ON THE WATER WAVES EQUATIONS WITH SURFACE
TENSION
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ABSTRACT. The purpose of this article is to clarify the Cauchy theory
of the water waves equations as well in terms of regularity indexes for
the initial conditions as for the smoothness of the bottom of the domain
(namely no regularity assumption is assumed on the bottom). Our main
result is that, following the approach developed in [1], after suitable par-
alinearizations, the system can be arranged into an explicit symmetric
system of Schrodinger type. We then show that the smoothing effect
for the (one dimensional) surface tension water waves is in fact a rather
direct consequence of this reduction, and following this approach, we are
able to obtain a sharp result in terms of regularity of the indexes of the
initial data, and weights in the estimates.

1. INTRODUCTION

We consider a solution of the incompressible Euler equations for a poten-
tial flow in a domain with free boundary, of the form

{(t,z,y) €[0,TIx R xR : (z,9) € U },
where €; is the domain located between a free surface
Y ={(z,y) € R?xR : y=mn(t,x)},

and a given bottom denoted by I" = 9€; \ ¥;. The only assumption we shall
make on the domain is that the top boundary, 3;, and the bottom boundary,
I" are separated by a ”strip” of fixed length.

More precisely, we assume that the initial domain satisfies (for ¢ = 0) the
following assumption.

H; The domain € is the intersection of the half space, denoted by €2y 4,
located below the free surface ¥,

My ={(z,y) € RIxR:y< n(t,z)}

and an open set 2y C R such that Qy contains a fixed strip
around Y, which means that there exists h > 0 such that,

{(z,y) eREX R : q(t,z) —h <y <nt,z)} C Q.

We shall also assume that the domain € (and hence the domain
Qr = Q1N Q) is connected.
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We emphasize that no regularity assumption is made on the domain (apart
from the regularity of the top boundary ;). Notice that our setting contains
both cases of infinite depth and bounded depth bottoms (and all cases in-
between).

2y

The domain

A key feature of the water waves equations is that there are two boundary
conditions on the free surface ¥y = {y = n(t,x)}. Namely, we consider a
potential flow so that the velocity field is the gradient of a potential ¢ =
¢(t,z,y) which is a harmonic function. The water waves equations are
then given by the Neumann boundary condition on the bottom I', and the
classical kinematic and dynamic boundary conditions on the free surface ;.
The system reads

Ap+ 026 =0 in Q,

O =0y —Vn-Vo on %y,
(1.1) 1 1

Op = —gn+rH(n) = 5 |VOI" = 5(0,0)* on %,

Ot =0 on I,

where V = (0y,)1<i<d, A = Z?:l 92, m is the normal to the boundary T,
g > 0 denotes the acceleration of gravity, x > 0 is the coefficient of surface
tension and H(n) is the mean curvature of the free surface:

=div 7V77
Hom = (W)

We are concerned with the problem with surface tension and then we set
x = 1. Since we make no regularity assumption on the bottom, giving sense
to the system (1.1) requires some care (see Section 2).

Following Zakharov we shall reduce (1.1) to a system on the free surface
Ye={y=n(tx)}. If Y =9(t,z) € R is defined by

w(tv fL‘) = (;5(75, xz, n(tv $))’
then ¢(t,x,y) is the unique variational solution of

A¢ =0 in Qtv ¢(t7 .’L',?’](t,fl?)) - w<t7x)a
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and the Dirichlet-Neumann operator is defined by

(Gm)(t,z) =1+ |V’I7‘2 8n¢|y=17(t,:1:)
= (0y0)(t,z,n(t,x)) — Vn(t,z) - (VO)(t, z,n(t, x)).

(We refer to Section 2 for a precise construction). Now (7, ) solves

31:77 - G(UW’ =0, 2
1.2 1 1(Vn-Vy+ G
12 i on s Loy 1E0T GO0

The study of the Cauchy problem was iniciated by Kano-Nishida [18] and
Yosihara [37, 38]. In the framework of Sobolev spaces and without smallness
assumptions on the data, the well-posedness of the Cauchy problem was
first proved by Beyer-Giinther in [8] in the case with surface tension and
by Wu [36, 35] without surface tension. Several extensions of their results
have been obtained by different proofs by Ambrose-Masmoudi [6], Schneider-
Wayne [28], Schweizer [30], Iguchi [17], Shatah-Zeng [29], Ming-Zhang [26],
Coutand-Shkoller [13], Rousset-Tzvetkov [27] and also Christianson-Hur-
Staffilani [12].

Using the paralinearization approach developed by Alazard-Métivier [1]
we prove first the well-posedness of the Cauchy problem (in any dimen-
sion) for rougher data, without any assumption on the bottom. Previous
results required the bottom to be the graph of a smooth function (at least
W13:20 17, 26]). Secondly, under the same conditions, we prove the smooth-
ing effect when d = 1 with the natural weights in the estimate.

Our first result (Cauchy theory) is the following

=0.

Theorem 1.1. Let d > 1, s > 2+ d/2 and (no, o) € HSJF%(Rd) x H3(RY)
be such that the assumption Hi—q is satisfied. Then there exists T > 0 such
that the Cauchy problem for (1.2) with initial data (no,%0) has a unique
solution

(n,0) € CO([0,T]; H**2 (R?) x H*(R))
such that the assumption Hy is satisfied for t € [0,T].

Concerning the dependence of the solutions on the data, we have the
following result.

Theorem 1.2. Consider (n,1) € C’O([O,T];H”%(Rd) x H5(RY)) a so-
lution of (1.2) and a sequence (Mn.0, Vn,0)neN+ cONVETging in H”%(Rd) X
H(R?) to (n,v) |t=0. Then, for n sufficiently large, the solutions (n,,y) €
Cco([o, T7; HSJ“%(Rd) x H3(R%)) with data (1,0, %n0) are defined on the time
interval [0, T] and satisfy

(13) tim (s ) — (0, 9)]

Remark 1.3. Notice that our threshold of regularities appears to be the
natural one (as long as dispersive effects are not taken into account). Indeed,

¢ € H5(RY) is equivalent to ¢ € HSJF%(Q;Z); hence the velocity u = V¢

belongs to Hsfé(Qh) and therefore u € Lip({,) as soon as s — 3 —1 > %,

CO([0,T);H+ 3 x H?)

that iss > 2+ g. Consequently our assumption is the minimal one (in terms

of L? based Sobolev spaces) which ensures the Lipschitz regularity of the
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initial velocity field (and the Lipschitz regularity assumption is well known
to be required for the local well posedness of differential equations). As a
consequence, solving this quasilinear system without using further disper-
sion properties requires working a least at this level of regularity. However,
working with such rough data gives rise to many technical difficulties, which
would be avoided (to a large extent) by choosing s > 3 + %. On the other
hand, the dispersive properties enjoyed by the solutions of the water-waves
system (as the Strichartz estimates proved in [2]) should precisely enable
us to go below this threshold. This will be the purpose of our forthcoming
work [3].

Remark 1.4. Notice also that the natural assumptions on the water-waves
system would be to assume (1, V, ) € o5tz (RY) x H5~1(R%). The methods
developped in this paper apply with this assumption only. However it would
require more developments, and for the sake of conciseness, we prefered to
keep the (less natural but simpler) assumption (n,) € Ht3 (R x HS(RY)

Our second result is the following 1/4-smoothing effect for 2D-water
waves.

Theorem 1.5. Assume that d =1 and let s > 5/2 and T > 0. Consider a
solution (n,1) of (1.2) on the time interval [0,T)], such that  satisfies the
assumption Hy. If

(n.4) € CO([0,T); H*"3(R) x H*(R)),
then for any § > 0
(@)"27%(n, ) € L*(0,T; H*"i(R) x H**1(R)).

Notice that in [12], Christianson-Hur-Staffilani iniciated the study of
the dispersive properties of the solutions of the water-waves system and
proved Strichartz type estimates, for smooth enough initial data (in the
semi-classical regime, and consequently with loss of derivatives).

Many variations are possible concerning the fluid domain. Our method
would apply to the case where the free surface is not a graph over the
hyperplane R¢ x {0}, but rather a graph over a fixed hypersurface. Notice
also that our proof might apply to the radial case in dimension 3. However,
the non radial case would certainly require some non trapping assumption
on the initial geometry.

Remark 1.6. Notice that our method would apply to the case where the
bottom is time-dependent, under an additional Lipschitz regularity assump-
tion on the bottom. In this case, the system reads

Ap+0;0=0 in Q,
om = 0y¢ —Vn-Vo on Xy,
(1.4) Oh = Livol - Lo,
: = —gn+rH(n) — B Vo|™ — 5( y®)” on Xy,
d
Onp(m) = d—T -n(m) for m € Ty,
where here C&—T is the time derivative of the point m on the boundary I';.
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As will appear clearly in the proof of Theorems 1.1 and 1.5, the only
difference between (1.1) and (1.4) which is the boundary condition at the
bottom has an influence which is negligible (in the high frequency regime)
as soon as the Dirichlet-Neumann operator is well defined (which is the case
by a variational approach as soon as the bottom is Lipschitz).

To prove Theorem 1.5, we start in §2 by defining and proving regularity
properties of the Dirichlet-Neumann operator. Then in §3 we perform several
reductions to a paradifferential system on the boundary by means of the
analysis in [1]. The key technical lemma in this paper in a reduction of
the system (1.2) to a simple hyperbolic form. To perform this reduction,
we prove in §4 the existence of a paradifferential symmetrizer. We deduce
Theorem 1.1 from this symmetrization in §5. Theorem 1.5 is then proved in
§7 by means of Doi’s approach [14, 15]. Note that our strategy is based on a
direct analysis in Eulerian coordinates. In this direction it is influenced by
the important paper by Lannes ([21]). It can be remarked that in [21], the
Nash-Moser scheme is applied due to a loss of regularity in the estimates
obtained while symmetrizing the system. It happens very often that in
such situations, this scheme can be avoided by applying several derivatives
to the equation (see for example [8, 17, 27]). Here, the loss of derivatives
encountered in Lannes’ work is avoided by the systematic use of the para-
differential calculus which enable a very precise analysis of the Dirichlet-
Neumann operator, and consequently give a better symetrization method.

As it was shown by Zakharov (see [39] and references therein), the system
(1.2) is a Hamiltonian one, of the form

o 6H 0y 6H

ot~ &Y At on’

Hzl/G(n)w-wdx—kg/nde—l—m/ [Val* dx

2 2 1+ /1+|Vnl?

Denoting by Ho the Hamiltonian associated to the linearized system at the
origin (in the case of an infinite bottom), we have

Ho = [ [1€119F + o+ 1€ 1aP] de.

where f denotes the Fourier transform, f(f ) = [ e @ f(z)dzx. An impor-
tant observation is that the canonical transformation (n,) — a with

oL prgHEPNVAL [ VA
=) i) O
V2 €] g+ ¢

diagonalizes the Hamiltonian Hy and reduces the analysis of the linearized
system to one complex equation (see [39]). We shall show that there exists a
similar diagonalization for the nonlinear equation, by using paradifferential
calculus instead of Fourier transform. As already mentioned, this is the main
technical result in this paper. In fact, we strongly believe that all dispersive

estimates on the water waves system with surface tension could be obtained
by using our reduction.
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2. THE DIRICHLET-NEUMANN OPERATOR

2.1. Definition of the operator. The purpose of this section is to define
the Dirichlet-Neumann operator and prove some basic regularity properties.
Let us recall that we assume that €); is the intersection of the half space
located below the free surface

Q= {(z,9) eR* xR : y <n(t,z)}

and an open set Qs C R and that Q5 contains a fixed strip around ¥,
which means that there exists h > 0 such that

{(z,y) e R xR : n(t,x) —h <y <nlt,z)} C Q.

We shall also assume that the domain Q2 (and hence the domain ) is
connected. In the remainder of this subsection, we will drop the time de-
pendence of the domain, and it will appear clearly from the proofs that
all estimates are uniform as long as 7(t,x) remains bounded in the set of
functions such that [[n(t, )| gs(ray remains bounded.

Below we use the following notations

V= (al’i)lﬁigab vac,y - (V a A= Z =A+ 85
1<i<d

Notation 2.1. Denote by 2 the space of functions u € C°°(2) such that
Viyu € L?(2). We then define % as the subspace of functions u € & such
that w is equal to 0 near the top boundary 3.

Proposition 2.2. There exists a positive weight g € Lys (), equal to 1 near
the top boundary of Q0 and a positive constant C such that for all u € Py,

@) [ sl dedy < C [ 90t dudy
Let us set

(91:{(:c,y)€Rd><R : n(x)—h<y<77(x)},

Oy = {(m,y) € y<n(x) —h}.

To prove Proposition 2.2, the starting point is the following Poincaré in-
equality on Oj.

(2.2)

Lemma 2.3. For all u € 9y we have
/ lu|? dzdy < h2/ |V 2 yul® dzdy.
01 Q

Proof. For (z,y) € O we can write u(z,y) = —f" (Oyu)(z, z) dz, so using
the Cauchy-Schwarz inequality we obtain
) n(z) 5
)P <h [ (@)
n(z)—h
Integrating on O; we obtain the desired conclusion. O
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Lemma 2.4. Let my € Q and § > 0 such that
B(mg,20) = {m € RYx R : |m —mo| < 26} C Q.

Then for any my € B(mg,0) and any u € 2,
(2.3)

/ lul? dady < 2/ lul® dady + 252/ |V oyul? dady.
B(mo,9) B(m1,0) B(mg,29)

Proof. Denote by v = mg —m; and write
u(m +v) =u(m) + /01 v - Vg u(m + tv)dt.
As a consequence, we get
lu(m + v)|* < 2Ju(m)* + 2|v|? /01 |V yu(m + tv)|? dt,
and integrating this last inequality on B(m1,d) C B(mg,2) C , we ob-
tain (2.3). O

Corollary 2.5. For any compact K C Os, there exists a constant C(K) > 0
such that, for all uw € Yy, we have

/K|u|2dmdy§C’(K)/Q|Vgc,yu|2 dxdy.

Proof. Consider now an arbitrary point my € 2. Since {2 is open and
connected, there exists a continuous map = : [0, 1] — € such that v(0) = myg
and (1) € O;. By compactness, there exists 6 > 0 such that for any
t €[0,1] B(v(t),20) C Q. Taking smaller ¢ if necessary, we can also assume
that B((1),0) C O so that by Lemma 2.3

/ |u|? dedy < C/ |V yul? dxdy.
B(y(1).6) Q

We now can find a sequence ty = 0,¢1,--- ,txy = 1 such that the points
my, = y(t,) satisfy mp41 € B(my,d). Applying Lemma 2.4 successively, we

obtain
/ lu|? dedy < C”/ V2 yul? dxdy.
B(mo,9) Q

Then Corollary 2.5 follows by compactness. (]

Proof of Proposition 2.2. Writing Oy = U72 | K,,, and taking a partition of
unity (xp) such that 0 < x, < 1 and supp x, C K,, we can define the

continuous function
o0

~ - Xn(x’y)
9(z,y) = Z W7

n=1

which is clearly positive. Then by Corollary 2.5,

_ > 1 9
ey uf dedy <> L / fuf? dedy
/02 2 T e .,

< 2/ Vo yul? dady.
O
7
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Finally, let us set

g(may) =1 for (mvy) € Ola g(xay) = g(xvy) for (x’y) € 02~
Then Proposition 2.2 follows from Lemma 2.3 and (2.4). g

We now introduce the space in which we shall solve the variational for-
mulation of our Dirichlet problem.

Definition 2.6. Denote by H'°(Q) the space of functions u on Q such that
there exists a sequence (u,) € Yy such that,

Veytn — Vayu in L(Q, dzdy), Uy — u in L2(Q, g(z,y)dzdy).
We endow the space HO with the norm
[ull = Ve yull 2q) -

The key point is that the space H5() is a Hilbert space. Indeed, passing
to the limit in (2.1), we obtain first that by definition, the norm on H9(Q)
is equivalent to

||Vx,yu||L2(Q,dmdy) + ||u”L2(Q,g(a;,y)dxdy) :

As a consequence, if (u,) is a Cauchy sequence in H'9(Q), we obtain easily
from the completeness of L? spaces that there exists u € L*(Q, g(x,y)dxzdy)
and v € L%(Q, dzdy) such that

U, — u in L3(Q, g(z, y)dzdy), Veytn — v in L(Q, dzdy).

But the convergence in L?(€), g(x,y)dxdy) implies the convergence in D’(2)
and consequently v = V, yu in D'(Q) and it is easy to see that u € H0((Q).

We are now in position to define the Dirichlet-Neumann operator. Let
Y(z) € HY(R?). For x € C5°(] — 1,1]) equal to 1 near 0, we first define

3wy) = (LMY iia) € R,

which is the most simple lifting of ¢). Then the map
v (A%yzjbv,v) = —/ v%yiﬁ- Vv dzdy
Q

is a bounded linear form on H LO(Q). Tt follows from the Riesz theorem that
there exists a unique ¢ € H%(Q) such that

(2.5) Yo € HYO(Q), /Q Vay® - Vayvdedy = Ay, v).

Then 5 is the variational solution to the problem
_Aw)y&g = AZE,yJ ln D/(Q)7 ;g |2: 07 a’ng |F: 07

the latter condition being justified as soon as the bottom I' is regular enough.
We now set ¢ = ¢ + 1 and define the Dirichlet-Neumann operator by

G(n)p(z) = W0n¢|y:n(x)>
= (0y9)(x,n(x)) — Vn(z) - (Vo) (x,n(x)),
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Notice that a simple calculation shows that this definition is independent on
the choice of the lifting function 1 as long as it remains bounded in H*(Q)
and vanishes near the bottom.

2.2. Boundedness on Sobolev spaces.
Proposition 2.7. Letd > 1, s > 2 +% and 1 < o < s. Consider n €

HS“'%(Rd). Then G(n) maps H° (R?) to H°~Y(R®). Moreover, there exists
a function C such that, for all ¢y € H°(R?) and n € HS+%(Rd),

1G] -1y < € (Il gery ) 198 o

Proof. The proof is in two steps.

First step: A localization argument. Let us define (by regulariz-
ing 1), a smooth function 77 € H*(R?) such that ||7j — 7|/ < h/100 and

17—l gss1/2 < h/100. We now set m; =1 — %. Then 7, satisfies
h h
(2.6) n(z) = <mlz) <nz) - 5.

Lemma 2.8. Consider for —3h/4 < a <b< h/5 , the strip
Sa,b = {(‘Tay) € ]RdJrl;a <y-— 771(37) < b}?

which is included in Q0. Let k > 1 and assume that ||p|| gr(g, ) < +00. Then
for any a < a’ <V < b there exists C > 0 such that

10l mes1(s,, ) < Cllollaes, ,)-
Proof. Choose a function x € C§°(a,b) equal to 1 on (a/,"). The function
w = x(y —n(z))p(x,y) is solution to

Agyw = [Agy, x(y = m(2))le,

and since the assumption implies that the right hand side is bounded in
H* =1 the result follows from the (explicit) elliptic regularity of the operator
A,y in R4 O

Lemma 2.9. Assume that —3h/4 < a < b < h/5 then the strip Sqp =
{(z,y) € R aq < y—mn(z) < b} is included in Q and for any k > 1,
there exists C' > 0 such that

101l v (s, ) < CllY LR
Proof. 1t follows from (2.5) and the definition of ¢ = 5 + IZ, that

Hv331y¢HL?(Q) <c HwHHl(Rd) :

Noticing that Sqp C O1 (cf (2.2)) and applying Lemma 2.3 we obtain the a
priori H' bound

H‘lﬁHHl(sa,b) < H¢||H1((91) <(1+h) va,ywp(g) <c(l+h) HT/JHHI(Rd) :

Since it is always possible to chose a < as < -+ < ap=d <V =b, < --- <
by < b, we deduce Lemma 2.9 from Lemma 2.8. O
9



We next introduce xo € C*°(R) such that 0 < o <1,
1
xo(z2) =1 forz>0, xo(z)=0 forz< ~7

Then the function

P(z,y) = XO(y,ZM)¢(w7y)

is solution to

Apy® = fi= [A%y,x()(y_;zl(x))]cb.

In view of (2.6), notice that f is supported in a set where ¢ is H> according
to Lemma 2.9, we find that

f € H®(0y) where Oy = {(z,y) € RIxR :pz)—h<y< n(z)}.
In addition, using that xo(0) = 1 and that ®(z,y) is identically equal to 0
near the set {y = n—h}, we immediately verify that ® satisfies the boundary
conditions
P |y:n(a:): ¢($)7 6y(1) |y:77(x)—h: 0, @ |y:n(a:)—h: 0.

The fact that the strip O depends on 1 and not on 7 is not a typograph-
ical error. Indeed, with this choice, the strip O; is made of two parallel
curves. As a result, a very simple (affine) change of variables will flatten
both the top surface {y = n(x)} and the bottom surface {y = n(z) — h}.

Second step: Elliptic estimates. To prove elliptic estimates, we shall
first flatten the boundary. To do so we shall consider the simplest change of
variables. Namely, introduce

p(x,z) = hz + n(z).

Then the map (z, z) — (z, p(z, 2)), is a diffeomorphism from the strip R? x
[—1,0] to the set

{(z,y) eR"xXR : p(z) —h <y <n(x) }.
Let us define the function v: R x [~1,0] — R by
(2.7) 0(,2) = B(, p(z, 2)).

From A, ,® = f with f € H*>(II,), we deduce that v satisfies the elliptic
equation

(2.8) (aipazfv n (v - ZZ@Z)% — g

where g(z, z) = f(x, hz +n(x)) is in C2([-1,0]; HSJF%(Rg)). This yields
(2.9) ad*v + Av + - Vo,u —vd.0 = g,

where )

(2.10) = 1"'}[?’7‘7 B = —QY%, v o= %

Also v satisfies the boundary conditions

(2.11) vl .y =1, D0]=—1 =0, v|,——1=0.
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We are now in position to apply elliptic regularity results obtained by
Alvarez-Samaniego and Lannes in [5, Section 2.2] to deduce the following
result.

Lemma 2.10. Suppose that v satisfies the elliptic equation (2.9) with the
boundary condtions (2.11) with ¢ € H°(R?) and n € HS+%(Rd) where
1<o<s, s>2+4% dist(,T) > 0. Then

_1
Vv, 0,0 € L2([~1,0; H, 2(RY)).

It follows from Lemma 2.10 and a classical interpolation argument that
(Vv,0,v) are continuous in z € [—1,0] with values in H°~!(R%). Now note
that, by definition,

1+ |Vn?
Gn)y = +|hn’8zv —Vn-Vou .
z=

Therefore, G(n)y € H°~'(R%) and we have the desired estimate.
This completes the proof of Proposition 2.7. O

2.3. Linearization of the Dirichlet-Neumann operator. The next pro-
position gives an explicit expression of the shape derivative of the Dirichlet-
Neumann operator, that is, of its derivative with respect to the surface
parametrization.

Proposition 2.11. Let 1 € H°(R%) and n € HS+%(Rd) with 1 < o < s,
s > 2+ 4 be such that dist(S,T) > 0. Then there exists a neighborhood
U, C HS+%(R‘1) of m such that the mapping

1

oclU, C H2(RY) — G(o)y € HH(RY)

is differentiable. Moreover, for all h € Hs+%(Rd), we have

4G - b= lim L { G+ <h) — G)} = ~Gln) (Bh) — div(Vh),

where
g V-V + Gy
1+ [V
The above result goes back to Zakharov [39]. Notice that in the previous
paragraph we reduced the analysis to studying an elliptic equation in a flat
strip R% x [~1,0]. As a consequence, the proof of this result by Lannes [21]
applies (see also [9, 20, 1]).

. V=V — BV

Let us mention a key cancellation in the previous formula, which is proved
in [9, Lemma 1] (see also [21]).

Lemma 2.12. We have G(n)B = —divV + R where R € H"1(R%).

Remark 2.13. As we shall see (and as can be easily derived from the
definition) we have B,V € H5"}(R?) and hence G(n)%B and divV belong
to H5"2(RY). The previous lemma shows that up to a smoother remainder,
these two terms are equal. In fact the following proof establishes that the
equality G(n)8 = — div V holds in the case without bottom boundary (I" =
0) .
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Proof. Recalling that, by definition,
Gy = (0,6~ Vn-Vé)| .
and using the chain rule to write

Vip = V(¢|y=n) = (ng + 5y¢V77) ‘ y=n’

we obtain
o V-Vt G(n)
= 2
1+ |V
_ {Vn'(V¢+3y¢vn)+3y¢—V77-V¢}i = (9,9)|
N 1+ |vn? y=n — Y Ly=n

Therefore the function ® defined by ®(x,y) = dy¢(x,y) satisfies
Apy® =0, B,y =B

Now introduce the variational solution ® to the system where we add the
bottom boundary condition:

Npy®=0, ®,_, =B, 9,Pr=0.

Then it follows from elliptic regularity (see Lemma 2.10) that ® — ® belongs
to H5t1/2(Qy) (recall that €, is an h-neighborhood of the free surface).
Directly from the definition of the Dirichlet-Neumann operator, we have

Gn)B =0, ~Vn-Ve| . =92-Vy Ve| _ +R,
where
R=08,(®-9)-Vy-V(®-@)| _ €H 'R
It remains to show that 9,® — Vn -V | v = div V. To do that we first
write that 0,® = 8§¢) = —A¢ to obtain
0y® —Vn Vo[ _ =-0p—Vn Vo[ _ .
On the other hand, directly from the definition of V', we have
divV =div(Vy — BVn) = Ay — div(BVn).
Using that ¢(z) = ¢(x,n(x)), we check that
Ay = divVy = div (V| yen T Oy | y:nvn)
= (A¢+ V- V) |, _, +div (3|, V)
= (A¢+Vyd-Vn) |,_, +div(BVn)
so that
divV = Ay — div(BVn) = (A¢+ V¢ - V) |
=(Ap+ Ve -Vn)| _ =-Gn)s,

y=n
y=n

which is the desired identity. O
12



3. PARALINEARIZATION

3.1. Paradifferential calculus. In this paragraph we review notations and
results about Bony’s paradifferential calculus. We refer to [10, 16, 22, 25, 32]
for the general theory. Here we follow the presentation by Métivier in [22].

For p € N, according to the usual definition, we denote by W (R?)
the Sobolev spaces of L*>° functions whose derivatives of order p are in L*.
For p €]0, +00[\IN, we denote by W#>°(R?) the space of bounded functions
whose derivatives of order [p] are uniformly Holder continuous with exponent
p — [p]. Recall also that, for all C™ function F, if u € W (R?) for some
p >0 then F(u) € WP (RY).

Definition 3.1. Given p > 0 and m € R, F;”(Rd) denotes the space of

locally bounded functions a(z,£) on R% x (R4\0), which are C° with respect
to & for & # 0 and such that, for all o € N? and all &€ # 0, the function
z — O¢a(z,§) belongs to WP(R®) and there ervists a constant C, such
that,

1 QL m— |«
(3.1) VIel > 5 080l €]y < Call+lEN™ .
We next introduce the spaces of (poly)homogeneous symbols.

Definition 3.2. i) f’;n(Rd) denotes the subspace of lvp”(Rd) which consists
of symbols a(x,&) which are homogeneous of degree m with respect to &.
it) If
a= Z am=7) (j eN),
0<j<p
where a(™=7) € le:jj(Rd), then we say that a\™ is the principal symbol of
a.

Given a symbol a, we define the paradifferential operator T, by
G2) Tau© = @0 [ (& nwa - nov@am) d

where a(6,¢) = [ e %a(x,€) dz is the Fourier transform of a with respect
to the first variable; x and 1 are two fixed C'*° functions such that:

Y(n) =0 for |n| <1, Y(n) =1 for |n|>2,

and x(@,n) is homogeneous of degree 0 and satisfies, for 0 < £; < £ small
enough,
x(0.m) =1 if |0 <eilnl,  x(0,m)=0 if |0]=e2]n|.
We shall use quantitative results from [22] about operator norms estimates
in symbolic calculus. To do so, introduce the following semi-norms.

Definition 3.3. Form e R, p>0 and a € FZ‘(Rd), we set

(33) My = sw  sup [@+lg)mogac,¢) .
Y la|<$+14p [€1>1/2 ¢ Weeo(R4)
Remark 3.4. If a is homogeneous of degree m in £, then

M7 (a) < Kgm  sup  sup H@?a(-

7§)H ,00 dy *
la|<g+1+p [€=1 W)
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The main features of symbolic calculus for paradifferential operators are
given by the following theorems.

Definition 3.5. Let m € R. An operator T is said of order m if, for all
uw € R, it is bounded from H* to HF™™.

Theorem 3.6. Let m € R. If a € TJ(RY), then T, is of order m. More-
over, for all p € R there exists a constant K such that

(3-4) ITall s pri—m < KMy (a).

Theorem 3.7 (Composition). Let m € R and p > 0. Ifa € F;”(Rd),b €
F;”/(Rd) then T, Ty — Toys is of order m +m/ — p where

a#b = Z T ‘ 85 adyh.

Moreover, for all p € R there exists a constant K such that
(35) ||TaTb - Ta#b”HuHHH*m*mUrp < KMZJW(G)MZR (b)

Remark 3.8. We have the following corollary for poly-homogeneous sym-
bols: if

= S SR i S e i
0<j<p 0<j<p 0<k<p 0<k<p
with m,m’ € R and p > 0, then T,T, — T, is of order m +m’ — p with
_ 1 o (m—j) gap(m/—k)
la|+j+k<p

Remark 3.9. Clearly a paradifferential operator is not invertible (T,u =
0 for any function uw whose spectrum is included in the ball || < 1/2).
However, the previous result implies that there are left and right parametrix
for elliptic symbols. Namely, assume that a € I']* is an elliptic symbol (such
that |a| > K [£]™ for some K > 0), then there exists b, 0" € I';™ such that

Ty T, — I and T,Tyy — I are of order — p.
Consequently, if w € H® and T,u € H* then v € H" with r = min{u +
m,s+ p}.

Theorem 3.10 (Adjoint). Let m € R, p > 0 and a € Fpm(Rd). Denote by
(T,)* the adjoint operator of T, and by @ the complex-conjugated of a. Then
(To)* — Ty is of order m — p where

* (0% Oé*
a = Z Z|a\a|8§8
lorl<p
Moreover, for all i there exists a constant K such that

(3.6) I(Ta)" = pemtp < KM (a).

If a = a(z) is a function of x only, the paradifferential operator T, is a
called a paraproduct. It follows from Theorem 3.7 and Theorem 3.10 that:
14




(i) If a € H*(RY) and b € HA(R?) with o > ¢, 8 > 4, then

(3.7) T, Ty, — Ty is of order — <min{a, B} — 621> )
(ii) If a € H*(R?) with a > £, then
d
(3.8) (T,)" — Tz is of order — <a - 2) .

We also have operator norm estimates in terms of the Sobolev norms of the
functions.

A first nice feature of paraproducts is that they are well defined for func-
tions a = a(x) which are not in L> but merely in some Sobolev spaces H"
with r < d/2.

Lemma 3.11. Let m > 0. Ifa € Hgfm(Rd) and uw € HM(R?) then T,u €
H*F™(RY). Moreover,
[Taull gru-m < K llall g [0l g

for some positive constant K independent of a and w.

On the other hand, a key feature of paraproducts is that one can replace
nonlinear expressions by paradifferential expressions, to the price of error
terms which are smoother than the main terms.

Theorem 3.12. Let a, 8 € R be such that o > %, 8> %, then
(i) For all C* function F, if a € H*(R?) then

F(a) = F(0) — Tpyaa € H** 2(RY).

(ii) If a € H*(RY) and b € HA(RY), then ab — Tyb — Tya € HOHA~% (RY).
Moreover,

llab —Tab = Thall ors-¢ gay < K llallzema) bl s ga) -

for some positive constant K independent of a, b.

We also recall the usual nonlinear estimates in Sobolev spaces (see chapter
8 in [16]):
o If uj € H%(RY), j = 1,2, and s1 + s2 > 0 then ujus € H*(RY) and
if
so<sj, j=12, and sp<s1+s2—d/2, then

(3.9) [urug gso < K fJual] sy luzllgrss »

where the last inequality is strict if s; or s2 or —sp is equal to d/2.
e For all C™ function F vanishing at the origin, if u € H5(R?) with
s > d/2 then

(3.10) 1E @)l s < C (lJull ) »

for some non-decreasing function C' depending only on F'.
15



3.2. Symbol of the Dirichlet-Neumann operator. Given n € C*°(R%),
consider the domain (without bottom)
Q={(z,y) eR* xR : y <n(x)}.

It is well known that the Dirichlet-Neumann operator associated to €2 is a
classical elliptic pseudo-differential operator of order 1, whose symbol has
an asymptotic expansion of the form

D, &) + XO(z,8) + XD (2,6) +

where A*) are homogeneous of degree k in &, and the principal symbol (1)
and the sub-principal symbol A(9) are given by (cf [20])

A =S4 € - (V- €2,

1 2
A0 = J;A’Z)”’ {div (a<1)vn) +i0 AW - Va<1>} ,

(3.11)

with 1

al= = (/\( )+ iV - 5)
The symbols A=Y, ... are d%eﬁnlag@y induction and we can prove that A\(¥)
involves only derivatives of i of order |k| + 2.

In our case the function 7 will not be C° but only at least C?, so we
shall set

(3.12) A=A 4 \O)

which will be well-defined in the C? case.

The following observation contains one of the key dichotomy between
2D waves and 3D waves which can be checked by a direct computation
using (3.11).

Proposition 3.13. Ifd = 1 then X simplifies to A\ (z,€) = [¢], A\ (z,¢) =
0.

Also, directly from (3.11), one can check the following formula (which
holds for all d > 1)

1
(3.13) Im\©) = ~5(0 - d)AD),

which reflects the fact that the Dirichlet-Neumann operator is a symmetric
operator.

3.3. Paralinearization of the Dirichlet-Neumann operator. Here is
the main result of this section. Following the analysis in [1], we shall para-
linearize the Dirichlet-Neumann operator. The main novelties are that we
consider the case of finite depth (with a general bottom) and that we lower
the regularity assumptions.

Proposition 3.14. Let d > 1 and s > 2+ d/2. Assume that
(n.v) € H*" 3 (RY) x H*(RY),
and that 1 is such that dist(3,I') > 0. Then

(3.14) G =Th(v — Twn) — Ty -V + f(n,¢),
16



where X is given by (3.11) and (3.12),

o . Y1+ Gy
' L4 |Vp2

V=V — BV,

and f(n,v) € HS+%(Rd). Moreover, we have the estimate

1F@ 0 vy < C (Il sy ) IV e
for some non-decreasing function C depending only on dist(X,T") > 0.

Remark 3.15. (i) It is well known that 6 and V play a key role in the
study of the water waves (these are simply the projection of the velocity
field on the vertical and horizontal directions).

(7i) We would like to make a comment on the unknown ) — Tign. This
unknown is related to the so-called ‘good unknown’ of Alinhac, as it is
explained in [1] (see also [4, 21, 33]). It comes from the paracomposition
theory of Alinhac which associates to a low regular diffeomorphism x an
operator denoted by x* acting on every Sobolev space. Starting with the
equation A, ¢ = 0, and making a low regular change of variables x (which
flattens the boundary) leads to the equation 0 = x*A; ,¢ = T x*¢ (modulo
a good remainder) where p is a computable symbol. Then ¢ — Tign is the
trace of x*¢ on the boundary.

3.4. Proof of Proposition 3.14. Let v be given by (2.7). According
to (2.9), v solves

ad*v + Av + - Vo,u —vd.v = g,
where g € C’f([—l,O];HSJF%(Rd)) is given by (2.8) and

1+ |Vpf?
GE T

\Y% A
B:: _27777 Y= 777

(3.15) : .

Also v satisfies the boundary conditions
v | =0 Y, U’z:—l =0, az'U’z:—l = 0.
Henceforth we make intensive use of the following notations.

Notation 3.16. C?(H) denotes the space of continuous functions in z €
[~1,0] with values in H"(R%).

It follows from Proposition 2.10 and a classical interpolation argument
that
(Vv,0.v) € C2(HE ™).
In addition, directly from the equation (2.9) and the usual product rule in
Sobolev spaces (cf (3.9)), we easily obtain
v e CY(HE?), 02veCY(HS?).
17



3.4.1. The good unknown of Alinhac. Below, we use the tangential parad-
ifferential calculus, that is the paradifferential quantization T, of symbols
a(z; x,€) depending on the phase space variables (z,¢) € T*R? and the pa-
rameter z € [—1,0]. In particular, denote by T,u the operator acting on
functions u = u(z; ) so that for each fixed 2, (Tau)(2) = Toryu(2).

Note that a simple computation shows

2
Gy = VL Ithl

Our purpose is to express 0,v|,—¢ in terms of tangential derivatives. To do
this, the key technical point is to obtain an equation for ¢ — Tyn.
Note that

0,v — Vn-Vu

z=0

¢—T%77:U—T%P|Z:0-

We thus introduce

and w:=v—"Typ=1v—Tyn,
since Tp(hz) = 0, so that ¢ — Tgn = ul,—o.

Lemma 3.17. Set

1 d
0 = mi {—, —2——}>0.
ming 5 S 5
The good unknown u = v — Typ satisfies the paradifferential equation

(3.16) Tod2u+ Au+ Ty - Vou—T,0u=g+ f,

1
where «, 8,7 are as defined in (3.15), g € C;(H;JFQ) is given by (2.8) and
_1l.s
fec(m, .
1
Proof. We shall use the notation f; ~ fa to say that f; — fo € C? (H; 2+6).
Introduce the operators

E::a0§+A+ﬁ-V8Z—782,
P:=T,0?+ A+ T V0, — T,0..

1
We shall prove that Pu ~ g1, where g; € C? (H;+2). To do so, we begin
with the paralinearization formula for products. Recall that

n € HS+%(Rd) and v e CS(H;_IC) for k € {1,2}.
According to Theorem 3.12, ii), we have

Ev ~ Pv+ Tagva +1vo,v B — Ty, vy

Since Ev = g € C? (H;+%) and since v = u 4 Ty7n, this yields
Pu+ PTyn + Tozp + Tvo.0 - B — To.vy ~ g ~ 0.
Hence, we need only prove that
(3.17) PTyn+ Ty + Tvo,w - B — To.0v ~ 0.
By using the Leibniz rule we have
PTyn = ToTh2en + TeAn + 21ve - Vi + Taen
+Tp - Tvo,en + 1 - To.e Vn — T T, 6m.
18



We claim that
ToTo2em ~ 0, Taen~0, Tg-Tva.en~0, T3TH.en~0.

Since «, 8 and vy are bounded functions, the operators T,,,Ts and T’, are of
order 0 and hence to prove this claim it is enough to prove that

(3.18) To2en ~ 0, Tapn ~0, Tvo.en~0, Then~0.

To prove these results, we shall use the rule given in Lemma 3.11 for para-
products whose symbols belong to a Sobolev space of order less than d/2.
Set m =1 — 0. Then by definition of ¢ (and assumption on s) we have

1 1 d
m > 0, s—§+5:s+§—m ands—32§—m.

Therefore Lemma 3.11 implies that
(3.19) [Taull o115 < Klall gos [Jull

> g+
Since b = h™10,v and since 0¥v € CY(H5™%) for k = 1,2,3, we have
926, Ab,V,b,0.b € CO(HS3).

By applying the estimate (3.19) we end up with the desired results (3.18).
We have proved that

Plyn ~ 2Ty, -V + Tﬁazb -Vn + TbAn-
On the other hand, according to (3.15), we have
2
h2

where the last equivalence is a consequence of (i) in Theorem 3.12 and (3.7).
Consequently, we end up with the key cancelation

To.vy = ToAn, Tvo.uB =—2TveVn, Tpo.sVn= —5Tp2ev,Vn ~ —To,a,

Tozpa +Tvo,0 - B — To.0v + 21w - Vi + o6 - Vi + Ty An ~ 0.
This concludes the proof of (3.17) and hence of the lemma. O

3.4.2. Reduction to the boundary. Our next task is to perform a decoupling
into forward and backward elliptic evolution equations.

Lemma 3.18. Assume that n € Hs+%(Rd) and recall that

(1 d
6:m1n{§,s—2— 5} > 0.
There exist two symbols a = a(x,§), A = A(x,§) (independent of z) with
a=a+d% e FL}’)/2+6(Rd) + F?/2+5(Rd),
A=AW 4+ A0 ¢ Fé/2+6(Rd> + f?/2+5(Rd),
such that,

(3.20)
Taag +A+ TB Vo, — T’yaz = Ta(az - Ta)(az - TA)U + Ry + R10:,

where Ry is of order 1/2 —§ and Ry is of order —1/2 — 4.
19



Proof. We seek a and A such that

2
a0 A0 4 Loa g, 40 4 oM 40 4 g g0) — _IEF
(3.21) x a
a+ A= a(—iﬁ-{—i—’y).
According to Theorem 3.7 and (3.7),
3 1
Ry =T, T,T4y — A isoforder2—§—5:§—5,
while the second equation gives
1
Ry = T, (T, +Ty) + (TB-V—T,Y) is of order 1—%—5: —3 — 0.

We thus obtain the desired result (3.20) from (3.16).

To solve (3.21), we first solve the principal system:

2 .
JWam— By 4 2 €

« (&%

i

by setting

1
A, 6) = o (~if - €~ \JAale — (5-€72),
A0z, ) = o (~if £+ \4ale? — (5-€2).
Directly from the definition of v and 8 note that
Vialé? - (5622 18],

so that the symbols a(), A®) belong to f‘:l.)/2+5(Rd) (actually a(t), A1) belong
to f‘;i(dﬂ)/Q(Rd) provided that s — (d + 1)/2 is not an integer).

We next solve the system

aO AW 140 1 Lo g a0 —g 40 L 40 Z 0
1

«
It is found that

1
O __ = (i5.4D . o _ 2,0
R TV Y (’85‘1 O™ =0 )
1
O __ = (5.0 . W _ T m
A0 = iy (10ea® - 9,40 = TAW),
so that the symbols a(®, A® belong to T?/2+5(Rd). O

We shall need the following elliptic regularity result.

Proposition 3.19. Let a € THR?) and b € TY(RY), with the assumption
that
Rea(z,§) > cl¢],

for some positive constant c. If w € CL(H, ) solves the elliptic evolution
equation
dw+ Tow = Thw + f,
20



with f € CY (H;) for some r € R, then for all ¢ > 0 we have
(3.22) w(0) € H17¢(RY).

Remark 3.20. This is a local result which means that the conclusion (3.22)
remains true if we only assume that, for some § > 0,

fleicac—s € CO[=1, =0 H-®(RY)),  fl_s<-<0 € C°([-4,0]; H"(RY)).

In addition, the result still holds true for symbols a € CY(T'l) and b €
CY(T'Y), with the assumption that Rea > c|¢|, for some positive constant c.

Proof. The following proof gives the stronger conclusion that w is continuous
in z €] — 1,0] with values in H"*'~¢(R%). Therefore, by an elementary
induction argument, we can assume without loss of generality that b = 0
and w € CY(H%). In addition one can assume that there exists § > 0 such
that w(z,z) =0 for z < —1/2.

For z € [-1,0], introduce the symbol
e(z;2,8) := exp (za(z,¢)) ,

so that e|,—0 = 1 and J,e = ea. Since Rea > c[£|, we have the simple
estimates

(2] [€])"e(z; 2,€) < Cr.
Write
0, (Tew) = Tef + (Taze — TeTa)w7
and integrate on [—1,0] to obtain
0

0
1) = [ (T~ T+ [ (@00 by

-1 -1

Since w(0)—T1w(0) € HT°°(R) it remains only to prove that the right-hand
side belongs to H"t17¢(R%). Set

0 0
uﬂm=/<%ﬁ—ﬂnmwm% 1m®=/Xﬂﬂ@my

-1 -1

To prove that ws(0) belongs to H"+1~¢(R%), the key observation is that,
since Rea > ¢|£|, the family

{(ylleD) ely;a,€) - -1 <y <0}

is bounded in I'Y(R%). According to the operator norm estimate (3.4), we
thus obtain that there is a constant K such that, for all —1 <y < 0 and all
v e H(RY),

[yl D)5 (Tev) || e < K 0]l -
Consequently, there is a constant K such that, for all y € [-1,0],

K
H(Tef)(y)HHm—s < W Hf(y)HHT :

Since |y|~7%) € L1(] — 1,0]), this implies that wy(0) € H™1=¢(RY).
With regards to the first term, we claim that, similarly,

K
H(Taze - TeTa)(y)||H7"~)H"”+1_E < |y’175'
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Indeed, since d.e = ea, this follows from (3.5) applied with (m,m/,r) =
(=1+¢,1,1) and the fact that M ((|y|' = e(y; -, -)) is uniformly bounded
for —1 <y < 0. This yields the desired result. O

We are now in position to describe the boundary value of d,u up to an
1
error in H"2(R4).

Corollary 3.21. Let A be as given by Lemma 3.18. Then, on the boundary
{z =0}, there holds

(D24 — Tau)|s—o € H 2 (RY).
Proof. Introduce w := (9, — Ta)u and write

o.w—T,mw=T, 0w+ f,

1
. —5+6 . . .-
with f/ € CS(H; 2t ) Since Rea® < —c|¢|, the previous proposition

applied with a« = —a®, b = a(® and ¢ = § > 0 implies that W= €
H5%3 (RY). O
By definition
Gn)y = l—i—]hVn]zazv —Vn-Vou .
As before, we find that =
1+|hv”|28zv —Vn-Vu= TM&ZU + 2Ty, - V) — Tb%h

— (Tyy - Vo + Ty, - V) + R,

_3+d
where R € CY (H;,%S 7). We next replace 9,v and Vv by 0.(u + Typ) and
V(u + Typ) in the right hand-side to obtain, after a few computations,

1+ [Vy|? /
A azv_vn'vv = T1+|v77|2 azu_TVn'VU_TVU—[JVU'VP_Tdiv(Vv—an)p+R 5
h

_34d
with R € C? (Hgs 2 ) Furthermore, Corollary 3.21 implies that

(3.23) T1+|Vn|2 o,u — Tvn -Vu ‘ 0 =1TU +r,
D z=
with U = u|,—0 = v — Tpp|o=0 = ¢ — Tign, r € Hs+%(Rd) and
1 2
(3.24) A= +’th —ivneg|

After a few computations, we check that A is as given by (3.11)—(3.12).
This concludes the analysis of the Dirichlet-Neumann operator. Indeed,
we have obtained

G =T\U — Tgy—vvy - V) — Taivvo—svy)p + f(0, ),
with f(n,v¢) € H”%(Rd). This yields the first equation in (3.14) since
V=Vuv-— bvmz:m V?ﬂz:o = V777

and since )
Taivvn € H2(RY).
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3.5. A simpler case. Let us remark that if (n, ) € H5t3 (RY) x H~1(RY),
the expressions above can be simplified and we have the following result that
we shall use in Section 6.2.

Proposition 3.22. Letd > 1,s>2+d/2 and 1 <o <s—1. Assume that
(n.4) € H 3 (R) x H7(R),
and that n is such that dist(3,T') > 0. Then
Gy =Ty + F(n,v),
where F(n,v) € H*(RY) (and recall that \V) denotes the principal symbol

of the Dirichlet-Neumann operator). Moreover,

1EG0)sze < C (Il ety ) 1980 o
for some non-decreasing function C depending only on dist(X,T") > 0.

Remark 3.23. Notice that the proof below would still work assuming only
ne€ HP(RY), veC(HI),
with the same conclusion. A more involved proof (using regularized lifting
for the function 7 following Lannes [21]) would give the result assuming only
(n,4) € H(RY) x H?(RY).

Proof. We follow the proof of Proposition 3.14. Let v be as given by (2.7):
v solves

ad*v 4+ Av + - Vo v —v0.v = g,
where g € C’O([—l,O];HSJr%(Rd)) is given by (2.8) and
(1+[Vn?) &/ A
= =—2— =—
a PR B Lo V=g
Comparing with the proof of Proposition 3.14, an important simplification
is that we need only in this proof to paralinearize with respect to v. In this
direction, we claim that

_1
(3.25) Tod2v + Av + Tp - Vo0 — Thd.0 € CY(Hy 2).
To see this we first apply point (ii) in Theorem 3.12 to obtain

)+o—2—d/2
)

_1 o1
0020 — Tpd%v — Tysya € CO(HY 2 c o(HI ),

and similarly

Jun

B-Vo,u—Ts Vo,u—Tgs, BeCH, ?),

o—1
70.v —T,0,v — Ty, vy € Cg (Hx 2).
Moreover, writing 0 —2 = d/2 — (d/2 + 2 — 0), using Lemma 3.11 with
m =d/2+ 2 — o, we obtain

Tagya c Cg(Hif%f(d/2+27O')) c Cg(Hgfé)y

and

_1
Tyo., B €CY(H; 2).
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Similarly, we have
T,y € CY(HI?).
Therefore, summing up directly gives the desired result (3.25).
Now, by applying Lemma 3.18, we obtain that
To0? + Av+Tp - V0,0 — Ty0,v = To (9, — To) (9, — Ta)v + f

with f = Rov + R10,v € CS(Hg—1+5) where § = min{%,s -2 %} > 0.
Then, as in Corollary 3.21, we deduce that

(0.0 — Tav)|,=0 € H(RY).

Since v(0) € H~1(R%) we deduce T4y v|.—0 € H>"(R?) ¢ H°(R?) (A
is the sub-principal symbol of A, which is of order 0) and hence

(6Zv — TA(I)U)|Z:0 € HU(Rd).
The rest of the proof is as in the proof of Proposition 3.14 O

3.6. Paralinearization of the full system. Consider a given solution
(n,) of system (1.2) on the time interval [0,7] with 0 < 7" < 400, such
that

(n.4) € C°([0,T; H**2 (R") x H*(RY)),
for some s > 2+ d/2, with d > 1.

In the sequel we consider functions of (¢, x), considered as functions of ¢
with values in various spaces of functions of x. In particular, denote by T,u
the operator acting on u so that for each fixed t, (Tou)(t) = Ty u(t).

The main result of this paragraph is a paralinearization of the water-waves
system (1.2).

Proposition 3.24. Introduce U := 1) —Tign. Then (n,U) satisfies a system
of the form

(3.26) {atn+TV'V77_TAU:f1>
U + Ty - VU + Tyn = fa,
with
fi € L®(0,T; HY2(RY),  fo € L®(0,T; HY(RY)).
Moreover,

Il(f1, f2)l

for some function C' depending only on dist(X¢,T").

szttt < C (||<n,¢>||LN(OI;HS%XH5)) ,

At this point, we have already performed the paralinearization of the
Dirichlet-Neumann operator. We now paralinearize the nonlinear terms
which appear in the dynamic boundary condition. This step is much easier.

Lemma 3.25. There holds H(n) = —Tyn + f, where £ = () + () with

(3.27) L+ Vol
n__* . (2)
(0 = 20, - 00,
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and f € L>®(0,T; H*29/2) is such that
(3.28) 170 pee- 4, S COliom o)
for some non-decreasing function C.

Proof. Theorem 3.12 applied with & = s — 1/2 implies that
Vn ~ 1 Vn® Vn
— N _Tyn+f, M= I- ,
1+ [Vi? VI+H[VnZ (1 |Vn[?)3/2

where f € L>(0,T; Hgs_l_%) is such that

Hﬂ‘Loo(o,T;HQS*%) = C(”77”L°°(0,T;HS+%))’
for some non-decreasing function C'. Since
div(Ta V) = T- pg.e+idiv MeN,
we obtain the desired result with ¢ = M¢ - ¢ () = —idiv M¢ and f =
div f. O
Recall the notations

Vn -V + G(n)y

3.29 B = ,
(3.29) T VP

V = Vi — BV

Lemma 3.26. We have

! gt - 19050 1 G’
1+ \an

where f' € L>(0,T; H2S_2_%(Rd)) satisfies

=Ty -V —TgTy -V — TGy + f,

(PRI [ R —

for some non-decreasing function C.

Proof. Again, we shall use the paralinearization lemma. Note that for

1(a-b+c)? d d
b, —_ R beR R
F(a,b,c) = 3 T+ ]a] (ae R be R ceR)
there holds
(a-b+c¢) (@-b+c) (a-b+c) (a-b+c)
o' = - ; O = y Ol = ——75~.
0 1+ [a? < 1+ [a? “) % T fag @2 1 [a?

Using these identities for a = Vn, b = Vi) and ¢ = G(n)1, the paralineariza-
tion lemma (cf (¢) in Theorem 3.12) implies that

L(Vn: Vo + G()y)’
2 14|V
with r € L*>(0,T; H25727%(Rd)) satisfies the desired estimate. Since V =
Vd} — BV, this yields

(Vn Vi + G(n)e)?
14 |Vn)?

={Tvs - Vn + Tyv, VY + TG0} +r,

={Tyv -V — Ty - Vi — TeG(n)y} + 1’

25
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with 7 € L®(0,T; H*~2-% (R)). Since by (3.7)

d
T‘BV - TsBTV is of order — <S —1- 2) y

this completes the proof. O

Lemma 3.27. There exists a function C such that,

| Touell g < C (1000 vy o) -
Proof. a) We claim that
(3.30)
10l gze-s + 10l g+ 1Bl gees + 1V L gres < C (100 vy )

The proof of this claim is straightforward (using the definition of B (3.29)).
It follows from Proposition 2.7 that we have the estimate

1G] ss < C (10 sy ) -

Using that H5~! is an algebra since s — 1 > d/2, we thus get the desired
estimate for 8. This in turn implies that V = Vi — BVn satisfies the
desired estimate. In addition, since 9yn = G(n)1, this gives the estimate of
10¢n]| ygs—1. To estimate O0y1) we simply write that

8t¢ = F(v¢7 VT/a VQTI)?

for some C* function F' vanishing at the origin. Consequently, since s —
3/2 > d/2, the usual nonlinear rule in Sobolev space implies that

”at¢”Hs—3/2 <C (H(vavn, V277>} Hsfs/z) <C (H(WZJ)HHH%XHJ .

b) We are now in position to estimate ;8. We claim that

(3.31) 106815 < € (1010 vy ) -

In view of (3.30) and the product rule (3.9), the only non trivial point is to
estimate 0;[G(n)y]. To do so, we use the identity for the shape derivative
of the Dirichlet-Neumann (see §2.3) to obtain

HG (] = G(n) (O — BIn) — div(V o).
Therefore (3.30) and the boundedness of G(n) on Sobolev spaces (cf Propo-
sition 2.7) imply that

0G| g < C (Il(n,w)l\w%m) :

This proves (3.31).
c) Next we use Lemma 3.11 with m = 1/2 (which asserts that if a €

H %_%(Rd) then the paraproduct T, is of order 1/2). Therefore, since by
assumption s —5/2 > d/2 — 1/2 for all d > 1, we conclude

Tl e < 1Tl ey o Il ey, < € (00 iy ) -

This completes the proof. O
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End of the proof of Proposition 3.24. Using the equation satisfied by 1 and
Lemmas 3.25-3.26, we obtain

O+ Tyn+ Ty - Vb = TTy - Vi = TyG(n)$ = F € L=(0,T; H*(RY)).
Since U = ¢ — Tiyn, we get
U = Opp — TgOyn — Ty, 7.
Now we have G(n)y = 9yn and
Ty -V — TpTy - Vi — Ty - VU € L=(0,T; H(RY).

So using Lemma 3.27 we obtain the desired result. U

4. SYMMETRIZATION

Consider a solution (n,%) of (1.2) on the time interval [0,7] with 0 <
T < 400, such that

1

(n,¥) € C°([0, T]; H"2 (RY) x H*(RY)),

for some s > 2+ d/2, with d > 1. We proved in Proposition 3.24 that n and
U = i — Tiyn satisfy the system

(4.1) @+ Ty - V) (Z) + (% _OTA) (Z) =/,

where f € L*>(0,T; Hs“'%(Rd) x H*(R%)). The main result of this section
is that there exists a symmetrizer S of the form

— TP 0
5= (% 7)
0 =Ty

which conjugates (Te 0 ) to a skew-symmetric operator. Indeed we shall

prove that there exists S such that, modulo admissible remainders,

(n )=y s

In addition, we shall obtain that the new unknown

o=s(1)

0 _T’Y —
(4.2) O + Ty - VO + <(Tw)* 0 > =F,

satisfies a system of the form

with F' € L>®(0,T; H*(R?) x H3(R%)); moreover ||(n,v)]|
trolled by means of ||®|| .
This symmetrization has many consequences. In particular, in the follow-

ing sections, we shall deduce our two main results from this symmetrization.
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4.1. Symbolic calculus with low regularity. All the symbols which we
consider below are of the form

0= al™ 4 qm=1)

where
(i) al™) is a real-valued elliptic symbol, homogenous of degree m in & and
depends only on the first order-derivatives of 7;
(ii) a(™=1) is homogenous of degree m — 1 in ¢ and depends also, but only
linearly, on the second order-derivatives of 7.

Recall that in this section € C°([0, T7; Hz (R9)) is a fixed given function.

Definition 4.1. Given m € R, X denotes the class of symbols a of the

form
a = a™ 4 glm=1)

with
) (1,2,) = F(Vn(t,2),6),
a(mfl) (t, x, é‘) = Z GQ(VT](?Z JE), S)aa?nu? .%'),
|a|=2
such that

(i) T, maps real-valued functions to real-valued functions;

(ii) F is a O real-valued function of (¢,€) € R4 x (R%\ 0), homogeneous
of order m in &; and such that there exists a continuous function K =
K(¢) > 0 such that

F(G,€) = K(Q) €™,
for all (¢,€) € R? x (R4\ 0);
(iii) G is a C™ complez-valued function of (¢,€) € R® x (R4\ 0), homo-
geneous of order m — 1 in &.

Notice that, as we only assume s > 2 + d/2, some technical difficulties
appear. To overcome these problems, the observation that for all our sym-
bols, the sub-principal terms have only a linear dependence on the second
order derivative of n will play a crucial role.

Our first result contains the important observation that the previous class
of symbols is stable by the standard rules of symbolic calculus (this explains
why all the symbols which we shall introduce below are of this form). We
shall state a symbolic calculus result modulo admissible remainders. To
clarify the meaning of admissible remainder, we introduce the following no-
tation.

Definition 4.2. Let m € R and consider two families of operators order
m}

{A(t) : te[0,T)}, {B(t) :te[0,T]}.
We shall say that A ~ B if A — B is of order m — 3/2 (see Definition 3.5)
and satisfies the following estimate: for all p € R, there exists a continuous
function C such that for all t € [0,T],

JA®) = By, ey < C (IO ) -

Proposition 4.3. Let m,m' € R. Then
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1) Ifa € ™ and b € X then TyTy ~ Tay, where afb € X™T™ s given
i
by

ath = atp0m) 4 gm=Dpm) o gm0y L pm) g pom),
i
(2) If a € ™ then (T,)* ~ Ty where b € ™ is given by
b=a™ 4 alm-1) %(31 - ¢)al™.

Proof. Tt follows from (3.5) applied with p = 3/2 that

|

On the other hand, (3.5) applied with p = 1/2 implies that

< CUIVnllys/z.e)-

Tyom) Tymy — Ta(vn)b<rr1’)+%a€a(m).axb(m/) HHHHHW’"*’"'”’”

T, (m)wa 0 = Tomypm'=0 || g gra-m—mrrsrz < CUIVIllyarzee),
< C(IVnllysrz.es)-

| T gm0 Tymry = Tym—1)
Eventually (3. 4) implies that

H a(m—1) b(m/ 1)HH#_>H;L m—m/4+2 <C(HVUHW1°°)

The first point in the proposition then follows from the embedding H s+3 (RY) C
W30 (R%). Furthermore, we easily verify that agh € ¥ +™',

Similarly, the second point is a straightforward consequence of Theo-
rem 3.10 and the fact that a(™ is, by assumption, a real-valued symbol. [J

Given that a € ©™, since a(™~1 involves two derivatives of 1, the usual
boundedness result for paradifferential operators and the embedding H*(R%) C
W2>(R%) implies that we have estimates of the form
(4.3)

ITatt) s S 500 50 [E1 7|02 a(t, )| o < C () 115)

laj<g+1¢=1
Our second observation concerning the class > is that one can prove a
continuity result which requires only an estimate of ||7]| ys—1.

Proposition 4.4. Let m € R and p € R. Then there exists a function C
such that for all symbol a € ¥™ and all t € [0,T],

[ Taceyel| gi—m < CUME g1 uall -

Remark 4.5. This result is obvious for s > 3 + d/2 since the L®-norm
of a(t,-,€) is controlled by |[n(t)||s—: in this case. As alluded to above,
this proposition solves the technical difficulty which appears since we only
assume s > 2 + d/2.

Proof. By abuse of notations, we omit the dependence in time.
a) Consider a symbol p = p(x, §) homogeneous of degree 7 in £ such that
> 0¢p(-,§) belongs to H3(RY) Vo e N
Let ¢ be defined by

x1(0,8)¢1(§)

q(0,¢) = €]
29
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where x1 = 1 on supp x, ¢1 = 1 on supp ¢ (see (3.2)), ¢1(£) = 0 for [¢| < 3,
x1(0,&) =0 for |#] > || and f (0,¢) = fe_”/’ Of(x, &) dr. Then

(4'4) Tq ’Dm| =

and
0£q0,6)| < 0)7 S |olme. )|

BLla
Therefore we have
(45) 29Ol < X 2600 .,
BLla

Now, it follows from the above estimate and the embedding H3 ?(R%) C
L>®(RY) that ¢ is L in = and hence ¢ € T} ~' C T§. Then, according to
(3.4) applied with m = r (and not m = r — 1), we have for all o0 € R,
1Tyl v < sup sup |17 |08( O] o 0] 11 -
la|<§+1161>3

Applying this inequality with v = |D,|u, 0 = p — 1 and using again the
Sobolev embedding and (4.4), (4.5), we obtain

(4.6) ITpull gr—s & sup sup [08D( | s el -
laj<g+1¢1=1

b) Consider a symbol a € X of the form

(4.7) a=a™ +a™mY = F(Vn, &)+ Z Go(Vn,&)0on.

=2

Up to substracting the symbol of a Fourier multiplier of order m, we can
assume without loss of generality that F'(0,£) = 0.
It follows from the previous estimates that

1T qom vl e mélsup 1™ (-, )l 52 l[ull e

1T yon—vyull g S sup @™V, €| prss [fua] g -

Now since s > 2 + d/2 it follows from the usual nonlinear estimates in
Sobolev spaces (see (3.10)) that

sup "™ () o2 = pha HECD, ) s—2 < C ([l gro=1) -

On the other hand, by using the product rule (3.9) with (sg,s1,52) = (s —
3,5 — 2,5 — 3) we obtain

la"™ V() ge—s < D GV, §)00n] gos

|a|=2
S (1Ga(0.8)1+ 3 1Ga(V1,€) = Gal0,) -2 ) 11920) s
|a|=2
for all |{] < 1. Therefore, (3.10) implies that

" D) a5 < Clmll s )-

This completes the proof. O
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Similarly we have the following result about elliptic regularity where one
controls the various constants by the H5~!-norm of 1 only.

Proposition 4.6. Let m € R and p € R. Then there exists a function C
such that for all a € ¥™ and all t € [0,T], we have

el s < CUOgre-) { | Tageyl| g + a2 -

Remark 4.7. As mentioned in Remark 3.9, the classical result is that, for
all elliptic symbol a € F?(Rd) with p > 0, there holds

[ rm < KN Taf N2 + (1 F1l 2}
where K depends only on M;"(a). Hence, if we use the natural estimate

M@ (@) < O lywz+n) < CUME )
for p > 0 small enough, then we obtain an estimate which is worse than the

one just stated for 2 +d/2 < s < 3+d/2.

Proof. Again, by abuse of notations, we omit the dependence in time.
Introduce b = 1/a™) and consider ¢ such that

0 <e <min{s—2—d/2,1}.
By applying (3.5) with p = € we find that TyT,m) = I+ where r is of order
—e and satisfies

Irull e < CUVlyeoo) 1l g < CUnll 1) 1wl o -

Then

u=TpTou —ru—TyT m-1).
Denoting by R = —r — TyT,(m-1), we have

(I — R)u =T,T,u.
We claim that there exists a function C' such that
1T ull grr—mere < CUMI grs—2) llull g -

To see this, notice that the previous proof applies with the decomposition
T, = T, |D.|'¢ where

Once this claim is granted, since T} is of order —m, we find that R satisfies

[ Rull grure < CUM grs—1) llull g -

q(0,¢) =

Writing
I+R+ - +RNYI-Ru=I+R+---+R"T}T,u
we get
uw=I+R+ -+ RTT,u+ RN 1.
The first term in the right hand side is estimated by means of the obvious
inequality
H(I +RA RN)TI’HHMaHHm

S H(I + R+ e + RN)"Hqum_)H;.Ler ||Tb||Hﬂ'—>H“+m ’
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so that
|+ Rt RVt gy < CUlges) [Tt
Choosing N so large that (N + 1)e > p + m, we obtain that

IR s e S 1Bl ismmecsggom = DRl < Clnllgems),

which yields the desired estimate for the second term. O

4.2. Symmetrization. The main result of this section is that one can sym-
metrize the equations. Namely, we shall prove that there exist three symbols
P, ¢,y such that

(4.8) T, T\ ~T,T,, T, Ty ~TT, Ty~ (T,

where recall that the notation A ~ B was introduced in Definition 4.2.

We want to explain how we find p, ¢,y by a systematic method. We first
observe that if (4.8) holds true then ~ is of order 3/2. To be definite, we
chose ¢ of order 0, and then necessarily p is of order 1/2. Therefore we seek
P, q,~ under the form

(4.9) p= p(1/2) _‘_p(—l/Z)’ q= q(O) + q(—l), N = 7(3/2) n ’7(1/2)’

where a(™ is a symbol homogeneous in £ of order m € R.
Let us list some necessary constraints on these symbols. Firstly, we seek
real elliptic symbols such that,

P2 K O 2K B 2 K

for some positive constant K. Secondly, in order for T}, T;, T, to map real
valued functions to real valued functions, we must have

(4.10)

p(taxag) :p(t7$7 _5)7 Q(t,ﬂf,f) = Q(tvx7 _€)7 ’Y(t7$af) :7(t7x7 _f)
According to Proposition 4.3, in order for T’, to satisfy the last identity in
(4.8), /2 must satisfy

1
(4.11) Im~(1/2) = 7(3& -0,y B2,
Our strategy is then to seek ¢ and + such that
(4.12) ToL Ty ~ T, T,1,.

The idea is that if this identity is satisfied then the first two equations in (4.8)
are compatible; this means that if any of these two equations is satisfied,
then the second one is automatically satisfied. Therefore, once q and ~ are
so chosen that (4.12) is satisfied, then one can define p by solving either one
of the first two equations. The latter task being immediate.

Recall that the symbol A = A + A0 (resp. £ = ¢ + ¢(V)) is defined by
(3.11) (resp. (3.27)). In particular, by notation,

D = /(14 V) e — (V€12

@) _ Ltz (Vn-€)?
() = (L Vi) (16 - 1 em)

(4.13)
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Introduce the notations
oA = (XD 4 M ND) 4 p@)N\O) 4 1.355(2) oA
i
2 1
Ny = (7<3/2>) 42, (1/2463/2) ;357(3/% L9,y 3/2)

By symbolic calculus, to solve (4.12), it is enough to find ¢ and ~ such that
(4.14) g0 () + ¢ De2AD 4 1940 9, (1AW
i

2 1
= (v47)q© + (7<3/2>) ¢V + 285(7(3/2)7(3/2)) - 9,q©.
We set
B2 = \/p@ A,

so that the leading symbols of both sides of (4.14) are equal. Then Im ~(1/2)
has to be fixed by means of (4.11). We set

Im~/?) = —~(a, - 8 )y /2.

1

2
With these choices of 7(3/2) and Im 4(1/?), (4.14) is equivalent to the following
equation (where the unknowns are ¢(9, ¢~ and Re~(1/2)):

1 1
s 4O A = ty) = Z0e((PAD) - 020" — ~0eq - 0,((PAD)
4.15
1
= —{(AD), 0}

where
(4.16) N — Ay =7
1
= g355(2) 9 AWM 4 pMAD)  p2)N0) _ 94(1/2),(3/2) 4 i@g’y(3/2) -9y,

Since ¢~ does not appear in this equation, one can freely set ¢(~1) = 0.
Since ¢ X1 are real-valued symbols, we see easily that (4.15) will be
satisfied (with ¢(°) real) as soon as

(4.17) ReT =0, q(O) Imr = — {g(Q))\(l)’ q(O)} )

The first condition is satisfied if Rey(1/?) solves the equation

(@ Re \O Z 94(3/2) Re(1/2)

that is
2 0 0
Re(/2) = L2ReXD 6D ReX®
2+(3/2) A2
It remains to solve the second equation in (4.17). Let us first recall that
' 1 1
60 =~ (0,-00)0®, TmA®) = —2 (0,9 AV, Im 112 = 2 (0,972,
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and consequently
Im7 = —9:6@ . 9,21 — %/\(1)(85 -9 )P — %%2) (8¢ - D) AD
+ 7(3/2)(35 9,73 4 357(3/2) NERMCIEN
Writing
1 2 1
7372 (9e-0,)7B/D) 4973/ 9,73/ = 50:-0c (7(3/2)) — §3m.a£(g(2) A,
we thus obtain
Im7 = %a@“) L9 0?) — %age@) AW
and hence the second equation in (4.17) simplifies to

(4.18) % { @ A(l)} RO {g(Q) AW, q<o>} _o

The key observation is the following relation between ¢(2) and A1) (see
(4.13)):

2 3
® = (c)\(l)> with ¢= (1+ |V77|2) 1,
Consequently (4.18) reduces to
_q(O)()\(l))QamCQ.ag)\(l) _|_302()\(1))2(9£)\(1) -0yq"©) —8§q(0) -0, (CQ(/\(U)?’) =0.

Seeking a solution ¢© which does not depend on &, we are led to solve
OeAD - 9,¢@  19:AW - 9,
q© 3 ¢ '
We find the following explicit solution:

[N

1 —
W =cs = (1+|VyP) 2.
Then, we define p by solving the equation
Ty ~ T T),.
By symbolic calculus, this yields
_ 1
gl + gtV = ~B/2)p(/2) 4 A (1/2)5(1/2) 4 ~(3/2)(=1/2) 4 g8{),(3/2) - 0yp/?),

Therefore, by identifying terms with the same homogeneity in &, we succes-
sively find that

04 (@ s
q
0 = T = a5 = (L 1Va) VAW,

and

(419)  pUD -

— {qm) 00— y(172)5172) 4 g (3/2). axpu/m} ,
Y

Note that the precise value of p(~1/2) is meaningless since we have freely
imposed ¢(=Y = 0.

Gathering the previous results, and noting that v(/2) and p(=/2) de-
pend only linearly on the second order derivatives of n, we have proved the
following result.
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Proposition 4.8. Let g € X0, p € 12, ~ € ¥3/2 be defined by

[un

g=(14|VnP)"?

_5
= (1+|Vn)?) T VAW 4 p-l/2),
/ O
7= VLN ReA ag 8,)V L@\,

where pt=Y2) is given by (4.19). Then
T,T\ ~ Ty, Ty ~ T, T, ~ (T,)".

By combining this symmetrization with the paralinearization, we thus
obtain the following symmetrization of the equations.

Corollary 4.9. Introduce the new unknowns
Oy =Tyn and P =T,U.
Then ®1,®5 € CO([0,T]; H3(RY)) and
0;®1 + Ty - VO —T,®y = F,
{ 0t®Po + Ty - VO + T, 01 = Fy,

where Fy, Fy € L>(0,T; H(RY)). Moreover

ICF Bl woiziarcary < € (10N et g )

for some function C depending only on dist(Xo,T").

(4.20)

To prove Corollary 4.9, we first note that it follows from Proposition 4.8
and Proposition 3.24 that

0yP1 + Ty - VO — T, &y = Bin + f1,
0;®o + Ty - VOoy + T,®1, = BoU + fo,

with f17f2 € Loo(ovT7 HS(Rd))7

S P o ([ R R B
and
B1 = [8t,Tp] + [TV . V,Tp] R
BQ = [8t,Tq} =+ [TV : Vqu] .
Writing
1Bunllge < 1B ey o 1l
1 B2U || s < 1 Ball gs s 1U ] s »

it remains only to estimate ||Bj|| and || Bzl gs_,pys- To do so, the

H 3 s
only non trivial point is to prove the following lemma.

Lemma 4.10. For all p € R there exists a non-decreasing function C' such
that, for all t € [0,T],

1Zoor | st + I Toiat0 | gy < C (1028, 6O vy ) -
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Proof. Tt follows from the Sobolev embedding and (3.30) that
10l e S 19l sres < € (1000 vy )
This implies that
100l e + M3 (0p7?) < C (1000 sy, ) -

where the semi-norm MO1 has been defined in (3.3). On applying Theo-
rem 3.6, this bound implies that

| Zorparo 1Tl < € (100 ey ) -

Hr—H?

1. Since we only assume
H#—HF 2

s > 2+d/2, a technical difficulty appears. Indeed, since 9; has the weight of
3/2 spatial derivatives, and since the explicit definition of p(=1/2) involves 2
spatial derivatives of 7, the symbol 9;p(~/2) do not belong to L™ in general.
To overcome this technical problem, write p{~/2) under the form

pVA =" Po(Vn, oo,

jaf=2

It remains only to estimate HTatp(_l/Q)

where the P, are smooth functions of their arguments for £ # 0, homoge-
neous of degree —1/2 in . Now write

(4.21) Ty = Y Topaoneyoen + O, Tra(Tne)aoem:
|a|=2 la|=2

As above, we obtain

M3 (0 Pa(V1,€) < C (10,0 vy ) -

On the other hand for || = 2 we have the estimate ||037] ;00 S HnHHH%.

On applying Theorem 3.6, these bounds imply that the first term in the
right hand side of (4.21) is uniformly of order —1/2.

The analysis of the second term in the right hand side of (4.21) is based on
the operator norm estimate (4.6). By applying this estimate with r = —1/2,
we obtain

| Tpuvno200m|| s pruerse S 1Pa(V0, )05 grs—s -

Now the product rule (3.9) implies that

||P04(V77> g)atagnHHs—d
SAIP(0,6)] + [|Pa(V1,€) = Pa(0,)l -1} 10:95 0| g3

and hence
17ronermozall ssin-m < CUml) 186l s < € (1000 vy ) -

This completes the proof. O
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5. A PRIORI ESTIMATES

Consider the Cauchy problem

Ot gm— H) + L0 -

with initial data

1(Vn- Vi +Gn)y)’
2 1+ |Vn|?

=0,

Nl=0o =10, Yli=0 = 0.
In this section we prove a priori estimates for solutions to the system (5.1)
and approximate systems. These estimates are crucial in the proof of exis-
tence and uniqueness of solutions to (5.1) .

5.1. Reformulation. The first step is the following reformulation, whose
proof is an immediate computation.

Lemma 5.1. (n,1) solves (5.1) if and only if

(e Derrew (D)= (n ) (e ()= (5)

where
f1'=Gm)w — {Th(¥ — Tyn) — Ty - Vn},
1 1 (V- VY + Gn)y)*
5.2 2_ _ = 24
62 =g VP g S B )
+ Ty Vip =TTy - Vi — Te G ()Y + Tym — gn.
Since

I 0 I 0\ _ (I O

Ty I)\-Ty I) \O I)’
we thus find that (n,) solves (5.1) if and only if
@+1v-5+£) (1) = sn0),
(n7¢)‘t:0 = (7)0,1?0),

(5.3)

with

(D6 ) ) oo (D)

5.2. Approximate equations. We shall seek solutions of the Cauchy prob-
lem (5.3) as limits of solutions of approximating systems. The definition de-
pends on two operators. The first one is a well-chosen mollifier. The second
one is an approximate right-parametrix for the symmetrizer S = (Top T()q)
defined in Section 4.

Mollifiers. To regularize the equations, we cannot use usual mollifiers of
the form x(eD;). Instead we use the following variant. Given e € [0, 1], we

define J. as the paradifferential operator with symbol j. = j.(t,z,&) given
by

_ 1
9o = 39 + 50 = exp (— ey - 5(85,; - 0¢) exp (— ey3/2).
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The important facts are that
_ 1
5: € OO0, TITS p(RY), {042} =0, Imyl™) = 2 (0: - 9)s”.

Of course, for any ¢ > 0, 3. € C°([0,T7; F?’Z}Q(Rd)) for all m < 0. However,
the important fact is that . is uniformly bounded in C°([0,T]; ') /Q(Rd))
for all € € [0,1]. Therefore, we have the following uniform estimates:

||J€T'y - T’YJ€||HH_>HM < C(||V7]HW3/2,OO),
1(Je)" = Jellguy grusre < CUIVnllysrzeo),

for some non-decreasing function C' independent of € € [0, 1]. In other words,
we have

JITy ~TyJe, (Jo)" ~ Jg,
uniformly in €.

Parametrix for the symmetrizer. Recall that the class of symbols ™
have been defined in Definition 4.1. We seek

such that
_ _ _ _ 1 _
php = p(1/2)p( 1/2) +p(1/2)p( 3/2)+p( 1/2)9( 1/2)+za£p(1/2) '335@( 1/2) _ 1.

To solve this equation we explicitly set

1
(-1/2) _
v T Ay
(5.4) . ,
o — i <@(—1/2>p<—1/2) + Logpt1r. 8119(1/2)) ‘
Therefore

T, T, ~ I,
where recall that the notation A ~ B is as defined in Definition 4.2.

1
On the other hand, since ¢ = (1+ |Vn|*) 2 does not depend on &, it
follows from (3.7) that we have

Tqu/q ~ I
Hence, with p and ¢ as defined above, we have
T, 0 I, 0\ (I 0
0 T 0 Ty 0 1)’

Approximate system. We then define

e (I 0[O0 -T) (TuJT, 0 I 0
T\ 1)\, 0 0 Ty Ty \-Ts 1)

(At first one may not expect to have to introduce J. and £5. We explain
the reason to introduce these operators in §5.4 below.) We seek solutions
(n,) of (5.3) as limits of solutions of the following Cauchy problems

@+ TV +.2) (1) = 1. 30),
(n,9)]i=0 = (M0, %0)-
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5.3. Uniform estimates. Our main task will consist in proving uniform
estimates for this system. Namely, we shall prove the following proposition.

Proposition 5.2. Let d > 1 and s > 2+ d/2. Then there exist a non-
decreasing function C such that, for all e € [0,1], all T €]0,1] and all
solution (n,v) of (5.5) such that

(n,4) € CH([0, T); H¥"3(RY) x HY(RY),

the norm

M(T) = [|(n, )]

satisfies the estimate

1
Lo (0,T;H T2 x H5)’

M(T) < C(Mo) +TC(M(T)),
wllth MO = H (7707 7/)0) HHs+% x Hs '

Remark 5.3. Notice that the estimate holds for € = 0. In particular this
proposition contains a priori estimates for the water waves system itself.

5.4. The key identities. To ease the reading, we here explain what are
the key identities in the proof of Proposition 5.2.
By definition of L%, using that (_h 7 (TI% 2)=1(L9), we have

T, 0 I 0.
0 T,) \-Ty I

(T, 0\ [0 —T\\ (T,J.T, 0 I 0
“\o 1,)\1, o0 0 Tygd:Ty) \-Ts 1)

Now recall that

T, 0 0 T N 0 -7, T, 0
0 T T, 0 (T,)* 0 0 Ty)°
so that

T, 0 I 0.
0 T,) \-Tn I

(0 =T\ (T, 0 (T,)T, 0 I 0
(T,)* 0 0 T, 0 Ty JTy) \~Tw I

uniformly in € (notice that the remainders associated to the notation ~ are
uniformly bounded). We next use

T, 0\ (T, O I 0
0 T,)\0 Ty, 0 1)

to obtain that, uniformly in €, we have the key identity

T, 0 [0\ 0 -T,0.\ (T, 0 I 0
0 7T,) \-Ty I (T,)*J. 0 0 T,)\-Ty I)

In other words, the symmetrizer

(¥ 2) (5 1)
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conjugates L° to a simple operator which is skew symmetric in the following

sense:
( 0 —T7J5>* o < 0 —T7J€>
(T,)*J. 0 (T)*J. 0 )"

This is our second key identity, which comes from the fact that

() ~Ty, Ji~de, TyJ.~ J.T,.
In particular, it is essential to chose a good mollifier so that the last two
identities hold true.

We could mention that, in the proof of Proposition 5.2 below, the main
argument is the fact that the term F. in (5.9) is uniformly bounded in
L>(0,T; H® x H®). The other arguments are only technical arguments.
However, since we only assume that s > 2 + %, this requires some care and
we give a complete proof.

5.5. Proof of Proposition 5.2. We now prove Proposition 5.2.

a) Let us set

(5.6) U=t —Tygy, o= <£)U> = (gp %) <_£p% ?> <Z> '

We claim that ® satisfies an equation of the form

0 -T,0.\ .
(5.7) (8t+TV-VJE)<I>+<T7JE 0 ><I>_Fa,

where the remainder satisfies
68 IElsormea <O (1090 ppesd )

for some non-decreasing function C' independent of €. To prove this claim,
we begin by commuting the equation (5.5) with the matrix

T, O I 0
0 7,)\-Ty 1)
to obtain that ® satisfies (5.7) with F; = Fy . + Fy . + F3 . where (cf §5.4)

F — Tpf1<‘]6777 Je’:‘w)
1e qu2(Ja777 Jaw) '

(5.9) e = < 0 ~(LTThyg e — T7J5)> P,

)

<= \(T,T,T,J. — T, J.) 0

_ T, 0 I 0 n
Fs. = {({% +T1v - VJ, <0p Tq> <—T% Iﬂ (7/J> )

The estimate of the first term follows from Proposition 3.14, Lemma 3.25 and
Lemma 3.26 (clearly, these results applies with (7, ¢) replaced by (J.n, J:1)).
For the second term we use that,
T, ~ 1)1y, T,y ~T/T, TyT,~I, TTi~1I,
to obtain
T,T0\Ty g ~ Ty, TTT,~T,.

Eventually, we estimate the last term as in the proof of Corollary 4.9.
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b) We next claim that

(5.10) < C(My) + TC(M(T)).

||(777 w)HLOO(O,T;HS_lXHS_%)

We prove the desired estimate for 0;n only. To do so, using the obvious
inequality

t
() s < (O] o= +/O 10l s
S M[) + T ”at'r]HLoo(O,T;Hsfl) 9
we see that it is enough to prove that
(5.11) 10e11]] oo (0 1,151y < C(M(T)).

This in turn follows directly from the equation for . Indeed, directly from
(5.5), write

om = —Ty - VJen + ToTy /g JTy (Y — Tsn) + f1(Jen, Jetb).

The last term is estimated by means of Proposition 3.14. Moving to the first
two terms, by the usual continuity estimate for paradifferential operators
(3.4), we have

1Ty - N Jenll =1 < MV ll oo [Tl s »

and

| TATy /g JeTy (¥ = Tsn)|| oa
< NI Tl oy e Ll + 1Bl oo 1l

and hence, since H"1(R?) c L*(RY), the estimates for 8 and V in
(3.30) imply that Oy satisfies the desired estimate (5.11). The estimate
of ||4)]| js—s/2 is analogous. This completes the proof of the claim.

c) To obtain estimates in Sobolev, we shall commute the equation with an
elliptic operator of order s and then use an L?-energy estimate. Again, one
has to chose carefully the elliptic operator. The most natural choice consists
in introducing the paradifferential operator T with symbol

2s

(5.12) = (7(3/”)7 e ¥,
The key point is that, since 5 and ]E:O) are (nonlinear) functions of 7(3/ ) we
have

O3 - 0,y 32 = (9&7(3/2) - 0,3,
Ol - 0a1¥) = 0cs”) - 0.

Therefore, as above, we find that [Ts,T,] is of order s, while [Tg, J¢| is of
order s — 3/2. Also the commutator [T, Ty - VJ.] is clearly of order s.
With regards to the commutator [T, Ty,] = —Ty,s notice that there is no
difficulty. Indeed, since § is of the form g = B(Vn,§), the most direct
estimate shows that the L°(R%)-norm of 9,3 is estimated by the L°(R%)-

norm of (Vn,9,Vn) and hence by C'(M (7)) in view of (5.11) and the Sobolev
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embedding H5'(RY) ¢ WH°(R%). We thus end up with the following
uniform estimates

”[T57Tv] Jf:‘HHs_>L2+”[T57 &mes_)L?"'”TV [Tﬁv Je]HHs_>L2+”[T57TV : vja]HHs_>L2
< C(M(T)),
for some non-decreasing function C' independent of € € [0, 1]. Therefore, by

commuting the equation (5.7) with T, we find that the function ¢ := T3P
satisfies

0 -T,\ .
(513) (8t+TVVJ€)SO+ (T'yja 0 >SO_F67
with
HFE/HLOO(O,T;L2><L2) < C(M(T))7

for some non-decreasing function C' independent of ¢ € [0, 1].

d) Since by assumption (1,1) € C*(0,T); HS“'%(Rd) x H%(R%), we have
p € CH([0,T); L*(R7) x L*(R)),

and hence we can write

d

7 (¢, ) =2Re (Orp, p)

where (-, -) denotes the scalar product in L?(R%) x L2(R%). Therefore, (5.13)
implies that

d 0 -T.J
dt<30780>:2Re<TVVJEQO(T7J€ 8 E>90+F5/590>
and hence

d
5 (P 9) = (F 0, 0) + 2Re (FL,p),

where Z° is the matrix-valued operator

€ . _ . * . 0 —T,Je 0 —TyJe )
%= —{(Ty - V) +Tv VJE}I+<T7J5 o )\ o )¢

Now recall that
()" ~Ty, (Jo) ~dey, TyJe~ J.T,.
Moreover, we easily verify that

sup sup || Z°(t)|r2xr2r2xre < C(M(T)).
€€[0,1] t€[0,T

Therefore, integrating in time we conclude that for all ¢ € [0, 7],

T
2
PO 2 = B O gz < COITN [ (Ielouzn + 1P .
which immediately implies that
1l oo (0,712 x £2) < C(Mo) + TC(M(T)).
By definition of ¢, this yields

(514) N5l o roz) + ITBTU | ooy < C(M) + TC(M(T)).
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First of all, we use Proposition 4.6 to obtain

(5.15) Ml ooty < K T T0 e oizizy + 1l g gy }

(5:16) [l pooziarey < K {ITHTall pooriasy + 190l ooz |

where K depends only on [|n]| e (o 7, prs—1y-
Let us prove that the constant K satisfies an inequality of the form

(5.17) K < C(My)+TC(M(T)).
To see this, notice that one can assume without loss of generality that

K < F(||77”2Lo<>(o,T;Hs—1))

for some non-decreasing function F € C'(R). Set €(t) = F(|[n(t)|/3-1)-
We then obtain the desired bound (5.17) from (5.11) and the inequality

T
K <%(0) / (0)| v < P+ [ 2P i) [0l s Il .

Consequently, (5.14) and (5.15) imply that we have

191 g goggee sy < CMo) + TC(M(T)).

It remains to prove an estimate for 1. To do this, we begin by noticing
that, since ¥ = U + Tixyn, we have

”TﬁTq@ZJHLoo(o’T;L?)

< ITS T o) *+ ITSTT0 g g g 171 gy

Now we have by means of Lemma 3.11

||T5T T(B”LOO(OTHH%—)LZ)
< sup sup [|B(t, &)~ lallpe sy |B| d-1
tel07] fel=1 b OIS T e 0 )
and hence
(5.18) 600 < K UL 0N 18l 2+ Il ey

where K’ depends only on |[(n,9)| (o 7;ps—1x gs—3/2)- By using the in-
equality (5.14) for ||TgU||,2, the estimate (5.10) for ||¢||;2, the previous
estimate for 1, and the fact that K’ satisfies the same estimate as K does,
we conclude that

191l Lo (0,7 15) < C(Mo) +TC(M(T)).

We end up with M(T') < C(My) +TC(M(T)). This completes the proof of
Proposition 5.2.
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5.6. Consider (n,v) € C’O([O,T];HSJF%(RCI) x H*(R)) solution to the sys-

tem
{ @+ Ty -9+ () = 0, 520),
(1, ¥)|t=0 = (10, ¥0).
We now prove uniform estimates for solutions ~(
@+ Ty - VJe + £°) <Z —F,
{ (71, %)l e=0 = (70, Po).-

To clarify notations, write (5.5) in the compact form

B (1) = £ 1)

Then, with this notations, we shall prove estimates for the system

Ee,n, ) <Z> ~F

We shall also use the following notation: given r > 0, T > 0 and two
real-valued functions wuq, ue, we set

(5.20) (w1, u2) || xr oy = [ (ur, u2)]

We shall prove the following extension of Proposition 5.2.

,1)) to the linear system

=i

(5.19)

Lo°(0,T; H'"2 xHT)

Proposition 5.4. Letd > 1, s >2+d/2 and 0 < o < 5. Then there erists
a non-decreasing function C such that, for all € € [0,1], all T €]0,1] and all
7,%,m,%, F such that

E(e,n, ) (Z) = f(Jen, Jev),  Ee,n, ) (Z) =F,

and such that

(n,4) € CO([0, T]; H*+2 (RY) x H*(RY)),
(7,4) € CY([0,T); HT+2 (R?) x H7(RY)),
F = (Fy, F) € L*(0,T); H "2 (R%) x H°(RY)),
we have
620 9] g <€ 0],
7€ (Un ey {59, gy + 1Flxeen

where C == C (H(770,7/10)HHS+%X}IS) +TC (Il(n,@b)llxsm).

Remark 5.5. By applying this proposition with (n,v) = (77,1/;) we obtain
Proposition 5.2.

Proof. We still denote by p, q,7, g the symbols already introduced above.
They are functions of  only. Similarly, 8 and V are functions of (n,1). We
use tildes to indicate that the new unknowns that we shall introduce depend

linearly on (7],4)), with some coefficients depending on (1), 1)).
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i) Let us set
0= Toi, =71
B T,U)"
As above, we begin by computing that ® satisfies

- 0 -TJ.\x =
(at+TV.vJE)<1>+(T7J€ 0 ><1>_F,

with F = Fl =+ FQ + Fg where
~ T, F1
Fy= (o)
! <TqF2>

F — 0 _(TPT/\Tl/qu _Tst) (i)
>~ (T, T, J. — T, J2) 0 ’

~ T, 0 I 0 7
By = [&JrTV-VJE, <0P T) <_T% Iﬂ <Z>
q
Then we find that
<€ (1m0 {609, + 1o

for some non-decreasing function C' independent of e.
ii) Next, we introduce the symbol

7]
Lo°(0,T;H x Ho)

20
8= (,%3/2)) 5oy
As above, we find that

1Ts, Tyl Jell oy 2 < CUI ) ()
1Ty [T5 Jelll oy 2 < CU D) sy
ITs, Ty - VI o2 < CU0: ) o))
1175, 0:lll o2 < CUI D) x5(1))

for some non-decreasing function C' independent of € € [0, 1]. Therefore, by
commuting the equation (5.7) with T, we find that

@ :=Tpd
satisfies
- 0 -T,J\. =
O+ Ty - V) ¢+ <T L0 >w=F’,
y
with
~/ ~ 7
1) e ey < CUO ) {18 o)+ 1F oy}

for some non-decreasing function C' independent of € € [0, 1].
iii) Therefore, we obtain that for all ¢ € [0, T], [|(t)]|72, 12 — [|B(0) |32, 12
is bounded by
2
) dt’
L2xL?

T
2 =
Ul ) [ (19ONaps + |7
which immediately implies that |3l o 7,12 12) is bounded by

160)I 22 + TCU )l xs(1y)) 19N oo 0,022y + T I L xo (7 -
15




Once this is granted, we end the proof as above. O

6. CAUCHY PROBLEM

In this section we conclude the proof of Theorem 1.1. We divide the
proof into two independent parts: (a) Existence; (b) Uniqueness. We shall
prove the uniqueness by an estimate for the difference of two solutions. With
regards to the existence, as mentioned above, we shall obtain solutions to the
system (1.2) as limits of solutions to the approximate systems (5.5) which
were studied in the previous section. To do that, we shall begin by proving
that:

(1) For any £ > 0, the approximate systems (5.5) are well-posed locally
in time (ODE argument).

(2) The solutions (7, 1.) of the approximate system (5.5) are uniformly
bounded with respect to ¢ (by means of the uniform estimates in
Proposition 5.2).

The next task is to show that the functions {(7.,¢)} converge to a limit
(n,%) which is a solution of the water-waves system (1.2). To do this,
one cannot apply standard compactness results since the Dirichlet-Neumann
operator is not a local operator. To overcome this difficulty we shall prove
as in [21] that

(3) The solutions (7., %) form a Cauchy sequence in an appropriate
bigger space (by an estimate of the difference of two solutions (7., 1)

and (7, er)).
(4) (n,%) is a solution to (1.2).

(5) (n,0) € C°(0, T); H**3(RY) x H*(R?)).
Notice that, as usual once we know the uniqueness of the limit system, one
can assert that the whole family {(7.,1.)} converges to (n,).

Clearly, to achieve these various goals, the main part of the work was
already accomplished in the previous section.

6.1. Existence.

Lemma 6.1. For all (no, o) € H”%(Rd) x H*(R), and any ¢ > 0, the
Cauchy problem

(at + Ty -V + 'CE) <77) = f(Jeny Jew)a

G

(1, ¥)|e=0 = (0, ¥o)-
has a unique mazximal solution (ne,.) € CY([0, T:[; HS“'%(Rd) x H3(RY))
Proof. Write (5.5) in the compact form
(6.1) oY = F.(Y), Y=o =Y.
Since J; is a smoothing operator, (6.1) is an ODE with values in a Ba-
nach space for any € > 0. Indeed, it is easily checked that the function

1

F. is O! from H* 2 (R%) x H5(RY) to itself (the only non trivial terms
come from the Dirichlet-Neumann operator, whose regularity follows from
Proposition 2.11). The Cauchy Lipschitz theorem then implies the desired

result. O
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Lemma 6.2. There exists Ty > 0 such that T, > Ty for all £ €]0,1] and
such that {(ne, 1) }eejo,1) is bounded in CO([0, To); HS’L%(Rd) x H5(RY)).

Proof. The proof is standard. For € €]0,1] and T < T, set

ME(T) = H("?ga %)”Lw(o,T;Hﬁ%st) '

Notice that automatically (ne,1.) € C([0,7%[; HS+%(Rd) x H3(RY)), so
that one can apply Proposition 5.2 to obtain that there exists a continuous
function C' such that, for all € €]0,1] and all T < T

(6.2) M.(T) < C(My) + TC(M.(T)),
where we recall that My = H(”O"/’O)HHS%W' Let us set My = 2C(My)

and choose 0 < Ty < 1 small enough such that C'(My) + ToC(M;) < M.
We claim that

M. (T) < M,, VT el:=[0,min{Tp, T.}[.

Indeed, since M.(0) = My < M, assume that there exists T € I such that
M. (T) = M, then

M, = Ma(T) < C(M()) +TC(M8(T)) < C(MO) + T()C(M1) < My,

hence the contradiction.
The continuation principle for ordinary differential equations then implies
that T, > Tj for all € €]0, 1], and we have

sup sup M. (T) < M;.
EE]O,l] TG[O,TO}

This completes the proof. O
Lemma 6.3. Let s’ < s — % Then there exists 0 < T < Ty such that
{ (=5 ¥e) Yeepo,1) 18 @ Cauchy sequence in CO([O,Tl];HSI“'%(Rd) x H¥ (R%)).
Proof. The proof is sketched in §6.3 below. (|

Then, as explained in the introduction to this section, the existence of a
classical solution follows from standard arguments.

6.2. Uniqueness. To complete the proof of Theorem 1.1, it remains to
prove the uniqueness.

Proposition 6.4. Let Ty >0,d>1 and s > 2+ %. Let (nj,v4), j = 1,2,

be two solutions of system (1.2) in CO([O,TO];HSJr%(Rd) x H5(RY)), such
that the assumption Hy is satisfied for all t € [0,Ty]. Then

(63) || (7717 wl) - (”727 1/)2) ‘|L°O([O,T()}7H571(Rd)XHg_% (Rd))
< Cll(n1, 1) — (2, ¥2) fe=o ||

As we shall see, the proof of Proposition 6.4 requires a lot of care.
Recall (see §5.1) that (n,) solves (1.2) if and only if

@+1v-5+£) (1) = s,
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with
(6.4)

R [ (S e}

where .
fH=Gm)y — {Th(v — Ten) — Ty - Vn},
1(Vn- Ve + Gn)y)*
2 14|V
+ Ty Vo =TTy - Vg — TG ()Y + Ton — gn.
Introduce the notations
Vn; - Vb + G(ny)v;
1+ |V ’
and denote by \j,¢; the symbols obtained by replacing n by 7; in (3.11),
(3.27) respectively. Similarly, denote by £; the operator obtained by re-
placing (B, A\, ¢) by (B1, A1, ¥¢1) in (6.4). To prove the uniqueness, the main
technical lemma is the following.

=S IVl + +H()

(6.5) B; =

Vi =Vy; —B;Vn,

Lemma 6.5. Let 0 < T < Ty. The differences on := m — n2 and 0y =
1 — Yo satisfy a system of the form

0y + Ty -V + L1) ((‘;Z) =

for some remainder term such that

Hf” < C(MlvMQ)N7

3
Loo(0,T;Hs—1xH*"2) —

where
M; == |[(n;,¥5) |l » N = [|(dn, 09|

Assume this technical lemma for a moment, and let us deduce the de-
sired result: (n1,v¢1) = (n2,1%2). To see this we use our previous analysis.
Introducing

11 3.
Loo(0,To; HST 2 x H*) Loo(0,T;Hs—1x H°™ 2)

O0U = 09 — Ty, 61 = 1 — o — Ts, (m — 1m2),

— (Tp0n
0P := (quéU )
we obtain that d® solves a system of the form
0 _T%
T, 0

and

8t5®+TV1-V6<I>+< )5@:1:

with

N oo g3 -y < C(M1, Ma)N.

Then it follows from the estimate (5.21) applied with

3
6207 J:S_i, 77:57% 711:57/)7
that N satisfies and estimate of the form (with Ny = [|(n, %) |i=o||

N < TC(Ml,MQ)N—i-C(Ml,Mg)N().
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By choosing 7" small enough, this implies N < 2Ny which is the desired
result, but for a possibly time interval [0, 7] smaller than [0,7p]. Now we
can clearly iterate this result (because the size of the time interval 7" here
depends only on the a priori bounds Mj; Ms) to get Proposition 6.4.

It remains to prove Lemma 6.5. To do this, we begin with the following
lemma.

Lemma 6.6. We have
Vi =Vall -5 < C[(0n,09)]l
1B1 = Ba .5 < C(0n,69)]

3
Hs=1xH" 2

Hs 15 H 3

< Cllonll -1,

1
g sup , <
k—o l§1=1 He=o+k

1

Z sup

o 1§1=1

o8 (0,0 = 2P, 9)|

o8 (A (L0 — 69 0)]

< Cllonll s

H573+k

for all & € N and some constant C depending only on My, My and c.

Proof. The last two estimates are obtained from the product rule in Sobolev
spaces (using similar arguments as in the end of the proof of Lemma 4.10).
With regards to the first two estimates, notice that, by definition of 9B;, V;
(see (6.5)), to prove them the only non trivial point is to prove that

|G ()1 — Gln)all o5 < C[(0n, 69|

3.
2 = Hs—1xH "2

Indeed, setting n; = tm + (1 — t)n2 we have

1
G ()1 — G(n2)he = G(m)oy +/0 dG(ny)by - 6ndt =: A+ B.

It follows from Proposition 2.7 that

1Al -5 < C(M) [|69]

Now thanks to Proposition 2.11 we can write

3 .
H*" 2

1
B = [ 1G85 +div(Vian) ar,
0

where By = B(ng, ¥2), V = V(n,12). Using again Proposition 2.7 we obtain
(6:) 1Bl e < OO M) ol
which completes the proof. O

Corollary 6.7. We have
1Tvi—vs - V2| -1 < C[(0m, 69)]

H—1xH*"3’
1Tvi vy - Vol g < CHEm, 09 oy e
T3 —xo2ll s < CNE 0P ey o s

1Te,—eam2l o3 < Cll(6n, 59)

2 — Hs— 15 H 3
for some constant C depending only on My and M.
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Proof. According to Lemma 3.11, we have

1Tl < llall gy Tl ey

so using the previous lemma we obtain the first two estimates. The last two
estimates comes from the bounds for A — Ay and ¢; — {5 and Proposition 4.4

(again it suffices to apply the usual operators norm estimate (3.4) for s >
3+4d/2). O

Similarly, we obtain that, for any u € HS+%,
1T, —s,ull s < C[(0n, 69)]

Therefore, to prove Lemma 6.5, it remains only to estimate the difference

(1, 91) — f(n2,¢2),

where f(n,v) is defined in (6.4). To do this, the most delicate part is to
obtain an estimate for

HS—lXHS*% “u"Hb+% ‘

fl(n17¢l) - f1(772,1/12)7
where recall the notation
(6.7) FH(n,9) = Gy = {T (¢ — Twn) — Ty - Vi } .
We claim that

111, 01) = 1 (2, 92) || or < C(Ma, M) [[(6m, 69) |

To prove this claim, we shall prove an estimate for the partial derivative of
fY(n, 1) with respect to n (since fl(n,1)) is linear with respect to 1, the
corresponding result for the partial derivative with respect to 1 is easy).
Let (n,v) € HSJF%(Rd) x H*(R?) (again we forget the time dependence).
Introduce the notation

dyf (n, ) -1y = gg%é(f(wreﬁ,@b) — f(n,4)).

Then, to complete the proof of the uniqueness, it remains only to prove the
following technical lemma.

3.
Hs—1xH°"2

Lemma 6.8. Let s > 2+ d/2. Then, for all (n,%) € H"2(R) x H5(RY),
and for all ) € HSJF%(Rd),

[dn " (n,00) - )
for some constant C which depends only on the HS+%(Rd) x H%(R%)-norm
of (n,9).

Remark 6.9. The assumption 7 € HS+%(Rd) ensures that d, f!(n, ) is
well defined. However, of course, a key point is that we estimate the latter
term in H5~! by means of only the H5~! norm of 7.

-1 < C g1,

Proof. To prove this estimate we begin by computing d, f!(n, ¢)n. Given a
coefficient ¢ = ¢(n, 1)) we use the notation

1
¢ = lim - (c(n+en ) —c(n,¥)) .
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Using this notation for A, B,V we have
(6.8)
dyf1(n,9) -1 = =G (n)(B) — div(V7))
—{T; (¢ — Twn) — TaTgn — TaTwn) — Ty, - Vi — Ty - Vi }

We split the right-hand side into four terms (three of which are easy to
estimate, whereas the last one requires some care): set

L=V -Vyp—Ty -Vn,

-[2 = _T)\ (1/} - T‘Bn)a

I3 = —T\Tyn,

Iy = =G(n)(Bn) — (div V)1 + TaTg1).

To estimate I1, we use that, for all function a € H* (R?) with s > 1+ d/2,
we have

law = Toul| g < K lall oo [[ull e

whenever u € H*(R?) for some 0 < pu < sy — 1. By applying this estimate
with sy = s — 1, we obtain

il o2 = IV = Tv) - Viill groea SNV o2 (V)| ro=1-1 < C )| roa -

With regards to the second term, we use the arguments in the proof of Propo-
sition 4.4 (notice that here, our symbol A has not exactly the form (4.7),
but rather

F(Vn, Vi +G(Vn, &)V + K(Vn,§)ViV2y
and the proof of Proposition 4.4 applies). We obtain
2]l gs—1 < C | o -
To estimate I3, notice that (3.4) implies that
sl g2 S MG [Tt o101 < O[Tl

Next, using the general estimate

Hs~

[Taull g < Kl g ltll gt
we conclude

Msllges < CIBI| 5 ey
Therefore, the desired result for I3 will follow from the claim

IB],,.—g < Cllllgror

To see this, the only non-trivial point is to bound dG(n)y - 7, which was
precisely done above (cf (6.6)).

It remains to estimate Iy, which is the most delicate part. Indeed, one
cannot estimate the terms separately, and we have to use a cancellation
which comes from the identity G(1)8B = —divV (see Lemma 2.12).

It follows from Proposition 3.22 that

G(U)(%n) = T/\<1) (%77) + F(n’ %77)7 G(ﬁ)% = T)\(l)sB + F(nv %)a

where

1E(, Bl s < Cllnllggs—r s [1E(0B) [ gor < C.
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Therefore
Iy = —G(n) (%) — (div V)i + T2 T
= —Ty\o)(Bn) — F(n,Bn) — ndivV + Th\Tpn
= —TA(l)(%ﬁ) — F(n,Bn) — T divV — (n— Tﬁ) divV + Th\Twn

and hence using divV = —G(n)®B + R with R € H*'(R%) (see Lemma
2.12) we obtain

Iy = =T\ (Bn) — F(n,Bn) + Ty(Gn)B — R) + (1 — T) divV + T\Twy

and paralinearizing G ()8 and gathering terms we conclude

I = Ty (Bi)) — F(n, Bii) + Ty Ty B + F(n, B) )
+ (= Ty) divV + Th\Tyn — TR
then commuting 73 and T\u) we conclude that
Iy =J1+ Ja,

where

Ji = —Ty (%n — T — T%ﬁ)

J2 = Ty Twn + [Ty, Ty |B + T F(n, B)

+ (0 —Ty)divV — F(n,Bn) — T R.

Now both terms J; and Jo are estimated using symbolic calculus (namely

we estimate J; by means of (ii) in Theorem 3.12; and we estimate Jy by
means of (3.4), (3.5) and (ii) in Theorem 3.12). O

6.3. Sketch of the proof of Lemma 6.3. Let 0 < £ < 9 and consider
1

two solutions (z,,¥,) € CO([0, T); H**2 (R%) x H*(R%)) of (5.5). Introduce

the notation

Ve, - Vibe, + G(0e, ) e,
(6.9) B, = Ne; - Ve, (2"7€j)waj , Ve, = Vi, — BV,
1+ anj}

and denote by A;,£; the symbols obtained by replacing n by 7., in (3.11),
(3.27) respectively. Here, the main technical lemma is the following.

Lemma 6.10. Let 0 < 1 < &9, consider s’ such that

l+g</< §
g TS ST

and set
a=s5—-—¢5.
2
Then the differences 6n = Nz, — Nz, and 61 := 1o, — e, satisfy a system of
the form

(6.10) (0 + Tv., - Ve, + L5) ((‘;Z) =

for some remainder term such that

11y < € {100, 86| oy + 253}
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for some constant C' depending only on sup.cjo, i) ||(Me, ¥e) || xs(1)-

To prove Lemma 6.10, we proceed as in the previous paragraph. The only
difference is that we use the fact that

HJ€2 - JSlHHH*)HM—a S 06(21.

Now, since for t = 0 we have dn = 0 = 07, it follows from Lemma 6.10
and (5.21) applied with

U:S/7 62817 ﬁ:6777 w:dl(/)?
that N satisfies and estimate of the form
N <TC{N +¢€5}.

By choosing T' and €3 small enough, this implies N = O(g§). This proves
Lemma 6.3.

6.4. Continuity in time. We now prove that the solution (n,1) con-

structed in the previous sections is continuous in time with values in H s+3 %
H?. To do so, it is enough to prove that (n,U) is continuous in time with

values in H5"3 x H 8. which in turn will be clear if we prove that the complex-
valued unknown ® is continuous in time with values in H®. Furthermore,
by usual functional analysis arguments, (following the scheme of proof given
for instance by Taylor in [32], see Proposition 5.1.D in [32]), it is enough
to prove that the scalar function ¢ +— ||®(t)|/ 4. is continuous. To prove
this, we shall prove that ||J.(t)®(t)||3s is (uniformly with respect to €) a
Lipschitz function of ¢ € [0, 7], so that the desired continuity will be estab-
lished provided that we prove that J.(¢)®(¢) converges to ®(¢) in H® for all
t€0,T7].

The fact that ||J.(t)®(t)||3 is a Lipschitz function of ¢ € [0,T] is a con-
sequence of previous estimates. Indeed, the above analysis established that
||J-®||3;. satisfies an estimate of the form

d
T 1T @O 77 < CUIm, )| gpes/2.7)-

The only technical point which remains to check is that, for fixed time ¢ €
[0,T], J-(t)®(t) converges to ®(t) in H*(R?). In standard situation where
the mollifiers J. are Fourier multipliers, this is an immediate consequence of
the dominated convergence theorem. Here J. is a paradifferential operator
whose symbol depends on z and this requires a verification.

Lemma 6.11. For any t € [0,T] and any v € H5(R?) whose spectrum is
included in |€] > 2, J-(t)v converges to v in H¥(R®) when ¢ goes to 0.

Proof. To simplify notations, we omit the time dependence, denote by |||
the H®-norm and by (-,-) the scalar product in H®. By symbolic calculus it
is easy to prove that, for § > 0,

2
(6.11) 1T = Jell ey o5 = O(£3°),

which implies that J.v converges to v in H¥~%. Consequently, using classical
arguments, it is enough to prove that ||J.v|| converges to ||v||. Recall that,
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by definition,

{
]5(55,5) = ](E‘O)(xvg) - _5
Note that 57%(836 - 0¢) jéo) (z,€) is uniformly bounded in I') and hence

_ 2/3
HT(ax~ag)j§°)”H = 0(=™).

Consequently, it is enough to prove that HT](O)UH converge to ||v|| when ¢

(0 - 9y (2, &) with 5V = exp(—ey¥/?(z,¢)).

goes to 0. To avoid confusion of notations, introduce p.(z,§) = (]go) (z,8))2.
We have

2

‘ TJ(O)UH = <TpEU,U> + <R5’U,'U> with Ra = (T](o))*T](o) — Tpg'

Since 5‘“]9 is uniformly bounded in F?a/ 2 for any a > 0, by symbolic
calculus we have

(T )" =T ollgsms— S Mi(39) = O(*/3),

* 1/2
(T ) T 0 = Ty [l sme S M2 (0) = O(¥)
and hence (R.v,v) = O(¢?/3). Consequently, it is enough to prove that
(T, v,v) converges to ||[v]|*>. To do that, we shall prove that
[o]|> > limsup(T}.v, v) > liminf(T,_ v, v) > [|v]|*.

Note that there exist ¢, C' > 0 such that ¢ |§|% <AB2(g,6) < C |§|g
introduce the Fourier multipliers

3 3
a:(§) = exp(—2eC [€]2),  b:(§) = exp(—2ec|§]?),
so that a. < p. < b.. Introduce a positive constant § > 0. Then

qe ‘= (pe(xyf) —ac(§) + 5>1/2 € Fg/2(Rd)'

and

We have

(Tpe(2.6)-ac(©)+5v,v) = (1.0, Tg.v) + (Rscv,v),
where, using sharp operator norm estimates for symbolic calculus (see The-
orems 2.16 and 2.18 in [24]), we have that

(Rscv,v) = O(e'/?).

The underlying constant depends on ¢ and even more blows up when § goes
to 0. However, the trick is that we shall let € goes to 0 and then § goes to
0, so that this large constant is harmless. Indeed, for fixed 6 > 0, we have
lig(r)l“Tpa(x,é)—as(&)M”? U> Z 0.

Since the spectrum of v lies in the exterior of the ball of center 0 and radius 2,
we have T,,_v = a.(D,)v and similarly T5v = dv (recall that we include a cut-
off ¢ in the definition of paradifferential operators). Now by the dominated
convergence theorem, we have

(a=(Da)o, ) = |Jo]|*.

Thefore we find
lim inf (7}, . ¢yv, v) > (1 = 6) [|v]>.

e—0
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Since this holds for any § > 0, we obtain liminf. (T}, (z¢)v,v) > [ v]|.
Similarly we show that lim sup,_,0(T)p. (z,6)v,v) < |[v]|%. This completes the

proof. O

6.5. Continuity with respect to initial data. Notice that from the a

1
priori bound in L°(0,T; H5"2 x H%) and the Lipschitz bound in L>(0, T; H5~!x
Hsfg), for any o < s, the flow map

(6.12) (o, o) € HT2 x H = (n,4) € C°([0, T); H'"2 x H)

is uniformly continuous. In this section we are going to prove Theorem 1.2
whose statement is recalled here.

Theorem 6.12. Consider (n,1) € C’O([O,T];HS*%(Rd) x H5(R%)) a so-
lution of (1.2) and a sequence (1.0, Vn,0)neN+ cONVETging in HH%(Rd) X
H*(R?) to (1n,v) |t=o. Then, for n sufficiently large, the solutions (n,,1n) €
(o, T7; HH%(Rd) x H3(R%)) with data (1,0,Yn0) are defined on the time
interval [0,T] and satisfy

In the context of quasilinear equations, this kind of results is rather stan-
dard (see for example [19]), and the methods used in this context can be
(using the machinery we previously developped) adapted to the water-waves
system. As a consequence, we shall only give the main steps. Here, we follow
(an adaptation of) the Bona-Smith argument (see [7, 34]). The first part
in Theorem 6.12 is a straightforward consequence of the proof we gave of
the existence of solutions. To obtain the continuity, the main point is the
following

CO([0, T 2 X He)

Lemma 6.13. Consider a sequence (1, Yn)nen+ bounded in C°([0, T1; Ht3 (R%) x
H5(RY)) satisfying

lim H(Um@bn) |t*0 —(770,@50) |t70 ||

n—-+00 o =0 llgstd s =
Then
lim Sup (I = Je)®nllcoqo, ;5 me)) = 0,

e—0,,

where ®,, is the functwn associated to (0, ¥n) by (5.6) and Je,, is the mol-
lifier associated in section 5.2.

Let us first show how we can prove Theorem 6.12 from Lemma 6.13.
Denote by
We first deduce easily from Lemma 6.13

lim sup [[(I — Je;n) (M, ¥n) | x5, = 0.

E—)n

Then we have (where J. is associated to (n,v))

(6.14)  |[(1mn; ¥n) — (0, 9| x5,
< e (1 whn) = (0,9)) g, + 1T = J2) (s ) — (0,90)) Il x5,
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The second term in the right hand side of (6.14) is bounded by

(6.15)
I = J) (09I x5 + 1T = Je) (s ) [ x5 + [ (e — o) (1, ) [l x5,
<o(l)eso+ sup  sup || e — Jell g may)
t€[0,T a':er%,o':s
and by symbolic calculus (notice that « is expressed in terms of V7, and the
norm on HY of a zeroth order paradifferential operator is bounded by the

L norm of a finite number of £ derivatives of the symbol and the norm of a
paradifferential operator of order —1 on H? is bounded by a finite number of

norms of £ derivatives of the coefficients in H %71, see § 4.1), we can bound
[ e — JEHL(HU(Rd)) < (s n) — (7777;[))||X% = 0(1)es+oo

as soon as o — 3 > g (and we use here (6.13)). Now we can fix £ > 0 small
enough so that the second term in (6.14) is arbitrarily small (uniformly with
respect to n). To bound the first term in (6.14) we use that, similar to (6.11),

| Q

Jell o
el ooy < 5

and consequently, using again (6.13) (for 0 = s — %) this term gives a con-
tribution o(1)p— 4o (€ is fixed).

Let us come back to the proof of Lemma 6.13. We already proved in § 6.4
that for any n € N,

im [|(1 — Jen)¥n lt=0 [l prsray = 0
e—0

and consequently, as the family

{1 ¥n) lt=0,m € N} U{(n,9) |i=0}

is compact, we deduce

lin%) sup [|(1 — Jen)¥n lt=0 |l s (may = 0

e=UneN
To conclude the proof of Lemma 6.13, it is enough to show that this estimate
is propagated by the flow. For the sake of conciseness, we shall only show
how to prove this fact for fixed n. Now, the function (I — J.)® satisfy the
equation (with pg = 2 min(l,s —2— ) > 0)
(O + Ty -V +4T,)(I — J.)® = F € C°([0, T]; H " (R%)).

Using that F is essentially of the form (I — J.)G, we deduce

2
HF”CO([O,T};HS(Rd)) < 083P0’

and the energy estimates in §5 allow to conclude the proof of Lemma 6.13.

7. THE SMOOTHING EFFECT

We consider a given solution (n,) of (1.2) on the time interval [0, 7] with
0 < T < +o0, such that the assumption H; is satisfied for all ¢ € [0, 7] and
such that
(n.) € C°(0. T H**2 (R) x H*(R).
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for some s > g In this section we prove Theorem 1.5. Namely, we shall
prove that

(@) 7370, v) € L2(0, T3 H*H (R) x H™H(R)),
for any § > 0.

7.1. Reduction to an L? estimate. Let ®;,®; be as defined in Corol-
lary 4.9. Then the complex-valued unknown ® = ®; + i@, satisfies a scalar
equation of the form

(7.1) 8 + Ty 0,® + iT,® = F,

with ' = Fy +iFy € L*°(0,T; H(R%)). Recall from Proposition 3.13 and
(3.27) that, if d = 1 then

A — ], A0 =9, @ =2 ‘§|27
with
3

c=(1+ \5x77|2)7-
Therefore, directly from the definition of v (cf Proposition 4.8), notice that
if d =1 then v simplifies to

3 30 _1
P)/ = 6‘5‘2 - Z§‘€| 2 61‘67

and hence modulo an error term of order 0, 77, is given by |Dx|% T |DI|%
In this paragraph we shall prove that one can deduce Theorem 1.5 from
the following proposition.

Proposition 7.1. Assume that ¢ € C°([0,T]; L>(R)) satisfies
Orp + Ty Oz + Ty = f,
with f € L'(0,T; L?>(R)). Then, for all § > 0,
()72 € L*(0,T; H: (R).
We postpone the proof of Proposition 7.1 to the next paragraph.
The fact that one can deduce Theorem 1.5 from the above proposition,

though elementary, contains the idea that one simplify hardly all the non-
linear analysis by means of paradifferential calculus.

Proof of Theorem 1.5 given Proposition 7.1. Following the proof of Propo-
sition 5.2 (cf §5.5), with
(7.2) B =5l

we find that the commutators [T, 0], [T, T,] and [T, Ty 0,] are of order s.
Consequently, (7.1) implies that

(O + Ty 0, +14T,) Ts® € L=(0,T; L*(R)),
and hence,

(0 + Ty 0, +14T,) Ts® € L*(0,T; L*(R)).
Therefore it follows from Proposition 7.1 that

(x)"20Tpd € L2(0,T; Hi (R)).
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Since, by definition, ® = T,n + iT,U where T,,n and T,U are real valued
functions, this yields

()72 *TyTyn € L2(0,T; Hi(R)), (w)"2 *TyT,U € L*(0,T; H1(R)),

and hence, since 1) = U + T,
(7.3)
(2) "2 OTyTyn € L2(0,T; Hi(R)), (x)"2 *TyTyw € L*(0,T; Hi(R)),

Since <x>_%_5 € Fg(Rd) for any p > 0, Theorem 3.7 implies that the com-
mutators

[<x>_%_6>TﬁTp] ’ [<x>_%_67TﬁTq

are of order s —1/2 and s — 1, respectively. Therefore, directly from (7.3)
and the assumption

n € C%[0,T]; H"2(R)), ¢ € C°([0,T); H*(R)),
we obtain
TyTy(x) 20 € L*(0,T; Hi(R)), TsTy(x) 2% € L*(0,T; Hi(R)).

Now since f3,p,q are elliptic symbols of order s, 1/2, 0, respectively, we
conclude (cf Remark 3.9 or Proposition 4.6)

(x)72 € L(0,T; HVA(R)),  (2) 72w € L*(0,T: H'P5(R).
This proves Theorem 1.5. O
7.2. Proof of Proposition 7.1. To complete the proof of Theorem 1.5,
it remains to prove Proposition 7.1. To do so, following the Doi approach,

we begin with the following lemma which follows from the observation that
85(‘%) =0 for £ € R\ {0} (and the fact that ¢ is uniformly bounded from

below).

Lemma 7.2. Let § > 0 and consider

& [* 1
9=},

Then

a e TL(R) == [TR),
p=0

and there exists K > 0 such that
3 —1-6 1
{elel? o} (t2,6) = Kia) 0 kel2,
forallt € [0,T], z € R, { € R\ {0}.
We are now in position to prove Proposition 7.1.

Proof of Proposition 7.1. We begin by remarking that we can assume with-
out loss of generality that ¢ € C'(I; L2(R)) (A word of caution: to do so,
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instead of using the usual Friedrichs mollifiers, we need to use the operators
J: introduced in §5.2). This allows us to write

d

7 (Top, ) = (To,atps @) + (TuOrp, ) + (Tap, Orp)

- <T8ta907 S0>
- (TaTvaxSD + TaiTvSO - Tafa (P>
- (TaSO, +TV8$90 + ZT’YSO - f> )

where (,-) denotes the L? scalar product. Introduce the commutator

C :=[iT,, T,].
Since dya = 0, the previous identity yields
d P
= (Taps ) = (Cop,0) + (i(T7 = T)Tap, )
(7‘4) + <8x(TVTa90) - TaTVaa:907 90>

+ (Tafa §0> + <Ta§07 f>
Since a € I'9, it follows from the usual estimates for paradifferential opera-
tors that

2
|(Tup, 2| S llellzz2 s
and

(Tup, £)| + {Tuf, o) < K @l + K[| f]32

for some positive constant K. One easily obtains similar bounds for the
second and third terms in the right hand-side of (7.4). Indeed, by definition
of v we know that 77 — T, is of order 0. On the other hand, as already
seen, it follows from Theorems 3.7 that 0,(TyT,-) — T,Ty 0, is of order 0.
Therefore, integrating (7.4) in time, we end up with

T 2 2 r 2 2
/ (Cp, ) dtSM{\sa<o>||L2+uso<T>uL2+ / (leltZ= + 171132 dt},
0 0

where M depends only on the L*°(0, T} HSJF%(R) x H®(R))-norm of (n, ).

Hence to complete the proof it remains only to obtain a lower bound for
the left hand-side. To do so, write

3 3 1
’L'T»y = ’LTC’_Dx|2 + ZT%QIC|DI‘2 3

and recall that, by definition of a (see Lemma 7.2) there exists a constant
K such that

{ett,2)lel7 sa(@, &)} = K@) 772 g2,

for some positive constant K > 0. Since
1
|:Ta,T§8 . ]DmP] is of order 0,
[er=e

Proposition 7.3 below then implies that
1 —

(Co0) > a[@ 5|, ~ Al

for some positive constants a, A. This completes the proof of Proposition 7.1
and hence of Theorem 1.5. O
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Proposition 7.3. Let d > 1 and 6 > 0. Assume that d € F%;(Rd) is such

that, for some positive constant K, we have
d(w,€) > K(z) 72 g2,

for all (z,6) € R x R\ {0}. Then there exist two positive constants
0 <a < A such that
—1o5 |12 2
(T, u) = a ()5 0| — Aullfs.
Hi
Remark 7.4. This proposition has been used for d = 1. However, it might
be useful for d > 1.

Remark 7.5. Related results were previously proved by Bony [10] (see
also [31]) in the much more general setting of sharp Garding or Fefferman-
Phong inequalities. Notice however that these results require much more
regularity than Proposition 7.3 (where the symbol is only assumed to be
C2).

Proof. Again, the difficulty comes from our low regularity assumption. In-
deed, with more regularity (say d € Fé/ 2 (RY) with p > 2) this follows from
the sharp Garding inequality proved in [10].

Consider a partition of unity as a sum of squares, such that

1=03(z) + i@Q(Q_jx) = i@?(m),
j=1 =0

where 0y € C§°(R) and # € C*°(R) is supported in the annulus {z € R :

1 <|z| <3}
Then
o
I = (Tyu,u)y = Z <9J2»Tdu,u> .
=0

The following result is an illustration of the pseudo-local property of parad-
ifferential operators (see [11, p435] for similar results in this direction).

Lemma 7.6. Let 0 € C°(]1/2,4]) equal to 1 on the support of 8, and set
@(x) = 6(277 |z|) for j > 1. Also introduce 6 € CP(R) equal to 1 on the
support of 6g. Then for all p € R, all j € N, and all N € N, the operator
R; = 0;T,;(1 — 53) is continuous from H* to H*TN with norm bounded by
CNQ_jN.

Proof. Writing (see (3.2))

0,Ta(1 — 0;)u(x) = (271)2 / TG, (@) (1 65(y)
d(€ — n,m)Y(n)x (€ — n,m)u(y)dydnd,
we have
(1 = B)u(e) = g [ €S0, ()(1 = By (0)

o~

d(¢, ) (n)x (¢, n)u(y)dydndC.
60



We then obtain the desired result from a non-stationary phase argument.
Indeed, using that on the support of this integral we have |z — y| > ¢27, we
can integrate by parts using the operator

(a:—y)-an'
& —yl?

Since x(¢,n) is homogeneous of degree 0 in ((,7), we obtain that N such
integration by parts gain N powers of 277 and of |n|~!. O

Now, write
0;Tqu

= 0;Ts0;u+ 0, Ty(1 — 0;)u

= T40;0; + 10, Tal0; + 0;Ta(1 — 0;)u

= TuTy 0, + Ta(0; — Ty,)0; + 105, Talf + 0;Ta(1 — 6;)u

=Ty 05+ (TuTy, — Ty )0 + Ta(0; — Ty )0; + (05, Tul6; + 0;Tu(1 — O;)u.
The last term in the right hand side is estimated by means of Lemma 7.6.

With regards to the second term in the right-hand side, we use (3.5) to
obtain

< 0 (@NM2(a) <

sup HT~_Td — T
P 0;d

The third term is estimated by means of the following inequality (see [22])

15 =75]| . . S sl ey S 1

J

L2—H

Therefore, we conclude that
(03T w) = (T B0, 05) + (U, 65)

for some sequence (U;) such that

oo oo
2 n -7 2
Sl 5 (185l o 1650l + 27 lul 2 W00l 2 ) S Nule
j=0 j=0

We want to prove

[e.o]

_1l 5 2 2
S (T 5u) > a| )0~ A2
j=0

To do this, it suffices to prove

<T§jdeju’ HJ'“> > a27 /120 Hejunili -4 HUJ”H;

for some U J’-’ such that

> 2
2 U712 < Alhullz

J=0
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Since (é;d)% € I‘%;(Rd), by applying Theorem 3.7 (with m = m’ = 1/2
and p = 1/2), we have
2
+ (R;0;u, b;u) ,
L2

<T§jdeﬂ'“’ 9j“> B HT@M@'“

where R; is uniformly bounded from L? to L?. Now by assumption on d,
we have

(e ©))* = Ka )27 gl

where we used 0 < 5] < 1. Therefore the symbol e; defined by

i) = (B, ) + K299 (0 Gl
satisfies the elliptic boundedness inequality
ej(@,€) = K2 (540 g
As a result

(L
2 i(3+9) HGJUHH%; <K HTEJ.HJ‘UHL2 + K ”HjUHLQ .

The desired result then follows from the fact that (1 — gj)ﬁj = 0 which
implies that

T 40 = Te i = 9-i(zt8) T

0} 0; = R},

(1=0; () lel3 7
for some operator R} uniformly bounded from L? to L2.
This completes the proof of Proposition 7.3. O
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