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Abstract We are interested in the system of gravity water waves equations
without surface tension. Our purpose is to study the optimal regularity thresh-
olds for the initial conditions. In terms of Sobolev embeddings, the initial
surfaces we consider turn out to be only of C3/2F¢-class for some € > 0 and
consequently have unbounded curvature, while the initial velocities are only
Lipschitz. We reduce the system using a paradifferential approach.

1 Introduction

We are interested in this work in the study of the Cauchy problem for the water
waves system in arbitrary dimension, without surface tension.

An important question in the theory is the possible emergence of singulari-
ties (see [14,15,18,23,51]) and as emphasized by Craig and Wayne [27], it is
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72 T. Alazard et al.

important to decide whether some physical or geometric quantities control the
equation. In terms of the velocity field, a natural criterion (in view of Cauchy-
Lipschitz theorem) is given by the Lipschitz regularity threshold. Indeed, this
is necessary for the “fluid particles” motion (i.e. the integral curves of the
velocity field) to be well-defined.

In terms of the free boundary, there is no such natural criterium. In
fact, the systematic use of the Lagrangian formulation in most previous
works [8,47,48], and the intensive use of Riemannian geometry tools (par-
allel transport, vector fields,...) by Shatah—Zeng [43—45], Christodoulou—
Lindblad [19] or Lindblad [36] seem to at least require bounded curvature
assumptions (see also [22] where a logarithmic divergence is allowed). In this
direction, the beautiful work by Christodoulou-Lindblad [19], gives a priori
bounds as long as the second fundamental form of the free surface is bounded,
and the first-order derivatives of the velocity are bounded. This could lead to
the natural conjecture that the regularity threshold for the water waves system
is indeed given by Christodoulou—Lindblad’s result and that the domain has
to be assumed to be essentially C2. Our main contribution in this work is that
this is not the case and that the relevant threshold is actually only the Lipschitz
regularity of the velocity field. Indeed (see Theorem 1.2), our local existence
result involves assumptions which, in view of Sobolev embeddings, require
only (in terms of Holder regularity) the initial free domain to be C3/2%¢ for
some € > 0.

As an illustration of the relevance of the analysis of low regularity solutions
in a domain with a rough boundary, let us mention that in a forthcoming paper,
we shall give an application of our analysis to the local Cauchy theory of
three-dimensional gravity water waves in a canal. This question goes back to
the work by Boussinesq at the beginning of the 20th century (see [13]).

Our analysis requires the introduction of new techniques and new tools.
In [1,2] we started a para-differential study of the water waves system in the
presence of surface tension and were able to prove that the equations can be
reduced to a simple form

ou+Ty -Vu+iTyu=f, (1.1)

where Ty is a para-product and 7), is a para-differential operator of order 3 /2.
Here the main step in the proof is to perform the same task without surface
tension, with 7, of order 1/2. It has to be noticed however that performing our
reduction is considerably more difficult here than in our previous papers [1,2].
Indeed, in the case with non vanishing surface tension, the natural regularity
threshold forces the velocity field to be Lipschitz while the domain is actually
much smoother (C>/?). In the present work, the velocity field is also Lipschitz,
but the domain is merely C3/2. To overcome these difficulties, we had to give a
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On the Cauchy problem for gravity water waves 73

micro-local description (and contraction estimates) of the Dirichlet—-Neumann
operator which is non trivial in the whole range of C* domains, s > 1 (see
the work by Dahlberg—Kenig [28] and Craig—Schanz—Sulem [25] for results
on the Dirichlet-Neumann operator in Lipschitz domains). We think that this
analysis is of independent interest.

Finally, let us mention that, as we proceed by energy estimates, our results
are proved in L2-based Sobolev spaces and our initial data (17, V) which
describe respectively the initial domain as the graph of the function n and
the trace of the initial velocity on the free surface, are assumed to be in
Hs+%(Rd) x H*RY),s > 1 + %. The gravity water waves system enjoys
a scaling invariance for which the critical threshold is s, = % + % (in other
terms our well-posedness result is 1/2 above the scaling critical index).

1.1 Assumptions on the domain

Hereafter, d > 1, ¢ denotes the time variable and x € R? and y € R denote
the horizontal and vertical spatial variables. We work in a time-dependent fluid
domain €2 located underneath a free surface ¥ and moving in a fixed container
denoted by O. This fluid domain

Q={(t.x,€l0,TIxR xR : (x,y) € Q)},
is such that, for each time ¢, one has
Q@) ={(x,y) €O :y<nlx)},

where 7 is an unknown function and O is a given open domain which contains
a fixed strip around the free surface

Y ={tx,y)el0,T]xRIxR : y=n(x)

This implies that there exists 2 > 0 such that, for all r € [0, T],
Q(t) = {(x,y) cR?xR : nit,x)—h<y< n(t,x)} CcQ@). (1.2

We also assume that the domain O (and hence the domain €2 (¢)) is connected.

Remark 1.1 (i) Two classical examples are given by @ = R? x R (infinite
depth case) or O = R? x [—1, 4+00) (flat bottom). Notice that, in the
following, no regularity assumption is made on the bottom I := 9 0.

(i1) Notice that I" does not depend on time. However, our method applies in the
case where the bottom is time dependent (with the additional assumption
in this case that the bottom is Lipschitz).
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1.2 The equations
Below we use the following notations

V=@isizas Vey=(V,3), A= D 05, Ac,=A+0;.

1<i<d

We consider an incompressible inviscid liquid, having unit density. The equa-
tions by which the motion is to be determined are well known. Firstly, the
Eulerian velocity field v: € — R?*! solves the incompressible Euler equa-
tion

v +v-Vyyw+ Vi P =—gey, divy,v=0 in£, (1.3)

where —ge, is the acceleration of gravity (¢ > 0) and where the pressure
term P can be recovered from the velocity by solving an elliptic equation. The
problem is then given by three boundary conditions. They are

v-n=0 on I,
n=+1+|Vn2v-v on X, (1.4)
P=0 on X,

where n and v are the exterior unit normals to the bottom I' and the free
surface X (¢). The first condition in (1.4) expresses the fact that the particles
in contact with the rigid bottom remain in contact with it. Notice that to fully
make sense, this condition requires some smoothness on I', but in general, it
has a weak variational meaning (see Sect. 3). The second condition in (1.4)
states that the free surface moves with the fluid and the last condition is a
balance of forces across the free surface. Notice that the pressure at the upper
surface of the fluid may be indeed supposed to be zero, provided we afterwards
add the atmospheric pressure to the pressure so determined. The fluid motion is
supposed to be irrotational. The velocity field is therefore given by v = V, ¢
for some potential ¢: Q2 — R satisfying

Ay y¢ =0 in Q, o,¢ =0 on I.

Using the Bernoulli integral of the dynamical equations to express the pressure,
the condition P = 0 on the free surface implies that

n=0y¢p —Vn-Ve¢ on %,
0+ Vs  +gy=0 on %, (1.5)
¢ =0 on T,
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On the Cauchy problem for gravity water waves 75

where recall that V = V,. Many results have been obtained on the Cauchy
theory for System (1.5), starting from the pioneering works of Nalimov [41],
Shinbrot [46], Yoshihara [52], Craig [24]. In the framework of Sobolev spaces
and without smallness assumptions on the data, the well-posedness of the
Cauchy problem was first proved by Wu for the case without surface tension
(see [47,48]) and by Beyer—Giinther in [11] in the case with surface tension.
Several extensions of their results have been obtained by different methods
(see [21,29-31,33,38,49,50,54] for recent results and the surveys [10,27,34]
for more references). Here we shall use the Eulerian formulation. Following
Zakharov [53] and Craig—Sulem [26], we reduce the analysis to a system on
the free surface X () = {y = n(¢, x)}. If ¢ is defined by

Yt x) = ¢, x,n, x)),
then ¢ is the unique variational solution of
Ay yp=0inQ, ¢ly—y=v, 0d¢=0o0nT.
Define the Dirichlet—-Neumann operator by
(G, x) =/ 14+ V|2 9uPly=n(.x)
= (0y®) (1, x, n(t, x)) — Vn(r, x) - (VP) (1, x, n(t, x)).

For the case with a rough bottom, we recall the precise construction later on
(Sect. 3.1). Now (n, ¥) solves (see [26] or [34, chapter 1] for instance)

o — Gy =0, i
VYU +G (v (1.6)
3tw+gﬁ+%|V1/f|2—%( ! 1+|Vn|2n ) =0.

1.3 The Taylor condition
Introduce the so-called Taylor coefficient
a(t, x) = =3, P)(t, x, n(t, x)). (1.7)

The stability of the waves is dictated by the Taylor sign condition, which is
the assumption that there exists a positive constant ¢ such that

a(t,x)>c > 0. (1.8)
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This assumption is now classical and we refer to [10,19,20,35,47,48] for
various comments. Here we only recall some basic facts. First of all, as proved
by Wu [47,48], this assumption is automatically satisfied in the infinite depth
case (thatis when I = @) or for flat bottoms (when I = {y = —k}). Notice that
the proof remains valid for any C!"%-domain, 0 < o < 1 (by using the fact that
the Hopf Lemma is true for such domains, see [42] and the references therein).
There are two other cases where this assumption is known to be satisfied. For
instance under a smallness assumption. Indeed, if d;¢p = 0(82) and V, ¢ =
O (¢) then directly from the definition of the pressure we have P+gy = O (€2).
Secondly, it was proved by Lannes [35] that the Taylor’s assumption is satisfied
under a smallness assumption on the curvature of the bottom (provided that the
bottom is at least C2). However, for general bottom we will assume that (1.8)
is satisfied at time t = 0.

1.4 Main result

We work below with the vertical and horizontal traces of the velocity on the
free boundary, namely

B = (ay¢)|y=na V.= (Vx¢)|y:n~
These can be defined only in terms of n and ¥ by means of the formulas

_ Vn -V + Gy
1+ |Vnyl?

,  V=Vy-—BVrp. (1.9)

Also, recall that the Taylor coefficient a defined in (1.7) can be defined in
terms of n, V, B, ¢ only (see Sect. 1.5 below).

Theorem 1.2 Letd > 1, s > 1 + d/2 and consider (ng, Vo) such that

(1) mo € HHERY), yo € HF2RY, Vo e H'RY), By e H'RY),
(2) there exists h > 0 such that condition (1.2) holds initially for t = 0,

(3) there exists a positive constant ¢ such that, for all x € RY, ap(x) > c.
Then there exists T > 0 such that the Cauchy problem for (1.6) with initial data
(10, Vo) has a unique solution (n, ) € C°(10, T1; H**2(R) x H*t1(R%)),
such that

(1) we have (V, B) € C°([0, T]; H*(RY) x H*(R%)),

(2) the condition (1.2) holds for 0 <t < T, with h replaced by h /2,

(3) forall0 <t < T and forall x € R?, a(t, x) > c/2.

Remark 1.3 The main novelty is that, in view of Sobolev embeddings, the
initial surfaces we consider turn out to be only of C3/2+¢_class for some € > 0
and consequently may have unbounded curvature.
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Remark 1.4 Assumption (1) in the above theorem is automatically satisfied if
o € HVZRY), yoe HIRY), Voe H'RY), Bye H!RY.

The only point where the estimates depend on ¥ (and not only on n, V, B)
come from the fact that we consider a general domain without assumption on
the bottom. Otherwise, we shall prove a priori estimates for the fluid velocity
and not for the fluid potential (notice that the fluid potential is defined up to
a constant). More precisely, the H*-norm of v is used only in the proof of
an estimate (cf. (4.10)) which holds trivially, say, in infinite depth (since the
quantity y which is estimated in (4.10) is O in infinite depth). We also refer the
reader to Theorem 4.35 of Lannes [34] for a well-posedness result requiring
only that ¢ belongs to an homogeneous Sobolev space.

1.5 The pressure

The purpose of this paragraph is to clarify, for low regularity solutions of the
water waves system in rough domains, the definition of the pressure which
is required if one wants to come back from solutions to the Zakharov system
to solutions to the free boundary Euler equation. This definition will also
provide the basic a priori estimates which will be later the starting point when
establishing higher order elliptic regularity estimates required when studying
the Taylor coefficient a = —d, P |x. On a physics point of view, the pressure
is the Lagrange multiplier which is required by the incompressibility of the
fluid (preservation of the null divergence condition). As a consequence, taking
the divergence in (1.3), it is natural to define the pressure as a solution of

Ay P =—divy y(v- Vi v), P lymp=0. (1.10)

Notice however that the solution of such a problem may not be unique as can
be seen in the simple case when Q2 = (—o0, 0) x R?. Indeed, if P is a solution,
then P + cy is another. Notice also that if P satisfies (1.10), then

1
Ax’y(P + gy + Elvlz) =0.

Definition 1.5 Let (n, ) € (W n H'2(R?)) x HY/?(R?). Assume that
the variational solution (as defined in Sect. 3.1) of the equation

Axyd =0, ¢ ly=p=1, (1.11)
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satisfies
Ve y@l*(x, n(x)) € H/2(RY).

Let R be the variational solution of
. 1
Ay yR=0in £, R |y=p= g’l+§|Vx,y¢|2 ly=n -

We define the pressure P in the domain 2 by

1
P(x,y) = R(x,y) = gy = 3IVx,0 (x, %

Remark 1.6 The main advantage of defining the pressure as the solution of a
variational problem is that it will satisfy automatically an a priori estimate (the
estimate given by the variational theory).

It remains to link the solutions to the Zakharov system to solutions of the
free boundary Euler system (1.3) with boundary conditions (1.4). To do so,
we proved in [3] that if (1, ) is a solution of the Zakharov system, if we
consider the variational solution to (1.11), then the velocity field v = V, y¢
satisfies (1.3), which is of course equivalent to

1
P=—08¢—gy— 5|vx,y¢|2. (1.12)

Theorem 1.7 (from [3]) Assume that (n,v) € C([0,T]: H+2(RY) x

H*2 (RY)), with s > 1/2 4+ d /2, is a solution of the Zakharov/Craig—Sulem
system (1.6). Then the assumptions required to define the pressure are satis-
fied, and (1.12) is satisfied, and the distribution d;¢ is well defined for fixed t
and belongs to the space HL0(Q(1)) (see Definition 3.3).

1.6 Plan of the paper

At first glance, Theorem 1.2 looks very similar to our previous result in pres-
ence of surface tension [1, Theorem 1.1]. Indeed, the regularity threshold
exhibited by the velocity field (namely V, B € H*(R%),s > 1 4+ d/2) is the
same in both results and (as explained above) appears to be the natural one.
However, an important difference between both cases is that the algebraic
nature of (1.6) (and its counter-part in presence of surface tension) requires
that the free domain is 3/2 smoother than the velocity field in presence of
surface tension and only 1/2 smoother without surface tension. This algebraic
rigidity of the system implies that in order to lower the regularity threshold
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On the Cauchy problem for gravity water waves 79

to the natural one (Lipschitz velocities), we are forced to work with c32
domains (compared to the much smoother c3/? regularity in [1]). This in turn
poses new challenging questions in the study of the Dirichlet-Neumann oper-
ator. Indeed, at this level of regularity the regularity of the remainder term in
the paradifferential description of the Dirichlet—-Neumann operator G () is
not given by the regularity of the function v itself, but rather by the regularity
of the domain. This is this phenomenon which forces us to work with the new
unknowns V, B rather than with .

In Sect. 2, we wrote a review of paradifferential calculus and proved var-
ious technical results useful in the article. In Sect. 3 we study the Dirichlet—
Neumann operator. In Sect. 4, we symmetrize the system and prove a priori
estimates. In Sect. 5 we prove the contraction estimates required to show
uniqueness and stability of solutions. In particular we prove a contraction esti-
mate for the difference of two Dirichlet-Neumann operators, involving only

(in terms of Sobolev embedding) the C 2_norm of the difference of the func-
tions defining the domains (see Theorem 5.2), while in Sect. 6 we prove the
existence of solutions by a regularization process.

2 Paradifferential calculus

Let us review notations and results about Bony’s paradifferential calculus. We
refer to [12,32,39,40] for the general theory. Here we follow the presentation
by Métivier in [39].

2.1 Paradifferential operators

For k € N, we denote by W*>°(R?) the usual Sobolev spaces. For p =
k+ o0,k e N,o € (0, 1) denote by W?* "(R%) the space of functions whose
derivatives up to order k are bounded and uniformly Hoélder continuous with
exponent o.

Definition 2.1 Given p € [0, 1] and m € R, F:)"(Rd) denotes the space of
locally bounded functions a(x, £) on R? x (R4 \0), which are C* with respect
to £ for & # 0 and such that, for all « € N? and all £ # 0, the function
X = 8§‘a(x, £) belongs to W*-*°(R¥) and there exists a constant C, such
that,

< Co(1 + gy,

GEEN
_2’

oaC.6)|

We-oo(R4)
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80 T. Alazard et al.

Given a symbol a, we define the paradifferential operator 7, by
Tou(€) = 2m)~™¢ / X (€ —n.maE —n.my@uadn, (2.1

where a (0, &) = f e 94 (x, &) dx is the Fourier transform of a with respect
to the first variable; x and v are two fixed C* functions such that:

Y =0 forlnl<5, Y =1 forllz g @2
and yx (0, n) satisfies, for 0 < &1 < &, small enough,
x@m=11if 0l <eilnl, x©@ n =0 if [0]=enl,
and such that

V@, n) :

O0F X (O, )| = CapL + ) TP

Since we shall need to work with paraproducts, we chose a cut-off function x
such that when a = a(x), T, is given by the usual expression in terms of the
Littlewood-Paley operators. Namely, the function x can be constructed as
follows. Let k € C§° (R?) be such that

k@) =1 for || <1.1, k(@) =0 for 8] > 1.09.

Then we define x (6, n) = > {2 kx—3(0) ¢k (1), where
ke(0) =k (27%0) fork € Z, @y =rxo, and @p = kx — kx— fork>1.

Given a temperate distribution # and an integer k in N we also introduce

Sru and Agu by Syu = kx(Dyx)u and Ayu = Sgu — Sx—ju for k > 1 and
Aou = Sou.

2.2 Symbolic calculus

We shall use quantitative results from [39] about operator norms estimates in
symbolic calculus. Introduce the following semi-norms.

Definition 2.2 Form € R, p € [0, 1] and a € I‘? (R?), we set

My@=sup sup |+ IED " ogac, 6
la|<2(d+2)+p [§1=1/2

(2.3)

Wp,oo(Rd) :
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Definition 2.3 (Zygmund spaces) Consider a Littlewood-Paley decomposi-
tion: u = Z;io Ag4u (with the notations introduced above). If s is any real

number, we define the Zygmund class C3 (R?) as the space of tempered dis-
tributions u such that

llullcs = sup2?° HAquHLvo < +o0.
q

Remark 2.4 Recall that C;,Z(Rd) is the Holder space WS R if s €
(0, +00)\N.

Definition 2.5 Let m € R. An operator T is said to be of order m if, for
all u € R, it is bounded from H* to H*~™.

The main features of symbolic calculus for paradifferential operators are
given by the following theorem.
Theorem 2.6 Letm € R and p € [0, 1].

(i) Ifa € T (RY), then T, is of order m. Moreover, for all u € R there exists
a constant K such that

1 Tall s pru-m < K Mg (a). (2.4)

(i) Ifa € T"(RY), b € T (RY) then T, Ty, — Tap is of order m +m' — p.
Moreover, for all 1 € R there exists a constant K such that

1TaTy = Tabll sy guem-nrsn < KME@ME (0) + KM (@) M2 (b).
(2.5)

(iii) Leta € F:)" (RY). Denote by (T,)* the adjoint operator of T, and by a the
complex conjugate of a. Then (T,)* — Tz is of order m — p. Moreover,
for all ju there exists a constant K such that

||(Ta)>x< - TE” HW—> Hi—m+p = KM?(LI) (26)

We shall need in this article to consider paradifferential operators with neg-
ative regularity. As a consequence, we need to extend our previous definition.

Definition 2.7 For m € R and p € (—00,0), F"Z] (R9) denotes the space of
distributions a(x, £) on RY x (Rd\O), which are C* with respect to & and

such that, for all « € N? and all £ # 0, the function x > ag‘a(x, &) belongs
to C£ (R9) and there exists a constant Cy, such that,

VIl > < Co(1+ [, (2.7)

4

1
.
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Fora € Fpm, we define

Mi@= s sup | +1gD" " ogac. 6]
la|<2(d+2)+1p| 1€]=1/2

2.8)

CLRY) (

2.3 Paraproducts and product rules

If a = a(x) is a function of x only, the paradifferential operator 7 is called a
paraproduct. A key feature of paraproducts is that one can replace nonlinear
expressions by paradifferential expressions up to smoothing operators. Also,
one can define paraproducts 7, for rough functions a which do not belong
to L (R¥) but merely to C;"(R¢) with m > 0.

Definition 2.8 Given two functions a, b defined on R? we define the remain-
der

R(a,u) = au — Tou — Tya.

We record here various estimates about paraproducts (see chapter 2 in [9]
or [17]).

Theorem 2.9 (i) Leto, B € R. Ifa + B > 0 then
IR (a, u)IIHHﬂ,%(Rd) < K |lall gorey lull go Ry - (2.9)
IR(a, M)||Ha+ﬂ(Rd) <K ||Cl||cg(Rd) ||M||Hﬂ(Rd)- (2.10)
(ii) Let m > 0 and s € R. Then

I Taull grs—m < K llallc-m llullgs - (2.11)

(iii) Let sg, 51, s be such that so < so and sg < s1 + s3 — %, then

ITaullgso < K llall gsi ull g - (2.12)

By combining the two previous points with the embedding H*(R?) C

r —d/2 (R?) (for any 1 € R) we immediately obtain the following results.

Proposition 2.10 Let r, u € R be such thatr + n > 0. If y € R satisfies

d
y <r and y<r+,u—§,
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On the Cauchy problem for gravity water waves 83

then there exists a constant K such that, for all a € H” (RY) and all u €
H"(RY),

lau — Taullgy < K llallgr llullge
Corollary 2.11 (i) Ifu; € H (R?) (j = 1,2) with s; + 52 > O then
luruzllgso = K llurllgs luzllgs2 s (2.13)
ifso<sj, j=1,2andsy < s1+s2—d/2.
(ii) (Tame estimate in Sobolev spaces) If s > 0 then
luruallgs < K (llurllgs luallpoo 4 lullpos lluzllgs).  (2.14)
(iii) Let i, m € R be such that 1, m > 0 and m ¢ N. Then

luruzll e < K (lurllzoo luall g + luall gom | gocsn). (2.15)

(iv) Lets > d/2 and consider F € C®(CN) such that F(0) = 0. Then there
exists a non-decreasing function F: Ry — Ry such that, for any U €
HS (Rd)N,

IFWlgs < F(NU L) 1U s - (2.16)

Proof The first two estimates are well-known, see Hormander [32] or Chemin
[17]. To prove (iii) we write ujuy = T, ,u2 + Ty,u1 + R(uy, uz) and use that

| vz | gy S Nt ll oo Nzl e (see (2.4)),
| Tttt || e S Nuwallgom Nuenllgrsm (see (2.11)),
IR, u)llge S Nuallgom lluill gunm — (see (2.10)).

Finally, (iv) is due to Meyer [40, Théoréme 2.5 and remarque]. O
Finally, let us finish this section with a generalization of (2.11)

Proposition 2.12 Let p < 0,m € Randa € I":)”. Then the operator T, is of
order m — p:

||Ta||Hs_>Hs—(m—/>) = CMZ/l(a)’ ”Ta”Ci—>Ci_(m_p) = CM?(G)- (2.17)

Proof Let us prove the first estimate. The proof of the second is similar. Notice
thatif m = 0 and a(x, §) = a(x), then (2.17) is simply (2.11). Furthermore,
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84 T. Alazard et al.

ifa(x,&) =b(x)p&),thenT, = Tpo p(D) As a consequence, using the first
step and the fact that p(¢) = |£|"p (| g\) we obtain

ITall g5 - gs—m-p) < ClIblIcollp Iga-1 [l

In the general case, we can expand, for fixed x, a(x, &) in terms of spherical
harmonics. Let (Ev)veN* be an orthonormal basis of L2(Sd*1) consisting of
eigenfunctions of the (self—adjomt) Laplace—Beltrami operator, Ay, = Agd—1
on Lz(Sd D, ie. Aph, = A hy,. By the Weyl formula, we know that %, ~

cvi. Setting

ho(8) = [EI" hy(@), = —, & #0,

we can write

a(x, &) = Zav(x)hv(é) where a,(x) = / a(x,w)ﬁv(w)dw.

veN* §d—1

Then T, =), eN* Ta,h,- Now since we have

)\Ekav(x): / Aﬁ)a(x,w)i{v(w)da),

Sd—1

taking k = d we obtain for all v > 1,

layllce < 2, / |ALa(x, ©)||hy (@) do < C1ay 2 M2 (@) |7y |l 2si-1),
Sd—l

< C M) a).
Moreover by the Sobolev embedding we have, with ¢ > 0 small

1
—ﬁ'i‘

<Cut. (2.18)

S
Ao

~ d—1
||hV“LOO(Sd71) =< C3)¥U2 e < C4U

Therefore by the second step we can conclude that

_3
1 Tall sy prs-n-m < Cs D v IMJ (a).

veN*

This completes the proof. m|
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We shall also need the following technical result.
Proposition 2.13 Ser (D,) = (I — A)!/2.

(i) Let s > % + % and o € R be such that o < s. Then there exists K > 0
such that forall V € WLRRY N HS(RY) and u € H"_%(Rd) one has

I(Dx)7, Viull2way < K{IV llwi.cogay + ||V||Hs(Rd)}||M||Hﬁ,%(Rd)-

(ii) Lets > 1+ % and o € R be such that o < s. Then there exists K > 0
such that for all Ve H*(R?) and u € H*~'(R?) one has

I(Dx)7, VIull 2wy < KIV I s wey 1]l gro—1 ey
Proof To prove (i) we write

I{Dx)”, Viull 2 < A+ B, A= [[(Dx)°, Ty lull 2,
B =|[(Dx)?,V = Tylull 2.

By (2.5) we have A < K ||V |ly1.0 ||l go—1. On the other hand one can write
B < [{Dx)” (V = Tv)ull2 + (V= Tv){(Dx)? ull ;2 = B1 + Ba.

We use Proposition 2.10 two times. To estimate By wetakey = o,r =5, u =

o — % To estimate B, wetake y = 0,r =5, u = —% and we obtain,

B < K||V|us .
= KIVIaslull o1

[Nl

To prove (ii), to estimate Bj (resp. By) we use again Proposition 2.10 with
y=o,r=s,u=0—1(@esp.y =0,r =5, u=-—1). O

We shall need well-known estimates on the solutions of transport equations.

Proposition 2.14 Let1 =[0,T], s > l—l—% and consider the Cauchy problem

{B,M—I—V-Vu:f, tel, (2.19)

Ul—o = ug.

We have the following estimates
t
(@l oorey = lluollzoora) +/ £ (0, )l oo raydo- (2.20)
0
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There exists a non decreasing function F : RT™ — R such that

t

||u(f)||L2(Rd)Sf(”V”Ll([;WI.OO(Rd))) ||M0||L2(Rd)+/ [FAGE 2w dr'|,
0

(2.21)

and for any o € [0, s] there exists a non decreasing function F : Rt — R*
such that

1

||u(f)||Ho(Rd)E}—(HVHLI(I;HS(Rd))) ||u0||Ha(Rd)+/ If, N go R4 dr'|.
0

(2.22)

2.4 Commutation with a vector field

We prove in this paragraph a commutator estimate between a paradifferential
operator 7T}, and the convective derivative d; + V - V. Inspired by Chemin [16]
and Alinhac [6], we prove an estimate which depends on estimates on 0; p +
V .VpandnotonV; ,p.

When a and u are symbols and functions depending on ¢ € I, we still
denote by T,u the spatial paradifferential operator (or paraproduct) such that
forall t € I, (T,u)(t) = Tyyu(t). Given a symbol a = a(t; x, §) depending
on time, we use the notation

P@i= sp supsup (418D 0ga - 6)|

1el0.T] o] <2(d+2)+Ip| [£]21/2 L®RY)

Given a scalar symbol p = p(t, x, &) of order m, it follows directly from the
symbolic calculus rules for paradifferential operators (see (2.4) and (2.5)) that,

||[Tp, 8t + TV . V]MHH/‘ < K {Mgl(a[p) +M6"(Vp) ||Vllwlc>o} ”I/t”H/H»m .

A technical key point in our analysis is that one can replace this estimate by
a tame estimate which does not involve the first order derivatives of p, but
instead 9;p + V - Vp.

Lemma 2.15 Ler V € C°([0, TT; Ci“(Rd))for some ¢ > 0 and consider
a symbol p = p(t, x, &) which is homogeneous in & of order m. Then there
exists K > 0 (independent of p, V) such that for any t € [0, T] and any u €
C%([0, T1; H™(R)),
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[Ty, 8+ Tv - V]”(t)”m(Rd)

= K (MG IVl os + ME@p+ V- V) 1Ol ey - 2:23)

Proof Set I = [0, T] and denote by R the set of continuous operators R(t)
from H™(RY) to L2(RY) with norm satisfying

IR gqammey, 12wy < K AME D) IV Ol e + MG @rp +V -V
We begin by noticing that it is sufficient to prove that
(0 +V-V)T,=T,(3 +Tv-V)+ R, ReR. (2.24)
Indeed, by Theorem 5.2.9 in [39], we have (for fixed ¢)
|V =Tv) VTpu| o SV iy |Tpul 2 S UV MG () lul g

by using the operator norm estimate (2.4). This implies that (V —Ty) - VT, €
R.

We split the proof of (2.24) into three steps. By decomposing p into a sum
of spherical harmonics, we shall reduce the analysis to establishing (2.24) for
the special case when T), is a paraproduct. In the first step we prove (2.24)
for m = 0 and p = p(t, x). In the second step we prove (2.24) for p =
a(t, x)h(¢) where h is homogeneous in & of order m. Then we consider the
general case. O

Step 1: Paraproduct, m = 0 p = p(t, x). In this case ./\/lg(p) = |IpllLee.
We have

{ & Tpu = Ty, pu + Tpou, (225)

V-VTou=V -Tyu+VT, Vu=:A+B.
Decompose V = S;_3(V) + S/=3(V), with

Sia(Vy= D AV, STy = DT AV
k=j-3 k=j—2
With the choice of cut-off function y made in Sect. 2.1, given two functions

u and a we have T,u = Zj Sj—3(a)Aju and hence

A=A+ A, |
A1 = Zij_3(V)Sj_3(Vp)Aju, A2 = ZjSJ_3(V)Sj_3(Vp)Aju.
(2.26)
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Let us consider the term A,. Since

|72 L= D0 1AV s X 270 v e
k>j-2 k>j-2
S 277V e

and || S, 3(Vp) | ;o <27 lIplly, we obtain

1A2ll2 S D278 IVl gree pll e lull 2 S MG(P) IV Nl e Nlull 2

J
(2.27)
We now estimate A| = A1 + Ajp, with
[All = Zijf3,{Sj73(V) - Vp}Aju, (2.28)
A =3 {[S72(V), §j-3]Vp}Au. '

Write S;_3(V) = V — $/73(V), to obtain

All = 251_3(‘/ . VP)A]M — ZSJ—S{SJ_3(V) : VP}AJM
J J
= Tywpu+1+11

where

I==>(V-S; {2 WV)pY)Aju, 11=D)"8; 3{S/(V-V)p}a,u.
j j

Then
11 $ 3527 |7 wp| ajul,.
J

in—j(1
< D227 TNV e lpllpoo el g2 S IV Il rve Il oo el 2.
J

Moreover,

102 S 3 [S72 O el [Ajul 2 S 1V Il Nl 2.
7
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Therefore
Ay =Ty.vpu+Ru, ReR. (2.29)
In order to estimate A, we note that one can write
[S73(V), S;3]Vp = [S773(V), S;23V]p + S;—3(S7 2 (VV)p).

Since S;_3 = 2/ (2/73D) where yr; € CJ°(R?) we have

I[S V), $j=3V]pliL= < C277# VI crvell pllee.
Moreover we have

1S;-3(S7>(VV)p)llrs < C2774 V] crsell pllpos.

It follows that Aj» = Ru with R € R. Consequently, we deduce from
(2.28) and (2.29) that Ay = Ty.vpu + Ru for some R in R. It thus follows
from (2.26) and (2.27) that A = Ty.v,u + Ru with R € R.

We estimate now the term B introduced in (2.25). We split this term as
follows:

B=V (T,Vu)=V-> S; 3(p)VAu
j

=8, 3(V)S;3(p)A;Vu + D ST (V)S; 3(p)A;Vu = B + B,.
j j

We have

1Ball2 = D07 18i-3)] e |89 12
J

S 27OV e 27 I pll oo a2
J

and hence By = Ru with R € R. To deal with the term Bj, let us introduce

C:=T,Ty -Vu= > S; 3(p)A; D Si3(V) VA,  (2.30)
Jj k

Since the spectrum of Sx_3(V) - VAiu is contained in {(3/8)2" < & <
(24 1/8)2%}, the term Aj(Sk—3(V) - VAgu) vanishes unless [k — j| < 3.On
the other hand, for |k — j| < 3, Si_3(V) — S;_3(V) = £ 3 0_ 3 Agy;V,
and hence we can write C under the form
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C=Ci+Cr=Ci+ > Si3(pAj{83(V)- D VA

J lk—jl=<3
where C is given by
3 -2
Ci= ZS, 3(A DD A (VIVAL )= Ay j—i(VIVA; i)},
i=1ft=-1

so that

ICHI2 S D Pl 2774 V| e 27 a2
J

which implies that C; = Ru with R € R. To estimate C», as before we write
Cy = (a1 + Cyp where

Ca =D S a(p[Aj. Sis(M] - D Vi,

J lk—jl1=3
Cx —ZS] 3(P)Sj3(V)-Aj D Vi,
lk—j1=3

where (using frequency localization in dyadic annuli and Plancherel formula)

2 —2j 2 2j 2
||621||L2NZ||p||L V=22 D0 A3,
lk—jl<3

2
S ||p||Loo IVI2 e Dl
*

On the other hand, since A; >, ;3 Ax = Aj, we have

Cn = 8 3(V)S; 3(p)VAju=B.
J

We thus end up with
B=T,Ty -Vu+ Ru, ReR. (2.31)
It follows from (2.25) and (2.31) that

O +V - V)Tpu =Tp(d + Ty - V)i + Ty, psv.vpu + Ru, ReR. (232)
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The symbolic calculus shows that Ty, ,1v.v, € R, which proves (2.24) and
concludes the proof of the first step.

Step 2: Higher order paraproducts. We now assume that p(7, x,§) =
a(t, x)h(&) where h(§) = |E|" h(é—|) with h € C*(S¢~1). Then, directly
from the definition (2.1), we have T, = T,y (Dy)h(D,) where { satisfies
(2.2). We have

[Tp. 8 + Ty - V]| = [T, 8 + Ty - V] (Dx)h(Dy)
+ T [V (D)R(Dy), Ty ] - V.

We claim that the norm from H™ to L? of the operator in the left hand side is
bounded by

C(llalizoe IV Iigiee + 8ra + V- Val o) 17l gavagi-1y. (2.33)

To obtain this claim, notice that the norm of the first term in the right-hand
side is estimated by means of the previous step by

Cllalize Vlgi+e 4 [10ra +V - Val L) 1Al oo a1y

To estimate the second term in the right-hand side we use a sharp version of the
symbolic calculus estimate (2.5), see [39, Theorem 6.1.4], which implies that
the norm of the second term is bounded by Cllal|L~ [V V|1 (Al ga+2(ga-1y -
The sharp version of symbolic result alluded to above asserts that (2.5) holds
with the semi-norm M ;)” (cf. (2.3)) replaced by other semi-norms where the
supremum on the multi-index « is taken for || smaller than d/2 plus an
explicit number. In particular we have the following lemma which suffices to
complete the proof of the claim (2.33).

Lemma 2.16 Serb(&) = |& |mt//(§)ﬁ(é—|). There exists C > 0 independent of
V and h such that

I[b(D), TV]M||L2(Rd) = C||VV||LOO(Rd)||il'||[-1d+2(sdfl)||M||1-1mfl(Rd)

for everyu € H" 1(R?).

Step 3: Paradifferential operators. Consider an orthonormal basis (fzv)veN*
of L%(S4—1h consisting of eigenfunctions of the (self-adjoint) Laplace—
Beltrami operator, A, = Ags-1 on L2(Sd_1), ie. Aph, = k%hv. By
the Weyl formula, we know that A, ~ cvi. Setting h, (&) = |EI" EU (w),
w=E&/|&|, & # 0, we can write

@ Springer



92 T. Alazard et al.

pt,x,8) = D ay(t, x)h,(E) where a,(t,x) = / p(t, x, 0)hy(w) do.

veN* sd—-1
Since
aikay(t, x) = / Ay p(t, x, 0)hy(0) do,
Sd—1
2K+ V- Vay(t, x) = / A B + V- V) p(t, x, 0)h, (0) do
Sd—1

taking k = d + 2 we deduce

—2(d+2
sup, ¢y llav(t, )l pe < CAy (d+ )Mf)n(P)

odan (2.34)
sup,e; 13 + V- V)ay (1, )l o < CAZ 2 ME @ p+V - V).
Moreover, there exists a positive constant K such that, for all v > 1,
170 | jasagary < CAIT2 (2.35)

Now we can write

[0+ 7v V. TpJul o = 20 [0+ Tv V. Tan, Ju] 12

veN*

So using (2.33) for every v > 1 and the estimates (2.34)—(2.35), we obtain
(2.24), since the sum

d+24 —2(d+2 —1-2
Z)\'V—F)“v (+)NZU ¢
v v

is finite. This completes the proof of the lemma. O
We have also a Sobolev analogue of Lemma 2.15 which can be proved
similarly.

Lemma 2.17 Lets > 1 +d/2 and V € C°([0, T1; H*(R?)). There exists a

positive constant K such that for any symbol p = p(t, x, §) which is homo-
geneous in & of order m € R and all u € C°([0, T1; H*T"(R?)),
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I[Tp. 8+ Tv - V]u(Z)HH-Y(Rd)
< K{MFP) IVOllgs + M@ p+V - V) } lu@)|l gsmra) -

2.5 Parabolic evolution equation

Consider the evolution equation
o;w + |Dylw =0,

where z € R and x € R?. By using the Fourier transform, one easily checks
that

1
2

1
sup [w(@)llpr + / lw@l?, ., dz| <K lw©llg . (2.36)
z€[0,1] ) H' "2

The purpose of this section is to prove similar results when the constant coef-
ficient operator | D | is replaced by an elliptic paradifferential operator.

Given I C R, z9 € I and a function ¢ = ¢(x, z) defined on R x I,
we denote by ¢(zo) the function x — ¢(x, z0). For I C R and a normed
space E, ¢ € C?(I ; E) means that z — ¢(z) is a continuous function from /
to E. Similarly, for 1 < p < 400, ¢ € Lf(l; E) means that z — ||¢(2)| g
belongs to the Lebesgue space L” (1).

In this section, when a and u are symbols and functions depending on z, we
still denote by T, u the function defined by (7T,u)(z) = T, ;yu(z) where z € 1
is seen as a parameter. We denote by I'f (R? x I) the space of sym-
bols a = a(z; x, &) such that z — a(z; -) is bounded from [ into I‘;’f (RY)
(see Definition 2.2), with the semi-norm

M@ =swp sup sup [(1+16D o az - 6)| .
P zel |a|<2(d+2)+p 1£]>1/2 § We:(R9)
(2.37)
Given u € R we define the spaces
mery — 0c7- i (RA 27. gutt mpd
XI(1) = COI5 HM(RD) N L1 H' 2 RY)), 238)

YI(I) = LI HERD) + L2(15 HY3 (RY)).

Proposition 2.18 Let r € R, p € (0,1), J = [z0,21] C Rand let p €
F}) (R? x J) satisfying

Re p(z; x,§) = c|§],
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for some positive constant c. Then for any f € Y"(J) and wy € H" (RY),
there exists w € X" (J) solution of the parabolic evolution equation

ow+Thw = f, w|=; = wo, (2.39)
satisfying
lwllxrry < K {Ilwollgr + 1 fllyrcn} s

for some positive constant K depending only onr, p, ¢ and M /1) (p). Further-
more, this solution is unique in X*(J) for any s € R.

Proof Letr € R.Denoteby (-, -) gr the scalar productin H” (Rd ) and chose F)
and F; such that f = F| 4+ F, with

IF L1 s mry + T2l 1 =W fllyrgy +8, 6>0.

1
L2(J;H ™ 2)

Let us consider for ¢ > 0 the equation
dwe +e(—A + 1w, + Thwe = f,  wel=z = wo. (2.40)

Then standard methods in parabolic equations show that for any z; > zg, this
equation have a unique solution in

C%([z0, z11; H"(R?)) N L*((z0, 21); H M1 (R?))

(here we only used that T, is a Sobolev first order operator). To let € go to zero
we need to establish uniform estimates with respect to ¢.
Taking the scalar product in H", directly from (2.40), we obtain

1d
24z lwe ()15 + e((=A + 1w (2), we (2)) i + Re( Ty we (2), we (2)) e

= 1P @l g Twe@llar + 121,y Twe@I .y

It follows from Garding’s inequality (see [39, Section 6.3.2]) that there exist
two constants C1, C; > 0depending only on M }) (p) suchthatforanyu € H",

Re(T ), r>C 2 —cC 2
e(Tyu(z), u(z))gr > 1||u(z)||H,_+% 2||u(z)||Hr+1Tp
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for each fixed z € J. Therefore, we obtain

1d

2dz
2

< [F1@llgr ||ws(Z)||Hr+||F2(Z)||H,,% ||ws(Z)||H,+%+C2 ||ws(Z)||Hr+pr .

lwe ()13 + e((=A + Id)we (2), we (2)) g + Ci IIwe(z)Iliﬁ%

Integrating in z we obtain that, for all z € [zo, z1],

1 Z
A@) = o {lwe @l — e o)1} + 2 / lwe @) 17y1d2"

20
Z
+Cy | |w (z/)||2 1 d7’
€ Hr+§
20
is bounded by
B :=|Filip:mry lwellpoo s, mry + ”FZHLZ(J;HV’%) ”wSHLZ(J;H’*%)

2
+Co lwel —p\ -
LZ(J;HH'T)

By standard arguments, it follows that

2 2 2
||w8||L00(]~Hr) + Cy [Jwel| N = ”wO”Hr
B LZ(J;Hr-'—j)

2 2 2
+C ||F1||L1(,;H,)+||F2||L2(J;H,5)+||w8||L2(J.Hr+12,,) . (241)

Finally, to eliminate the last term in the right hand side of (2.41), one

notices that the left hand side controls by interpolation ¢ ||w,|| 2 1, »for

Lr(J;H™ T T
some p > 2, hence by Holder in the z variable, there exists « > 0 (depending
only on p) such that if |z0 — z1| < k, we have

C [lwell® <1 lwellZoogs: gry + C1 llwe? |
LZ(J;H’+T) 2 ’ LZ(J;H’+7)
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We consequently obtain

2 2 2
||w8||LOO(j-H") + Cyp [Jwell N = 2 ”wO”Hr
5 Lz(J;HV+2)

+C [ 1FRI2 ) + ”aniz(f-m%)

We can now iterate the estimate between zg + x and zg + 2«, ... to get rid of
the assumption |z; — zg| < k (and of course the constants will depend on z).

By using the equation, we obtain now that (w.) is bounded in X" (J) N
cl(J; H’_z). It follows from the Banach—Alaoglu theorem that, up to
a subsequence, (w.) converges in the sense of distributions to w €
L®(J,H") N L*(J, H’+%), which satisfies the equation d,w + Tyw = f.
Then, using the equation, we obtain d,w € Y’ (J) which implies that
w € C%[zo, z11; H"(R?)) thanks to the Lemma 2.19 below. Moreover, by the
Ascoli theorem, up to a subsequence, (w,) converges in C%(zo, 211 Hl;;“ )
for some pu > 0. Since w.|,—0 = wo we obtain that w|,—9 = wp, which
completes the existence part . The proof of uniqueness follows the same steps
and we omit it. O

We recall now the following classical lemma (see [37] th.3.1).

Lemma2.19 Let [ = (—1,0) and s € R. Letu € L%(I, HS* 2 (RY)) such

that d,u € L2(I, H"2(R)). Thenu € CO([—1, 0], H* (RY)) and there exists
an absolute constant C > 0 such that

sup lu(z, )l gsrayy = € ||M||L2(1 H”%(Rd)) + ||8zu||L2(

1
z€[—1,0] 1,H“*7(Rd))

3 The Dirichlet-Neumann operator

We shall prove some elliptic regularity results using a paradifferential
approach.

3.1 Definition and continuity
We begin by recalling from [1] the definition of the Dirichlet—Neumann opera-

tor under general assumptions on the bottom. One of the novelties with respect
to our previous work is that we clarify the regularity assumptions: assuming
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only that n € w1 (R9) and v e H%(Rd), we show how to define G (n)yr
and prove that the map

¥ e HIRY) > G(ny € H1(RY)

is continuous. Our second contribution is to prove that the map n — G(n) is
Lipschitz (in a proper topology).
The goal is to study the boundary value problem

Axyp=0inQ, ¢lx =f, hlr=0. (3.1

See Sect. 1.1 for the definitions of 2, ¥, I'. Since we make no assumption
on I', the definition of ¢ requires some care. We recall here the definition of ¢
as given in [1].

Notation 3.1 Denote by & the space of functions u € C°°(£2) such that
Viylt € L?(2). We then define 2 as the subspace of functions u € 2 such
that u is equal to 0 in a neighborhood of the top boundary X.

Proposition 3.2 ([1, Proposition 2.2]) There exists a positive weight g €
L7 (S2), equal to 1 near the top boundary of Q and a constant C > 0 such
that for all u € %,

/ gCe W, )2 dxdy < C / Veoue, Pdxdy.  (32)
Q Q

Definition 3.3 Denote by H L.O(Q) the space of functions # on €2 such that
there exists a sequence (1) € % such that,

Viyttn = Veyuin L2, dxdy),  u, — uin L*(Q, g(x, y)dxdy).
We endow the space H'%(Q) with the norm [lu|| = || Vy yu “LZ(Q)'

Let us recall that the space H l’O(Q) is a Hilbert space (see [1]).
We are able now to define the Dirichlet-Neumann operator. Let f €

H%(Rd). We first define an H'! lifting of f in Q. To do so let xg € C*(R)
be such that xo(z) = 1if z > —% and yo(z) =0ifz < —1. We set

Yi(x,2) = 00 P f(x), xeR%z<0.
By the usual property of the Poisson kernel we have

[Vecvil 2goroperey < €LY oy
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Then we set

y—nx)

Y. y) = (x, .

), (x,y) € Q.

This is well defined since 2 C {(x,y) : y < n(x)}. Moreover since the
bottom I' is contained in {(x, y) : y < n(x) — h}, we see that ¥ vanishes
identically near I o

Now we have obviously |y = f and since Vi € L% (R?), an easy

computation shows that z e HY(Q) and

¥ lg1 @) = KA+ Inllyre) | f (3.3)

H%(Rd)'

Then the map

v —/Vx,yﬂ' Vi yvdxdy
Q

is a bounded linear form on H'%(). It follows from the Riesz theorem that
there exists a unique u € H L.0(Q) such that

vv e H'0(Q), /vx,yu - Vyyvdxdy = —/vx,yg- Vi yvdxdy.
Q Q
(3.4)

Then u is the variational solution to the problem
—Axyu=Aryy inD(Q), uls=0, dulr=0,

the latter condition being justified as soon as the bottom I" is regular enough.
Lemma 3.4 The function ¢ = u +  constructed by this procedure is inde-
pendent on the choice of the lifting function \ as long as it remains bounded
in H' () and vanishes near the bottom.

Proof Consider two functions constructed by this procedure, ¢p = up +
Y, k = 1,2. Then, by standard density arguments, since ¥ — ¥» van-
ishes at the top boundary ¥ and in a neighborhood of the bottom I', there
exists a sequence of functions ¥, € C{°(£2) supported in a fixed Lipschitz
domain Q C tending to Y1 — 2 in HO1 () and hence also in H'(R). As a
consequence, Y1 — Y € H 1.0(2) and the function ¢ = ¢; — ¢, is the unique
(trivial) solution in H'9(Q) of the equation Ay y¢ = 0 given by the Riesz
Theorem. m|
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Definition 3.5 We shall say that the function ¢ = u +  constructed by the
above procedure is the variational solution of (3.1). It satisfies

)

2
LﬂWW|WWSKWV1, (3.5)
H2 (R
Q

for some constant K depending only on the Lipschitz norm of 7.

Formally the Dirichlet-Neumann operator is defined by

Gy = Y, 1+ |Vn|?d,¢ i y=n(x) — [8y¢ —Vn- V¢>] |y=77(x)' 3.:6)

3.1.1 Straightening the free boundary

In what follows we shall set
Qr={(x,y»):x R nx)—h <y <n)
Q ={(x,y) € O:y <n(x)— h}, (3.7)
Q=Q;UQ,,

where O has been defined in Sect. 1.1, and
Q
Q0 ={(x,2) eRY x (=00, —1]: (x,z+ 14+ n(x) —h) € 2}, (3.8)
Q

Guided by Lannes [35], we consider the map (x, z) — p(x, z) from Q to
R defined as follows

p(x,2) = (1 +2)e®¥Plp(x) — z{e 1Py (x) — h} if (x,2) € 5:21,
px,z)=z+1+nkx)—h if (x,2) €
3.9

where § > 0 will be chosen later on.

Lemma 3.6 Assume n € W (R?).

(1) There exists C > 0 such that for every (x, z) € Q we have

IVip(x, 2)| < ClInllyioordy-
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(2) There exists K > 0 such that, if 5|1l y1.0ogay < LK we have

h 3h -
min (1, 5) < 0;0(x,z) < max (1, 7) , V(x,z) e Q. (3.10)

(3) The map (x, z) — (x, p(x,z)) is a Lipschitz diffeomorphism from 51 to
Q.

Proof(1) For any A < 0 the symbol a(£) = &) satisfies the estimate
|8§‘ a(®)| < Cy(& y~lel where Cy is independent on A. Therefore its Fourier

transform in an L' (R?) function whose norm is uniformly bounded. This
implies that [|a(D) f || poorey = M| f Il oo (rey With M independent of A.
This proves our claim.

(2) We have in S~21

9 .o = h+ ( 6z(Dy) n— 77)+(1+Z)(S€6Z Dy) (D) — (e—S(H-Z)(DX)’7 _ 77)
+z8e” P (D )y, (3.11)

Since e%*(Pxly — y = sa fl SDx) (D, \n dt we can write

8z(Dx) ( —8(142)(Dx)

1P — | oo gty + Slle D)l pooray + lle n

=

—5(1+z)(Dx><

=Nl pooraey + Slle Di)nllpooray < Kélnllwiooray < 5

(\

which proves (2).
(3) Since p(x,0) = n(x), p(x, —1) = n(x) — h our claim follows from (1).
O

For later use we state the following result whose proof is straightforward
(recall that the spaces X* (/) are defined in (2.38)).

Lemma 3.7 Let I = (—1,0). Assume s > % + %1. There exists C > 0 such
that for every n € Hs 2 (RY) we have

9,0 —h <C+vé , .
10:0 =l ooy ) = CVBN et g NV0ly = <Ml

(3.12)
Coming back to the case where 7 is a Lipschitz function, Lemma 3.6 shows

that the map (x, z) — (x, p(x, z)) is a Lipschitz-diffeomorphism from 2
to 2. We denote by « the inverse map of p:

(X, ) €Q, (x,p(x,2) = (x,y) & (x,2) = (x,k(x, ), (x,y) € Q.
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Let ¢(x, z) = ¢ (x, p(x, z)). Then we have
ByP) (x, p(x,2)) = (A1) (x,2), (Va)(x, p(x,2)) = (A2)(x, 2),

IA1 = 5550: Ay =V, — 3L9,.
(3.13)

If ¢ is a solution of A, y¢ = 0 in €2 then a satisfies

(A} + AP =0 inQ.

This yields
(@d? + Ay +b -V, 0, — cd;)p =0, (3.14)

where
1+ |Vepl? Vip 1
= e P T O gy e Aup b Vidip),
(3.15)

It will be convenient to have a constant coefficient in front of 8225 Divid-

ing (3.14) by a we obtain
(02 + Ay + B - Vid, — yd)p =0, (3.16)

where
9:pVyxp

9 2
(0:p) B:=—2 )
1+ [Vipl

T 1+ Vel

(32p +alip + B-Vid.p). (3.17)

V=7
90
In the coordinates (x, z), according to (3.6) we have

Gy =Ulimo, U =A1d— Vip- Arg. (3.18)

The following remark will be useful in the sequel. We have

9.0 = =V, - (0,0) A2h). (3.19)
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Indeed we can write

9.U = 9, A1 — Vd.p - Ao — Vip - 8, A2
= (3:0) AT} — Vido0 - Ao + (3:0) (A2 — Vi) Arg
= (0:0) (AT + AP — Vi - ((0:p) A2d).

Since (A2 + A2 )qb = 0 we obtain (3.19).

3.1.2 Continuity of the Dirichlet—-Neumann operator

Theorem 3.8 Let n € W (RY). Then for all f € H?(RY),
G f =14+ IVnl20udly—ye) = [0y — V0 - VOIly=pn)

is well defined in H _%(Rd ). Furthermore there exists F : RT — R™ non
decreasing independent of , f such that

1G4 gy = Fmlwroc @)A1y -

Proof Withthe precedmg notations wehave G(n) f = (A 1 (Z Vip- Aztg) |z=0-
LetussetU = A 1 ¢ Vyp - A2¢ Then the theorem will follow from Lemma
2.19 with s = _i and the following inequality where I = (—1, 0)

||U||L2(1,L2(Rd)) + ||3zU||L2(1,H I(Rd)) = JT(”’?HWI OO(Rd))||f||H2(Rd)

The estimate on U is a consequence of (3.5), (3.13) and the estimate (1) in
Lemma3.6 on V, p. To estimate d,U we use (3.19) and the estimate on d,p in
Lemma 3.6. O

Notice that, as a by product of the previous proof, in the system of coordi-
nates (x, z), the variational solution of (3.1), ¢, satisfies

$ € CU-1.01: HERD) NCHI-1,01: H 2 RY).  (3.20)

We also state a second basic strong continuity of the Dirichlet—Neumann
operator.

Theorem 3.9 There exists a non decreasing function F: Ry — Ry such
that, for allnj € WH°(RY), j = 1,2 and all f € HZ(RY),

[(Ga—=Gm) £,y <F (101 m) lwrooswros) I = m2lwrellF1 g
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Proof We use the notations introduced in Sect. 3.1.1. Namely, for j = 1, 2,
x € R4,z eI :=(—1,0) weintroduce pj(x,z)and v;(x, z) defined by (3.9),

pj(x,2) = (1 +2)(@4P)n ;) (x) — z{e”1TD3DPx)y (x) — b},
/Oj(x»Z)=Z+1+nj_h, if(x,Z)EQz,

where (S”T}jllwl,oo(Rd) is small enough for j =1, 2.
Notice that we have the following estimates (see Lemma 3.6)

(i) 9.p; =zmin(1,4), (x,2) €,
() NVazpjllpee@y = €A+ lInjllwreoray) (3.21)
(iii) | Vx (o1 — p2)||L°°(1,L°°(Rd)) = Clim — m2llw1.00Rrdy-

Recall also that we have set

1 . V. pi
., Ay =Vi- 2
Y Y

Al = 9. (3.22)

It follows from (3.21) that for k = 1, 2 we have with W1 = w10 (R%),

{(i) Ap— A} = Bid-. with supp B C RY x I, (3.23)

A MBrllpoorxray = FUM1, m2) lwioo i) Im — 2l

Thenweset&;j(x, z) = ¢j(x, pj(x,2)) (Where Ay y¢; = 0inQ;, @jls; =
f) and we recall (see (3.18)) that

Gj)f =Ujli=0. Uj=N|§j — Vup; - Asp;. (3.24)

Lemma 3.10 Ser [ = (—1,0), v = ¢; — ¢, and AV = (A, A)). There
exists a non decreasing function F : RT™ — R such that

1A V2 2y < FAG 1) lwessaie)lm = mallisl £y
(3.25)

Let us show how this Lemma implies Theorem 3.9. According to (3.24) we
have

Uy —Us= )+ Q2)+ (3)+ 4) + (5 where
(h=Alv, @ =@Al-AHg, 3)=-Vilpi — AP (3.26)
@) = —(Vep)Adv, (5) = —(Vip2)(A) — AD)¢o.
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The L2(I, L2(R%)) norms of (1) and (4) are estimated using (3.25) and (3.21).
Also, the L>(1, L?(R%)) norms of (2) and (5) are estimated by the right hand
side of (3.25) using (3.23) and (3.5). Eventually the L2(1, L*(R%)) norm of
(3) is also estimated by the right hand side of (3.25) using (3.21) (iii) and
(3.5). It follows that

UL = Uzl 21,2y < F U1, n2)llwrcocwroo) Im1 — nzllwl,oollfllH%-
(3.27)

Now according to (3.19) we have
3(Uy — Uz) = —Vy - (8:(p1 — p2) Ay
H(3.02) (MY — ADB1 + (B.02)A30).  (3.28)

Therefore using the same estimates as above we see easily that

19:(U1 = Ul 2, m-1) = F (101 m) llwr.cosewrco) e = mallwre AL 1 -
(3.29)
Then Theorem 3.9 follows from (3.27), (3.29) and Lemma 2.19.

Proof of Lemma 3.10 We use the variational characterization of the solutions
u;. First of all we notice that ¢1 — ¢ = u) —uy =: v. Now setting X = (x, z)
and recalling that A" = (A}, A%), we have

/A"ﬁ,--Afe JidX = —/A"fz\ie JidX (3.30)
Q Q

forall @ € H'0(), where J; = |, p;|.
Taking the difference between the two equations (3.30), using (3.21) and
setting 6 = v = i — uy one can find a positive constant C such that

6
/ IAPdX <C D A,
S k=1

where
Ap = [5I(AY = ADI||ANW[ J1dX, Ay = [5 (A" — AD||A%E| J1dX,
Az = [ IA%m|IA%] )1 = BldX, Ag= [5I(A" = AP FIIATY] JidX,
As = [5 (A" = A2)[|A2fl 1 dX, Ag = [5|A2flIA%]| 1]y — Ja] dX.
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Using (3.23), (3.5), (3.21) we can write

[A1] < ||,3||L00(1de)||J1||L<><>(1><Rd)||3z52||L2(1XRd)||A1U||L2(g~z) 3.31)
= FUG m) lwreescwre) Im = m2llwre £ 1A 2

Since A}. — A? = %A} the term A can be bounded by the right hand side
of (3.31). )
Now we have ||J; — Dl poerxray = Cllm — m2llwi.ooray and

1A%l 2@ < FU@ 1) i) 1A V] 2.

So using (3.5) we see that the term A3 can be also estimated by the right hand
side of (3.31). To estimate the terms A4 to Ag we use the same arguments and
also (3.3). This completes the proof. O

Let us finish this definition section by recalling also the following result
which is a consequence of [1, Lemma 2.9].

Lemma 3.11 Assume that —% <a<b< —é then the strip Sq.p = {(x,y) €
R : ah < y — n(x) < bh} is included in Q2 and for any k > 1, there
exists C > 0 such that

Pl gcs, ) < C”w”H%(Rd)'

3.2 Paralinearization of the Dirichlet—-Neumann operator

In the case of smooth domains, it is known that, modulo a smoothing operator,
G (n) is a pseudo-differential operator with principal symbol given by

A, 8) = (L + 1V P) 6P — (Vn(x) - 02, (3.32)

Notice that A is well-defined for any C' function 7. The main result of this
section allow to compare G () to the paradifferential operator 7, when 5 has
limited regularity. Namely we want to estimate the operator

R(n) =G(n) —T,.

Such an analysis was at the heart of our previous work [4] [1, Proposition

3.14] for “smooth domains” (n € HS+%, s > 2+ %). Here we are able to

lower the regularity thresholds down to s > % + %. The following results,

which we think are of independent interest, complement previous estimates
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about the Dirichlet-Neumann operator by Craig—Schanz—Sulem [25], Beyer—
Giinther [11], Wu [47,48], Lannes [35].

Theorem 3.12 Letd > 1,5 > % + % and % <o <s+ % Then there exists a

non-decreasing function F: Ry — Ry such that, foralln € H s+%(Rd) and
all f € H? (RY), we have Gn)f e HoL(RY), together with the estimate

1GO) fllo-1 ey < F(lnl, 11 1o ey - (3.33)

s+% (Rd))

We also prove error estimates.

Proposition 3.13 Letd > 1 and s > % + % For any % <o < s and any

1 d
O<e<—, E<Ss——— —,
2

2 2

there exists a non-decreasing function F: Ry — Ry such that R(n) f =
Gn) f — T, f satisfies

IR F L go-rveay < F(I oy o) 1F o ey -

S+%(Rd)

To prove Theorem 3.12 and Proposition 3.13, we shall use the diffeo-
morphism p defined by (3.9). Then recall from (3.16) that the function
¢(x,z) = ¢(x, p(x, 7)) satisfies

@2 +ady +B-Vid: —y3)d =0,  dlimo = Ply=ye = £, (334
where the coefficients are given by (3.17), and

1+|Vp[?

G f = (A1g —Vp - Aad)l.—0 = ( %o

d:p — Vp - V&F) s

We conclude this paragraph by stating elliptic estimates for the solutions of
(3.34). For later purpose, we will consider the non-homogeneous case. This
yields no new difficulty and will be useful later to estimate the pressure (see
Sect. 4.2). We thus consider the problem

v+ aAv+ -V —ydv=F, vl—=Ff (3.35)

where f = f(x)and Fy = Fp(x, z) are given functions. Recall that for © € R,
the spaces X*(I), Y*(I) are defined by (see (2.38)):

XM(I) = CO(I; H*(RY) N L2(1; H*1(RY)),
YA(I) = LY HA(RY) + LA(I; H* 1 (R%)). (3.36)
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Recall that H° (R?) is an algebra foro > d/2 and sois C°(1; H? (R?)). Also,
using the tame estimate (2.14), we obtain the following

Lemma 3.14 Assume thato > % Then the space X° (1) is an algebra. More-
overif F : CN — C is a C*®-bounded function such that F(0) = 0 one can
find non decreasing functions F, F\ from R" to R™ such that

IFW)lixoay = FUU ooz sra) 1U I xo 1y < F1llU N xo1y)-

With these notations, we want to estimate the X -norm of V, v in terms of
the H°*!-norm of the data and the Y -norm of the source term. An important
point is that we need to consider the case of rough coefficients. In this section

we only assume that n € H® +3 (R?) for some s > 1/2 + d /2. An interesting
point is that we shall prove elliptic estimates as well as elliptic regularity (in
other words, we do not prove only a priori estimates). Our only assumption is
that v is given by a variational problem, so that

(3.37)

192yt gy <

Remark 3.15 In the case where v(x, z) = a(x, 7) = ¢(x, p(x, z)) with ¢ the
variational solution of

Ax’y¢ == O, ¢|y:77 = f, 8n¢ == 0 on F,
then (3.20) together with (3.5) shows that v satisfies the assumption (3.37).
Proposition 3.16 Letd > 1 and

bod 1
>_ — —_—— J—
S 2 2, 2_O’_S

| =

Consider f € H°tI(RY), Fy € Y°([—1, 0]) and v satisfying the assump-
tion (3.37) solution to (3.35). Then for any zp € (—1,0), V, ;v € X?([z0, 0]),
and

19020 o qegon = F (1711 1) [ 1/ o+t + WFollys (1.1

+ ” Vx,zU ”X_% (—1.0]) } >

for some non-decreasing function F: Ry — Ry depending only on o.

To prove Proposition 3.16 we shall proceed by induction on the regularity o .
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Definition 3.17 Given o such that —1/2 < o < s — 1/2, we say that the
property H, is satisfied if for any interval I € (—1, 0],

190l oy = F (1) [ 1f o1 + 1 Follye 1,01

+ [ Vi.2v| (3.38)

X‘%q—l,on] ’

for some non-decreasing function : Ry — Ry depending only on / and o.

With this definition, note that Assumption (3.37) means that property H_
is satisfied. Consequently, Proposition 3.16 is an immediate consequence of
the following proposition which will be proved in Sect. 3.3 (see Sect. 3.3.1).

Proposition 3.18 Let s > % + %. For any ¢ such that

1 1 d
O0<e<—, E<s ——— —, (3.39)
2 2 2

if Hy is satisfied for some —1/2 <o <5 —1/2 — ¢, then Hy 4+ is satisfied.

3.3 Nonlinear estimates

Let us fix ¢ satisfying (3.39), o such that
1 1

——<o<s——--—c¢
2 2

and assume that H,; is satisfied. We begin by estimating the coefficients «, B, y

in (3.17) in terms of ||n||HH%.

Lemma 3.19 Let J =[—1,0] and s > % + %. We have

‘|

Joc = By Uy = F (Il ). (340)

X720 2 () ) =

Proof According to (3.12), we can write

2 _ 2 i
(9.0)* = h* + G with ||G|IXS_%(,)ff(”””w%(w))'

. . 1 _ 1 _|Vp? .
Noticing that Ve = Trver e obtain
Vpl? Vpl?
oot e T 19
14 |Vp| 1+ |Vpl
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and we use Lemma 3.14 witho = s — % together with (3.12). The estimates
for B8 and y are proved along the same lines. O

Lemma 3.20 There exists a constant K such that for all I C [—1, 0],

IElyovey = Kyl 1901l xo 1) » (3.41)

_3
I
where F1 = yd,v.

Proof We shall prove that, on the one hand, if —1/2 <o <s — 1 — ¢ then

||Vazv||Ll(1;H<f+8) = ||V||L2(1;HH) ”aZU”L2(1;H“+£) ) (3.42)

and on the other hand, if s — 1 —¢ <o SS—%—sthen

Iy vll ) S ||V||L2(1;Hs—1) ||8zU||L00(1;HU) . (3.43)

LZ(I;HG—%+S
Since s > e+ 4 +d/2,if —1/2 <o <5 —1— ¢ then

1 1
s—l+cr+§>0, G+8§O+§, o+e<s-—1,

+ 1+ +1 d
ot+e<s— o+ - — =,
2 2

and hence the product rule in Sobolev spaces (2.13) implies that
ly @8:v@) 1 gove S Iy @l s 190 1 -

Integrating in z and using the Cauchy—Schwarz inequality, we obtain (3.42).

On the other hand, if —e <o < s — % — ¢ then one easily checks that

1 1
s—14+0 >0, 0—5—1—850, U—E—I—sfs—l,
1
_ -1 - =,
o > +e<s +o >
and hence the product rule (2.13) implies that
ly @3:v@I o1 Sy @llgs—1 119:v(@) | o -

Taking the L?-norm in z, we obtain (3.43). |
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Our next step is to replace the multiplication by « (resp. ) by the paramul-

tiplication by Ty, (resp. Tg).

Lemma 3.21 There exists a constant K such that for all I C [—1,0], v

satisfies the paradifferential equation
920+ Ty Av+ T - Vou = Fo + Fi + F,
for some remainder
Fy =Ty —a)Av+ (Tg — B) - Vo,v

satisfying

F o+e <Kil _h2
IF2llyo+ery < {'+W |w%wmw

* ”ﬁuxs—%([—l,op} Vet

Proof According to Proposition 2.10, we have
law = Taull gy < Nlallgr llull g

provided that r, i, y € R satisfy

d
r+wu=>0, y<r andy<r+u—§.

Sinces > e+ 1/2+d/2,if —1/2 <o gs—%—ethen

1 1 d
s+a—§>0, o+e<sys, G+8<S+O’—§—5,

and hence (3.47) applies with

y:G+87 r=s, M:G_E

This implies thatif —1/2 <o < s — 1 — ¢ then

2
a__

16

(T, — Ol)AU||L1(1;HU+€) S (1 +

(T = BV 1. ooy S UBIl 210y ||vazv||L2(I_H(,5) :
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(3.47)

Av]l o1 0
L2(I;H") LZ(I;H 2)

(3.48)
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which yields
IF2llyoseqry < P2l mesey S {1+ o= 2) oy
+ ”ﬁHXA_%(I)} ||VX,ZUHXJ(]) .
This concludes the proof. O

Our next task is to perform a decoupling into a forward and a backward

parabolic evolution equations. Recall that by assumption n € H H‘%(R”’)
with s > & + 1/2 4+ d/2. In particular, n € C}+¢(R?).

Lemma 3.22 There exist two symbols a, A in F; (R? x [—1, 0]) and a remain-
der F3 such that,

(0; = Ta)(0; — Ta)v = Fo + F1 + F» + F3, (3.49)
with

Mi@ + ML) = F (Il y) (3.50)
and
IS0, o) = F (g ) [9xc0] (1)
for some non-decreasing function F: Ry — Rj;.

Proof We seek a, A satisfying

a(z; x, £)A(z; x, §) = —a(x, 2) &2,
a(z; x,6) + A(z; x, &) = —if(x,2) - &.

We thus set

1
a=§(—iﬂ-é—\/4a|§|2—(ﬂ-§)2),

1
A=§(—il3'5+\/40! |s|2—</3-s>2). (3.51)

Directly from the definition of «, 8 (3.17), note that

3> 0; JAalg — (B-£)72 > clé.
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According to (3.40) the symbols a, A belong to F; (R? x [—1,0]) and they
satisfy the bound (3.50). Therefore, we have

(3, — T) (@, — TA)v=08>v — TgVdv + T,Av+ F3,  F3 = Rov + Ryv,
(3.52)

where
Ro(2) = TayTa) — TuDA, R1(2) := —Tham)-

According to Theorem 2.6, applied with p = ¢, Ro(z) is of order 2 — &,
uniformly in z € [—1, 0]. On the other hand, since

0.0 e L% (1,00 H2), 92p e 1 ((=1,00 H°73),
according to (2.13) we have
o0 s—3 00 e—1
.0, 0.8 € L ((=1,00: H*72) € L®((=1,0): €271,

Therefore d;A € FL] (R? x [—1,0]). As a consequence, using Proposi-
tion 2.12, we get that R (z) is also of order 2 — ¢. We end up with

sup (IR g g+ IR1 @ pgsa—es g = F (Il .1
ze[-1,0] a2

Now we notice that, given any symbol p and any function u, by definition
of paradifferential operators we have Tu = T, (1 — W (Dy))u for any Fourier
multiplier (I — W (D,)) such that W(£) = O for |£| > 1/2. This means that we
can replace ||v(z)||HU+% by [|Vv(z) ”H”%' We thus obtain the desired result

from Lemma 3.21. O
3.3.1 Proof of Proposition 3.18

We shall apply Proposition 2.18 twice. At first we apply it to the forward
parabolic evolution equation d,u — T,u = F (by definition Re(—a) > c|&]).
This requires an initial data on z = —1 that might be chosen to be 0 by using a
cut-off function, up to shrinking the interval /. Next we apply it to the backward
parabolic evolution equation d,u — Tqu = F (by definition Re A > c|&]).
This requires an initial data on z = 0 (which is given by our assumption on f')
and this requires also an estimate for the remainder term F which is given by
means of the first step.
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Suppose that H,; is satisfied and let Iy = [£g, 0] with &g € (—1, 0). Then

[Vecv]l xo iy < o) i £ 1l o+

+ 1 Follys 1,0 + | VX»ZU”XE([_LOJ)} ’

We shall prove that, for any 0 > &1 > o,
2] o (LY { 1 f oo + I Follyose—1.0

+| Vx,zv”X_%([_Lo]) ] (3.53)

Introduce a cutoff function x such that x |;<;(,= 0, x [¢5=1.Setw :=
X (2)(3; — T4)v. It follows from (3.49) for v that 0,w — T,w = F’, where

F'=x@Fo+ Fi+ F,+ F3) + x'(2)(0; — Ta)v.

We have already estimated Fi, F>, F3 and Fj is given. We now turn to an
estimate for (0, — T4)v. According to (2.4) and (3.50), we have

T < ( ) v
[ AU”LZ(IO;H(Hé)_F iy ) vlle(zo;H°+é)
< FUn o) [ Vezv] o ) -
which implies that (since L2(lo; H°+2) C Yo+ (Iy))

ITavllyessay < F (10t ) 1900 e
5 F (||77||Hv+%) HVX,ZUHXU([O) .
Consequently
I @@ = Tl your iy = F (101 o) Vel oy G5
Using the previous estimates for Fy, F, F3, it follows from (3.54) that

[ yosey = F (10 1) 1 Va0l oy + D Follysecry - (3:55)
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Since w(x, zg) = 0 and since a € Fg satisfies Re(—a(x, £)) > c |&], by using
Proposition 2.18 applied with J = Iy, p = ¢ and r = o + ¢, we have

||w||X“+E(I()) = -7:(||77||H;+%) ||F/||yrr+£([0) )

and hence, using (3.55),

lwlixoreiy = F (10 1) {1V0z0l gogy + 1Follyrey }- - (3:56)
Now notice that on /1 := [¢1, 0] we have x = 1 so that
0;v — Tyqv=w forz e I.
Therefore the function v defined by v(x, z) = v(x, —z) satisfies
30+ T70=—w forzel; =[0, -],

with obvious notations for i and A. By using Proposition 2.18 with J = I,
noticing that v|,—o = v|,=0 = f, we obtain that

1xrsrseiy < F (U0l ey) (U Ngrise + 18 lymerse )
Using the obvious estimate

lwllyorivedyy = llwllyo+i+e gy < lwll < llwllxo+ecry) »

L%(I] ;HO'+%+£)
it follows from (3.56) that

|| U||Xo+l+s(11)

<F (”U”HH%) (||f||H"+l+£ + H VX,ZUHXU(IO) + ”F()”Y”"'g([()))'

We easily estimate d,v directly from d,v = T4v + w (by using (3.56) and the
fact that T4 is an operator of order 1). This completes the proof of (3.53).

This proves that if H,, is satisfied then H, . is satisfied and hence concludes
the proof of Proposition 3.18 (and hence the proof of Proposition 3.16).
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3.3.2 Proof of Theorem 3.12

Let v be the solution of (3.16) with data v|,—9 = f. By definition of the
Dirichlet-Neumann operator we have

1+ |Vpl|?
+|p|a

G f = v—Vp-Vu| o (3.57)

Z

Now, by applying Proposition 3.16 with Fy = 0 and Remark 3.15, we find
that if v solves (3.16), then for any I € (—1, 0],

190l gomrcry = F (001 10 (3.58)

According to (3.12) and (2.14), we obtain that

1+ Vol
H—azv—w-w < F (Il ey ) 1f Nae -
0:p CO(l20.01: 1) H
As a result, taking the trace on z = 0 immediately implies the desired

result (3.33).

3.3.3 Proof of Proposition 3.13

Let1/2 < op < s. It follows from (3.56) applied witho = o9 — 1 and Fyp = 0
that

1X@@0 = Ta)lxr-eeagy < F (Wl ) {1 Vec0 ] g1 1

for some cut-off function x such that x (0) = 1. By using Proposition 3.16,
we thus obtain

1920 = Tavlz=oll goo-1+e = f(llnllHﬁ%) 11 Eoo - (3.59)

The previous estimate allows us to express the “normal” derivative d;v in
terms of the tangential derivatives. Which is the main step to paralinearize the
Dirichlet-Neumann operator.

Now, as mentioned above, by definition of v,

1+ |Vpl?
Gn)f = Tazv —Vp- -V | 2=0"
Z
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Set

According to (3.12),

1

CI—E

]

el o = F (Il ). 360
CQ([LOJ;H.K ) C?([—LO];HX 2) 2

Let
R = 10;v— 8- Vo — (Té'l ;v — TQVU).

Since ¢ < % ande < s — % — %l, we verify that Proposition 2.10 applies with

1
y =o09—1+¢, r:S_E’ uw=op—1,

which, according to (3.60) and (3.58), implies
IR | cogsspoo-vy < F (101 cyx )1 f Mz
Furthermore, according to (3.59) and (3.60), we obtain
Try 9.0 — T, V| o — (Ta Tav — Tigyev | z:O) =R’
with
[R | ye-ree = F (Wl oy ) 1 N
Finally, thanks to (2.5), (3.60) and (3.50), we have

1 S 121 @) e ME(A)

1 Tei)Ta) — T | !
=7 (Il .t)

H° — H°0~2

and hence
G(U)f = T{‘]Av - Ti{z-év | 7=0 + R(’?)f
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where

IR f 1l geo-se < F (Il oyt )1 f Mg

Let

1+ |Vpl|?
L 1t IVelm

S EEA=iVp & |y =1+ Va0 PIER = (V1) -6)”

Then

Gmf=Tf+Rmf

which concludes the proof of Proposition 3.13.

4 A priori estimates in Sobolev spaces

In this section, we shall prove a priori estimates on smooth solutions on a fixed
time interval [0, T']. Recall that the system reads

om—Gmy =0, .
Vi-VY+G v 4.1)
8t‘ﬁ+877+%|VW|2—%( ! 1+|Vn|2n ) =0.

As already mentioned, we work with the unknowns B = B(n, ¥) and V =
V (n, ¥) defined by

B V- Vy + Gy
' 14 |Vn|?

., V:=Vy—BVnp. 4.2)

Itfollows from Theorem 3.12 that, forall s > 1+d/2andall (n, ¥) € H2 ,B
and V are well defined and belong to H s=3. Moreover, we shall prove that if
they belong initially to H*® then this regularity is propagated by the equation.
We shall prove estimates in terms of

M = res[l(l)PT] 1@, B), V@), n(r))”HH%XHSXHA'xHﬁ% , 4.3)
M;.0 = 11(¥(0), BO), V(O), n(ON

1 1 .
STIXHIXxHSxH 2
The main result of this section is the following proposition.

Proposition 4.1 Let d > 1 and consider s > 1 + % Consider a fluid domain
such that, there exists h > 0 such that for all t € [0, T],
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knweRde:Mnﬂ—h<y<n@xﬁc9@) (4.4)
Assume that for any t € [0, T],
a(t,x) > co,

for some given positive constant co. Then, there exists a non-decreasing func-
tion F: RT — RY such that, forall T € (0, 1] and all smooth solution (n, )
of (4.1) defined on the time interval [0, T, there holds

Remark 4.2 The assumption (4.4) holds provided that it holds initially at time
Oand ||n — 7 |t=0 ”H“ ) < €, for some small enough positive constant €.

4.1 A new formulation

Since we consider low regularity solutions, various cancellations have to be
used. We found that these cancellations are most easily seen by working
with the incompressible Euler equation directly, and hence we do not use
the Zakharov formulation. This means that we begin with a new formulation
of the water waves system which involves the following unknowns

{=Vn, B= 8y¢|y:nv V= Vx¢|y:n’ a = _ayP|y:r;a (4.6)

where recall that ¢ is the velocity potential and the pressure P = P (¢, x, y)
is given by

1 2
—P=&¢+§Wm¢\+w. 4.7)

Proposition 4.3 Lets > % + %. We have

0, +V-V)B=a—g, (4.8)
0 +V -V)V +at =0, 4.9)
0 +V -V =GCn)V+¢Gn)B + vy, (4.10)

where the remainder term y = y (n, ¥, V) satisfies the following estimate :

vl oy = F (1. v vl (4.11)

1 .
st3 ><HS><HS>

Remark 4.4 In the case I' = ¢, one can see that at least formally y = 0.
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Proof Directly from the equality 9,7 = G ()¥ and the definition of B and V
(see (4.2)), we have

dn—+V-Vn=B. (4.12)

Then, for any function f = f(z, x, y), by using the chain rule, we check that,
with V = V,,

(al + V . V)(f|y=77(l,)€)) = (3; + V . V)f(t’ X, n(t7x))
=[0f+Vo-VI+dfOm+V-Vn]|
=[G+ Veyo  Vay) f]]

y=n(t,x)

y=n(t,x)’

where we used (4.12) as well as the identity B = d,¢ ’ N Applying 9y
to (4.7), this identity yields (4.8). On the other hand, applying 9y, to (4.7), the
previous identity gives

@+ V- -V)V+(VP)|y=; =0.
Since P|y—, = 0, we have
0= V(Plyzn) = (VP)|y=n + (ayP)ly:nvnv

which yields (4.9).
To derive equation (4.10) on ¢ := V7 we start from

dn=B—V - -Vn.
Differentiating with respect to x; (fori = 1,...,d) we find that 9;n = 9,1
satisfies

d
@+ V- V)i =B — D V;dn. (4.13)
j=1

Directly from the definitions of B and V (B = dy¢|y—y;, V = Vé¢|,=;), and
using the chain rule, we compute that

d
9;B — ZaiVjajT] = [aiay¢ + aina)%d)] |y:r)
=1

d
— Zajn[aiajd) + 3nd;9,0]
j=1

y=n
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d d
= | 0,06 — D> 0;mdi9;p | |,_, +3in | 56— D 9;19;0,0 | |
j=1 j=1

y=n'

Therefore
O + V- V)oin =[3y0;¢ — Vi - VO;¢] |y:n
+3im[dy(8yp) — Vi - Voyo][ _ . (4.14)
Let 6; be the variational solution of the problem
Ay y0i =0inQ, 6ily—y=V;, 9,6, =0o0nT.

Then
289,-
GmVi=41+1|Vn| Ely:n = (0y0; — V- VO)|y=y.

Then we write

@y = V- V)Biply=y = GV + Ri. where
Ri = (dy — Vi - V)@ — 0)] y=- (4.15)

Notice that
Ax,yai¢ = 01in €, 3i¢|y:n =V

However, in general d,0;¢ # 0 on I'. Our goal is to show that 9;¢p — 6; has
a better regularity. Due to the presence of the bottom we have to localize the
problem near X. Let xo € C®(R), n1 € H*®(R?) be such that xo(z) = 1
ifz >0, x0z) =0ifz < —1 and

h - - h
n(x) — —4 =mkx) <nkx) - g
Set

y —ni(x)

Ui(x’}’)=X0( h

) (0ip — 0;)(x, y).

We see easily that R; = (dy — Vn - V)U;|y—,. Moreover U; satisfies the
equation

AxyUi = |:Ax,y’ X0 (y—Trn(x)ﬂ (0i¢p — 0;) = F; (4.16)
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and, with a slight change of notation, we have

supp F; C S1 1 := {(x,y):x e R4 n(x) — g <y<nkx) - ﬁ}. (4.17)

5

=

5

Bl

Moreover by ellipticity (see Lemma 3.11) we have for all o € N¢*1,

D¢ F; < , B . 4.1
|| X,y l”Loo(Sl ])ﬂLz(Sl ]) _Ca”(v )”H%XH% ( 8)
2

5 25

Now we set y = p(x,2) = (1 + 2)e®Pely(x) — {21+ Pe)y(x) — h}
and g; (x, z) = g;(x, p(x, 2)). Since we have taken § ||17||HS+% small, it is easy

to see that on the image of §; 1 one has —h < 7 < —1}’—0. Now, according to
2°5

Sect. 3.1.1, U,- is a solution of the problem

3.0)% ~

9% L aA VY, —ya U = —— _F..
(z+a + B . — v U, 1+|Vp|2l

Due to the exponential smoothing and to (4.18), on the support of F; the right
hand side of the above equation belongs in fact to C?((—h, 0); H*(R%)). In
particular we can apply Proposition 3.16 with f = 0. It follows that

V.. .Ui
Vs ’”CO([ZO,OJ;H““%(Rd))

< f(IInIIHH%) (“Fi”Y“((—LO)) VUi ”x—i«—l,o») '

Notice that according to the constructions of variational solutions the norm
o _1 .
of U; in X~ 2((—1, 0)) is bounded by

F (Il eey) (13 + 1Vl 3 )

1+ |Vn|? ~
1+6(Dy)n

we deduce that

1Ry < F (Il ey) (00 +1VilL )
< F (Il coys I, 1V s )

Since

’

z=0
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since s > % + %. We use exactly the same argument to show that
@y — V- V)oy¢ly—y = G(n)B + Ry, (4.19)
where Ry satisfies the same estimate as R;. This completes the proof. O

Following the same lines, we have the following relation between V and B.

Proposition 4.5 Let s > % + %’ Then we have G(n)B = —divV + y where

< VB ).
Il .y < F(IL VB Gy

Proof Recall that, by definition, B = dy¢|y—, and V = V¢|,—,. Let 6 be the
variational solution to the problem

Ay y0 =0, Oly—y =B, 09,0]r=0.
Then G(n)B = (3,0 — Vn - VO) | - Now let 6 = dy¢. We claim that
00 —Vn-VO)|,_, =—divV.
Indeed, on the one hand we have
(0,0 — Vn - VO) = 07¢ — Vi - Vo,

and on the other hand

divV = za)Cin Z8i2¢+vn-3y¢

1<i<d 1<i<d y=n
Then our claim follows from the fact that A, ,¢ = 0. Now we have
Axy(@—0)=0, (6 —0)ly=y=0,

s0, as in the proof of Proposition 4.3, we deduce from Proposition 3.16 that

[@, =@ -0y =F(I0V.BI oy 1 ),

which is the desired result. O
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4.2 Estimates for the Taylor coefficient

In this paragraph, we prove several estimates for the Taylor coefficient.
Proposition 4.6 Letd > 1 ands > 1+ %. There exists a non-decreasing
function F: Rt — RY such that, for all t € [0, T],

la) =gl —y = F (I, v, V. BYOI

2

S+%><HS+%><HS><HS) ) (4.20)

For0 < e < s —1—d/2, there exists a non-decreasing function F such that,

[(3a +V -Va)®)llc: = F (“(’7’ V.V, B)(t)”HH%XH”%xHSxHS) '

4.21)
Recall that @ = —d, P|,—, where
1 2 1 2
P=P(t x,y)=—|0¢+ 2 IVil” + 5(3y¢) +8y)-

The basic idea is that one should be able to easily estimate P since it satisfies
an elliptic equation. Indeed, since Ay y¢ = 0, we have

2
2
vx7y¢) .

Ay P =—

Moreover, by assumption we have P = 0 on the free surface {y = n(z, x)}.
Yet, this requires some preparation because, as we shall see, the regularity of P
is not given by the right-hand side in the elliptic equation above. Instead the
regularity of P is limited by the regularity of the domain (i.e. the regularity of
the function 7).

Hereafter, since the time variable is fixed, we shall skip it. We use the change
of variables (x, z) — (x, p(x, z)) introduced in Sect. 3.1.1. Introduce ¢ and g
given by

p(x,2) =¢(x, p(x,2), px,2) =P, px,2)+gpx,2),

and notice that

1
a—g8g=— 026 |z=0 -
9zp

The first elementary step is to compute the equation satisfied by the new
unknown  in {z < 0} as well as the boundary conditions on {z = 0}. Set (see
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(3.13))
1 Vp
A=(A1,Ny), Al=—0;, Ar=V—_—0.
9z 9z
We find that

(A2 +ADp=0in —1<z<0,

2.
(A%+A%)go=—|A2<p‘ in —1<z<0,
(AT +ADp=0in z<0,

together with the boundary conditions

=81 NMp=g—a onz=0,
A=V, Ajp=B, onz=0.

According to (3.5) and Remark 3.15, we have the a priori estimate

’

Bl—

v =7 (1n10)
Vel gy gy = F (g ) 10,
while according to Proposition 3.16

v < (R Vol
19l y o = F (R o +1VRI

= F(I0 oy

where R(x, z) = R(x, p(x, z)) and R is defined in Definition 1.5.

Expanding A% + A2, we thus find that g solves

Zp+alp+p-Vip—yde=Fyx,z) forz <0,
» =8n on 7 =0,

where «, B, y are as above (see (3.15)) and where
Fo=—a|A%[".

Our first task is to estimate the source term Fj.

@ Springer

X2(-1,0) X2(—1,0)

(4.22)

(4.23)

(4.24)



On the Cauchy problem for gravity water waves 125

Lemma 4.7 Letd > 1 and s > 1+ d /2. Then there exists zg < 0 such that

S=5 i 5+l s s)'
[z0,0L; H™ 2 2xH T2 xHSxH

IFal,,( ) =7 (CEARIS
Proof Since [A1, Az] = 0 we have
(A + AD A2 =0, (A2+AD)A1p =0,

Since Arp|,=0 = V and A1¢|,=0 = B, it follows from Proposition 3.16 (and
Theorem 3.8 which guarantees that V, ;¢ € X -3 (zo, 0)) that

[V el

Xs_l([Z(),O]) S ‘7: (||(77, w’ V’ B)||Hs+% XH.H% ><H5><Hs) :

By using the estimate (3.12)

v + 10,0 — h < ,
l xp”CO([z(),O];H‘Y_%) 190 ”CO([Z(),O];HS_%) ~ ||71||Hs+%

and the product rule in Sobolev spaces, we obtain

AjA =7 (o1 v.v. B ).
H / k(p”Lz([zo,O];HS%) = Flen v )”HH%XH”%xHSxHS
(4.25)
Since H~7 is an algebra, according to Lemma 3.19, we obtain
l Foll ol
Ll([zo,O];H 2)
2
<1+ |la — 2 AjA
S| e =# (oo [ajA0], (o)
=F(I00 VB ey it ) (426)
This completes the proof. O

It follows from Lemma 4.7 and Proposition 3.16 applied witho = s —1/2
that there exists zg such that

[Vx.z0]

o=

1
X*72([z0,0D)

<F , , | F
QU DL vy ollLl([Zo’o];Hs

) , (4.27)
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where we used the estimate (4.22). According to (4.26), this implies that

[Vezp] <F(Il(n v, V, Bl H) (4.28)

1
Xs—j([ ) A+2 Hé+2><HT

which in turn implies that |la — g|| | is bounded by a constant depending
only on ||(n, ¥)ll ;.1 and [[(V, B)| s

4.3 Paralinearization of the system
Introduce
U=V +T,B. (4.29)

To clarify notations, let us mention that the ith component i = 1, ..., d) of
this vector valued unknown satisfies U; = V; + Ty, B. The new unknown U
is related to what is called the good unknown of Alinhac in [1,4,5,7].

To estimate (U, ¢) in Sobolev spaces, we want to estimate ((D)* U,

(Dy)*=3 ¢)in L®([0, T]; L2 x L) where (D,) := (I — A)"/2. However, for
technical reasons, instead of working with ((D,)* U, (D,)*~2 ¢), it is more
convenient to work with

U, := (D,)* V + T;(D,)* B,

& = (Dy)' L. (4.30)

Proposition 4.8 Under the assumptions of Proposition 4.1, there exists a non
decreasing function F such that

0 +Tv - Uy + Tugs = f1, (4.3
0 +Tv - V)¢ = ThUs + f2, (4.32)

where recall that )\ is the symbol

At x, §) = \/(1 + V@, )P IEF = (Vn(, x) - §)2,

and where, for each time t € [0, T],

1@ LN,y < FIIGAON oy 1V BYOl e) . (4:33)

2

Proof The proof is based on the paralinearization of the Dirichlet-Neumann
operator (see Proposition 3.13), the Bony’s paralinearization formula for a
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product, some simple computations and the commutator estimate proved in
Sect. 2.4.
STEP 1: Paralinearization of the equation

& +V-V)V +at =0.

We begin by proving
Lemma 4.9 We have

@ +Ty -VYV+T,8 +Te (0, +Ty - V)B = hy with

Vil < F(II ey 1V, Blps). (@39

Proof Using (2.10) and (2.4) wehave V - VV =Ty - VV 4+ A| where A| =
Zj Ty,vVj+ R(9;V, V;) satisfies

IA s SUVViiLe IV gs -
Similarly, (a — g)¢ =Ty 4¢ + Ty (a — g) + R(;, a — g) where
IR&, a =g SNENgs—1r2lla — gllgs—172 (4.35)

and where ||a — g|| gs—1/2 is estimated by means of (4.20).
Since Ty g = 0, by replacing a by g + (3; B + V - VB) we obtain

T;a = T((atB +V. VB)
=T;0B+Ty-VB)+T;(V —Ty) - VB.

As in the analysis of A| above, we have
IV =Tv) - VBllps SIVBIlpee IV ps -

Now we use H T; 1l poe < NImll gst1/2 (since s +1/2 > 1 +d/2)

||HY»HY ~

to obtain
|Te(V = Ty) - VB| s S Il s IV Bllzoe 1V I s -
By Sobolev injection, this proves (4.34). O

STEP 2. We now commute (4.34) with (D,)* = (I — A)*/?. The paradif-
ferential rule (2.5) implies that

H[ as (Dx) ]HH; 125712 Sllallwizee ST+ lla—gllys-12,
“[T; (Dx) ]“Hs 12572 ~ ||§||W1/2oo S ||§||Hs 172,
[Ty - VD[] o2 S IV Iwroe S UV s -
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Consequently, it easily follows from (4.21) and (4.34) that
(0 +Tv - V)(Dx)' V + Ty (Dy)' ¢ + Ty (0 + Tv - V)(Dyx)' B = hy

for some remainder hj satisfying ||h2];2 < ]:(HUHH”%’ IV, B)IIHS). On
the other hand, Lemma 2.15 implies that

[175. 8+ Tv - VID) B 2 = F (InO1l oy s 1V, BXOls ) -

Here we have used the fact that the L° norm of 8, +V - V¢ is, since s > %-i— %,
estimated by means of the identity (4.13):

106 +V - Vilpee SNVBlLee + 151z IVV e
SIVBliLe + 1l 3 IVVilze .

By combining the previous results we obtain
@ +Tv - V)((Dx)' V + T (Dx)’ B) + To(Dx)’ ¢ = fi

where f) satisfies the desired estimate (4.33).
STEP 3. Paralinearization of the equation

0 +V-V){=GmV +LGmB +vy.

Writing (V — Ty) - V¢ = Tyg - V 4+ X9_, R(3;¢, V;) and using (2.10) and
(2.11), we obtain

I(V—=Ty)- VeIl 0 SV _t VIlgs Slnll 3 IVIgs . (4.36)
H C,? c?

]

The key step is to paralinearize G()V + ¢ G(n)B. This is where we use the
analysis performed in the previous Section. By definition of R(n) = G () —T)
we have

GV +¢GmB =TU+ F2(n,V, B),
where
F, =[T;, T, 1B+ RV +¢R(mB + (¢ — T;)T,.B. 4.37)

The commutator [T, T;]B is estimated by means of (2.5) which implies that

17, .18

ot S MM 00+ M@M)L 1B
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Since M?/z(g“) + Mll/z(k) < IC(||17||HS+%) we conclude that

i 1By <K (Il oy 1Blgs) -

-1
2
Moving to the estimate of the second and third terms in the right-hand side

of (4.37), we use Proposition 3.13 to obtain that the H* _%—norm of R(n)V
and R(n)B satisfy

IRV Ol 1 +IRME)BO -

< F(In®l .y IV, BYOlgs)

[Nl

Since H® -3 is an algebra, the term ¢ R(n)B satisfies the same estimate
as R(n) B does. It remains only to estimate ({ — T;) Ty B. To do so we write

(& —T,)TWB =Tr,p¢ + R, T,.B).
Thus (2.10) (applied with = 0 and 8 = s — 1/2) implies that
| =TOTB| y SITBIL<lC] -
Using (2.4) this yields
|G = TOTB| ) < Mo Bl NEN .y -

We thus end up with ||F2||H 1 < ]:(HUHH”%’ IV, B)”Hs).

S—y —

By combining the previous results, we obtain
0+ Ty - V)¢ =TU + h3, (4.38)

where ”h3“HS‘% < ’7:(”’7“H5+%’ I(V, B)”Hs). As in the second step, by com-

muting the equation (4.38) with (D, )* we obtain the desired result (4.32),
which concludes the proof. O

4.4 Symmetrization of the equations

We shall use Proposition 4.8. To prove an L? estimate for System (4.31)—(4.32),
we begin by performing a symmetrization of the non-diagonal part. Here we
use in an essential way the fact that the Taylor coefficient a is a positive
function. Again, let us mention that this assumption is automatically satisfied
for infinitely deep fluid domain: this result was first proved by Wu (see [47,48])
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and one can check that the proof remains valid for any C!*-domain, with
O<a<l.

Proposition 4.10 Introduce the symbols

a
y =+ak, q= X’
and set O0; = T, ;. Then
0 Us +Ty - VU; + T),65 = Fy, (4.39)
0,05 + Ty - VO, — T, Ug = F3, (4.40)

for some source terms F, I, satisfying

IR @, Fa2r2 = F (10, 0OI iy s IV BYOls)
Proof Directly from (4.31)-(4.32), we obtain (4.39)-(4.40) with

Fir:=fi+ (T T - )é‘s,
Fy =T, f»+ (T, — T,))Us — [T, 0 + Ty - V] &.

The commutator between T, and 9, + Ty - V is estimated by means of
Lemma 2.15:

” [Tq’ O + Ty - V]Q ||L2(Rd)

1 1
<K {Mo @ IVl gree + Mo  Brg +V - Vq)} N, g

(4.41)

T, f> is estimated by means of (2.4). The key point s to estimate (7}, T, — T5) s
and (T, T,. — T,,)U;. Since yq = a, the operator 1), T;, — T, if of order —1/2
since y is a symbol of order 1/2, g is of order —1/2, and since these symbols
are C'/2 in x. Similarly, since g4 = y, the operator T, T, — T, is of order 0.
More precisely, by using the estimate (2.5) for symbolic calculus, we obtain

M2

”Tqu — T, HH—% L2 1/2()’)M_l/2

(@) + My > My (@),

- ~1/2
)2 / (@M, (4).

HTqTA -T, ||L24L2 S M1/2 (Q)Mo()») + M,

The above semi-norms are easily estimated by means of the C'/? norms of ¢ =

Vn and a (given by the Sobolev injection and Proposition 4.6). O
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We are now in position to prove an L? estimate for (Us, 6;).
Lemma 4.11 There exists a non-decreasing function F such that
N1Usl oo qo.71:22) + 105l Loo o, 77:22) < F (Ms.0) + TF(Ms(T)).  (4.42)

Remark 4.12 The fact that this implies corresponding estimates for the
Sobolev norms of 1, ¥, V, B is explained below in Sect. 4.5.

Proof Multiply (4.39) by U, and (4.40) by 6, and integrate in space to obtain

1d
57 WUOI3 + 160N} + () + D = A 1D,
where

() == (Tv@y - VUs (1), Us (1)) + (Tv ) - V(1) 65(1)),
(I1) = (Ty )05 (), Us (1)) — (T, Us (1), 65 (1)),
(I11) := (F1(1), Us (1)) + (F2(1), 65(1)).

Then the key points are that (see point (ii7) in Theorem 2.6)

ITvay -V +Tvay - Vo 2 STV O llpice

and

1750 = Tyl o2 S My ().

We then easily obtain (4.42). O

4.5 Back to estimates for the original unknowns

Up to now, we only estimated (Us, 65) in L*°([0, T']; L? x L?). In this sec-
tion, we shall show how we can recover estimates for the original unknowns

(0, ¥, V, B)in L®([0, T]: H+2 x H'+2 x H® x H*). Recall that the func-
tions Uy and 6, are obtained from (5, V, B) through:

Us := (Dx>s V+ T§ (Dx>s B,
05 := T sz77(Dx)" V1.

The analysis is in four steps:

(i) We first prove some estimates for (B, V, n) and the Taylor coefficient a
in some lower order normes.
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(i1) Then, by using the previous estimate of 6, we show how to recover an
estimate of the L>([0, T'], H**2)-norm of 1.

(iii) Once 7 is estimated in L*°([0, T'], H® +%), by using the estimate for U,
we estimate (B, V) in L°°([0, T']; H®). Here we make an essential use of
our first result on the paralinearization of the Dirichlet-Neumann opera-
tor (see Proposition 3.13). Namely, we use the fact that one can paralin-
earize the Dirichlet—-Neumann operator for any domain whose boundary
isin H* for some u > 1 +d/2.

(iV) The desired estimate for i follows directly from the previous estimates
for n, V, B, the identity Vi = V 4+ BV and the fact that one easily
obtain an L ([0, T']; L?)-estimate for v,

We begin with the following lemma.

Lemma 4.13 There exists a non-decreasing function F such that,

Il oo 0, 71; 15y + 1(B, V)| ( S_l) < F(My ) + TFM(T)),
L0712
(4.43)
and, forany0 <e <s —1—4d/2,
lall Lo qo.1:c5) < F(My0) + VT F(M(T)). (4.44)

Proof The proof is based on classical Sobolev or Holder estimates for the
solution w of a transport equation of the form d,w + V - Vw = F (these
estimates are recalled in Proposition 2.14).

We begin by proving (4.43). It follows from (4.8), (4.9) and (4.12) that

In+V -Vop=F@), &V+V-VV=FV), B+V-VB=F(B)

with F(n) = B, F(V) = —a¢ and F(B) = a — g. Now by using the
estimate (4.20) for the H* ~3_norm of a — g together with the product rule in
Sobolev spaces, we have

IEMONas +IFWVON o +IFBYDI
< F(lln, VION ey IV, BY) |l ps),

[Nl
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for some non decreasing function F. Using the obvious estimate ||/ .1 (0.1 =
T ||h ||L°°([0,T])’ we deduce that

IFE N Lo, 1y 15 + ||F(V)||L1 ([O,T];H"’%)

+IFB)

1\ S TFWM(T)).
Ll([O,T];HA_2)

The desired estimate for n (resp. for (V, B)) then follows from the esti-
mate (2.22) in Proposition 2.14 applied with o = s (resp. 0 = 5 — %).

It remains to prove (4.44). We shall estimate the L{°(L{°)-norm of a :=
(Dy)%a. To do so, using the estimate (2.20), as above one reduces the proof to
proving that the Lt1 (L°)-norm of (9; + V - V)a is bounded by T F (M, (T)).
Again, it is sufficient to prove that the LY°(L$°)-norm of (9; + V - V)a is
bounded by F(Ms(T)). To prove this estimate, write

@ + V- V)a = (D)@ + V- V)a+ [V, (Dy)]  Va.

The first term is estimated by means of (4.21). The desired estimate for the
second term follows from the bound

I{Dx)*, V] Val poray < KV gs®eyllall ce ey
which follows from paraproduct estimates in Zygmund spaces (see [9]). O

Lemma 4.14 There exists a non-decreasing function F such that

< F(F(My,0) + TF(M(T))). (4.45)

I e g0, 714

Proof Chose ¢ and an integer N such that

0 1 d (N+1) :
<ege<s—1——, &> —.
2 2

Set R =1 — Ty,41; to obtain
& = ThygTyes + RS,
where recall that ¢, = (D, )* ¢. Consequently,
G =+ R+ + RV Tygs + RV g,

By definition of ¢ = +/a/A, Theorem 2.6 implies that, for all © €
R, there exists a non-decreasing function F depending only on & and
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inf ; v)e[0.77xRd a(t, x) > 0 such that,

IR s e < F(lla@lics s In@)llc1+e).

and
1 T1190) | gy gu < F(In@ o).
Therefore
IIVnIIHS_% = IICSIIH_l < F(llallcs Ilnllcys) {1 75¢s] 2+ Ngslig-1} -

Now it follows from Lemma 4.13 and the Sobolev embedding that

lallLoqo, 71:c2) + 11l oo o, 7701y F s Loe o, 77; 1)
< F(My,0) + TF(M(T)).

On the other hand, it follows from Lemma 4.11 that
” Tq(s HLOO([O,T];Lz) = f(MS,O) + Tf(MS(T))

This implies the desired result. |
It remains only to estimate (V, B).
Lemma 4.15 There exists a non-decreasing function F such that
IV, Bl oo,y 1) < F (F(Ms.0) + TF(M(T))). (4.46)
Proof The proof is based on the relation between V and B given by Proposi-
tion 4.5.
STEP 1. Recall that U = V + T, B. We begin by proving that there exists a
non-decreasing function F such that
1U oo qo.77: 15y < F(F(Ms,0) + TF(My(T))). (4.47)
To see this, write
(D:)'U = Us + [(Dy)*  T¢ | B

and use Theorem 2.6 to obtain

[0 Te]Bl 2 S 20 L 1By -
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Since, by assumption, s > 1 4 d/2 we have || || 1 < ||§||Hs_l < ||n||Hs+%

and hence
WUl s S NUsll 2 + IIHIIHH% IIBIIHS,% .

The three terms in the right-hand side of the above inequalities have been
already estimated (see Lemma4.11 for U, Lemma4.13 for B and Lemma 4.14
for n). This proves (4.47).

STEP 2. Taking the divergence in U = V + T, B, we get according to
Proposition 4.5, Lemma 4.13 and Lemma 4.14:

divU =divV +divT;B=divV + T4y B+ T, - VB
=—-GMB + Tice4dive B+
=—-DB+RMB + Tice4dive B+ vy
=T,B+ Rn)B + Taiv¢B +y

where, by notation,

q:=—A+1il-§,

and
<
oy = FI0 VB oy oy )
We have
T,B =divU — Tgiy B — R(7)B — y. (4.48)
Now write

B=T.T,5+ (1- TéTq)B
to obtain from (4.48)
B=TydivU—Tyy+R_,B
where
Ry i=T1(~Tuve - R) + (1 - 7 7). (4.49)

@ Springer



136 T. Alazard et al.

. . . . _3
Notice now that, according to Lemma 4.14, we control div¢ = Anin H ™2 C
1

C.7? (since s > 1 + %) so Tgiv¢ is an operator of order % Finally, g =
. ] . 1 _1 .

—At+iC &€ F1/2 with Ml/z(q) < C(||n||HS+%). Moreover, ¢~ is of order

—1 and we have

—1( -1
Miha™) =c (il ).
Consequently, according to (2.4) and (2.5), the operator R_ ! given by (4.49)
is of order —%. applying T(_; y;;.£)-1 to (4.48), we get
B=W+R_ 1 B

where W := T1 divU — Ty satisfies
q q
Wl < F(F(My0) + TF(M(T))).

. . . . _1
Since R_ 1isan operator of order —% and since we have estimated the H*~2-
norm of B (see Lemma 4.13), we conclude that

IBllgs < F(F(My,0) + TF(M(T))),

and coming back to the relation U = V + T, B we get that V satisfies the same
estimate. O

Lemma 4.16 There exists a non-decreasing function F such that

Il < F(F(My0) + TF(M(T))).

L0, T D)
Proof Since V¢ = V 4 BVn and since the L°°([0, T]; H“%)—norm

of (Vn,V, B) has been previously estimated, it remains only to estimate

Il oo, 71; 12)-
Since

5. Y-V Gy
L+1VnP

’

the equation for ¥ can be written under the form
1 2 1 2yp2 _
811/f+877+2|V1/f| 2(1+|Vn| )B~ = 0.
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Therefore, since V = Vi — BV,

3,1//+V-V¢=8t¢+|V1//|2—BV77-V1/f

=—gn+ |vw|2+ S+ 1V 2)B> — BV -Vyr
=—gn+ w BVn|? ——Bzwm + <1+|Vn| ) B?

1 2 1 2

The desired L? estimate then follows from classical results (see Proposi-
tion 2.14). O

5 Contraction

In this section we prove a contraction estimate for the difference of two solu-
tions which implies the uniqueness of solutions and a Lipschitz property in
a lower norm (H*~!, compared to the ¥ norm where the a priori estimates
are established). This phenomenon is standard for quasi-linear PDE’s. This
choice of norm to establish the contraction property is the result of a com-
promise as on the one hand, the highest the norm is chosen the easiest the
non linear analysis will be (as the norm controls more quantities), while some
loss of derivatives are necessary (in particular as far as the Dirichlet—-Neumann
operator is concerned), see Remark 5.3.

Theorem 5.1 Let (n;, V), j = 1,2, be two solutions of (1.6) such that
(s Wy, Vi By) € C° (10, Tos HF2 x H'V2 B x HY)),

for some fixed Ty > 0, d > 1l and s > 1+ d/2. We also assume that the
condition (1.2) holds for 0 < t < Ty and that there exists a positive constant c
such that for all 0 < t < Ty and for all x € RY, we have aj(t,x) > ¢
for j =1,2. Set

M= tes[gpo H(”J’wJ’VJ’B )(t)H H”ZxHSxHS’

ni=nm—m, Yy=v1—vy2, V=V, —-Vo, B=B|—B.
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Then we have

(. ¥, V., B)||

1 1
Lo ((O,To);Hs_f xH 72 x Hs—1 x[-[ffl)

= KMy M), ¥, Vo B) D=0 Il )

1 .
2xH 2 xHs"1xHs1

5.1

Let us recall that

(0; + VJ'-V)B]‘ =a; — g,
(81+VJ~V)Vj+aj§j=0, 5.2)
@ +Vi-V;=GCm)V; +¢;Gmj)Bj +vj, ¢ =Vnj,

where y; is the remainder term given by (4.10). Let

N(T) := B)(t .
) tes[g,pT] . ¥, V. BX )”HS*%XH‘Y*%xHX*‘lePl

Our goal is to prove an estimate of the form
N(T) = K(My, M2)N(0) + T K(M1, Mo)N(T), (5.3)

for some non-decreasing function X' depending only on s and d. Then, by
choosing 7| small enough, this implies N (71) < 2K(My, M2)N(0) for Ty
smaller than the minimum of Ty and 1/2/C(M1, M>), and iterating the estimate
between [T, 2T1],..., [To — T1, T1] implies Theorem 5.1.

5.1 Contraction for the Dirichlet~-Neumann

The first step in the proof of Theorem 5.1 is to prove a Lipschitz property for
the Dirichlet-Neumann operator. This was already achieved in a very weak
norm in Theorem 3.9, and here we use elliptic theory to improve the result.

Theorem 5.2 Assume that s > 1+ % There exists a non-decreasing func-

tion F such that, for all ny, ny € H**2 and all f € H®, we have

ILG (1) — G(n2)] flle_% <F (Il(m, nz)llHH%) In1 — 772|le_% Nl s -
(5.4)

Remark 5.3 We were unable to prove a similar estimate in a higher norm.
On the other hand, this estimate is in some sense stronger than Theorem 3.9.
Indeed, in view of Sobolev injections, the r.h.s. here does not control the
Lipschitz norm of (171 — n2) which appears in Theorem 3.9.
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Proof The proof follows closely that of Theorem 3.9 and we keep the notations
pj (see (3.9)), ¢j(x,2) = ¢j(x, pj(x,2)), v = ¢1 ¢2 introduced there.
Recall also that we have set (see (3.22))

Vi pi
9z i

i i i 1 i
:(A ,Az), Al =_8Z, A2=Vx—

;.
9z i :

Notice that, using the smoothing property of the Poisson kernel, we have

[(i) A} — A7 = Pid;, with supp B C R? x J, where J = [—1, 0],

Gi) 1Bty < F (N0 ey ey ) I =mall oy

(5.5)
Recall that

G f =Ujlimo, Uj=MNdj—Vepj- M. (5.6)

Letus set U = Uy — Uj. According to Lemma 2.19,Theorem 5.2 will follow
from the following estimate

WU 20, m5-1) + 10Ul L2 ms-2)
< J-'(Il(m, ﬂz)llHH% ) Il s I — 772|| 1. (5.7

I\)

HT

According to (3.26) and (3.28), (5.7) will be a consequence of the following
one

Z IBillr2¢s ms-1y < F (11 m) | sty HZ)IIfIIHs I — 772||H5_l where

2
81 Alv, Ba=(Vi m)Av, B3=(Al—=AD$r, Ba=V, . (p1—p2)ALd,
Bs=(Vy.p) (A} — A1

(5.8)
Since ¢ ;j 18 a variational solution, Proposition 3.16 with o = s — 1 show that

1902l o,y + 1A Nqriny = F (171 oy 1
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Since s > 1 + %, it follows the from (3.23) that

5
; 1Bill 2 < F (Nonml g x ) im =mall gl F e
(5.9)
Since
IBillz2s, ms-1y + 1B2llz2¢g, m5-1)

= F (1o m s o) IVsevlag i

using the estimate (5.9), we see that (5.8) will be a consequence of the following
lemma. Therefore Theorem 5.2 will be proved if we prove the following result.

Lemma 5.4 We have
1Vezoll2r e < F (Mo ml g r ) m=mll 3 lf
Proof Notice that v = (}51 — az is a solution of the problem
v+ aiAv+ B -Vau—ydv=F, vl,—9g=0 (5.10)
where
F = (aa —an)Ada+ (Ba — B1) - V62 — (v2 — y1)0:¢

and «; are given by (3.17). We would like to apply Proposition 3.16 with o =
s — % To this end, according to (2.38), we shall estimate the L2(J, H*~2(R%))

norm of F and the X_%(J) norm of V, ;v.
Estimate on F: Since s > 1 + % (thus 2s — 3 > 0) we may apply (2.13)
withs; =5 — 2,50 =5 — 1,50 =5 — 2. We get

” (al - a2)A$2 HLZ(J’HS—Z) S K ”al - a2||L2(J,H5*1) H A(EZ “LOO(J’HS—Z) )
H (131 _ﬁZ) : Vaz¢2 || LZ(J’HS—Z) = K ”/31 _/32||L2(J,Hs_l) || vaz¢2 || LOO(J’HS—Z) B

H(Vl - y2)82$2 HLZ(J’HS—Z) =< K ||)/1 - VZHLZ(‘],HS*Z) HBZ&FZHLOO(‘]’HS—I) .

Then, using the product rule in Sobolev space (2.13), and (3.12), we obtain

llor — 012||L2(J,Hs—1) + 1181 — ,32||L2(J,HS—1) + Iy — V2||L2(J,Hs—2)
= F(Ioml oy ey) =l g G
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Moreover from Proposition 3.16 with 0 = s — 1 we have

19228l ooy = € (Il et ) 1F s

It follows that
1PNz ey = F (100 m1 oy ) I =mall oy Wfllgs - (512)

Estimat \Y , J =(—1,0).
szmaeof” x’zv”X’%(l) ( )
We claim that

[Vecvl oy, = Fll@nml oy ) i =ml 1l - (5:13)

Since ¢ i =uj+ f we have v = u| — u>. We begin by proving the following
estimate.
There exists a non decreasing function 7: Ry — R such that

1Vecvllzaen < F (10 ml ey ) lm=mll oy 1flls
(5.14)

For this purpose we use the variational characterization of the solutions ;.
Setting X = (x, z) we have

/Aiﬁi-AiG JidX:—/AiZ-AiG JidX (5.15)
o o
forall 6 € H9(), where J; = |3.pi].

Making the difference between the two equations (5.15), using (3.21) and
taking & = v = u] — up one can find a positive constant C such that

/|A1v|2dx < C(A1 +--- + Ag)
Q
where
= [51(A' = AN |[A ] 1 dX, Ay = [51(AY = A?)||A%0s] J1dX,
= [ |A%Il|A%V] |y — hldX, As= [5|(A' = AD)flIAE] J1dX,
= [5 (A" = AY||A2f| J1dX, As = [5|A2flIA]|Jy — Jo|dX.
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It follows from the elliptic regularity theorem that

A1 < AW 2@ 1B 2@ 19:2 [l oo . Lo ra))

< ||A1v||Lz(g~2)J-“(||m||H ||w||Hs(Rd)||m—nzu |

Inal o

1 1
2 RY RRICU

Noticing that Al — A% = ,8(8Zp1)A{ where f satisfies the estimate in (3.23)
we obtain

Ay < 110:01 1l oo @ 1B 2@y I A2l oo gy 1 A V1235

Using (3.21), (3.23) and the elliptic regularity we obtain

Az < I8 @ F (10 mN g y) I =mll oy 1f
Now we estimate A3 as follows. We have
Az < A%l oo ) I APV 2 11 — 2]l 23
Then we observe that

11 = Dalla < Cllm = mall g

1A%V 2, < ClIA Y 2,

and we use the elliptic regularity. To estimate A4 and As we recall that f =
¢¥Px) £ Then we have

189: f 1127 xRy = Bl 21 xre) 102 f [l oo (7 xRAY -

Since IIBZflle(JXRd) < ||azf||Loo(J’Hs'—l(Rd)) < || f”HS (R9)> using (323) we
obtain

As+ s < I8 2@ (1001 ) I =mall oy 1f Il

The term Ag is estimated like Aj3. Since % <5 — % this proves (5.14) .
To complete the proof of (5.13) we have to estimate ||nyzv||Loo(I H’%)'
The estimate of |V, v ||LOO(] . ) follows from (5.14)and from Lemma 2.19.

To estimate ||0,v||
L®(J,H™ 2

| ) we have to use (5.14) and the equation satisfied
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by v. If we prove that
2
10200 20,1y = F (100 m2) oy o) I =2l oy e
(5.16)
the result will follow again from Lemma 2.19. Recall that v satisfies the equa-

tion (5.10).
It follows that we have

||322U||L2(J,H—1) = ||“1AU||L2(J,H—1) +1IB1 - vazU||L2(J,H—1)
+ Ivid:vliz2m-1 + 1 Fli2,m-1- (5.17)

Since —1 < s — 2 (5.12) yields

I1Fllip2,m-1) < WF 2, m5-2)

< — s .
= F (1o ml g y) =l 4 1F s

On the other hand, since s — % —1>0and -1 <s— % —1- % (2.13) show
that we have

larAvlip2g g-1) = llenll

(Sl

JH™

Loo( 1)||va||L2(J,L2)

-V -1y < 0
181 zU||L2(J,H h = 181 ”LOO(J,H"'%)” zU”LZ(J,LZ)

Ivi0zvll2cs,m-1y < I ”LOO(J,HS%) 10:vll 207 L2)-

Using Lemma 3.19 and (5.14) we obtain eventually (5.16).
Now Lemma 5.4 follows from (5.12), (5.13) and Proposition 3.16 with
o=s5—3. O
Lemma 5.4 together with (5.8) prove (5.7) which in turn proves Proposition
5.2. O

5.2 Paralinearization of the equations

We begin by noticing that, as in the proof of Lemma 4.16, it is enough to
estimate 1, B, V. Indeed, the estimate of the L°°([0, T']; H;fl/z)—norm of ¢

isin two elementary steps. Firstly, since V; = V/; — B;Vn, one can estimate
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the L°°([0, T]; H*3/%)-norm of V1 from the identity
Vi =V + BVn 4+ B2Vrn.

On the other hand, the estimate of the L*° ([0, T]; L)zc)—norm of ¢ follows from
the equation (4.50).

An elementary calculation shows that the functions

(=80 —&, V=Vi=-Vo, B=B —B

satisfy the system of equations

0B+V,-VB+V . .VBy =a,

@V +V-VV+V.-VVy+ay +at =0,
W+ V2-Ve+V-Vo =GV +aGm)B+{Gm)B2+ R+,

(5.18)
where
R=1[Gn1) —Gm)]V2+ &1 [G(n) — G(m2)] Bz, (5.19)
and y = y| — y»2, y; are given by (4.10).
Lemma 5.5 The differences ¢, B, V satisfy a system of the form
{(3z+Vl VIV +8aB) +axt = fi, (5.20)
0 +V2-V)E =GV =GB = fa,

for some remainders such that

ICf1, 2 ( ) < KMy, Mp)N(T).
LOO

3
[0,T;HS"1xH*"2

Proof We begin by rewriting System (5.18) under the form
B+V-VB =a+ Ry,
oV + V- VV +axt +at; = Ry,
¢+ V2- Ve =GV + 0GB+ R+y + Rs,
where R is given by (5.19), y = y1 — y» and
Ri=-V-VBy, Ry=-V-VV,, R3=-V- -V +¢G(n)Bs.
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From Theorem 5.2 one has

IRl 3\ < KMy, My)N(T).
L°°(0,T;H°_2)

Similarly, proceeding as in the end of the proof of Proposition 4.3, we have

< K(My, Mr)N(T).
||V||LOO(O’T;H53)_ (M1, M2)N(T)

On the other hand, since s — 1 > d/2, H*~! is an algebra and
IV - VBallgs-1 < K IVIigs—1 IVBallgs-1 = K IVl gs-1 [ B2l s
and similarly
IV - VVallgs—1 = K IVIlgs-1 [IV2llgs -
On the other hand, according to Theorem 3.12 we have
G (m2) Ball gs—1 < C(lIm2ll gs+172) B2l s

and hence

< s s 3.
3 = Climllgsa2) B2l gs 1211, -3

B
l¢GaBal
To estimate V - V¢ we use the product rule (2.13) to deduce

WV-vall 3 = KIVIgs- IVall g = KIVIgs-limll oy -

[S[o%)
[S[o%)

Therefore we have,
IR gt + IRe e+ 1RSIy <C {Inll oy + 1Bl g + 1Vl gt |

vl [Bill g [ Vil - The
next step consists in transforming again the equation. We want to replace a¢

in the second equation by

for some constant C depending only on H nj HH

(0;B+ V1 -VB — Ry){.

The idea is that this allows to factor out the convective derivative d; + V| - V .
Writing

0B+ Vi-VB)1 =0 +V1-V)(Bs)— B0, + V1 -V)§
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we thus end up with
@+ V-V +80B)+al = Ri51+B@: + V- V)i + Ry (5.21)
Since
@ +V1- Vo1 =Gm)Vi+aGm)B1 + 7,
we have

1 + Vi - V)il gs—1 < f(”(’ll’ B, V1)||Hs+%xysxys) :

By using this estimate and our previous bounds for R, R, we find

IRIE1+B@+Vi - V)&1+Rallg 1 <C {nll g 1Bl g1 41V I |

for some constant C depending only on || nj | V; || s+ Notice

et 1Bl
that here, as we used the equation satisfied by ¢, it was important to have (9, 4
V1 - V) in the Lh.s. of (5.21) and not (9; + V> - V), and this algebraic reduction
required some care in the previous step. O

5.3 Estimates for the good unknown

We now symmetrize System (5.20). We set I = [0, T].

Lemma 5.6 Set

M= A+ IV IER — (V- 62,

and
£ = m, =TV +0B), 0:=T ;1.
Then
(0 + Ty, - VI + Ty¥ = g1, (5.22)
0 + Ty, - VIO — Tegp = g2, (5.23)
where

< IC(Mi, M))N(T).
”(gl’gz)“LOO(I;HS_%xHS_%)_ (M1, Mp)N(T)
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Proof We start from Lemma 5.5. By using Proposition 2.10, one can
replace Vi -V by Ty, - V and a»¢ by T,,¢, modulo admissible remainders. It
is found that

@+ Tv, - VYV +0B) + T8 = f], (5.24)
for some remainder f] such that

1A oo ety < KMy, Mo)N(T).

Similarly, one can replace V, - V by Ty, - V. According to Proposition 3.13,
with e = %, we have

GV =T, V| ( S_g) +1G(1)B — Ty, B| ( _Y_g)
Le(1,H "2 Lo 02
< K(M1)N(T),
1

and according to Proposition 2.10, withy =r =5 — %, n=s-7,

161G () B — Ty, Ty, B| = K(M1)N(T).

3
Loo(I;HY ™2
We deduce

@0 +Tv, V)¢ =T,V —T Ty B = fz’, (5.25)

where

FE1 . () < K(M1, M)N(T).

Now, according to Lemma 2.17, (3.32) and (4.10) we find that
Iy G+ T - DU s

1 1
< K(My) (Mg (Vi) + M (@ + vi - VMAT)) = K'(M1) (526)

and similarly, according to Lemma 2.17 and (4.21),

T jaz, (0 + Tv, - V)]”Hsfl—m‘*%

< K(M) (M (Vaz) + M@ + V2 - V)Ja)) < K'(Mp), (5.27)
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which implies

@+ Ty, - VT 57 (V + 01B) + T iy Tyt = f]',
@ + Tv, VT y5¢ — T yaz (Tn, V + Ty, To, B) = f5,

where

5

(19 fz”)HLOO(I H-Y‘%) < KMy, Mo)N(T).

According to (2.5), (3.32) and (4.20), since s > 1 + %,

T ji;Ta, — T s34, T jaz  1s of order 0,

(5.28)
(5.29)

which implies (5.22). On the other hand, according to (2.5) and (3.32) the
operators Ty, Ty, — T;,¢, and Ty, Ty, — T, ¢, are of order 1/2 (with norm
controlled by (M), which allows to commute 73, and T, in (5.29)). Now,

according to Proposition 2.10 (withy =r =5 — % u=s—1)

1T B —¢1BIl 3 = KM Bl gs-1-
Which implies (5.23) (using again (2.5)).

Recall that we have set

N(T) = sup [[(n, ¥, V., B)(®) ||

_1 _1 .
tel H 2xH' 2xHs"1xHs"!

Lemma 5.7 Set

Ny = sup {18015+ le0ll 3]

tel

We have
N'(T) < KMy, M2)(N(0) + TN(T)).
Proof We first prove that
N'(T) < K(Mi, M»)(N'(0) + TN(T) + TN'(T)).
The desired estimate (5.31) then follows from the fact that

N'(0) < K(M1, Mo)N(0),  N'(T) < K(My, Ma)N(T).
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which follows from the continuity of paradifferential operators in the Sobolev
spaces (see Theorem (2.6)) and the fact that H* “1(RY) is an algebra since s >
1+ 4.

The proof of (5.32) is based on a classical argument : we commute
(Dy)*~3/% to (5.22)—(5.23) and perform an L? estimate. Then the key points
are that (see point (iii) in Theorem 2.6)

”(TVJ V) + Ty, - VHL2—>L2 < Vi HW'»O" ’
||Te — (Te)*“LzﬁLz = f(”(ﬁlv a2)||W3/2»°°xW1/2~°°) (5.34)

and that the commutators [TV]. -V, (Dx)s_3/ 27 are, according to (2.5), of

order s — %

Notice that since (¢, ¥) € C L0, To; H S*%), we do not need to regularize
the equations to justify the computations. |

Finally, let us notice that an elementary argument allows to control lower
norms of (V, B) (and hence also of V + ¢ B):

1V, B ( _Y_s)SIC(M1,M2)(N(0)+TN(T))- (5.35)
Lo H 2

Indeed, (the proof of) Theorem 5.2 implies that (with a = a; — a»)

llall ( s,g) = KMy, Mo)N(T). (5.36)
Lo(rH 2

Since ;B + V- VB =a — V - VB;, we have

Bl ooz, ms-2) < I1BO) [l 52
T

4 / (V1 VBl + laloz + 1V - VBall o2 )
0

< IBO)|l gs—2 + TK(M1, Ma)N(T). (5.37)
Similarly, we have

IVl ooz ps2y < IVO) g2 + TK(My, M)N(T).  (5.38)
Now we have

V+OB=T g+ (Id— Tmfle) (V + 1 B),
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where according to (2.5), the operator [d—T i T /7, isof order—1/2. Hence,
we deduce from (5.33), (5.31), (5.35), (5.38) and a bootstrap argument

IV + 1Bl oo, gs—1y < K(My, Mo){N(0) + TN(T)}. (5.39)

5.4 Back to the original unknowns

Recall that I = [0, T'] (resp. J/ = (—1, 0)) is an interval in the ¢ variable (resp.
in the z variable).

Lemma 5.8 There holds

[l ( S_L) < KMy, M2){N(0) + TN(T)}. (5.40)
Lo a2

Proof From the equation d;n; = G(n;)y; we have,

t t

n(t) = n(O)+/G(n1)1/f(t/)dt/+/(G(m)—G(nz))llfz(t/)dt/,

0 0
from which we deduce according to Theorem 5.2,

1
o2

Il oo (1, ms-2) < M O)l| gs—2 + TK(My, Mz)llnlle(I. ) (5.41)

Let R=1d — T 1 T /7, which, according to (2.5) and (4.20) is an operator
=1lva g to (2.5) and (4.20) P

of order —% (with norm estimated by K(M>)). We have

Vn=RVn+T. 0
Jaz

Therefore we deduce from (5.41), (5.31) and a bootstrap argument,

&l ( 3\ S KMy, My)(N(0) + TN(T)).
LV I;H 7)

Combining with (5.41) gives Lemma 5.8. |
We are now ready to estimate (V, B).

Proposition 5.9 There holds

IV, Bl poo(r: -1y < K(M1, Mz){N(O) + TN(T)}- (5.42)
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The proof will require several preliminary Lemmas. We begin by noticing
that it is enough to estimate B. Indeed, if

Bl poo(r: -1y < K(M1, Mp){N(0) + TN (T)},

then, by using the triangle inequality, the estimate (5.39) for V + ¢ B implies
that V satisfies the desired estimate.

Let v = ¢ — ¢, where ¢; is the harmonic extension in € of the function
¥ and set

8152
by = , w=v—Tpp.
0,02 g
‘We notice that
W|;=0 =¥ — Tg,n. (5.43)

We first state the following result.

Lemma 5.10 We have
I — Taynllzoo;ms) < K(M1, Mp){N(©) + TN(T)}.  (5.44)

Proof Indeed, the low frequencies are estimated by (5.35), while for the high
frequencies, we write

V( —Tp,n) = V¥ — T,V — Typ,n
= VY — Vi = Tp,Vn — Tyup,n
=Vi+ BV — Vo — BoVip — T,V — Typ,n
=V +(B1— B2)Vni + Ba(Vn1 — Vip) — T,V — Typ,n
=V + 4B+ (By—Tp,)Vn — Tvp,n,

where we used that, by definition, Viy; = V; + B;Vn; and {; = V.

The main term V + ¢ B is estimated using (5.39), while the two other
terms are estimated using (5.40), the a priori estimate on B; and the product
rules (2.9) and (2.11). O

We next relate w, p and B.

Lemma 5.11 We have

1
Bz[ (a — by —Tp)d.p + T: )]‘ .
3.1 W (b2 bz) 0+ 9.b P =0
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Proof Write
dp1 0.0
B — By = P . 2
dzp1 9zp2 12=0
: (0.0 a$)+(1 l)aa
= 1 — 002 - 2
901 : : 901 9:02 : z=0
1 1 9.0
— 30 — P2 3.p
9zp1 9z01 9702 z=0
and replace v by w + T}, o in the last expression. O

Lemma 5.12 Recall that by := gi%. Fork =0,1,2, we have

sz‘

[Nl

< C ,
CO([—],O],LOO([,H"*%*I‘)) —= ||W2||Hs+l

for some constant C depending only on ||n> ”HS e

Proof We estimate Vx,zq~§2 inCY([—1, 0], L>°(I, HS*%)) by using the elliptic
regularity (see Proposition 3.16 and Remark 3.15). Now, using the equation
satisfied by #» and the productrule in Sobolev spaces, we successively estimate
822¢2 and 8Z3 52. This proves the lemma since the derivatives of p; are estimated
directly from the definition of p;. O

Notice that n and hence p are estimated in L*°(I; H*® _%) (see (5.40)). Now,
use Lemma 5.12 and Proposition 2.10 (applied withs > 1 +d /2,y =5 — 1,
r=s—1/2, u =s —3/2) to obtain

|2 = T)0:p | s S 1B211 g il
Now, (2.12) implies that
| To.600]| jysm1 S N0:52 1l =372 nll grs—1s2

and hence, to complete the proof of the Proposition5.9, it remains only to
estimate d,w|.—o in L% (I, H*~1). This is the purpose of the following result.

Lemma 5.13 Fort € [0, T] we have

IVezwllcoq_r.o.ms-1) < KM, Mp){N(©) +TN(T)}.  (5.45)
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Proof To prove this estimate, we are going to show that w satisfies an elliptic
equation in the variables (x, z) to which we may apply the results of Proposi-
tion 3.16. We have

8Z2v +aiAv+ By - Vo, — y10,v = (y) — yz)azéﬁz + Fy,
where (see (5.10))
Fi = (a2 — a)Ad2 + (B2 — B1) - Vo2,
We claim that for ¢ € [0, T]

£z, ')”Lz(J HS*%) < KMy, M2){N(0) + TN(T)}. (5.46)

The two terms in F are estimated by the same way. We will only consider the
first one. Using the product rule (2.13) with sg = 5 — %, s]=s5—1,80 =5— %
we can write for fixed ¢,

H™2

— aAd < Cllay — 1y [|Ad: .
[ (02 — 1) ¢2”L2(1,H“3)_ llaa = atliz2cg, g1l ¢2||LOO(J’ 3)

Then we use (5.11), Proposition 3.16 with 0 = s — % and Lemma 5.8 to
conclude that the term above is estimated by the right hand side of (5.46).
Now we introduce the operators

P =3 +ajA+B;-Vd, Lj=P—yjd, (j=1,2).

With these notations we have y; = aLp-PJ' pj and
]

Liv= (1 — )¢ + F1. (5.47)
Moreover
1 1 1
Yi— Y2 = Pipy — Prpy = Py py
0201 0,02 0,02

1 1 1
+ - Pipy — P2
(azpl 81102) 0,02

1 1 1
= Pip+ (P1 — Py)p> + ( - ) P1pi
0z 02 0z 02 0201 0202
! Pip+ ( ! ! ) Pip1 + F
= 10 - 101 25
0202 901 )

@ Springer



154 T. Alazard et al.

where

Fo=— (@ — A+ (B = ) Vo). (548)

9202

Now we observe that

( 1 1 ) 3,0 P1pi 9z
dzp1 92 dzp2 9zp1 9202

which implies

1 dzp

1
Vi— Y2 = Pip — yi+ F = Lip+ F>.
0.2 902 9202
Plugging this into (5.47) yields
Liv—by(L1p) = Fi + (3,42) F>. (5.49)

We claim that for fixed t we have

| ot )| o 5\ < K(Mi, M){N(0) + TN(T)}. (5.50)
L (J,H 2)

Indeed we first use the product rule (2.13) to write

| (3.92) Fa(t, ) HLZ(J,HS%)

JHT2

< @) (1) 1P (rt);

By the elliptic regularity the first term in the right hand side is bounded by
K(M3). It is therefore sufficient to bound the second one. We have, for fixed ¢

3
L? (J, H'™ z)

< KMoy — « =1 || A .
< K(M2)llar — aall2¢, syl pzllLoo(J’Hs%)

— (a1 —a2)Ap>
0,02

Using (5.11) and (3.12) we see that the right hand side is bounded by the right
hand side of (5.50). The second term in F; is estimated by the same way.
To estimate v — T, p we paralinearize in writing

by(L1p) = Ty, L1p + Tr, pbs + F3. (5.51)
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We claim that for ¢ € [0, T]
IE3@ O L 3\ = KMy, M2){N(0) + TN (T)}. (5.52)
L (J,H 2)

To prove it we shall use (2.9) witha = s—%, B =s—2. Thenoz—i—,B—% > s—%.
It follows that, for fixed z and ¢ we have

IF3@, - DN -3 = Clib2ll, s lIL1pl gs—2-

Therefore

Fs(t, - <C|b L 5=2y.
| F3( )”LZ(J,HS%) < (| 2||Loo(J’HSé)” 101227, -2

oY) < K(M») and due
to the smoothing of the Poisson kernel [|L1p][12;, ’Hsfz) < IC(M1)||17||H57| .

The estimate (5.52) thus follows from (5.40).
Setting F4 = T, by we claim that for fixed r we have

Now as we have seen before we have ||b(z-) ||L

[Nl

[ Fa(t, )l 2( S_g) < KMy, M2){N(0) + T N(T)}. (5.53)
L2( 7,572

To see this we use (2.12) with sg = 5 — %, S]=5—2,5 =5 — % We get

Fu(t, - < | Lip(t,- =2y || b2 (2, -
[l Fa( )IILZ(],H&%) < NLip@, 20, m55-2)1b2( )IILOO(J’HS%)

and (5.53) follows from estimates used above.
Now according to (5.49), (5.51) we have

Lyv—TyLip = Fi + (3,¢2) F> + F3 + Fu.
We claim that we have
LiTp,p = Tp,L1p — F5
with

I1F5(, )l 2( S,z) < KMy, M2){N(0) + TN(T)}.
L2( .12
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To see this we use Lemma 5.12 and (2.12). It follows then that we have

Liw=Li(v—Typ)=F + @0.00)Fr+ F3+ Fy+ Fs := F

where || F(t, -) ||L2(J 3) is bounded by the right hand side of (5.53).

Using (5.43) and Lemma 5.10 we may then apply to w Proposition 3.16 with
o = s — 1 to conclude the proof of Lemma5.13 and thus that of Proposition
5.9. O

6 Well-posedness of the Cauchy problem

Here we conclude the proof of Theorem 1.2 about the Cauchy theory for the
system

[ ¥+ Gy =0,
(6.1)

2
O+ gn + 5 [Vy|” — 5 CATEEENE — o,
We previously proved the uniqueness of solutions (see Theorem 5.1). To com-
plete the proof of Theorem 1.2, we prove here the existence of solutions to
the water waves system as limits of smooth solutions to approximate systems.
This approach has been detailed in [ 1], where we considered the problem with
surface tension.

To explain the scheme of the proof, we first consider the case without
bottom (I' = (J). Then we know, from previous results (see Wu [47,48],
Lannes [35], Lindblad [36]), that the Cauchy problem is well-posed for
smooth initial data. Then, one can obtain the existence of smooth approx-
imate solutions in a straightforward way : by smoothing the initial data.
Namely, denote by J, the usual Friedrichs mollifiers, defined by J. = j (¢ Dy)
where j € C(C)’O(Rd), 0 < j <1, is such that

J@E) =1 for || <1, j()=0 for [§]=2.

Set 5 = Jewo and ng = Jeno. Then (Y5, ng) € H*®(R%)? and the Cauchy
problem for (6.1) has a unique smooth solution (¢, n°) defined on some time
interval [0, 7). It follows from Proposition 4.1 that there exists a function F
such that, forall ¢ € (0, 1] and all T < T,, we have

M(T) < F(F(Mj0) + TF(M;(T))), (6.2)
with obvious notations. Then by standard argument, we infer that the lifespan

of (ne, ¥¢) 1s bounded from below by a positive time 7 independent of ¢ and
that we have uniform estimates on [0, Tp]. The fact that one can pass to the limit
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in the equations follows from the previous contraction estimates (see (5.1)),
which allows us to prove that (5., ¥, Be, V¢) is a Cauchy sequence (this
argument has been explained in [1]). Notice that these estimates were proved
under the assumption a(¢) > ag/2. This actually follows from the a priori
bound (6.2), (4.20), (4.21) and a bootstrap method. Then, it remains to prove
that the limit solution has the desired regularity properties. Again, this follows
from the analysis in [1].

In the case with a general bottom, to apply the strategy explained above, the
only remaining point is to prove that, for smooth enough initial data, the Cauchy
problem has a smooth solution. Namely, for our purposes it is enough to prove
the following weak well-posedness result (where we allow an arbitrarily large
loss of N derivatives).

Proposition 6.1 For all so > 0 there exists N > 0 such that the following
result holds. Consider an initial data (no, Vo) € HON (R%? such that, ini-
tially, the Taylor coefficient a is bounded from below by ag > 0. Then, there
exists T > 0 and a solution (n, ) € C'([0, T]; H*R))? to (6.1) satisfy-
ing (n(0), ¥(0)) = (no, Yo) and a = aop/2.

Proof We use a parabolic regularization of the equations and seek solutions of
the Cauchy problem (6.1) as limits of solutions of the following approximate
systems:

on — Gy = eAn,

2
V-V +G
3t¢+gn+%|vw|2_%w = eAY, (6.3)

1+|Vn|?
m, ¥)lr=0 = (Jeno, Je o),
where ¢ €]0, 1] is a small parameter and

_ V0 VY + Gy
T+ VP

(6.4)

Write (6.3) under the form

t
u= ey + / TR A dT, uw = (n, P).
0

To solve this Cauchy problem we use two ingredients. Firstly we have

‘|€8tAfHL2([0,T];Hs+1) < K(F)) ”f”Hs s
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together with a dual estimate, and secondly (for s large enough)

ALl 200,77, 151y = ﬁf(HMHLOO([o,T];HS)) Nlull Loor0,77: H5) »

which follows from Theorem 3.12 and the product rule in Sobolev spaces.
Then, givene > 0and (19, ¥o) € (H*(R?))? with s large enough, by applying
the Banach fixed point theorem in L*°([0, T]; H*) N L%([0, T1; HSHY), one
gets that, for 7 small enough possibly depending on &, the Cauchy problem
for (6.3) has a smooth solution. Moreover, the maximal time of existence T
satisfies: either T, = +o00 or

limsup ||(n, ¥)(#, )l gs s = +00.

t—>T,
We have to prove that these solutions exist for a time interval independent of
¢ €]0, 1]. To do so, we begin by computing the equations satisfied by B and

V =Vy — BVny.
We first observe that, since G(n)yy = B — V - Vn, we have

onm+V - -Vnp=B+ceAn. (6.5)

On the other hand, as in (4.50), we have

1 1
a,l//+v-w/:—gn+5|V|2—§BZ+eA1//. (6.6)

We next write that

WV +V-VV=(=0+V- V)V —BVp)
=V@y+V -Vy)— (@B+V -VB)Vy
—~BV@m+V-Vnp) +R

where R = (R, ..., Ry) with

Ry == 0Vjo;¥ + B> 3 Vjdn.
j j

Then, it follows from (6.5) and (6.6) that

1 1
WV +V-VV = V(—gn + 3V - 2B +8A¢)

—(B+V -VB)Vn+ BV (B +An) + R.
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Now, observing that R 4+ V|V |? = 0 and simplifying,
V+V - VV+(g+0,B+V -VB)Vn=eVAYy —eBVAp
which in turn implies that
&V +V.-VVtat=eAV +2e(VB-V)¢,
where ¢ = Vn and
a=g+B+V-VB—¢AB. (6.7)

Now, for s > 5/2 +d /2, from the proof of (4.34) (using Lemma 2.17 instead
of Lemma 2.15 as in the proof of Lemma 5.5), we obtain that U = V + T, B
satisfies

U +Ty - VU +T;8 — AU — eTyp - Vi = F (6.8)
where

||F1||L;>°(HS) <F (”(w, n,V, B, é)||L,°°(HS+1/2><H“+1/2xHS><H‘><C1/2)) .

Also, as in the proof of Proposition 4.10, we find that 6 = T,¢ (where g =

Ja/\) satisfies
00+ Ty -V0 —T,U —eAb — &[T, A]T,-160 = F>,

where F; is estimated by means of Theorem 2.6 and (2.17):

I F21l oo )

f f (”(1//, n, V, B, CNZ, at&—I—V . V&)”L[OO(HS‘H/zXH‘H'I/ZXH“XH“XCI/ZXLOO)) .
Using the unknown 6, one can rewrite (6.8) as
QU + Ty - VU + Tzt —eAU — eTyp - VT,-10 = Fy (6.9)

where I~71 = F +¢eTvyp - V(TqTq—l — I)¢ and it follows from Theorem 2.6
that

1/2 -1/2, —
|Tvs - V(T T, = Dty S IVBl M35 @) My ") Il gsre
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. 1/2 -1/2, _ ~ .
Since M; )5 ()M, (@™") < Clllnllcsr . lldllc2) we obtain

|71 Loy = F (||(1//, n,V, B, 51)||LgO(Hs+1/2st+1/2xHxXHxXcB/z)) -
Now, since the operator
A Typ-VT,
(O A+ [Tq’ Aqu‘)
is elliptic (being a perturbation of A of order 3/2), we estimate (U, 6) in

L°(H® x H*) by commuting the equation with (/ — A)*/? and performing
an L2 estimate. To do so it remains only to prove that

1@, 34+ V - V)l e i)
= F(IW 0 V. Bl

Here this is much easier than in the above analysis. Indeed, since we do not
need to work with critical regularity, it is enough to prove that there exist
s2 > 51 > 3/2 4 5o with sg > d/2 and 5o < s (possibly sg < 51 < §2) such
that

18 = gl = F(101 9 g ). (6.10)
190l =0y < F (100 W lze sz rs)- (6.11)

To prove (6.10) we express a — g in terms of 1, ¥ (as noticed in [34]). To do
so, we use two observations. Firstly, by definition of B (see (6.4)), we have

5B = (va Vi +V vaw+aG()w) 2Vom - Vi
b = e 11 n t &N 1+ V2
Secondly, we have

Gy =G @y — Bom) — div(V o). (6.12)

The formula (6.12) is proved by Lannes for smooth bottoms (see [35]) or
infinite depth [34]. In the case with a general bottom considered here, this
follows from [3]. Then, replacing d;% and 0,7 by their expressions computed
using System (6.3), we are in position to express d; B in terms of 7, { only.
Setting the result thus obtained in (6.7) we get an expression of @ — g in terms
of n, ¥ only. The estimate (6.10) then follows from the nonlinear estimates in
Sobolev spaces (see (2.14) and (2.16)) and repeated uses of the estimate for
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the Dirichlet—-Neumann proved in Theorem 3.12. Repeating this reasoning, we
get an expression of d;a in terms of 1, ¥ only and hence (6.11).

Up to now, this gives uniform estimates in ¢ for (U, 8) in L*°([0, T]; H® x
H?®), aslong as a(t) is bounded from below by ag/2. Moreover, as in the proof
of Lemma 4.13 and Lemma 4.14, it follows from (6.11) that one can estimate
(n, B, V)in L°°([0, T]; H® x H* x H®). Now we can recover estimates for
the unknowns (1, ¥, B, V) in L*°([0, T']; H“'% X HS+% x HY x H¥) by a
bootstrap argument as in the proof of Lemma 4.15.

Using these uniform estimates, we get by a bootstrap argument that the
solutions to (6.3) exist on a time interval independent of ¢ (and satisfy a(¢) >
ap/2 according to (6.10) (6.11)) on this time interval uniform estimates. To
conclude it remains to pass to the limit in (6.3). For this we use again the
uniform estimates which hold as long as the Taylor coefficient a(¢) is bounded
from below by ap/2 (and the equation to bound the time derivatives) to extract
subsequences converging weakly and the fact that the Dirichlet-Neumann
operator, though nonlocal, passes to the limit. Eventually, we use again a
bootstrap argument to control the Taylor coefficient using (4.20) and (4.21). O

Acknowledgments We would like to thank the referees for their comments which led to a
better version of this paper.

References

1. Alazard, T., Burq, N., Zuily, C.: On the water waves equations with surface tension. Duke
Math. J. 158(3), 413-499 (2011)

2. Alazard, T., Burq, N., Zuily, C.: Strichartz estimates for water waves. Ann. Sci. Ec. Norm.
Supér. (4), 44(5), 855-903 (2011)

3. Alazard, T., Burg, N., Zuily, C.: The water waves equations: from Zakharov to Euler. Stud.
Phase Space Anal. Appl. PDE’s Progr. Non Linear Differ. Equ. Birkhauser 84, 1-20 (2013)

4. Alazard, T., Métivier, G.: Paralinearization of the Dirichlet to Neumann operator, and
regularity of three-dimensional water waves. Comm. Partial Differ. Equ. 34(10-12), 1632—
1704 (2009)

5. Alinhac, S.: Paracomposition et opérateurs paradifférentiels. Comm. Partial Differ. Equ.
11(1), 87-121 (1986)

6. Alinhac, S.: Interaction d’ondes simples pour des équations completement non-linéaires.
Ann. Sci. Ecole Norm. Sup. (4), 21(1), 91-132 (1988)

7. Alinhac, S.: Existence d’ondes de raréfaction pour des systémes quasi-linéaires hyper-
boliques multidimensionnels. Comm. Partial Diffe. Equ. 14(2), 173-230 (1989)

8. Ambrose, D.M., Masmoudi, N.: The zero surface tension limit of two-dimensional water
waves. Comm. Pure Appl. Math. 58(10), 1287-1315 (2005)

9. Bahouri, H., Chemin, J.-Y., Danchin, R.: Fourier Analysis and Nonlinear Partial Differential
Equations, Volume 343 of Grundlehren der Mathematischen Wissenschaften [Fundamental
Principles of Mathematical Sciences]. Springer, Heidelberg (2011)

10. Bardos, C., Lannes. D.: Mathematics for 2d interfaces. In: Singularities in Mechanics:
Formation, Propagation and Microscopic Description. Panoramas et Syntheses 38, (2012)

@ Springer



162 T. Alazard et al.

11. Beyer, K., Giinther, M.: On the Cauchy problem for a capillary drop. I. Irrotational motion.
Math. Methods Appl. Sci. 21(12), 1149-1183 (1998)

12. Bony, J.-M.: Calcul symbolique et propagation des singularités pour les équations aux
dérivées partielles non linéaires. Ann. Sci. Ecole Norm. Sup. (4), 14(2), 209-246 (1981)

13. Boussinesq, J.: Sur une importante simplification de la théorie des ondes que produisent, a
la surface d’un liquide, I’emersion d’un solide ou I’impulsion d’un coup de vent. Ann. Sci.
Ecole Norm. Sup. (3), 27, 942 (1910)

14. Castro, A., Cérdoba, D., Fefferman, C., Gancedo, F., Gomez-Serrano, J.: Finite time sin-
gularities for the free boundary incompressible Euler equations. arXiv:1112.2170

15. Castro, A., Cérdoba, D., Fefferman, C., Gancedo, F., Lopez-Fernandez, M.: Turning waves
and breakdown for incompressible flows. arXiv:1011.5996

16. Chemin, J.-Y.: Calcul paradiftérentiel précisé et applications a des équations aux dérivées
partielles non semilinéaires. Duke Math. J. 56(3), 431-469 (1988)

17. Chemin, J.-Y.: Perfect Incompressible Fluids, Volume 14 of Oxford Lecture Series in
Mathematics and its Applications (Translated from the 1995 French original by Isabelle
Gallagher and Dragos Iftimie). The Clarendon Press Oxford University Press, New York
(1998)

18. Chen, R.M., Marzuola, J.L., Spirn, D., Doug Wright, J.: On the regularity of the flow map
for the gravity-capillary equations. arXiv:1111.5361v2

19. Christodoulou, D., Lindblad, H.: On the motion of the free surface of a liquid. Comm. Pure
Appl. Math. 53(12), 1536-1602 (2000)

20. Cordoba, A., Cordoba, D., Gancedo, F.: The Rayleigh-Taylor condition for the evolution
of irrotational fluid interfaces. Proc. Natl. Acad. Sci. USA 106(27), 10955-10959 (2009)

21. Coulombel, J.-F., Morando, A., Secchi, P., Trebeschi, P.: A priori estimates for 3D incom-
pressible current-vortex sheets. Comm. Math. Phys. 311(1), 247-275 (2012)

22. Coutand, D., Shkoller, S.: Well-posedness of the free-surface incompressible Euler equa-
tions with or without surface tension. J. Am. Math. Soc., 20(3), 829-930 (2007) (electronic)

23. Coutand, D., Shkoller, S.: On the finite-time splash and splat singularities for the 3-D
free-surface Euler equations. Comm. Math. Phys. 325(1), 143-183 (2014)

24. Craig, W.: An existence theory for water waves and the Boussinesq and Korteweg-deVries
scaling limits. Commun. Partial Differ. Equ. 10(8), 787-1003 (1985)

25. Craig, W., Schanz, U., Sulem, C.: The modulational regime of three-dimensional water
waves and the Davey-Stewartson system. Ann. Inst. H. Poincaré Anal. Non Linéaire, 14(5),
615-667 (1997)

26. Craig, W., Sulem, C.: Numerical simulation of gravity waves. J. Comput. Phys. 108(1),
73-83 (1993)

27. Craig, W., Eugene Wayne, C.: Mathematical aspects of surface waves on water. Uspekhi
Mat. Nauk, 62(3(375)), 95-116 (2007)

28. Dahlberg, B.E.J., Kenig, C.E.: Harmonic Analysis and PDE’s, 1985-1996, http://www.
math.chalmers.se/Math/Research/Geometry Analysis/Lecturenotes/

29. Germain, P., Masmoudi, N., Shatah, J.: Global solutions for the gravity water waves equation
in dimension 3. Ann. Math. 175(2), 691-754 (2012)

30. Germain, P., Masmoudi, N., Shatah. J.: Global existence for capillary water waves. arXiv:
1210.1601

31. Guo, Y., Tice, I.: Local well-posedness of the viscous surface wave problem without surface
tension. Anal. PDE, 6(2), 287-369 (2014)

32. Hormander, L.:. Lectures on Nonlinear Hyperbolic Differential Equations, Volume 26 of
Mathématiques & Applications (Berlin) [Mathematics & Applications]. Springer, Berlin
(1997)

33. Lannes, D.: A stability criterion for two-fluid interfaces and applications. Arch. Ration.
Mech. Anal. 208(2), 481-567 (2013)

@ Springer


http://arxiv.org/abs/arXiv:1112.2170
http://arxiv.org/abs/arXiv:1011.5996
http://arxiv.org/abs/arXiv:1111.5361v2
http://www.math.chalmers.se/Math/Research/GeometryAnalysis/Lecturenotes/
http://www.math.chalmers.se/Math/Research/GeometryAnalysis/Lecturenotes/
http://arxiv.org/abs/arXiv:1210.1601
http://arxiv.org/abs/arXiv:1210.1601

On the Cauchy problem for gravity water waves 163

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.
52.

53.

54.

Lannes, D.: The water waves problem: mathematical analysis and asymptotics. In: Mathe-
matical Surveys and Monographs, vol. 188. American Mathematical Society Providence,
RI, (2013)

Lannes, D.: Well-posedness of the water waves equations. J. Am. Math. Soc. 18(3), 605-654
(2005) (electronic)

Lindblad, H.: Well-posedness for the motion of an incompressible liquid with free surface
boundary. Ann. Math. (2), 162(1), 109-194 (2005)

Lions, J.L., Magenes, E.: Problemes aux limites non homogenes et applications, vol. 1
Dunod (1968)

Masmoudi, N., Rousset, F.: Uniform regularity and vanishing viscosity limit for the free
surface Navier-Stokes equations. arXiv:1202.0657

Métivier, G.: Para-differential calculus and applications to the Cauchy problem for nonlin-
ear systems, volume 5 of Centro di Ricerca Matematica Ennio De Giorgi (CRM) Series.
Edizioni della Normale, Pisa (2008)

Meyer, Y.: Remarques sur un théoreme de J.-M. Bony. In: Proceedings of the Seminar on
Harmonic Analysis (Pisa, 1980), number suppl. 1, pp. 1-20 (1981)

Nalimov, V.I.: The Cauchy-Poisson problem. Dinamika Splosn. Sredy, (Vyp. 18 Dinamika
Zidkost. so Svobod. Granicami) 254, 104-210 (1974)

Safonov, M.V.: Boundary estimates for positive solutions to second order elliptic equations.
arXiv:0810.0522

Shatah, J., Zeng, C.: Geometry and a priori estimates for free boundary problems of the
Euler equation. Comm. Pure Appl. Math. 61(5), 698-744 (2008)

Shatah, J., Zeng, C.: A priori estimates for fluid interface problems. Comm. Pure Appl.
Math. 61(6), 848-876 (2008)

Shatah, J., Zeng, C.: Local well-posedness for fluid interface problems. Arch. Ration. Mech.
Anal. 199(2), 653-705 (2011)

Shinbrot, M.: The initial value problem for surface waves under gravity. I. The simplest
case. Indiana Univ. Math. J. 25(3), 281-300 (1976)

Wau, S.: Well-posedness in Sobolev spaces of the full water waves problem in 2-D. Invent.
Math. 130(1), 39-72 (1997)

Wau, S.: Well-posedness in Sobolev spaces of the full water waves problem in 3-D. J. Am.
Math. Soc. 12(2), 445-495 (1999)

Wu, S.: Almost global wellposedness of the 2-D full water waves problem. Invent. Math.
177(1), 45-135 (2009)

Wau, S.: Global wellposedness of the 3-D full water waves problem. Invent. Math. 184(1),
125-220 (2011)

Wau, S.: On a class of self-similar 2D surface water waves. arXiv:1206.2208

Yosihara, H.: Gravity waves on the free surface of an incompressible perfect fluid of finite
depth. Publ. Res. Inst. Math. Sci. 18(1), 49-96 (1982)

Zakharov, V.E.: Stability of periodic waves of finite amplitude on the surface of a deep
fluid. J. Appl. Mech. Techn. Phys. 9(2), 190-194 (1968)

Zhang, P., Zhang, Z.: On the free boundary problem of three-dimensional incompressible
Euler equations. Comm. Pure Appl. Math. 61(7), 877-940 (2008)

@ Springer


http://arxiv.org/abs/arXiv:1202.0657
http://arxiv.org/abs/arXiv:0810.0522
http://arxiv.org/abs/arXiv:1206.2208

	On the Cauchy problem for gravity water waves
	Abstract
	1 Introduction
	1.1 Assumptions on the domain
	1.2 The equations
	1.3 The Taylor condition
	1.4 Main result
	1.5 The pressure
	1.6 Plan of the paper

	2 Paradifferential calculus
	2.1 Paradifferential operators
	2.2 Symbolic calculus
	2.3 Paraproducts and product rules
	2.4 Commutation with a vector field
	2.5 Parabolic evolution equation

	3 The Dirichlet--Neumann operator
	3.1 Definition and continuity
	3.1.1 Straightening the free boundary
	3.1.2 Continuity of the Dirichlet--Neumann operator

	3.2 Paralinearization of the Dirichlet--Neumann operator
	3.3 Nonlinear estimates
	3.3.1 Proof of Proposition 3.18
	3.3.2 Proof of Theorem 3.12
	3.3.3 Proof of Proposition 3.13


	4 A priori estimates in Sobolev spaces
	4.1 A new formulation
	4.2 Estimates for the Taylor coefficient
	4.3 Paralinearization of the system
	4.4 Symmetrization of the equations
	4.5 Back to estimates for the original unknowns

	5 Contraction
	5.1 Contraction for the Dirichlet--Neumann
	5.2 Paralinearization of the equations
	5.3 Estimates for the good unknown
	5.4 Back to the original unknowns

	6 Well-posedness of the Cauchy problem
	Acknowledgments
	References


