Cauchy theory for the gravity water waves system with
non localized initial data

T. Alazard, N. Burq, C. Zuily

ABSTRACT. In this article, we develop the local Cauchy theory for the gravity wa-
ter waves system, for rough initial data which do not decay at infinity. We work in
the context of L?-based uniformly local Sobolev spaces introduced by Kato ([28]).
We prove a classical well-posedness result (without loss of derivatives). Our result
implies also a local well-posedness result in Holder spaces (with loss of d/2 deriva-
tives). As an illustration, we solve a question raised by Boussinesq in [13] on the
water waves problem in a canal. We take benefit of an elementary observation to
show that the strategy suggested in [13] does indeed apply to this setting.

1. Introduction

We are interested in this paper in the free boundary problem describing the mo-
tion of an incompressible, irrotational fluid flow moving under the force of gravitation,
without surface tension, in case where the initial data are neither localized nor pe-
riodic. There are indeed two cases where the mathematical analysis is rather well
understood: firstly for periodic initial data (in the classical Sobolev spaces H®(T%))
and secondly when they are decaying to zero at infinity (for instance for data in
H*(R%) with s large enough). With regards to the analysis of the Cauchy problem,
we refer to the recent papers of Lannes [31], Wu [37, 38] and Germain, Masmoudi and
Shatah [24]. We also refer to the introduction of [3] or [10, 29] for more references.
However, one can think to the moving surface of a lake or a canal where the waves
are neither periodic nor decaying to zero (see also [21]).

A most natural strategy would be to solve the Cauchy problem in the classical
Hélder spaces W (R?). However even the linearized system at the origin (the
fluid at rest) is ill-posed in these spaces (see Remark 2.4 below), and this strategy
leads consequently to loss of derivatives. Having this loss of derivatives in mind,
the other natural approach is to work in the framework of L? based uniformly local
Sobolev spaces, denoted by HS,(R?). These spaces were introduced by Kato (see [28])
in the analysis of hyperbolic systems. Notice however, that compared to general
hyperbolic systems, the water waves system appears to be non local, which induces
new difficulties. This framework appears to be quite natural in our context. Indeed,
the uniformly local Sobolev spaces H 5l(Rd) contain, in particular, the usual Sobolev
spaces H S(Rd), the periodic Sobolev spaces H s(T“l) (spaces of periodic functions on
RY), the sum H*(RY) + H3(T%) and also the Holder spaces WSP(RY) (and as a

T.A. was supported by the French Agence Nationale de la Recherche, projects ANR-08-JCJC-
0132-01 and ANR-08-JCJC-0124-01.
1



by-product of our analysis, we get well-posedness in Holder spaces, with a loss of
derivatives).

The aim of this paper is precisely to prove that the water waves system is locally
(in time) well posed in the framework of uniformly local Sobolev spaces. Moreover,
following our previous paper [3], the data for which we solve the Cauchy problem are
allowed to be quite rough. Indeed we shall assume, for instance, that the initial free

1
surface is the graph of a function which belongs to the space HZ;r 2(RY) for s > 1—1—%. In

particular, in term of Sobolev embedding, the initial free surface is merely T 300 (R%)
thus may have unbounded curvature. On the other hand this threshold should be
compared with the scaling of the problem. Indeed it is known that the water wave
system has a scaling invariance for which the critical space for the initial free surface
is the space HHg(Rd) (or Wh>(R4)). This shows that we solve here the Cauchy
problem for data % above the scaling. (Notice that in [4] we prove well-posedness, in
the classical Sobolev spaces, % — % above the scaling when d = 2).

As an illustration of the relevance of this low regularity Cauchy theory in the
context of local spaces, we solve a question raised by Boussinesq in 1910 [13] on the
water waves problem in a canal. In [13], Boussinesq suggested to reduce the water-
waves system in a canal to the same system on R?® with periodic conditions with
respect to one variable, by a simple reflection/periodization procedure (with respect
to the normal variable to the boundary of the canal). However, this idea remained
inapplicable for the simple reason that the even extension of a smooth function on
the half line is in general merely Lipschitz continuous (due to the singularity at the
origin). As a consequence, even if one starts with a smooth initial domain, the re-
flected /periodized domain will only be Lipschitz continuous. Here, we are able to take
benefit of an elementary (though seemingly previously unnoticed) observation which
shows that actually, as soon as we are looking for reasonably smooth solutions, the
angle between the free surface and the vertical boundary of the canal is a right angle.
Consequently, the reflected /periodized domain enjoy additional smoothness (namely
up to C?), which is enough to apply our rough data Cauchy theory and to show that
the strategy suggested in [13] does indeed apply. This appears to be the first result
on Cauchy theory for the water-wave system in a domain with boundary.

The present paper relies on the strategies developed in our previous paper [3] and
we follow the same scheme of proof. In Section 7, we develop the machinery of para-
differential calculus in the framework of uniformly local spaces that we need later. We
think that this section could be useful for further studies in this framework. In Sec-
tion 3 we prove that the Dirichlet-Neumann operator is well defined in this framework
(notice that this fact is not straightforward, see [23, 20] for related works), and we
give a precise description (including sharp elliptic estimates in very rough domains)
on these spaces. In Section 4, we symmetrize the system and prove a priori estimates.
In section 5, we prove contraction estimates and well posedness. In section 6, we give
the application to the canal (and swimming pools). Finally, in an appendix, we prove
that in the context of Holder spaces, the water-waves system linearized on the trivial
solution (rest) is ill posed.

2. The problem and the result

In this paper we shall denote by ¢ € R the time variable and by z € R? (where
d > 1), y € R, the horizontal and vertical space variables. We work in a fluid domain
2



with free boundary and fixed bottom on the form
Q={(t,z,y) €[0,T] x RTx R : (z,%) € Q(t)} where
Q) ={(z,y) : () <y <n(t, z)}.
Here the free surface is described by 7, an unknown of the problem, and the bottom
by a given function 7,. We shall only assume that 7, is bounded and continuous.
We assume that the bottom is the graph of a function for the sake of simplicity: our

analysis applies whenever one has the Poincaré inequality given by Lemma 3.1 below.
We shall denote by ¥ the free surface and by I' the bottom,

Y ={(t,z,y) €[0,T] x REx R : (z,y) € £(t)} where
2(t) = {(z,y) e R x R: y = n(t,z)},
I'={(z,y) e R xR:y=n.(2)}.
We shall use the following notations

vaz = (a:ci)lgigdv vx,y = (van ay)a AJ: = Z ai, Az,y = Ax + ag
1<i<d

2.1. The equations. The Eulerian velocity v : © — Rt solves the incompress-
ible and irrotational Euler equation
O+ (v-Vgy)v+ VP =—ge,, divgy,v=0, curl, y,v =0 in Q
where g > 0 is the acceleration of the gravity, e, the vector (z =0,y = 1) and P the
pressure. The problem is then given by three boundary conditions:
e a kinematic condition (which states that the free surface moves with the fluid)

o =+1+|Ven?(v-n) on X,

where n denotes the unit normal vector to X,
e a dynamic condition (that expresses a balance of forces across the free surface)

P=0 on?J3,
e the “solid wall” boundary condition on the bottom I'
v-v=0 onl,
where v denotes the normal vector to I' whenever it exists.

Since the motion is incompressible and irrotational there exists a velocity potential
¢ : Q — R such that v = V¢, thus A, ¢ = 0 in 2. We shall work with the
Zakharov/Craig—Sulem formulation of the water waves equations. We introduce

¢(t7 :E) = ¢(t7 Z, Tl(t7 aj))

and the Dirichlet-Neumann operator

99
2(2%
L+ [Van (871 ‘ 2)
= (0y0)(t, 2, 0(t, ) = Van(t, ) - (Vag) (¢, 2, n(t, x)).
Then (see [19] or [16]) the water waves system can be written in term of the unknown
Y as
at?? = G("?)¢a

21
=y 0 = 3 IVau +

1 (V:vn ’ vxdj + G(U)%Z))z

2 14 Va2
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It is useful to introduce the vertical and horizontal components of the velocity. We
set

Vﬂ? ! V:W + G(UW

B = = s
(2.2) (o)l L+ [Van)|?
V= ('Uz)’Z = Vg — BV;n.
We recall also that the Taylor coefficient defined by a = —%—1; | 5 can be defined in

terms of 1,1, B,V only (see §7.2 below and §4.3.1 in [29]).

2.2. The uniformly local Sobolev spaces. We recall here the definition of the
uniformly local Sobolev spaces introduced by Kato in [28].

Recall that there exists y € C®(R%) with suppx C [-1,1]%, x = 1 near [—%,
such that

(2.3) > xglx)=1, VzeR?
qcZd

]d

N[

where

Xq(2) = x(z — q).
Definition 2.1. For s € R the space Hsl(Rd) is the space of distributions u €
Hp (RY) such that

HU”H* (R4) = SUP || xqul gs(ray < +o0.
q€Z4

The definition of the space HZI(Rd) is independent of the choice of the function x
in C$°(RY) satisfying (2.3) (see Lemma 7.1 below).

Proposition 2. 2 One has the following embeddings:

(1) If s > § 4 and s — 2 62 N, H,(RY) is continuously embedded in W*~ iz < (RY).
(2) If me N, W™ OO(R”l) is continuously embedded in H(RY).
(3) If s > 0, WS+5’°°(Rd) is continuously embedded in HS,(R%) for e > 0.

2.3. The main result. The goal of this article is to prove the following result.

Theorem 2.3. Letd > 1,s > 1—|—%. Assume that n, is a bounded continuous function
on R2. Consider an initial data (no,vo) satisfying the following conditions

(i) mo € HF2(RY), w0 € HF2(RY), Vo € H3,(RY), By € HE,(RY),
(ii) there exists h > 0 such that no(x) — n.(z) > 2h, Vo € RY,
(iii) there exists ¢ > 0 such that ag(x) > ¢, Vo € RY,
where ag denotes the Taylor coefficient at time t = 0.
Then there exists T > 0 such that the Cauchy problem for the system (2.1) with
initial data (no, o) at t =0 has a unique solution

(n,v) € L=([0,T), Hy, > (RY) x H,, > (R"))
such that
1. (V,B) € L*>([0, T}, HS,(R%) x H$,(RY)),
2. n(t,z) —ne(z) > h, V(t,x)€ [O T] x R,
3. a(t,x) > 3¢, V(t,z) €[0,T] x R4
4. For any s’ < s,

(n,%,V,B) € C°([0,T], H (Rd) X H (Rd) x H(RY) x H5(RY)).



Remark 2.4. e Theorem 2.3 implies local well posedness in Holder spaces: indeed,
assuming that

(T]O’wOv VE), BO) c WJ+%+E’OO<Rd) % WO'-i-%-‘rE,OO(Rd) % WU-I—E,OO(Rd) % Wa—i—e,oo(Rd)

o+35 +2( cr+ 5+5

C H, R%) x HS"2T2(RY) x HW (R?) x HH? (RY)

for some 0 > 1+ d/2 and € > 0, then we get a solution

(n,%,V, B) € C°0,T], HY,  (RY) ”%mw 7(R%) x Hg(RY))
c ([0, T], Wo+3—2°(RY) x Wo+3—2°(RY) x W~ 2°(R%) x W~ 2°°(RY)).

e It is very likely that this loss of d/2 derivatives cannot be completely avoided.
Indeed the linearized water waves equation around the zero solution can be written
as )

Oru+1|Dg|?2 u=0.

The solution of this equation, with initial data wug, is given by
u(t) = S(tyuo,  S(t) = exp(—it |Dy|?).
Proposition 8.1 shows that for ¢ # 0 the operator S(t) is not bounded from the Zyg-
mund space C7(R?) to C%(R?) if s > ¢ — 4, remembering that C7(RY) = W>>=(R9)
if o >0, 0 & N. (For positive results see Fefferman and Stein [22, page 160]). Thus
even in the linear case we have a loss of % derivative.
e The result in the appendix also shows that, in the presence of surface tension,

a similar well posedness result in the framework of uniformly local Sobolev space
is rather unlikely to hold. Indeed, in the presence of surface tension, the linearized

operator around the solution (n,) = (0,0) can be written (see [1]) with u = \D[én—i—iw
as
. 3
Owu + 1| Dy|2u =0, uli=o = up.
According to Proposition 8.1 the loss of derivatives in x from wug to the solution
u(t,-),t # 0, is at least i—d whereas an analogue of the above theorem would give a

loss of at most %.
3. The Dirichlet-Neumann operator
3.1. Definition of the Dirichlet-Neumann operator. For d > 1 we set
Q= {(z,y) € R 1nu(2) <y <n(2)},
2= {(z,y) e R 1y = n(a)}

where 7, is a fixed bounded continuous function on R? and n € W1>°(R¢). We shall
assume that there exists & > 0 such that

(3.2) {(z,y) € R*Y () — h < y < (@)} € Q.
In [3] the Dirichlet-Neumann operator G(n) associated to €2 has been defined as a

(3.1)

continuous operator from H %(Rd) to H _%(Rd). Our aim here is to prove that it has
1

a unique extension to the space HZ(R?) (see Theorem 3.8 below). Define first the
space H},(Q) by

u€ Hy() & [ull 771 (@) == sup [Ixqullp1 (o) < +oc.
qeZd
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Each element u € H!, () have a trace on ¥ (see below) which will be denoted by you.
We introduce the subspace H iéo () C H}(2) defined by

HY(Q) = {u e H.(Q) : you = 0}.

ul

Then we have the following Poincaré inequality.

Lemma 3.1. There exists C > 0 depending on [0l oo (may + (10| Lo (ray such that for
a € C(RY) non negative and u € H (Q we have

// \uwy\dxdy<0// z)|0yu(z, y)|? dedy.

PROOF. Let u € Hué (©). It is easy to see that there exists a sequence (uy,) of
functions which are C! in © and vanish near the top boundary y = n(z) such that

lim s — ull i @ngai<iy = 0

As a consequence, it is enough to prove the result for such functions. Let a €
C°(R?), a0 > 0. We can write

y
u(z,y) = / Osu(x, s)ds
n(z)

n(x)

a(z)|u(z, y)I* < |In - mHLwa(w)/ |Osu(x, 5)[*ds.

« (T

from which we deduce

Integrating this inequality on €2 we obtain,
// o) |u(z, y)|?de dy < || — nx| Lo // x)|Oyu(x )% dzdy.

Remark 3.2. Let
HY(Q) ={ue L*(Q) : Voyu e L*(Q), and ufy_y) =0},

then we also have the Poincaré inequality

(3.3) // Dulz, y) < c// 2)[0,u(z, y)|? dady

for allu € H10(Q), a € C°(RY), a > 0, with a constant C independent of . Indeed,
this follows from the same computation as above using the fact that any u € H0(€)
can be approximated by a sequence of functions which are C* in 2 and vanish near

y =n(z).

1
Proposition 3.3. For every ¢ € Hjl(Rd) the problem

, o
(3.4) Rpy®=01inQ, Ps=19, Zr=0,

has a unique solution ® € H' () and there exists a function F : RT — R indepen-
dent of (1,m) such that

1@ 1 0y < Fllnlwrema) 2]

6
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ProOOF. Before giving the proof we have to precise the meaning of the boundary

condition g—fhﬂ = 0 since T is only CY. This condition means that

(3.5) //Q Vaey®(@,y) - Vayla(z)d(z,y))drdy =0

for every 0 € H(Q) (the usual Sobolev space) with supp C {(z,y) : n«(x) < y <
n«(7) + €} for a small € > 0 and every a € C°(RY).

Notice that if 7, € W*°°(R?) the Green formula (see [25] p.62) shows that (3.5)
is equivalent to ‘g—f\p =0.

Lemma 3.4. We have
(3.6) J[ Tas®) - Vot ) dody = 0

for every 0 € HY(Q) with v = 0 and every a € C(RY).

PrOOF. If # has support in a neighborhood of I', Vi = {(z,y) : z € R% n.(z) <
y < n«(x) + €}, this follows from (3.5). Assume that 6 vanishes in a neighborhood of
I. Let Qo = {(z,y) : nu(z) + § <y < n(x)} for £ > 0 small enough. Then § € H* ()
and 6|pn, = 0. Thus 6 € Ho (Q0). Since Qg has a Lipschitz upper boundary there
exists a sequence 6, € C§°(Qp) which converges to 6 in H'()) (see [25] Corollary
1.5.1.6). Now by the equation we have

0= (Ay,®,af,) — / Vay®(,y) - Vay(a(@)bn(z,y)) de dy.
(9]

Moreover
/ [ Ve ®(9) - Vo (a0)(On = 6)(,9) dr dy| < C1@1 ) |60 Ol o)
Therefore, passing to the limit, we obtain (3.6) for such 6. O

Part 1. Uniqueness: Let us denote by @ the difference of two solutions in HJ, ()

of (3.4). Then v® = 0. Now we take in (3.6) a(x) = e_%g“( z>) where A, B are large
constants to be chosen, ( € C*(R) ((t) = 1 when [t| < 5, supp{ C {t e R : |t| <

1},0 < ¢ <1 and 6 = a;(2)® where a; € C°(R) is equal to one on the support of
«. Then 6 € H*(Q) and o0 = 0. We can therefore use Lemma 3.4 and we obtain

I —// )|V ®(z,y) | d dy

(3.7) = —// (Va(z))a(z)®(z,y) - Vo @(z,y) dz dy
// )@ (2,9)(Va(2)) - Vud(z,y) dx dy

By the Cauchy-Schwarz 1nequahty we have

1 1
\<— // ]V@xy\dedyQ // \@xy\Qd:L'dy)Q.

Using Lemma 3.1 we deduce that

|<* // ’V(I)xy|2d$dy+// )|0y®(z, y)|* dxdy).



Taking A large enough we see that the term (1) can be absorbed by the left hand side
of (3.7). We then fix A. It follows that

1< 2% 5 [ F i@ vlv.tuw e )| @i
q€Z9 keZ?

If |k —q| > 2 we have supp x4 Nsupp xx = 0. Therefore we have |k —¢q| < 1 (essentially
k = q.) Moreover in the integral in the right hand side we have |z — ¢| < 1 and

1< % < 2. If B is large enough we have therefore % < |g| < 3B and |z| > }|q|. It

follows that o
4
I<sz 2 &

E<lql<3B

// IXq(x xy|2d$dy // Vo (xq(@ ﬂc,y))|2dﬁvdy)é

so using again the Poincaré inequality we obtain

where

Cs _ Lo
I< B Z ¢ CSA/ Vay (Xq(2)®(2,y)) * d dy
£<|q|<3B ¢
07 (a) 9
<5 X oo,

Since the cardinal of the set {q € VAR g < |q| < 3B} is bounded by C'B? we obtain
eventually

@ )
J[ 5 0D,y ()P drdy < BT e F ]2
Q

Letting B go to 400 and applying Fatou’s Lemma we obtain

// 67%\Vx,y<1)(x,y)\2 dxdy = 0,
Q

which implies that V. ,®(z,y) = 0 in Q thus ® = 0 since ®|x, = 0.

Part 2: Existence. We first recall the situation when ¢ € H 2 (R9). In the following
lemma, whose proof is given below, in section 4.2, we construct a suitable extension

of ¥ to Q.

Lemma 3.5. Let ¢ € H%(Rd). One can find 1 such that

(1) e HYQ), swppt © {(z,9) :n(a) —h <y < )},
(2) b, =)
(5) I8t < F s ) 191,

Then (see [3] for more details) the problem

ADgyu = =Dyt

has a unique solution v € H'Y(2). This solution, which is the variationnal one, is
characterized by

/ /Q Vayu(,y) - Vo 0, y)dady = — / /Q Vayth(@,y) - Vo, 0z, y)dady

8
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for every 6 € H0(Q). It satisfies
IVayull L2y < Cll]l
Then ® = u + 1 solves the problem (3.4).

s (R4)’

1
Let us consider now the case where v € H 1fl(Rd). If ¢ € Z¢ and Y, is defined
n (2.3) we set

by = xqt € H2(RY).

By Lemma 3.5 one can find yq € H'(Q) such that %q\y:n(x) = 1py(x) and
(i) suppyp, C{(z,y): o —ql <2,n(x) —h <y <n(x)}

(i) |1, ||H1 ) < FllInllwr.ee may)l[gll

To achieve (i) we multiply the function constructed in the lemma by X,(z), where
supp X is contained in {x : |z| < 2} and ¥ = 1 on the support of x.

Let ug be the variational solution, described above, of the equation Aj, u, =

A%y%. Our aim is to prove that the series quzd uq is convergent in the space

H? (R4’

H iio (€2). This will be a consequence of the following lemma.

Lemma 3.6. There exists § > 0 and F : RT™ — R non decreasing such that for all
q € Z% we have

(3.9) 120V, yugll 20y < Flnllwse @)l ,

Assuming that this lemma has been proved, one can write

HE (R)’

Hka:v,y“qHL?(Q) = ||Xk€_6<z_q>€6<$_q>vx,y“q”LQ(Q)
(3.10) < Ge*“’“*@f(nnnwl il
< e D E ([Inllwr) 191y

ul

Let us set S9 = >lgl<q Uq- First of all (S9) converges to u = > gezi Uq in D'(Q).
Indeed if ¢ € C§°(€2) there exists a finite set A C Z¢ such that ¢ = >, _ 4 xxp. Then
using Lemma 3.1 and (3.10) we can write
(g, ) <D 1kt 9)] < C Y Ixadyugll 2o llel 2 (o)
keA keA
< Ce_‘“q)f(llnllwwo)IWJHH% el L2
ul

for large |q|.

On the other hand (3.10) shows that for fixed k the series Y 74 Xxuq is absolutely

convergent in Hizo(ﬂ). Therefore (x,S?) converges to (yzu) in H}Lio(Q) and we can
write using (3.10),

Xk VayullL2q) = Qlil}rl HXkVSQHLQ(Q)
< > e OF(nllw, oo)WH
qeZd
Therefore u € H iiO(Q) and

(3.11) IVayullr2, (o) < f(H??HwLoo)WHH%
9



Finally ® = u + ¢ solves the problem (3.4) and we have
12112, < FlInllwre)lll

ul

which completes the proof of Proposition 3.3 assuming Lemma 3.6. O

Proor orF LEMMA 3.6. We set

__(r—q
we(x) = 1+e(z—q)
Let u, be the variational solution in H(Q) of Au, = —qu. According to the

variational formulation (3.8), with § = e9=(®)y,, we have

//Q Vaylg - ijy(e%wf(”)uq) drdy = — //Q V%yyq . Vz,y(e%wf(z)uq) dx dy.

Therefore
(3.12)

//Q 0@,y - Vi yug dedy = — //Q e%wg(z)vz,yﬁq - Vel dz dy

— 20 // eQéwE(’”)uqvx7yw - Vawe dx dy — 26 // eZéwf(quvx,qu - Vawe dx dy.
Q - Q

Now V,w. is uniformly bounded in L*° with respect to € and x and, on the support
of % , we have e9=(#) < ¢C%  Consequently, using the Cauchy-Schwarz inequality, the

20we ()

inequality (3.3) with a =e and taking § small enough we obtain

(3.13) //Q e20we@) |7 ug |2 dr dy < Cliv 7 -
We deduce when € goes to 0, using the Fatou Lemma, that
17~V g yugll r2() < ClIY (@) < Flllnllwroema)) ]

This completes the proof. O

H? (R4’

3.2. Straightening the boundary. Before studying more precisely the proper-
ties of the Dirichlet-Neumann operator, we first straighten the boundaries of

(3.14) O = {(z,y) e R i p(x) — h <y < n()}.
Lemma 3.7. There is an absolute constant C > 0 such that if we take 6 > 0 so small
that h

S|[nllweomay < Yo
then the map (x, z) — (z, p(z, 2)) where
(3.15) p(x,2) = (14 2)e*Pelp(a) — 2{e 22 Pelp(z) — b}
is a diffeomorphism from Q= {(z,2) :x € RY, —1 < 2 <0} to Q.

PRrROOF. First of all we have p(z,0) = n(x), p(z, —1) = n(z) — h. Moreover we
have 0,p > % Indeed we have

8.p =1+ (7P — ) + (1 + 2)8e°*P=) (D, )y

— {n— h+ (e 00Dy )y 4 260002 (D),
10



Now for any A < 0 the symbol a(¢) = eM&) satisfies the estimate 10¢ga(§)| < Ca (&)~led

where C,, is independent on \. Therefore its Fourier transform in an L!(R?) function
whose norm is uniformly bounded. This implies that ||a(D)fpec(ra) < K| f|l poo(ma)

with K independent of . Since e?MP=)py —n = §) fl It DT><D$>77 dt we can write

Heéz (D) 02(Dyg) < 0(142)(Dg)

" —nll g (R4) T 3=t o) oo ey + €™ 1N = 1l oo (e

| S

+6]je” U PD || Lo may < oIl (ray <
This completes the proof. O
From the above computation we deduce that
h
(3.16) d:p(x,2) > 9 and ”vm,ZPHLOO(Rd) < CHWHWLOO(Rd)-
We shall denote by k the inverse of p,

p(r,2) =y <= 2 = K(x,y).

If we set N
f(z,2) = f(z,p(, 2))
we have
gf(x,p(a:,z)) _ 0.f(x,2) :== A f(z, 2)
(3.17) 4 =P

Mazf) (33, Z) = AQf(xv Z)

Vaof(z,p(z,2)) = (vmf_ B.p

We introduce the space
Hoy(Q) = {@ € LL(Q) - Aji e LE(Q), j = 1,2},
endowed with the norm

Iy, ) = sup [xqull 2 + Z sup || xqAjull 12y
“ q€Z j= 1q€Z

Then according to Lemma 7.12 we see that the elements of ’Hil(ﬁ) have a trace

1 -
on z = 0 belonging to the space ’Hil(Rd). Then we introduce the subspace Hi’lO(Q) C
HL,(Q) defined as follows

M, () = {i € Hy(Q) : @l.mo = 0}.

ul

It follows that we have
we HY(Q) e e HL(Q), uwe H(Q) o ueH Q).

3.3. Definition of the Dirichlet-Neumann operator. We can now define the
1
Dirichlet-Neumann operator. Formally we set for ¢ € H?2/(RY)

10P o0
G(n)y 1+ [Venl)2 ol = (5,
(3.18) (me(z) = L+ |Vanl?)2 5| (8y
= (AP — Vo 82®) oo = (A1® — Vip - M) |0
where ® is the solution described in Lemma 3.3 and A; is as defined by (3.17). Our
aim is to prove the following theorem.

- Vxn ’ va;q)) ‘Z
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Theorem 3.8. Let d > 1 and n € WH®(RY). Then the Dirichlet-Neumann operator
1

is well defined on H2(R?) by (3.18). Moreover there exists a non decreasing function

F:R* = R* such that for all n € WH(R4)

IGmell - Ré) < Fllnllwre@n) 191

1
2 Rd)

PROOF. Set U = A;® — Vap - Ay® and J = (—1,0). We shall prove that for all
q €zt

(3.19) IxqUllL2(g,2) < ]:(HWHWLoo)WHH%,

ul

(3.20) 1X0:Ull 2,51y < F ([[1llrs.o0) ol

iww

where 7 : R* — R™ is independent of ¢ and 7. Then Theorem 3.8 will follow from
(3.19), (3.20) and Lemma 7.12. Recall that ® = u + w Now the estimate (3.19)
follows from (3.11), (3.17) and Corollary 7.11 with ¢ = 0 and m = 1. To prove (3.20)
we observe that

(3.21) 0.U = =V ((0:p)A22).
Indeed we have
0.U = 0,M® — V,0.p - Ao® — Vyp - 0.A2®
= (0:p)A2® — V,0.p - Ao + (D.p) (A2 — V) Ao
= (0.p)(A} + A3)® — V,((0:p)A2®)
so (3.21) follows from the fact that (A2 +A2)® = 0. Then (3.20) follows from the esti-

mates used to bound (3.19) and the Poincaré inequality (3.3). The proof of Theorem
3.8 is complete. O

We state now a consequence of the previous estimates which will be used in the
sequel. Notice first that the equation (A3 + A2)® = 0 is equivalent to the equation

(3.22) (82 + aly + B - V0, —~0.)® =
where
(9:p)? 9:pVap 2
2 = =7 = = = A, - V20.p).
(3.23) « T [V B v azp(f?zﬂJra p+B-Vi0.p)

Corollary 3.9. Let sp > 1 —1—% and J = (=1,0). There exists a non decreasing
function F : RT — R™ such that

(3.24) IIVx,z<I>||X;l%(J) F([nll Ho R >||w|| 3 gay’
PRrROOF. First of all the estimate
IVostll -y, < ClI¥IL

follows from Corollary 7.11 with d =1,m = 0,1 and ¢ = 0.
12



On the other hand we notice that 0, = (9.p)A1 and Ve = As + (Vip)Ai. Let
X € C"X’(Rd) X = 1 on the support of x. Since s > 1+ 4 5, using Corollary 7.11 with
o = s we can write

Xk Va,zpll oo (1xra) < CH)?sz,zPHLOO sty S < CNVaerl ., H Y,
<O+l )
It follows from (3.11) that
(3.25) IVe2tllr2(s,22),, < F(lnll et )||1/J||H%
Now using Lemma 7.12 we have
||XkaUHLw sEh S CllxkVaul r2(5,r2) + [IX£0:Vati|l g2 (g m-1))-

The first term in the right hand side is estimated using (3.25). For the second term
using (3.25) we have

HXkanxﬂ”B(J,H* < [(Vaxx)0: 'EHLQ(JH* + [Ix%0- a”L2 J,L2)

(3.26) < €1l ay < Fll oIV
Therefore

(3.27) ||Vz17||Loo(JH—%)ul (HUH et V]l ad

Eventually

(3.28) HXkazaHLOO(J’Hf%) < C(xu0:0ll 2,12y + x6020l 25 1-1))-

The first term in the right hand side is estimated using (3.25). For the second term
using (3.23) we have

IXkOZTll L2 p-1) < A1+ Az + A3
A1 = |xweAul| g2y

Ay = [[XkBO:Vaull L2511y

Az = |xk0:1ll p2(g.m-1).-

Now using (7.5), (3.25) and (3.26) we obtain
Ay < [laf] MAallzeer a1y, < F(nll s+%)\|¢|l

- Loo(JH ™ 2),
Az SBI oo ) o3y, NO=Vatill L2 m-1), (||77|| et )||¢|| b
As < 10l e 105 2221, < F (] wnwn
Therefore using (3.28) we obtain
10 -1y, < F (eI
which completes the proof of Corollary 3.9. U
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3.4. Higher estimates for the Dirichlet—Neumann operator. In this sec-
tion we prove the following results.

Theorem 3.10. Letd > 1 and sp > 1+ %.

Case 1. There exists F : RT™ — R™ non decreasing such that for —% <o<sp—1,
So+%

every n € H, (Rd) satisfying (3.2) and every ¢ € HZZH(Rd) we have
1G] e, < f(\lﬁ\|H50+%)||¢||Hgl+1~

ul —
ul

Case 2. For every s > sy, there exists F : RT — R™ non decreasing such that for

1
every n € HZ?_Q (RY) satisfying (3.2) everysp—1 < o < s—% and every iy € HZlJrl(Rd)
we have

IGm) ¢l < F(ll(n D)l

){lInl

oy I s +1).

1
so+35 s
HO9T2 % H%
ul ul

Hul
We set
(3.29) Rmy =Gy —Thy
where

[

A= (L4 IVanP)EP = (Van - €)%)2.

Theorem 3.11. Letd > 1 and sp > 1+ %.

Case 1. There exists F : R™ — R™ non decreasing such that for 0 <t < sy — %,
So+%

n € H,, *(RY) satisfying (3.2) we have
ROz, < F (e e

1
for every ¢ € HZF? (R%).
Case 2. For all s > sy there exists F : Rt — R™ non decreasing such that for
1 1
every n € HZ;FQ (RY) satisfying (3.2), every S()—% <t< s—% and every i € Hfj2 (R%)
we have

IR e, < F (I, )] ey + 1}

ul

(Il ey + 0 )

H‘T% x H'
The main step in the proof of the above theorems is the following elliptic regularity
result.

Theorem 3.12. Letd > 1,J = (—1,0),s0 > 1+ %. Let © be a solution of the problem
(2 4+ al,+B-V30. —70,)0=F in R x J,
i7|z:0 = ¢
1 so+1
Case 1. For —5 <o <sp—1letne H, *
Y (J) and

3.31 Va0l _ < +o0.
(3.31) Va0l g, < o0

Then for every zg €] —1,0[ one has V.0 € X7/(20,0) and one can find F : Rt — R™T
non decreasing, depending only on (s, d) such that

(3.30)

(RY) satisfying (3.2), v € HS'(RY), F €

Va0l x2,(20,0) < J:(”U’HST%){WHHLH + [ Fllye ) + ”Vx,zﬁHX_l%(J)}.

14



1
Case 2. Fors > sp, and sp —1 < 0 < s— 3 letn € HZ?—Q(Rd) satisfying (3.2),
¢ € HPYRY), F € Y5(J) and

(3.32) V281 5y < +00.

(J)
Then for every zy €] —1,0[ one has Vy .0 € X7(20,0) and one can find F : Rt — R
non decreasing, depending only on (sp,s,d) such that

HVI,Zi;HXZZ(zo,O)

< PN e ) Ul + IFvgen + (Ul oy + DI Bl gt -

ul

Corollary 3.13. Let sg > 1+ %. Let ® be defined in Proposition 3.35.

1
Case 1. For —3 < o < sy — 1 assume that 1 € HZ?+2(Rd) satisfying (3.2) and
(NS H&H(Rd). Then there exists F : RT — R non decreasing depending only on
(s0,d) such that

||(I)Hx;’l+1(z0,o) + HVCIJ7Z(I)HX3l(zo,O) < f(”n”st%)kuHZlﬂ-
ul

1 1
Case 2. Fors > sy, so—1 < 0 <s—1 assume that 7] € HZTQ(Rd), n € HZ;_Q (RY)
satisfying (3.2) and ¢ € HSIH(Rd). Then there exists F : RT — R non decreasing
depending only on (so,s,d) such that

1| x o+ (2,00 T Va2 @l x 7, 20,0)
< f(ll(mﬂ)HHsm ){HnH ot y + [l o + 1.

ul

PROOF. Indeed @ satisfies (3.30) with F' = 0 and it is proved in Corollary 3.9 that
Va2 0 < F({lnll woth )||¢|| ) < oo

)
wl 0,

Moreover the estimate of ® in X 2(20,0) is obtained by the Poincaré inequality from

the estimate of (9z<AIS. O
PRrROOF OF THEOREM 3.10 GIVEN COROLLARY 3.13. Let us set

(3.33) H=M®— V.- A

By (3.18) we have H|,—o = G(n)y and by (3.21)

(3.34) 0-H = —V,((0:p)12®) = =V, ((0:p) Vs — (Vup)0-) .

Using Lemma 7.12 with f = x,H, (3.34) we deduce that

IXaGle < ClIxgH]

Moreover by (3.34) we have
< '[1(0:0)9.9]

+ [Ix¢0-

L2(JH+%) HHL?(J,H"_%)]

+1(V20)0:9

XaO=Hl Lo et (LHOT2),, Q(J,H”%)uz] :

Case 1. If —% <o < sy — 1 we use the estimate

1£9ll < Sl

which follows from Proposition 7.3 with o9 = o + 5,01 = 50 — %,02 =0+ %, the
estimates on p and Corollary 3.13.

gl

1 1
L2(JH T 2))y oo (g0~ 2), N 2ot ),

15



Case2. If sp—1 <o <s— % we use the inequality

Hfg”L2(J7H”+%)uz < N fllzoe (g ms0-1y,, 19l 2,y + 119l oo (1,550 1) |1 f | xo ()
the estimates on p and again Corollary 3.13 to obtain Theorem 3.10. U
Theorem 3.12 will be a consequence of the following two results.

Proposition 3.14. Let sg > 1+ %. There exists F : RT — R non decreasing such
that for —1 < zg < z1 < 0, —%Sagso—l and k € Z% we have

(Ho) Vsl o0y < F (Il ) { Wl + Il + 19l g g

where Vg, = XgU.

Proposition 3.15. Let sy > 1+ %, and s > sy. Then there exists F : Rt — R™T non

decreasing such that for —1 < 29 <21 <0, —-1<0<s— % and k € Z% we have
(Ko) Va0l xo(20,0) < f(||77||Hs0+%){”¢HHZl+1 + 1 Fllye
ul

e Ty i)
where Uy, = Y.

We shall prove these two results by induction on ¢ and by the same method.
However we have to distinguish them since we want the right hand side of these
estimates to be linear with respect to the higher norms of (¢,7). Since (H_1) and

2

(Ksy—1) are trivially satisfied if F > 1 these propositions will be a consequence of the
following one.
Proposition 3.16. Case 1.  Let sy > 1+ %l. If (Hy) is satisfied for some —% <o <
so — 1 then (H, 1) is true as long as O'+% <sp—1.
2

Case 2. Let sy > 1—{—% and s > sy. If (Ky) is satisfied for some sp—1 < o < s—%
then (ICUJF%) is true as long as o+ 5 <s— 1.
In the sequel, case 1 will refer to Proposition 3.14 and case 2 to Proposition 3.15.

3.5. Non linear estimates. We begin by estimating the coefficients «, 3, ~y, de-
fined in (3.23). We set J = (20, 0).

Lemma 3.17. Case 1. Let sp > 1+ %l. Then there exists F : Rt — R non

decreasing such that
« 1 + vl .3 < F(Inll or1)-
| ”Xs(z %( (J) I HXu‘g g(J) (” ”H‘g %)

Case 2. Let sp > 1+ %. Then for s > sg there exists F; : Rt — RT non
decreasing such that

o + 1+ 3
o 181y, +ll g

w2 () EIE))
PROOF. Since

+ 1
I8 s

o) < F (Il g 1) (Il ey +1).
p=(1+2)e®*Pely — 5(e700+2)Dadyy _ p)
Lemma 7.11 shows that that for all £ € R,k € N and all a € ST, we have

(3.35) 105a(D)pllxt sy < C(1+ 1791 epm sk prepmes).
16



Then according to (3.23) we write
_ 2 2 _lgP?

Case 1:  The estimate for « follows from (7.3) and (7.5) with z = sy— 3. The estimate
for (§ is similar. Now we can write

_ 9%
=L

To estimate v we first use the embedding

__ &
L4 €2

+(8zp — (0:.p)G1 (pr))Axp +G2(Vap) - Vi0.p, Ga(§)

-1 _so-3 _ _sp-d
D IERD SN ¢

ul ul ul

which is a consequence of Lemma 7.5 with p = 400,00 = 01 = s — %,02 = Sy — %

and p = 2,00 = 03 = 59 — 1,01 = 59 — 3. Then we use (7.5) and (3.35). Case 2: The
estimates of o and 3 follow from (7.3) and (7.5) with u = s — 1 and from (3.35). The
estimate of ~ follow from (7.4) with = s—1 and (3.35) with t = so—3,m+k =2. O

According to (3.30) we have

(02 + al, + B - Vu.)(xi) = xu F + Fo + F
Fy = yx0,0.

Lemma 3.18. Case 1. Let sy > 1+ 3. There evists F : RY — R* non decreasing
such thatfor—%gagso—l witha—l—%gso—l

1
Z ”FJHY0+%(J) S f(”n”Hs(g+%)HV%Z:JHX;TI(J)
j=0 g
Case 2. Assume sp > 1+ %. Then for all s > sq there exists F : Rt — RT non

decreasing such that for so —1 <o <s— % with o + % <s-— % we have

1
Z HF]‘HYa+%(J)
j=0

< F (il e ) { IV 0x500 + (191 + DIVl
ProOOF. Case 1: The terms Fj and F; have the same structure but F}y is worse
since, according to Lemma 3.17, v is bounded in a weaker norm.
Let us look at the term F}. We can use Proposition 7.5 with p = 2,09 = 0,01 =
so — 1,09 = 0. Indeed we have o1 + 09 > 0 since sp > 1 + g,ao = 01, 09 < 09 due to

the definition of o, eventually o9 < 01 + 09 — g since sg > 1 + %. We obtain
1vxk0:01 2,10y < IXkV 22,501y IXR OV Lo (7, 1)
and we use Lemma 3.17 to conclude.
Case 2: Using (7.4) with y = o —  we obtain

lvxk0:0l L2 1) < C(HVHXU_% 1001 o1 + IV -3 10:9]]xg,)-

ul ul

\][9V]

we can use Lemma 3.17 to conclude. O
17
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Our next step is to replace the multiplication by « (resp. () by the paramulti-
plication by T,, (resp.T3). Recall that we see that the equation (3.36) can be written
as

(3.37) (02 + al, + B -V0.)0, = F 4+ Fy + Fy.
Then we have the following result.

Lemma 3.19. Let J = (2,0),50 > 1+ % and s > s9. There ezists F : Rt — R
non decreasing such that, for all I C J, Uy satisfies the paradifferential equation
(3.38) (02 + Toly +Tp - V30,) 0, = F + Fo + Fy + I

for some remainder Fs satisfying

Casel: if 0<o<sy—1 witha—|—1<s0—1

(3.39) B2l gy < F (10113 1V,

Case 2. if so—1<a<s—fwztha+f§s—%

(3.40) 12l osg ) < F(lnl 50+2)(||77||Hsl+% + DIVazll o015

PRrOOF. Case 1: Using Proposition 7.18 with v = o, = 59 — %, w=o— % which

satisfy all the conditions we obtain
(@ = Ta) AaVk| L2 g0y < Clle Va2l o ) oty

Hvx zvk”

Loo(JHO" %),
(B —=Tp) - VaO:Vkl L2(s,m0) < C||/3”L

The result follows then from Lemma 3.17.
Case 2. By Theorem 2.10 in [3] we have the following estimate for o > 0

(e = To)ullme < Cllull 4 llal

*

Hﬁo*j H‘”%)'

HOtE
Let x € C§° (R%) equal to one on the support of y. We write

(Oz — Ta)A;C:Jk = (%ka XkOl)A v + T(Xk Da AUk,
It follows from Lemma (7.13) and the above inequality that

(a0 = To) At || e < CHAI%HC:% H%’MHH”%'

1 1
Since H*®72 ¢ C2 and 0 < s — 1 we obtain

(e = Te)Atill ooy < OVl sl oy

wich in view of Lemma 3.17 Case 2, proves (3.40). O
Then as in [3] we perform a decoupling in a forward and a backward parabolic

1

evolution equations. Recall that n € H, Z;FQ (R%), in particular n € W%"X’(Rd). We can

apply Lemma 3.29 in [3] to obtain the following result.

Lemma 3.20. Let sy > 1—1—%. There exist two symbols a, A in L (R4x J), F: Rt —
2

R non decreasing and a remainder term Fy such that

(3.41) (0, — V(0 — Ta())0x = F + Fo+ F1 + Fo + F3
( ) (2)

with

3.42 M Mi(A <F ,‘

(3.42) (M) + MEACD) £ e )

18



and

(3.43) 1E5]l F(lnl

Ya+2 J) 50+%(Rd))Hvx7Z:ﬁHXgl(J)
for allo € R.

PRrOOF. We follow closely the proof of Lemma 3.29 in [3]. We set
1

a=5(—i8-¢—VaaleP = (B8-P)
1

A= (=iB-£+VAlgP = (B-8P).

We claim the there exists ¢ > 0 depending only on ||7]| 1 " such that
H R

50+7
ul (

(3.44)

(3.45) VAalE2 — (8- €)? > cl.

Indeed according to (3.23) we see by an elementary computation that
4(9:p)°

2
T+ VapP2

dafé* — (B-€)* >

Then our claim follows from (3.16).
Since we have sy > 1 + % we deduce from the paradifferential symbolic calculus
that
(0. —To)(0 — Ta) = 02 + TNy +Ts - V0, + Ry + Ry
where

Ro(2) = ToTaz) — TaAy s of order g

3
Ri(z) == =Ty, a(z) s of order 5
together with the estimates

0 (R g+ IR p) < FMLA) + 2L )

Now the seminorms Ml (A) and /\/l1 (a) are bounded by the W%’W(Rd) norms of «

and (. Since for f = a,ﬁ we have

1)y o gy < CIE oy

H,, *(R9)
we deduce from Lemma 3.17 and the fact that the symbols of R; vanish near the
origin that for j = 0,1

1R (2)0lle < F(0l g NVaOill oy -

ul

The proof is complete. O

3.6. Proof of Proposition 3.16. Case 1. Assume that (H,) is satisfied,
which means that there exists Iy = (20,0) such that

(346)  IVasTillxot) < Fl i) {16ler + 1Pz + Vst 3}
Hul “ Xul (J)
From this estimate and the Poincaré inequality we deduce that

(347) Ve Tloqt < F () {10 g + 1F g + V270

ul
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We want to prove that

(348) Vil g ) < f1(||17||H3+5){||1/J||H;+g+||F\|Y:l+5(J)+||Vx,zv||X_;(J)}-

ul

Introduce a cutoff function 6 such that 6(zp) =0, 6(z) =1 for z > z;. Set
(3.49) wi(z,+) == 0(2)(0; — Ta)vk(z,-).

It follows from Lemma 3.20 for z > 7y that

3
(3.50) 0.y, — Tatly = 0(2)(F + > Fj) + Fy
=0

where
Fy=0'(2)(0, — Ta)vg.
We deduce from Lemma 3.18, Lemma 3.19, Lemma 3.20 and (3.47) that

3

B IR ey < Ul ) { WPz + 19200y )

and we see easily using (3.46) that
352 1Bilyers gy < F Ol o) { Wz + 1Pz + 19071y}

Now using Proposition 2.18 in [3] and (3.50), (3.51) and (3.52) we see, since W=z, =
0, that

353 100l g g < F Oy ) { g+ 1F g + 19270y}

Now notice that on I; := (21,0) we have 0(z) = 1 so that
(3.54) (8Z - TA):Jk = Wg.

We may apply again Proposition 2.19 in [3] and write

1923 g gy < Wl gonrd
STV (A NEPREN Y
<F(lnl . )(muxw il W)
<F F Va2
(T 50+%)(\|¢\|H;+g+\\ HYITQ( HIeal g )

The same estimate for 0,v; follows then from (3.54) and (3.53). Thus we have
proved (3.48) which completes the induction.
Case 2. Assuming that (K,) is true, the exact same method shows that (K, 1)
2

holds as long as o + % <s5-— % Details are left to the reader.
20



3.7. Proof of Theorem 3.11. Let 0 <t < s — 5. Recall that

1+ \pr\Q

G = 10,® —go - Vo @ |, — el
(MY =aq1 92 [ 9

g2 = pr.
We shall set
gil—o =193, =12, Al.—o= Ao, al:—0=ao.

We recall that we have set Xkcf) = &)k where 5\Z:0 = ¢ and wy, = (0, — TA)EUC (see
(3.49)) for z € I;. It follows that we can write

XeG)Y = g2(9: @) |.—0 — x1 95 Vat)

(3.55) N
= YWk |2=0 + 99 [Taos Xl + Xk (91Ta — 99 - V).

We shall set

(3.56) Ry = (Xkg))[Tag, Xk, Ra = (Xrg?)Wil2=0
where Y € C5°(R4) is equal to one on the support of x so
(3.57) XkG () = x5 (91T, — 93 - V)9 + Ri + Ra.

1
Let us set U = [T4,, xx|t). By the symbolic calculus, since HZ(;JFQ C W3 we have
forall 0 € R

(3.58) U= < F(lInll )11
ul

ul

Ifo<t<sy— l the product law in Proposition 7.3 gives
e < F Q)1

ul

Xk U | e < ||Xk91||Hg0

If sg — % <t<s-— % we use the estimation

Xkt Ul < C(IXkG o110 N e + IXngE e U | rso-1).
Therefore using (3.58) and (7.5) we obtain

IRk Nz < F (10 00 et e Ly 4 000 g + 13-

ul

It follows that we have
359 Wil S FUDN ey i) Ul ey + 190y +1)

By the same argument as above we have

3:60)  Rallre < F (Il o) {1Bel=ollig, + 0l 1l

ul

Now using (3.53) with o = ¢ — 1 we obtain in particular

(3.61) e < F (Il ) ey + 1)

ul

L2(I, HH'?

Moreover we deduce from (3.50) that

”8 ’Ll)k” = HT wkHLQ(I Ht—32 +ZH ]HLQI Ht j)

It follows from (3.61) and the estimates already obtained on the Fjs that

(3.62) 191y -3y = F 0l g )Nl gy + D)
21
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Applying Lemma 7.12 to x,W we obtain, for 0 <t <s— 1

2
(3.63) l@kl=ollre, < F(Inll iy )AL iy +1)-
ul ul
Combining with (3.60) we obtain
368 IRl < FO ey )y + 100y +1):

Now we have
Xk (91T a0 — 9 - V)0 = X6Tyo ay—ig. 0% + R + Ru,
(3.65) Ry = xi{(9) — Tyo)Tagth — (95 — Tyg) - Vi)
Ry = xi{TypTao — Tpoa, }-

fo<t<s— % we use Proposition 7.18 with v = ¢t,r = sy — %,u =1— % which
satisfy the conditions and we obtain

(98 = Ty Tag bl < 181y ITagl oy

ul ul

and an analogue estimate for the term containing ¢9, from which we deduce
(3.66) 1Rallae < F(Wall eI oy
ul ul
From Theorem 7.16, (ii) with p = § we have
(3.67) [ Ralle < F(lall e NIy
ul ul
Summing up, using (3.57), (3.59), (3.64), (3.66), and (3.67), we obtain
XeG (MY = XkT g0 49—ic.g9% + Rs
with
IRl < O s ) Ly 4 100 g + 13-
So Theorem 3.11 follows from the fact that
91 A0 —i& - g8 = V(1L + [VanP)[E]2 = (Van - €)2.

4. A priori estimates in the uniformly local Sobolev space
4.1. Reformulation of the equations. We introduce the following unknowns
(4.1) C=Van, B=(0,®)y—, V =(Va®)ly=y, a=—(9yP)ly—

where @ is the velocity potential and the pressure P is given by
1
P = Q - iyvx,yq)F —gY.

where @ is obtained from B, V,n by solving a variational problem (see §7.2 below for
details).
We begin by a useful formula.

Lemma 4.1. Let I = [0,T] and sy > 1+ 9. For all s > sy one can find F : R* — R+
non decreasing such that

G(n)B = —divV +~
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with
IV e 1 -3 ey

< FU0 ) ey s gy begany) L I sy, )
PROOF. The estimate of the lemma will be proved first with fixed ¢ which therefore
will be skipped. Let 6 be the variational solution of the problem
Amﬁ =0 in Q, 9|y:77(5’3) = B.
Then G(n)B = (0,0 —Vn-V.0) )- On the other hand since V;(z) = 0;®(x,n(x))

we have

ly=n(a
div V = (A ® + Vo - V.0,P)(x,n(z))
= (=05 + Va1 - Va0, ®) (2, 7(2))
= —(9y — Van - Vo )0y ®(z, n(z)).
It follows that
Gn)B+divV =7y, ~=(9)—Ven- V)0 —0,0)(z,n(x)).

Setting © = 0 — 9,® we see that A, ,© = 0in Q, and ©|y—, = 0. Therefore we may
apply Theorem 3.12 with 0 =5 — % to deduce that

V2Bl g o) S FUDN s e+ )

where O(z, z) = O(z, p(x, 2)). Using (7.3) with g =s — 3 we deduce that

Vel g g S FUO N e s )

1
So+§
ul ><[—Iul

Now using the equation satified by ©, Lemma 3.17 and Lemma 7.12 we obtain the
desired conclusion. g

Proposition 4.2. Let so > 1+ %. Then for all s > sy we have

(4.2) (0 +V - -Vy)B=a—y,

(4.3) (O +V -V,)V+al =0,

(4.4) (0r+V - Vo) =G(n)V +(G(n)B + R,

where the remainder term R = R(n,v,V, B) satisfies the estimate

) IR ety S FOO VI et e, )OI )

where H” = H?(RY).

PROOF. According to Proposition 4.3 in [3] the only point to be proved is the
estimate (4.5). Let us recall how R is defined. Let 6;, ® be the variationnal solutions
of the problems

(4.6) Apyi =00 Q, Oily—y=V;, i=1,....d

(4.7) Apyfisr =0in Q,  Ogsr|y—n = B,

(4.8) Apy®=0inQ, ®f,—p = 0.

Then, (see [3] Proposition 4.3)

(4.9) Ry =0y = Van-Vo)Uily=y, Ui=0;®—6;, i=1...,d
(4.10) Rip1 = (0y = Von - Ve)Uarily=n,  Uarr = 9y® — bata.
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First of all for i = 1,...,d we have A, ,U; = 0 in © and Ujy—, = 0 since 9;®|y—p = Vi.

Denoting by U; the i image of U; by the diffeomorphism (3.15) we see that U; satlsﬁes
the equation (3.30) with F' =t = 0. It follows from Theorem 3.12 wit o = s — % that

4.11) || V,..U; < F(|(n, . o) OV Tl o1
A10) 190l oy S FUO N e et eIV Ty
We are left with the condition (3.31), that is,
HV%ZF]IH 1 < +00.
X2 ()

ul

Indeed, since 6; is the variationnal solution of (4.6) Corollary 3.13 shows that

[9etill -y, ) < F Ul IV 3
Now 0;® = (0; .)®. Tt follows that
uvxaiéu o, <03l <08l ] 5Re]
X2 X2(J X2( 0.p X2(J)

1 1
Now We use the following facts: since sy > 142 5 one has X ) X 2 (J); moreover

X : (J) is an algebra and eventually || 2 s HXSO 1 S .7-"(H77H So+ 1). We deduce using

ul

Corollary 3.13 that

908y, < Pl 190
To estimate the term [|0,9;®|| _ b we follow the same path using furthermore the
X, 2(J

equation (3.30) with F' = 0 satisfied by ®. We obtain eventually

R I (U o R

ul ul

= Sillg (1'11) we Ob ai]]
< F ‘/ .
S—*(J) — (H(’r”’(/), )H 50 ){I + ||rr]|| . }

ul ul

(4.12) V2, Ui

Now from (4.9) we have

1 2p|? ~ ~
(413)  Ri:=TRilimo, Ri= <+a|vpp|82 Vap- vm) Ui == (A9, + B - V,)Us.
Using (7.3) with 4 = s — 3 and (4.12) with s and sy we obtain
. < .
@1 Rl ) S F0 0V et e o ) {1+ W}
Now we claim that
(4.15) ) SFNO VN it ey ) {1+ 0}

Indeed we can write
0.R; = (8.A)8.U; + (0,B) - V,U; — (divB)d,U; + V, - (B8.U;) + Ad*U;

The first three terms are bounded using (7.4) with p = s — 3 and (4.12), the fourth is

estimated using (7.3) with g = s — % and (4.12), eventually for the last term we use
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the fact that 92U; = —(aA, + 8- VO, — 70,)U; together with (7.3), (7.4), and (4.12).
Finally from (4.14) and (4.15), using Lemma 7.12 we obtain (4.5) for R;.
We use exactly the same argument to estimate ”RdHHHS_% ) This completes

ul

the proof of Proposition 4.2 O

4.2. Estimate of the Taylor coefficient.

Proposition 4.3. Let I = [0,T],50 > 1+%. For all s > sy there exists F : RT — R*
non decreasing such that, with H® = H? (R%)

(4.16)  [la — gl| < F(l(n, v, v, B)||

. 1 y 1
Loo(I HS**) Loe(I,HOT2 x H0T 3 x H%0 sto)ul)

AL Ul g oy, + 1Bl sy + IVl |-

For convenience we shall set in what follows

I (G- BRe R R——

where F : Rt — R™ is a non decreasing function which may change from line to
line. Before giving the proof of this result let us recall how a is defined. As is [3] the
pressure is defined as follows. Le @ be the variationnal solution of the problem

(4.18) AyyQ=0 inQ, Qly=y= %32 + %IVP + gn.
Then

(4.19) P=Q- %\vw@ﬁ — gy.

It is shown in [3] that @ = —0;®. Then

(4.20) a = —0yP|y—p.

We deduce from (4.18), (4.19) that P is solution of the problem
(4.21) ApyP = V2, @, Ply—y =0.

Denoting, as usual, by ﬁ, @, ® the images of P, @, ® by the diffeomorphism (3.15) we
have, using the notation (3.17),

~ o~ 1 o~ 1 ~
P=qQ- 5(/\1@)2 - §|A2‘I)|2 —gp
and we see that P is a solution of the problem in R% x J,

(4.22) (02 + @l + 8- V,0, — = —a Z |AA;B[%, Pl.—g=0.
,7=1

Notice that we have
(4.23) M®l.—o =B, Ay®l.—o=V.

PROOF OF PROPOSITION 4.3. Below the time is fixed and we will skip it. We
want to apply Theorem 3.12 with 0 = s — %, so we must estimate the source term and
show that the condition (3.31) is satisfied. We claim that (see (4.17))
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First of all since @ is a the variationnal solution of (4.18) we have according to
Corollary 3.9

V2@l Sf(llnllHy%)(HBQH l+H|V| I3+l 4):

2
u l ul

Using the fact that H(R) is an algebra contained in HEZ(R“J‘) we obtain
(4.25) V2@l -3 < Fo.

ul

1
2

The estimate of |V, .p|| _%( 5 by the right hand side of (4.24) is straightforward.
X, 2(R

_1 1
Now, for j = 1,2 since X Z(l) *(J) is an algebra contained in X (.J) we have

=~ =112
NPy <Clngr] < Cladll, g
so using Corollary 3.13 with 0 = sy — 5 and the estimates on p we obtain
(4.26) VoA ) < P )

The same kind of arguments show that

(4.27) |0:1A;8

<F(Imdl oo oo1).
Using (4.25), (4.26), and (4.27) we obtain the claim (4.24). Now we estimate the
source term F' = —« Z?,j:l ‘AiAj<I>|2 in equation (4.22). Since s— 3 > ¢ we can write
1P < 1P,
2
< Cllall 1y, Y MAABE,

1,j=1
Since (A3 + A%)Cf =0 an Ay, Ay commute, we have for j = 1,2
(A2 + A)A;® =0, (A®,A9®)|.—0 = (B, V) € HS, x HS,.
Since we have (see (4.17))

A(I) < F
Al g < Fo

we can apply Theorem 3.12 with ¢ = s — 1 and conclude that

IVa @l , ey < Fo- (1l et +11Bllas, + 1V as,)-

Since A1 = %paz,Ag =V, — Z;;az, using (7.3), the estimates on p, the above
inequality for s = sy and for s we obtain

(4.28) 1A:A; ]| < Fo- (Lt lnll oy + 1Bl + [Vllzry,)-
ul

ul

L2(JH* 3 (RA),,
It follows easily that

(4.29) 1] ydoy ST (Tl vy + 1Bl + 1V as,)-
ul ul

1
Using (4.22), (4.24), (4.29), Theorem 3.12 and X, ?(20,0) C L?((20,0), H®)u we
obtain, using (4.17)

(4.30) IVaaPllp2((z0.0, 190 < Fo - (L0l ey + 1Bl + 1V a,)-
ul
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We claim that

102 Pl o e oy -1 < Fo - (Ll sy + 1Bl + 1V llz,)-

ul

Indeed this follows from (4.22), (4.28), (7.3), (7.4), (4.30).
Noticing that a = fp@zP |.=0 and applying Lemma 7.12 we obtain the conclusion
of Proposition 4.3. O

4.3. Paralinearization of the system. As in [3] for s > 1+ % we set

(4.31)

Us = (D,)*V + T¢(D,)*B,
{Cs - <Dm>SC

and we recall that we have set (see the statement of Theorem 3.11)

(4.32) At,2,€) == /(1 + |Van(t, 2)2) €2 — (Ven(t,z) - £).

Proposition 4.4. Let sp > 1+ %. For all s > sg there exists F : RT — RT non
decreasing such that

(4.33) (O +Tv - Vi)Us + ToGs = f1,
(4.34) (O +Tv - V)G — ThUs = fo,

where for each time t € [0,T]

ICA®), LI, -3 <f(H(n(t)ﬂ/1(t),V(t)yB(t))H
(435) ul ul

1 1
so+ so+ 5 )
Hy) 2 xH,) 2xHIxHDY

ul

<AL IO g+ 1BON, + IVl

ul

PrOOF. We follow the proof of Proposition 4.9 in [3]. First of all we shall say that
a positive quantity A(¢) is controlled if it is bounded by the right hand side of (4.35).
Here t will be fixed so we will skip it, taking care that the estimates are uniform with
respect to ¢t € [0,7]. We also set

Lo=0:+Ty - V,.
4.3.1. Paralinearization of the first equation. We begin by proving that
(436) LoV +T,¢+ TC,C()B =M

where ||k g3, is controlled. Indeed using (4.2), (4.3) and the fact that T;g = 0 we see
that hy = (Ty —V)-V,V —R(a,(). By Proposition 7.18 with v = s, = s, u = sp—1 we
see that ||(Ty — V) -V, V|ms, < Cl|V| ms, ||V|\Hs%. On the other hand since sp > 1+ %,
Proposition 7.17 with o = s — %, 8 =sy— % shows that

120, Oll ey < Cllal oy o IV

(R4) w - (RY)

These estimates together with Proposition 4.3 prove that h; is controlled.
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4.3.2. Higher order energy estimates. Now we apply the operator (D;)* = (I —
A,)? to the equation (4.36) and we commute. We claim that we obtain

(437) Lo <D$>SV + Ta<Dx>S< + Tgﬁo <DZ>SB = hy

where ||ha(t)]] 12,(R¢) 1s controlled. Indeed this is a consequence of the following esti-
mates

ITv - Vo D) s, 12, < CIV e < CIV |,

T D2 gy, S Cllally g < Clal oy
S !
T (DM, € Ol < OGNy

which follow from Theorem 7.16. Now Lemma 7.20 shows that
IT%, Lo){D2)* Bl 2, < C([¢llzoe [V lwrteco + [[LoCllzoe) 1B 13, -

Since sp > 1 + %l one can find € > 0 such that H9(R?) is continuously embedded in
Witeo(R4). Therefore we obtain

(T, £o)D2) Bllyz, < F(l0. BV v

ul

xngsto)HB”Hiz

ul

which shows that ||[T¢, Lo (DI)SBHLQZ is controlled. Using (4.37) and (4.31) we ob-
tain (4.33).
4.3.3. Paralinearization of the second equation.

(4.38) @, +V-V)C =G0V +(G(n)B +R.

We first replace V by Ty modulo a controlled term. To do this we use Proposition 7.18
with v = s — %,r =S, =5y — % and we obtain

(4.39) IV — Tv)VCIIHsl_% < IIVIIH;Z\IUIIHS3+%-

Next we paralinearize the Dirichlet-Neumann part. To achieve this paralinearization
we use the analysis performed in Section 2. Using Theorem 3.11 with t = s — % we
can write

(4.40) GV +CGn)B=T\U+R
where
(4.41) U=V +1T:B
R = [T, TA]B + R(n)V + CR(n)B + (¢ = Tt)ThB.
and
”R(n)VHH;;% + IICR(n)BIIH;_%
< FU B et g (05 Wy 1Bl + 1V )

1

Using again Proposition 7.18 with y =s — 5,7 =5 — %, u =359 — 1 and Theorem 7.16

(1) we can write

1
I~ TITBI oy < Clll e MEOOIBly < (o).
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which shows that this term is controlled. Eventually, by Theorem 7.16 (i), the
term ||[T¢, Th|B|| - 1 is also controlled. Therefore we have the equality (4.40) with
H

ul
IR| . 1 controlled. It follows from (4.38), (4.39) and (4.40) that
H 2

ul

Lo¢=T\U+TR
1 controlled. As in the second step by commuting the equation (4.39)

572

where ||R||
Hul
with (D;)® we obtain equation (4.34). This completes the proof of Proposition 4.4. [

4.4. Symmetrization of the equations. As in [3] before proving an L? esti-
mate for our system we begin by performing a symmetrization of the non diagonal
part. Recall that Lo = 9; + Ty - V.

Proposition 4.5. Introduce the symbols

’7:”@)\7 q_\/§7

where a is the Taylor coefficient and X is recalled in (4.32). Set 05 = T,(s and Ly =
Oy + Ty -V. Then

(442) LoUs + T,YGS =F
(4.43) Lobs — T, Us = Fy
where Fy, Fy satisfy, with L2, = L?,(R%), HS, = H?,(RY),

IR0, Fat) 2, ezz, < FU@, BOLYV Oy

ul

(LN iy + 1Bz, + 1V @), )
ul

50 50
xH 3 xH ;

for some non decreasing function F : Rt — R and all t € [0,T].
ProoFr. We follow [3]. From (4.33) and (4.34) we have
Fy = fi + (T,Tq — Ta)Cs
Fy =Ty fo + (T,T\ — T))Us — [Ty, Lo]Cs.
Then the Proposition follows from Lemma 7.20 and from the symbolic calculus. [

We can now state our L? estimate. Let us set with HS, = HZ,(R9)

M;(0) = [[(n(0),4(0), B(0), V(O)Il_.+3

ul

M(T) = sup_||(n(t),(t), B(t), V(1))

1 1 .
st 1 T2 s
t€[0,T) Hyy = xHy = xHg < Hy,

1
s+35 o : )

xH ;2 xHS xH?
ul ul ul

Proposition 4.6. There exists F : RT — R* non decreasing such that
(@) NUs(O)llz2, + 10s(D)ll 22, < F (Mo (£))Ms(t), te€l=:[0,T],

(4) Ul zoer.z2y, + 108l o1 22y, < F(TMy (T){ My (0) + VI M(T) }.

ul —

PRrROOF. (i) This follows easily from the definition of Us and 6, given in (4.31) and
in Proposition 4.5.

(7i) Let xx be as in (2.3). Then we have
{ EO(X’CUS) + T’Y(ngs) =G

(4.44) Lo(xxbs) — Ty(xxUs) = G2
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where G1, G2 are given by
G =xFh +V - (Vxu)Us + [Ty, xx)0s
G2 = xpF2 + V- (Vx3)bs — [Ty, xx]Us.
We claim that for all ¢ € [0, 7] we have

(4.45)  [[(G1(#), Ga(t))ll L2xr2 < f(ll(n(t)vB(t)7V(t))\|Hso+%

xH™ ><HS0)
ul ul ul

SOy + UBO |, + 1V @) lr,)-

ul
According to Proposition 4.5 this is true for the terms coming from x3Fj,j = 1,2.
Now according to (4.31) we have (for fixed ¢ which is skipped)

IV (Vx)Usllze < IV Usllpz,
< VI IV g ey + 19111y 1B 2,)

ul

SFUOVI ey o)+ 1B, + V).

ul ul

The same estimate holds for ||V - (Vxx)0s|| 2. Eventually we have
1T, xwl0s 2 < F (I, BV g1y CH o) - (LIl et + 1B, + 1V, )-

ul ul

This proves our claim.
Now we compute the quantity

(1) = S LIl + b0
Using the equations (4.42), (4.43), the point (7), the fact that
(T - V)" + Ty - Vigepe < CMgy(t)
1Ty — (Tyw)” ||L2aL2 < OM,(t)
and (4.45) we obtain easily (i). O

4.5. Back to the original unknowns. Recall that
Us = (D)°V + Ty, (Dy)° B,
05 = T\/g(Dfo?’].
From the estimate in Proposition 4.6 we would like to recover estimates of the original
unknowns 1,1, V, B. We follow closely [3]. The result is as follows.
Proposition 4.7. Let s) > 1+ 4. For all s > sy one can find F : R* — R* non
decreasing such that
M(T) < F(Ms,(0) + T M, (T)){ Ms(0) + TMs(T) }.
The Proposition will be implied by the following Lemmas.

Lemma 4.8. There exists F : Rt — R™ non decreasing such that with I = [0,T]
and H?, = H?(R?) we have

ul —

Il + B g et

< F(Myy (0) + VT My (T){ Ms(0) + VT M(T)}.
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PRrROOF. Set £L1 = 0, +V - V. According to Proposition 4.2 we have £1B =

a—g, L1V = —aVn and from the definition of V, B and the equations we have
L1n = B. Then the lemma follows from Lemma 7.19 with y = s,u = s — % and
Proposition 4.3. ]

Lemma 4.9. Let s) > 1+ 3. For s > sy one can find F : Rt — RY non decreasing
such that, with H%, = H?(RY), we have

(D) Ml g ety S F (Mo (0) + VT My (T){Ms(0) + VT M(T) },

(i) |(V, B) || poo(r.s),, < F (Mo (0) + VT My, (T)){ Ms(0) + VT M(T) },
(iid) ¥l < F(My(0) + VT My (T)){ M5(0) + VT M,(T) }.

1
LOO(IvHS+§)ul

PROOF. (i) By Lemma 4.8 it is sufficient to bound A = || 17|| w(r g) Re-
call that ¢ = /%, 0s = Ty(s, and { = (D)*Vn. By Theorem 7 16 (z ) we can

write Gs = TlT aCs + G where HR”Loo (I,H#) s Lo (ILH "3, Cllla HLOO(I H"2),, +

||77||LOO(I,HSO+§) ). Then we have

1 _1
A= (D) 2<SHL°°IL2 <|(D)~ 2T19HL°°IL2 + (D) "2 RGsl| oo (1,22),

Using Theorem 7.16, (i), the above estimate on the norm of R with = —1, Lemma
4.8 and Proposition 4.3 we deduce that

A < F(Myy(0) + VT My (D) {165l oo 1,22),. + 10l oo 1,879),. -

Then the conclusion follows from Proposition 4.6 and Lemma 4.8.
(i1) Recall that U = V + TyB. The commutator [(D)* T¢] is of order s — %

which norm from L*(I,L?), to L*>(I,L?), is bounded by C|n 3. thus by

Lo (I,02)
'l . Therefore we deduce from Proposition 4.6 and Lemma 4.8 that
Loo(I, HOTS 2)

(4.46) Oz (1,290 < F (Mo (0) + VT Mey (1)) (M(0) + VT My(T)).
Now by Lemma 4.1 we have
divU =divV + Tgiy (B+T¢ - VB = —-G(0)B + Tic.e daiv ¢ B+
=-T\B+R(n)B + Ticeq divcB+v=TeB +Tav B+
where e = —\ +i( - £&. Writing B = T%TeB + (I - T%Te)B we obtain
B:Tédiv U—T%’y—i-SB.

Then using (4.46), Lemma 4.1 we obtain the desired estimate on B and since V =
U — T¢ B the estimate on V follows as well.

(iii) We have Vi) = V + BVr. Since the L(I, H*" %), norm of (V#,V, B) has
been already estimated, it remains to bound [|¢[| oo (s 2),,- Now from (2.1) and (2.2)
by a simple computation we see that

1 1
(O +V -V)p = —gn+ 5|V|2 + §B?.

Then the conclusion follows from Lemma 7.19 with p = s and (ii). O
31



5. Contraction and well posedness

5.1. Contraction. In this section we shall prove estimates on the difference of
two solutions of the system described in (4.2), (4.3), (4.4) which will prove the unique-
ness and also enter in the proof by contraction of the existence. Let (n;,v;,V}, Bj),j =
1,2 be two solutions of the system

(0r+Vj-Va)Bj =a; —g,
(5.1) (O +V;- Vo)V +a;¢ =0,

0 +Vj - Va)G = Gny)Vj + GG () By + Rj,
on [0, Tp] such that with H?, = HZ(R?) we have

ul =

Mj = sup ||(n;(t),¥;(t), V;(2), B (1))

1 1 < +o0.
S"r? S"r? S s
t€[0,Tp) H, = xH, = xH xH,

We also assume the Taylor sign condition satisfied that is that there exist ¢; > 0 for
j = 1,2 such that a;(t,z) > ¢; for all t € [0,Tp]. We set

n=mnm —1n2, ¢:¢1—¢2, V:VI_VYQ7 B:BI_B27
N(T) = sup [[(n(t),»), V(t), B .3

1 .
2 S—5 —1 s—1
te[0,7) Hyy 2 xH 2 X Ho X Hy,

Theorem 5.1. Let (nj,v;), j = 1,2, be two solutions of (2.1) such that

(02165, V1, By) € CO((0, o), HEF 2

for some fizted Ty > 0, d > 1 and s > 1+ 5. We also assume that the condition
(3.2) holds for 0 < t < Ty and that there exists a positive constant ¢ such that for
all 0 <t < Ty and for all x € RY, we have a;(t,x) > c for j =1,2,t € [0,T)]. Set

M; := su Vi, B;)(t
j: te[Op}H(nj’q’/)j’ g )( )HHZT%XHZT%XHZlXHil’

ni=m-—mnm2, Y=vY1—12, V:i=V-V, B=DB—DB.

Then we have

(5.2) [(n,%,V,B)|

><H 3 x Hyp x H)),

Loo((0,T),H ™3 x HS™ 3 x Hs=1 x H5= 1),
< ]C(MI’MQ)H( ¢7VB) ‘t 0 ||

B i
Let us recall that
(0 +V;-V)Bj =a; —g,
(5.3) (O + Vj - V)Vj 4 a;¢ =0,
(O + V- V)G = Gny) Vi + GGny) B+, G = Vny,
where ~; is the remainder term given by (4.4). Let

N(T) ::tGSElp H(naw7VB )H H j Hs 1 Hs 17

Our goal is to prove an estimate of the form
(5.4) N(T) < K(My,M2)N(0) + T K(My, Ma)N(T),

for some non-decreasing function X depending only on s and d. Then, by choosing T
small enough, this implies N (T') < 2K(M7, M2)N(0) for T} smaller than the minimum
of Tp and 1/2/C(My, M3), and iterating the estimate between [11,2Th],.. ., [T'— 11, T1]
implies Theorem 5.1.
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Remark 5.2. Notice that we prove a Lipschitz property in weak norms. This is a
general fact related to the fact that the flow map of a quasi-linear equation is not
expected to be Lipschitz in the highest norms (this means that one does not expect

to control the difference (1,4, V, B) in LOO([O,TO],HS“‘% x H5"3 x H® x H?) ).

The proof of Theorem 5.1 follows the same lines as the proof of the similar result [3,
Theorem 5.1]. 1l follows 4 steps: first we prove a Lipschitz estimate for the Dirichlet-
Neumann operator. Then we paralinearize the system satisfied by (n,,V, B), sym-
metrize this system, estimate the good unknowns of the symmetrized system and fi-
nally estimate (1,4, V, B). The Lipschitz estimate of the Dirichlet-Neumann operator
is the crucial one and we shall give some details. Having established the paradifferen-
tial calculus in uniformly local spaces, the other steps are identical mutatis mutandi
as in [3] and we shall skip the proofs.

5.2. Contraction for the Dirichlet-Neumann operator. In this section the
time being fixed we will skip it.

Lemma 5.3. Assume s > 1 + %. Then there exists F : RT™ — RT non decreasing

1
such that for all my,mo € HZ?_Q and all f € HY; we have
(55)  G(m) = Gl g < F((n1,m2, f)

5 — ||Hs+

ul

bt Mo =2l .y

ul ul ul

where H?, = H%(RY).
Proor. We follow closely [3]. As in (3.15), (3.23) we introduce pj, u;, o, Bj, v;

for j = 1,2. Then if 4;|,—o = f we have

1+ |vxpj‘2

(5.6 Go)f = (g

0. — Vapj - Vally) | 2=0.

We set @ = w1 — us. Then
(02 + 1Ay + B1 - V0, —10:)u == F
where
F= {(OQ —a1)Ap + (B2 — B1) - V0. — (72 — 'Yl)az}a}
Since s > 1 + g, Lemma 7.5 with sp = s— 2,81 =s— 2,50 =s— 1,p = 2 gives (with
J = (20,0) and H", = H,(R%))
1 E | 2 (g, m5-2), < E{llae — a1l g2 ms-1),, [| AU Loo (1, 15-2).,,

+ 182 = Bill L2 (g,m5- 1), IV Ost2|| oo (1, 15-2).,

+1lv2 = nllzzems-2),, 19:02 Loo (1,51, }-
Using (3.23) and Lemma 7.5 we can find a non decreasing function F : Rt — R*
such that

e — cull2,m5-1),, 182 = Bill L2 ms-1y, + 172 = M2, m5-2).,
< Flwmll ey org)llm —mell g

ul ul ul

On the other hand by Theorem 3.12 with ¢ = s — 1 we have

|V 22| Lo ((20,0), Hs 1)y < }'(||"72\|Hs+%)\|f\|H;l-
ul
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Combining these estimates we obtain eventually
1F | 2, pr5-2),, < f(H(m, 72, f)||HZl+%><HZZ+%><HiZ> [l — 772HHZ;%'

Since @ vanishes at z = 0 Theorem 3.12 with o0 = s — % gives

Hvx,ZﬁH s— 3 lgf(HO?laanf)HHer%

(200, 3), Mm =mall .y

1
5+3 s
><}Iul ><}Iul ul

ul

Using (5.6) and Proposition 7.3 (i) we obtain (5.5). O

5.3. Paralinearization of the equations. Notice that it is enough to estimate
3
n, B, V. Indeed, since V; = Vi; — B;Vn;, one can estimate the L>°([0,7, H*"2)y-
norm of Vi from the identity

Vi =V + BV + BaVn.
Lemma 5.4 ([3, Lemma 5.6]). The differences ¢, B,V satisfy a system of the form

(57) (O +V1-V)(V 4 (1B) +ax( = f1,
' (0 +V2-V)(=G(m)V —G(m)B = fo,

for some remainders such that

| (f1, f2)ll < K(My, My)N(T).

3
Loo([0,T),H5=1x H*™ 2 )

5.4. Estimates for the good unknown. In this section we introduce the good-
unknown of Alinhac in [5, 1, 6, 7] and symmetrize the system. Let I = [0, T].

Lemma 5.5 ([3, Lemma 5.7]). Set

€I: )\10,2, @ = T\/x(V—i-ClB), 19:: T\/@C

Then
(5.8) (875 + TV1 . V)QO + Tgﬁ =091,
(5.9) (875 + TV2 . V)ﬁ — Tg(p = g9,
where

H(Ql,92)HLOO(LHsfng573 S K(My, Ma)N(T).

2)u

Once this symmetrization has been performed, simple energy estimates allow to
prove

Lemma 5.6 ([3, Lemma 5.8]). Let

N'(T) = Sélel?{ 19O g + le®ll omg -

Nl

We have

(5.10) N'(T) < K(My, Ma)(N(0) + TN(T)).
34



5.5. Back to the original unknowns. From the estimates in Lemma 5.6, it is
fairly easy to recover estimates for 7.

Lemma 5.7 ([3, Lemma 5.9]).

(5.11) < K(My, My){N(0) + TN(T)}.

I —
We now estimate (V, B).

Proposition 5.8 ([3, Proposition 5.10]).

(5.12) (Vi B)luw(rares ey, < KMy, M) {N(0) + TN(T)}.

The proof will require several preliminary lemmas. We begin by noticing that it
is enough to estimate B. Indeed, if

1Bl oo (1, 115-1),, < K(My, Ma){N(0) + TN(T)}.
then, the estimate of ¢ in (5.10) above allows to recover an estimate for V + (1B (by
applying T' \/H_l)’ which in turn implies the estimate for V.

Let v = 51 — ¢o, where @ is the harmonic extension in  of the function ; and
set

62%2
by 1= = — T p.
2 8Zp2’ w v ba P
We have
(5.13) Ww|,=0 = ¢ — Tp,n.

We first state the following result.
Lemma 5.9 ([3, Lemma 5.11]). We have
(5.14) 1% = Tponll Lo (1,15),, < K(M1, M2){N(0) + TN(T)}

We next relate w, p and B.

Lemma 5.10 ([3, Lemma 5.12]). We have
1

b= [@01

((%u} — (ba — Tp,)0:p + Taszp)} ‘ o

Lemma 5.11 ([3, Lemma 5.13]). Recall that by := gﬁ;. For k=0,1,2, we have

k

‘86

8

<Cllsll .y

ul

CO([=1,01, L (I, H* 27,

for some constant C' depending only on ||n2|| 1.

ul

Notice that n and hence p are estimated in L>°(I; Hsfé) (see (5.11)). To complete
the proof of the Proposition 5.8, it remains only to estimate 0,w|,—p in L*(I, HZ;l)

Lemma 5.12 ([3, Lemma 5.14]). Fort € [0,T] we have

(5.15) Hv$72w‘|00([—1,0],H5*1)u1 < ,C(Ml, MQ){N(O) + TN(T)}.
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5.6. Well posedness. The proof goes as follows. In a first step we prove the
main theorem for very smooth data, using a parabolic regularization. Then, when the
data are rough, we regularize them, thus obtaining a sequence of solutions living on an
interval depending on a small parameter €. In a second step, using the tame estimates
proved in Proposition 4.7, we show that this sequence exists on a fixed interval. In the
last step, using the results stated in section 7, we prove that it is a Cauchy sequence
and we conclude. Let us notice that most of this work has been already done in [3] in
the case of the classical Sobolev spaces. Therefore we will only sketch here the main
points.

5.7. Parabolic regularization. We assume first that (n,0) € H;, x H3, for
5> ng+ %, ng large enough. and we consider for € > 0 the problem

O = G(??)w +eQgn,

1 1 (vxn : vz@b + G(UW)Q
5.16 S 2, _
(17, 9)|t=0 = (10, Yo)-
Setting U = (n,1)) we can rewrite this problem as
t
(5.17) U(t) = e Up + / (=R [ AU (7))] dr.
0

We set I = [0,7T] and we introduce the space
Es= LI, H®) N LI, H),,.

According to Lemma 7.10 we have |[e5*2< U], < Ce||Uo|lms, := R. Then using the
estimates
(5.18)

LA 21,5y, < FUU oo, 11U 21,1541y,

[AUL) = AU2) 21,15y, < F UL U2) || oo (1,155 x 15) ) 1UL = Uzl 227, 15541,

we can show that, if 7' = T, is small enough, the right hand side of (5.17) maps the
ball of radius 2R in Ej into itself and is contracting. By the Banach principle the
equation (5.17) has a maximal solution on [0,7}). Moreover if T, < +oo then

(5.19) lim (7, ¢) ()72, w72, = +o0.
t—Tx ul ™

Now with this large s we set
MS(T) = sup [[(n5, 9%, VE, B ) ()| s sops wms—1s =1
tE[O,T] ul ul ul ul
Using the same computations as in [3] and the method of proof of Proposition 4.7

(but in an easier way since here s is large) we deduce that one can find F : RT — R
strictly increasing such that

ME(T) < F(M(0) + VT MI(T)).

Since M:(0) = Ms(0) does not depend on ¢, this will imply that there exists Ty > 0
independent of € such that MS(T) < F(2M;(0)) for T' € [0,Tp]. Using this uniform
bound on this fixed interval and the arguments of [3] we can pass to the limit in the
equations 5.16 to obtain a solution (7,) of the water wave system.
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5.8. Regularizing the data, a priori estimates. . Assume (19, %o, Vo, Bo)

1 1
belongs to HZ?+2 X HZTLQ x H? x H2 where sy > 1+ 4. Let j € Cg°(R%),(¢) = 1
when [£| < 1. We regularize the data in setting f§ = j(eD)fo if fo is one of them.
Then the regularized data belong to H?, for s large. Therefore we can apply Step
1. to get a maximal solution (7, 1., Vz, Be) of the water wave system, on an interval

[0,T7), wich is very regular. Moreover we know that if 7 < 400 then

5.20 lim ME(T) = +oo.
(5.20) i, M (T) = o0

We first apply Proposition 4.7 with s = sy and we obtain
Mg (T) < F(ME(0) + VT M, (T)).

Since there exists Ag > 0, independent of ¢, such that Mg (0) < Ay, for all € > 0 small,
we deduce that one can find Tp > 0 independent of & such that Mg (T') < F(2A4,) for
all T' < min(7p, 7). We apply again Proposition 4.7 with s large and we get

MS(T) < F(Ao+ VToF(240)) (M (0) + VT M (T)).
Let T} > 0 be such that /T F(Ag + vVIpF(24)) < &. Then
ME(T) < 2F (Ao + /ToF(240))ME(0),Y0 < T < min(Ty, T).

Using (5.20) we deduce that T} > T} for all € > 0 small. This shows that our solution
(e, e, Ve, Be) exists on a fixed interval [0,71]. Moreover, as seen above, Mg (T) is
uniformly bounded on this interval.

5.9. Passing to the limit. According to Theorem 5.1, (7, %<, Vz, Be) which is,
according to Section 5.8, bounded in

so+3 so+3
L>((0,T);H, * xH, *xHYxHY),
is convergent in
_1 _1
Lo((0,T); Hy * x Hyy * x Hyy ™! x Hp™Y),

and hence also for any § > 0 in

1
so+5—

1_
Loo((0,T); HY 770 1270 s o9 o %99y,

ul

To get the existence of solutions, it remains to pass to the limit in the equations
(the uniqueness follows once again from Theorem 5.1). For this step, we rewrite the
system (2.1), (2.2) as

One = G(ne)tbe,
1
Ope + Ve - Voo = S (V2 + BE) — g1

Vane - Vatbe + G(??e)%
1+ |V:B77€|2 ’

Ve = Vape — BeVane.

37

(5.21)

B. =




Choosing § > 0 such that s —§ — 1 > % ( so that H*93% is an algebra), we deduce
that

Ome — 9yn in D'((0,T) x RY)
Oppe — Opp in D'((0,T) x RY)

1
s—6—3

Ve -Vipe = V-V in L((0,7); H,, )

5.22
B2 vr g v B D07 )

_s5_1
Valle - Vathe — Vagn - Vb in Lo((0,T); H, * 72

ul

) C L>°((0,T); L))
g—§—1
|Vane|> = [Van|? in L°((0,T); H,, ° 2) € L®((0,T); C° N L= (RY))

On the other hand, according to Lemma 5.3, we get

G(n=)be — Gy = G(ne) (Ve — ¥) + (G(ne) — G(n))Y — 0,
in 3
L((0,7); Hyy > ) € L((0,T7); L),
which allows to pass to he limit in (5.21) and show that the same system of equations
is satisfied by (n,v,V, B) in D'((0,T) x R).

5.10. Continuity in time. We now prove that (n, v, V, B) is continuous in time

. . so+3—0 so+3—0 so—8 so—3 .
with values in H x H, x H " x H,j; °. From the equation, and product

rules, its time derivative is clearly in
(0. T) B B E s g E o o
L>(0,T);H, *xH, *xH, >xH, ?)
and consequently (interpolating with the a priori estimate), for any ¢ > 0,

+1-46 +5-6 - -
(5.23) (0,9, V, B) € C°((0,T); Hyy 27" x Hoy 277 x HY ™0 x H™?).

ul
6. The canal

We consider now the case of a canal having vertical walls near the free surface or
the case of a rectangular basin.

The propagation of waves whose crests are orthogonal to the walls is one of the
main motivation for the analysis of 2D waves. It was historically at the heart of the
analysis of water waves. The study of the propagation of three-dimensional water
waves for the linearized equations goes back to Boussinesq (see [13]). However, there
are no existence results for the nonlinear equations in the general case where the
waves can be reflected on the walls of the canals (except the analysis of 3D-periodic
travelling waves which correspond to the reflexion of a 2D-wave off a vertical wall, see
Reeder-Shinbrot [35], Craig and Nicholls [18] and Iooss-Plotnikov [27]).

We hence consider a fluid domain which at time ¢ is of the form

Q(t) ={(z1,22,y) € M xR : b(x) <y <nt,x), = (x1,22)},

where M = (0,1) x R in the case of the canal and M = (0,1) x (0, L) in the case of a
rectangular basin, and b is a fixed continuous function on M describing the bottom.
Denote by ¥ the free surface and by I' the fixed boundary of the canal:

E(t) = {($17$27y) EMXR: Yy = n(twr)}u
and we set I' = 0€2(t) \ 2(¢) (which does not depend on time). We have

[ =T,UT,,
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Iy ={(z1,22,y) e M xR; b(x) =y}

(6-1) Iy = { (21, 72,y) € IM x R; b(x) <y < (a1, 2') ).

Denote by n the normal to the boundary I' and denote by v the normal to the free
surface Y. The irrotational water-waves system is then the following: the Eulerian
velocity field v: Q — R? solves the incompressible Euler equation

(6.2) 0w +v-Veyv+ Vy P =—gey, divyy,v=0 curl,,v=0 1inQ,

where —ge, is the acceleration of gravity (¢ > 0) and where the pressure term P can
be recovered from the velocity by solving an elliptic equation. The problem is then
given by three boundary conditions. They are

v-n=>0 on I,
(6.3) om=+1+|Vn2v-v  onX,
P=0 on X.

We notice that the first condition in (6.3) expresses the fact that the particles in
contact with the rigid bottom remain in contact with it. Notice that to fully make
sense, this condition requires some smoothness on I', but in general it has a weak
variational meaning (see Section 3).

Finally we impose the initial condition

(6.4) (m,v)]e=0 = (1m0, v0),
where vq satisfies
divgyvo =0 curlyyvo =0 inQy, wvo-n=0,onT.
It follows that there exists a function ¢q : 20 — R such that
vg = Vaypo in Qo, with Ay ydo = 0.
We set
Yo = Q0ly=no ()
and introduce the trace of the velocity field vo = (V0,21 , V0,24, Vo,y) 00 Xo = {(x,n0(2))}
in setting
V0,21 ly=no = Vo215 V0.maly=no = Vo,ear  Voly=no = Bo, Vo = Vo,e1» Vo,u)-

Similarly, to a solution v of (6.2)-(6.3) we associate ¢,v¢ and (V,B) = v|,—, as
above.

The stability of the waves is dictated by the Taylor sign condition, which is the
assumption that there exists a positive constant ¢ such that

(6.5) a(t,z) == —(0yP)(t,z,n(t,x)) > c> 0.

6.1. A simple observation. We begin with a elementary calculation showing
that, at least for regular enough solutions, as soon as the Taylor sign condition (6.5) is
satisfied, in the case of vertical walls, it is necessary that at the points where the free
surface and the boundary of the canal meet (X(¢) NT"), the scalar product between the
two normals (to the free surface and to the boundary of the canal) vanishes : v-n =0
on X NI, which means that the free surface ¥ necessarily makes a right-angle with
the rigid walls (see Figure 1).
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FiGURE 1. Two-dimensional section of the fluid domain, exhibiting
the right-angles at the interface X NI

Proposition 6.1. Let (n,v) be a classical solution of System (6.2), (6.3) such that
the Taylor coefficient a is continuous and non-vanishing and n(t,z) > b(zx) + h
for some positive constant h. Then the angle between the free surface, X(t) and the
boundary of the canal I' is a right angle:

vVt € [0,T],Vz € Z(t)NT, n-v(t,xz)=0,
which is equivalent to

(66) 8x17](t,$1,.732) |I1:071: 0.

ProOOF. We give the proof in the case of a canal, the proof for the rectangular
basin is similar. Since ng(z) > b(x) 4+ h at a point mg where ¥(¢) and I" meet we have
mo = (e,xg,yo) where e = 0 or 1. Let m = (g,x2,y) be a point on I' near mgy. At m
the normal n to I' is n = (£1,0,0). Taking the scalar product of the equation (6.2)

with n we obtain, since e, - n = 0,
(6.7) (VayP) n=—(0w) -n—((v-Vay)v)-n atm.

Denote by (vg,, Ug,, vy) the three components of the velocity field v. The first condition
in (6.3) implies that (v -n)(m) = v, (t,6,22,y) = 0. It follows that (Ov) - n =
O¢(v-n) =0 at m. Moreover on I' near mg we have

[((U : vm,y)v) : n] (t7 €, 2, y) == [((’U ’ Vm,y)vm] (t7 €, T2, y)
== [('szam + Uyay)vxl] (t,e,22,y)
= & [(Vgy Oy + vy0y)] (va, (¢, €, 22,y)) = 0.

It follows from (6.7) that
(6.8) (VayP) -n=0 atm.

Now by the third condition in (6.3) we have P = 0 on ¥ and by (6.5) and our
hypothesis on the Taylor coefficient we have V, P # 0 on X. It follows that V, , P is
proportional to the normal v at ¥ and by continuity at ¥ N I". We deduce from (6.8)
that v -n = 0 at my. U

Once this right angle property is ensured, it is easy to show that some additional
compatibility conditions have also to be fulfilled. Namely, for f = By, Vo 2, Oz, V0,215
using (6.3), as soon as the function ¢ is smooth enough so that all terms below are
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defined, we have with m = (¢,z2) (¢ =0 or 1).
Oy tho(m) = Oy do(m, mo(m)) + dyo(m, 1o (m))0z,m0(m) = 0,
Oz, Bo(m) = 0z, 9ydo(m, no(m)) + o (m, 10(m))dz,mo(1m) = 0,
a1’1V0 22 (M) = Oy Oy G0 (m, 110(m)) + Oy 0y po(m, Mo (m)) Doy 0 (1) =
2 Vo, (m) = 82, do(m,mo(m)) + 20,07, do(m, 110(m)) Dz, 10 (m)

+ 0302, G0 (m, 10 (m) (D2, 10 (m))? + Oy, o (m, 10 (m)) D3, mo ()
=0,

(6.9)

where in the last equality, we used that Gglqﬁ = —(6%2 + 85)3$1¢, since ¢ is harmonic.

6.2. The result. Asbefore, we denote by =1 (resp. x2) the variable in (0, 1) (resp.
in R). To state our results we need to introduce the uniformly local Sobolev spaces in
the x5 direction (these spaces are introduced by Kato in [28]). Let 1 =", ., x(z2—k)
be a partition of unity and define for any s € R,

2(01) xR = {u € i (0.1) % R) : sup (w2 = K)ul o) cm) < 00
These are Banach spaces when endowed with the norm
[ull s, = sup Ix(z2 = k)ull gs(0,1)<R)-

In Section 6.1 we showed that in order to get smooth solutions, a set of compatibility
conditions (6.6), (6.9) have to be assumed. Here we prove that these conditions are
not only necessary, but they are sufficient.

Theorem 6.2. Set M = (0,1) x R. Let s € (2,3), s # %, and

(M) = B2 (M) x HS'3 (M) x HE, (M) x HS,(M)
ul ul ul ul .

Consider (no, Yo, Vo, Bo) € H°(M) and assume that, with € = 0,1

(H1) Vo (e,22) = 0 and Oy, f(e,22) = 0 when f = no, Yo, Bo, Vo,z,. Further-
more, 92 Vo g, (€,22) =0 if s > 5/2.

(H2)  The Taylor sign condition, ag(z) > ¢ > 0 is satisfied at time t = 0.

(Hs) no(x) > b(x) + h for some positive constant h.

Then there exists a time T > 0 and a unique solution (n,v = V4 40) of the system

(6.2), (6.3), (6.4) such that

Z) (777 ¢’27 V7 B) € C([O> T)a HS(M))f
ii) the Taylor sign condition is satisfied at time t and n(t) > b+ h/2.

In the case of a rectangular basin we have the following result.
Theorem 6.3. Set M = (0,1) x (0,L). Let s € (2,3), s # %, and
HE(M) = H 2 (M) x H¥ 2 (M) x H5(M) x H5(M).

Consider initial data (no, o, Vo, Bo) € H¥(M), such that

(C1)  Voa(e,x2) = 0 and 0y, f(e,22) = 0 when f = no, o, Bo, Vo,z,. Further-
more, 02 Vo2, (€,22) =0 if s > 5/2. Here e =0 or 1.

(C2)  Voa,(x1,0) = 0 and Oy, f(21,0) = 0 when f = no, o, Bo, Vo,z,. Further-
more, 92,Voz, (21,6) =0 if s > 5/2. Here § =0 or L.

(Cs3)  The Taylor sign condition, ag(z) > ¢ > 0 is satisfied at time t = 0,

(Cy)  mo(x) > b(x) + h for some positive constant h.
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Then there exists T' > 0 and a unique solution (n,v = V4 4¢) of (6.2)—(6.4) such
that

(1) (n,¢ls,V, B) € C([0,T); H*(M)),

(2) the Taylor sign condition is satisfied at time t and n(t) > b+ h/2.

Remark 6.4. (i) Our results exclude the case s = % for technical reasons. It would

be possible (but unnecessarily complicated) to include this case.

(7i) In the case of a flat bottom (say b(x) = —1) we do not need assumption (Hs)
(and (C3)) which is in this case always satisfied as proved by Wu ([37, 36]), see also
[30]. Also, this condition is satisfied under a smallness assumption.

(#i7) Condition (Hy), when f = ng, says that at t = 0 the fluid has to be orthogonal
to the fixed vertical walls.

6.3. Proof of the result. Following Boussinesq (see [13, page 37]) the strat-
egy of proof is to perform a symmetrization process (following the process which is
illustrated on Figure 2 below).

e

FIGURE 2. Two-dimensional section of the extended fluid domain.

Once this symmetrization process is performed, we will apply our result [4, The-
orem 2.3| to conclude.

6.3.1. The periodization process. Without additional assumptions, the reflection
procedure should yield in general a Lipschitz singularity. However, here the possible
singularities are weaker according to the physical hypothesis (Hy).

For a function v defined on (0, +0c), define v® and v°? to be the even and odd
extensions of v to (—oo, +00) defined by

evin v(—y), ify <0
v (y){ v(y) if y > 0.
(6.10)

We have the following result

Proposition 6.5. We have
(1) Assume that0 < s < % Then the map v — v is continuous from H*(0,+00)

to H°(R).
2) Assume that 3 <s < 5. Then the map v — v is continuous from the space
(2) p p
{v € H%(0, ): 4 )—0} to H(R).
3) Assume that 0 < s < L. Then the map v — v° is continuous from
2
H5(0,+00) to HS( ).
Assume that L <5< 5. Then the map v — v°% is continuous from the space
(4) 5 p P
{v € H%(0, +oo) :v(0) =0} to H5(R).
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(5) Assume that g < s < 4. Then the map v — v°% is continuous from the space
{v e H%(0,+00) : v(0) = v"(0) =0} to H°(R).

PROOF. Let I = (0,+00). Then C§°(I) is dense in H*(I) for all s € R.

1) The case s = 0 is trivial since [|veV]|2, = 2||v||2,, . Consider now the case
L2(R) L2(1)

0 < s < 1. Then the square of the H5(R)-norm of vV is equivalent to
ov [0 (z) — v (y)[?
I HLz y T4, A= /R><R |x— ‘1+2s dxdy.

Then we can write

_2// [v( |2dd +2// [v(@ )|2ddy::A1+A2.
IxI \fU— ’HZS IxI |$+7J|1+25

We have
AL <200l 3y, Az < 200l

since The case s = 1 being straightforward consider the case

1 < 1
(w+y)1+25 = lz—y[ttes
l1<s<32 Seto=s—1€(0,3). Then

[0 sy = 10V 172y + 1020 50 Ry
Since 0 < 0 < 1 we have
1020V [} (my < C(Ao + A1 + Az)

Ao = 110072 my < Cillv 20y < Calloll sy

V(x) — V' (y)]?
A= //I . w dzdy < Collv'|| o1y < Collvll a1
X

v/ (z) + ' (y)?
Ay = dxdy.
//IXI ‘x+y’1+20 Y

Eventually we have

/
As <C’/| d <C’4||v||Ho < Cullvl as(ny

by Theorem 11.2 in [33], since 0 < o < . This completes the proof of (1).
(2) If 3 <s<2let 0 =s—1€ (3,1); arguing as above we see that

] v

1 rery < € (Il

Now since v' € H?(I) and v'(0) = 0 we can apply Theorem 11.3 in [33] which ensures
that the integral in the right hand side can be estimated by CH’UH?{S(]). The case s = 2

being straightforward let 2 < s < Z_ Then
7@y < CU 72wy + 1020 [ Freawy)-

Since 0 < 5 —2 < 5 and v'(0) = 0 we may apply the same argument as in the case (1)
to ensure that H@gve"H?{S,Q(R) < CHUH%IS(I)
The cases (3) to (5) are proved by exactly the same arguments. O
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To state the reflection procedure in higher dimension we need to introduce the
uniformly local Sobolev spaces in R™,n > 2.
Let 1 =), cz x(z — k) be a partition of unity in R" and define for any s € R,

(R = {u € i (RY) s sup (- = byul oy < +0c).
These are Banach spaces when endowed with the norm
l[ull s, = Sup Ix (- = k)ull s gy

Now, if v is a function on M = (0,1) x R? we define the even (resp. odd) periodic
extensions on T x R%, vV (resp. v°%), by

v(—x1,2), if —1<z <0,
vV(z1,2") = S v(x, o), ifo0<z <1,
v(xy —2k,2’). ifxy —2ke(—1,1), ke Z.
(6.11) (
—v(—z1,2'), if —1<z1 <0,
v°d(zy,2") = < v(ay, @), if0 <z <1,

v(xy — 2k, 2").  ifxy —2ke(-1,1), k € Z.

Corollary 6.6. Let M = (0,1) x R.
(1) Assume 0 < s < % then the map v — v is continuous from H: (M) to
H; (R?).
(2) Assume 2 <s < Z. Let
Es={ue H;,;(M): 0z u(e,z2) = 0,6 =0,1,Vza € R}.

Then the map v — v is continuous from Es to HS,(R?).
(3) Assume 0 < s < % then the map v — v°® is continuous from HS,(M) to
HZI(RQ).
(4) Assume L <s< 3. Let
Fs={ue H,;(M) :u(e,z2) =0,e =0,1,Vza € R}.

Then the map v — v°% is continuous from Fys to HS,(R?).
(5) Assume 2 < s < 4. Let

Gs = {u € H5 (M) : u(e, z2) = 07 u(e,x2) = 0,6 = 0,1,Vzy € R}
Then the map v — v°% is continuous from Gy to HS;(R?).
PROOF. Since (Dg,v)® = D2 (v*), (D2,v)°d = D2 (v°) the result is clearly a
one dimensional result and it is enough to prove it for the one dimensional case, in

which case it is a direct consequence of Proposition 6.5 and a localization argument.
O

Consider now an initial data (o, ¥0 = ¢ol|x,, Vo, Bo) satisfying the assumptions in
Theorem 6.2 and define

770 = 778‘,, JJJO = @Z}SVa ‘70,901 = ‘/E)(jip %,12 = VY()e,\;;Qa EU = BSV
on T x R.
Recall (see Theorem 6.2) that, with M = (0,1) x R, we have set
WM = HE?

ul

(M) x Ly, (M) x Hy (M) x Hy (M),
14



and introduce
1
HAR?) = Hy * (R?) x Ly (R?) x Hyy(R?) x Hy (R?).
Then we have the following lemma.

Lemma 6.7. Let 2 < s < 3,8 # g and (no, %o, Vo, Bo) € H(M) satisfying the

hypothesis (Hy) in Theorem 6.2. Then (7o, %o, Vo, Bo) € H(R2) and are 2- periodic
with respect to the x1 variable.

PRrROOF. This follows immediately from the hypothesis (H;) and Corollary 6.6. [

In the case of a rectangular basin, performing both reflection and periodizations
with respect to the 1 and the xo variables leads similarly to extensions

x5 +3
(o, Y0, Vo, Bo) € H,, 2(R?) x L% (R?) x H5(R?) x Hj(R?)

which are 2- periodic with respect to the x; variable and 2L periodic with respect to
the zo variable ).

6.3.2. Conclusion. We are now in position to apply Theorem 2.3. We consider
first the case of the canal. Starting from (ng, 1o, Vo, Bo), we define (1, 1o, %, EO) their
periodized extensions following the process in Section 6.3.1. Let (77,7) be the solution
of the free surface water waves system given by Theorem 2.3. Since the initial data
(M0, Yo, ‘70’, EO) are even while 170@1 is odd, our uniqueness result guaranties that the
solution satisfies the same symmetry property (because if we consider our solution,
the function obtained by symmetrization is also a solution with same initial data).
The same argument shows that as the initial data are 2-periodic with respect to the
variable x1, so is the solution. As a consequence if we define v,n, P as the trace of
v,7m, P on (0,1) x R, we get that they satisfy trivially the system free boundary Euler
equation

0w +v-Veyv+ VP =—ge,, divyzy,v=0 in{Q,

(6.12) om=+1+|Vn2v-v onX,

P=0 ony,

and to conclude on the existence point in Theorem 6.2, it only remains to check that
the ”solid wall condition”

(6.13) v-n=0,on=T7UTy

is satisfied. On I'y it is a straightforward consequence of the condition 7-T = 0, while
on I'y it is simply consequence of the fact that the component of the velocity field
along 1, vz, is odd and 2-periodic. To prove the uniqueness part in Theorem 6.2,
starting from a a solution of (6.12), (6.13), on the time interval [T, T, if we define the
function v, 7 at each time ¢ following the same procedure, we end up with a solution
of (6.2), (6.3) in the domain {(t,z,y);t € (=T,T), (z,y) € Q(t)}, at the same level of
regularity. Indeed, the jump formula gives

00 4+ - Vv + Vx,yﬁ = —gey + [Ug, - 03, V] ® 01, = —gey,

where in the last equality we used that the component of the velocity field along x;
vanishes on I's. The uniqueness part in Theorem 6.2 consequently follows from the
uniqueness part in Theorem 2.3. The case of a rectangular basin is similar.
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7. Technical results

7.1. Invariance. The following result shows that the definition of the uniformly
local Sobolev spaces does not depend on the choice of the function x satisfying (2.3).

Lemma 7.1. Let E be a normed space of functions from R to C such that
Ve WORRY 3C>0:|0ul|lp <Clullp YueE

where C' depends only on a finite number of semi-norms of 6 in W°>°(R%). Then
for any X € C(RY) there exists C' > 0 such that

(7.1) sup [|[Xxulle < C sup |Ixqulle
kezd q€eZd

where Xi(x) = X(x — k).

PROOF. Let x € Cgo(Rd) be equal to one on the support of xy. We write with
N=d+1

o = k=0 [E2 00 (-,

Since the two functions inside the brackets belong to W°>*°(R%) with semi-norms
independent of k, ¢, using the assumption in the lemma we deduce that

IXkulle < Y IXexqulle < C D (k=)™ sup [|Ixqulls,
qEZ4 qeZd qezZ?

which completes the proof. O

Lemma 7.2. Let p € R and N > d+ 1. Then there exists C' > 0 such that

(7.2) sup [|{z = )"V ull guray < Cllull e, ma)
R4

for alluw € H",(R?).

PRrOOF. Indeed we have

_N —N
=) Nl < 1z =) N xqullan
qEeZ4

and we write

T — N
(@ — ) Vxgy)uly) = = _1q>N 293 — Z;Ni (¥)xq(v)u(y)

where X € C§°(R?), ¥ = 1 on the support of x. This implies that

_ 1
> e =) Nxqullae < Cn Y WHUHHL‘Z < Cxllull g,
qEZ4 qE€Z4

_\N - . . .
since the function y — ngg; ~ Xq(y) belongs to W (R4) with semi-norms uniformly

bounded (independently of x and gq). O
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7.2. Product laws.

Proposition 7.3. (i) Let 0; € R,j = 1,2 be such that o1 + 02 > 0 and u; €
HZ;;L(Rd),j =1,2. Then ujus € HZ?(Rd) forog < oj and oy < 014092 — %. Moreover
we have

||U1U2||HZZO(Rd) < CHUIHH;’; (Rd)H“?HH;?(Rd)'
(ii) Let s >0 and u; € HS,(RY) N L>®(RY),j = 1,2. Then uyuy € H3,(RY) and
HU1U2||H;l(Rd) < C(Hul”Loo(Rd)||U2HH;l(Rd) + ||U2HL°<>(Rd)||u1||H;l(Rd))-
(iii) Let F € C°(RN,C) be such that F(0) = 0. Let s > 4. If U € (H5,(RH)"
then F(U) € H%,(R?) and
IE ()| (ray < GUU (oo ey v )IU s, (metyyn
for an increasing function G : Rt — RT.

PROOF. The proofs are straightforward extensions of the proofs in the classical
Sobolev spaces case. Indeed let us show (i) for instance. Let x, be defined in (2.3)
and ¥ € C§°(RY) be equal to one on the support of y. Then from the classical case
we can write

Ixquiuzllmso = lIxquaXquallmo < Clixqurll s [IXquall
< Cllual gz lluzll g -
The proofs of (i7) and (7i7) are similar. O

The following spaces will be used in the sequel

Definition 7.4. Let p € [1,+00], J = (20,0),20 < 0 and o € R.

(1) The space LP(J, H°(R%)),; is defined as the space of measurable functions u
from RE x J, to C such that

ull Lo, o (Y 7= SUP [IXqull Lo (s o (RaY) < 400
qeZd
(2) We set
() = L®(J, HY (RY) o 1 L2(J, HO 2 (RY))
) = LM H (R + L2(J, H 2 (R

endowed with their natural norms.
(8) We define the spaces X°(J),Y?(J) by the same formulas without the sub-
script ul.

Notice that L(J, H?(R%)),; = L>(J, H%(RY)).

Lemma 7.5. Let 0g,01,02 be real numbers such that o1 + 02 > 0,00 < 0,5 =
1,2,00 < 01+ 09 —% and 2 < p < +4oo. Then

vl Lo (g o0 R < Cllull Lo (gm0 (R MV Lo (1 o2 (REY)
whenever the right hand side is finite.
The same inequality holds for the spaces without the subscript ul.

ProOF. This follows immediately from Proposition 7.3 (i) and (7.1). O

Lemma 7.6. If o > % the spaces X2,(J) and X°(J) are algebras.
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Lemma 7.7. Let so > 1+ %,u >0 and J = (—1,0). Then we have

(7.3) 1fallxn < CUF oo mso—1y, l19llxe, + N9l oo (.50-1), 1 Fll )
(7.4) 1fallxn < CUFllzoe om0y, lgllxe + HQHLW(LHSO%)MHfHX;T%)'

Let F € C°(CN,C) be such that F(0) = 0. Then there exists a mon decreasing
function F : RT — R* such that for u > % we have

(7.5) IE@)xs, < FOIUN oo a1y, )T lxs

PROOF. The first and the third estimates follow easily from (%), (éi) in Propo-
sition 7.3. To prove the second one we start from the inequality (see [3], Corollary
2.12)

Ixkfallze < C(lxef|lLe | Xegll ae + Hikgﬂcf% HkaHHH%), t>0

where y € C§° (R%) is equal to one on the support of . Then we use the continuous
_1

embeddings: H%~! C LOO,HSO*% C C, ? and the above inequality for t = u,t =

w+ % O

7.3. Continuity of the pseudo-differential operators. We have the following

result which reflects the pseudo-local character of the pseudo-differential operators.
Recall that ST is the set of symbols p € C* (R4 x RY) such that

IDEDIp(x,€)] < Cap(l+ €)1 Va, 5 € N, V(z,€) € R x R%.

Proposition 7.8. Let P be a pseudo-differential operator whose symbol belongs to the
class ST Then for every s € R there exists a constant C > 0 such that

1Pull s, mey < Cllull gtm (gay;
for every u € H¥™(R?), where C' depends only on semi-norms of the symbol in ST0-

Proor. Write

(7.6) xrPu = Z XePxqu + Z XePxqu =: A+ Z By, 4.
|k—q|<2 lk—q|>3 lk—q|>3

The first sum is finite depending only on the dimension. To bound it in H*(RY)
we use the usual continuity of pseudo-differential operators. For the second one let
ng € N,ng > s. We shall prove that

a Ca
(7.7) |1 D% Brgll L2 (ray < WHUHHZT’"’ la| < ngo

which will complete the proof of Proposition 7.8.
Notice that, due to the presence of x, we have | Dg By, 4|2 < C||D$ By gl L. We
have

DgB’ﬁq(x) = <DgK(l‘, ')a Xqu>
with
Kla) = (20 [ 868 ()00
where ¥ € C5°(R%), X = 1 on the support of .
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Now on the support of xi(x)xq(y) we have |z —y| > 0|k —¢|,6 > 0. Inte-
grating by parts N times (with large N depending on d,ng) with the vector field

L=Y%" =1 ﬁcj yny O¢; we see that for all 3 € N™ we have

Cq ~
DIK (9] < = i)l Vy) € R xR

It follows that
|Dg Big(2)| < [|Dg K (, ) || g—s+m) [ X gl prstm

Cy,
< WHMU”HHM

which proves (7.7) and hence concludes the proof. 0
In a particular case the proof above gives the following more precise result.

Proposition 7.9. Let m € R, h(§) = ﬁ(%)mmw(ﬁ) where h € C=(S%1) and

Y € C®(RY) is such that ¥(€) = 1 if |€] > 1, (&) = 0 if |¢] < % Then for every
€ R there exists a constant C' such that

1Dl rty < ClFlrass sl g
for allw € H' ™ (RY).
We shall use the following result when p(£) = (£) and p(¢) = [£]2.

Lemma 7.10. Letd > 1,7 >0,m € R. Letp € S’LO(Rd),a € S{’}O(Rd) two symbols

with constant coefficients. We assume that one can find cg > 0 such that for all ¢ € R%
we have p(§) > ¢olé|". Then for all o € R and every interval I = [0,T], one can find
a positive constant C such that, with HS = H5(R?)

(7.8) le™"Pa(Dyul g1 ey, + lle” P a(D)u]

for allu € HZZ‘H“.

L2(I,H %), = C”“”Hgl*m

PROOF. The estimate of the first term in (7.8) follows from Proposition 7.8 since
e~ tp(D )a(D) is a pseudo-differential operator of order m whose symbol has semi-norms
in ST bounded by constants depending only on 7. Let us look at the second term.
Set

—tp(D
Iy = Ixge™ " Pa(D)ull oy o

One can write

( Iq - Aq + Bq
Ay = Z ||Xq€—tp(D)a(D)XkuHLQ(I’HH%)’
(7.9) |k—q|<2
B, = Z ||qu—tp(D)a(D)XkuHLQ(LHH%),
|k—q|>3

Since the number of terms in the sum defining A, is bounded by a fixed constant
(depending only on d) using a classical computation we can write

Ay < Cy sup [le”PPla(D)ypul ., (LHE)

(7.10) kezd
Ay < Cy sup |la(D)xgullpe < Cs sup || xpullgorm < C3Hu||Ho'+m
kezd kezd
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Let us look at the term By. Let Ny be an integer such that Ng > o + 5. Then B, is
bounded by a finite sum of terms of the form

Z H(Dan)(Dﬁeftp(D)@(D))XWHL2(I,L2)
lk—q|>3

with |a|+|8] < Ny. Due to the presence of the function D%y, By is therefore bounded
by a finite number of terms of the form

Z ||(Dan)(Dﬁe_tp(D)a(D))Xku||L2(1,L<>o).
lk—q|>3
Now we can write
(7.11) F(t,x) := (D*xg)(DPe” " Pla(D))xpu(e) = (K (t,z,), (xsu)())
with
K(t2,y) = (2m)(D*xq) () Xk (y) / eV (t,€) de
where ¥ € C$°(R4) is equal to one on the support of x and q(t,€) = e P q(¢). Tt
follows that for fixed (¢, x) we have
(7.12) [E(t, )| < K 2, )| e [Ixwwll grosm-

Let Ny € N be fixed such that Ny > —(o +m). We shall show that for every N € N
one can find Oy = Cn(T) > 0 such that for every (t,x) € I x R? we have

C
(7.13) Bt s ) v, < ﬁl@axq)(w)\-

Indeed for |u| < Ny, D} K (x,y) is a finite linear combination of terms of the form

T(t..) = (D3)@DGTN0) [ 5 g(e,)de
where |v| + || = |p].
We notice that for all ¥ € N? we have
(7.14) |DF (q(t,€))] < Cy(T){g)NorMtm=hl,

Now let N € N be such that N > max(d + 1, Ng + Ny + m +d+ 1) and v € N?
with |y| = N. Then

(@ —y)7J(t,z,y) = (Do‘xq)(ﬂ«“)(DZ%k)(y)/ei(xy)f(—Ds)”(éAQ(tvf))di-
It follows from (7.14) that
(@ —y)7 (2, y)| < CL{T) (D Xq) (@) || (DyXi) (W)

Now since |[k—g| > 3, on the support of (D*x,)(x)(D}Xx)(y) we have [z —y| > %|k_q‘,
It follows that .

2 o U~
WKD Xq) (@) |(DyXk) ()]

which proves (7.13). According to (7.12) and (7.13) we obtain

03(2) 03(1)
o0 < o-Tm < oTm
|2 HL2(I,L ) > &k —q) Ixkull govm < k—q) ”UHHJ

|J(t,z,y)| <

which implies that B, < C4(T)||u|\Hal+m. Combined with (7.9) and (7.10) this proves
the estimate of the second term in (7.8). O
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Corollary 7.11. Let m € R and a € S?:‘O(Rd). Then for every o € R there exists
C > 0 such that

%P a(Dy)ul| 4 < Cllull
X 2(-10) H

u

T (Ra)

ul

_1
for every 6 > 0 and every u € HZl+m 2(RY).

7.4. An interpolation Lemma. We shall use the following interpolation lemma
for which we refer to [33] Théoreme 3.1.

Lemma 7.12. Let J = (—1,0) and t € R. Let f € L3(J, Ht+%(Rd)) be such that
o.f € L2(J, Ht_%(Rd)). Then f € C%([~1,0], HY(R?)) and there exists an absolute
constant C > 0 such that

o G i) < Oyt gy €I ey

7.5. Para-differential operators.

7.5.1. Symbolic calculus. In this section we quote some results which concern the
symbolic calculus for para-differential operators in the framework of the uniformly
local Sobolev spaces. Of course, here, the theory for the classical Sobolev spaces will
be assumed to be known (see [34]).

The following technical lemma will be used in the sequel.

Lemma 7.13. Let x € C°(R?) and ¥ € C°(RY) be equal to one on the support of
x. Let ¢, 0 € S(R?). For every m,o € R one can find a constant C > 0 such that

(7.15) > (277 D)(1 = Xp)w)8(2 7 D)ol| gmemeay < Cllull o ey |0l oo (ra)
i>—1

For every m,o,t € R one can find a constant C > 0 such that

(7.16) Z Ixxt (277 D) ((1 = Xi)u)0(2 7 D)vl| g ray < Cllullge ®ayllvllat (ray-
j>—1

Proor. We may assume m € N. Let us call Ay ; the term inside the sum in the
left hand side of (7.15). Due to x4, the term Ay, ; is a bounded by finite sum of terms
of the form

Apja = 2D Xp)¥as (27 D) (1 = X)) Xibas (277 D)v]| oo

where || + |oe| + |ag| < m and g, = 229, 04, = x*30. We are going to show that
for large N € N we have

(i) (D™ X3)tas (277 DY(1 = XpJu) e < Cn2MED27N | e
(i) [X#bas (27 D)vlz < Cllvlze
(i) (| Xnbas (277 D)ol < C2MEAD o] o

where, as indicated, M; are fixed constants depending only on d, o,t. Then the lemma
will follow from these estimates.
To prove (i) we write

(D™ (%)) %0y (279 D) ((1 — Xp)u) (z) = 209279N

— . xTr — - N
x (] — )Ny (2 ), H(Dmm:c»«l () — ) V).
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The function y — M(D"‘l)(,yﬁ(:zz))((l — Xk (y)) belongs to W with semi-norms

lz—y|V

uniformly bounded in x. Using the duality H=? — H? we deduce that
(D% x)bag (27 DY (1 = RJu) oo < Cn2M 2N (g = )=y 1o,

and we conclude using Lemma 7.2.

The estimate (ii) is easy. To prove (iii) we take ¥ € C$°(R%) equal to one on the
support of X and we write

|¥k60s (29 D)ol < X6y (279 D)Xt e + Kby (277 D)(1 = %) 1oe-

The second term is bounded exactly by the same method as (7). For the first one we
write

Xhbas 27 D) kv (@) = 27050 (2) (Bag (27 (2 — ), Xa ()0 ()
and we use the H~! — H? duality. O

Remark 7.14. (i) Notice that the sames estimates in (7.15), (7.16) hold if in the left
hand side one 277 is replaced by 277770 where jy € Z is fixed.

(17) Notice also that in the above proof we have proved that for all real numbers
m,o, all N € N and all ¢ € Cgo(Rd) one can find a positive constant Cx , » such
that

(7.17) Xkt (277 D)1 = X)ull g gy < Cnvmo2 N lull o ey
for every j € N and every k € Z°.
We introduce now the para-differential calculus.

Definition 7.15. Givenm € R, p € [0, 1], F;”(Rd) denotes the space of locally bounded

functions on R x R\ {0} which are C™ with respect to &, such that for all o € N?
the function x — 6?61(:6,5) belongs to WP (R?) and there exists a constant Cp > 0
such that

(0% m—|x 1
108 aC ©)llwnoe ey < Call+ [, vg] > 2.
For such a we set

(7.18) My (a) = sup sup [[(1+ €D "¢ al, ©)llwoeo me)-
|| <2d4-2 |§\2%

Then f’;”(Rd) denotes the subspace of F;”(Rd) which consists of symbols a(z,§)
which are homogeneous of degree m with respect to &.

Given a symbol a we denote by T, the associated para-differential operator which
is given by the formula

Tou(€) = (2m) ™ /Rd 0(¢ —n,m)al€ —n,m)b(n)a(n)dy

where a(¢,n) = [ga € “a(z,n)dz is the Fourier transform of a with respect to the
first variable, 1,6 are two fixed C™ functions on R? such that for 0 < e; < &5 small
enough

(7.19) Y =i ol =1, 9l =0 Iyl <
(7.20) 0(Cm) = i || < ealal, 6(Cm) =0 [¢] > sl

Notice that if the symbol a is independent of £ the associated operator T, is called a
paraproduct.
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Theorem 7.16. Let m,m' € R, p € [0,1].

(i) If a € TFH(RY), then for all p € R Ty, is continuous from H' (R?) to H* ™ (RY)
with norm bounded by CMj"(a).

(i) If a € F?(Rd), b e F?I(Rd) then, for all p € R, T, T, — Ty 18 continuous
from H",(R?) to Hfjl_m_m/—’_p(Rd) with norm bounded by

C(M" () M§" (b) + Mg (a)M;" (b))

(tit) Let a € F?(Rd). Denote by (T,)* the adjoint operator of T, and by @ the
complex conjugate of a. Then for all p € R (T,)* — T is continuous from Hgl(Rd) to
Hﬁl_m—’_p(Rd) with norm bounded by C M} (a).

PROOF. All these points are proved along the same lines. We shall only prove the
first one and for simplicity we shall consider symbols in I‘;”(Rd). We begin by the
case where a is a bounded function. Then we write

XkTaw = xkTa(Xkw) + xkTa((1 — Xi)u)
where X € CgO(Rd), X = 1 on the support of y. By the classical theory we have
IxeTa(Xew)l| ae < Cllal| e[| Xeullze < Cllallzee ||ul g -
Now we write
X Ta((1 = Xi)w) = > xi{$(277D)al{p2/D)((1 = Xp)u)}-
J
and the desired estimate follows immediately from the first inequality in Lemma 7.13.

We now assume a(x, &) = b(x)h(§) where h(§) = |§]mﬁ(%) with h € C>®(S4-1).

Then directly from the definition we have T, = Tyy)(D,)h(D,) and our estimate in (7)
follows from the first step and from the estimate proved in Proposition 7.9

[(D)v]| e < Cllhll gasrga-r)l[wll gowsm.

In the last step we introduce (f, )yen+ an orthonormal basis of L2(S?~!) consisting
of eigenfunctions of the (self adjoint) Laplace Beltrami operator A, = Agi-1 on

LQ(Sd_l)Ni.e. Auhy, = X2h,. By the Weyl formula we know that X, ~ cva. Setting
hy, = |§|"h(w), w = \%l when & # 0, we can write

a(z,§) = Z by(x)h,(§) where b,(x)= /Sdla(x,w)ﬁl,(w)dw.

VEN*
Since
A2AH2p () = " Aiﬂa(x,w)mdw
we deduce that
(7.21) 1wl oo ety < OA P2 ME a).

Moreover there exists a positive constant K such that for all v > 1

(7.22) 17| a1 (ga-1y < KA
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Now using the steps above and Proposition 7.9 we obtain

I Tl < ST, (D) (D),

v>1

<0y b0l oo ety 1ol s g1y |l et

v>1

< M (@) ] s 30N

v>1
and )\;(dﬂ) ~ e~ (49, O

7.5.2. Paraproducts. We have the following result of paralinearization of a prod-
uct.

Proposition 7.17. Given two functions a € H%(RY),u € Hfl(Rd) with o+ 3 > 0
we can write

au = Tou+ Tya + R(a,u)
with

(7.23) 1R O o ) S Cllalig men gz -

(R%)
Proor. We have

R(a,u) = Z Z ©(277D)a - o(27*D)u.

J>—1k—j|<1

We take y € C5°(R?) satisfying (2.3), ¥ € C5°(R?) equal to one on the support of
and we write a = xxa + (1 — Xg)a,u = xgu + (1 — Xx)u. It follows that

xeR(a,uw) = xpR(Xka, Xru) + X£Sk(a, u).

The term i R(Xra, Xxu) is estimated by the right hand side of (7.23) using Theorem
2.11 in [3]. The remainder xjSk(a,w) is estimated using (7.16). O

Proposition 7.18. Let v, r, i be real numbers such that

d
T+H>0, ’Yﬁﬁ 7<T+H_§

There exists a constant C > 0 such that
(7.24) (@ — T)ully, may < Cllallar ey el e
whenever the right hand side is finite.

Proor. We write

(7.25) xk(a — To)u = xp(Xxa — Tpa) Xkt + Ripu + R pu
(7.26) Ripu = Xp(Xra — Tga) (1 — Xi)u
(7.27) Rog = —xaTa—gnet = —Xi »_ Si((1 = Xi)a) A, (u)

J

where ¥ € C§° (R%) is equal to one on the support of x. According to Proposition
2.12 in [3] we have

(7.28) (% — T Xl < lallzr, Nl
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Now
Rk = xxT—guyXka + xkR((1 — Xxu, Xxa)
=Xk Y Si((1 = Xe)w)A;(Xka) + Xk Y Ai((1— Xr)u)Aj(Xra).
J

li—j]<1

Therefore we can apply (7.16) in Lemma 7.13 to R; , and Ry to conclude that the
estimate (7.24) holds for these terms. O

7.6. On transport equations. We will be using the following result about so-
lutions of vector fields.

Lemma 7.19. Let I = [0,T], so > 1+ % and p > 0. Then there exists F : R* — R*
non decreasing such that for V; € L>®(I, H*(R%)), N L®(I, H*(RY))y j = 1,...,d,
f € LYI, HMRY))w, uo € HY(RY) and any solution u € L>®(I, H*(RY)), of the
problem

(O +V -Vu=Ff, uli=o=m1uo

we have,
el ey < F TNV lnoia mroy) { ol z, + 1L ..

T
+sup ([ (@) gy IR0V (@) dor)}
kezd N Jo u
where X € C°(RY) is equal to one on the support of X.
PROOF. Set Vi, = X V. We have
(729) (9 + Tv;, - V) (xwt) = Xief + Vie - (V) Xww + (Tv, — Vi) - V(xwt) = g

Now computing the quantity %H Xku(t)H%g, using the above equation, the fact that
|(Tv -V + (Tv - V)*|| 1212 < C||V(t)|lw1. and the Gronwall inequality we obtain

¢
130 ol < FVzane) { ol + [ loo)s do}.
Now we can write

(O + T, - V(DY (xu) = (D) gk + [Ty, (D)!] - V(xwuw).
By the symbolic calculus (see Theorem 7.16, (i7)) we have

ITve, (DY - VOxrw) ()| 2 < ClIV () lws,o [[xaw(t) || 22

Therefore using (7.30) and Gronwall inequality we obtain

t
(731 au®lan < F(IV @) { Ixeuolm + /0 lgw(o) s dor }.

Coming back to the definition of g given in (7.29) we have
Vi - (Vxa)Xwu(t) | e < CUIV (@) || oo Xk 0 + 1w oo [ Vi (@) || 271
On the other hand we have
(Ve = Tv,) - V(xau) = Ty (xu) - Vi + R(Vi, V(xgu)).
By Theorem 7.16 () and an easy computation we see that

190wy @) - Vi@ llae + [1R(Vie, Vxrw)) < Cllu@)l[wee [Vi (@)l mo-
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Using (7.31), the Gronwall inequality, the embedding of H: in W1 and the above
estimates we obtain the desired conclusion. O

7.7. Commutation with a vector field.

Lemma 7.20. Let I = [0,T],V € C°(I, W*¢(R%)) for some ¢ > 0 and consider a
symbol p = p(t,z, &) which is homogeneous of order m. Then there exists a positive
constant K (independent of p,V') such that for any t € I and any u € C°(I, H™(R?))
we have

(7.32) [Ty, 0 + Tv - Va]u(t, )| 22 (ray < KC(p, V)l|ult, )l gm(ra)
where
Cp, V) =My )IVllcoqwivemay + My (0 + V- Vap) IV || oo (1 xr4)-

PRrROOF. We proceed as in the proof of Theorem 7.16 and we begin by the case
where m = 0 and p is a function. We denote by R the set of continuous operators
R(t) from L2, (RY) to L?(R%) such that sup,¢; | R(t)u(t)]|L2(rae) is bounded by the
right hand side of (7.32). We write

Xkl Tps O+ Tv - V| = xl[Tp, O + Tv - Ve Xk + X Tp, Or + Ty - Va] (1 — Xi)

where ¥ € C5°(R?) is equal to one on the support of x. By Lemma 2.17 in [3] the
first operator in the right hand side of the above equality belongs to R. Let us look
at the second term. It is equal to

—xkTo,p(1 = X&) + X6 TpTv - V(1 = Xi) — x6Tv - VoI p(1 = Xx) =t A+ B+ C.
We can write

A = =X0Top+v-vop(1 = X) + X6Tv.v.p(l = X)) := A1 + Aa.
By Theorem 7.16 (i) the term A; belongs to R. Now
Agu = X Ty (pv)—pdivv (1 — Xx)u
= ) ¢ D)(div(pV) — pdiv V)xrep(2 7 D)((1 = Xi)u).
Jj=—1
Since
14277 D)(div(pV) — pdiv V)| zee < C2|lp|lzoe |V [[w.e

we deduce from Remark 7.17 that A, € R.
Let x € C5°(R?) such that ¥ = 1 on the support of x and x = 1 on the support
of x. We write

B = xiTpx,Tv - Vel —Xk) + xuTp(1 — Xk)TV V(1 = Xk) := By + Bs.
By Theorem 7.16 (i) we have
1Brullze < Clipllee||x, Tv - Va1 = Xe)u|| 2

< Clpll= 3 [ (27 D)V)2ix, 2127 D)(1 - R
j>—1

< Clpllz=llViiee Y 2||x, 01277 D)1 = Xi)ul| 2
j>—1

and Remark 7.17 shows that By € R.
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Now by (7.15) and Theorem 7.16 we can write
Baull 2 < Cllpllz 1Ty - Va1 — )]
< Cllpllzo IV ool 2,

so By € R. The term C' is estimated exactly by the same way, introducing a cut-off
X, after the operator Ty, - V,. Thus C' € R.

The case where p = a(x)h(§) and then were p is a general homogeneous symbol
of order m is handled as in the proof of Theorem 7.16. U

8. Appendix

Let a €]0,400[,,a # 1 and S(t) = e~*P=I". Our aim is to prove the following
result.

Proposition 8.1. Let s,0 € R. Assume that there exists to # 0 such that S(to) is
continuous from CZ(R?) to C$(R?). Then s < o — 9.

Proor. Without loss of generality we can assume that ty = —1. Our hypothesis
reads
(8.1) 3C >0: HS(—l)UHCi(Rd) < C“U“Cg(Rd), Yu € C7(RY).

Now if u € L>®(R?) we set Sj\u(f) = p(2779€)7(€), where p € C§°(R?), with supp ¢ C
{¢:1 < |¢] <2}. Then for fixed j € N we have Aju € C?7(R?) and
18 uller may < CP7NAjull poo(ray < C"277[|ull oo (mey-

This follows from the fact that ||Ajullce(re) = SuPren QkU\\AkAjuHLoo(Rd) and the
fact that ApA; =0 if |j — k| > 2. Since A; commutes with S(—1), we see that

2518 (=1) A Ajull oo (ray < 1S(=1)Ajull o (moy-
It follows from (8.1) applied to Aju with v € L>®(R%) that one can find a positive
constant C' such that
(82)  2°9(=1)AjAul| oo (ray < C27||ufl oo ray Yu € L®(RY), VjeN.
Let us set T'= S(—1)A;A;. Then

Tu(a) = (2n) [ [ oD EPI2 T uty) dy ds.
We shall set h = 277 and take j large enough. Then setting n = h¢ we obtain

Tu(z) = o Kn(x —y)uly) dy

where
[ —a 1
) = @ny [ A dy
We shall use the following well known lemma.

Lemma 8.2. Let K € CO(R?x R%) be such that sup,cga [ |K(z,y)|dy < +oo. Then
the operator T defined by Tu(x) = [ K(z,y)u(y)dy is continuous from L*(RY) to
L*(R?) and |T||p=10 = supyera [ K (2,y)] dy.
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It follows from this lemma that in our case we have
Tl oo oo = / K (2)] de.
Rd

Setting z = !~ and Kj,(s) = K, (h'~®s) we find that

(8.3) IT | ooy 100 = BT / J|En(s)|ds
R
with
(84)  Kpu(s) = (2wh) ™ /R ¢SGR () dn,  Bls,n) =s-n+ |n|°.

Recall that supp ¢ C {n: % < |n| < 2}. We have %ﬁ = s+ ai\nlg*‘*'

Case 1: [s] < %ﬁ Here, on the support of ¢, we have
0¢ Q 1 «
(s > — 8] 2 = ——-
o) 2 ot bl g

Therefore integrating by parts in the right hand side of (8.4) using the vector field

—hx_1 d 04 0 i
L== EXE Y ket By 9y We obtain

(8.5) |Kp(s)| < CyhN, VN eN.
Case 2: |s| > 2't*=1lq. On the support of ¢ we have

99

o
- > ol
an (s,m) o

[t
Then using the same vector field as in the first case and noticing that J;'¢ is indepen-
dent of s when |a| > 2 we obtain

(8.6) |Kn(s)| < Cnls| VRN, VN eN.

> |s| -

Case 3: %ﬁ < |s| < 2'*le=1lq. Here the function ¢ has a critical point given by
_ sl

2—«a
w% = —2. It follows that E = e which implies that 7. = c,s|s|«=T. Moreover
we have

82¢ a—2 n
=an* " Tmir mip =0 — (@ — 2wiwg, w=—.
On;Ony, Inl™mge mie = Ok = (o = 2)u 7]

: . 926 3 (a=2)d
Since det(m;r) = co # 0 we obtain (‘det (877j87lk (s,nc)>’> = Cq,d|s|?@=D. The

stationnary phase formula implies that there exists Cy > 0 such that

~ _ ad ei¢(svnc) o
(8.7) Rn(s) = Co ™% {H”W2 (me) + O(h™) }.
S| 2(a—1)
Using (8.3), (8.5), (8.6), (8.7) we can conclude that
T || oo s zoe > CRAA=D RS — CiN > C'h
Recalling that h = 277 we obtain

i do
T oo = €272

_da
2.

Thus for any £ > 0 one can find up € L>®(R?), non identically zero, such that

do
[Tuo || oo (may = (€272 — &) ||uo|| oo (ray-
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Taking € small and using (8.2) with ug we obtain
i+ | e ety < €2 [uoll o e

for all 7 > jp large enough which proves the Proposition. O
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