STRICHARTZ ESTIMATES FOR WATER WAVES
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Abstract. — In this paper we investigate the dispersive properties of the solutions of the
two dimensional water-waves system. First we prove Strichartz type estimates with loss of
derivatives at the same low level of regularity we were able to construct the solutions in [2].
On the other hand, for smoother initial data, we prove that the solutions enjoy the optimal
Strichartz estimates (i.e, without loss of regularity compared to the system linearized at

(77: 0,9 :O))

1. Introduction

In a time-dependent domain §; C R? which is located between a free hypersurface ¥;
and a fixed known bottom I', consider a potential flow v = V, ¢, with
Apgydp=0 iny, 0,p=0 onl.

The surface-tension water-waves problem is given by two equations: a kinematic condition
(which states that the free surface moves with the fluid), and a dynamic condition (that
expresses a balance of forces across the free surface). The system reads

8t77 — 8y¢ _ Vn . V¢ on Et = {y = 7’](75,27)},
(1.1) 1 2
06+ 5 [Vay@l” +gn=H(n) on %y

where V = 0,, g > 0 is the acceleration of gravity and

Vn

H(n) = div W

is the mean curvature of the free surface.
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1.1. Assumptions. — We work in a fluid domain such that there is uniformly a mini-
mum depth of water, more precisely we assume that for each time ¢ one has

Q=N
where 1 ; is the half space located below the free surface ¥,
Qe ={(z,y) eRxR :y<n(tz)}

for some unknown function n and €, contains a fixed strip around 3, that means that
there exists h > 0 such that,

(1.2) {(z,y) e Rx R : n(t,x) —h <y <n(t,z)} C Qq,
for all t € [0,7]. We shall also assume that the domain s (and hence the domain
Q = Q4N Qo) is connected.

We emphasize that no regularity assumption is made on the bottom I' = 9Q; \ %;.
We consider both cases of infinite depth and bounded depth bottoms (and all cases in-

between). Finally, we could consider the cases where the free surface is a graph over a
given smooth hypersurface and the bottom is time dependent.

1.2. Main results. — Following Zakharov we reduce the system to a system on the
free surface. If ¢» = ¥(t,z) € R is defined by

¢(t> $) = ¢(ta €Ly n(tv .7})),

then ¢(t,x,y) is the unique variational solution of

(1.3) Ap=0 inQy, @@t z,n(tz) =t )
The Dirichlet-Neumann operator is then defined by

(GY)(tx) = 1+ V0l 0ndly—n(ta) = Oy¢ — V- Vo :

y=n(t,x)
(we refer to Section 2 in [2] for a precise construction).

Then (7, ¢) is solution of the water-waves system (1.1) if and only if (n,) solves the
system

3t77 - G(UWJ = Oa

(1.4) 1 (9un - 0ptb + G(n)v)?

2 1+ |9.1)2

Concerning the Cauchy theory for the water waves with surface tension, there are many
results starting from the pionneering work of K. Beyer and M. Giinther [11]. See D. M. Am-
brose and N. Masmoudi [7], B. Schweiser [25], T. Iguchi [20], D. Coutand and S. Shkoller
[18], J. Shatah and C. Zeng [26], M. Ming and Z. Zhang [23], F. Rousset and N. Tzvetkov
[24]. In [2], we established new local well posedness results for the system (1.4) under
sharp (as long as no dispersive effects are taken into account) regularity assumptions on
the initial data. We refer to the introduction of [2] for references and a short historical
survey of the background of these problems.

1
at¢+g77—H(77)+§’am¢’2— =0.



The purpose of this work is precisely, in the case d = 1, to investigate the dispersive
properties of these solutions. Our results are twofold: first we prove Strichartz type
estimates with loss of derivatives at the very same level of regularity we were able to
construct the solutions in [2]. On the other hand, for smoother initial data, we prove
that the solutions enjoy the optimal Strichartz estimates (i.e, without loss of regularity
compared to the system linearized at (n = 0,¢ = 0)).

Define the usual Besov space,
u€ B o(R) <= Y 277 Aj(u)| oo (ry < o0,
JEN
where u = >, Aj(u) is the standard Littelwood-Paley decomposition of u. Notice that if
o ¢ N, we have (with continuous injection)

~2(R) C WZ=(R),

00,2

where W*°(R) is the usual Holder C” space (which, if o ¢ N, is characterized by the
fact that (2]"HAj(u)HLoo(R))j€N € (*°(N), see for example [16, Proposition 2.3.1].

Our main results are the following.

Theorem 1.1. — Let s > 5/2 and T' > 0. Consider a solution (n,v) of (1.4) on the
time interval I = [0,T] such that Q satisfies (1.2) fort e 1. If

(n,9) € CO(I, H*"2(R) x H¥(R)),
then
(n,4) € LY(I, B 3(R) x B2 3 (R)).

)

Theorem 1.2. — Let s > 11/2, T > 0. Consider a solution (n,v) of (1.4) on the time
interval I = [0,T] such that Qy satisfies (1.2) fort e I. If

(n,9) € CO(I, H*"2(R) x H*(R)),

then
4 S+% S—%
(777 d}) € L (I’ Boo72 (R) X Boo,Q (R))
Remark 1.3. — (i) Theorem 1.1 was obtained recently under the assumption s > 15 by

Christianson-Hur-Staffilani [17] .

(7i) Let s > 5/2 and (ng, 1) € HS+%(R) x H5(R) satisfying dist(3g,I') > ¢ > 0, we
proved in [2] that there exist 7 > 0 and a solution (n, ) € C°([0,T7; HS‘%(R) x H5(R))
satisfying dist(3;,T") > ¢ > 0.

(7i7) The gain of regularity exhibited in Theorem 1.2 is optimal as can be seen at the
level of the linearized system around the trivial solution (n,) = (0,0) which reads (when

g=0),
O — |Dg|p =0, 0Opp— An=0.



1 3
Indeed u = |Dy|2 n + i) is a solution of the equation i0;u — |Dy|2 u = 0, for which one
can prove the optimal estimate

exp(=it | D] uo|

<C s
L4(1,B§:§(R)) < Clluollzzw;

which gives the desired regularity on (7, ).

(7v) It is most likely that Theorem 1.1 remains valid when R is replaced by the one
dimensional torus T. Indeed, our proof relies on a semi-classical parametrix (on time
intervals taylored to the frequency) which exhibits finite speed of propagation and which
can consequently be easily localized in space.

(v) Notice that the dispersive estimates proved in this paper can be combined with
our previous work to improve the regularity threshold obtained in [2] and give local well
posednesss for initial data below the s = 2 + % threshold. This will be the matter of a
forthcoming paper (including the 3-d water-waves system) [4].

(vi) Notice finally that dispersive properties of the operator linearized at (n = 0,% = 0)
were used recently by Wu [32, 33] and Germain-Masmoudi-Shatah [19] to prove global
existence results for gravity waves.

1.3. Strategy of the proofs. — Following the approach in Alazard-Métivier [1], after
suitable paralinearizations, we have shown in [2] that the water waves system can be
arranged into an explicit paradifferential symmetric equation of Schrodinger type, and
we deduced the smoothing effect for the 2-d surface tension water waves. Here, we will
also take benefit of this paralinearization reduction, and this reduced system will be our
starting point. The guiding line for the rest of our proof is very classical: construction of
a parametrix to prove dispersion (L' — L™ estimates), and then TT* argument.

There are two main difficulties in the analysis of this equation. First the coefficients
of the operator are time dependent and consequently we cannot get rid of the lower order
terms by simple conjugation arguments (see Burg-Planchon [15]). Second the coefficients
enjoy poor regularity, and finally, whereas the principal part in the operator is of order
3/2, the subprincipal part in the operator is of order 1 which gives only a 1/2 difference
compared to the usual 1 difference encountered for magnetic Schrodinger operators. As
will be shown in our analysis, the presence of such subprincipal parts will produce non
trivial oscillations which here have to be taken into account in the analysis.

The first common step for both theorems is to perform several reductions for the
paradifferential equation. The first one is to use Alinhac’s para-composition theory [5]
(see also Burg-Planchon [15] where a similar idea was used) to reduce the matters to
the study of a Schrédinger type operator with constant coefficients principal part. This is
particular to space dimension 1 and reflects the fact that there is only one metric on R. The
second reduction, inspired by works by Smith [27], Bahouri-Chemin [8], Tataru [29, 30]
and Blair [12], consists in smoothing out the coefficients of the operator.

Once this reduction has been achieved, we can construct the parametrix, for which
the natural time is the semi-classical one: s = t|¢|~1/2. Here the differences between
our two theorems appear. Indeed, in the proof of Theorem 1.1, following the strategy



in Burq-Gérard-Tzvetkov [14] (see also Staffilani-Tataru [28] and Koch-Tataru [21]), we
construct the parametrix on small times |s| < ¢) and the main difficulty is to handle sharp
regularity threshold (for smooth enough initial data the proof would be much simpler).
In the proof of Theorem 1.2 the difficulties are different: first we have to handle the
oscillations generated by the subprincipal part and furthermore we have to prove very
large time asymptotics (|s| < ¢|¢|'/?) in the high frequency regime |¢] — +oo. Notice
that, even for initial data with arbitrarily large smoothness, the analysis would be non
trivial. Finally, once the parametrix is constructed, the dispersion estimate is obtained by
using non classical stationary phase lemmas involving precise controls on the remainder
terms.

Acknowledgements The authors would like to thank the referee for a very carefull
reading of the manuscript, which lead to improvements in the presentation.

2. Preliminaries

In this section we recall some notations and results from [2] which will be used in the
sequel.

2.1. Paradifferential calculus. — In this paragraph we review classical facts about
Bony’s paradifferential calculus (see [13]).

For p € N, according to the usual definition, we denote by W#>°(R) the Sobolev
spaces of L functions whose derivatives of order < p are in L. For p €]0,+oo[\N,
we denote by W#>°(R) the space of bounded functions whose derivatives of order [p] are
uniformly Hoélder continuous with exponent p — [p].

Definition 2.1. — Given p > 0 and m € R, F;”(R) denotes the space of functions
a(z,£) on R x (R\0), which are C* with respect to & and such that, for all « € N and
all £ # 0, the function x +— ag‘a(x,{) belongs to WP (R) and there exists a constant Cy
such that,

1 (0% m— |«
(21) v‘&’ Z 57 Haf a('v&)HWp,oo(R) S Ca(l + ‘5’) | |
Definition 2.2. — X7 (R) denotes the space of symbols a(x,§) such that

a= Y dm™  (jeN),

0<j<p

where a9 € F;n:jj (R) is homogeneous of degree m — j with respect to &.

Given a symbol a, we define the paradifferential operator T, by

p—

(2.2) Tou(e) = (27)! / X(€ = m.m)@(E — n,mb(n)a(n) dn,



where @(0,¢) = [ e @%(z,¢)dz is the Fourier transform of a with respect to the first
variable, x, 1 are two fixed C'*° functions such that

Y(n) =0 for |n| <1, Y(n) =1 for |n| >2,

x(0,n) is homogeneous of degree 0 and satisfies, for 0 < £; < &2 small enough,
x(@m =1 if [f[<erlnl, x(0,n)=0 if [0]=>e2]n|.

We shall use quantitative results from Métivier [22] about operator norms estimates
in symbolic calculus. To do so we introduce the following semi-norms.

Definition 2.3. — Form € R, p >0 and a € I''(R), we set

(23 M@ = sw o swp [0+ e magac, g .
’ lal<i+14p 1€1>1/2 ¢ Weee(R)
The main features of symbolic calculus for paradifferential operators are given by the
following theorems.

Definition 2.4. — Let m € R. An operator T is said to be of order < m if, for all
p € R, it is bounded from H*(R) to H*~™(R).

Theorem 2.5. — Let m € R. If a € IT]'(R), then T, is of order < m. Moreover, for all
1 € R there exists a constant K such that

(2.4) ITall ey pru—m < KMy (a).

Theorem 2.6 (Composition). — Letm € R and p > 0. Ifa € TY(R) and b € F?/(R)
then ToTy, — Toys is of order < m+m' — p, where
1
a#tb =Y ——0gadh.

ilala!
lerl<p

Moreover, for all u € R there exists a constant K such that

(2.5) 1Ty = Totill g g mmrn < KMZ@)M (1),

If a = a(x) is a function of x only, the paradifferential operator T, is a called a
paraproduct. Paraproducts can also be defined using the Littlewood-Paley decomposition
of the frequency space. Indeed, let ¢: R — R be a smooth even function with ¢(¢) = 1
for |t| <1 and ¢(t) = 0 for |t| > 2. For k € N, we introduce the symbol

£
on(6) = ¢(55 ):
and then the operators Sy and Ay defined by

~

Sef(€) == du(€)F(E),  ARF(E) = (¢(E) — drr(€)) F(€)



For all f € S'(R), the spectrum of A, f satisfies spec Ay f C {&€ : 2F=1 < |¢] < 2K+,
Hence A;A, =0 if |[j — k| > 2. Moreover we have the Littlewood-Paley decomposition:

f=Sf+ Y Apf

keN*

With this decompositon, paraproducts can be defined by

Tof = Sk-s(a)Apf.

k>4

Notice that the difference between paraproducts defined in these two ways is a smooth-
ing operator. Namely, if a € W?*°(R)) for some p > 0 then the difference is of order —p.

Theorem 2.7. — Let o, 3 € R be such that a + 3 > 0. If a € H*(R) and b € H’(R)
then ab — Tyb — Tya € H*P~2(R) and

|ab — Tub — Tba||Ha+5-%(R) < Kllallga@®) 16l g5 )

for some positive constant K independent of a, b.

We use the following result which is a consequence of (2.5) with m =m' =0,p = 1.

Lemma 2.8. — Let s > 2+ 3 and a € WH(R). Then for all 0 € R there exists a
constant C > 0 such that for all j € N,

H[AjvTa]uHH”“(R) < CHaHleN(R)HUHHU(R)-
2.2. The Dirichlet-Neumann operator. —

Lemma 2.9. — Let s > 2+ % and 1 < o <'s. Then there exists an increasing function
C:R* = R such that for all (n,v) € HT2(R) x H5(R)

GOl 1osmy < Cl sy g 11100

Furthermore, if (n,v) € L*(I; H”%(R) x H*(R)) is a solution of (1.4), then

(2.6) (G (n)Y) = G(n)(Oxp — Bon) — div(V )
where
(2.7) B(t,0) = VI LTCIY g B

1+ [0n)



2.3. Symmetrization. — We consider a solution (7,v) of (1.4) on the time interval
I =10,T] with 0 < T < +00, satisfying the assumption (1.2) for all ¢ € I and such that

(n,%) € C°(I, H**2(R) x H*(R)),
for some s > % Then we set
(2.8) U =1 — Tn.

where B has been defined in (2.7). It follows from the analysis in [2] that we have the
following symmetrization of the equations.

Lemma 2.10 (]2, Corollary 4.9]). — Let ¢, ¢1 be defined by

3 1

- (1 + (8177)2)_4 , c1 = (1 + (09617)2)_2 )
There exists an elliptic symbol p € X /1 such that the complez-valued unknown

(2.9) & =Tyn+i1.,U

satisfies a scalar equation of the form
(2.10) 8@ + Ty8,® + i |Dy|3 T, |Dy|2 @ = F,
where V' has been defined in (2.7) and F € L*>°(I, H*(R)).

3. Reductions

3.1. Change of variables. — We consider a solution (n,) of (1.4) on the time interval
I =10,T] with 0 < T < +00, satisfying the assumption (1.2) for all ¢ € I and such that
)

(n,v) € C°(I, H"3(R) x H5(R

):

for some s > %

Our aim in this section is to simplify the equation (2.10) by a change of variable. To
compute the effect of a change of variable we shall use Alinhac’s paracomposition operators
and we refer to [5] for the general theory .

Let & be a C! diffeomorphism from R to R. We define the operator * by,
(3.1) K =uok —Tg,u)onk-

One of the main properties of k* is that there is a symbolic calculus theorem which allows
to compute the equation satisfied by x*u in terms of the equation satisfied by u (in analogy
with the paradifferential calculus).

Theorem 3.1. — Let m € R, r > 1, p > 0 and set o := inf{p,r — 1}. Consider a
diffeomorphism x such that Oyx € W™=1°(R) and set k = x~'. Let a be a symbol in
YoUR). Then there exists a* € 7 (R) such that

KTy, — Toxx™  is order < m — 0.



Moreover one can give an explicit formula for a*. If a =Y am—k, then
* 1 ot .
(3.2 @ (@) ) = 3 0 ) (D)

where the sum is taken over all o € N such that the summand is well defined, x'(xz) is the
derivative of x and

(3.3) Vo (y) = x(y) — x(2) = X' (2)(y — 2).
We are now ready to simplify (2.10). Define x by

(3.4) x(t7$)=/0 (t,y) 3dy—/ \/1 (Oyn(t,y))* dy,

so that

Dux(t, ) = /1 + (9pn(t, z))? c(t,x)_%.
Then for each ¢t € [0,T], x — x(t,z) is a diffeomorphism from R to R. Introduce its
inverse

(3.5) w=x "
3.1.1. Notations:— We shall set I = [0,7] and we shall denote
(36) A = C(H(T]’w)”LOO(LHSJF%(R)XHQ(R))

where C' : R™ — RT is an increasing function which may change from line to line.
Moreover we shall denote by f o k the function

(3.7) (for)(t,z) = f(t, k(t,x)).

3.1.2. Estimates of x and k.— From (3.4), the equation dyn = G(n)y, the Lemma 2.9,
the Holder inequality and the fact that s > 2 4 % we deduce,

(3.8) 10|l Lo (1xr) < A.
Now since
Oex(t,z) =14 f(0em), [ e CT(R), f(0)=0,
we deduce from the assumption s > 2 + % and the Sobolev embedding that,

(3.9 10a(8:2) = 1l ) b ey + 10X rcm) < A.
Let us consider the function k.

Since Ok = g”;( o k we have, using (3.8),

(3.10) [0kl Lo (1xR) < A
On the other hand we have 9,k = 1 + f(9,n) where f € C*°(R), f(0) = 0. It follows
that,

(3.11) |0pk — 1 < A.

ety <



Let p=1[s]if s¢ N, p=s—1ifse&N;then p>s—1and it follows from (3.11) that,
(312) ||8{L‘/€||Loo(l7wp—1,oo(R)) § A
To go further we shall need the following elementary lemma.

Lemma 3.2. — Let p € N* and k : R — R be a diffeomorphism such that O,k €
WP=Leo(R). Set x = k=L, Then for all F € H*(R) with 0 < u < p we have Fox € H*(R)
and

IF o kllgnr) < XNl oo (m)C (102l lwo—1.00 ) | F | r1em)
where C is an increasing function from R* to R™T.

We deduce from Lemma 3.2 and (3.12) that for 0 < p < s—1and F € L>*(I, H*(R))
we have,

(3.13) |1 0 Kl oo (1,10 (R)) < AllF || poo (1,110(R)) -
Coming back to the regularity of x we deduce from (3.4) that,
o (O3
x 1°
(1+(0am)?)2
It follows from (3.13) that,

2
(3.14) 10200 © Al g e gy < A

On the other hand we have,

921)9:(G(n)
(14 (9m)?)
So using Lemma 2.9 and (3.13) we obtain,

(3.15) (020t x) © K|l oo (1,r5-2(R)) < A-

) .

8&:81‘,)( = (

D= g

Now we would like to estimate 97x. Since 9;n = G(n)1 we have,

s [T CWEE [T DG
(310 Oixtt) = /o <1+<axn>2>% d“/o 1+ @)t
&:

/ 6%778 >w>dy'
)2

Since s > 2 + %, the Holder mequahty and Lemma 2.9 show that the first two terms are
pointwise bounded by A. By the Holder inequality the last term can be pointwise bounded
by

N

1021l oo (1,12 1020 (G(0) ) || oo (1, 12(R)) -
Using (2.6) and the equation satisfied by (n,v) we find, if s > 3 + %,

10206 (G(m)Y) | oo (1, r2(R)) < A

10



Therefore if s > 3 + % we obtain,
(3.17) 107Xl e (1xm) < A

Finally let us estimate the term 9,0?y. Using again (2.6) and the equation satisfied by
(n,%) we find, if s > 4, that,

(3.18) 10,02 <A

Loo(LH 2 (R)) =

3.1.3. Reduction of the equation. — With V defined in (2.7) and ® defined in (2.9) let us
set (see (3.7)),

(3.19) W =V ok(dpxok)+ dex ok,
(3.20) Q" =K"®=Por—Ty,a)kk-

Then we have the following result.
Proposition 3.3. — Let s > 2+ % and I =1[0,T]. There exists a real valued function g
such that 0,g € Eg_% and the function u = T,i;®* satisfies the equation
(3.21) (O + Tywdy +i| Dy ?)u = F,
with F € L>*(I, H5(R)) and W is defined by (3.19).
Proof. — We apply the operator «* to the equation (2.10). We first show that

K*(Op + Ty 0y)® = (0 + T 0, )®* + R(P)

(3.22) IR@) o115 < CU DN g s gy | B 1150

To estimate the remainders we shall use the estimates (3.8) — (3.15) on x and y obtained
above. We begin by showing that

(3.23) K* (8t(1)) = (at — T(atx)on)q)* + Ry ((I))
where R; satisfies the estimate in (3.22).
We have

K (O1®) = (04®) o k — T(p,0,0)0rk
= 0i(® o k) — (Otk) (02 ® 0 k) — T(9,8,8)0r ks
therefore,
K*(O®) = O(k*®) + By + Ba,
(3.24) B = To200r)0,xK
By = T(9,0)0x 0tk — (01£)(0xP 0 k)
Let us consider the term Bj in (3.24) and let us set a = 9;k(92® o k). We have,

Tor = Sj-s(@)Aj(k) = Y 2778;-3(a)(2 D) () = ) g

j=4 j=4 j=4

11



where ¢ € COO(R),suppa - {% < [€] < 2}. Since 0;k = 1+ f(9yn) with f(0) = 0, we
have A;j(0k) = Aj(f(0zm)) so,
;12 < 270l 27D e Cll oy ) () €2
On the other hand using (3.8), (3.9) we can write,
all oo (rxr) < 1@l poe (1,25(R)) 1 e ( xX)_lHLoo(IxR)
< Nl e, @p CUD O e ) oty mroqmy)-
It follows that,

(3.25) | B1ll oo (1,m5m)) < C([[(n, V)]

Let us consider the term Bs.

We have, Ok = ab where a = Oy € F(l), b= 0.k € F(l). It follows from Theorem 2.6
that a#b = ab and Ty, — T, T} is of order —1. Let us set

(3.26) Boy = |[(Tap — TaTp) (0P 0 K) || oo (1, H15(R)) -
Using (2.5) we obtain,

LOO(I,H‘H—%(R)XHS(R))||(b||LOO(I’HS(R))'

Ba1 < ||0ex|| oo (1w 100 ) 10z Kl oo (1,100 (R)) | (O ® 0 K| oo (1, 1151 (R)) -
Since 5 — 5 > 1, using (3.13) with u = s — 1 we obtain,

(3.27) By < C(||77||Loo .a i (R)) MNP oo (1,15 (R))-
Therefore using (3.24), (3.25), (3.27) and Theorem 2.7 we obtain,
(3.28) K (0h®) = 0y ® — Ty T, xDa® 0 ki + Ro(®),

where Ry satisfies (3.22).
Now let us set

a = 0.k € L°(I, H 2(R)),b= 9,8 0 k € L™(I, H* '(R)).
It follows from Theorem 2.7 that
(3.29) |ab — Tob — Tyal| oo (1,m25-2(R)) < ||GHL<,O(M1,S_7(R 101l oo (1,151 (R)) -
Therefore we obtain
(3.30) K (0y®) = 04 (K" ®) — T, 0xk02(P 0 k) + T, Th, 0050z + Rs,
where R3 satisfies (3.22). Using (3.1) we obtain
K (0y®) = (0 — Ty 0 ) (K™ ®) — T, 02 (T, d0r) + To,x T, 00r0zk + Rs,

where R3 satisfies (3.22).
It follows that

Ii*(@tq)) = (&5 — Tatxax)(,@*é) — T((’)g@o,‘i)@zﬁ’i + R3.

12



Now the term T(p2q0x)0,x% can be estimated exactly by the same method as the term By,
therefore we obtain

K (O P) = (0r — T5,,02) (K" P®) + Ry,
where Ry satisfies (3.22). This is precisely (3.23).
Now we claim that
(3.31) H*(Tvazq)) = T(Vaxx)o,ﬁxm*fb + R5((I)),
where Rj satisfies (3.22). But this is precisely a consequence of Theorem 3.1. Indeed we

have for (almost all) fixed t, a(z,&) = iV (t,z)¢ € X! |, and the diffeomorphism & is in
3

W52 (R), so o = s— 3 and the remainder term is of order less than 1—(s—32) = 5 —s < 0.
Then (3.22) follows from (3.23) and (3.31).

Let us consider now the principal part. Applying again Theorem 3.1 we find that,
(| Dy|1T.|Dy| 1®) = |Dy|26*® + Tok*®,

where a is of order %

Finally, it remains to reduce to the case where a = 0. Indeed, let g be a real-valued
symbol such that 9,9 € T?_, . (R) and

s—3/2
{1¢P*?,9} = —a,

then if we set
(3.32) w =T ®*,
we obtain by symbolic calculus that u satisfies

(9 + Ty +i|Dy|2 + T, + Ty)u = F,
with F € L>(I,H*(R)) and b = i{|¢]3/2,g}. This completes the proof of Proposition
3.3. O

3.1.4. Regularity of W. — The following result gives some informations on the function
W defined in (3.19).
Lemma 3.4. — Let I =[0,T], E=L*(I xR), F = L>*(I, HS*Q(R)).

1. Ifs>2+%, we have W € E, 9,W € F, and

W+ 10:W 1 < CO DN ey e sy
2. If s > 4, we have O W, 0*W,0,0,W € E and

0 1+ 192W 1 + 180 s < CUUL O ey e gy ey

Proof. — Let us recall that we have set,

(333) A= C(H(n’¢)||LOO(I7HS+%(R)XHS(R))
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where C : RT — R is an increasing function which may change from place to place.
Since s > 2 + % using (2.7) we obtain,
(3.34) IVile <10s9 oo (r,m-2R)) + 1B oo (1,152 ) 1020 Loo (1, 1152 (R)) < A-

Then the estimate |[W||g < A follows fom (3.8) and (3.9) .
Now we have

(3.35) OuW = 0,V 0k + V 0 k(9% 0 K)Opk + (0401 X © K)Dpk.
Using (3.13) we see that,
(3.36) IV o kll + 0.V 0 kll < ANV o1 a1y < A

Now using (3.11), (3.14) and the fact that H5~2(R) is an algebra we deduce,
(3.37) |V 0 k(02 0 k)Ipk||r < A.
Then the estimate ||0;W||r < A follows from (3.15) and (3.11).
Let us now prove 2. We have
W =0,V o k(Opx 0o k) + 0,V 0 k(DX 0 K)Ork + V 0 Kk(04OrX © K)

(3.38) ) ) 0
+ Vo r(0;x 0Kk)Otk — Of x 0 k — 040z © K(OzK) =: Z B;.
i=1

It follows from (3.13),(3.9),(3.10),(3.14),(3.15), and the Sobolev embedding that
(339) Byl + |By| + | Bal + |Bs| < A.

Now we have 0,V = 0,010 — (0;8)0,n— B0 0¢n. So using the equations satisfied by (n, ),
the Sobolev embedding and Lemma 2.9 we obtain

(3.40) [EA] < A.

Loo(IL,H 3 (R)) =
It follows that

(3.41) |B1| < A.
The term Bj is estimated by A using (3.17). Therefore using (3.39) and (3.41) we deduce

that H@,gWHE S A.

The claim on 92W follows from the first part of the Lemma and the Sobolev embedding
since s > 3 + % It remains to consider the quantity 0;0,W. We go back to (3.38). The

term 0,V o k(0yx o k) is bounded by A in L*(, Hsfg(R)). The third term V o k(0:0,x ©
k) is bounded by A in L°°(I, H"2(R)). The term 0;0,x o #(0,k) is bounded by A in
L>(I, H"2(R)). Therefore the 9, derivative of these three terms are bounded by A in
L®(I, H*2(R)). By (3.8) we have,

02V 0 K(Dzx © “)at’”vHLoo(IxR) < A0,V 0 Kk(Oxx 0 Fv)”Loo(IxR)
S A||81V e} /{(&EX o) Ii)”Loo(I’Hs—Q) S A.
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We can apply the same argument for the term Vo (92 ok)d;k. Finally we bound the term
V o k(0;0% o k) in the space L>(I, Hs_%(R)) by using (3.13) and (3.18).This completes
the proof of our Lemma.

O

3.2. Symbol Smoothing. — In this section we follow an idea of Smith [27] (see also
Bahouri-Chemin [8]), and we are going to smooth out the coefficients of the function W
with respect to x. As already mentioned, here is the main place where the idea of allowing
loss in remainder terms enters. We define for 0 < § < 1,

=2 SaG-s1 (WA,
j=>4
The key difference between Ty and T{EV is made clear below.

Lemma 3.5. — The operator Tyy — T} is of order —5(s — 2).

Proof. — Since for almost all fixed t we have, 9, W (t,-) € H"2(R) we have,

185 (W) = S (V)| oo gy < Z 180 (W) oo ()
n=[d7]
<K Z 2~ ) < K90i(s=3),
n=[d7]

In the sequel we shall set
h=277 j€eN,
(3.42) Wi = Sis(j—ay (W),
al€) = xo(©)l¢l?,
where xo € C3°(R),supp xo C {3 < [§] <4},x0 = 1 in {5 < [¢] < 2}.
Lemma 3.6. — Lets > 2+% andu € L>®(I, H*(R)) be a solution of (3.21). There ezist
§< L e>0andf, e Lo(I, HS+6—%(R)) such that

i

Loo(I,H5 e~ 7(R) <”( )HL°°(I,HS+%(R)XHS(R))> ’
supp(fn) C {§h* <l¢ <27t}

and the functions up, = Aju satisfy

(3.43)

1
(3.44) (9 + 5 (Whds + 0:W3) + ia(Da) Jun = fi.
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Furthermore we have

(3.45) D A ullF oo (1, sry) < 00
JeEN
Proof. — First of all we remark that we have |Dx|% up = a(Dy)up (and consequently

if%a(th)uh = a(Dy)up). Now, applying the operator A; to (3.21), we obtain
Let us prove (3.45). We deduce from the usual energy estimates that,
| oo (r;msm)) < C(llun li=o [lmsw) + lgnllzr (7:05R)))
< C'(llun li=o sy + lghll2(r.msw))-
Since by Lemma 3.4 we have 9,W € L*°(I, H"2(R)), using Lemma 2.8 we can write,
lgnlZecrasmy) < 2U1A FIIZ2rms my) + 1A Tw]0eAjullZ2 1. s (my)
< C(“AjF"%Q(I;HS(R)) + HAJUH%Q(I;HS(R)))
where ﬁj = Z\k—j|§3 Ay. It follows that
> ghlZe ) < CUFNZ e my) + 172 g w))
JEN
from which (3.45) follows easily.
Now we replace Ty by T, in (3.46) to obtain

3
(3A7)  (Oe+ D Sz (W) Ay + i [Da|2)up, = gh + (T — Tw)dzup, == g + g7
[k—j|<1

where, according to Lemma 3.5, g7 satisfies (3.43) with e =d(s —3) =1 > 01if 6 < $ is

chosen close enough to % Now, we have

S[(;(j,g)](W)amuh: Z S[(;(j,g)](W)Akaxuh.

|k—j]<1
Consequently, we obtain
3
(3.48) (ﬁt + S[(;(j_g)](W)az +1 |Dz| Q)Uh

=gh+tort+ Y. (Spg—sy(W) = Sism—sy (W) Ardeun = gj, + g7 + g
k—j|<1

and using that for |k — j| <1,
is(s—3
I1St506-37(W) = Sis(-a) (W) poe < C277°672),
we obtain that g satisfies (3.43). Finally, we obtain

1 8
(O + S (Wi + 0:W3) +i|Dal 2 un = gi + g7 + g} + g
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where g} = %S[é(]’_g)]<8$w>uh satisfies (3.43) (for any 0 < e < 1). O

Lemma 3.7 — Let s > 171 and set

1 1
§=——€lo, -]

Then there exists f, € L>°(I, H*(R)) such that
Ll e iy < € (0,0

supp(fi) < (357" <16l < 2h7)

and the functions up, = Aju satisfy

(3.49) L°°(I,H°‘+%(R)xHS(R>>> ’

1
(3.50) (D + 5 (WROw + 0. WR) + ia(Da) Jun = fi

Proof. — The proof is identical to that of Lemma 3.6, the only difference beeing that now
we take § such that §(s — 3) = 1. O

4. Semi-classical parametrix
The purpose of this section is to prove the main step toward Theorem 1.1.
Theorem 4.1. — Under the assumptions of Theorem 1.1, let u be defined by (3.32).

Then there exists C = C(||(n, ¢)||LOO(I HS+%(R)xH5(R))) such that

ey < C
LALBL 3 (R))

Following [14] we shall reduce the analysis to establishing semi-classical estimates.
Recall that 277 = h and W) = Si5(;_3;(W) = ¢(h° D)W, ¢ € C°(R).

Theorem 4.2. — Let x € C§°(R) with supp x C {£ : < €] < 2} and ty € R. For any
initial data ug p, = (hD Juo, where ug € L*(R), let Uh = S(t,to, h)ug p be the solution of

(4.1) U + = (Wha + 0z Wh)Uh + ZCL(D;,;)U}I =0, Uy, ’t=t0: U, b -

Then for any 0 < h <1 and any |t — to| < hi,

C
(4.2) 1S(t, to, h)uonllLeem) < W (R)-

To prove this result, we shall follow a very classical trend and construct a parametrix.

Notice that our assumptions being time-translation invariant we can assume tg = 0. The
parametrix will take the following form,

(4.3) Un(t =37 // H@GEEN =0 Bt 3 2 € h)ug p(2)dzde,
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where ® will satisfy the eikonal equation and
(44) Blt,2,2,6,h) = B(t.2,& h)G(x — 2 — th™2d(§)),

where B will satisfy the transport equations and ¢ € Cg°(R), ((s) =1 if [s| <1, {(s) =0
if |s| > 2.

In addition to x (introduced in Theorem 4.2), we shall use two more cut-off functions
x;j € Cg°(R),j = 1,2, such that

1
suppx1 € {§: 5 < ¢ <3}, xa=Tlonsuppy,
(4.5) 1
supp xo C {€: 7 < [¢f <4}, xo = Lon suppxi.
4.1. The eikonal and transport equations. — We introduce some space of symbols

in which we shall solve our equations.

Definition 4.3. — For small hg to be fixed, we introduce the sets
Q= {(t,x,g,h) R : he (0,h), Jt| < h3,1< €] < 3},
O ={(0,z,&,h) €R" : h e (0,hg),|o] <1,1<|¢]<3}.

If m € R and ¢ € RT, we denote by S;*(Q) (resp.Sy*(O)) the set of all functions f on Q
which are C™ with respect to (t,x,&) (resp.(o,x,§)) and satisfy the estimate

(4.6) 05 f(t, 2, & )| (resp. |05 f(o,z,& h)[) < Cah™ %,
for all (t,x,&,h) € Q (resp.(o,2,£,h) € O).

Remark 4.4. — (i) If f € ST, g € ST then fg € ST if f € S™, (m > 0) and
F € C*(C) then F(f) € Sy if f € Si*,(m < 0) and F € C°(C) then F(f) € S5, .

g )
Let f € Sy, then 0, f € S~ °. Moreover S}* C Sy if o> ¢

(i1) Let W be such that ,W € H?(R) with s > 2+ 1 and set W? = y(h¢D,)W
where v € S(R). Then 9, W} € S9.

Let 0 € (0,1). We fix

(4.7) o = % G - 5) .

Finally we set,
1 . 3
Lo=0;+ i(W,‘f@x + 0, WP) +ixo(hDy) | Dy|?

a(€) = xo(€) [¢]2 .

The main result of this section is the following.

(4.8)
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Proposition 4.5. — There exist a phase ® of the form
1 1
(b, 2,6, h) = o€ — b~ 3ta(€) + hPU(t, 2., 1)
with 9,V € SY(Y) and an amplitude B € SY(Y) such that, with B defined in (4.4),
(4.9) Lo (e%@fé) = e%‘@Rh.
and for all N € N we have,
4.10 H // H(@ETEN =R (2 2 € h dzd H < CxhN :
(4.10) en w(t, 2, 2,8, h)ugp(z) dz d§ ey = OV l[uopllzr(w)
for all t in [0, h%]
Proof. — We set,
t=h2o,  p(0,2,6h) = B(ah?,z,&,h),
(4.11) b(o,x,6,h) = B(oh?,2,6,h),  Vi(o,x) = Wi(oh3,z),

L =hd, + %h% (Vi(hOy) + hdy Vi) + ia(hDy).

Multiplying (4.9) by h3 we see that it is equivalent to,
(4.12) L (e%“@) = eh¥r(o,x,2,6,h),
and (4.10) becomes,

(4.13) H // e%(@(O,x,ﬁyh)*Zﬁ)r(o’,x,Z,f, h)u07h(z) dz deHl(R ) < CNhNH’U/(],h”Ll(R)-

In the proof of (4.13), z,&, h will be considered as parameters.
We shall take ¢ of the form

(4.14) plo, 2,6, h) = 2§ — 0a(€) + h2 (0,2, &, ),
where v is the solution of the problem

Iotp + d'(§)0x1h = =€V,

7p|a:0 =0.

Differentiating (4.15) with respect to = and &, using an induction on k and the fact that
Vi, € S2(0), we see easily that,

(4.15)

(4.16) |0F0%4 (0, 2,6, h)| < Cpalo0FH=1T,

for every (o,z,&,h) € O, where a™ = sup(a, 0). It follows in particular that 9,v € SY(0),
O, € SY(O) .
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Now, since (see (4.11)) b= b we have,
3

1) 7% (hdy + = he 5 (ViOa + 0 Vi) (€79D) = i[h2 €V, — a(€) + h2 0,1 + hViut]b

4 h[&,b + BV + %h%(&pVh)b]C +R[—d(€) + R3Vb (.

On the other hand recall that we have for all M € N* (see the appendix),

(4.18) e_%‘pa(th) (e%‘”g) =A+r+1r,
where
M—1
w .
(4.19) A=) 530 { (p(w,y))b(y)} ‘ L
Yy=x
k=0
with
1 890
(4.20) o) = [ SE@Ne+ (= Ny )
0

and the remainder r{,rs are given by,

1 ~
@21) ry= el [ [ ey - N0 0 (g + pla )bl dddydy

and
(422) 1o = chMhM+k / / Mio(2)(1 — VMM [0®) (p)b]], =g rn-ddz,

where cpr, e € C, ko € C3°(R), ko = 1 in a neighborhood of the origin. Now since

5(0—7 Zz,z, 57 h) = b(a7 xz, g: h)C(:U -z (70/(5)),
writing for simplicity b(y) = b(o,y,&,h) and ¢ = ((z — z — 0d’(§)) we have,

M-1
A= (Z Ap)C + 73,
k=0
(4.23) A = 08 {(08) (ol 4(0)}
M-1 k
rs= Y > ciphtof {(aga)(p(:r,y))b(y)} ly=aCD
k=1 j=1

The term A in (4.23) is equal to a(§ + h%sz/J)b. Then

1 3
(4.24) Zl. w)j+<hé;’”¢)/0( N)202a(€ + Ah20,40) dA | b.
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The term A; in (4.23) can be written as
hl, 1 11 9 7 1
A = 7@ (& + h203)0.b + §h2 (0z0)a" (& + h20,9)b| .
Therefore

1
_h H h%axz/}/ a" (€ + Ah20,0)) dA} b

(4.25)
WS (@20)a" (€ + Wb 0,) ]

41
2
Since 0,¢) € SY, h%0%¢ € SY, we deduce from (4.24) and (4.25) that
h h
(420) Ao+ A = [al9) + I (0.0 + §a"(OO0)| b+ T (00

+ 0 (c1b 4 c2h0,b)

for some ¢; € S9, where fio has been defined in (4.7).
Now, consider the term Ak with &k > 2. We have

A = kkl Z < >851 [ )(P(%y))} |y:$8§*klb,

Since h%aﬁﬂ € Sg, we obtain,

Chr = WO | (DFa) (p(a,p))] |, € S,
It follows that the generic term in Aj can be written as
hhk’—lh—/ﬁ(sck’kl h—5(k—k’1) (héam)k_kl b.
We have, since k > 2,

(4.27) k—1-ki6—6(k—k)) > k(1—6)—1>2(1—6)—1

1 1
>2=—§)>=-—6>
2(5-0) 25— 0=mo
so that
k
Ap = BhRY " ep(h°0,)'D,  ¢p € 8.
=0
We deduce from (4.26) that
M—-1 2 1 ) h M—-1
_ j 5 j / 1) ¢
(4.28) ];) Ap = Z;) ﬁa<ﬂ>(g)(h28xw)f b+ —a'(§)0zb + hh' % dp(R28,)"b
= = —

with dy € S5.
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Then it follows from (4.12),(4.17),(4.18) and (4.28) that
r=4i (—a(g) + h2EVh + h2dp0) + thE?m) b¢

B[O + hEViOeb + %h%(ﬁxVh)b]C

i ale) + 100 + 5000 | 0¢ 1 ha(©0.0¢

M-1 3
+hRPO Y " dy(h°0:) D+ .
=0 j=1

Gathering the terms in powers of h, noting that the coefficient of h° vanishes and using
1
the eikonal equation to see that the coefficient in h2 vanishes, we are left with

M—-1 4
(4.29) r=h (c%b +a/(§)0sb +ifb+ h*Oh > eé(h‘sax)éb> CHiY my.
=0 Jj=1

where f = V0,1 + a”(£)(0,1))? is real valued, e, € SY and
1
(4.30) ra = hl=d/(§) + h2Vilb¢.
It follows from (4.16) that
(4.31) 020 f(0,2,& h)| < Craoh Fh=00TH),

for every (o,z,&,h) € O. In particular f € S9(O).
Now we shall seek b under the form

(4.32) b=Y hiFop;.

<
—

<.
Il
=)

where the b;-s are the solutions of the following problems

oby ~ , Obo ..
(4.33) { o TG, Tifb =0,
boloe=0 = x1(£),
where x1 € C§°(R) has been introduced in (4.5) and
M—-1
abj / 8bj S 5a \lp
bj|0:0 = 0.

It is easy to see that for all 7 we have,
(4.35) bj(o,z, & h) = x1(§)ejo, 2, &, h).

For the estimates we shall use the following elementary lemma.

22



Lemma 4.6. — If u is a solution of the problem
aau+a/(€)axu+ifu:g’ u|a:0 =2€C,

where f be real-valued, then it satisfies the estimate
(o &) < 2]+ [ lg(e',a + (0" = a)a'(€), 6 Wl
0

for every (o,z,&,h) € O.

Proof. — Indeed, the solution is given by

w(o, @, €,h) = e~ J5 £ at(o! o) (€) £y do

X {z + / e Jo ftat(t=a)a'(€).6h) Moo’ x4 (o' — a)d'(€),€,h) da'} .
0

O

Using this lemma we deduce the following.

Lemma 4.7 — The problems (4.33), (4.34) have unique solutions b; = x1(§)c; where
the c; satisfy the estimates
(4.36) 020¢ cj(0,, €, h)| < Cangh™TH°
for all (o,2,&,h) € O, all o,k € N, and all j =0, ..., M.

In particular ¢ = ij\io cjhit0 belongs to S9(O).
Proof. — Let us look to the case j = 0. Then ¢y satisfies the same equation and ¢g|,—¢ = 1.
We show first (4.36) for £ = 0 and all a. By Lemma 4.6 we have |¢g| < C. So assume that

(4.36) is true (for £ = 0) up to the order a — 1 and let us differentiate the equation (4.33)
« time with respect to . It follows that U = 0% ¢y satisfies the equation

ou ou

(4.37) 5+ a'(f)% +ifU=—i)_ CaL)oe .
=1

Using (4.31), Lemma 4.6 and the induction we deduce that

|U’ < Czhfl(shf(afl)(g < Chfa(;‘
=1
This proves (4.36) for k = 0 and all a. Then using an induction on k we differentiate the

equation (4.37) k times wit respect to £ we use again (4.31), Lemma 4.6 and the induction
to prove (4.36) for all £ and a. The proof of (4.36) for j > 1 is similar. O

It follows from (4.29), (4.33), (4.34) that

5
r= E rj.
j=1
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where for any J € N
(4.38) rs = hJHObJ_lc‘

4.1.1. End of the proof of Proposition 4.5. — We are left with the proof of (4.13). For
rj,j = 1,2 defined in (4.21), (4.22) we have,

(4.39) (&= 2= 0d(©))|rj(0, 2,2, h)| < CRMI=I71 3, (€)].
Let us prove (4.39) for r1. Recall that

7

el 1/// o () (1 = N)M 1M [0 (A + pla, ) bly)]dAdydn
where kg € C§°(R), ko = 1 in a neighborhood of the origin and

by) = x1(&)elo,y, & h)S(y — = — od(€))
with ¢ € Sg and § < 1.
We estimate separately 71, (z —y)r1 and (y — 2z — gd’(€))r1. Since ¢ € S§ we can write,

Ir1| < CRM-1-0M / ko)l / 1¢3 ()

where (; € C§°(R), (1 = 1 on the support of ¢. The term (y — z — od/(€))r; is estimated
similarly, since (y — 2 —oa’(§)) is bounded on the support of (1(y — z —ga’(€)). Finally to

estimate (z — y)riwe integrate by parts using the fact that %ane%@—y)" = (z—y)en @V,
Recall that

T s / / Mizo(2)(1 = VM) (0)5] - anoddz,
_ 0

As above one can estimate separately ro, (z — 2 — Ahz — 0d’(€)) + Ahz)ry and Ahzry to
obtain the desired bound. An estimate of the type of (4.39) for 75 follows immediately
from (4.38). Let us prove (4.13) for rj,j = 1,2,5. Let us first bound the L? norm of the
left hand side. Using (4.39) we can see that for any N € N one can find M and J so large
that

[ 5000206 o < Ot
It follows that

(4.40) ' / / eh(POTEN =)y (0 2, € RYuop(2) dz d€

< CyhY / o (=) .
L*(Rz)
The estimate of the L? norm of the z derivative is analogous.

The terms corresponding to r3 and 74 defined in (4.23) and (4.30) will be treated in
the same manner and will use the fact that on the support of a derivative of the function ¢
one has |z — z — 0ad/(§)] > 1. Since by (4.16) we have h%|8§¢| < C’h%|a] < Ch? we deduce
from (4.14) that |0 (¢(o, z,&, h) — 2€)| > L if h is small enough. Therefore we can obtain
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an estimate analoguous to (4.40) by integrating N times by parts in the integral appearing
in the left hand side of (4.40) using the vector field

h
L= i(0c(p(o, @, &, h) — 2£))

The proof of Proposition 4.5 is complete. O

O

4.2. Refined Van der Corput estimate. — Let us recall that we have set (see (4.3))

(4.41) Un(t,z) = /IN((t,:l:,z,h)uOh(z) dz
where
(4.42) K(t,x, z,h) = ern (PE2EN =) B¢ 5 2 € h)dE.

21h

In the variable o = thfé we have

K(t,x,z,h) = K(o,z,2,h)
where
1
2mh
where ¢ and b have been determined in (4.14), (4.33) and (4.34).

K(o,z,z,h) = e (P(,61) =€) g(a, x,z,&,h)dg,

Proposition 4.8. — There exists C > 0 such that
1
C (h\2

(4.43) KEasnl<f (2))

for all (o,z,z,h) in]0,1/2] x R x Rx]0, hol.

Proof. — Since b € Sg is bounded with compact support in &, the estimate (4.43) is trivial
for |o| < Ch. Let us assume that |o| > Ch. We have by (4.11),

1 .
L= <h00 + he W} (h2o,2)(hd,) + 5h%(agcw;f) + z'a(th))>

By a scaling argument we can assume without loss of generality that o = o9 = 1/2.

Indeed, otherwise, setting

o ~ T ~
r=2, F=—, h=—,
g0 00 g0

we see that in the new variables, the operator reads
L = ho, + Y2 Woho, + h2 (0:W]) + i|hDz [/
where .
W;‘f(T, z) = O'é/QW;f(O'oT, o0T)
and consequently we have

WP e L®HY),  0;W] € SY
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with bounds uniform with respect to oyg.

N Assume now that the dispersion estimate has been proved for the kernel of the operator
L and 0 = 1/2. Since we have

we can write

(4.44) |ISh(o0)uoll por) = HS~(UU)UO||L°° R)
. C Cloo|!/2 C
Wl/Q” uollrmy < WH uol|L1ry < ho |1/2

which is the dispersion estimate for the kernel of the operator L and o = oy.
Let us set

(4.45) 0(x,y,6,h) = p(0,2,6,h) — 26 = (x — 2)€ + a(€)o + h2(0, 2, h).
Then
020(x,y. &, h) = O2a(€)o + h202p(o, €, h).

Now by (4.5) and (4.8), on the support of x; we have a(§) = \{]% Therefore 8§2a(§) =
%\ﬂ_% > ¢p > 0. On the other hand from (4.16) we have ]8§w| < Coh™® which implies

h% \8?1#\ < Cohz=° < Cohto. Tt follows that on the support of x1 one can find a constant
c1 > 0 such that

1
(4.46) 0<co< 8§H(m,y,§, h) < C—la,

if hg is small enough.

In the sequel we shall omit to note the variables (x, z, h) which are fixed. However, we
shall take care of the fact that all the constants are independent of (z, z, h) € RxRx]0, hol.

Let us denote by [o, 8] C [3,3] the support of x1.We deduce from (4.46) that the
function & — 0¢6(§) is increasing on [, 5]. Therefore one can find p € [a, 3] such that

9e0(§) <0 for £ € [a,pl, Oeb(E) >0 for £ € [p,A].

Noting b(o, z,&, h) = b(§) and assuming that |p, 5[ is non empty, we shall estimate

Ky (0,2,6,h) = / HOb(E)C( — 2 — ' (€))de,
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the estimate corresponding to the intervall [a, p] being similar. We write for small h,

1
Ky=—(0L+I

iy
(4.47) I = / T 0N o — 2 — () de
P

B )
I= / et O (x — 2 — a'(€))deE
pr(2)2

We have obviously,
h
o

)2

In the integral I using (4.46) and the Taylor formula we see that,

(4.48) || < C(

N

(1.49) 0:0(6) > o () = ar(ho)t, vee o (D

g

, B

Let us estimate the integral Io. We can state the following lemma which is a refined
version of the well known Van der Corput Lemma.

Lemma 4.9. — For all k € N there exists C > 0 such that

B h
(4.50) \12 - (—1)’“(%)’“ /ﬁ(h)% eﬂ(f)@@l(g))kagq(g)dg\ < O

)%

n
o
where q(§) = b(§)¢(z — 2z — a/(§).

Proof. — Let us denote by Ji the integral term in (4.50). The Lemma is true for k = 0.

Assume it is true up to the order k. Using the fact that @%856%9(5) = 1% and

integrating by parts in Ji we obtain,

’8 h
Jp = (—1)k+1(’?)’€+1/ 679(5)35 <71 Hl)agq(g)dg
P

’ +(2)2 (966(€))
bk [P hy 1 el
S A
hik+1, 1
—1)HL (= 70(8) k B _ 71 2 3
First of all we have JZ = Jj11. Now using (4.36) and (4.49) we can write,
—k(5+4)
T3 < opk1l < C(ﬁ)%hk(é—afzx) < C(ﬁ)%,
(ho)' s o o

since o > 1. Now using again (4.36) we obtain,

o( (8&(2»“1) ‘ “

|Jk1;| S Chk+1*k(§+4)

1
pH(E)Z
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Since by (4.46) the function 06 is increasing we have

o ()|~ 2 ()

Therefore we can write,

_ 1
41 < Oy

We deduce exactly as for Jg’ that,
1
)*

1
It follows that |J, — J2| < C(g) 2, which proves our induction. O

|4 < O

9>

Now using Lemma 4.9, (4.36) and (4.49) we can write,

| J| < ok chk < c(@)%hk(%—é)—% < c(ﬁ)%h%uo—%,

(ho)? o

Q

1
so taking k such that 2k > % and using (4.7) we deduce that |J;| < C(%)i. It follows
1 1
the from Lemma 4.9 that |I5| < C’(%)E and from (4.48), (4.47) that |K4| < %(%)5 which

completes the proof of Proposition 4.8. 0
4.3. End of the proof of Theorem 4.2. — Let us set J = [O,h%]. It follows from
(4.3) and Proposition 4.5 that

~ 1 ~ ~ ~ ~
(4.51) U + 5 (Wii0z + 0aW3)Un + ia(Di)U = Fh,  Unli=o = Un(0, 2),
with
(4.52) SU? [ En (s )l (m) < CNhNHUO,hHLl(R)‘

se

We claim that,

(4.53) Un(0,) = uop +von,  |lvonllmmy < CvEY luonll o wy-
Indeed using (4.3), (4.4),(4.14),(4.33) and (4.34) we see that,

(4.54) von() = (2mh) ! / / et @2 (¢ — 2) — 1)x1 (E) o (2)d=d.

Since on the support of 1 — ((z — z) we have |z — z| > 1 we can integrate by parts as much
as we want to obtain that for all N > 1,

e |1 —Clx—2
vou(r) = eyhN 1 //Bh( ) [(xc_(z)]v)] (08 x1)(§)uop(2)dzde.
Using the Holder inequality we deduce that,
‘UO,h($)|2 < CNth(/ m

2
(z — 2)N |“07h(z)|dz) [wo,nllr ()
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from which we deduce that,

vo.llL2r)y < CNhNAHUO,hHLl(Ry

Differentiating (4.54) with respect to x and using the same trick we obtain the estimate
in (4.53).

Now by (4.51), the Duhamel formula and the definition in Theorem 4.2 we can write,

S(t,0,h)ugp, = D1 + Do+ D3 where Dy = ﬁh(t,x),
(4.55) ’
Dy = —5(t,0,h)vg (), D3 = —/ S(t,s, h)[Fp(s,x)]ds.
0

First of all the estimate

C
(4.56) D1 )R < g7argazallvonl vy

follows from Proposition 4.8 and (4.41).
Let us estimate Ds. We have by Sobolev inequality,

[ D2(t)|[ Lo r) < C1llD2(t) |51 (r) < Collvonllmr(r)s
therefore by (4.53),
(4.57) D2 (t)]| oo ry < CNIN uonllpr(w;)-

Let us look now to the term D3. We have,

D3 ()] Lo (r) < C/J 1S(, s, h)Fu(s, )| i myds < C//J [ER (s, )l 1wy ds,
from which we deduce,

(4.58) 1D3(t) o (ry < CNR" [luo bl (w)-
Then Theorem 4.2 follows from (4.55), (4.56), (4.57), and (4.58).

4.4. The TT* argument. — Having proved the dispersion estimate the Strichartz
estimates for the solution of (4.1) follow very classically.

Proposition 4.10. — There exist > 0, C' > 0 such that for any 0 < h < 1 and any
initial data ugp = X(hDz)ug, we have

Proof. — Indeed, applying the usual 7T argument, it suffices to prove that the operator
h3
S(t,0,h)S(s,0,h)* f(s)ds
0

maps continuously L%((O,h%),Ll(R)) to L4((O,h%),L°°(R)). But a direct calculation
shows that since %(W;f Oy + 0, W) is self adjoint, one has

S(s,0,h)" = 5(0,s,h),
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and consequently, Proposition 4.10 follows from the classical Hardy-Littlewood-Sobolev
inequality and the dispersion estimate (4.2). O

Corollary 4.11. — Let u be a solution of the problem
Oru + = (Whﬁ + 0, Wu +ia(Dy)u = f, wli=o =0

with supp f C {%h_l < |€] < 2h71}. Then we have,

Jal,. < Kh 3|

(017),L>(R)) LY((0,h3),L2(R))

Proof. — Indeed we have,
t
u(t,-) :/ S(t,0,h)S*(s,0,h)f(s,)ds.
0

Let us set J = [0, h%] It follows from Proposition 4.10 that,
hz
[ull a0 my) < C/o 15(s,0,h)" f(s, ')HH%(R)dS

h2
<C /0 1705 Mt gy @ < C"B ANl 2wy

since f is supported in {in~t < ¢l <2n7t) O

4.5. Gluying the estimates. — It remains to glue the estimates which up to now have
1
been proved on small time intervals of size h2. Recall that from Lemma 3.6 we have

a1E'UJh‘|‘ (Wh0 +8 Wh)uh+z|D |2 up, = fh c LOO((O T) Hs-i—e——)

Let ¢ € C§°(0,2), equal to 1 on (%, %) For -1 <k < Tif%, define

t — kh?
Uh,k = W( 1 )uh,
h

2

which satisfies

(4.60) 8tuhk+ (Wha U+ Oy Wh)uhk-i-l’D |2 Up

:So(t_hlzm)fh—Fh S&( h]zm)uh’ uh”“t:kh%zo’
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As a consequence, using Corollary 4.11 we obtain,

(4.61) ||Uh k||L4 (kh2 (k+2)h2) *(R))

¢< }th)ﬁr+h ¢( ]fh2>u4

2 2

<h"s

LY((kh3 ,(k+2)h %), L2(R))
11 -1
< Ch? 8(|!fh||Loo(o,T),L2<R)>+h 2HUhIILoo((o,T),LQ(RD)
_1 <
< Ch s (hF + [Junl oo ((0,7),5(R)))

where in the last inequality we used that by (3.43) we have f, € L>((0,T), Hs“‘a_%(R)).
Eventually, noticing that,

Th™3
lun 70,1y, oo R kz_:l | L4 3 (k+2)h2), L= (R))’
we obtain
(4.62) lunll2a 0., o= (ryy < Ch™ TR (0 + oo o1, i) -
For h = 277, let us set '
cj = 279 + |Jup|| Lo (0,1), 75 (R))

Notice that according to (3.45), we have
(4.63) Z c? < +o00.

JEN
We deduce

. S*l 1
L e (O S s LV A tes
’ JEN

= | > 22 A} R)||L2 0.7)
jEN

i(s—1
< (D2 129D A0l l220m))

JEN
= <Z 2% S“)HA UHL4( 0,7), L°°(R))>
JEN
which, by (4.62) and (4.63) completes the proof of Theorem 4.1.

(4.64)

N

[SIE

5. Classical time parametrix

In this section we take s > % and we prove the usual Strichartz estimates. The main
step is, as before, the dispersion estimate. To do so, we seek a parametrix. The main
difference with respect to the previous section is that (in the semi-classical framework),
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we are looking for a large (O(h~1/2)) time parametrix. As a consequence, the lower order
term Ty 0, induces oscillations. This is reflected in the fact that the new eikonal equation
will be quasi-linear.

We begin by an analogue of Theorem 4.1.

Theorem 5.1. — Under the assumptions of Theorem 1.2, let u be defined by (3.32).

Then there exists C = C(||(17,@ZJ)||LOO(LHS+%(R)XHS(R))) such that

Jull <c

L (R))
Theorem 5.2. — Let x € C°(R) with suppx C {&: 3 <[] <2} and ty € R. For any
initial data uop, = X(hDg)ug where ug € L*(R) let us denote by S(t,to, h)ugp := Uy, the
solution of

N ool

(1,B

s—
o0,

1
(5.1) Uy, + i(W,fam + WU 4 ia(Dy)Up =0, Up, |imty= Uo.p-
Then there exists 19 > 0 such that for any 0 < h <1 and any |t — to| < 70,
C
(5.2) 1S(t, to, h)uo,pll Lo (r) < Wﬂuo,h LI(R)-

In the remaining of this section, we shall prove Theorem 5.2. We need first to refine the
constructions in Section 4 to handle large times. An important point in the construction
of the phase function is that handling large times leads us to non linear geometric optics.

Our parametrixe will be of the form (4.3),(4.4) that is,

(5.3) Onlta) = 5 [ [ RO 0B, 2.¢, huon (2)d=de,
m

where ® will satisfy the eikonal equation and

(54) E(tv Zx,z, ga h) = B(t’ Zz, 57 h)<($ — 2= th_%a/(é))a

where B will satisfy the transport equations and ¢ € C§°(R), ((s) =1if [s| <1, {(s) =0
if |s| > 2.

5.1. Notations. — In this section we fix
1 - 1
s—3 4

11
s>?and5:

As before we shall set 277 = h, where j € N and we shall work with the semiclassical
time o = th™3.

In addition to the function y introduced in Theorem 5.2, we shall use two more cut-off
functions x; € C§°(R), j = 1,2, such that,

suppx1 C {€: 5 <[§] <3}, x1 = lon the support of x,

(5.5)

[ — Wl

< |¢] <4}, xo0 = lon the support of xi.

supp xo C {¢: 15
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Recall that we have

(i) W e L>=([0,T], W>*(R)), ;W € L>([0,T], W"*(R)) (Lemma 3.4),
(ii) Wi = Sis(j—3)) (W) satisfies Wh < Cy ||aaWHLoo ,

3 "

(i) a(§) = xo(§) [¢]>

Definition 5.3. — For small hg, T to be fized, we introduce the sets

Q= {(t,z,&,h) € R : h € (0,h),|t| <70,1<[{] <3}
o= {(a,x,g,h) €R* : he(0,ho), o] <mh 2,1 <[] <3}.

If m € R and ¢ € RT, we denote by S)'(Q) (resp. S7*(0)) the set of all functions f on Q
(resp. O) which are C* with respect to (t,z,€) (resp. (o,x,&) and satisfy the estimate

(5.6) |07 (&, 2,6, h)| (resp. 95 f(o, 2, &, h)]) < Cah™ 2%,
fOT’ all (ta:l:vé, h) € (T@Sp. (O’,IE,f,h) € O)

5.2. The eikonal and transport equations. — In all this section we keep the nota-
tions of (4.11),(4.12), and (4.17) to (4.23).

The main result is the following.
Proposition 5.4. — There exist a phase ® of the form
O(t,z, &, h) = 2€ — h™2ta(€) + h2U(t, z, €, )

with 0,V € SY(Q) and an amplitude B € SIN) such that, with B defined in (5.4),
(5.7) Lo (eﬁéé) = e%‘@Rh.
and for all N € N we have,
(5.8) H // HOELEN ) Ry (1 2, 2, €, W)ug,p(2) ddeH = CnhN|uonll 1wy
for all t in [0, 19].
Proof. — According to (4.23) we have,

Ay = a(€ + h39,0)b,

Ay —a (€ + hQaaﬂ/J)a b+ 1h—i(a%p) a’ (€ + h28x¢)
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We deduce (with £ defined in (4.11)) that £(e#¥b) = e®r with

r =i { W30, — a(€) + (€ + hE0) + WVidat) + HEEVA b

(5.9 + h{aab +d/ (€ + h20,1)0pb + %h%vhaxb + 1h%(fwh)b

L hi(E a%p) a" (€ + h30,0)b+ ~ ZAk}C—HZr],

where 71,79 are defined in (4.21), (4.22), r3 in (4.23) and

h
(5.10) ry="2 {—a'(g) n h%vh} b,
i
5.2.1. The eikonal equation. — As already mentioned, an important point in the construc-

tion of the phase function is that handling large times leads us to non linear geometric
optics.

An important fact in the sequel is that 9,V}, = (’)(h%) which follows from the fact that
(see (4.11)) Vi (o,z) = W,ff(h%a, x); that is why we shall keep the notation W,‘f(h%a, x) in
what follows.

We determine 1 by solving the following nonlinear problem,

a(€ + h2,1) — a(€)
(5.11) 0% + 1
w(O,x,ﬁ,h) =0.

+h2 W (h2o,2)0) = —W (h2o, 2)E,

In this system, £ and h are seen as parameters. We begin by establishing that the solutions
1
exist for a time interval of size h™2 and satisfy some uniform estimates.

Proposition 5.5. — There exists 1o > 0 such that the problem (5.11) has a unique
C™ solution 1 in the set O such that %w,&w and 021 are uniformly bounded on O

by C(||(77,¢)||LOO(I H5+%(R)xH5(R))) where C is an increasing function from R* to itself.

Proof. — Let us differentiate the equation (5.11) with respect to  and let us set 11 = 9,v.
Then 11 is solution of the quasi-linear equation

(512) aﬂﬂ)l + A(O-7‘T) h’aéa @bl)ax@bl - B(O-v'ru h)é-)z/}l)v ¢1(0, Z, h7€) =0.

where

Alo,z, h, €, 2) =d +h%z —i—h%W‘s h%a,x,
(5.13) { ( §z2)=d(§ ) n( )

B(o,3,h,€,2) = —h2 (0: W) (h20,x)z — £(0.W}) (h2 0, z).
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We shall solve (5.12) by the method of characteristics.
The characteristics are given by the system

o(s)=1, o(0)=0,
(5.14) X(s) = A(s, X(s),h,&,Z(s)), X(0) =z,
Z(s) = B(s, X(s), h,&, Z(s)), Z(0) = 0.

Since A is uniformly bounded and |B| < Ci + Cy|z|, the above system has a unique global
solution (i.e defined for s € [0, +00]).

5.2.2. Properties of the flow.— (i) We have,

(5.15) J19>0,c1 > 0,0 >0:¢1 < \X(s)\ <ec, 0<s< T()hié.
We show first that
(5.16) h2|Z(s)] < C7o)|0:W ||z~ exp (70|0:W 1), 0 <s < 7oh™2.

To see this we integrate the equation satisfied by Z and use (5.13). We obtain
S
(5.17) 1Z(5)] < Cll0:W | gs, Is] + b2 0. W | s / |Z(0)|do, 0<s<mh3.
’ = Jo

Then (5.16) follows from the Gronwall inequality.
On the other hand, setting m(s) = (s, X(s), h,&, Z(s)), we have
1 1
A(m(s)) = d'(€) + 5.2(s) / (€ + Ah2 Z(s))d\ + h2 W} (h2o, X (s))do
0

=d()+R
where

1
1R < 0C (70, 10:W | g, )la" || oo + A2 W] g, )
Since for 1/2 < |¢| < 3 we have |d/(§)| > 2¢1 > 0 we obtain
|A(SvX(S)7h7§7 Z(S))‘ > C1

when 0 < s < Toh_%, (10 and h small enough). This proves (5.15).
(1) We have,

(5.18) X (s)] < h%c(uaxwu% + Hatwu%), 0<s<mh3.

Indeed let us set m(s) = (s, X(s), h, &, Z(s)).Then we have,

X(5) = (8s4)(m(s)) + (9. A) (m(s)) X () + (8- A) (m(s)) Z (s).

Moreover we have,
(0:4)(m(s)) = h(@W))(oh? 2). (0:4)(m(s)) = hz (2, W}) (o, )
(0:A4)(m(s)) = h2a" (€ +h2 Z(s)).

Then (5.18) follows from the expressions of X (s), Z(s) and (5.16).
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(731) We improve now (5.16). We have,

(5.19) 2 (D 10 Wlig, ). 0= (01 00).

o<1

Indeed we can write
(5.20)  Z(s) = —¢ /Os(axw,f)(ohé,X(a))da — h2 /Os(axw,f)(ahé,X(o))Z(a)da

Now, using (5.15) we have,

(5.21) 0. W))(chz, X (0)) = . -

After an integration by parts we obtain,

oW ot X (oNde — Vb : _
I_./O (0. W})(oh2, X (0))d .

S X(0) s oo T S
+/O g hent X))o /0 o OWD(aht X (0))do

Using (5.15),(5.18) we deduce that for 0 < s < 70h ™% we have,

< O( X 10" Wle,) 0= (06 00).

lal<1
It follows from (5.20) that,
1 S
Z) < C( D 10 Wi ) + 10 W3ll s b /0 1Z(0)do,
lal<1

which using Gronwall inequality proves (5.19).
We are going now to give some estimates on the z-derivative of the flow.
We claim that,

0X oz _1

(5.22) 5@+ 152 ) < C10W i + Wil ) 05 < 70h73
0X 1 _1
(5.23) S -1< 5 0<s<mh 2,

if Toc( 10V [ yy1.00 + HWHWQ,M)) is small enough.
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Indeed using (5.14) we can write,

OX () = 3@ (shY, X (5)) Tox (s) + b (4 H32(5)) D (s),
Zf<s>=—£<aiwh><h X)) P (5) — b @) (5h, X () o (5)2(5)

0z
oz’

From the first equation we deduce

B2 (0. W3)(sh?, X (s)) 5~

X ' 5 s 0X [ / 07
. ——(s)| < . oo - oo - .
624 (G0 < 1B g, [ |G @lde + ke o [ 15 o

From the second equation we deduce,

(07
g—x(s) =1 =1+ 13 where,
X
- ¢ <62Wh (oh?, X(0) 2 (0)do,
(5.25) 0 ; o
o 8Wh )(oh?, X (o ))axZ( o)do,
0z
; (D W7)( O'h , X (o ))%da
We have easily,
(5.26) |Ig\§h§]8$W]Lgo/] o)ldo
Moreover using (5.19) we get,
(5.27) B < e ( S 10 Wl )1EW iz, [ 15 @)l

o<1

We are left with the estimate of I;. We use (5.21) applied to 8xW,f .We obtain

s o o % o
(5.28) n :—5/ a”[axwh)(.((i)’X( ))]%f(U)dJ
(5.29) - hég/s (axasw’f)).((zfgh;’ X(9)) %—i{(a)do — A+ B.

We see easily that

(5.30) IB| < O3 |0,0,W 13 / 12X () do
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Let us consider the term A. After an integration by parts one can write,
(0. W) (shz, X (s)) 0X (0. W})(0, z)
A= —g(CIRHE X OX () @eEI0.2)y
O X(0)

X(s)
0X do

(@) (o X (0) 2 (o
v& [ @wenh X@) G0

— ) 5\ (oh2 o X (o) 8—XU o
¢ | @wiont X)) 7 55 5 e

Using (5.24), (5.15), (5.18) and the equation satisfied by %—f we obtain
1 (50X 0Z

_ < W[ 100 3 == == .

(5.31) a1 < c(llo ||Lt,z)(1+hz/o (15 (@) + |5 (o))do)

Using (5.25) to (5.31) we obtain

s VA
|%(S)y < C(IlaxWHL?f’z)

)do

S 10X 0Z
+c(||atW||L?oW;,oo +HWHL;><>W§7°°)/O (‘g)m(")’Jr 7 )

so using (5.24) and the Gronwall inequality we obtain (5.22).

Then coming back to the equation satisfied by %—f we deduce
0X

1
9= 1] <0 (10l + Wl gz ) 21

for 0 <s < Tolf%. Therefore taking 7y small enough we obtain (5.23).

5.2.3. Resolution of the eikonal equation.— We claim now that for all o in [0, T()hié] the
map x — X (o, z) is a global diffeomorphism from R to R. Indeed we have for such fixed o,

X(o,z) =2+ /OU Ao, X (o), h, &, Z(0"))do.

Since A is bounded by ||a’|| +hz [WlLee, we have lim|y|_, 4o | X (0, 7)| = +00. Moreover

by (5.23) we have, %—f(a, x)#0forall0 <o < 70h 2 and all = € R. Therefore our claim

follows from the following classical result (see [9] Theorem 5.1.4).

Proposition 5.6. — Consider a C* map F : R — R%. Then F is a global C* diffeo-
morphism if and only if F is proper and at any point its Jacobian does not vanish.

Then
(5.32) X(o,z) =y z=Y(o,z), z,y€R,

and the function (o,y) — Y (0,y) is C* by the implicit function theorem. Let us consider
then the set )
S ={(0,X(0,2),Z(0,x),0 <o <1h” 2,2z € R}.
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It follows from (5.32) that S i 1s a submanifold of R? of dimension two to which the vector
field L = 2 + A(o,2,h, &, 2) 2 + B(o,z,h,¢, 2 )F is tangent. It follows then from (5.32)
that the function i (o,y,h, 5) = Z(o, Y(a y)) is the solution of our eikonal equation
(5.12). Then v € L*°. Moreover we have

oy 07 Y oz X 1
aiy - ox (Ua Y(U7 y)) 8y (07 y) - ox (Uv Y(U> y))( or (Ua Y(U7 y))) )
so, since %—f is bounded and using (5.23) we deduce,
31/}1

By < CUI0W e+ Wy )

It follows that the solution zp of our eikonal equation (5.11) is such that
o 0%
uth o o0 L>®
Oz 7T G2 € Lo

uniformly in h, . We deduce from the equation (5.11) that 0,4 is uniformly bounded and
therefore that || < Clo]. O

5.2.4. Properties of the solution.— We investigate in this section futher regularity of the
solution 1.

Proposition 5.7. — Let ¢ be the solution of (5.11) given by Proposition 5.5 Then we
have %w € L>®(0), 0,1 € L*®(0), 8% € S(0).

Proof. — The first two claims have been proved in Proposition 5.5, let us consider the
third one. We shall prove that 0,¢1 € S(0O) where 91 = ;1. Let us set for % < €] <2,
£

(5.33) v(o,3,&,h) = 0yt (0,2, &, h) — ——0,W} (ch?, z).

a'(€)

Then according to (5.12) the function v is solution of the equation,

Oyv + (d' (& + h2epy ) +h2 W) Oy + h2a’ (€ + h2 e )v?

(5.34) ) ¢
(2h2a”(§+h 1) (g)a Wh +2h2 20, Wh)v =7/,
where,
_ £ 1 5 § a6 i o
f - a’(f)h 8$8tWh + a’(f) 8xWh (a (6 +h 1/}1) a (f))
1 & sy i & o n 1 512
(535) a’(f) Wha:CWh +h (a,(f)) a (5 +h ¢1)(81Wh)
+2h3 fg) (0. W)? = h2 (2W) ).
Let us set A = h%d,.We shall prove by induction on k € N that,
(5.36) Nove L®(0), 0<j<k.

This will imply our claim since 9, W7 € S2(O).
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Notice that (5.36) is true for k& = 0 by Proposition 5.5. Assume it is true up to the
order k — 1. It follows then, using the Faa-di Bruno formula that,
(5.37) Ab(h2yn)]) € h2L¥(0), 1<I<k,
for any C'*°-bounded function b from R to R.

Applying the operator A* to both sides of (5.34) and using (5.37) and the fact that
WS € SY(0) for 0 = (8,0x),]al < 2,a # (2,0) we find that AFv is solution of the
problem
(5.38) (O + a' (€ + h21p1)y + h2 WDy + h2d(o,z, &, h))AFv € h2 L®(0),
where d € L*(0;).

Let us set o = (A*v)(0, 2 + a’(€)o). Then @y, is solution of the problem,

1 ~ ~ ~
(aa + he / a" (& + Ah2hy) dA 1 0y + W2 W0, + h2d(o, 1, €, h))ﬁk € h2L®(0),
0
Then the desired conclusion follows from the following Lemma.

Lemma 5.8. — Let c1,co be two real valued functions such that ci,0.c1,co belong to
L>®(0) and P = 0, + h%cl(a,x,ﬁ, h)o, + h%CQ(O',LU,f, h). Then for any F € L>(0), the
problem

Pu=F, ul,—0=0,
has a unique solution u which satisfies the estimate

o &) < C [P 1) ds
for all (o,x,&,h) in O, uniformly in h.

Proof of Lemma 5.8. — Let us set t = oh? and ¢j(t,x) = cj(h_%t,a:), j=1,2. Then we
are led to the problem

Pu=h2F, Ty—o=0 (t€[0,m),z<€R),

where P = O + ¢1(t,x)0y + c2(t,x). Recall that ¢; € L™, 0,¢1 € L™, ¢a € L*. Then
the claim of the lemma follows from the classical method of characteristics. Indeed, the
characteristics are given by t(s) = s and

X(s,z) =¢ci(s, X(s,2)), X(0,2)=z.

Then = +— X (¢, x) is globally invertible for each ¢t € [0,7] i.e. X(t,z) =y <z =Y (t,y)
with Y € C®N L>. Then

d . -~
5 [, X (¢ 2))] = e2(t, X (¢, 2))ult, X (¢, 2)) + F(t, X (¢, ).

Therefore u given by

u(t,y) = exp <— /Oth(t’,X(t’,Y(t,y))dt’> /OtF(t',X(t’,Y(t,y))dt’

is our solution. I
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Corollary 5.9. — Let ¢ be defined by Proposition 5.5 and L be the operator
(5.39) L =0y +d (€ + h20,1)0, + h2d1 0y + h2ds,

where dy,0dy,ds are real valued and belong to SS(O).
Then for any F such that HA‘jFHLoo(O) is finite for every j € N, the problem

Lu=F, ul,—=0,

has a unique solution which satisfies the estimate,

k
(5.40) [Au(o,2,€,h)| < Cro Y |AF| =0
j=0

for all (o,2,&,h) € O, where A = h90,.
Proof. — Since by Proposition 5.7 we have 921 € S9(O) one can write,
L =0,+d (&), + h2dsdy + h2dy.

where ds, 0,d3, d2 belong to SO( ). Setting

U=u(o,x+0d (€),&,h), c1=ds(o,x+0d (€),€h),

¢y = dy(0, x4 oa (6),57 h),
we see that ¢y, 0yc1, co belong to Sg((’)) and U is a solution of the equation
(5.41) LU = (05 + h2c10, + h2ea)U = F.

We shall prove by induction on k that U satisfies the estimate (5.40). The case k = 0
follows immediately from Lemma 5.8. Assume now that (5.40) is true up to the order
k —1,k > 1. Applying A* to (5.41) and using the Leibniz formula we have
(k=2)* 1
1 1 . .
LAAFU + kh2 (0pe)) AU = —h7 ) <Z> (A*=te) A0, U
i=0

NI

k—1
—h < ) (A*=ie)) AU + AFFy = Gy,

where we used that (k 1) Aci A1 k:((?xcl)
The sum in the first line can be written, —h2 Zf;ll <Z f 1> (A*=9,c1)A'U. According

to our assumptions on c1, ca,we can apply the Lemma 5.8 to the operator L+kh? (0yc1).We
obtain, using the induction and the fact that hig < 19,

k—1
N U (0,2,¢,h)| < 0| A*F|| o0y + Co Y AT F| 1 (0
j=0
which completes the induction. ]
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Proposition 5.10. — Let A = h%0,. The solution of (5.11) given by Proposition 5.5
satisfies the estimates,

|Aka£¢(0',$,f,h)| + |Ak6m3§¢(0a$,§a h’)| < Ck()',

(5.42)
’Aka§¢(a, z, §7 h’)| < CkTOh_%O—7

for all (o,x,&,h) € O, where C' depends only on the norm in L*(I, HS"'%(R) x H*(R))
of the solution to (1.4).

Proof. — Differentiating (5.11) with respect to & we find that U = 0gtp satisfies the
equation

1
(5.43)  0oU + (a/(€ + h20p0) + h2WP)0,U = —(0p0)) / a" (€ + h2AD)dA — W
0

Then the estimate of the first term in the first line of (5.42) follows from Corollary 5.9.
To estimate the second term we differentiate with respect to & the equation (5.12). We
find that the fuction Uy = O¢y)1 = 0,0¢1) satisfies the equation

05 Ur + (a' (€ + h2gpn) + ha W)Uy + h2a” (& + h3y)dpn Uy = —0, W7,
The second estimate in the first line of (5.42) follows from Corollary 5.9. Finally to
estimate Uy = ng we differentiate (5.43) with respect to & and we find that Uy satisfies
the equation
1 1
05Uy + (' (€ + h28p1p) + h2 WD), Us = F

where

a(§ + h2 0y0) — a”(§)

% '
So using the estimate on 0,1 and 0,0¢% obtained before, we deduce from Corollary 5.9
the last estimate of (5.42). O

F = —h2(0,0e1)2d" (€ + h20pb) + (0,0ep)a” (€ + h20p1)) +

5.2.5. The symbol equations. — According to the formulas (4.18)—(4.23), since the phase
1 now satisfies the eikonal equation (5.11), we are lead to solve the following transport
equation

Oyb + a' (€ + 72 0y1))Dyb + hEW Db — B3 (924)a" (€ + h2 8ya)b

(5.44) 11 i o
+5h? (D, Wb = — > Ay,
k=2
with
(5.45) blo=0 = x1(§),

where x;1 € C§°(R) is equal to one on the support of the function x given in Theorem 5.2.

Let ]
Ho = 5 - 257

where we recall that 0 < 1/4.
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Let us set
(5.46) A = h°0,.
Then according to (4.23) and the Leibniz formula one can write

k
1 s _
(547) A= WO o (190, [(0Fa) (p((. )] |, A,
k1=0

where ¢, € C.
We shall take b of the form

(5.48) b= Xl(f)ee, 0= Zej, 9j = h]m)@j.
7=0

Then A*1b is a finite linear combination of terms of the form
T I O,
Let
wz{aéNMH ol =k},
and, for 0 <p < M,
wp={a€cw, a=(ag, - ,a,0,---,0) with o, # 0} .

Then w is the disjoint union of the w,. It follows that

M B B Mo
(5.49) Arrp = Z Z dp .o (Aaoeeo) e (Aapeep) exp Z 0; |, dapeC.
p=0 acwp Jj=p+1
Now by the Faa-di Bruno formula we have for 0 < ¢ < M,
_ Y
(5.50) Al = Z Ey
s=1

where E 4 is a finite linear combintation of terms of the form

S S S
~\ qi
H (A’”Ge) where 1 < E ¢ < oy, 5 Pigi = ou.
=1 =1

i=1 = —
Since Y7, ¢; > 1 and p(p+1)/2 > p, it follows from (5.49) and (5.48) that
M
(5.51) Ay =S mmo 3 Gy (h, Aﬁoeo,...,Aﬁpep),
p=0 18I<k1

where G, 3(h, (o, . ..,(p) are bounded in h and polynomial in (. Coming back to (5.47)
we remark first that since £ > 2 and pg = % — 24 > 0 we have

1
(5.52) I<:(1—5)—122(1_5)_1:§+M0.
Let us note that this is the only point where we use the fact that § < %.
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On the other hand we have,

(5.53) (n00,) " [(@ka)(pl(x. )] |-, € S5
It follows then from (5. 47) (5. 51) (5.52), (5.53) that for k > 2

1 ~
(5.54) Ay, = bt Z Z S° R gy Hy g (B A6, APG,) €

p=0 k1=0 |B|<k1

where fxr, €S9, Hyg(h,Co, ..., () are bounded in h and polynomial in (.
Let us denote by L the linear operator appearing in (5.44),

(5.55) L =0, +d(€+h20,)d, + h2WP0,.
Since b = ¢’ with § = Z;];Vio hPHo@, we have Lb = LA, 1t follows from (5.54) that the
transport equation (5.44) can be written, modulo a remainder,
1 1
Lo — hz{(870) — 5 (0: W)}
M—1

+ Z h(p-l—l)ﬂo (Lep—‘,-l — h,%Gp(eO7 cey ap)) =0,
p=0

where Gj(f,...,0,) are polynomials in A, for |3| < N. Therefore we shall take for
0,,0 <p < M — 1, the solutions of the problems

Ly = b2 {(02¢)a" (€ + h20,0)) — @W;‘f)}, Bolo—o = 0,

L9p+1 = hEG,,(HO, e ,Hp), ep—i-l’cr:o =0 (0 <p<M-1).
We have the following result.

(5.56)

Proposition 5.11. — Let A = h20,. Then (5.56) has a unique solution (01, ...,0x) such
that for 0 < p < M and all integers k € N,

A0, (0, 2,8, h)| < Cr,  |A*0e0,(0,2,€, R)| < Crh™’0,

(5.57)
|AFO20,(0, 2, &, )| < Cph~32

Proof. — We proceed by induction on p. If p = 0, the estimate of the first term in the
first line of (5.57) follows immediately from Proposition 5.7 and Corollary 5.9. Now 0¢6y
is solution of the equation

LOeby = h { (9e020)a" (€ + h20,) + (929)(1 + h20,0¢v)a" (€ + h20,0) }
— (1 + h20e0p00)a" (€ + h20y1)) 000 = Fo.
It follows from (5.42) and the first estimate that || AJFy|| oy < Cjh~°. Using Corollary

5.9 we obtain the estimate of the second term in the first hne of (5.57). To estimate 8290
we differentiate one more time the equation (5.58) and we find using the same arguments

that L8290 = F| where F} satisfies, [|AVF1|| 1o (0) < C} h~=225. The estimate of the term

(5.58)
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in the second line of (5.57) follows the from Corollary 5.9. Assuming that (5.57) is true
up to the order p the estimate 6,,1 follows from the second equation in (5.56) and the
induction. O

It follows then from (5.9),(5.11), (5.44) and (5.56) that

5
(5.59) r=>
j=1
where 71,79, 73,74 are defined in (4.21),(4.22),(4.23),(5.10) and

rs = B3 RTHDBOG (B, - Onr)x1 (6)€C.

5.2.6. End of the proof of Proposition 5.4. — Since we have
b=x1(8)e(0,2,& h)(((x — 2 — 0d(€))
with ¢ = ef = eZﬁio heroty ¢ SS(Q) the same arguments as those used in section 4.1.1 give

the proof of (5.8).

5.3. The stationary phase lemma. — In the sequel we will use the following ele-
mentary version of the stationary phase inequality where we allow complex valued phase
functions.

Lemma 5.12. — For any real numbers «, 8, < 3, one can find Cog > 0 such that for
all0 < h <1,p>0 and for any functions ¢ € C*([a, 8], C), p € C([a, 8], C) such that

vee (o, Mm@l <h, [me"© <p L <Re(d(€) <p
we have

[ et < cus (hon + [ 01 o) (2)1

Proof. — Notice that we can assume that p > h (otherwise, the conclusion is straightfor-
ward). Notice now that, using the monotonicity assumption of the real part of the phase
¢, we can decompose the interval (a, 3) into the disjoint union of at most three intervals

(o, ) =11 UL U I3,

where I, Is or I3 are possibly empty and satisfy
Ve e, Re(¢'(€) < —(ph)',
VEE D, —(ph)"/? <Re(/(€)) < (ph)'/*
Ve € Is, Re(9/(€)) = (ph)"2.
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Let us first study the contribution of I3. Either I3 = () or I3 is an interval contained in
[0, 5] for some § € [a, B]. Then, using that
h i i
: 9 (en?©)) = 1)
Z¢/(§) 5( )

and integrating by parts, we obtain
Ry h o 8 B s h
560) [ ehOp(ede = [ ek On©)] - [T o d
(5:60) [ e Op(e)e = [ eh*On@)] — [0 (sp0)) de
h o B (P e h B s he'(€)
— | oy v
— (et @n©) - [ e te@ag+ [ S pe)ae
G Ol ), < e 76 "

Clearly, the contributions of the two first terms are easily handled by means of the lower

bound on Re(¢'(£)) on I3, and to conclude, it suffices to bound the last term. But according
to the assumption on the phase, we now have

Re(¢/(9)) = (ph)"/? = Re(d/(£)) = (ph)'/? + £(s - 9),
and consequently, the last term is bounded by

F s (2(hp) 2+ p(€ - )2 (hp)t/?

where the last inequality is obtained by a straightforward computation.

g <

Now, of course, the contribution of I; is dealt with similarly, and consequently we can
focus on the contribution of I5. Now remark that according to the assumptions on ¢”, the
length of I, is smaller that 4(h/p)Y/2, which implies

i hy1/2
#9(8) =
| e p(f)dt‘§4!\p\|Loo<p) -

I

This completes the proof. ]

5.4. End of the proof of Theorem 5.2. — As in the preceding section we have

S(t,0,h)ugp, = D1+ Do+ D3 where D = ﬁh(t,x),

(5.61) t

D2 = —S(t, 0, h)v()’h(x), D3 == —/ S(t, S, h)[Fh(S,SU)]dS.
0

The terms Dy and D3 are estimated exactly as in section 4.3 while D1 will be estimated dif-
ferently using Lemma 5.12 instead Van der Corput estimates. Indeed recall that according
to (5.4) and (5.48) our amplitude in the parametrix (5.3) is given by

o, @, 2,6, h) = x1 ()PP (@ — 2 — 0d/(€)).

The new fact here is that we shall glue ‘the term e with the phase and apply the
Lemma 5.12 with the new phase ¢ — z€ + %9. Using (5.3) we can write in the variable
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U:th_%,

Dy = /K(U,x,zjf,h)u()h(z) dz,

1

7 hp,
= 5 [ ehPlomEnTERHEnE )y, (€)¢(x — 2 — 0d/(6)) de

Therefore we shall apply the Lemma 5.12 with,

QZS = SD(Ua x?é-v h’) - Zﬁ + %5(0’,1’7&, h)v ¥ = J’f + 0a(§) + héz/’(@ x’é-v h’)a

p=x1(§)¢(x — z — 0d'(€)),
p=Co, C>0.

Let us show that all the hypotheses in this lemma are satisfied. For this we shall use (5.42)
and (5.57). First of all, since § €]0, 1| we have,

[Im¢| = h|Imf| < Ch, |92 Img| < h|020] < Chh~2 %0 < 0.
Moreover,
02 Re @] < [a" ()]0 + h2 |03 + h|02] < Co.
Finally,
Reo| > |a"(€)|o — h2|02b| — h|320] > |a" (€)|o — Cimoo — Cah2 20 > Cyo,
3 13

if 79 and h are small enough.
It follows the from Lemma (5.12) that,

Ko (M s [ol@iic - = - oa(@ac),

Since the last integral is bounded by C” [ |¢'(¢)|dt, we deduce that the term D; satisfies
the estimate (5.2) which completes the proof of Theorem 5.2.

Proof of Theorem 5.1. — According to Lemma 3.7, Theorem 5.2, the Duhamel formula
and the same 7T argument as in Section 4, we deduce

1

lunllLago,r), Lo (r)) < Ch(s_s)(Hfh”Ll((O,T);HS(R)) + [Jun |t=0 ||HS(R)))

_1
< O (|1 iull aomypmrscryy + i li=o =) )
= Ch(s_%)cj',

with (c;) € £2, which (as in the previous section) implies Theorem 5.1. O
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6. Back to estimates for (7),7)

Notice that up to now, we only proved estimates for the dyadically localized functions
Aju. In this section, we shall show how we can recover estimates for (n,), the solutions
of the water-wave system (1.4). Recall that the Besov space B[, , is defined by

u€ Bl o(R) & > 25| Ajul} . < +o0.
JEN
We will use the following elementary lemma

Lemma 6.1. — If the symbol a € I'y", then the operator T;, is bounded from BC“;'O,Q(R) to
B 3'(R).
We have the slightly stronger result (compared to Theorems 1.1, 1.2)

Proposition 6.2. — Let I = [0,T]. Under the assumptions of Theorem 1.1, there exists
€ > 0 such that

(61) (n,9) € LY, BL ST (R) < BT (R)),
Under the assumptions of Theorem 1.2, we have
(62) (n.9) € LU BL S (R) x BLS(R))
Proof. — For conciseness, we will only prove (6.2), the proof of (6.1) being similar (easier).

Recall that the function u is obtained from (7, 1) through the following steps:
1. u = T,i;®*, where the function g is real and satisfies 0,9 € Fg_ 3 (which implies
2

e e Fg_l) .
2
2. ®* = k*® where (see (3.12)) k € L=(I, W%*°(R)).
3. @ =T,n+ T, U, with p € 2121 is an elliptic symbol and ¢; = (1 + (9,1)?) 2.
4. U =1 — Ty, where B € L>=(I, HS"1(R)) is defined in (2.7).

Step 1: Starting from Theorem 5.1, we have

N

Jull oy < oo
LY(I,B_ 5 (R))

According to the symbolic calculus, since €9 € F8, we have
u = Teig(I)* = 0 = T, —igu+ R_l(q)*)

where R_1 is of order —1 (i.e. bounded from H*(R) to H*"'(R)) . Since HS+%(R) C
B3, 5(R) it follows from Lemma 6.1, the boundedness of ®* in L>°(, H*(R)) that

0% .1 < oo
LAILBLF (R))

Step 2: We have
O =KD Dok =D + Ty goxk
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Notice that 9,® ok € L>®(I x R) and 0,k € L>®(I, HS_%). As a consequence, Ty goxk €
L*>(1, Hs‘%) C L>(I, B3, 5)- We deduce from Step 1

|® o Kl < 400.
L

“I,B 3 (R))
We conclude that
2] o1 < oo,
LY(I,B,, 5 (R))

1

by using the following lemma (with x = k™, r =5 — % and r < o < 3).

Lemma 6.3. — Let 0 > 1. Consider x such that O,x € W2~L5°(R). Then, for any
0 <r <o, the map u+— uox is continuous on B, o

Indeed, a simple calculation shows that for any p < ¢, the map u — woy is continuous
on WP and we conclude by choosing r1 < r < r9 < o with r; ¢ N (notice that this
implies W = Bli ) and using the real interpolation result (see [10, Theorem 6.4.5

W) o
[BI

00,007

ng,oo]@? = B,

00,29

r=(1—0)r; + 0ra.
Step 3: Separating real and imaginary parts, we obtain

Ty e gy + 1T

< 400

MOO\»—‘
—

o1
LY(I,B 5 (R))

(oo

_1
and the same proof as in Step 1 (using that p is elliptic, s — % >1=ptel,? and for
fixed t, c; ' (t,.) € WhHe(R) C TY) gives

. U < .
I P L S T

Step 4: We have ¢ = U + Tn. So using the boundedness of 1 in L>(I, HS+%(R)),
of B in L*°(I, H"1(R)) C L*(I x R) and Sobolev injections, we obtain,

1 < H00,
19040}

which completes the proof of Proposition 6.2 and consequently of Theorems 1.1 and 1.2.
O

7. Appendix

In this section we give a proof of (4.18) to (4.22).
Let a € C§°(R) with suppa C {|¢] < Co},b € C§°(R) and ¢ € C*°(R) real valued
such that sup ]g—ﬁ(ﬂf)‘ < Cp. Let us set

(7.1) I= e_lﬁ‘p(m)a(hD) (be%‘p> (z).

We have
(2mh)~ / / i (@=0)E o) =0(®)) 4 (£)b(y) dyde.
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Moreover we can write
1 8(,0
P0) = olo) = (@ =wp(e.n). plos) = [ GEOa+ (1= Npx
We have |p| < Cp so, setting n = & — p(z,y) we obtain,

1= (mh)™ // en o (m)a(n + pl(2,y))b(y) dydn

where kg € C§°(R) is such that xo(n) = 1 if || < 2C.

Using the Taylor expansion of the function a at the point p(x,y) we obtain I = I; + R;
where,

M-1
_ 1 i

b= (et Y o | [ e m)a® ol o) bly)dydn

k=0
and,

. 1

_ i(z—y) _

Ry = cpyrh! / / M e ko (n) / (1= NMa® (g + p((z,))b(y)dAdydn.
0

Now we have nke%(m_y)” = (—%%)ke%(x_y)", so integrating by parts in the integrals I
and R; we obtain,

—_

M- k ,
fi= @)Y i [ e ia® ot )bldud
k=0

"R

R S o e L e

1
R= ettt /O ST ko (n)(1 = WYM10M D (g + p((z, y))bly)|dAdyd.

Let us set
Fa,y) = 0F[a™ (p(z,1))b(y)]-

Now we set in the integral, x — y = hz and we write,

M—1 j ‘
flx,z—hz) = Z (_;L,Z)(ai/f)(x,x)
j=0
_ha )M 1
* (<Mh—)1)' /0 (1= NN £)(w, 2 — Ahz)dA.

Then we use the following equality, which reflects the fact that ¢ is equal to one near the
origin. For 5 € N we have,

/zjf%g(z)dz = 2md; 0,
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where §; o is the Kronecker symbol. It follows that,

M-1

hk
L= 3" 0l (o, )W), + Re.
k=0

where Ry = 224:61 cphF My with

1
Ty = //0 Mo (2)(1 = MMM D (p(2, y))b(y)] |y rns AN

Thus we obtain (4.18) to (4.22).
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