘2/)>

when z stays in a compact subset of R*, so that the above sum defines an element of LPT /‘;m [K].

k/

The statement of the proposition concerning the case when (Z*vy,);, is in LPJy[K] is proved

similarly, as well as the one about B47[K].

Finally, the statements concerning Opy,(a)* instead of Opy,(a) are proved in the same way: one
may write (2.19) with wh given by Opy,(a;)* ’Uh By Theorem A.2 in the appendix, we know

that there is a symbol b; in S(1, K) uniformly in j, such that Opy, (a;)* = Opy,;(b;). Moreover,
bi(z,&) = aj(x,&) + hjcj(x,§) for some other symbol ¢; in S(1, K) un1forn11y in j. The
statements concerning Opy, (@)*vy, thus follows from those we just proved for Opy,(a)v,. O

Let us study products.

Proposition 2.12. Let py,p2,p be in [1,+o0] with p—l + —2 = , v1,7v2 i R, A, As be
two Lagrangian submanifolds of T*(R \ {0}) of the form (2 11), deﬁned in terms of phase
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functions wi,wz homogeneous of degree —1, w1 # 0, wg # 0. Let Ky, Ky be two compact
subsets of T*(R\ {0}) with KyN Ay # 0, £ =1,2. Let (v)n be an element of Byt [Ky] (resp.
LplIKﬁ’w[Kg], resp. LprKj"”[Kg]) {=1,2.

There is a compact subset K of T*(R\{0}) with K N (Ay+Ag) # 0 such that (vy -v}})n belongs
to B V[K] (resp. LPIKZ-A (K], resp. LPJ3) 0 1K) with = py 4 p2, ¥ = 71 +72. Moreover,
for any neighborhood Q of A1 + Aa, any compact subset L of R\ {0}, there are neighborhoods
Q¢ of Ay, £ =1,2, such that if Ky C Qy Ny (L), £ =1,2, then K C Q.

Proof. By Definition 2.9, we may write for £ =1, 2,

0 _ E : w ) €.
vy = (_)jfvhj[
jgeJ(h,C)

where (va’jJZ) h;, 18 a bounded sequence of LP¢I)#7[K]. We write

(2.20) vtk = Z e, w;!
jle‘](hzc)
with
1,j 2
(2.21) wgg =, >oer, v
j2€J(h,C)

Because of the microlocal localization properties of (vh’”)

h;, we may, up to an O(h>) re-
mainder in LP¢, replace (vh’”) h;, by (vt ’“) h;, where 6 is in C§°(R) and is equal to one on a

large enough compact subset of R*. This shows that in (2.21), we may limit the summation
to those ja such that |j2 — ji1| < Cp for some large enough Cp, up to remainders which are

O(h®) in LP. Define
~17j1 _ 7]2
Uy, = Z @]2 —1Yhy, -
j2€J(h,C)
l71—721<Co
Then (17}1%]1 ")n;, is a bounded sequence of By} [Ky] (vesp. LP21 el (K], resp. LP2.J e [K3])

for some large enough compact subset Ky of T*(R \ {0}), as follows from (2.13) and the
homogeneity properties of A. We just need to apply i) of Proposition 2.7 to conclude that
(w{fjl )n;, is a bounded sequence of elements of By [K1 + K»] (vesp. LPIN", \ [K1 + K], resp.

LP IR\ [Ky + Ko)).
The last statement of the proposition follows from the fact that K = K; + K», and that

K5 mat be taken in an arbitrary neighborhood of Ay if Ky is contained in an even smaller
neighborhood of that submanifold. O

Proposition 2.13. Let I, Fy be closed subsets of T*R such that mo(Fy) is compact, £ = 1,2.
Let (v}) be in BT [Fy) with pg > 0, v > pg. Then vi - 02 is in h™OBE[F] with p = p1 + pe
for any 0 > 0 and some closed subset F' of T*R whose second projection is compact.
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Proof. We write (2.20)

1 2 _ * 01 * 02
vivh= ) Ohwn, 4+ ) Ojuw

leJ(h,C) ]2€J(hvc)
with
1 — 17j1 Z )]2
Wh;, = Yny, SH) Uh,
j2€J(h,C)
72571

and a symmetric expression for w%j . Then w}Lj is microlocally supported in some closed
2 1

subset of T*R, whose £ projection is compact, as
7] 7]
Ophj (¢ )|:@;k2 —51Vh; 2} @;2 - hjz2

if ¢ is supported for |£| < C, equal to one on || < C/2, for some C' > 0. The L*°-norm of
w}llj is bounded from above by
1

9J1k1/2=j147 Z odakz/29—j2+7 <C| 1Ogh’2j1u/2—j1+v,

jQGJ(h’C)
J2<71

since pg > 0, v > pg/2. O

3 The semi-classical water waves equation

Let us recall an equivalent form of the water waves equation that is obtained in the companion
paper [5] (see Corollary 4.3.13. in that paper). If (n,v) is a solution of the water waves
equation, if Z denotes the collection of vector fields Z = (Z,0,) and if we assume that

u = |Dm\% 1 + in satisfies for k£ smaller than some integer sy, for @ > 0 large enough and
deN,

sup HZ u(t HHd+a < 400, sup HZ u(t HCdJrO‘ < 400

[To,T] [To,T1

on an interval [Ty, T, we may write, using the notation U = (u, ),

(3.1) Dy = |Do|? u+ Qoth) + CoU) + Ro(U),
where @0 (U) denotes the quadratic part of the nonlinearity
~ 1 1 1 _\\2 1 _\\2
Qo) = —5 1Dl [ (D2 D% (w+)* + (|D41% (u+ 1))

(3.2) Z, 1 Z, 1
+ < 1Dul ((u= @) [Do? (u+ @) = 2Du((w— @)D | Da| 2 (u+ ),
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Co(U) stands for the cubic contribution
~ 1 1 1 _ _ 1 _
Co) = 5 1Dal* |(IDa]? (u+ ) |Dal ((u =) Dl (u+ 1)) |

| — 1 [~ @) D] (u — @)D (ut )

1 3 N 1
+ 26 1Da] [(w =2 D] (u+ 1) +

and where Ry (U) is a remainder, vanishing at least at order 4 at U = 0, which satisfies for
k < sy the following estimates

3
G N U TON S N IOR=eA I S ) (=t N

k14 +ka<k j=1
k1,k2,ks<ka

with a constant Cy[u] depending only on ‘|Z(k*1)+u}|cd+a and, if § > 0 is small enough,

4
(3.5) 125 (D272 Ro@)|| g < Celul Y- TTII2% | s
ki+-+ka<k j=1

1-26¢’

2 HuHii/o for some

where Ci[u] depends only on HZ(’“*1)+uH0d+a and on a bound on ||ul|
0’ €0, 0.

We make the change of variables t = ', z = t'a’ and set h = t/~%, u(t,z) = h'/?v(t',2), so
that
1 / {
Dyu = h?2 {(Dt/ —x'hDyr)v + ihv]
The vector field Z = t0; + 220, becomes Z = t'0y +x'0,,. We deduce from (3.1) the following

equation for v, in which we write (¢,z) instead of (#,2’), since we shall not go back to the
old coordinates

(3.6) (D; — Opy (€ + |E13))v = VAQo(V) + h[—%v +Co(V)] +h¥ RY(V)

where V = (v, ),

1

Qo(V) = == Op,(1€]5) | (O (El¢[2) (v + ) + (Opu (]2 ) (v + 1))

8
(3.7 £ 0P (1) (v~ 2) Oy (113 (0 + 7))
~ L0, (&) (v — ) Opy(Ele|3) (v +9)),
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Co (V') stands for the cubic contribution

Co(V) = 5 Opa (1€l [ (Op (117 ) (0 +8)) Oy (lel) (v — ) Opy (1] ) (0 4+ 9)) |

8
~ 5 0p, (Ie1%) [ (Omw (161 ) (0 + ) (0~ ) Oy, (161F ) (v + 7))
(3.8) ~ 5 Op4(€D [0 ~ ) Oy (I€]) (v~ ) Oy, (1€} ) (w0 + )]

+ ioph<|£\>[<v ~ 02 Opy(Igl) (0 + )
+ 25 09 (16%) (v = 92 Opi (Il )0 +)]

and where the remainder satisfies for p = 2 or co and a small positive number 6, for any
d € N, k € N such that ||(hDy)*"Z*v(t,)|,, and |[(hDy)*TZ*v(t, )|, are finite, the
estimate

(3.9) |[(hD2) 2" |hD,| "2 RE(V)|,,
2
<Clpss Y [IleDay et 2b V|, L [(hDy)e T 2R Y|,

ki+katks<k j=1
k1,k2<ks

where Cj[v] depends on
hi6 H<th>a+dZ(k71)+vHLoo

and on a uniform bound for H’UH1 207 e ||lv HQG,

Actually (3.6), (3.7), (3.8) follow from (3.1), (3.2), (3.3). The remainder, estimated by (3.4)
and (3.5), being at least quartic, would bring in factor a power 2%/2 in (3.6). We retained only
the power h''/8 to keep the extra h!/16 factor in the right hand side of (3.9), and to keep
also a h'/16_factor in front of one of the HijUHdeLa in the right hand side of (3.4), (3.5). In
that way, we obtain in (3.9) an estimate in terms of cubic expressions, modulo the indicated

multiplicative constant. Notice also that the uniform bound assumed for |||} 12 220 Y |lv H
will be satisfied, when 6’ > 0 will have been fixed. Actually, we shall obtain a uniform control
of |||, and a bound of [[v(t,-)||;2 in O(t%) for some § > 0 as small as we want. Taking
this ¢ smaller than 6" will provide the wanted uniformity. Finally, notice also that the fact
that order zero pseudo-differential operators are not L>°-bounded is harmless in deriving (3.9)
with p = oo from (3.5), as we may always replace o by some larger value.

Our main task in the following subsections will be to deduce from equation (3.6) the oscillatory
behavior of v when h goes to zero. We shall do that expressing v from Lagrangian distributions
as those defined in the preceding section. This structure will be uncovered writing from (3.26)

an equation for v involving only D; derivatives. Actually, since D; = —ihZ — Opy,(z€), we
may write
(3.10) Opy, (226 + |€]2)v = —VhQo(V) + h[%v —iZv - cO(V)} ~ WY RIV).
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From nom on, we consider v(t,-) as a family of functions of z indexed by h =t~ €]0,1]. We
do not write explicitly the parameter h i.e. we write v instead of (vp)p. Let us introduce the
Lagrangian submanifold given by the zero set of the symbol in the left hand side of (3.10)
outside £ = 0 i.e. set

| |
f—"\

(2,€) € T*(R\ {0}); 206+ [€]F =0 ¢ £0}
{wdw xeR*}

(3.11)

where

1

w(z) = Tl

In Section 6, we shall need the exact expressions of Qo (V'), Co(V') given by (3.7), (3.8). Before
that, we shall use only some less precise informations on the structure of these terms that we
describe now.

From now on, we denote by Z the collection of vector fields Z = (Z,h0,) and, if v is a
distribution on R, we define for any natural integer k£ the vector valued function

Zhv = (2 (hds)"20) 1y ko <
Lemma 3.1. Let p be in [1,+00].

i) Denote by By the symmetric bilinear form associated to the quadratic form Qq. Let k be in
N*, and for every couple (ki,k2) € Nx N with ki + ko = k, take px,, pr, in [1,+00] such that

ﬁ ﬁ = %. Then for any distributions Vi = (v1,01), Va = (v, 02), any jo, ji,j2 in Z,
1 2

HAh Zk (AZ Vl’ AZVQ) HLF < 02j0+% min(jth)1maX(j17j2)ZjO_C

312 S ELN AP ELIN A

ki1+ko<k

for some positive constant C. In the same way

HOph (900 (h_Q(l_U)g))ZkBO (AZ Vl’ A?2V2) HLP

(3.13) < Cp2(1=0)93 min(ii.jz)

DD ARG N AN A
ki1+ko=k

LPka*

ii) Let Ty be the trilinear symmetric form associated to Cy. Then for any k € N, for some
constant C,

HA?OZkTO(A?1‘/1’Ah ‘/Q’A 3)HLP

< ('9d0/2+2max(j1,j2,3) 1

(3.14) max(ji1,ja.js) >jo—C

<y 2R Al VA e 127240 e
k1+ko+ks<k

LPk2 HZkgA?:sV?’Hkas
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1o, o1 1
where Dkq + Dkq + Dksg D’

In particular, for any d in Ry, any p in [1,4+00], any o > 2

1ATZ5 T (1, V2, Vi)

2
(3.15) < C21/2=5+d Z HHZke<th>a+dVZHLOOHZk3 <th>a+dV3HLp.

k1+ko+ks<k (=1
k1,k2<k3

If, in the left hand side, one replaces A? by Opy, (gpo (h_2(1_0)5)), the same estimates hold
with the factor 29/2=3+4 in the right hand side replaced by h'=7.

iii) The remainder R}(V) satisfies for any d € Ry, any j in Z, with 29 > ch®1=9) estimates

|AFZE R (V)]

2
(3.16) < 2i/2-i+d Z HHZke<hDa7>a+dVHL°° sz3<th>a+dVHL2
k1+ko+ks<k (=1
k1,k2<ks
and
(3.17) |ARZFRE(V)| o < 207270+ N T 2% (hD2)* V]|

k1+ko+k3<k (=1
where C' depends only on h1/16H<hD$)0‘+dZ(k*1)+VHLC><> for some large enough o > 0.

If, in the left hand side of (3.16), (3.17), A? is replaced by by Opy, ((,00 (h_z(l_(’)f)), similar

estimates hold with 29/2=3+4 replaced by h'~7.

Proof. i) Consider the contribution to By(Vi, V2) of the first term in the right hand side of
(3.7). Its Fourier transform may be written as the symmetrization of a multiple of

: j¢nl? . RO
2 | i € D

where fi = vy + 01, fo = v2 + v2. On the support of the integrand, ({ — n)n > 0 so that
€] = |€ —n|+|n|. Consequently, the contribution of this term to A;-‘OBO (A;‘lVl, A;;‘/Q) will be
non zero only when jy > max(ji, j2) — C for some C' > 0. In the same way, the contribution
to Byp(V1, Va) of the sum of the last two terms in (3.7) may be written, after Fourier transform
an up to symmetries, as a multiple of

n Wﬁ(g ) faln) dn.
77 2
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On the support of the integrand £n < 0, whence | —n| > max(|£], |n]) so that the contribution
to
h h h
AjoBO (Aj Vi, Aj2v2)

1

will be non zero only if jo < j; + C for some C > 0. Using these inequalities and taking into
account the distribution of the derivatives on the different factors, we conclude

(3.18) HA?OBO (A;-‘ Vi, A?QVQ)

1

< (9Jo+3 min(ji,j2) HA’P Vi
- J1

||A?2V2HLP2

I P

if p%—kp% = % Moreover, by spectral localization, we have always max(j1, j2) > jo—C for some

C > 0. If one makes act Z* on By(Vi, V5), the above properties of spectral localization are
not affected since, if a(§) is smooth outside zero, [Z, Op,(a)] = —2 Opy(€d/()). Distributing
the Z-derivatives on the different factors, one gets (3.12). The proof of (3.13) is similar.

i1) We notice first that in all contributions in (3.8), Opy,(|€ \%) is always in factor. This allows
to make appear the 2/0/2_factor in (3.14). Since the sum of the powers of |¢| appearing in each
term of (3.8) is equal to 5/2, we get as well the factor 22™ax(17233) in (3.14). The cut-of for
max(Jj1, j2,j3) > jo — C follows from the spectral localization of each factor. Finally, making

act Z¥ on Ty and commuting each vector field with Oph(\fﬁ), Op;, (€ |§|7%), ... we obtain
(3.14).

To deduce (3.15) from (3.14), we decompose in the left hand side of (3.15),

Ve = Opy(po(€)Ve + 3 ALV
Je=0
Because of the spectral localization, we get for j;, > 0,
|25 A5 ill < G277 3 || Z¥hD) ™ Vi

ky<kg

12" Opy(eo)Vi|p < C D || 24 (hDy) >V,
ky<k;

-

We plug these estimates in (3.14) with px, = pr, = 00, pr, = p and in the similar inequality
where some A?ZVK is replaced by Opy,(¢0)Ve. We obtain a bound given by the product of the
sum in the right hand side of (3.15) multiplied by

C93/2 Z 92max(ji1,j2,J3)— (J1+j2+73) (a+d)

max(j1,j2,J3)>j—C
Je=0

Since o > 2, this is bounded by C27/2-7+4 a5 wanted. The analogous statement, when A;L is

replaced by Opy, (<p0 (h*2(1*0>§)) in the left hand side of (3.15) is obtained in the same way.

i71) Inequalities (3.16), (3.17) follows from (3.9) with p = 2 or p = oo, using that the loss
2799 < ¢h=20(1=9) is absorbed by the extra h'/16 factor in the right hand side of (3.9), if 6
has been taken small enough. O
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Let us introduce the following decomposition of a solution v of (3.6). Fix o, some small
positive numbers, ¢ in C§°(R) the function equal to one close to zero introduced before
Definition 2.7. We decompose the solution v of (3.6) as

v =0 +w+ vy,
(3.19) vz = Opy (o (R 177w,
vi = Opy (1 = go)(h7&))v.

We notice that if C is a large enough constant, w = v—wvy —vg may be written Zjej(h,c) A?w.

Proposition 3.2. Assume that for some k € N, some a > b+ % + % + a, some positive

constants 0y, 0y, Ak, A}, a solution v of (3.6) satisfies for any h in an interval |b', 1], with
h' €]0,1] given, the a priori L*-bounds

(3.20) |0p (po (21 =7¢)) 25|, < eAgh™%,
| HA?Zkalﬂ S EAkh_(Skz_j+a for 2] Z C—th(l—U)

and the a priori L*°-bounds

(3.21) |0ps (0o (h2177€)) 20| oo < eALRT%,
| |ARERy||, . < eAfR~0k279Y for 27 > 0712079,

Then, if 0, are small enough, one gets that

00|

(3.22) h sy = h*%(vL +wg) belongs to an e-neighborhood of 0 in RY,,

with the notation introduced in Definition 2.8. Moreover, w = v — v satisfies

(3.23) (D — Opy, (z€ + \§|%))w = VhQo(W) + h —%w + Co(W)| + hiRy(V)

where Z¥Ry(V) belongs to RE, and is an e-neighborhood of zero in that space.

[eops

Notice, for further reference, that as we did for (3.10), we deduce from (3.23)

(3.24) Opy (26 + €2 )w = —VRQo(W) + h %w —iZw — Co(W)] = B Ry(V).

The proposition will be proved using the following lemma.

Lemma 3.3. i) Assume that estimates (3.20), (3.21) hold. Then if a > b+ 3 + %, a >
bta+1+q5b>a>2,

|0pA (w0 (h~2177)€)) ZE Qo (V)| oo < cxe?h,

(3.25) |
| A} Opy, (1 = o) (h*7€)) 2 Qo (V)| e < cre?h327 for any j,
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and

(3 26) Hoph ((700 (h_2<1_0)£))ZkCO(V)HLoo < Ck‘g?)hiv
HA;Z Opy, ((1— SOO)(hZﬁg))ZkCO(V)HLoo < cpePhi2 I for any j,

if 0k, 0, in (3.21) are small enough and cy, is a convenient constant.

it) Assume (3.20) and the same inequalities on a,b as above. Then if 0y, 0) are small enough

10p1 (0 (h72077€)) 250 || e < ereh s,
(321) (AL Op((L— o) (7)) 250 < cxchF2I4 for amy
|28 Opy (o 20-7)) 260]| . < b=+ 200 4> 0

Moreover, if we assume (3.20) and (3.21),

(3.28)  ||Opy (100 (h7217€)) 2% [Qo(V)) — Qo(W)] || oo

+ sup P ALZF[Qo(V) — Qo(W)] || e < creZhd
J7>jo(h,C)

and

(3.29)  [|Opy, (o (h2"7¢)) 2*[Co(V) — Co(W)] || oo

+ sup 2P| AMZF[Co(V) — Co(W
7>jo(h,C)

Mz < cre®hi.

Proof. i) To obtain the first formula in (3.25) we use (3.13) with px, = pr, = p = 0o. Using
assumption (3.21) we get a bound of the left hand side by
C€2A22h725;€+2(1w) Z 2%min(j1,j2)fj1+bfjg+b
J1,J2€Z
which gives the conclusion since o €]0,1/2[ and we take ) small enough. To get the second

inequality (3.25) we use (3.12) with py, = pr, = p = 00, and we estimate the L* norms in
the right hand side using Sobolev injection and (3.20). We obtain

J1 _,’_J2

CEQAih_%ij Z 93 min(j1,j2) —ji+a—jara+G+3F p—1

max(j1,j2)>j—C

If one uses that by assumption 2/ > c¢h~2% and the fact that a > b+ % + %, one gets the
wanted estimate (for d; small enough).

To obtain (3.26), one substitutes inside (3.15) with p = 0o, d = 0,

Ve = 0Dy (00 (A 219€) ) Ve + Y A% Opy, (1 - o) (h207¢))V,

Je€Z
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one uses (3.21) to estimate two of the three factors of the right hand side, (3.20) and Sobolev
injection to bound the third one, and one makes similar computations as above, exploiting
that for the left hand side of the second estimate (3.26) not to vanish, it is necessary that one
of the j, be larger than j — C, and the assumptions on a.

i7) Inequalities (3.27) follow from (3.20) and Sobolev injections, using the assumptions on a
and the fact that d; < 1/16.

We estimate the contribution to (3.28) corresponding to j € J(h,C). We write Qo(V)—Qo(W)
from By(V — W, V) and By(V — W, W). By (3.12), A?Z’“BO(V - W, I/V)HLoo is smaller than

i L min(j1,j kEAh kEAh
c Y >, mORZEAR (V- W] 2R AL V] -
max(j1,j2)>j—C
By the definition of w = v—vg —vg, A?l (V—=W) is non zero only if 271 < h2(1=9) or 271 > p=258,
In the first case, we bound HZ”“A?1 (V-Ww) HLoo 271/4 using the third inequality (3.27) with £ =
1/4. We get a bound in O(shgf%a). In the second case HZ’“AZ(V - W)HLOO is O(sh%2_j+b)

. . . . k h
Ey ths second estimate (3.27). Using assumption (3.21) to estimate ||Z AjQVHLOO , we get a
oun

C2hs 0= 9i Z Z 9% min(ji,j2) = §j1- 9~ (14 +j24)b < Ce29—i+ (=1 §=8—30
max(j1,j2)>j—C
Since 27 < Ch~ 28 with B < 1 and 0 < 1, d;, < 1, we obtain the wanted conclusion.

One studies in the same way the contributions of indices j in J(h,C) to (3.29), expressing
Co(V) = Co(W) from To(V — W, V, V) and from similar expressions and using (3.15).

To estimate the first term in the left hand side of (3.28), (3.29), or the contribution of
Jj > 71(h,C) to the latter, we just need to apply (3.25), (3.26), and to notice that these
inequalities remain true with V replaced by W. O

Proof of Proposition 3.2. Notice first that (3.22) follows from (3.27) if 0 < 1. Denote X}, =
Id — Oph(goo(h_Q(l_U)&)) - Oph((l - gpo)(hwf)) so that w = Xjv by definition and v =

(Id — Xp)v. We notice that [Dt — Opy, (xf + |§|%),Zh] — hY),, where 3, may be written as

a linear combination of quantities Op;, (cﬁo (h_Q(l_")f)), Op;, ((,50 (hwﬁ)) for new functions ¢y
in C§°(R*). We deduce from (3.6)

(Ds — Opy (€ + [€]2))u = VA(Id — S1)Qo(V)
+h(Id— %) (—% 4 C’O(V))

+h's (Id—Sy)RA(V)
— hihv.
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By estimates (3.25), (3.26) and (3.27) the first, second and last terms of the right hand side
may be written h%*R(V) with R(V) in RY,.

To estimate the remainder term R§(V'), we estimate its L> norm using (3.17) with d = b+ 3.
The factors in the right hand side of (3.17) are estimated in the following way:

[0 .. < ClOp (o (20 V..

bC S [t ALY
j€J(h,C)

1
. J\ 2
+o 3 oilaby) <2h> ’ A,

where we used the Sobolev injection for the last term. Using assumptions (3.21) and (3.20) for
the right hand side, together with the fact that 2/ < Ch~2% on the the first sum, 29 > ch=28
on the last one, and a > o+ b+ 1+ %, we bound this quantity by say Ch™ 24 (if 0y, 0, 3 are
small enough). It follows that

(Dt - Oph(xf + ]§|%))w = \/EQO(V) + h[—%v +Co(V)| + th(V)

with R(V) in RZ,. Using (3.27), (3.28), (3.29) we may replace the right-hand side of this
equation by the right hand side of (3.23) up to a modification of R(V). If we make act the
Z-family of vector fields on (3.23), and use the commutation relations

(3.30) 101 +a02, Dy = Opy (at + 161%)] = = (D1 = Op (a5 + [€]%)).
0

[, Dy — Opy, (€ + 1€]2)] =0,

we obtain in the same way the estimates involving Z* derivatives. O

4 Weak L estimates

The goal of this subsection is to show that if v is a solution to equation (3.6), and if we are
given an L?-control of Z¥ 1y of type HZk+1UHL2 = O(h=%+1) for some small 1 > 0, we

UHLOO = O(h*%) for some

small &}, > 6j41. Actually, we shall get as well bounds for (hD,)%v instead of v for some
given b > 0.

can deduce from it and the equation an L*°-bound of the form HZ k

These bounds are not good enough, but they will be the starting point of the more elaborated
reasoning that will be pursued in Sections 5 and 6. Before stating the main result, we fix
some notation.

Assume given integers s > N; > Ny > 1 and an increasing sequence of positive num-
bers (0x)o<k<s/2+n,+1- We consider another increasing sequence ((52)0§k§%+ N, satisfying the
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inequalities

v 4
0> Y 6+ Y Ok

/ Y4
if {oge <O<4, ¥ ok <K,

(4.1) i i kj <k when 0 < j </,
(Sllc > 5k:+1 + 269 + 456 if k>1,
for k= 0,...,5+ Ny. Clearly such a sequence (0,) may always be constructed by induction,

and if d5 is small enough, we may assume moreover that

1 s s
. — =0,...,—+ Ny +1, & < — —k— Nj.
(4.2) 5k<32 k=0, ,2+ 1+ 1, k<8<32 0,. 2+ 1

We assume that the positive number 3 introduced in (2.12) is small enough so that 28(a+3) <
, where o > 2 is the fixed large enough number introduced in (3.4) and (3.15), and that
,B < 0 /2. We fix positive numbers a > b > b’ > b” such that

3 1 1
a>b+-+—-+a, b>_,
(4.3) 2 B 2
b-bY3>2, (' —-b")B>2.
In that way, the assumptions of Proposition 3.2 will be fulfilled.

For k a nonnegative integer, we define

k
)= > max([|Opy (po(2077)) 250 s sup  2Y||ARZM

k'=0 J JO(hC) }L )
and
k
(45)  Fa(w) = Y max([[0py(po(h 21 77)) 2] oy sup 2 ATZN ).
k'=0 ijO(h7C)

Let k € N*. We denote by 7, the set of functions v — Pj(v) satisfying for any v = (vp,)s
with &_1(v) < h~1/* a bound of type

Pe(o) < C[&(0) + Y & () )
k1+k2<k
(4.6)

Y a8 ) )E, W),

k1+ko+ks<k

In the same way, we define Ty as the set of functions v — Py (v) admitting for any v = (vp)p,
with &,_1(v) < h~'/* a bound of type

V4
(4.7) GRS D ZH& I 7.

1<U<4 b+ 4k <k '=0 j=1 j=0'+1

The main result of this section is the following one.
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Proposition 4.1. Let k be a positive integer. Assume that we are given constants flo, Ao,
Ar,..., Agy1 and a solution v of (3.6) such that for h in some interval |h’, 1]

(4.8) Eo(v) < th_%, Fir(v) < EAk/h_ék', 0<k <k+1.

Then, there are hg > 0, A}, > 0, ¥ = 1,...,k, depending only on eAg, Ay, ... , Ak1q such
that for any h in )b/ 1]

(4.9) Ew(v) <eAL,h %, K =1,k

Remark 4.2. e The result of the preceding proposition may be thought of as a “Klainerman-
Sobolev” estimate, that allows one to get L*°-decay from L?-bounds (There is no decay
involved in (4.9) since the negative power of time t~'/2 = v/h has been factored out when we
defined v from w).

The proof of the proposition will be made in three steps.

First, we treat the case of small or large frequencies, for which we deduce (4.9) from the
L?-estimate in (4.8) and Sobolev injection.

Next, we are reduced to intermediate frequencies i.e. to A?U with j belonging to J(h,C). We

write the equation for A?v coming from (3.10). The operator of symbol 2z¢ + |£ |% is elliptic

outside the Lagrangian A defined in (3.11). Since the right hand side of (3.10) is O(h'/279),
one will get for the L*°-norm of A?Zkv cut-off outside a neighborhood of A some O(h!'/2=9)
estimates, that are better than what we want.

In the last step, we decompose in the quadratic part Qo(V') of the right hand side of (3.10),
v as the sum of the contribution microlocalized outside A, which by the preceding step will
give an O(h'~") contribution to (3.10), and a contribution microlocalized close to A. The
quadratic interactions between the latter will be microlocally supported close to 2- A, 0- A,
—2 - A where

A A={(z,)); (z,€) € A}.

Consequently, if we microlocalize (3.10) close to A, which does not meet +2 - A, 0- A, the
V' h-terms of the right hand side disappear, and we get an O(h'=9) estimate for the L?-norm of
the left hand side. This allows to deduce the wanted L*°-estimate from a Sobolev embedding,
after reduction of A to the zero section, through a canonical transformation.

First step: Low and large frequencies

We decompose v = vy, +w + vy according to (3.19). By assumption (4.8), estimates (3.20)
hold. Then 4i) of Lemma 3.3 implies that vy, vy satisfy the first two inequalities (3.27).

Second step: Elliptic estimates for w outside a neighborhood of A.

We define, for j € J(h,C) with C large enough

iy oA
Z; =020} = (2,27h0,), ZF = (Z"(212h0;)*2) 1y 45y <k,
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so that w =3 ,c., o) OFwj.

Let ® € C5°(R\ {0}) be equal to one on a domain C~! < |¢| < C for a large constant C' and
let T' be in C§°(R), with small enough support, equal to one close to zero. We define

a(x, €) = (T (22¢ + [€]7),

(4.11) 1
i, €) = B(€)(1 - T(20€ + [¢]2)).

We obtain two symbols of S(1, F) where F = {£; "1 < |¢] < C'} for a large enough C’.

Moreover, since 2x§ + |€ |1/ 2 — 0 is an equation of A, we see that on the domain where ® = 1,

A (resp. 74) cuts-off close to A (resp. outside a neighborhood of A). We shall prove the
following estimates.

Proposition 4.3. Let kK > 1, N € N. We denote by x some fized small enough positive
number (say k = 1/24). There is a constant Cy, > 0, an element Py of Ty such that for any
v satisfying Ex—1(v) < k=18 one has for any j in j(h,C),

HOphj (VIC\)ZJI%J'HH

2 b b) 2
< Oy | Vh22/3-3s(br5(amt) - 5™ kag v)3 &, (v)5
ey +ko <k (=1

(4.12) + BI/OTIROR A0 N (B (0) Fey (1) ks (1) + Epy (0)Ey (0)Ey ()]
k1+ko+ks<k

+ 2j/4_j+“h?/6}'k+1(v) + 93/6=i+bp1HR P ()

1 23/6-3 (b3 D) N fk(v)w:ﬂgk(v)l/sa]
where h=*~% means a bound in Cyh=*8=7 for any 6 > 0.

1
To prove the proposition, we need to estimate the action of Opy, (2z€ + £]7) on Z]’?“w in
various spaces.

Lemma 4.4. i) Let k > 1. There are an element Py, of Ty, a matriz A(hj) with uniformly
bounded coefficients, a constant Cy, > 0 such that, for any v satisfying Ex—1(v) < h=1/16 when
h stays in some interval |h', 1], one gets for any h in that interval, any j in J(h,C),

Oy, (22 + [€]7) ZFw; — 2792V hA(hy) 2807 ;AR Qo(W)]|

(1.13) D D | L YOO
k1+ko+k3<k (=1

+ B8P (v) + h102j/2./?k+1(v)} :
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i1) Under the preceding assumptions, we get as well

HOph (22¢ + [¢[2 ) wJHL3

< Oy |VR22/3-3+ (5 et §7 H Fiey (0)3Eg, (v)3

k1+ko<k (=1
(4.14)

+ h2?/6=3+bp =450 Z [Fkl (U)sz (U)gks (v) + Er,y (U)5k2 (U)gl% (v)]
ki1+tka+ks<k

+ 29/4704a SO Fy Ly (v) + 2 6j+bh””Pk(v)] :

i7i) Under the preceding assumptions

1 s .
|Opy,, (26 + [¢]2) Z2fw; — 2792 VhA(hy)) 27O ;ANQo (W)
(4.15) < Ck’hl_OQ_j+(b_2) Z gk1 (’U)ng (U)gks (U)
k1+ko+ks<k

+ Ckth_j+bgk+1 (v)
and

(4.16) 2792V hA(hy) 2ker ,AlQo (W < Vh2 072 N g (0)Ek, (v

k1+ko<k

Moo

Proof. We apply A? to equation (3.24). Denoting &? = @(277hD,) for a new smooth function
¢ satisfying Supp ¢ C Supp ¢, we get

Opy, (20€ + [€]2) Alw = —VRALQo(W)
[ AN — iRl — 28w A7)
— WALR(V).
Applying O ; and using (2.13), we get
Opy, (22€ + |€]2 )w; = —Vh27/20% ,ALQo(W)
(4.17) + h2i 2% —iZwj — 0%, AL Co(W))]
— 279PR e JATR(V)

where w; = w; — 2@;3?10 satisfies the same estimates as w;. We commute Z]’-€ to the
equation, using that

[2.0py,, (226 + [€]2)] = — Opy, (226 + [¢]7),
2210, Opy,, (22¢ + yg\%)] = —2ih;(29/%hd;,).
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We get
(4.18)

Opy, (22 + [€]2) (ZFw;) = 279/ 2VRA(hy) 2F07 ,ARQo(W)
oy | B(h) 25+ B(hy) 25 w; + C(hy) 2567, AL Co(W)
— h*h;D(hj)2ke* ,AMRE(V)
where A(h;), B(h;), E(hj), C(hj), D(hj) are matrices with uniformly bounded coefficients.

Let us control the cubic terms in (4.18). We write Co(W) as To(W, W, W) as in i) of
Lemma 3.1. We express ZK¥0* ;,A"Co(W) = ©* ;ZFAMCy(W) from ©* ;A" ZKTy (W, W, W)
for ¥ < k (changing eventually the definition of the spectral cut-off A?) and decompose each
argument W as ij AZW. Applying estimate (3.14) with pg, = pr, = pr, = 6 and writing

s < 112 1122, we obtain
| AL Z¥ (W, W, W) || L.
< CZj/2 Z Z 22max(j1’j27j3)1max(j1,j2,j3)2j—C
(4.19) J1.92,3 k1+ka+ks <k’
3
< [Tl % Al w2 | 2k al w2,
/=1

Using (4.4), (4.5), we bound the last factor by

3
2*(11++J'2++j3+)[b+%(a*b)] H Fr, (W)l/nge (W)2/3.
/=1

Summing in ji, j2, 73 in J(h,C), we obtain

|ALZH Co(W)|,» < C|log h|?29/2-3+0-245(a=b) 5§ Hf,;{?’g,ff.
k1+ka+ks<k' ¢

Remembering that H@*_j HL(LQ ) = O(27/%) we conclude that the L?-norm of the cubic term
in the right hand side of (4.18) is bounded from above by the first term in right hand side of
(4.13) (since a — b is large enough for § < 1, according to (4.3)).

To estimate the Ry-term in (4.18), we use (3.16). We notice first that the right hand side of
this inequality may be controlled from &, (v), Fi,(v): actually

2500 e <€ 3 [[Oma ot 20-2)) 2] .
ky <k

+ Z 2j+(a+d)HA?Z%v

.t
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where the constant C' depends only on hi6 H(th>o‘+dZ(k_1)+”HLoo.

We shall take d = b — o — 0, so that the bounds (4.4) imply that the j-series converges and
gives a bound

(4.20) |27 (hD2) TV || o < CEk,(v)|loghl.
Similarly, we get

(4.21) |27 (hD)* V|| 2 < CFp, (v)|loghl.

Plugging this in (3.16), we obtain, using again that H@* = 0(21/%),

—Jj Hc(L2,L2)

R | 250 ALRE(V)| . < OB/ OR300 S 6y )65, (1) Fi (o),

ki+ko+ks<k

We notice that since 2/ = O(h~2#), we may bound 2~7+(=a=0) 1y 9=i+(b+3) p=2a 5108 For
/3 small enough, this negative power of h will be compensated consuming a O(h'/®)-factor, so
that we end up with a bound of the remainder in (4.18) by

CRY/893/4—i+(b+3) Z Ery (V)Ey (V) Fiy (V)
k1+ko+k3<k

so by the Pj-term in the right hand side of (4.13).

Finally, the linear terms in the right hand side of (4.18) are bounded by the last contribution in
(4.13), remembering that w; may be expressed from A?w by (4.10) and that H@*;j Hz;(L2 ) =
O(27/%). This concludes the proof of ) of the lemma.

ii) To prove (4.14), let us bound the L3-norm of the right hand side of (4.18). We express
first ZFO*  AMQo(W) from ©F ;ANZN Qo(W), k' < k write Qo(W) = Bo(W, W), decompose

W = ij A?ZW in each factor and apply (3.12) with p = 3, px, = pr, = 6. We get

(BN Aol (o] PRt DD D R S n e

j1,52€J (h,C) k1+ko <k’

XHHZ’”A Wzt Al W

Using (4.4), (4.5), we see that this quantity is smaller than
a3 (ka,_, 0)3 (v §>2_j+(b+§(a_b))~
ki1+ko<k

We thus get the first term in the right hand side of (4.14), using that ||©* = 0(27/%).

J HL(L3,L3)
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Let us study next the L3-norm of the cubic term in (4.18). We proceed as in the proof of
(4.19), applying (3.14) with p = 3, pr, = pr, = 6, pr; = 0c0. We obtain

, . o
[A}Z¥ Co(W)| s < C22 Y > 22U e 2i—C
J1,J2,J3 k1+ka+k3 <k’

2
0 EX T B A TESN T
/=1

We bound the general term of this sum by
o o 1/3 2/3
O IIINY 512 o)z —02 I IR0 o (fkl (v) F (U)) <5k1 (U)Skz(v)) Eis (V)

As 27 < Ch~2#, we conclude, using the convexity inequality a'/3b%/3 < (a + 2b)/3

|ARZF Co(W)|| s < Ch7487020/270¢0 N [ By (0) Fiy (0)Ery (0) + Egy (1) Eky (0)ERy (V).
k1+ko+ks<k

This gives in (4.14) a contribution to the second term in the right hand side, using again that

Heijuﬁ(m,m) is O(27/9).

Consider next the remainder. We estimate HZJ”?@"‘_jA;LRS(V)HL3 from
—1/6|| zkox Ah ph
hy 2705 AT R (V)]

using that the expression to be bounded is spectrally supported in a ball of radius O(hj_l). We
apply next estimate (3.16) together with (4.20), (4.21). We obtain, using that Hgtj HL(L3 13 =

0(27/6), that the L3-norm of the last term in (4.18) is bounded from above by

Ch1/4_0h?/622j/3_j+d Z Eny (V) Epy (V) Fes (v)
ki+ko+k3<k

with d = b — a — 0. We get finally as a coefficient 27/6-7+bp13/12-0-28(a+1/12) if we yge again
that 2/ = O(h=28). If /3 is small enough, we see that the remainder in (4.18) contributes to
the last term in the right hand side of (4.14).

Finally, the contribution of the linear terms in (4.18) is bounded from above by

i 2F sl s+ hil| 25 | o < OB (125 e + 125 s ] 2)

. . 5
< OIS Fry (v)

where we have used Sobolev injection and the fact that ZJ]«“@]-, Z]’?ij is spectrally supported
for hj|&| ~ 1, and where the gain 21/4 comes from H@i when expressing w; from

h .
Ajw in (4.10).

ch(L2,L2)
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i11) Let us prove (4.15) and (4.16). Applying (3.12) with p = py, = pr, = 00, we get for
K <k,

18725 Qo) £ €27 S 2wl e
J1,d2€J (h,C) k1+ko <k’

< ([ 2h Ak W (|28 AL W

1 2

which gives (4.16). To get (4.15), we use again (4.18). The cubic term in the right hand side
of this expression is bounded using (3.14) with p = pg, = pk, = pr, = 00 and gives the first
term in the right hand side of (4.15). To estimate the L*-norm of the Ry-term in (4.18) we
use (3.17) with d = b—a — 0 and (4.20). The loss 2/+(@+0) < Ch=28(e+0) may be absorbed by
the extra h'/* factor in front of the remainder in (4.18), so that we get again a contribution
bounded by the first term in the right hand side of (4.15). Finally, the linear term in (4.18)
is controlled by h;j279+°&; 1 (v). This concludes the proof. O

Proof of Proposition 4.3. We apply corollary A.3 with the weight m(z,£) = (x). By the
definition (4.11) of ~§, 2z§ + €]'2 > ¢(z) on the support of 7% Consequently, for any N in

N, we may find symbols ¢ in S((xz)~1),r in S(1) such that 1§ = g#(22€ + 1€|Y2) + héyr. It
follows that for any p > 1,

(422)  [[Opn, (82wl < ClOpy, (20 + [€12) 2wl + 1Y 2y

Applying this with p = 3, we may bound by (4.14) the first term in the right hand side in
terms of the right hand side of (4.12). The last contribution is smaller than

2/3
L2

1/3

B 25 wsll s < (125w i

125w

going back to the estimates of w; = @*_J-A;?w from &(v), Fi(v), we obtain the last term in
the right hand side of (4.12). This concludes the proof of the proposition. O

The L3-estimate we obtained in Proposition 4.3 outside a microlocal neighborhood of A will
be useful as auxiliary bounds in the third step of our proof of Proposition 4.1. We also need
L*>-estimates for w cut-off outside A. They are given by the following

Proposition 4.5. Let k > 1. There is an element Py in T;>° such that for any v satisfying
gk:—l(v) < h—1/16

(4.23) HZJk Ophj (Vlc\)ijLoo < C[hl/élpk(v) + h1/2]_—k+1(v)] 9—J+b.

Proof. We notice first the commutation relations

[tDy + 2Dy, Opy, (75)] = Opp, (V5,1),

(4.24)
[ D, Opy, (94)] = h; Opn, (V3 2)
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where ~§ . is in S(1) with support contained in Supp (7). This shows that, up to a mod-
VA,j YA

ification of the definition of 7§, it is enough to control HOphj (’yf\)ZkajH 1o Let us show

(4.25) |0y, (22€ + 1€12) 22w . < c[h1/4p( ) + hl/kaH(v)]z*M

for some Py in 7,>°. This will imply (4.23) using (4. 22) with p = oo and N large enough,

< h ka( )27+t by Sobolev. We prove

(4.25) estimating the L°°-norm of (4.18). We bound HZ’“A;-’QO(W)HLOO using (3.12) with

D = Pk, = Pk, = 00 and HZ”“ZA?ZIUHLoo = O(&k,(v)277¢+%). We obtain a bound in 27-9+° P (v)
for some P in 7,>°, which gives a contribution to the first term in the right hand side of
(4.25), writing 27/2v/h = O(h'/*) as 27/2 < Ch=P. To bound the cubic term in (4.18), we
apply (3.15) with p = 0o, d = b — a — 0, and (4.20), and control the loss 2/+(®*0) by a small
negative power of h using again 2/ < Ch~2?. We obtain that the cubic term in (4.18) is
O(h'/*Py(v)). The Ry term of (4.18) is estimated in the same way, using (3.17), (4.20).

since hj = O(h?) and we may estimate “waj“Loo

Finally, we must bound the linear contributions in (4.18). Their L?>-norms are
O(hy2! 7 Fiya (v)

according to the definition of Fj41(v) and the expression w; = 0% jA?w. Moreover, they are
spectrally localized at ;|| ~ 1, so that by Sobolev injection, the L>-norms are bounded by

the L%-norms multiplied by Ch;l/ ?. This gives a contribution to the last term in (4.25). O

Third step: Estimates on a microlocal neighborhood of A.

We have obtained in Proposition 4.6 L*>°-estimates for Z]’?wj truncated outside a neighborhood

of A. We want here to prove similar L°°-estimates for Z]’?wj truncated close to A. They will

be deduced from L?-estimates for Opy, (2z€ + |§|%) Opy, (WA)ZJI-ij that follow from (4.18)
truncated close to A. Let us introduce the following decomposition of the function w =
> jes(nc) Ojw; introduced in (3.19), (3.10): we define, using notation (4.11)

(4.26) wa= Y. ©50p, (1a)w
jeJ(h,C)

and denote Wy = (wp,wp). We shall prove

Proposition 4.6. Let k > 1. There are C' > 0, an element Py in Ty such that for any v
satisfying Fi(v) = O(eh™ ) Er_1(v) < h=Y16 for any j in J(h,C)

fom, o Zbeyl con[ S [[rwmieo!
(427) k1+ko+ks<k (=1

+ h3 Py(v) + sz+1(v)} 27740,
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To prove the proposition, we shall use (4.18) with Qo(WW) replaced by Qo(wya) in the right
hand side. Let us estimate the error that is done.

Lemma 4.7. For any k € N, there are C' > 0, an element Py in T such that for any v with
Ep—1(v) < h7V16

HZkA?(QO(W) - QO(WA)) HL2 < CvVh27I+b Z H]:’fe 35ke %

(4.28) k1-+ka+ks<k (=1

+ 12790 P (v).

Proof. We have to bound for j in J(h,C),
|2 A By (W, W — Wa)|| ., + || ZFABoy(Wa, W — W) || -

Consider for instance the first term. We decompose each argument using

w = Z Aw— Z @;ijz.

Je€J(h,C) Jje€J(h,C)

By using (4.26),

w—wp = Z o; Oph (v8)wj, -
je€J(h,C)

We write for j; € J(h,C),

(4.29) 125 A wl|,, < (|25 Ak w5, ]| 25 Ak i

< 2—J1+(b+§(a—b))}-k1 (v)§5k1 (v)%.

Moreover Z*2 A;g (w — wy) may be written as

> ZRALe; Op, . (V&) w;

J5 3 135—321<No

for some large enough Ny, up to a remainder whose L3 norm is

wl—

O(n=2 5 (088, (v)

This follows from the fact that
A},03, Opn,, (18)wy, = O3, Opy, (‘P(2j 27 25)) Opy,, (78)w;

and that 7§ is supported for || ~ 1.
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If we apply (4.12), we conclude that, since HGNHE 1818y = 0(2*3'2/6),

HZszh w_w/\)HL3 SCO[\F2]2/2 Jot (b+ 3 (a—b)) Z H]:ké 3&% %
k14K, <ko =1

Hh2T IR0 N [ (0) gy (0) €y (0) + Egy (0)Epy (0)Eg ()]
(4.30) K,k <ko

+2j2/12_j2+ah?2/6]:k2+1(v) + 2_j2+bh1+npk2 (v)

2 OEF ) (B 4 ) B (v) 36, (v)é} .

We plug (4.29), (4.30) in (3.12) with py, = 6, px, = 3 and we sum for k1 + k2 < k, ji,j2 in
J(h,C). We obtain that, for some P in T*,

|28 Al By(W, W — Wa)||,

< Cl\/ﬁ2j—j+(b+%(a—b)—%) Z 1_‘[]:,w 35‘]% %
k1+kot+ks<k (=1

+ C h14870250+b p(yy)
+ 012j_j+(b+%(a_b))h%P(v).

Since 29 < Ch~27, for 8 small enough and a — b > 1, we get a quantity bounded from above
by (4.28). This concludes the proof. O]

Let us deduce from Lemma 4.7 a sharp version of (4.13).

Corollary 4.8. Let k > 1. There are C > 0, and an element Py of Ty, such that for any j in
J(h,C), any v with Ex_1(v) < h~1/16

|Opy, (228 + [¢]> ) fw; — 272V 1A (hy) 2507 AT Qo(W) | 1

(4.31) 1o, 3o i 2 1
< Chz %h2277+ Sy Hf,w V)3Ek, (V)3 + B3 Pe(v) + Frp1(v)|.
k1+ko+ks<k (=1

Proof. We start from estimate (4.13). If in the left hand side, we replace Qo(W) by Qo(Wa),
the resulting error is bounded from above by the product of (4.28) and of

Vh27i%||ex = 0(n}?).

jHL(LQ,Iﬂ) J

We obtain a contribution to the right hand side of (4.31). On the other hand, the right
hand side of (4.13) is bounded from above by the right hand side of (4.31) if we write that

21/4p9/8 < 2j/2h;/2h5/8. This concludes the proof. O
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Proof of Proposition 4.6. Let us prove that for any j in J(h,C)

1
HOphj (22€ +1¢]2) Opy, ('YA)ZJI‘C’“JJ‘HH
(4.32) Lol .
< Ch2 %h2277+ > kal 0)3E, (1)3 + hE Pe(v) + Frpa(v)
k1+kot+ks<k (=1

for some element P in 7.

We notice first that since w; = % jA;‘w, the definition of Fj shows that

(459 2] < )55

Consequently, by the gain of one power of h; coming from symbolic calculus, we see that

1[Ops, (22€ + [€]2), Opy, (1a)] Z¥uwy| 12

is estimated by the last term in the right hand side of (4.32). We are reduced to estimating

HOPhj (74) Opp, (2z€+ |§]%)Zj’?w]~ HL2 which, according to (4.31) is smaller than the right hand
side of (4.32) modulo the quantity

(4.34) 2772V || Opy, (v4) 27O ;ATQo (W) | 12

Since wy is given by (4.26), we may write for k' < k

ZFuy= > 01(2F Opy, (1))
j€J(h,C)

and by definition of Fj(v), and the fact that w; = @’ijA?w, we have

12} Opy, (va)w;]| 12 < C20/47+ Fpo (v).

Since w; is microlocally supported for h;|¢| ~ 1, we deduce from that
/ Y
12} Oy, (va)wj|| oo < ChT2227 74 Fpo(0).

By Definition 2.5, this shows that the family (Z]]?“l Ophj (VA)wj)j is a family of elements of

(lf%Bééa [K]) N (BS’G[K]) for some compact K of T*(R\ {0}) \ 0, contained in a small neigh-
borhood of A, and that
k/
HZJ Ophj (’YA)w] Hh*%Bclx,)a[K]a
which is by definition the best constant in (2.8), is smaller than C'Fy/(v). A similar estimate
holds for HZ}“/ Opy, (Va)w; H BYK]" We shall now prove that Qo(Wjy) is microlocally supported
2

outside a neighborhood of A.

o1



Let us express Zon(WA) as a combination of terms By (Zkl W, Zh2 WA), ki + ko <k, so as
a combination of expressions deduced from (3.7).

Opy, (a0(€)) :(Oph (a1(€)) 2" wa) (Opy, (02(5))Zk2wA): ;
(4.35) Opy, (a0(6)) | (Opy, (a1(6)) 21w ) (Opy, (a2(€)) 254 ) |,

Opy, (ao(§)) :(Oph (a1(£))Z25w,) (Opy, (a2(§))3k2@A): :

where ag, a1, az are homogeneous of non negative order. We have just seen that ZFw, is

in (b~ BYIK ) N (By“[K]) with norm in that space bounded from above by CFp(v). It
follows from Proposition 2.12 and the fact that a is large enough relatively to bt that the first
(resp. second, resp. third) expression (4.35) belongs to h™ 282 "IKy] (vesp. h~ 282 *[Ko], resp.

hiiB; “[K_2]) where K5 (resp. Ky, resp. K_3) is a compact subset of T*(R\ {0}) contained in
a small neighborhood of 2- A (resp. 0- A, resp. —2-A), and that the norm of these functions in
those spaces is O(]—"kl (V) F, (v)) Consequently Zf@ijA?Qo(WA) is microlocally supported
far away from A. When we apply a Op, (7a) cut-off as in (4.34), we gain a O(h°) = O(h™)

factor. We conclude that (4.34) is bounded from above h'¥ >k tka<k Tk (V) Fk,y (v) so that
(4.34) is controlled by the h'/®—term in (4.32).

To finish the proof of Proposition 4.6, we are left with showing
Lemma 4.9. Assume that (4.32) holds. Then estimate (4.27) holds as well.

Proof. The definition of Fj(v) and the fact that w; = ©* jA?v implies that
(4.36) 10Dy, (v4) ZEwj|| ;2 < C25 7949 Fy(v).

Since (2z€ + ]f\%) (& —dw(x))g(x, &) for some elliptic symbol g, on a neighborhood of the
support of y5, we deduce from (4.32), (4.36) and symbolic calculus that

R .
(4.37) 0Py, (€ — dw(®)) Opy, () Zfw;| o < hZh2~OM277+0

where

M=c| Y kaé )3, ()5 + h8 Pe(v) + Fioyr (v)
k1+ko+ks<k (=1

for some Py in 7. We may rewrite (4.36) and (4.37) as
He—iw(z)/hj Opy, (M)zj’.fwj”p < codiraE, (),

. 1 .
| (h5D2) (771 Oy, (1) 2y )|| |, < CrynA—O0r2754%,
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1 1
Using that ||l = O(II£17 1D2f12: ), we get

N

10Dy, (va) Z¥wj|| o < Ch™ 094 =3+ 3" (Fy,(v) M)
< Ch92-d+bpr,

This implies (4.27). O

Proof of Proposition 4.1: We combine estimates (4.23) and (4.27). We obtain
_ 2
ET LD ol  E NNt
(4.38) k1+ko+ks <k (=1

+ h3 Py(v) + fk+1(“)] 277+

for any j in J(h,C) and some P} in T, assuming an a priori bound &,_;(v) < h~1/16,

We assume that (4.8) holds and that (4.9) has been proved up to order k — 1. Consequently,
by (ii) of Lemma 3.3, we know that

sup <2j+bHA? Op, ((1— goo)(hQBf))ZkaLoo> < Cksh%,
J

Opy, (w0 (h20-7¢) 2P0|| .. < CrehTs
H h( ( L
where Ck depends only on Ay, ..., Ag.

On the other hand, (4.38) gives a control of HA;‘Z’“
definition (4.4) of &;(v) we obtain

5k(U)§Ch_O[ Z H]:k,g 351% 3]

k1+ko+ks<k /=1

’UHLOO for j € J(h,C). Going back to the

(4.39)
+ h6 [Py(v) + Cre] + b OF i (v).

Let us deduce from that that (4.9) holds at rank k. By the assumption (4.8) and the fact that

by (4.1) 8} > 011, we may bound h™0F,1(v) by eAﬁch_‘s;e for some A} > 0 depending only

on Agy+1. The same is true for his Cre, with A} depending only on Ay, ..., Ag+1. Consider

the hT16Pk(v) contribution. By definition of the class 75 and (4.7), this term has modulus
bounded from above by quantities of the form

(4.40) hi6Ey (v) -~ &k, (V) Fhyy, (V) - Flpyy (V)

where ¢/ < ¢ < 4, k1 + -+ k¢ < k. Assume first that one of the k;, 1 < j < ¢, is equal
to k, so that the other ones equal 0. We obtain, according to assumption (4.8) a bound in

Chis—(¢=D&—(=+1)31 o Ek(v), with a constant C' depending only on Ag, A;.
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By (4.1) and (4.2) this is smaller than Cé’k(v)hs% with a constant C' depending only on
Ap, Ai. On the other hand, if all k;, 0 < j <, are strictly smaller than k, we may apply the
induction hypothesis to estimate &, (v) and (4.8) to control F. ,, (v). We obtain for (4.40) a

bound in C’Etht%_‘s;e, according to the first inequality (4.1), where the constant depends only
on Ao,Ao, cen ,Ak.

Let us study now the first term in the right hand side of (4.39). When ky < k, ks < k, k3 < k,
we write

(4.41)

By (4.8), the fact that (4.9) is assumed to hold for ky < k and the first inequality (4.1), we
get that (4.41) is O(sh*%) with a constant depending only on Ay, A1,..., Axy1. Finally, we
are left with studying the first term in the right hand side of (4.39) when one the k; is equal
to k, i.e.

h 08, (v)3 Fr(v)3 Folv)3 & (v) 5E,(v) + =6 2RO Fy (v) Fo(v)2E0 (v)*
for any 0 > 0 (where in the right-hand side, =0 denotes h=3¢ if in the left hand side h~°
stands for =% with @ > 0 small). The last term in the above inequality is O(eh_‘%c) according

to assumption (4.8) and the second inequality (4.1), with a constant depending only on
Ao, A1, ..., A1 Summing up, we have obtained

2 /
En(v) < [55 + Chsﬂgk(v) + AL h0%

from which (4.9) at rank & follows if A and 0 are taken small enough. O]

5 Decomposition of the solution in oscillating terms

The goal of this subsection is to give a description of the component w in the decomposi-
tion (3.19) of v in terms of oscillating contributions. More precisely, we expect w to be a sum
of a main term, oscillating along the phase w (i.e. a term which is a lagrangian distribution
along A), of O(v/h) terms, coming from the quadratic part of the nonlinearity, that will oscil-
late along the phases +2w (so, which are associated to the lagrangians +2A), of O(h) terms,
coming from the cubic part of the nonlinearity, oscillating along the phases +3w, +w, and
a remainder. Moreover, we shall need, in preparation for next subsection, to get an explicit
expression for contributions oscillating on +2A.

We consider a solution v of (3.6) satisfying for h in some interval |h/, ho| the a priori estimate
(4.9) for &' < 5 + Ny for some fixed Ny < s. In particular, for & < 5 + Ny,

(5.1) |ALZR]|, . < eAjh=0k270+Y
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for 5 € J(h,C). In this section, we shall denote by K compact subsets of T%(R \ {0})
contained in a small neighborhood of one of the lagrangians £- A, £ # 0, by L compact subsets
of T*(R\ {0}) and by F closed subsets of T*R whose second projection is compact in R\ {0}.

We first obtain a rough decomposition of v.

Lemma 5.1. One may write v = vg, + wp + wae + vy, where vy, vy are defined in (3.19)
and, for some compact subset K of T*(R\ {0}), lying in a small enough neighborhood of A
and intersecting A, some closed set F as above, ZFwy, 0 < k < 5+ Ny is an O(e) element

of h_6§v+1L°°I~R’b72[K] and ZFwpe, 0 < k < 5+ Ny is an O(e) element of h2 Ok B2 [F]+
h1*52+11§g01”’*2[F]. Moreover, Opy,(2€) Z*wpe is in h%%;ﬁll’;’ég)b*z[ﬂ + h1*52+1825”*2[F].

Proof. We have written in (3.19) v = vy + w + vy and using notations (4.10), we may

decompose w =3¢ ;) ©jw;- Recall definition (4.11) of symbol v, and set

wja = Opp, (y)w;, j € J(h,C)
so that ZFw, = ZjeJ(h,C) 0; (Z]]-“wﬂ\). Since, when commuting ZJ’»g to Opy, (7a), we get
expressions of the form Opy,, ('?k/)Zf/ with £ < k and 'ﬁ;/ a new symbol, we deduce from

estimates (4.9) that Z*w, belongs to h =% BY[K] for a compact set K satisfying the conditions
of the statement if v, is supported in a small enough neighborhood of A. Moreover, ZFwy
is O(e) in the preceding space. If we use symbolic calculus, estimates (4.15), (4.16) and the
assumed a priori estimates (4.9) together with (4.1), we get

6:2) [Opy (206 + 1612) 2y < O35+ 5hes [0 4 1)

ie. (ijwj,/\)j belongs to h*‘;//cﬂLOOIR’b_z and is of size O(e) in that space. This gives the

statement concerning wp of the Lemma.
Set wjae = Opy, (V§)w; so that wae = 37 .c ;4 ) Ofwjne. We use (4.22) with p = co. We

estimate the first term in the right hand side of this inequality using (4.15), (4.16), the bounds
(4.9) together with inequalities (4.1). We get

(5.3) HOphj (’Y/C\)Z]kijLoo < Ce2 I+ (=2 =0 (h% + hj) + C’Nshé«vh_‘%&_j*b,
where the last term has been estimated from (5.1).
If N is large enough, since h; < Ch? we get that ZFwpe is in

héi%*‘lggébiz[F] + h175§€+1l§gol,bf2[F}

and is O(e) in that space (where F' is a closed set as described before the statement of
Lemma 5.1).

To study Opy,(x€)wae, we write

Opy(&)wpe = Y 220] Opy, (28)wjpe.
jeJ(h,C)
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By symbolic calculus, we may write Ophj (x€)wj ae from

Ophj (:)/AC)wj; Ophj ('YAC)(Ophj (wf)wj)’

where ¢ is a cut-off with support contained in the one of ypc. The L*-norm of the action
of Zj”-C on the first of these expressions is bounded like (5.3). The second expression may be
written from

Ops, (7a¢) Oby, (226 + €17 )wj,  Opy, (7a¢) Opy, (I€]7 ).

The L*°-norm of the action of Z; on the last term is bounded using (5.3) by the right hand
side of this inequality. For the first term, we use again (4.15), (4.16) as in the proof of (5.2)
to get a similar upper bound. This concludes the proof. ]

The decomposition w = wp + wae, in terms of a contribution wy localized close to A and
another one wye supported outside a neighborhood of A is not precise enough for our purposes.
We need to refine it, writing wac as a sum of terms oscillating on the lagrangians £2A, of size
of order v/h, and of a remainder that is O(h). Moreover, we need also to check that wy is

in h~ 2% Looj/(\)’b/ [K]. This is the goal of next proposition, that will be proved plugging the
decomposition of Lemma 5.1 in the equation (3.23) satisfied by w, written under the form

(54)  Opy(22€ + [€]F)w = —VhQo(W) + h[%w —iZw — ()| ~ hER(Y).

Proposition 5.2. Let V) < b—5 and Ng < Ny such that (N7 — Ng — 1)o > 1. We may write
the first decomposition of w

(5.5) w = wA + \/E(UDA + w_QA) + hg

/ b +3
where, for any k < 5 + No, Zkwigp is a O(€) element of h_26k+1L°°Ii’§A+2 [Kis], ZFwy is
an O(e) element of hf‘S;CHLOOj/(\)’b/ (K], ZFg is a O(e) element of B30k 1y o GOV [F] and

ZFOpy,(x€)g is an O(e) element of B~ Bke1n o BLY [F], for some compact subsets Kio of
T*(R\ {0})\ 0 contained in small neighborhoods of £2A, some closed subset F' of T*R whose
second projection is compact in R\ {0}. Moreover, wiop are given by

1++2
4

1-V2
4

wap = —i(1 = x)(zh™7) |dw(@)|wg,

(5.6)

w_gp = —i(1 = x)(zh™") |dw(z)| w3

where x € CP(R), x =1 close to zero has small enough support.

In order to prove the proposition, we shall compute the main contribution to Qy(W') obtained
when plugging inside (3.7) the decomposition w = wp + wpe obtained in Lemma 5.1. We
make at the same time a similar (and more precise) computation when one knows that an
expansion of the form (5.5) holds.
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Lemma 5.3. i) Assume that w = wp+wpe, where for all k < 54Ny, Zkwy (resp. ZFwpc) is
an O(e) element of h™ k+1L°°IR’b 2IK] (resp. of B2 01 30 2[F] + ' % BoP 2[R such

that Z* Opy, (z&)wpe is in h%_6;€+1l§é5b_2[F] + W%+ BLPT2[F)). Denote by b any number
b < b—5. Then, there are functions Wiop such that for k < 5+ M

Z*@agp is O(e) in b~ 25k+1L°°Ii§A+2 [K 1o]

so that
Z A"Qo(W) = dop + W-oa + Vhio,
jeJ(h,C)
(5.7) ’
> AWRC(W) = Vhgs

jeJ(h,C)

where for any k < 5 + Ny,
~1,b’+%[

1b+2[

2k, 2% Opy, (2€)§o € h™2%k11 B F|, 2§, 2% Op, (2€)gs € K% 0B "2 [F]

for some new closed subset F' of T*R. Moreover one may write

V3

Won = —i(1 — x)(zh ") |dw,2 *UJA,

@-an = —i(1 = )k~ dul} L},

(5.8)

for some x € Cg°(R), x =1 close to zero, with small enough support.

i1) Assume one is given a decomposition of w of the form (5.5) and denote by b’ any number
b < b— 8. Then there are elements Wiop such that for 0 < k < 5 + No, ZE@Top is

O(e) in h™ 25k+1L°°J3b+3/2 [K:I:Z]7 and for £ € {£1,£3} elements wyp, such that, for any
0<k<S$+No, Zhigy is O(e) in h 3% LIV 32 (K] so that

(5.9 > A}Qo(W)+ VRC,(W)] = Won + @—oa + Vh(Wsp + @ + T + D_3p) + 1,
jeJ(h,0)

where Z*§ is in h745;€+Pl§1’b/+%[F] and Z* Opy,(x€)g is in h~Ykr BLY [F] with P = Ny —
N(] +1.

Moreover, wy is given in terms of wa and of the functions in (5.6) by
~ ) -8 3 _ _
WA = 5(1—x)(mh ) |[dw|2 wA(ng—w_gA)

(5.10)
(1—x)(zh™ ﬁ)ldw ‘wA‘ WA,

»-lkM—*
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for some x € Cg°(R), x =1 close to zero, with small enough support, and wsp, W_x, W_3A
have similar expressions

i

~ — 3 __
wza = 5 (1= x)(ah P)[dwl? wa (phwan + p50 o)
5
+ (1 =) (zh™7) | dw(@)|? u5'w},
. t _ 3 _
W_p = =(1—x)(zh™?) |dw|? wy (1 qw_op + p | Won)
(5.11) 2
5
+ (1= x) (zh ™) | dw(@)[2 p” fwal*wa,
~ ? _ 3 __ _
W_gp = = (1 — x)(xh™P) [dw|? wA(;/_g)w,QA + MlingA)

2
5
+ (1= x) (zhP) | dw(z)|2 p5w0%,

for some real coefficients iy, py, py', € € {—3,—-1,3}.

Before starting the proof, we make the following remark that will be used several times below.

Remark 5.4. Let x be a smooth function on R*, such that for some real numbers ¢, ¢ and for
any integer k, Ofr = O(|x|_€_k<x>_€,). Let x be in C§°(R), equal to one close to zero and let

r be an element of B%Y[K] for some compact subset of T*(R\ {0}). Then (1 — x)(xh ?)x(z)r

belongs to B2 [K].

Proof. We decompose 7=}, y;, ) ©;7; where (r;); is a bounded family in B&"[K]. Then

(1—x)(zhP)kr = Z 057
j€J(h,0)

with 7; = (1 — x)(#277/2h=#)k(279/22)r;. Since r; is microlocally supported in K we may,
modulo a O(h}°) = O(h™) remainder, replace r; by 6(z)r; for some 6 € C§°(R), equal to one
on a large enough compact subset of R*. Since

x— (1- X)(m2_j/2h_5)2—%(£+e’)+j+%l5(2_%@)0($)

is in C3°(R*) and has derivatives uniformly estimated in j, h, we see that (7;); is microlocally

u+(€+€’)ﬂ+%/
50 [

supported on K and satisfies uniform bounds in B K]. O

Remark 5.5. Let x1,x2 be two C§°(R) functions equal to one close to zero and r be in
B [K] for some compact set K of T*(R \ {0}). Then, if Supp x1 and Supp x2 are small
enough, (1 — x1)(zh™?)r and (1 — x2)(zh~?)r coincide modulo O(h™) (so that they are
identified).

Proof. We write again

(1= x)@h ™) = (L= xa)@h)]r = 3 5[0 - x1)@22h )y .
jeJ(h,C)

o8



As above, modulo O(h*), we may insert some cut-off § against r;. We may then notice that
(x2 — x1)(@279/2h=2)0(z) = 0 if Supp x is small enough, as 277/2h=% > ¢ for some ¢ > 0
since j is in J(h,C). O

To prove lemma 5.3, it will be necessary to compute explicitly the action of some multilinear
operators on functions of the type w = wy + wpe.

Let us fix some notation. If py,ps are in Z*, K, , K, are compact subsets contained in small
neighborhoods of p; - A, ps - A and if wﬁZ.A is an element of LOOI;);Z.’XZ [K},], Proposition 2.12

1,2 oo TH1HH2, Y172
shows that the product Wy, A Wy A belongs to LI (p1+pa) A

subset K, 1p, of T*(R\ {0}) contained in a small neighborhood of (p1 + p2) - A, if K,
and K, were contained in small enough neighborhoods of p; - A, pa - A respectively. In
the sequel, to avoid heavy notations, we shall eventually denote by K,, different compact
subsets of T*(R \ {0}) contained in a small enough neighborhood of py - A. All of them
will be constructed from a compact subset K of 7%(R \ {0}) contained in a small enough
neighborhood of A. To simplify some notations, pA will sometimes stand for p - A. We shall
also denote by L some compact subset of 7%(R \ {0}) which may vary from line to line.

[Kp,+p,] for some compact

Lemma 5.6. Letby: R* — C, £ = 1,2,3 be smooth functions positively homogeneous of degree
dp and ag,a1: R* — C be smooth, positively homogeneous of degree mgy, my.

Let pg be in Z*, |pg| <3, 0=1,2,3. If p1 +p2 =0 (resp. p1 + p2+ p3 = 0), assume moreover
that a1 (resp. ag) is an homogeneous polynomial of order my € N* (resp. mg € N*). Let V' be
a large enough positive number. Let x be in C§°(R), x =1 close to zero, with small enough
support.

i) Assume given for ¢ = 1,2,3 functions wf;ZA such that for some N and any k < 5+ N,

kaﬁm 8 in hfa;vHLOOINSf;\ [er], for compact subsets K, satisfying the above conditions.
Denote po = 2(my + dy + dz), ps = 2(mo + my + di + da + ds). Then,

(5.12) O (ar) | (Opu(b1)wp, 1) (OPy (b))
may be written as the sum of

(5.13) (1 —x)(xh™P)ay ((p1 + p2) dw) b1 (p1 dw)ba(p2 dw)wzl)lAwggA,

which is an element of h*%iLooféQl’il;Q).A [Kp1+p2] such that the action of Z* on it gives an

element of B~ 20k oo 22t [Kp1+p2] for k <5+ N, and of a remainder R such that, for

(p1+p2)-A
those k's, Z¥R is in
(514) h%726;€+1 ngfl’%l*% [L] + h1725;€+1[§u272,2b’71 [L]
In the same way, a cubic term
(5.15) Opy,(ao) [Oph(m) { (Oph(bl)wém) (Oph(bg)ngA) } (Oph<b3)w23A):|
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may be written as the sum of

3

(5.16) (1 =) (@h™)ao((pr + p2 + p3) dw)ar ((p1 + p2) dw) [ [ belpedw)wy, 4,
=1

which is a function such that the action of Z* on it, k < 5+ N, gives an element of

36" 0o FH3,3b
h k+1L I(p1+p2+p3) A [Kp1+p2+p3]

and of a remainder R such that Z*R is in

(5.17) 3 J3 3% Bra =i —3/2( ).
1

J
i1) Assume that we are given a function
¢ ¢ l 1
(5.18) w :wp[,A—i—\/E[pre,A—i—w_zpe,A}
where for k < 5+ N,
2wl g, p s in K LRI [Kagy,].,
Zk

.. —5 00 O,b
Wp,.n G5 in hT kL Jp[.A[er].

Assume also that p1 £ 2pa # 0, py £+ 2p1 # 0. Then (5.12) may be written as the sum of a
quadratic term, given by (5.13), which is such that the action of Z¥ on it gives an element

of h™ 20} 1 00 JH2. 2 )A[Kpl-i-pz]’ of a cubic term, which may be written as the product of V'h

(p1+p2
and

(1-— X)(a;h*’g) [al ((p1 + 2p9) dw) b1 (p1 dw)b2(2p2 dw)wélAwgpQA
(5.19) + a1 ((p1 — 2p2) dw)by (p1 dw)ba(—2p2 dw)w;Isz—zpzA
' +a ((2p1 + p2) dw)b1(2p1 dw)ba(po dw)w%plAwf)QA

+ a1 ((—2p1 + p2) dw) by (—2p1 dw)ba(p2 dw)wl_zplsz2A]

and of a remainder term R. Moreover the action of Z¥ on (5.19), 0 < k < 5+ N, gives an

element of

35! 20
Z h 7 2%+1 Loop;f ope)A [Kpligm]

& ) 20
+ Z h30k1 ], IE;Z o) A[szﬁ:?pl]

and the action of Z* on R gives an element of

~ /_1
p2—1,2b"—3

(5.20) B0k B2 [L).
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Proof. i) We use Proposition 2.11. By (2.17) applied with a symbol a = by(§), £ = 1,2, we
may write

(5.21) Opy, (be)wh,p = (1= X) (zh ) by(pe dw)wl o + 7

where the action of Z* on # (resp. on the left hand side, resp. on the first term in the right
. I N - e R / 20y b/
hand side) of (5.21) is in h2 ~%k+1 850" 2[L] (vesp. in h™ %kt L2200 (K, ]).

By Proposition 2.12,

(5.22) Z* [(Oph(bl)wglle) (Opy (b2)wy,z) — (1= x) (xh_ﬁ)zbl (p1 dw)ba(p2 dw)wy, ywe, o

1s in
1_9s7 ~2(d1+d —1,2b’——l —924! > — /_
h2 Q(Sk 18 ( 1 2) 2[[] hl 26k 182(d1+d2) 2,2 1[[]

and the second term in (5.22) belongs to

.,y 72(dy+ds),2b'
h k“LOOI(ISlin)Q‘)A [Kpi+p)-

We make act Opy,(a1) on the bracket in (5.22). By Proposition 2.11, this gives a remainder
R satisfying the conclusions of the statement. Moreover, the action of Opy(a;) on

(1—-x) (:ch*ﬁ)le (p1 dw)ba(p2d w)wélAwgz)A

may be written as (5.13) modulo similar remainders. Notice that the second remark after the
statement of Lemma 5.3 allows one to replace any power (1 — x)? (zh_ﬁ) by (1 —x) (:ph_ﬁ) if
Supp x is small enough.

One studies the cubic expressions (5.15) in the same way.

i1) We start from the stronger assumption (5.18). By (2.17) and the lines following that
formula we may write Opy, (by)w’ as

(1= x)(zh™P)be(pe dw)ws, 5

(5.23) + Vh(1 = x)(zh™?) [bz(2pedw)w§p4A + be(—2py dw)wf_m,\]
+
/ ~ 1y =1
where the action of Z% on 7 is in h!™2%k+1 iff‘ L= [L].

Moreover Z¥[(1—x)(zh™?)be(ps dw)wﬁm] (resp. ZF[(1 — x) (2h™P)be(+2p, dw)wi2mA]) be-

longs to
_ 5 =9d b/ _ !/ ~2d b/
h 5k+1L°°J§/x [er} (resp. h 2§k+1LOOI:2i:22g-A[Ki2pé])'

Applying Proposition 2.12, we obtain that (Oph(bl)wl) (Oph(bg)w2) may be written as the
sum of quadratic terms

(5.24) (1= ) (zh™?)*ba(p1 dw)ba(pa dw) (w}, 1) (w2,4),
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of cubic terms
Vh(L = x)(ah™?)? b1 (pr dw)bs (2p2 dw) (), 1) (w3,,0)
+ by (pl d W)b2(_2p2 dw) (wll)lA) (wz2p2/\)
+ b01(2p1 dw)ba(p2 dw) (w%pﬂ\) (wgﬂ\)

+ b1(=2p1 dw)ba(p2 dw) (1l gp,) (02,1

(5.25)

2(d1+d2) 1 2b/_,

and of a remainder R’ such that Z¥R’ is in h'~%%+1 B, 2[L].

To study (5.12), we make act Opy,(ap) on (5.24), (5.25) and on the remainder. We know from

Proposition 2.12 that (1 — x)(zh™ 5) wy, sz A lsin A™ 26k+1LOOJ8;?z»p2)A[Kp1+p2] and that

(1- X)($h B) plAwﬂ:2p2A (resp. (1 —x) (fUh ) wiQmAprA) belongs to

35 0,25/ 35 0,20/
WO LT oy [ Kpitop ] (vesp. ATPR LDy 3 [Koopy )

To study the action of Opy,(ap) on (5.24), (5.25), we may use (2.18), noticing that, since dw
is homogeneous of degree —2,

a1(£)b1(p1 dw(x))bz(p2 dw(x)),

a1(§)b1(p1 dw(z))ba(£2p2 dw(z)),

a1(§)b1(£2p1 dw(x))ba(p2 dw(x))
satisfy the assumptions (2.15) with (¢, ¢, d, d’) replaced by (—2(d1+d2), 0,m1,0). We conclude
that (5.12) is given by the sum of (5.13), (5.19) and remainders R such that the action of

/ ~ 1o — /1
Zk on R gives elements of h'~4%k+1 BL2 R [L]. Moreover, (5.13) and (5.19) belong to the
spaces indicated in the statement of the lemma. This concludes the proof. O

Proof of Lemma 5.3. i) Let us prove the first equality (5.7). Recall that we denote W =
(w,w). In the same way, set W = (wp, Wy ), Wae = (wpe, Wpe). If By denotes the polar form
of QQy, we have

Qo(W) = Qo(Wa) + 2Bo(Wy, Wae) + Qo (Wae).

For j in J(h,C), we set

- 1o,
Goj = h" 20" ;A" 2By (Wa, Wae) + Qo(Wae)].
Let us show that go = > eI (hC) O3 g2,; satisfies the conclusions of the lemma. By assumption

ZFwy is in h‘52+1l’5’2§’*2[K] and ZFw,e is in h%_%Hngbﬂ[F] + h1_5;€+1l§g01’b72[F]. We plug
these informations inside (3.12). We get

HA?Z’“BD (Wa, Wae)

< CQJ Z Q%min(jhjé) [h%_%;ﬁ-l + h1_26;c+1 2*%2]
max(j1,j2)>j—C
jl:erJ(hvc)

pe
x 9~ (re+i24)(0-2)
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Summing using the fact that the number of negative j,’s in J(h, C) is O(|log(h)|), we obtain a

bound in 29=7+®=2 32541 which is the bound characterizing elements of h2 =20k ngbiZ[F ]
(where F is a closed set of the form C~! < |¢] < C). In the same way

HA?Z’“BO (Wae, Wae)

< 9l Z 2% min(j1,52) |:h%_51,c+1 4 h1_5;€+1 2_%}
max(j1,j2)>j—C
J1,72€J(h,C)

1o

X [h%_%ﬂ + h1_52+12*j72]

w 9~ (J1++72+)(b=2)

Summing we get a bound in C 29 p1 1 2%h2_0_252+1} 277+(=2) " This characterizes an

element of h!' 2%+ B2 2[F) + h2 =020 glLb—2 [F]. Summarizing, we get finally that g» is in
—28, . @lb—3 1 o

BBk Bio 2[F] which is the wanted conclusion since we assume b’ < b — 3.

To estimate Opy,(z€)ga, we have to perform similar estimates replacing By (WA, WAC) (resp.
By (WAC, WAC)) by (xhD,)Bo (WA, WAc) (resp. (zhD,)By (WAC, WAC)). If S(¢) is a positively
homogeneous function of order A > 0, smooth outside zero,

[Opy,(2€), Opy(S(8))] = iAh Opy (S).

Consequently, the expression (3.7) of Qo and Leibniz rule show that Opy(2§)Qo(V) may be
expressed from By ( Opy,(z€)V, V) and from hBy(V, V), where By is a bilinear form satisfying

the same estimates (3.12) as By (Actually, By is either a multiple of the polar form of the
quadratic form in the first line of the right hand side of (3.7), or a multiple of the polar forms
of the sum of the second and third lines). The last property stated in Lemma 5.1 implies that

;05 -
2% Opy(e€)wae € h2 kn B2 [F] 4+ B -0 B3 ),
Moreover, still because of this lemma, ZFw, is in h %4 BQ’J’*Q[K | for a compact subset K of

T*(R\ {0}). It follows from (2.13) and the fact that z:¢ restricted to such a compact set is in

! ~ 2 ~ _é
the class of symbols S(1), that Z* Opy, (z€)wy is in A%+ B 2[K] ¢ h%+1Boy  [F]. This
shows that to estimate Opy, (x€)Bo(Wa, Wae), Opp, (&) Bo(Wae, Wae), it suffices to use the

bounds obtained above for By(Wx, Wae), Bo(Wae, Wae) replacing b by b — % We conclude
/ ~ / ~ /41
that Opy,(z€)g2 is in h_26k+18é’ob_3[F] C h_%kHBigb i [F].

We compute next Qo(Wy) from (3.7). Let us examine first the contributions that are bilinear
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in (wp,wy) ie.

1

— = Opy(1€]5)] (O (&1l ™5 )wn) (Opy (¢l 7#)n)

4
— L OpA(1€1%) [ (Opal€1 ) (Opa €] )|
(5.26) Z, 1 1
+ % Opy (1¢]) [1a Opp(1€]3)a — @a Opy(JE]* Jun |

— 2 0P (&) OpA(EJ¢7)@a — @4 Op(El¢[~2)wn .
We use that (5.12) may be computed from (5.13), up to a remainder given by (5.14) with
pi2 = 3, ' = b — 2, that contributes to Vhgs in (5.7) (since ' < b — 3 and b is large enough).
Notice that the main contribution, computed from (5.13) vanishes. For the terms inside the
first two brackets in (5.26), this follows from a two by two cancellation between the two
contributions in each bracket. For the last term in (5.26), we remark that the symbol ¢ of
the outside operator Opy,(§) is an homogeneous polynomial, which allows us to make use of
expansion (5.13) with a1 =&, p1 + p2 = 0, and implies as well the vanishing of that term.

We are left with studying the quadratic terms in wj and the quadratic terms in wy in (3.7).
We may apply to both of them i) of Lemma 5.6 with (p1,p2) = (1,1) or (p1,p2) = (—1,—1).
We get the contribution to Qo(Wy) given by the sum of the two expressions (5.8).

To study Co(W), we use that the assumptions imply that Z¥w is in B~ Ok41 B&b‘Q[F] (This

follows from the fact that hl%gol’b_2[F] C h"l’;’géb_2[F], as a consequence of the inequality
hj = O(h?)). To bound HA?ZkCO(W)HLw we apply (3.15) withp =00, d=b—a —2—0,
Vi =V =V =W. Our assumptions on w and d imply that

125 hD2)™ ]| o = O (%0170

as is seen from the expansion w = ), J(h,c) ©jw; and the bounds on the wj’s. It follows
from (3.15) that

(5.27) |ALZRCo(W)]| e = o(z%fﬂ(bfaf%m h—35;+1—0>.

. —380  —0pLb+3 . : .
The conclusion Z¥gg € h™3 %1708 2 [F] follows if we assume b’ < b — 3 (since « is any
number strictly larger than 2).

’ ~1p+1
To obtain that Z* Opj,(z€)gs is in h736k+1708igb i [F] we make act Opy,(x§) on Co(W) and

we argue as in the study of quadratic terms, distributing xh D, on the different factors using

;03
Leibniz rule. We have seen that Z* Opj,(z€)W is h™ %+ ngb 2[F]. It follows as above that
we get for HA?Z’g Opy,(#€)Co(W)|| . the same estimate as (5.27), with b replaced by b—1/2.
This gives the wanted bound as V' < b — 5. This concludes the proof of i) of the lemma.

i1) Let us show first that we may replace in the quadratic (resp. cubic) part of the left hand
side of (5.9) w by w, = wp + \/E(ng + w_gA) (resp. by wp) up to a contribution to the
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h§ term in the right hand side. By assumption, Z*w, is in 0% BY [F] for some b <
— 9. Set W, = (wp, wp), G = (g,9) and let us show that the contributions of Z*B(W), G)

and hZ¥By(G, G) are in hYkr B2Y [F]. We use (3.12) and the assumption that Z¥g is in
h~Fker BV [F] to bound using (3.12)

S el

max(j1,j2)>j—C
J1,J2€J(h,C)

P

We get an estimate in O(h_4‘5;€+P 27 _j+b/) which shows the wanted conclusion. One argues in
the same way for hBy(G, G).

Considering the cubic term, we write w = wy + Vhg', where ¢’ = (won + w_24) + Vhy

satisfies Zk¢' € h™ 20k BLY [F] and where ZFw, is in h 0k B [F]. If we set G' = (¢, 7),
we have to study [|A?Z*[Co(Wa +VRG') = Co(Wa)] || 1 ie. VA||ALZFTy(Wa, Wi, G|

hHA?ZkTO(WA, G, G’)HLoo and h? HA;‘Z":TO(G’, G, G’)HLOO. Ifd=0V —a—0, we bound

Zk<hD$>a+dWA . -0 h_0_5;€+1 , Zk<hDI>o¢+dG/ -0 h_26;“+1_0 .
L

0
Plugging these estimates in (3.15), we get for the quantities under study a bound in terms of

93—+’ —a=0)p~45, 1 43 Tt us study as well
Opy,(x€)Bo(Wa,G),  Opy(x€)Bo(G,G), Opy(x€)[Co(Wa + VRG') — Co(Wa)].
As in the proof of i), we may express these quantities from
Bo(Opp, (&)W, G),  Bo(Wp, Opy(2£)G),
VIRTy(Opy (z€)Wa, W, G'),  VETy(Wa, Wa, Opy, (2€)G'),
WTo(Wa, Opy(2€)G',G"),  RTo(Wa,Op,(a€)G',G),  h2Ty( Op,(x€)G', G, G"),
and from quadratic and cubic quantities of the form of those already estimated. By as-

7 ~ / / ~ /_1
sumption, the g-term in (5.5) satisfies Z* Op,,(z€)g € h= %P BLYF] h_35k+Pngb 2[F).
R

Moreover, by definition of that quantity, Z* Op;, (z€)w, is in h 0k BLY [F']. The above esti-
mate of By, with b’ replaced by b’ — %, shows that

| A" 2% By (Opy, (x€) Wy, G) || oo + || AL Z5Bo (W, Opy (26)G) || oo = o(h—“%wzj—ﬂ(b’—%)).

. a8 @2 =3 —as L =3 s . .
We obtain a h~ %%+, By, 2[F] ¢ h™%k+r By, ~ 2[F] contribution to Z* Opj,(z£)§ in the action

/ -0 —1
of Opy,(x€) on (5.9). The definition of ¢’ implies that Z* Opj,(z€)g’ is in h_25k+1[)’ggb 2[F).
Bounding, with d = b’ — % —a—0

|25 (hD,)**+ Opy, (&) Wi || oo = O(R70%41),
|25 (D) Opy, (x€)G'|| o = O (R0 241,

65



we get again from (2.15) that

| A% Z¥ Opy, (2€) [Co(Wa + VRG') = Co(Wa)]|| oo = O(22 7+ 300 40kat3),

If we replace above o' by o' + 3 (since a = 2 4 0), which corresponds to decreasing by 3 units
the assumption made on b’ — b in Proposition 5.2 (i.e. imposing & < b — 8), we obtain finally
that the contributions of Qo(W)—Qo(W)) and Cy(W)—Co(Wy) to (5.9) may be incorporated
into the hg term of the right hand side. We are reduced to the study of

Qo(Wa + Vh(Wap +W_an)), Co(Wa).

To treat the first expression, we use i) of Lemma 5.6, which allows us to compute expressions
(3.7) using (3.11). The remainders satisfy bounds of the form (5.20) with ps = 3, so may be
incorporated to the hg term in (5.9). We have already seen in the proof of i) that the O(1)
term in (5.9) is given by (5.8).

The O(v/h) term is computed from (5.19) applied to the different contributions to Qo given
by (3.7). We need to compute explicitly only the A-oscillating term i.e. the contributions to
(5.19) corresponding to p; =2pe = 1 and pa £2p; =1 (p1,p2 € {—1,1}). From the expression
(3.7) of Qo and (5.19), we get a contribution

(5.28) (1 =) (wh ™) 5 ldel ma (wan — W 2n).

In the same way, using (5.16), we compute the A-oscillating cubic term coming from the
expression (3.8) of Co(Wa). We obtain a contribution (1 — x) (xh*ﬁ)\dw(m)]%]w/\ﬁw,\.
Summing up, we get
Qo(w, w) + VhCo(w, ) = Wap + W_oa
+ \/ﬁ(@g/\ + wp + W_p + @_31\)
+ ha1
where according to (5.17) and (5.20),

/ ~o 1/ ’ ~1.0+1

Zk‘gl c h—45k+162<,>b +1[F] C h—45k+1 iéb +3 [F]
(if ' is large enough), and where wy is given by (5.10). The contributions wsp, W_A, W_3p
have expressions (5.11), for which we do not need to compute explicitly the coefficients 1,
. This concludes the proof of the lemma. O

The next step of the proof of Proposition 5.2 will be to deduce from equation (3.10), and from
the description provided by Lemma 5.3 of the right hand side of this equation, an expansion

1
of Opy(7§)w, exploiting that 2z{ + |£|2 is an elliptic symbol on the support of 7§. In a
first step, we establish some a priori bounds for the components w; of w cut-off outside a
neighborhood of A.
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Lemma 5.7. Assume that (4.9) holds for k < 5 + N1 for some integer Ny satisfying (N1 —
No)o > 1. Then for any symbol a in S(1), microlocally supported outside a neighborhood of
A, the following estimate holds for k < 5+ No, and any j in J(h,C),

(5.29) HOph].(a)ZJ’?ijLoo < Cpeh? Okem—g (29/2 4 pL/2)—3s¥

forany b <b—a <b-—2.

Proof. Let us construct for any 1 < £ < Ny — N, any k < § + N1 — £, a family of symbols in

S(1), (b5)o<e<e, vanishing close to A and a sequence (Tj’k)je‘](h’c) with

(5.30) Hrﬁ’k ‘Loo < Cgh%*‘s;wre (2j/2 + h1/2)2—j+b’
such that
‘ 0.0
’ N 0k
531 2O 0wy =1 | 30 25 O, (1)l +

=0
where w](-ul) denotes a function defined like w; = @*_jA?w but with A;‘ replaced by another
cut-off of the same type. Then (5.31) with £ = N; — Ny implies (5.29) since hévl*NO <

ho(N1=No) < h and since wj(.ul) satisfies the same L estimates (4.9) as wj.

We remark that to prove (5.31), we just need to treat the case £ = 1 and iterate the formula.
Finally, to obtain (5.31) with ¢ = 1, we use that, by the symbolic calculus of appendix, and
since a vanishes close to A, we may find a symbol ¢ in S({z)~!) C S(1), vanishing close to
A, a symbol p in S(1) such that

Opy, (a) = Opy,, (q) Opy, (22€ + [€]2) + B Opy, ()

for an arbitrary integer N. If N is large enough, the fact that (4.9) holds implies that
Z]k(hév Ophj(p)wj) satisfies estimate (5.30) with ¢ = 1 for all j € J(h,C). We are thus
reduced to showing that

(5.32) 25 Opy, (¢) Opy, (226 + [€]2 ) w;

may be written as the right hand side of (5.31) with £ = 1. We use (4.17). On the one hand,
we get a contribution to (5.32) of the form

z; {hj Opy, (q) (%@j - iij)]

that forms part of the sum in (5.31) with £ = 1. On the other hand, the nonlinear terms in
(4.17) bring an expression

2k opy,(9) [—\/52*%9’: SALQo(W) — h2730% ,ARCy(W) — 27 3hi07 ;ALR(V)|.
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Let us check that these terms satisfy estimates (5.30) with ¢ = 1. For the quadratic terms,
this follows from (3.12) (with p = py, = px, = o0) and from the assumption 6; + &, < ;.4
if k1 + ko < k, that follows from (4.1). For the cubic term (resp. the remainder) we use (3.15)
(resp. (3.17)) and the estimates of HZk<th>"‘+dVHLOO deduced from (4.9) withd = b—a—0,

b < b— a —0. This concludes the proof. O

We shall use the preceding lemma to give an asymptotic expansion of Ophj (v§)w;, assum-
ing that we know a priori that Q(w,w) admits the expansion given by equality (5.7) in
Lemma 5.3, or that Qo(w, @) + vhCo(w, ) obeys the equality (5.9) of the same lemma.

Lemma 5.8. i) Assume ' <b—5 and that Qo(W) satisfies (5.7). Then there are functions
Wigp = ZjeJ(h,C) OFwion,; such that for any k < 5 + No, ZFwigp is an O(g) element of

/ 2 h 43
h™ 20k LOOIi’SAJrQ [K+2]| and a function g = ZjeJ(h,C) ©jg; such that Zkg is an O(e) element

of 3%k 4143, N [5’2;5’/ [F] for some closed subset F' of T*R whose second projection is compact

in R* and Z¥ Opy,(x€)g is an O() element of b 3%k18 - BLY [F], so that

) s 1+v2
wap = —i(1 — X)(mh ’8)4\[ |dw(z)| w
(5.33) /3
. 1 —v2 _
woan = i1~ ) (eh~?) - Jdw(a)] o}
and for any j in J(h,C)
(5.34) Ophj (YRw; = \/ﬁ(ngjj + w_gA,j) + hg;.

ii) Assume that b < b—8 and Qo(w,w) + vVhCo(w,w) obeys (5.9). Then there are functions

/ ~2 b 43
wxop such that for any k < 5+ No, Zkwigp is an O(g) element of h’25k+1L°°Ji’2A+2 [Kig],
there are functions wgy = ZjeJ(h,O) Owenj for £ = —3,-1,3, such that for k < 5 +

. .38 ~2,b'+3 .
Ny, ZFwgy is an O(e) element in h 35k+1L°°I£2A T2 [Kg], a function g = ZjeJ(h ) ©59;

such that Z¥g is O(e) in h746;€+1+N1—N0[5’25b/[L] and Z¥ Opy,(z€)g is an O(e) element of

—46' ~0,)/—1
B Wkr18y N B0 2[F] so that

Opy, (V8)wj = Vh(wanj + w21 ;)
(5.35) + h(wsa; +wop;+w_3n ;)
+ h1+agj.
Moreover, wiop is still given by (5.33) and
wspy = (1 —x) (.’L‘h_’B))\g ldw(z))? w}
(5.36) w_p = (1 —x)(zh?)A_1 |[dw(@)[* [wa|* w4
w_zn = (1 —x) (zh™P)A_3 |dw(z)]* @}
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for some real constants A3, A\_1, A_3.

Proof. i) By Corollary A.3 of the appendix, we may find symbols a in S({x)~!), ¢ in S(1),
supported in a domain C; 1 < |¢] € Cy and outside a neighborhood of A such that YR =

a#(2z€ + ]f\%) + hévc. Moreover, we may write

1
(5.37) a = (2x€ +1€]2) 715 + hjan

for some symbol a; in S({x)~!). We get

1
(5.38) Opy,, (V&) w; = Opy, (@) Opy, (22€ + €] 2 )w; + h} Opy,, ()w;.

Since hj < h?, taking N large enough, we see that assumption (4.9) implies that the last
term in (5.38) may be written as h%gj with HZJI-“ngLOO = O(h~%277+%) for k < 5+ No. By
construction, g; is microlocally supported in a closed set of the form Cj < €] < Co.
Moreover, since by Lemma 5.1 ZFw, is in h_éfvﬂgg’obﬂ[l(], we get that Z* Opy, (z€)wy be-
longs to A %+1 B ?[K]. Since Z* Opj,(x€)wae is by the same lemma in h%_52+13é<’,b_2[F] +
h1‘5'k+1l§25b*2[F], we get that Z¥ Opy,(z€)w belongs to h_a;v+1l§<1>g>b72[F] + hl_%ﬂlggg,b*Q[F].
Since h2"% = hj = O(h?) = O(1), this implies for HZ]’“ Opy,, (a:ﬁ)ijLoo a bound in

2P 237407 g e 0| < Ot =02

This implies that HZJk Opy, (€)g;]| oo s O(h*52+12—j+b') so that } ;e ;) ©jg; brings a
contribution to the g function in the statement of the lemma.

We use expression (4.17) to study the first term in the right hand side of (5.38). The contri-
bution of

i
(5.39) 2} n; Op, (a) (iwj ~iZuw; )]
has according to (5.29) a bound of the form

(5.40) Creh? “Okriemno (4 hjh) 27740 < Creh!* Oherim—nog iV

using hj = O(h?). This will give a contribution to g; in (5.34) since the action of Op, (z€)

on (5.39) admits similar bounds as a is in S({z)™1).

Let us examine the contribution of

s 27| = Vh277/? Opy, (a)©* ;AQe(W) — h277/% Opy, (a)OF ;AT Co(W)
— 27311 Op, ()0 ;ATR(V)
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to (5.38). We use expressions (5.7). The contributions of g2, g3 to (5.41) induce in (5.34) an ex-
pression contributing to hg;. Actually, they give terms whose L>*-norm is O (h726;€+1+12_j+b').
Moreover, the action of Opy, (x£) on these terms admit similar bounds, again because (5.41)

contains a Opy,, (a) operator in factor, with a in S((z)~1). In the same way, the L>-norm of
the last term in (5.41) (and of the action of Opy, (2€) on it) may be estimated using (3.17)

with d = b — o — 0 and the fact that }|Zk<th>O‘+dVHLOO is bounded using (4.9) (The loss

in 27+(@40) — O(p=20(a+0)) coming from the right hand side of (3.17) is absorbed by part
of the h'/4-extra factor in the last term in (5.41)). This brings another contribution to hg;.
Consequently the only contribution to (5.41) that we are left with is

(5.42) — 2} (2792 Opy, (0)07 Al (@an + B 21) |.

We shall study this expression in part i) of the proof below.

ii) We assume that Qg + vVhCy obeys (5.9) and write again (5.38), expressing the right
hand side from (4.17). The contribution (5.39) brings, according to (5.40), part of the term
h'*9g in (5.35). The same holds for the remainder term in (4.17). We are thus reduced to
the study of the quadratic and cubic terms in (5.41). By (5.9), we have an expression for
Qo(W) + VhCo(W). The term § in that expansion will bring part of the g; term in (5.35).
Consequently, we are reduced to studying

5.13) ZJI-C [\/ﬁ2fﬂ/2 Ophj (a)@ijA? (@QA + @_21\)} ,
2 [n27772 Op, (a)0 A (p +@p +Tp +T-31) .

We notice first that wp is microlocally supported close to A while Oph]_ (a) cut-offs outside a
neighborhood of that set. Consequently, the wp term in the second formula (5.43) gives rise
to a remainder. For ¢ € {-3,—2,—1,2,3} and j in J(h,C), set

(5.44) win; = —279/2 Opy, ()" ; Al

Expressions (5.41), (5.42), (5.43) show that (5.35) holds with wys ; replaced by wé}\)j. We

have to show that, up to a modification of g; in (5.35), wé}\) ; may be replaced by a function

wep; such that ZjeJ(h,C) @jwm,j = wy satisfies the conclusions of the lemma.

We write wep =Y (h,C) @;,ﬁm,j/ and set

j'ed

@é/l\)yj = G)*_jA?@zA = Z MY Ophj/ (@(2_j+jlf))w€A’j/'
j’eJ(h,C)

Since wyp j1 = Ophj, (©(€))wen ; for some @ in C§°(R*), we may limit the sum above to those

j' satisfying |j — 7| < M for some M. This shows that (Z]’?ﬁ&) j)j is a bounded family in

—250 . oo 3+ 928 roo 72,6 +1
h™ 20k L0 J 0 2 [Kaa] C W™kt L T2\ [K o)
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/ /43
when ¢ = +2 and in h™ 3%+ LOQIZ’\b i [Kg] if ¢ € {—3,—1,3}, according to the assumptions

made on wyp. In the expression (5.44) of

wé/l\),j = —27I/? Opy, (a)ﬁé}x{j,

we insert the decomposition (5.37) of a. Since v§ may be assumed to be equal to one close
to LA, ¢ # 1, if the support of v, is close enough to A, we may write

_1
alea = (107 = )7 [dw(@)| "2 + hjale

for £ € {—3,-2,—1,2,3}. Consequently, (5.44) may be written as the sum of

(5.45) weny = =272 (|02 = 0) 7 [dw(@)| "% ©F Al
and of
(5.46) —27% Opy,, (e + hyd") iy

where ¢f, d’ are symbols, with ¢! vanishing on £- A.

Let us show first that (5.46) multiplied by Vvh when ¢ = £+2 and by h when ¢ belongs to
. _— . . ~(1 . .

{—3,—1,3} provides a contribution to h'*7g; in (5.35). Since (ijw(iZ)A,j)j is a O(¢e) family

in h~ 2041 LooJi’gxrl [Kj:?] and ¢*2 vanishes on £2A, we see that the L>-norm of the action

of Z]’Ac on (5.46) with ¢ = £2 is bounded from above by

Ce2 3™ Mhnn I+ Dy < Cepl Mg+ ¢ +D),

Consequently, when ¢ = £2, if we make act Z]’»C on (5.46) multiplied by v/h, we obtain an
element of h2~ 2k BYY [L] i.e. a contribution to h1*7g; in (5.35). In the same way, when
¢ € {-3,—1,3}, using that (Zf@é}\)’j)j is in h_?’%ﬂLOOIZ’\I’/Jrl [Kg], we may estimate the

L*°-norm of (5.46) on which acts ZJ’-C by

Ce2 3312973+ 04D 3 4 ] < Cehz=hng =3+ (V43),

Again, after multiplication by h, this gives a contribution to h'*g; in (5.35). Notice that
the fact that Opy(2)g = ;¢ n.0) 2%@; Opy, (2€)g; satisfies the same estimates as g, with
b’ replaced by b/ — %, follows from the above bounds since {Eé/l\), j is microlocally supported in
a compact set of T*(R\ {0}).

We have thus shown that Op, (v§)w; is given by the right hand side of (5.35), with wea ;
given by (5.45). In particular since |dw| is positively homogeneous of degree —2, we get

1
wea = Z @;wh\,j = _(wﬁ - 6)71 |dw($)’ 2 WA
Jj€J(h,C)
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Combining this with (5.8), (5.11), we obtain (5.33) and (5.36). Moreover, expressions (5.45)
and the properties of wyy obtained in i) if Lemma 5.3 show that Zkw,iop is in the space

28 roo 72V +3 oo 720 +3
h™ k1 L J 5\ [Kﬂ] and that wey, £ € {—3,—1,3} belongs to LI, [K@], and are

O(e) in these spaces. O
Proof of Proposition 5.2. Let V' satisfying the assumption of the proposition.

By Lemma 5.1, Z¥w, is an O(¢) element of b 0%+ Loofg’b_Q[K} and Z¥wye is an O(e) element

of h%_5',6+1l§’25b_2[F] + h1_5;€+1l§§ol’b_2[F], for 0 < k < 5 + Ni. We may therefore apply 4) of
Lemma 5.3 which shows that (5.7) holds. This allows us to use ¢) of Lemma 5.8. In that way,

we obtain functions w494, in the spaces indicated in the statement of that lemma, such that
(5.6) holds. Writing

w=wx+ Y O;70p, (v§)w
jeI(h,C)

and using (5.34), we obtain equality (5.5).

We still have to check that Z¥w) is an O(e) element in A~ 2%k+1 Loojg’b/ [K] since Lemma 5.1

was only ensuring that this function is O(e) in the space h_55€+1L°°I~R’b/ [K]. To do so, we
must show that

(5.47) |25 Opy, (226 + [€]7 ) wn | oo < Ceh™Phrihy2=i+V,
We notice that, by symbolic calculus and assumption (4.9)

|25 [ Opy, (22 + |§|5),Ophj (va)]w; || o

satisfies the wanted bound, since the commutators between the vector fields and Opy, (), for
a symbol e, are of the form Ophj(é) for another symbol €. We may therefore study

|25 Opy, (v4) Opy, (226 + €12 ) wj | -

Using the commutation relation

[tD; + 2D, Opy, (22€ + [¢]%)] = i Opy,, (22€ + [¢]?)

we see that the above quantity may be estimated from

1O, (54) Opy, (22€ + [€]7) 25w,

for ¥ < k and 4, a symbol with Supp¥s C Suppya. We use now (4.15), which provides the
wanted bound of type (5.47), up to a similar estimate for

275 Vh|Opy, (30) 2§ 02,81 Q0(W))| o
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To study this quantity, we need to exploit the structure of Qo(W) given by (5.7). The
remainder in the first equation (5.7) gives a contribution bounded by the right hand side of
(5.47). On the other hand,

HOphj (;?A)ij/@tjA? (wWan + W_2) || oo

is O (6h°°) since 4 cuts-off on a neighborhood of A while wiop are supported close to +2A, so
outside such a neighborhood. This concludes the proof of (5.47), whence the proposition. []

Let us deduce from expansion (5.5) of w a second refined decomposition of w in oscillating
factors.

Corollary 5.9. Under the assumptions of Proposition 5.2 with moreover b’ < b — 8, we may
write

(5.48) w = wp + Vh(wap +w_op) + h(wss +w_p +w_3p) +hTg

where wiop, wisp, w_p satisfy the conclusions of it) of Lemma 5.8 and are given in terms
of wa by (5.33), (5.36), and where for k < §+ Ny, Z¥g is O(¢) in B0k 1ny - BOY [F] and

~ 1
0b'—1

2k Op,, (2€)g is O(e) in h~k1em-No Boy ~2[F).

Proof. By Proposition 5.2, w may be written as (5.5). Consequently, the assumptions of i)
of Lemma 5.3 hold and this lemma implies a decomposition (5.9) for

> AMQo(W) + VhCy(W)].

j€J(h,C)

This shows that the assumptions of #i) of Lemma 5.8 hold. According to this lemma,
Opy, (v§)w; is given by (5.35). We define wey = > jesne) Ojwen,; and get (5.48), re-
membering that we defined wx = >_.c ;4. 0)©; Opp, (Wa)w; if w = 3.5 ) Ojw;. The
expansion in terms of wy,wy follow from (5.33), (5.36).

We have seen in Proposition 5.2, that Z¥w, is an O(g) element in h_5;€+1L°°jR’bl [K]. We
need a more precise description of this quantity.

Proposition 5.10. Let wp = ZjeJ(h,C) O%wa,; be the function introduced in Proposition 5.2.
There are elements f = 3 .c ;) O} f;j where Zkf is O(e) in h736;€+2L°°I~R’b, [K] for k <

S+ No and 1 =Yy O, with Z¥r of size O(e) in h™*%+i-%0+1 BY[F] such that

(5.49) Oph]_ (2$§ + !£|%)w/\7j = h; [fj + h%rj].
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Proof. We use the definition of w;x = Opy,, (ya)w; and (4.17) to write

Opy, (226 + €] )wjn = [Opy, (226 + [€]2), Opy, (1a)] wy

— Vh27% Opy, (14)0" ;A1 Qo(W)
(5.50) F i L
+h272 Opy,, (72) bwj —iZwj — O ;A] CO(W)}

— 27311 Opy, (74)0" ,APR(V).

The commutator term may be written hj Opy, (e)w; for some symbol e in S(1), with support
contained in Supp~ya (up to a O(hjo-o) = O(h*) remainder). Consequently Op,, (e)w; will
satisfy the same type of properties as wp ; i.e. by Lemma 5.1, (Z]"C Opy, (e)wj)j will be a O(¢)
family in b~ %+ LOOI/(i’b/ [K] so that the first term in the right hand side of (5.50) contributes
to hjf; in (5.49).

To study the quadratic and cubic terms in (5.50), we use expression (5.9) for Qo(W) +

VhCo(W). The remainder § in (5.9) will bring a contribution to hjh%rj in (5.49). The
contribution

V272 Oy, (12)0 ;AT (@21& + o + Vh(Wsa +D-p + w‘g")>

and its Z-derivatives are O(¢h®) since 7y, cuts-off close to A, while the terms on which it acts
are supported close to £ - A, |¢] < 3, ¢ # 1. Consequently, the only remaining term coming
from (5.9) is

—h27% Opy, (4)O" ; Al

Since N
iy = Y ZOjing i O) in h ke LI K]
§'€J(h,C)

we get a contribution to h;f; in (5.49).

The remainder term 23 A% Opp, (fyA)G)”;jA?R(V) will contribute to the last term in (5.36)
as it has been seen in the estimate of the last term in (5.41).

Finally, we are left with studying
i (P
(5.51) h2~2 Opp, (74) bwj - sz]}

We use #ii) of Lemma 4.4 to bound the action of ZJ’I»€ Opy, (2z€ + |§]%) on (5.51). We obtain
an L> bound of the form

Chjzﬂb’[h% S G WEL@) +hE Yy (0)Eky (0)Eky (V) + hyEipa(v) |
k1+ko<k+1 k1+ko+k3<k+1
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Using (4.1) we bound this by Ch; (h% + hj)Eky2(v) so, according to (4.9), by
Chjh %+ (h% + hj)2_j+b/.

We obtain in that way a contribution to h;f; in (5.49). O

In the following section, we shall need estimates not only for w, but also for

w® = Opy, ((6))w, w = Opy ((€))w,
where £ is an integer 0 < £ < 5 + Ny + b. Let us deduce from Corollary 5.9 an expansion for
w® in terms ofw/(f), 0=0,....,5+No+10.

Corollary 5.11. Under the assumptions of Proposition 5.2, for £ = 0,...,5 4+ No + b we
may write

where for any k < min (5 + No,5 + No + 0 — E), Zkg® s in h_45;f+1+N1—No[§géb,_e[F]

7

1
Zk Opy, (2€)g©) is in b~ k414N, - N BO o 2[F] and of size O(g) in that space and
¢ , _ _ L+V2, (02
ngz =—i(l — x)(a:h 6)(2dw>£(dw) 2t |dw| 7(10/(\))
w(_Z%A = —i( )(zh™ B 2dw (dw) —2t |dw] 4\/§(w§f))2

X) (wh ™)

(5.53) Wl = X) (#h~P) (3 dw) (dw) = |dw]* X (wy )’

w') = X (@h =) (dw) ~ [dewl® ALy oo
V),

¢
w(—i)%A =

X p 3

dw)
(Bdw)(dw) ™3 |dw[> A5 (@)

where /\g,)\él,){?) are real constants, x € C°(R), x = 1 close to zero, with small enough
support.

Finally, in the decomposition

PORCHEY

jeJ(h,C)
of w%) deduced from the one of wy, we may write
1
(5.54) Opy, (226 + |€2)wl), = hy (£ + n1r?)
where

(fo}e))j is a O(e) family in h735;€+2L°°.72’b/4 [K]

(Zfr§e))j is a O(e) family in h746;“+1+N1_NOBgébLE[L]'

75



Proof. By definition, wy = Op;, (<§)*Z)w%) and ka/(f) belongs to h~%k+1 Looj/(i’b/_g[K]. By

Proposition 2.11, we may write
wp = (1 — X)(xh_'g)<dw> w( ) + hry

where ZFry is in b~ %+1 B [K] and the action of Z* on (1 — X)(xh_5)<dw>_£w%) is in
B0k Loojg’b/ [K]. We apply Proposition 2.12 to compute powers of wx

(wAf::Uf—Xﬂxhﬁ)<dwyﬂqw%» by
5 = 1 0t
(5.55) (wa)® = (1 =) (oh ™) () ()’ + s
a2, = (1 — ) (2h~#)* ()3 w0 +
a2 = (1= x) (h~?) (dw) w25 + hr_y
(@a)* = (1 = x) (zh?)*(dw) 3 (@) + hr_s

, a9y L
where the action of Z* on rq gives an element of h™ 20k Boo2’2b 2 [Kq] if ¢ = +2 and of
h3%n B3R, if g = 3,1, -1, -3

On the other hand, consider the contributions wga, |¢| < 3, ¢ # 1, to the expansion (5.48)
and define wé?’l = Opy, ((€)*)wga so that (5.48) may be written

656 00 =w® + VE@O 0 + A + 0 +w) 4 piog

where ¢(¥) satisfies the bounds of the remainder in (5.52). We apply again Proposition 2.11
01

to get an expansion of (CHEE Since by i) of Lemma 5.8,

2b+

ZFwigp isin h™ 2‘SkJrlLOOJ [Kig]

2b+2[ K,]

kaqA is in B~ 3% Lo°] q|s for ¢ =—-3,-1,3,

we obtain that

wiy = (1= ) (@h ) (2dw) wion + hrl)!
Wil = (1= %) (wh ™) gdw)wgn + h2r{M!, g=-3,-1,3,

Ly +3—¢

where Zkri%’ isin h™ 25k+1B [Kg] and for ¢ = —3,—1, 3,

E (01 .+ 335 Bl +1—£
Z 7"((]) isin h™"%+1 B [Kq].
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We deduce from (5.56) that

w® = wl(f) +Vh(2dw) (1 -x) (achiﬁ) (won + w_2n)
(5.58) + (1 = x)(xh™?) ((3dw)fwsa + (dw)w_n + (3dw) w_3p)
+ hl—l—crg(f)

with a new remainder g() as in (5.52). We use next (5.33), (5.36) to express wga from wy,

wy and (5.55) to compute the resulting quantities from w%), Eff). We get expressions (5.53),

with (1 — x) replaced eventually by some of its powers. As already seen, these powers may
be replaced by (1 — x), up to O(h*°) remainders.

The remainders coming from the ones in (5.55) may be expressed as the product of hs
(resp. h?) with (1 — x)(zh™7) |dw|(2dw)fris (resp. (1 — x)(zh™F) ldw|* (gdw)fre, ¢ =
—3,—1,3). By Proposition 2.11, and since [dw| (2dw)? (resp. |dw|* (gdw)?) satisfies (2.15)
with (£,¢,d,d’) replaced by (—2¢ — 2,2¢,0,0) (resp. (—2¢ — 4,2¢,0,0)), we obtain that the
action of Z¥ on these functions gives elements belonging to

v —1

51

h 201 B0 (K] © h™ 2k BO (K]
(resp. h™ 3%+ l”;'éfbl_l_[[Kg] C B30 ngb,_e[Kg]) for ¢ € {—3,...,3} so that we obtain again
a contribution to ¢g’. (Notice that the action of Opy(x€) on these remainders give elements

of the same spaces with b replaced by b — 1/2, since they are microlocally supported in a
compact subset of 7%(R \ {0})). This concludes the proof of (5.52).

To prove (5.54), we first write, according to the definition of w/(\é) and (2.13), that w/(f)j =

Opy, (<2j§>6)w/\,j. Making act Opy, (<2j§>€) on (5.49), we get for the left hand side of (5.54)
an expression given by its right hand side, modulo a term

|Opy, (206 +[€]2), Oy, ((27€)")]wa .

Since (kaAJ)j is a bounded family in B304 LOOJg’b, [K], we see using symbolic calculus,

that this expression contributes to the h; f]@ term in (5.54). O

6 Ordinary differential equation for wy

We consider a solution v of (3.6), satisfying for h in some interval J#’, 1] the a priori estimate
(4.8) for k' < k+ 1, with £ < s —a — 1. By Proposition 4.1, we know that v satisfies then
(4.9), and by Corollary 5.9, that v = vy, + w + vy, where w has an expansion (5.48). Our
goal here is to deduce from that and from the equation satisfied by w, a uniform estimate
for HOph(<§>£)w(t, -)HLOO, and estimates for HZ’c Opy, ((€)9)w(t, -)HLOo which are not uniform,
but which are better than (4.9) (i.e. that involve exponents closer to zero than the ¢7,).
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For 0 </ <5+ Noand 0 <k < 5+ Nog— £ we define
k,(¢) __ kK (L
(6.1) wh() = (z w ))ogk'gk
where
w® = Opy, ((€)) w,

as in the preceding section. The estimates we are looking for will follow from an ordinary
differential equation satisfied by W#*(®).

Proposition 6.1. Under the preceding assumptions, the function w® satisfies the equation
(6.2)

1
D = 3 (1= x) (") |dew(z) = w)

- i“fu =0 (eh ™) Jdw]? (dw) 2 2dw)’ | (1 +v2) (w?)® - 301 - v2) (@9)’]

o0 ) + 8010 + 6O + )]
+ p1tip0) (t, )

where x is in C§°(R), equal to one close to zero, with small enough support, where k is a

()

small positive number, where @77, =3 < j <3 are given by

; N2 3(3
2 (z) = (1 - x) (eh~7) | duw] {d )~ [<<2ddw>>% 20, ;]

(6.3)

o (x) = (1 - x)(eh™?)|dw|2T(dw) €#1

for some real valued symbols of order —2¢, Fge), and where H(th)kar(z) (t,:v)HLoo is O(e)
for any integers k,p,¢ with k < 54+ No—£, 0 < p <V —1. Moreover, WO defined by (6.1)
satisfies a system of the form

DIHO = L(1 = ) (wh )] duo() A0
(6.4) + VRO [% h; Wk,(é)’ka(f)]

+ WO [z, by WO 7O 4 pLte RO ¢ )
o where ||(hDz)PZF REO(t,)|| o = O(e) for0<p <" <V —2/B and k' < 5+ No— L —k;

k,(ﬁ))

e where Q%W is a vector valued quadratic map in (Wk’(g),W whose components are linear

combination of functions of the form
0(zh ") ®(x) (251w ®) (ZF20®)
(6.5) 0(zh=?)®(z) (Z2F1w®) (ZF2wY)
0(zhP) () (25w (ZF2w®)
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for k1 + ko < k, with smooth functions 0 bounded as well as their derivatives, 0 = 0 close to
zero and ® satisfying }qu)(x)‘ < Clz)?=3(x) =% for any k;

o where CO) s o vector valued cubic map, whose components are linear combination of
quantities

0(xh=?) 0 () (2510) (252) (25u!?)
66) 0(zh ) ®(x) (2" w®) (ZF200) (ZFwD)

0(xh=P)d(x) (251w ) (27w ") (24w0)

0(zh %) o (2) (25 wW) (27w (ZFwO)
for ki + ko + ks <k, |Z5®(x)| < Cla[*=5(z)=* for any k.

We shall prove first (6.2), deducing it from (3.23) on which we make act Opy, ((€)*). Let us
study first the action of this operator on the nonlinearity.

As in the preceding section, we shall call K or K, compact subsets of T7*(R \ {0}) contained
in a small neighborhood of ¢A for ¢ € {£3,42,£1}, by L compact subsets of T*(R\ {0}) and
by F' closed subsets of T*R whose second projection is compact in R\ {0}.

Lemma 6.2. Under the assumptions of the proposition, we may write for £ < § + No,

> AF0pa((©)) [VAQo(W) + hCo(W)]

jeJ(h,C)
= V(L — (e ) dwl Y 2wy ) [ wl0)? + (@]
o R0 ) e i3 [0 )+ X )]
+ 5= 20 (™) dwff (o) [l Puld 4 2 ol o)
+ h2r®

where for k < %—1— No—¢ Zkp(0) belongs to h_35;v+1+4l§’25b/ [F] and /\gg, )\(_Z)l are real constants.

Proof. We apply Opy, ((€)*) to (5.9) and write the resulting right hand side as in (6.7). B

ii) if Lemma 5.3, we know that Z*¥+%1i19y is O(e) in b~ 25k+4+1L°°J3 Y +2 [

is O(e) in b~ Bheen [0 PY T ).

Kis], so ZFiop

=3,/ 43 s+
[54]

In the same way ZkﬁJqA isO(g)in h™ 3041 L°°I q|, for ¢ € {£1,+£3}. Consequently,

Proposition 2.11 shows that
Opy, ((€)")twr2a = (1 — x) (zh ) (2dw) ison + hff;
Oy ((€)) g = (1= x) (zh~?) (g dw) g + h27lf),
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, ~9 L3 ~o 71/
where ZF7 ( ) 5 (resp. Zk’fc(]é)) is O(e) in h_25k+é’+18§gb ik [K12] (resp. h 31 B0 [K,]). We
combine thls with the expressions (5.8), (5.10), (5.11) of wya in terms of wy, wiop, and with
the formulas (5.33) expressing wi9p in terms of wy. If moreover we compute the powers of

wp, Wy from w%), @%) using (5.55), we get

3
2

Opy, ((6) ) an = —i(1 — x) (wh )| dw|? 22 dw)(dw) =2 () + hr?,

% =T

3
2

Opn((€)) 20 = —i(1 — x) (eh~*)] dwl3 V2 (2dw){dw) (@) + "),

with remainders rgg satisfying again, because of Proposition 2.11, that Zkr(f% is O(e) in

B2k OV [K+2]. In the same way

0Py ((6)) gn = (1 — x) (zh™?) | dw[2 AP (g dw) (dw) " Py (w, @) + h2rld),

where P, (w/(\),fw%)) is equal to (w/(f))3 (resp. ‘w%)‘Qw%), resp. }w%)f@%), resp. (@%))3) if
q = 3 (resp. ¢ = 1, resp. ¢ = —1, resp. ¢ = —3), where )\gé) are real constants with )\gé) = %,

and where Z kr((f) is O(e) in h™ k414 BYY [K,]. (We used again remark 5.5 to replace different
powers of (1 — x)(zh™?) by 1.)

This concludes the proof of the lemma. O

Let us study next the action of Opj,((£)) on the linear term Opy, (z€ + ]f\%)w of (3.23),
writing w = Opy, ((€)~9)w®.

Lemma 6.3. One may write, for £ < 5 + Ny

1 2
Opy, ((€)°) Oy (a6 + [€]2) Opy, (&) )w® + ith Op,, (ép)wm
= (1=x)(zh™") [(;] dw|z + %h)w/(f)
(6.8) - z'\f| dw|g<2dw>e(dw>*2f[(w%))2 _ (m%)f]
+hydwy%<dw>—3f[<3dw> (ug)(w%>) T u @ 0)? )

@Y )

+ h1+or(f)

for some real constants u:(f), ,u(q, ,u(f; and where for k < 5§+ No — £, ZFr®) belongs to

r_ 1
p ke B2 [,
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The proof of the above lemma will use

Lemma 6.4. We may write for £ < 5 + Ny

1
69)  Opy(ae+1¢12)wl) = S (1 =) (eh™?) [|deliul +ihw] + a1l
where for k < % + No— ¥, Zkrge) 5 in h—452+2+zz§2§" [L].

Proof. We write remembering (2.13)

1 ¢ Ik 1 /
(6.10) Opy, (€ + \§|2)wg) = Z Q%Gj Opy, (z€ + |§|2)w/(\)J
jeJ(h,C)

Let us show that we may write

1 1 )2
Opy, (6 + [£]%) = 5| dw()[ + Oy, (1) (O, (226 + [¢]*) )
(6.11) + ih; Opy,, (e2) Opy,, (226 + €]7)
— ihj Opy, (1) Opy, (€]2) + 15 Opy, (e3)

where e; are symbols in S(1, K), for some large enough compact subset K of T%(R\ {0}),
satisfying

1
(6.12) eiln = —ildw(ﬂf)l’%'

Denote a(z,&) = x€ + |§|% and take

e (2,6) = a(z,§) —a(z,dw)

(22 + |€]7 )

A direct computation shows that the numerator vanishes at second order on A, so that the

quotient is smooth, and that its restriction to A is given by (6.12). If we set e(z, &) = 2x£+|¢| %,
we obtain by symbolic calculus

e#e = e — th;0ce0ze + h?é
for some symbol €, so that by an immediate computation
(6.13) ¢? = efte + 2ihje — ih; |€|2 — hZe.

On the other hand, by symbolic calculus eje? = e;#e*+ hjeh#te + h?é’ for some symbols €,
in S(1, K), so that taking (6.13) into account

F
ere” = erftedte — ihje1# €7 + ihjea#te + hies

81



for new symbols e, e3. Since eje? = a(w, &) — a(r,dw) = x€ + |£\% —1 |dw(a:)\%, we obtain
(6.11) by quantification.
Let us use (6.11) to show that (6.9) holds. Actually, the contribution of the first term in the

right hand side of (6.11) to (6.9) gives the |dw|% term in the right hand side of (6.9) (Again,
we may insert a cut-off (1 — x) (xh_ﬁ ) as wy; is microlocally supported on a compact subset
of T*(R\ {0}) and j stays in J(h, C), if we accept some O(h>°) remainder). The contribution
of the last but one term in (6.11) to (6.10) may be written

. . 1 , 1
—ih Y ©30py, (e1) Opy, (I€]2 )w%)] = —ih Opy,(e1) Opy, (1€]2 Jw}.
jeJ(h,C)

By Proposition 2.11 and (6.12), this is equal to
%h(l - X) (mhiﬁ)w%) + h%g?

where Zkrgg belongs to h~k+1+¢ B [K]. Actually noticing that ej(x,§) = \x|el(|§—‘, |z]2¢),
and that (8?8561)(:&1,77) = O(|77]_1_|m), |n| — 0 and || — +o0, one checks that e;(z,£)
satisfies (2.15) with (¢,¢,d,d") = (—1,0,—1,0) so that el(x,§)|§\% obeys these estimates for

0, 0,d,d) = (-1,0,—1/2,0). Since ka[(\E) is in h76;c+1+€L°°j2’b,[K], the above statement
holds. Since for j € J(h,C), 27 > h*(1=9) the remainder may be rewritten as the product of

h1*7 with an element whose Z*-derivatives are in A~ %+1+¢ B2 [K] i.e. contributes to h1+0r§£)
in (6.9).

We are reduced to showing that the contributions of the second, third and last terms in the
right hand side of (6.11) provide remainders. This is evident for the last term as 2%hj2. =

hh; = O(h'*7). Using (5.54), we may write the sum of the two remaining terms
1 ¢ 1@ , ¢ 1@
(6:14)  h;Opy (1) Oy, (20 +1¢]2) (17 +nirl7) +in2 Oy, (e2) (£ +Er?).

Since (Zkf]m)j is O(e) in h_35§c+2+eL°°IX’b/ [K] and (Zkr(.z))j is O(¢) in B 40140 BYY [L], the

J
last term as well as the r](-e) contribution to the first one induce in (6.10) a contribution that

may be included in the hH"rg) remainder term of (6.9). On the other hand, the fact that
(Zkf]@)j is O(e) in h736;€+2+€L°OIR7b, [K] implies that Z* Opp, (2z€ + |§]%)f;e) belongs to a
e-neighborhood of zero in h™3%+2+¢ (h% + hj)Bng" [L]. Consequently, the first term in (6.14)

induces also in (6.10) a contribution forming part to the h1+"r¥) term in (6.9). This concludes

the proof of the lemma. O

Proof of Lemma 6.3. We notice first that
2

(615)  Opy((6)") Opy (a€ + [€]2) Opy, ((€)~") +ith Opy, (éz) = Opy (€ + [¢]2).
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We make act this operator on the expression of w® from w A~ given in (5.52). The action of

Opy, (xf + |§|%) on w%) has been computed in Lemma 6.4. Let us study

Opy (¢ + [¢]2) (VA + ).

One may express wgf% A from w/(f), E%) by (5.53). Since, according to Proposition 5.2, Z*w (Z)
is in h_%HHLOOJX’b, [K], it follows from Proposition 2.12 that Z* (w/(f))2 (resp. Z*(w (Z)) )
belongs to h_25;€+1+ZL°°j§/’\2b, [K3] (resp. h_25;€+1+4L°°j2’22X/ [K_2]).

We apply next Proposition 2.11, with a replaced by (z£ + |£|%)<2 dw){(dw)=?|dw|. Since,
()

because of the fact that w);, is microlocally supported close to £2A, we may assume that

x€ + |€ |% is cut-off close to this manifold, we see that the above symbol satisfies (2.15) with
(0,0 d,d)=(-2+42¢,-20,1/2,0) or (—1+ 2¢,—2¢,1,0). It follows from (2.17) that

VhOpy, (2€ + [¢]2 )(wm +uw),)
i _ _ 3 ON2 (02
(6.16) = —2Vh(1 =) (eh ™) (2dw)(dw) | dw]? [(w(A)) — (@) ]
+ har®
where ZFr(® is in h~ k110 S22 [L] C h~ P11 B [L].
In the same way

hOpy, (2 + [€]7) (wif) +w') +w),)

617) = hlde|Fde) | Bdw) (1) (w@i))’ + 1O @)*) + [@e) sl |

+ h2r®)
with ZFr@ in b~ 3%+ B3V (L] C h™ 3 B [L] and some real constants ,ugg, u(_q

Finally, since the action of Opy, (z€ + |¢]2 \l) on the remainder g(¥) of (5.52) gives a function r(®)

s 1
such that Z*r(® is in b~ *%k+n- N0+1+‘~’BOb 2[F] we conclude, summing (6.9), (6.16), (6.17)

that (6.15) is given by formula (6.8). O
We may now prove Proposition 6.1.

Proof of Proposition 6.1. Let us compute

52
Dy = Dy Opy, ((€)")w = ith Opy, (

@)w(ﬁ) + Opy, (<§>£)th-
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According to (3.23) this is the sum of —%hw(@, of (6.7), of (6.8) and of a remainder h%R(f)(V)

where ZFRO (V) is in RY,. (Notice that by definition of w, we may always insert on the left
hand side of (3.23) a cut-off 3 .c ;¢ o A? for some large enough C, so that the sum of
quadratic and cubic contributions is really given by (6.7)). Remembering the expression

5.52) of w® in terms of w(g), we may write
A
—%hw(@ = —%h(l - X) (arh_ﬁ)w/(f) + har®

with ZFr(©) in 3%+ N -No+14e ngb/ [F] (We used again that the microlocal support properties

of w/(\f) allow to multiply it by some cut-off (1 — x)(zh™?) up to a O(h*°)-remainder). We

obtain

(6.18)
Dyw!®) = %(1 — ) (zh?) [ dw|zw
- i\f(l — ) (zh?)| dw|2 (2dw)(dw) [(1 + VD) (@) + (V2 - 1)(@%))2}
+500=0(eh ) dull o) [3a) (i ) + 5 @0)’)

+ <dw>g‘w%)’2w%) + (dw)é,u(ﬁ‘w%)‘@%)}

+ RO R(V)

. Y =3 ¢
where ZF¥R(V) is O(g) in b~ ""k+N1-No+1+¢R "2 " and where ,u((z) are some new real constants.

(

We express next w AZ ) from w(® inverting relation (5.52) i.e. writing, taking (5.53) into account,
(6.19)
wl) = w® + z'\f(l — ) (zh ) (2dw)(dw) | dw| [(1 +V2) (W) + (1 - V2) (w“)f]
+ Bl dwl2(1 = x) (zh ™) [rgf) (dw) (w®)? + T4 (dw)|w® Pw®
1O e P 4 T (d ) ()]
+ Rltog©)
where ZFg(® is in h_45;€+N1*N0+1“R2,0, and where I‘,(IZ)(C) is a symbol of order —2¢, with

r(0) = (20*() " (W) .

We plug this expansion in (6.18) to get (6.2). The remainder satisfies the conditions of the
statement of the proposition if we assume that 49} FN - Not1e < 5, so that we may take
K=0/2.
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We prove now (6.4) by induction from (6.2).

To deduce (6.4) at order k from the similar equality at order k — 1, we notice first that the
action of Z on the quadratic (resp. cubic, resp. remainder) terms of (6.4) at order k — 1 gives
contributions to Q¥ (resp. Ck () resp. T\’,k’(g)). Moreover,

2, ~ (1) (ah™?) | dw()|}]

= (D~ 50 =) (ah ) dw(@)]})
2P (@) () @)

l\’)\»—t

The product of the last term with W* =1 may be computed from expressions of the form
h=PL (zh=F) ZFw® where k' < k —1 and T is in C§°(R*). We just have to check that such

terms contribute to the remainder in (6.4). Because of the expression (5.52) of w®) in terms

of w[(f), we see that we need to check that for p < b”

(6.20) |2y [L(@n =) 20| = o@mt+=+).

(The contribution coming from the remainder in (5.52) satisfies the wanted bound as we

assume after (4.2) that 8 < 0/2.) We remember that w(@ = jeJ(hC) @*wg)], where w/(\{)j is
microlocally supported for x in a compact subset of R*, so that

Peh™)2¥ ) = > T(eh™?)z" (1 (252) 05w )
jeJ(h,C)

for some Ty in C§°(R). This shows that the sum is limited to those j for which 2/ ~ h=25.

Since Zk/w%) is in b Ok+en LOOjR’b/ [K] according to Proposition 5.2,

052w = O(n ez is7)

P

Using that 27 ~ h=2% we bound 277+ < 9=+ Okt FAFRH2 i ce the assumption on b”
relatively to b implies that 280" —b") > 0;_,. | +K+B+2, as d;_ ., k, B are small enough.
Consequently, we get (6.20) for all integers p < b”.

This concludes the proof of the proposition. O

Proposition 6.5. Let Ty be a large enough positive number, k a small positive constant,
Co > 0.

Let £ be an integer, with £ < § + No. Assume given a function (t,x) — rO(t,z) from a
domain [Ty, T[xR to C, satisfying for p < b”,

sup [(hD)Pr® (¢, 2)| < Coe
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for any t € [Ty, T|[. Assume given a solution w®): [Ty, T[xR — C of equation (6.2), such that
‘w(f)(To,x)’ < Cpe for any x.

Then there are g > 0, C1 > 0, depending only on Cy, such that for any € €]0,¢€q],

(6.21) sup Hw(g)(t, -)HLOO < (Cie.
[T(),T[

Moreover, if we assume that 9 is defined and satisfies the above assumption on [Ty, +00[ xR,
then w9 is defined on [Ty, +0o[xR and there are a continuous bounded function o: R — C,
vanishing like |z|?" when = goes to zero, (t,z) — p(t,x) a bounded function on [Ty, +oo[xR
with values in C and k > 0 such that
i [ i pla)” —x
(6.22)  w(t,x) =ca(x)exp |— [ (1—x) (Tﬁx) dr + —e“~———logt| +¢et™"p(t,x)
4lx| Jr, 64 ||

where x € CP(R), x =1 close to zero.

Remark. We may write (6.22) on a more explicit fashion. Assume that v > k/(23). The
contribution of the first term in expansion (6.22) localized for |z| < Ct—*/(Y") may be incor-
porated to the remainder, because of the vanishing of a at order 2b” at z = 0. On the other
hand, if |z| > Ct=%/") our assumption on b” implies that |z|~'/# < C~V/Ft, so that, if C

is large enough,
t 400
/ x(rPz)dr = / x(Pz) dr.

To To
If we define
_ i i [T s
a(z) = a(z) exp [—4|$|T0 - M e X(T :1;) dr]
we obtain
it i o) .
(6.23) w(t,r) = ea(r) exp [4’35‘ + 61 e logt| 4 et™"p(t, x)

for a new bounded remainder p.

Proof. We shall establish the proposition performing a normal form transform on equation
(6.2). Denote by G the space of continuous bounded functions on [Ty, T[xR. Let x¢ be in
C3°(R), xo =1 close to zero, Supp xo C {z; x(x) = 1} and set
(6.24)

O = 0

+iff(y_X@waﬂﬂdwu2dw%«u@—%ﬁ1+vﬁﬂw“02+(1—v5xw“5ﬂ
+ b1 = x0) (wh ™) awp? [ ME7 (dew) (w®) + MG (dw) (@)

+Aﬁ9@wﬂwmfww}
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where My)(() are symbols of order —2¢ in ¢ to be chosen, p = -3, —1, 3.

(©) ©
We consider the polynomial map ®: (z(f)> — (f(g)) defined on G. For h = t~! small
enough (i.e. t > Ty large enough), this is a local diffeomorphism at zero in G. The inverse
Ji8) w®
&1 sends ?(g) to <w(£)>’ where w(®) may be expressed explicitly as

(6.25)
w® =

- i‘fu — x0) (zh ™) | dwl2dw) (dw) ™ (1 +v2) (£9)* + (1 = v3) (F)’]
+ hldw*(1 = xo0)?(zh™7) [Mg(dw)(fw))?’

3—2V2
8

+ <2 dw>2€<dw>—4€‘f(€) |2f(£)
~ (¢
+ ML (dw) | O T
~ (¢
+ M y(dw) (T ))3}
14k . (0 7O
+ h R4 (1"3 ha f 9 f )
where k is some positive constant, where Ry (m, h; f(e)’?(f)) is some analytic function of

( f (e),f(z)), vanishing at order four at zero, with bounds uniform in (x, k), and MISZ) €) =
—MIEE)(() + F;;(C), p=-3,—1,1 for symbols I’f) of order —2¢, independent of Mg.

We compute D, f from (6.24), expressing in the right hand side D;w®, D;w®) using (6.2).
We get

(6.26)
D = %(1 — ) (zhP)| dw(z) 2w
+ i{f(l — ) (2h?) | dw(@)|2 (2dw) (dw) [(1 + V) (w®)? + (1 - v2) (@(@)2}

+h(1 =) (zhP) | dw(z)|? B<dw>2‘f\w<’f>\2w“>

~ 1 ~
N (gMy)(dw)+r§f)(dw)>(w(‘))3+ (—EMEZI)(dw)+F(Q(dw))‘w(z)lgﬁ(z)

(- 0+ )

£ (KO (2) 4 R bl 0))
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where fg) (¢) are symbols of order —2¢ in (, that depend only on the coefficients of (w(g))z,
(w(g))?’, ...in the right hand side of (6.2), where () is the remainder in (6.2) and where
Ry (az, h; w(z),@“)) is some polynomial in (w(g),w(e)), vanishing at order 2 at zero, with uni-

form bounds in (z,h). We express w® in the right hand side of (6.26) using formula (6.25).
The quadratic terms in the definition (6.24) of f() have been chosen in such a way that the
quadratic contributions in the right hand side of the resulting expression for D;f® vanish.
We get

DO = L (1= ) (wh )] de(a) £
(1= @) dw(@)] | dw) | O] 10

+ (M0 (dw) - T (dw)) (19
(6.27)
+ (- MY(dw) - ff(_fi(dw)) 1FOPF

+(—2mYw) - 7 aw) (7]
+ B (1Ot 2) + R (2,1 £, 7))

where f’;g)(C ) are new symbols of order —2¢ that do not depend on My), and where Ry
is a new analytic function of ( f(é),?(e)) vanishing at order 2 at zero, with uniform bounds
in (z,h).

We choose now the free symbols Méz), p = 3,—1, =3 introduced in the definition (6.24) of Vi,
so that the coefficients of ( f (g))37 ’ Ji8) ‘Q?Z and (?(Z))3 vanish. In that way, we are reduced to

[, |dw]?
1 LR
T

DO — %(1 — ) (zh™P)| duw(z)|? (dw)~2|fO | 1O

(6.28)
4 ¢ 1rp () (t,z) +t 1 Ry (:c, h; f(£)7?(f))

where ||(hD, )P Z¥r®) (t,@)|| o is O(e) for any p <", k+ ¢ < § + No. It follows from (6.28)

that ‘8t}f(€)|2’ < (Cos + Cé‘f“”ﬂtilfﬁ as long as |f(e)‘ stays smaller than 1. Since at time

t = To, ‘f(m = O(e), we obtain that ‘f(e) (¢, x)| < (Cfe for some constant C] > 0, as long as

the solution exists. Using expression (6.25) for w® in terms of £ we get (6.21). If 7, is
defined for t € [T, +oo[, we get that ¥ and thus w(® is defined on [Ty, +-00[xR.

Let us prove the asymptotic expansion for w. If £ < 5 + Np, we define

NI

t wlx 2
@g(t,x):%|dw(x)| /(1—X)(Tﬁx) [1+W<dw>—%|f<f>(7,x)\2 dr.

To
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Then (6.28) and the uniform a priori bound just obtained for f) show that

d
7 O, z)exp [— i©y(t, x)” = O(at_l_“)
uniformly for x € R. It follows that the uniform limit when ¢ goes to +oo of
i (t,x)exp [ —iOy(t, :):)]
exists and defines a continuous function eay(x) on R, which is O(e) in L*>°(R). Moreover
(6.29) Hf(g) (t,z) — eay(x) exp (iO¢(t, z)) HLoo =0(et™), t— +oo.

We write

2 5
+ 5 1= 0 ()| dw(@)]? (dw(e) ™ as(e)  logt
2 5
(6.30) — %(1 -X) (Toﬁac)\ dw(m)]5<dw(x)>_2£ ‘Oég(:(})’Q log Tj
g2 [t B 1( B 5 ny, 5 log T
+5 | Briax (r7z) [dw(z)|2 (dw(z)) > ()| dr
To

n / (1—x) (Px) |dw(@)|? <01(,J(g;)>—%(\f“)|2 — |sae(w)\2) a

T

We notice that \dw(a:)|g (dw)™2¢is O((z)7?) if £ > 5/4 and TPy (TPz) |dcu(nlf)]g (dw(z))~—2

is O(r7#(z)=) if £ > 3/2.

These bounds and the estimate H ‘ f(e)|2

— g2 |O‘Z‘2HL°° = O(e?t™") that follows from (6.29)

imply that the last three terms in (6.30) may be written as e2T'y(x) + e2Ry(t,x) for some
continuous function I'y(x), which is O ((z) ~°) and some remainder R(t, z) satisfying |R(¢t, )| =
O(t"(x)~") (assuming 0 < x < ). Modifying the definition of that remainder, we get finally

N

O¢(t,x) = % |dw(z)] / (1-— X)(Tﬁ;c) dr

To
2

+ 5 [dw(@)|? [dw) ™ Ja(@)] logt
+&’T'(x) + *R(t, z)

when ¢ > 3/2. It follows from this and from (6.29) that

FO(t, ) = eap(x) exp [4|Zx|/ (1-x) (7.595) dr + &> ‘ae(:?‘ (dw) * logt

(6.31) To 64 2]

+ et p(t, )
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where ay(x) = e“QF(z)ag(:):) and where p(t,z) is uniformly bounded. If we express w()
from f( using (6.25), we conclude that the same expansion (6.31) holds for w® (with a
different remainder). Let us compute w(t,-) = Opy, ((ffg)w(z). The action of Opy, ((£)~*)

on the remainder gives a term of the same type, if ¢ is large enough. On the other hand,

by the expression (5.52), (5.53) of w(® from w%) (and the converse expression), we get that
Opy, ((€)™)w = Opy, ((¢)“)wa up to a remainder bounded in L*°(dz) by Cet™". As wj is

in h=% Loojg’b/ [K], Proposition 2.11 applies and shows that Opy, ((£)7*)wa may be written

as (dw)~“wp modulo a remainder in h'~% B [K] C ho=% BYY [K], which is O(et™) in L™
for small enough x > 0 since by (4.2) §] < o/8. Using again the expression of wy from w
deduced from (5.52), we deduce that

Hw(t, ) — (dw) w1, -)HLW — O(ct™).

If we define a(z) = (dw)‘ap(x) with £ equal to b”, we obtain a function continuous and
bounded on R, vanishing like |z[?*" when # goes to zero and such that w(t, z) is given by the
asymptotic expansion (6.22). This concludes the proof. O

We prove now a statement concerning the Z-derivatives of w®. Let (Al)k>1 be a sequence
of positive numbers satisfying A > Ay + Ay + A} if ki + ko + ks =k, kj <k, j=1,2,3
and A} large enough relatively to the constant Cy in (6.21).

Proposition 6.6. There is a constant Cy > 0 such that, if we set gfg = AJe?, for any k!
with k + ¢ < 5 + No — 2, the solution w® of (6.2) satisfies

(6.32) | 250D, )| oo < Cost.

Remark. The gain in (6.32), in comparison with (4.9), is that the exponents g;c depend only
on the size ¢ of the Cauchy data and not on the exponents d; that are used in the L?-estimates.
In particular, taking ¢ small enough, we may arrange so that d; < Jj.

Proof. We apply a normal forms method to remove the quadratic terms in (6.4). For (k, /)

0)

satisfying k + ¢ < 5 + No, we define a new quadratic map Qr® [:r, h; W’fv(f)7ka( in the

following way: The components of this map are defined taking the same linear combinations
as those used to define the components of Q% from (6.5) of the quantities

20(zh=")®(z)

(2R ) (ZF24p®
(1-x) (thﬁ) |d w2 )( )
—20(xh=8) () ki (0 ( ko (0)
6.33 A
(6:33) (1= x)(ah=7) [dw]2 : |
—20(zh=")®(x) (Zklm(ﬁ)) (Zkzﬁ(f)).

3(1— x) (zh~F) |dw|?
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If we make act Dy — (1 — x)(zh ") |[dw(x )|2 on each line of (6.33), we see that we obtain,
using (6.4), the corresponding line of (6.5) and the following contributions

e Quantities of the form VhCE®) [m, h; Wk’(z),Wk’(é)} for cubic forms C*(® which have the
same structure (6.6) as CF(©).

e Quantities given by the product of A and of homogeneous expressions of order 4 in

(ZFw®, 28w ), k4t ks <k

with coefficients depending on z which are O(h~7?). If we use that Z¥iw(®) satisfies the a

priori estimates (4.9), we see that these contributions may be written as ha e REO for some
x> 0 and a bounded function R®(),

e Contributions coming from the remainder in (6.4) or from the action of D; on the cut-offs

in (6.33), that may be written also as hatE Rk

Consequently, if we set for k4 ¢ < § + N,
Wk — k(o) _ \/E@k,(ﬂ) [x’ h: Wk,(f)jwka(f)]j
we obtain that W*(® satisfies bounds of the form (4.9) and solves the equation
1 _
(6.34) (Dt _ 5(1 — ) (zhP) |dw|? )Wk O) — pok0) [:p, B Wh (0 Wk’(g)} 4 plHRREO)

where C*(®) is a new cubic map given in terms of monomials of the form (6.6) and R*() a
uniformly bounded remainder. Notice that, up to a modification of REO | we may replace
Wh(O by Wk in the argument of C*(©).

Assume by induction that for given k, £ with k-+/¢ < 5+ Ny, £ > 2, (6.32) has been established
with & replaced by k—1. Then W51 and Wk=L(®) are under control, and we need to obtain
(6.32) for the last component ZFw® of Wk or equivalently, for the last component Wk (0

of W* () We sort the different contributions to

k()
(6.35) ki) [x h WO 17 ] .

On the one hand, we get terms given by expressions of the form

g(ﬂfﬁ)@( )W k, (£ )Wk (f)Wkd( )
~ k,(£)

Dn) (T OTEOT

(6.36) L
,(0) =k, (£)
k: V4

0(zh %)@ ()W W, W,
e k,(0)==k,(£)==k,(¢)

H(I‘h ) Wk:l Wk‘g Wk‘3
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where 6, @ satisfy the same conditions as in (6.6), so are bounded since ¢ > 2, and where two
among k1, ko, k3 are zero and the other one is equal to k. We call F' the sum of contributions
of that type, so that

F(t,2)] < C[Wo e, )| o [W O ().

Proposition 6.5 gives a uniform estimate for Hw(@ (t so also for

v')HLw
VV0 k(6 \fQO [:L‘, h; Wk’(e),Wk’(Z)}.
We conclude that for some constant B > 0, depending only on the constant Cy in (6.21),

(6.37) F(t,2)| < B2|WO (t,2).
On the other hand, (6.35) is also made of terms of the form (6.36) with
ki +ko+ ks <k, ki ko ks<ek.

The assumption of induction, together with the inequality between the constants Ay made in
the statement of the proposition, imply that the contribution G of these terms satisfies

(6.38) G(t,2)| < O3tk

We deduce from the equation for the last component W: O of k0 given by (6.34)
%0 O o+ [ O 1 4T
}Wk (t,x ’ ‘W Tg,x)} + . \F(T,x)HWk (T,x)‘7
0

¢
—~ d
+ ’G(T,x)HW:’(Z)(T,:C)‘ a
T T

k) £, (0)
+ To’Rk (r, 2)||Wie (7 2) |

Using (6.37), (6.38), and the fact that at ¢t = Ty, W (¢ )(To, -) is O(e) we deduce that

‘W()(tw)‘<05+B5/‘W Ta:‘—

t t
" d
+C€2/ T(skldT—i-Ce’i/ T:
TO TO T

If we use Gronwall inequality, and assume that the constant Ay in the definition g;i, = Ape?

(6.39)

of gfﬁ is large enough relatively to B, we deduce from (6.39) that
}W:’(Z) (t,x)| < Ozt

when k+/¢ < %—I—No, ¢ > 2. By definition of V[N/k’w) the same inequality holds for Z¥w®. Since

w2 =0 &~ w(® , we conclude that Zkw E) isO 5t‘5~§c when k+¢ < 54+ Ny—2.
193 Lo 2
This concludes the proof of the proposition. O
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To finish this section, we deduce from the results established so far the proof of Theorem 1.6.
This will conclude the demonstration of our main theorem.

Proof of Theorem 1.6. We notice first that it is enough to prove the following apparently
weaker statement: Assume that for some constants By > 0, Ag > 0, any t € [Tp,T], any
€ 6]07 ”7 any k < 51

< Ve<1,

)
It e + 11Dal (2, >||C Ly < Agtirh,

M) (#) < Baet®, Nt
(6.40)

-

Then, (1.20) holds.

Actually, if the preceding implication is proved with p > ~, and if we assume only (1.19), then
(6.40) holds true on some interval [Ty, T"], T' > Ty taking Ay large enough in function of T
(because the last condition in (6.40) follows then from the second one, taking 7" close enough
to Tp). We conclude that (1.20) holds on [Ty, T”], and taking € < ¢, small enough so that
€Bs < Ay, we see that, by continuity, (6.40) holds on some interval [Ty, T"] with T" > T".
By bootstrap, we conclude that (1.20) will then be true on the whole interval [Ty, T'.

Consequently, we have reduced ourselves to the proof of the fact that (6.40) implies (1.20).

Recall that we have fixed in (4.3) large enough numbers a,b. We introduced also at the
beginning of Section 4 integers Ny, N1 and we assumed in Proposition 5.2 that (N1 —Ng—1)o >
1. Let us fix v €] max(7/2,b),400[\iN, and assume that Nj is taken large enough so that
No > 2v+ % We define

S S
(641) S1:§—|—N1+1, 80:§+N0—3—h/]

where s is an even integer taken large enough so that the following conditions hold

1
(6.42) S> 81> s 5(8 + 2y)
and that moreover
1
(6.43) slgs—a—g.

We set p = sp + . It follows from equation (5.2.157) of the companion paper [5] that if
Cso Np(so) = C(NFESO))NFESO) is small enough, we have for any k < s;

1250 ()|

skt H|Dm|% ka(t)HHS—k—% < Boet®

for a new value of the constant Bs. The smallness condition above is satisfied for € < g < 1
using the second estimate (6.40). Since we have set at the beginning of Section 3

1
u(t,z) = \Dx]% ¥+ in and u(t,x) = %v (t, %)
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it follows, denoting by the same notation Z the vector field in (¢,z) and in (¢, )-coordinates,
that

|(hDy) Z¥ v (t, )

) " HL2 < B25t5k

for k' < s1, ¢ < asince s;+a < s— % This, together with the definition (4.5) of Fj, shows that
the second condition in (4.8) holds with & = s; — 1. The first condition (4.8) holds because of
the second estimate (6.40) and the fact that p > v > b. Consequently, Proposition 4.1 implies
that (4.9) holds for any k < s; —1 = 5§ + N, with constants A}, depending only on By in
(6.40). The assumption (5.1) is thus satisfied, and since we assumed (N3 — Ng — 1)o > 1,
we may apply Proposition 5.2 and Corollary 5.9 which provides development (5.48). This
development is the assumption that allows one to apply the results of Section 6: in particular
inequality (6.32) will hold, with a constant Cy depending only on the constant B of (6.40)
(and of universal quantities). If By, is taken large enough relatively to By and if B._ is larger

than the constant A” o+r)+1 ntroduced in Proposition 6.6, we deduce from (6.32)

[(hd) ZFw(t, )

)" HLoo < %BoogtBéO62

for k + ¢ < so+ [y] + 1 (since § + No — 2 = so + [7] + 1 by our choice (6.41) of sp). Coming

back to the expression of u = |Dx|% ¥ +in from f%v, and using that by definition p = sy +
this will give the bound

1 /
(6.44) N (1) < iBoogt—%Boer
if we prove that in the decomposition v = vy, + w + vy, the contributions vy, and vy satisfy
also a bound of the form

1 /
HCp kS ZBOOEtB("’E2

(6.45) | Z*50m (t, ) || s + || 2501 (2,
if k < sp. Since our assumption (6.40) implies that (4.8) holds (with constants Ay depending
only on By), for k¥’ < s1, we deduce from (4.5) and the definition (3.19) of vy that

HZkUL HL2 < SAkh_dk, k < si.
Since vy, is spectrally supported for h|¢| = O(hQ(l_")), we deduce from that by Sobolev
injection that

(6.46) |25 v, (2, — O(ch™%+27%)

MW =
with constants depending only on By, which gives for vy, a better estimate than the one (6.45)
we are looking for (since vy, is spectrally supported for small frequencies, estimating L* or
CP=* norms is equivalent).

Consider next the vgy-contribution. As (4.9) holds for &k = s; — 1 with constants depending
only on By, we may write for any j > jo(h,C), any k,¢ with k + ¢ < s; — 1,

| A (nD) Z v (2, < Ce2 7+ R %

M e
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This holds in particular for k + /¢ < sp+~v+1assp+v+1 < s —1 by (6.41). Since vy is
spectrally supported for |h&| > ch™?, we conclude that

(6.47) | Z*v5 (t, )| gpr < CERPP~0% < Ceh® %

with a constant C' depending only on Bs, as we assumed in (4.3) that b3 > 2. This largely
implies estimate (6.45) for vy, and so concludes the proof of (6.44).

We thus have obtained the first inequality (1.20). We are left with showing the second
estimate. This follows from (6.21) that holds for £ < § + No, so for £ < sp 4~y + 1. This
concludes the proof of Theorem 1.6. O

FINAL REMARK ON THE PROOF OF THEOREM 1.4: In Section 1.3, we did not justify the
asymptotic expansion (1.12) of u(t,z) = %v (t,%). This follows from (6.23), since we have
seen in the proof above that in the decomposition v = vy + w + vy, vy and vy are O(et™")
for some k > 0 (see (6.46) and (6.47)).

A Appendix: Semi-classical pseudo-differential operators

We recall here some definitions and results concerning semi-classical pseudo-differential op-
erators in one dimension. We refer to the books of Dimassi-Sjostrand [33] Martinez [51] and
Zworski [69].

Let h be a parameter in ]0,1]. An order function m is a function m: (z,§) — m(x,§) from
T*R (identified with R x R) to R, smooth, such that there are constants Ny € N, Cy > 0
with

m(z,€) < Co(1 + | — y[ + € — nl) m(y,n)
for any (x,¢), (y,n) in T*R.
Definition A.1. Let m be an order function on T*R. One denotes by S(m) the set of

functions a: T*Rx]0,1] — C, (x,&,h) — a(z,&, h) such that for any (o, B) in N x N, there is
Cap > 0, and for any (z,§) € T*R, any h in ]0,1]

0207 a(w,€,h)| < Cagml(a,£).

If (up)p is a family indexed by h €]0, 1] of elements of §’(R), and a € S(m), we define a family
of elements of §'(R) by

(A.1) Opy,(a)up eixga(x, h&, h)uy (€) dE.

If m =1, Opy(a) is a bounded family indexed by h €]0, 1] of bounded operators in L?(R). If
moreover & — a(xz, &, h) is supported in a compact subset independent of (x, h), the kernel of

Oph(a)a is
1 ]
KiGog) = o (.75 )
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where ky(z,z) = (]—'gla)(ac, z,h) is a smooth function satisfying estimates 5;‘8zﬁkh(x, z)| <

Capn(1 + |2|)7N for any «, 3, N so that Op(a) is uniformly bounded on any LP-space,
p € [1,00].

Let us recall the main result of symbolic calculus (Theorem 7.9, Proposition 7.7, formulas
(7.16) and (7.3) in [33]).

Theorem A.2. Let mq,mo be two order functions, a; an element of S(m;), j =1,2. There
is an element a1#as of S(mima) such that Opy,(a1#a2) = Opy,(a1) Opy(az2). Moreover, one
has the expansion

N

i A
(A.2) a1 #as — Zjl' (ZL) ((92&1)((3%&2) e hNTLS(myims).
j=0""

Let m be an order function, a an element of S(m). There is b in S(m) such that Opy(a)* =
Opy,(b). Moreover, b = a + hby with by in S(m).

Corollary A.3. Let m be an order function such that m™' is also an order function. Let a
be in S(1), e be in S(m) and assume that e > cm for some ¢ > 0 on a neighborhood of the
support of a. Then for any N € N, there are ¢ € S(m™'), r € S(1) such that a = e#tq+ hNr
(resp. a = q#te +hNr). Moreover, we may write ¢ = qo + hq1 where qo,q1 are in S(m™') and
qo = %

Proof. We define gy = ¢, which is an element of S(m™!) by assumption. Then Theorem A.2

shows that a — e#qo (resp. a — go#+e) may be written ha; + hNro with a; in S(1), Suppa; C
Supp a. We iterate the construction to get the result. ]
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