A STATIONARY PHASE TYPE ESTIMATE

T. ALAZARD, N. BURQ, AND C. ZUILY

ABSTRACT. The purpose of this note is to prove a stationary phase estimate well
adapted to parameter dependent phases. In particular, no discussion is made
on the positions (and behavior) of critical points, no lower or upper bound on
the gradient of the phase is assumed, and the dependence of the constants with
respect to derivatives of the phase and symbols is explicit.

1. INTRODUCTION

For a fixed phase, the stationary phase lemma (and its simplified version, the sta-
tionary phase estimate) is a very well understood tool which provides very good
estimates for oscillatory integrals of the type

(1) TooN) = [ MO = [Tap()] < OA

The method of proof is quite standard and follows the classical path:

(1) Using the non degeneracy of the hessian of the phase, one knows that the
critical points are isolated, hence for a compactly supported symbol there
are finitely many such critical points.

(2) Away from the critical points, the non stationary estimates, obtained for
example by integrating by parts N times with the operator

_ Ve® - Ve

[ =5 &
INVe®[2

gives an estimate bounded by CyA™N.

(3) Near each critical point, performing first a change of variables (the Morse
Lemma) to reduce to the case where the phase is quadratic, and then an
exact calculation in Fourier variables gives the estimate (1).

When d =1, Van der Corput Lemma provides a very robust estimate.

However, in higher dimensions, the situation is less simple, in particular when con-
sidering parameter dependent phases (with parameters living in a non-compact do-
main), where

(1) even away from the critical points, V¢® can degenerate,
(2) the determinant of the hessian can degenerate,
(3) the number of critical points can blow up.
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In view of numerous applications (for example dispersion estimates for solutions to
PDE’s), a precise control of the behavior, with respect to the phase and symbol, of
the constant C' in (1) is necessary. Many robust methods to prove (1) have been
developed (see for example Bahouri-Chemin-Danchin[2], Hérmander [4], Muscalu-
Schlag [5], Farah-Rousset-Tzvetkov [3], Ruzhanski [6] and Stein [7]). However, it
seems that none of these results gives an estimate directly applicable to general
situations. This was the motivation for this note.

2. PRELIMINARIES

e We consider

)= [ PO e,

where ® is a complex phase, ® = & + Py € C*° with ®; real and b € C§°
is a symbol.
Let K = supp b and ¢¢ > 0 be a small constant. We set

K., = {¢ e R dist(¢, K) < e},

where ”dist” is the sup distance on R%.
We assume that the phase ® is smooth on a neighborhood of K., and we set
for k> 2,1>0,

M = Z sup |Dg®(§)|, Np:= ZSUP’D?(?({”

2<al<k €K< la <1565

Let Hess ®; be the Hessian matrix of ®;. We shall set
ag = inf |det Hess ® .
o= inf | 1O

We fix now several constants. First of all since Hess ®; is a real symmetric
matrix its eigenvalues (A;)j—1,.. 4 are real and satisfy

I\ < CiMy
where C depends only on the dimension d. It follows from (3) that
ag

Aj| > ————.

| ]| = (Cle)dil
This implies that

ag
’HeSS él(g)X’ 2 WLXL VX e Rd.

Now if B is an open ball contained in the interior of K., there exists a
positive constant Co depending only on the dimension d such that for all

§,me B,
V&,(§) = VPq(n) = Hess ©1(n)(§ —n) + R(E,n)
IR(¢,m)| < CaM3lE — .

e According to (5) and (6) we set, when Mg > 0,

)
4(C1Mso)d=1CoM3’
2

Oey =

d = min(dg,, %0).



3. MAIN RESULTS

Theorem 1. Assume

(1) Mayz2 < +oo, Ngy1 < +oo,
(8) (ii) ag >0,

(tit) P2 >0 on K.

Then there exists C' > 0 depending only on the dimension d such that, for all A > 1,

ClKe,|
ao5d

where |K.,| denotes the Lebesque measure of the set K.

d
9) 1T\ < (1+MZ ) Nar1 A2,

Remarks 2. 1. We notice that no upper bound (nor lower bound) on V& is
required. This is important in particular in the case where the phase ® depends
on parameters. For instance, in some cases the phase ® is of the form ®(z,y,§) =
(x—vy)- &+ d(x,y, &) where 2,y are in R%. In these case V® = z —y + V¢ and there
is no natural upper nor lower bound for it.

2. Here is another example (see [1]). Assume ®(z,y.§) = (x — y) - & + t0(z,y, &)
where ¢t € (0,7) and z,y are in R% Assume that ® and b satisfiy (i), (ii) and
that |det Hess ] > ¢ > 0 where ¢ depends only on the dimension d. Then setting
X =2)Y =¥ we write iA® = iXt((X —Y) - £+ 0(t,tX,tY,£)) and we may apply
Theorem 1 with ap = ¢ and A replaced by At. We obtain an estimate of I(\) by

d d
t72)\72 agsoon as t > A\ 1.

3. When ay is very small (meaning that § = 4(01/\/12;15)—102/\/13
1

to aid.The term -5 in (9) comes from the possible occurence of ag 4 critical points
0

) then 5% is proportional

0
of the phase on the support of b. In the case where ® has only one non degenerate
critical point this term could be avoided. In this direction we have the following
result.

Theorem 3. Assume that ® and b satisfy the assumptions (8) and that the map
(10) K., — RY, & V®(€) s injective.

Then one can find C > 0 depending only on the dimension d such that
C

d
(11) 1I(\)] < a—0(1 + M2 )N Ae,

Here are two examples where Theorem 3 applies.

Examples 4. 1. Assume besides (8) that K., is convex and that
(Hess ®1(£)X,X) >0, Vée K., VYXeR%L

Then (10) is satisfied.

First of all, since the symmetric matrix Hess ®; is a non negative, its eigenvalues
are non negative. It follows from (4) that

(12) (Hess ®1(6)X, X) > —|X|?, V¢eK., VXeR.

G
(C1My)d
3



With &,n € K., we write
Ld
V() = Vou(n) = [ LIVt (1= s))] s

1
= /0 Hess ®1(sé + (1 —s)n) - (£ —n) ds.
It follows from (12) that
(VO1(E) = V1), € 1) = sl =l

from which we deduce that

WK —n| <[Ve1(§) — V1 (n)],

which completes the proof.

2. Let A be a real, symmetric, non singular d x d matrix and ¥ be a smooth phase
such that Mgy2(¥) < +00. Set ®(£) = F(AE, &) + ¥ (€). Then if € is small enough
the assumptions in Theorem 3 are satisfied.

Remark 5. Notice that the estimates (9), (11) do not seem to be optimal with
respect to the power of ag (for small ag) since according to the usual stationary
1

phase method one could expect to have ao_ 2 in the right hand side.

Actually it is sufficient to prove the following weaker inequality.

Theorem 6. 1. Under the hypotheses of Theorem 1 there exists F : RT — RT
increasing such that for every A > 1

1
(13) 11V < rKgodemNdHWx%

2. Under the hypotheses of Theorem 3 there exists F : RT — R increasing such
that for every A > 1

d

1
(14) [N < f(Md+2)Nd+1CTO>\_5-

Proof of Theorems 1 and 3 given Theorem 6. We assume that (13) is proved and
our goal is to deduce that (9) holds with C = F(1). Set t = 1+ M ;2 and consider
A > 1. Since tA > 1 we can apply (13) with (A, ®) replaced with (t\, ®(§)/t). Notice
that ag is then changed to t~%ag and My(2) = 1My (®@). Therefore § remains
unchanged. It follows that we can write,

‘ / e“‘b(@b(g)dg’: / e“”i“b@)df‘
Rd Rd

) 1 _
< | Kol F <Md+2 <t>> Nd+1W(M)

Mg io(® I 4
< |Kgo|F <J;2)> Nd—i_lm)\ 2

which yields the desired estimate. The case 2. is similar. O

[SI[sH

[NlIsH

t2,

We are left with the proof of Theorem 6.
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4. PROOF OF THEOREM 6.

4.1. Case 1. In what follows we shall denote by C; a positive constant depending
only on the dimension d and by F an increasing function from R™ to R* which can
change from line to line.

Point 1. First of all we may assume that
(15) AZS > 1.
Indeed assume A28 < 1; then since by (8), (#7) we have ag < C MY we have

apg 1
L] < 0l ey < 110l 1 (meay

ao (\3

1 d
<C|K g —_\2.
gyt = CINoME 5
Point 2. We first localize the problem in small balls. Let ¢ be defined in (7). We
can write
R = UjenB(,0)
where the B( ;-‘, 0) are cubes of size § such that there exists ky depending only on the

dimension d such that every point in R% belongs to at most kg cubes. This implies
in particular that for every finite subset J C N we have

(16) > IB(E, ) < k| | B(;. )|
JjeJ JjeJ
Let (xj)jen be a partition of unity associated to this covering. Notice that x; can

be taken of the form xq (5 55;) so that

(17) 1085 (€)] < Cad 1o,
Let
(18) A={jeN:B(,6)NK #0}.

This is a finite set whose cardinal will be denoted by |A|. It follows that we have
K C UjeaB(&,9).
Now if £ € B( ;,5), where j € A, by definition one can find n € B( ;-‘,5) N K. Then
by (7) we have

dist(€, K) < ¢ —n| <26 < 2.
It follows that Ujea B(€}, ) is contained in the interior of K., defined in (2). Using
(16) we obtain »_ e 5 |B(E],6)| < kolKe,| which implies that

(19) |A| < ko|K.,|07¢.
Lemma 7.
(20) On each the ball B(§;,0) the map § — V®1(§) is injective.

Proof. Indeed as we saw above, these balls are contained in the interior of K., where
the hypotheses (8) are satisfied. By (6) and (5) if {,n € B(¢},d) we can write

[901(6) = V1) > (s — 20C2Ms )€ =] >

. U LK —
(Cl./\/lg)df - 2(01./\/12)6[71 -
O



Setting b; = xjb we can write

(21) 1) =S50, L) = / AP (¢) de.

d
jeA R

Now we fix j € A and estimate the integral I;(\).

Lemma 8. Leti € {1,...,d} and A; = ‘31'52. One can find F : R™ — RT increas-

ing such that

14|«
(22) |DgAi(§)] < F(Mi4a)) Z Vo) ol > 1.
k=2

Proof. We proceed by induction on |a|. A simple computation shows that (22) is
true for || = 1. Assume it is true for |a| <[ and let |y| =1+ 1 > 2. Differentiating
|v| times the equality |[V®|2A4; = 9;® we obtain

VO’ DI A; = (1) - (2) — (3), with (1) = D{9,®

CE DVl D4, _ M 8o 2y b8 4
(2)_“%::1(5)(175\%! YDV P A, (3)_%%‘;7(5)@5\%; VDA,

We have |(1)] < M. By the induction, |(2)] < CMa|V®|F(M;y1) S hE, T
Now for |3] > 2 we have |y|—|8| < 1—1. Since |D€B|V<I>\2| < CoM 41| VO[+F(Mg))
the induction shows that |(3)] < CF(M;12)(1 + |[VP|) 2222 W. Dividing both

members of the first equation in (23) by |V®|? we obtain eventually

142
1
k=2
This completes the proof of (22). O

Lemma 9. Let L= A-V where A; = \gig?' For any N € N we have

(to)N = Z Ca,NOY,  with
la|<N
(24) 2N~ |a| 18]

|8§Coz,N| < F(MnN_ja|+|8/+1) Z
k=N

1
|V, |k

(Here we set My = 1. It occurs when =0, |a| = N.)

Proof. Again we proceed by induction on N. We shall prove the estimate in (24)

with ® instead of ®; in the right hand side and then we use the trivial estimate

IV®| > [V®y|. For N =1 we have ¢, v = A4; if |a| =1 and ¢, v = divA if |af = 0.

Then (24) follows immediately from (22). Assume that (24) is true up to the order
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N and let us prove it for N 4+ 1. We write

d
CONTE =L LN = —(V- (LN == > > i(Aica,nd),

|a| <N i=1
d
== > (div Aeand® = Y A-Veand®— D Y Aican0id",
lal<N lal<N la] <N i=1
= ) ewnd,
[v[<N+1

where
coNt1 = —(div A)con — A-Veon, if |y =0,
eyN1 = —(div Ajey v — A-Vey v — Aican ol =P =1, if 1<y <N,
C%N+1 = _Aica,Na if aﬂ/ = aiaa, |Ol| = N, if "7| =N + 1.

We estimate now each coefficient. First of all 85(;07 N+1 is a finite sum of terms of

the form (85181'141')(8&60,]\7) and (851Ai)(8ﬁ28ico,]v) with 5 = ﬂl + ,82. Using (22)
and the induction the first term is bounded by

|B1]+2 2N +|B2]
F(Migy12) > IVRIFFMpypigyn) Y (V[T
k=2 =N

Concerning the second term, if 81 = 0, fo = 3 it is bounded by

1 N ANLOH
W}_(MN*WHQ) Z Ve[~ < F(Mpii4i5141) Z V|~
=N I=N+1
If 51 # 0 it is bounded by
|B1]+1 2N +|Ba|+1
FMpgyi01) Y IV FMyyipin) D (VI
k=2 I=N

Since N +2 < k+1 < 2N + 2+ |B1]| + |B2] = 2(N + 1) + |B] we see that 9%co n11
satisfies the estimate in (24) with N replaced by N + 1.

Let us look to the term 9”c, y11 with |y| = N + 1. This term is also a finite sum
of terms of the form (0% A;)(0%can),|a| = || — 1. As above, if 31 = 0, using (22)
and the induction it is bounded by

1 2N—|y|+1+8]
W}—(MN—WHH-IBH-l) Z Ve[
I=N

2(N+1)=|v[+8]

< FMpys1-pyf4181+1) Z Vel
I=N+1

If 81 # 0 it is bounded by

81141 2N —|y|+14|B2

FMpgypr) D [V F(Mycpppaasip) Y VO[T

k=2 =N
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Since N+2 < k+1 < 2N +2—|v|+|3| we see that 9°c, y 11 satisfies also the estimate
n (24). The estimates of the other terms are similar and left to the reader. U

Let ¢ € C5°(RY) be such that ¢ (z) = 1if |2| < 1, ¢(x) = 0 if || > 2. With the
notation in (21), j being fixed, we write
(25)

L) = / M OP(A2VE1(6))x;(§)b(E) de
+ [ MU0 - (TR S OUE) d =5 K5 + L)

We shall use (see (20)) the fact that on the support of x; the map £ — V®(§) is
injective. Let us estimate K;. We write

K ()] < / (A VB (€)) x; (€)B(E)] de,

and we set ) = )\%V@l(@ then dn = )\%\det Hess ®1(&)| d§. Then using (8) (i¢) and
the notations therein we obtain

C
(26) KN < “AoAE.
0
To estimate L; we introduce the vector field X = %% -V which satisfies

XD _ ir®

Now with NV > 1 to be chosen we write
. 1
L) = [ O { (1= w (T s () de.
Since X = AL we can use (24) and we obtain

ILi(A)| < Cn Z Sa,N, Where

a=a+az+tasz
la|<N

San = /|caN\

Our aim is to prove that with an appropriate choice of N we have

1
(27) 1L;(V)] < f(Md+2>Nd+1;0A—%.

O [1— (A2 V(¢ H ‘

8?319(5)‘ de.

Step 1. a; = 0. Here we integrate on the set |V®(&)| > A2, We use (20), the
bounds (17), (24), (8) (i) and we make the change of variable n = V®;(&); then
dn = |det Hess ®1(§)| d¢ then

2N —|a|

AN dn
Sa,n| € F—0712IN F(My / —
[ o] aop s F(Mv1) kZ]:V At [nlF

2N —|o|

C AN
d |a2|/\/'|a3|]:(MN+l Z / rd=1=k g

ao
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We take N = d + 1. Since |a;| < |a] < N we see that

A 5-tod N—$al-¢
[Sa,n| < a0 0 UNg 1 F(Mapo) A 721472,
1 d 1
< —Ng 1 F(M A2 )
< oo Nan (May2) (A%é)la\

Since (see (15)) we assumed that A28 > 1 we obtain |Sa,n| < %Nd+1f(Md+2)A_%.

Step 2. a1 # 0. Here, since we differentiate v, we are integrating on the set A2 <
1
Vo(€)] <2A72 < 1.

We have to estimate
Sov =3 [ feau! [0 [0 (V39 22(9)]| o0 o806 e

By the Faa-di-Bruno formula we have

S

O [(AIVeE)] = Y aa @ (AVe () [ (\20f Ve,

1<|BI< on | =1

where a, 3 are absolute constants, > > | ki = 8,> 7 ki|ll;| = a1.We deduce that

2 [N V)] S FMpayir) D A% [P (A3vai(e)]
1<|BI< e |
S}_(M|a1\+1))\% Z ‘Qﬂ(ﬁ)()\%vq’l(f)‘-
1<18]< |

Using (24) and the fact that |[V®; ()| < 1 we have |ca,n| < F(My11)| VP (€)|l01-2N.
Eventually we have ’8?2 X; (& )‘ < Cho o2l Performing as above the change of vari-
ables n = V@, (&) we will have

agn 5

AN g~ lezl lag| la|—2N
|San| £ ————F(Mpy+1)NojA 2 . , I dn,
A <l<2A”

1
< oM )N A5 (Az9) el
Since A25 > 1 we obtain |S] < %]—"(MNH)NN)\_%. Therefore (27) is proved. Using
(25), (26), (27) since N = d + 1 we obtain

1 _d .
11| < ;Of(Md+2)Nd+1A 2, 1<j<J

Now since by (19) we have |A| < Cy|K¢,|6~¢ (where Cy depends only on the dimen-
sions d), using (21) we obtain eventually

K|
aoéd

[I(AN)] < I<Md+2)Nd+1)\7%

which completes the proof of the first case of the theorem.
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4.2. Case 2. In that case it is not necessary to make a localization of I(\) in small
balls of size § as in the first case.

Then as before we write

0 = / MO (AL [T, (6)])b(e) de
+ / N (1 - (AF[VD,(€)]))b(€) dé = K(N) + L(N)

and the final estimate follows from (26) and (27).
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ments and S. Herr for fruitful discussions concerning this paper.
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