RATIONAL CURVES ON V; AND RATIONAL SIMPLE
CONNECTEDNESS

ANDREA FANELLI, LAURENT GRUSON, AND NICOLAS PERRIN

ABSTRACT. In this paper study rationality properties of genus zero stable maps
on the quintic Fano threefold V5 C PS. We prove the unirationality of the

moduli spaces MS?B(V& d) and that Vj is strongly rationally simply connected.
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INTRODUCTION

Given a smooth polarised rationally connected variety X over C, we are inter-
ested in studying the Kontsevich moduli spaces M (X, d) of rational curves on
X with sufficiently large degree d. Our main motivation comes from the series of
works by de Jong and Starr (cf. [dJS06b], [dJS06¢], [dTJS06a], [dTS0T7], etc.). Start-
ing form the seminal work [GHS03|, whose main result guarantees that a rationally
connected fibration over a smooth curve has a section, de Jong and Starr explore
numerical and geometric conditions on the general fibre of a rationally connected
fibration over a surface which guarantee the existence of a rational section.

This deep analysis originated the new notion of rational simple connectedness
and was applied to the case of homogeneous varieties to prove Serre’s Conjecture IT
(cf. [dJHS11]). This notion has several variations, but heuristically is the algebraic
analogue of simple connectedness in topology. In this paper we will use the following
simplified definition focusing of the case of Fano varieties of Picard number one.

Let Mo (X, 3) denote the (coarse) moduli space of stable m-pointed rational
curves on X of degree 3 € Z. Let ev: Mo, (X,3) — X™ denote the evaluation
morphism. We focus our attention on the following moduli subspace in Mg, (X, 3).
Let ng,rn(X , B) denote the closure in My ,,, (X, 3) of the moduli space of morphisms
which are birational onto their image.

Date: June 13, 2020.
2010 Mathematics Subject Classification. 14J45, 14H10, 14E05, 14E20.

1



2 ANDREA FANELLI, LAURENT GRUSON, AND NICOLAS PERRIN

The space M 0?5 (X, 8) is not irreducible in general Our definition of rational

. . . . v eqe —bir .
simple connectedness will require some irreducibility of M 070(X , B). Following the
approach of [dJS06a], we provide a weak and a strong version of rationally simply
connectedness.

Definition. Let X be a Fano variety with Picard number 1.

(1) The variety X is rationally simply m-connected if there exists an in-
teger d,, > 0 such that, for all d > d,,, the following holds:

o the moduli space MS?E(X, d) C Moo(X,d) is irreducible;

o the evaluation map ev,y,: ME?;(X, d) — X™ is dominant and its gen-
eral fibre is rationally connected.
(2) The variety X is weakly rationally simply connected if X is rationally
stmply 2-connected.
(3) The variety X is strongly rationally simply connected if X is ratio-
nally simply m-connected for all m > 2.

The reason why one requires this property for large enough d is that the be-
haviour of moduli spaces of rational curves in low degree can be atypical or, more
simply, these spaces can be empty.

In [dJS06a], the authors also introduce a strong version of rational simple con-
nectedness, which requires the existence of a “very free” ruled surface in X (a so
called very twisting scroll). In this paper we start from the easier notion introduced
in [dJS06a, Section 1] for varieties with Picard-rank one but whe shall implicitly
use ideas coming from twisting scrolls in Section 2

Rational simple connectedness is subtle and very few examples are known; the
picture has been clarified for complete intersections in projective spaces ([dJS06a],
[DeL15]), homogeneous spaces ([dJHS11], [BCMP13]), and hyperplane sections of
Grassmannians ([Finl0]). The first main result of this paper is the following.

Theorem A. (= Theorem 2.1) The Fano threefold Vs C P°, obtained as linear
section of Gr(2,5) C P?, is strongly rationally simply connected.

The importance of this example comes from its very specific geometry: it is a
smooth rational quasi-homogeneous (with respect to a SLy-action) Fano threefold
which is not 2-Fano (cf. [AC12], [AC13]).

To prove this result, we adapt the twisting-surface technique of de Jong and
Starr. One problem is that there is no twisting-scroll: twisting-surfaces rules by
lines. Therefore we need to consider surfaces ruled by conics (see Section 2).

Although rational simple connectedness in not a birational property, the bira-
tional geometry of Vs C P¢ is well known (cf. Section 1) and we use it to developp
another strategy for proving rationality results on moduli spaces of rational curves,
reducing the study of moduli spaces of rational curves on V; to some special moduli
spaces on the quadric threefold Q3 (cf. Section 3). This method gives unirationality
results for the fibers of the evaluation map at less than two points and also proves
the following unirationality result.

Theorem B. (= Theorem 3.1) For any d > 1 the moduli space ngg(%,d) of
stable maps birational onto their image is irreducible, unirational of dimension 2d.

This paper is organised as follows. In Section 1, we recall the definition of V5 and
its first properties especially the geometry of its lines and conics and the so called
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projection from a line (Lemma 1.3). Section 2 is devoted to the proof of the strong
rational simple connectedness via twisting-surfaces ruled in conics techniques. In
Section 3 we use Lemma 1.3 to prove unirationality results on the moduli space
of stable maps. In the last Section 4, we conclude studying rationality of moduli
spaces of rational curves on Vs in low degree: new proofs of rationality of moduli
spaces of quintic and sextic rational curves are provided, via explicit birational
geometric methods.

Acknowledgement. We like to thank Sasha Kuznetsov, Andrea Petracci and
Francesco Zucconi for interesting comments related to this work. The first-named
author is currently funded by the Fondation Mathématique Jacques Hadamard.

For later use we fix some further notation.

Notation 0.1. Let X be a Fano variety of Picard number 1 and let m > 0 be an
integer. Then we will often consider the fibre of the morphism

(0.A) Wy = o X ¥t M (X, d) = Mg x X™,

where ¢, : M:ir(X ,d) — Mg, is the natural morphism to the Deligne-Mumford
moduli space of m-marked rational curves.

Let t = (t1,...,tm) € (P1)™ be a marking on P!. The corresponding class in
M.m will be also denoted by t, to simplify the notation. Moreover, fix m points
x = (21,...,%m) of X. Assume m > 3. Then the fibre

UL, x) =25, Morh 7*(P!) X)

is birational to the variety of degree d morphisms f: P! — X such that f(t) = x
which are birational onto the image. If m < 2, the previous relation holds modulo
Aut(Ph, t).

1. THE FANO THREEFOLD V5.

1.1. Definition of V5. We introduce the central object of this section. For more
details one can look at [IP99, pag. 60-61], [San14, Section 2], [CS16, Chapter 7] and
[KPS18, Section 5.1].

Definition 1.1. A smooth Fano threefold X with p(X) = 1, Fano index ¢(X) = 2
and degree (H?) =5 is denoted by Vs.

From Iskovskikh’s classification of smooth Fano threefolds with p = 1 (cf. [IP99,
Section 12.2]) we know that Vs is isomorphic to the linear section of the Grassman-
nian Gr(2,5) C PY by a general linear subspace PS C P9,

Since V5 verifies the index condition ¢ = n — 1, where n is the dimension, in the
literature, sometimes authors refer to V5 as the del Pezzo threefold of degree 5.

Let us look now at the SLy(C)-action on Vs: one takes a vector space U with
dimU = 2, chooses a basis of A2U to identify U and its dual UY. Let us de-
note by S, := Sym"(U) the symmetric tensor and consider the Clebsch-Gordan
decomposition of A2S; as SL(U)-module: A2S; ~ S @ S.

This shows how to induce a natural SL(U)-action on V5 = Gr(2, S4) NPSg, which
is the intersection of two SL(U)-invariant varieties.

Using the description provided in [MUS83, Section 3], one deduces the orbit struc-
ture V5 with respect to the SLa(C)-action (see also [IP99, pag. 60-61]).
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Lemma 1.2. [MU83, Lemmas 1.5-1.6] There is an action of SLa(C) on Vs with
three orbits with the following description;

e a 1-dimensional orbit o (with representative [2°) € PSg) which is a rational
normal sextic in PS;

o a 2-dimensional orbit E \ o (with representative [x°y] € PSg), where E is
a quadric surface which is the tangential scroll of o. The normalisation
v: P! x Pt — E is determined by a (non-complete) system of degree (1,5);

« a 3-dimensional orbit U (with representative [zy(z* + y*)] € PSg).

The following construction is essential for our analysis of unirationality in Section
3. This can be found in [IP99, pag 147, Example (i)], [CS16, Section 7.7].

Lemma 1.3. Let !l be a line in Vs. Then the projection ¢;: Vs --+ P* from | is
dominant on a quadric threefold Qs and is birational. In particular Vs is a rational
threefold.

Let Dy be the divisor spanned by the lines in Vs meeting l. Then D is a hyper-
plane section of Vs C P® and ¢;(D;) = ~; is a twisted cubic in Q3.

1.2. Lines, conics and first results on rational curves on V5. Let us list some
remarkable properties which hold for some moduli spaces of rational curves on V5.
For more details, see [KPS18, Section 5.1].

The moduli space M o(Vs,1) is isomorphic to the Hilbert scheme of lines and
(cf. [Isk79, Proposition 1.6(i)]) F1(Vs) := Ho1 ~ PSy(~ P?). Looking at the
incidence correspondence we have the following diagram:

evy

(1.B) Mo (Vs 1) — > Vs -
|
Fl(‘/tg,) ~ ]PQ

The map evy is a 3-to-1 cover ramified on the surface E and fully ramified on the
sextic o (cf. [Ii94, 1.2.1(3)], [Sanl4, Corollary 2.24)).

Let F5(V5) be the Fano varieties of lines and conics on V5. Then Fy (V) is isomor-
phic to P4 (cf. [11i94, Proposition 1.22]). Let M = M]gl;(Vg)J) be the Kontsevich
moduli space of genus 0 degree 2 stable maps with one marked point and birational

onto their image. We have the following diagram

(1.C) M — =V

|

Fy(Vs).

We will consider the moduli spaces My, (Vs,d) for d > 2 and prove some ra-
tional connectedness, unirationality and rationality results. Quite recently, the
structure of M (Vs,d) has been studied in [LT17, Theorem 7.9]. In particular,
its decomposition in irreducible components is deduced. Our approach is different

for V5 and we will give another proof of the irreducibility of MS?S(V;,, d) that also
proves that this variety is unirational of dimension 2d. From this the structure of
the irreducible components of Mg o(Vs,d) also follows. This will be discussed in
Section 3. For the moment we state the results of [LT17].
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Definition 1.4. For any d > 1 the closure in Mg o(Vs,d) of the moduli space of
—line

morphisms which factor through a line is denoted by M, (Vs, d).

Theorem 1.5 ([Isk79)[LT17]). For any d > 1 the moduli space Mo o(Vs,d) has
pure dimension 2d.
(1) For d =1, the moduli space Mq o (Vs,d) is isomorphic to P? (see [Isk79]).
(2) For d > 2, the moduli space Moo (Vs,d) has two irreducible components

——bir —line

(see [LT17)): Moo(Va,d) = Mg o(Vs,d) UMy (Vs, d).

We will later on prove the unirationality of the first component and the ratio-
nality of the seconde one, see Theorem 3.1.

2. STRONG RATIONAL SIMPLE CONNECTEDNESS

In this section, we prove the following theorem.
Theorem 2.1. Let m >0 and let d > 1.

(1) The moduli space M:r(%, d) is rationally connected. .

(2) If m =1 and d > 6, the general fibers of the map ev : M:r(%,d) — Vm
are rationally connected.

3) Ifm>2 and d > 8m — 6 for d even and d > 8m — 1 for d odd, the general

fibers of the map ev : M:r(%, d) — V™ are rationally connected.

Remark 2.2. The above bounds for m > 1 are not optimal.

(1) For m =1 or m = 2, we will prove in the next Section, see Theorem 3.1,
that the fiber is even unirational for all d > 2.

(2) The dimension of degree d curves passing through m points is given by
2d+3+m—3—3m=2d—2m = 2(d — m). So a possible bound would
be d = m but Gromov-Witten computations show that this is not possible:
the fiber is finite dimensional but not irreducible for large d.

2.1. Lifting curves through ev.

Lemma 2.3. Let f : P* — V5 be a general element in Mgir(%,d) and let W =
C® Vi where Vy is the tautological subbundle of Gr(2,5). Then we have

f*W: Opl (CL)@OI[M (b)@@ﬂml (C)
witha+b+c=d,a>b>canda—c<1.

Proof. The decomposition holds for any map without the last condition. We only
need to prove that a — ¢ < 1 for a general element. Note that for d € {1, 2,3}, the
statement holds since V5 contains irreducible conics and twisted cubics. Note that
the statement is equivalent to H'(P!, f*End(W)) = 0. In particular we only need
to find a stable map f: C — Vs in ME“(%, d) with HY(C, f*End(W)) = 0.

We proceed by induction on d > 4. Consider a stable map f : C' — V5 with
C = C1 UCs where C; and C5 meet in one point pg, such that f|c, is the inclusion
of a general twisted cubic in Vs, deg(f|c,) = d—3 and H*(Ca, (f|c,)*End(W)) = 0.
We use the exact sequence

0 — f*End(W)|c, (=po) = f*End(W) — f*End(W)|c, — 0.

Since C] is a twisted cubic, we have f*W|c, ~ Opi (1)3 and f*End(W)|c, (—po) =~
Op1(—1)?. We get the vanishing of H!(C, f*End(W)). O
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Proposition 2.4. Letd > 1 and D > |%].

Let f : P* — V5 be a general element in Mgir(%,d). Then there exists a map
f Pt — M of bidegree (D, d) with f = foev. Furthermore, the set of such liftings
is birational to a projective space of dimension 3D — d + 2.

Proof. The map ev is the pull-back of the map F1(2,4;5) — Gr(2,5) along the
closed embedding Vs C Gr(2,5). In particular ev is a P%-bundle with C?/V, as
associated rank 3 vector bundle where V5 is the tautological subbundle on Gr(2,5).
Finding a lifting f : P! — M of degree (D, d) of the degree d map f : P! — Vi is
equivalent to finding a surjective map f*(C®/Va) — Op1(D). We have f*(C°/V,) =
Op1(a) ® Op:(b) ® Op:1 (c) with a + b+ c=d and a > b > ¢. Such a surjective map
exists as soon as D = ¢ or D > b. Furthermore, for a general element f, we have
a—c <1 (see Lemma 2.3) proving that D > a or D = c¢. The set of such lifting is an
open subset of P(Hom(f*(C?/V4), Op1 (D)) which is a projective space of dimension
3D —d+2. O

Corollary 2.5. Letd > 1 and D > L%j

(1) The moduli space Mg (M, (D,d)) contains a unique irreducible compo-
nent, denoted by ng:n(M, (D,d)), dominating M:f(de). This compo-
nent is of dimension 3D +d +m + 2. N

(2) Let f € Mom(M,(D,d)) with irreducible source and such that evof lies

in M:;r(%, d) and satisfies the assumption in Lemma 2.3. Then f lies in

——bir

MO,m(Mv (D’ d))
Proof. (1) The map Mg (M, (D,d)) — Mo u(Vs,d) is obtained from the mor-
phism My ,,,(F1(2,4;5), (D, d)) — Mg (Gr(2,5),d) by base change. Furthermore,
the last two moduli spaces are irreducible, smooth and of expected dimensions
3D +4d+ M +5 and 5d+m +3.

Let ¢ : Mom+1(Gr(2,5),d) = Mom(Gr(2,5),d) be the universal curve and
ev : Mom+1(Gr(2,5),d) — V5 be the evaluation map. Let M be the open sub-
set of My, (Gr(2,5),d) of maps with irreducible source such that f*(C5/Vz) =
Opi(a) ® Op1(b) ® Opi(c) with a+b+c=d,a>b>cand a—c <1 Set
E = ¢.(ev*(C?/Va)Y ® O4(1)®P) where O4(1) is the relative ample generator over
M. Then E is a vector bundle and the moduli space Mg, (F1(2,4;5), (D, d)) is
birational to an open subset of P, (E). In particular the map ng:n (M, (D,d)) —
M};?r(Vs,d) is an open subset of the projective bundle Przuir (. M(E) Since
M:r(%,d) is irreducible, so is ngin(M, (D,d)). The dimension of M','f(vg,, d) is
2d + m while the fiber is of dimension 3D — d + 2 giving the dimension formula.

(2) Let f € Mg, (M, (D,d)) with irreducible source and such that ev o f satisfies
the assumption in Lemma 2.3. Then evof € M:;r(yg), d) N M and f is a point of

the above projective bundle and therefore lies in MEI;(M ,(D,d)). O

Remark 2.6. We make two remarks concerning last proof:
(1) The moduli space M Oj:n(M ,(D,d)) is actually unirational as a projective

bundle over Mzr(%, d) which we prove to be unirational in Theorem 3.1
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(2) For a projective bundle p : Y — Z the fact that the map between moduli
spaces of stable maps is an open subset of a projective bundle is classical,
see for example [Per02, Proposition 4] or [GPPS18, Lemma 2.1].

2.2. Lifting curves through .

Proposition 2.7. Letd > 1 and D > L%J
Let f : Pt — Fy(Vs) be a general element in Mo o(Fa(Vs), D). Then there exists

an f € My o(M,(D,d)) of bidegree (D, d) with f = f o if and only if d > 2D — 1.
Furthermore f can be chosen in MEIB(M, (D,d))

Proof. Since Fy(V3) is isomorphic to P4 and since M o(P?*, D) is irreducible (see
[Tho98, KP01, Per02]), the moduli space Mg o(F2(Vs), D) is irreducible and to
prove existence, it is enough to prove that the differential map, which is given by

HO(P17 ]?*TM) - HO(P177*TF2(V5))’

is surjective. To prove last assertion we compute this map for fe ngg(]\/[ , (D, d)).

We have an exact sequence 0 — T, — Ty — ’/T*sz(vs) — 0 and it therefore
suffices to prove the vanishing of the cohomology group H'(P*, " T, ). We therefore
compute 7.

Since V5 is a codimension 3 linear section of Gr(2,5), we have an exact sequence
0 = Ty, = Tar2,5) — Oy, (1)® — 0. By pull-back, we get an exact sequence
0 = Ty — Tri2,45 — ev” Oy, (1) — 0. Denote by p and ¢ the morphisms
F1(2,4;5) — Gr(2,5) and F1(2,4;5) — P*. The map ¢ induces an exact sequence
0 — Ty — Try2,4;5) — ¢"Tps — 0 and we get

0— T =T, —ev: Oy (1)° — 0.

Note that T, is a line bundle so we only need to compute its first Chern class.
Now if V5 and Vj are the tautological subbundles of Gr(2,5) and Gr(4,5) = P*,
we have Tyy(2,4.5 = Ker(Vy @ (C°/Va) & (V)Y @ (C°/Vy) — VY @ (C°/Vy)) and
Teras) = V) @ (C%/Vy) so that det(Ty) = q*Opa(—2) ® p*Ocr(2,5)(4) so that
Ty = 70pi(—2) ® ev* Oy, (1). We get f T = Opi(d — 2D) and the desired
vanishing for d > 2D — 1.

To prove the converse, first note that we may assume that f has irreducible
source. If f has a non irreducible source, then taking the component that surject
onto the source of f we may assume that falso has an irreducible source. Now since

a general element f has a lift, the map Mg (M, (D,d)) — Mg o(P* D) must be
surjective and therefore the differential map must be surjective on an open subset.
By the previous computation this is possible only for d > 2D — 1. (I
For f: P! — Fy(V5s) a degree D morphism, let T SF= P! X g, (vs) M — P! be
the corresponding conic bundle.
Proposition 2.8. Let d and D such that d > 2D —1 and D > | %].
Let f : P! — Fy(Vs) be a general degree D morphism and let f € MSTB(M, (D,d))
of bidegree (D, d) with f = for.
(1) The surface Sf s a smooth rational surface its image in Vs has degree 5D.
(2) The conic bundle w7 : S§ — P' has 3D singular fibers (F;)icp1,3p)- Each
Fi is the union of two distinct lines: F; = L; U L.
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(3) The curve I' = f(P') meets F; in a smooth point. Denote by (L;)ie(1,3p]
the lines meeting I' and by (L});c[1,3p) the other lines.

(4) On S5 we have '2=d-2D.

(5) The map ev : TS7 — ev* Ty, is an injective map of vector bundles outside
of a finite set of points.

Proof. (1) The surface S5 is clearly rational. Furthermore, since M is smooth, by
Kleimann-Bertini Theorem [Kle74], the fiber product Sf is smooth for f general.

Let L C Fy(Vs) be a general line. The variety p(¢~ (L)) C Gr(2,5) is a Schubert
variety of codimension 1 in Gr(2,5). It is therefore an hyperplane section. Therefore
ev(mr~1(L)) is an hyperplane section of V5 and therefore of degree 5. This implies
that ev(S7) has degree 5.

(2) We need to prove that the conic bundle 7 : M — F»(V5) has singular fibers
over a hypersurface of degree 3 in F5(Vs) and non reduced fibers in codimension
at least two. To prove this we consider a line L C F5(V;) of conics in V5. The
variety p(¢~1(L)) C Gr(2,5) is a Schubert variety of codimension 1 in Gr(2,5). It
is therefore an hyperplane section. Therefore ev(7~1(L)) is an hyperplane section
of V5. A general such line defines a general hyperplane section i.e. a Del Pezzo
surface of degree 5. On such a Del Pezzo surface ¥, there are five families of conics.
In fact considering ¥ as the blow-up of P? in four points (%i)iep,q the families are
given by

e the conics through the four points z1, zs2, 3, 4 ;

« the lines through one of the four points (4 families).
The family defined by the image via ev of the fibers of 7 : 77 1(L) — L is one of
these five families. But in each of these families, there is no non-reduced conic and
exactly 3 degenerate conics that are union of two distinct lines: in the first family
we have the three union of lines (z;z;) U (za;) for {i, 5} [[{k, 1} = {1,2,3,4} a
partition. In the family of lines passing through z;, we have the union of the
exceptional divisor over z; and one of the line (zyz;) for ¢ € {2,3,4}.

(3) This follows from the fact that I' is a section of 7.

(4) Blowing-down the surface S7 along the lines (Li)ien,sp) defines a rational
ruled surface. In particular, the Picard group Pic(Sf) of S? is generated by the
class of I, the class F' of a general fiber of TF and the classes of the lines (L;);ec[1,3p]-

Let H be class of an effective divisor associated to Oy; (1) on S7 and write H in
the previous basis. We get

3D
=1

We compute these coefficients. Since ev maps F' to a conic in V5, we get a = H-F =
2. Since ev maps L; to a line in V5, we get 1 = H - L; = a — a; thus a; = 1. Since
ev maps I' to a curve of degree d in Vi, we get H - I' = d. Since ev maps S? to
a surface of degree 5D, we have H? = 5D. Solving the system obtained we get
b=D—dand I'? =d - 2D.

(5) The map Tiy(2,4;5) — ev* Tar(2,5) is always injective along the fibers of the
map p : F1(2,4;5) — Gr(4,5) = P* so that its kernel is mapped isomorphically into
TGr(a,5)- Furthermore, at a point (V2, V) € F1(2,4;5) corresponding to subspaces of
dimension 2 and 4, the kernel of the map Ty(2,4;5) — ev* Ty(2,5) seen as a subspace
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of Tr(a,5) is given by the tangent space of the plane P2 = {W, € Gr(4,5) | Wy D
Val.

For a given V; € Gr(4,5) = F5(Vs), we define an hypersurface Qy, C Fa(Vs)
via Qv, = m(ev~l(ev(m~1(V4)))). Denote by Cy, the conic associated to Vj i.e
Cy, = ev(r~1(V})). We have

Qv, = q(p~ 1 (Cy,) = {W, € F5(V5) | there exists Vo € Cy, such that W, D Va}.

Consider the surface 57 and the map TS7 — ev* Ty, . By the previous discution,
this map is always injective along the fibers of 7 and is not injective at (Va, V)
only if the map Tp = dﬂ'(TS?) — Tpy(vs) is not injective at V4. This is the
case if and only if the tangent of f(P') at Vj is contained in Qy,. Since f is
chosen general, this occurs on a closed subset of P'. We may also assume that
this occurs outside of the locus where 7 has singular fibers. Finally, at a point
V4 € f(P') where this occurs, the tangent line is contained in exactly two planes of
the form P2 = {W, € Gr(4,5) | Wy D Va}. So, over a point V; € f(P') where this
occurs, there are exactly two points (V2, V4) and (V3, Vi) of the surface S, where
Ts? — ev* Ty, is not injective. This prove that the map Ts? — ev* Ty, is injective
outside of a finite number of points. ([

Proposition 2.9. Let d and D such that d > 2D — 1 and D > L%J

Let f : P! — F,(V3) be a general degree D morphism and let f€ METB(M, (D,d))
be general of bidegree (D,d) with f = fo m. Let I = f(]IDl) and choose m general
fibers Fu, -+, Fn, of the map n7 : S5 — F(PY). Let (p;)icpi,m) be the intersection
points of I' with F;: p; = T'NEF;. Choose m points (¢;)ic1,m] such that q; € F;\{p;}.

Set C' =T UU™, Fy and let f' = (ev: C" = Vi, (¢i)icm) € Mor (V, d).

Then f' is a smooth point in its fiber of the map ev : M?:(V& d) — V.

Proof. Let ¥ =", ¢;. It suffices to prove that H'(C’, ev* Ty, (—X)) vanishes. Since
we choose general elements, we may assume that ev(I") meets the open SLy(C)-orbit
and that the conics F; are general.

First remark that for a general conic FF' C Gr(2,5), we have Tqy25)lv; =
Or(1)?®Or(2) (since there is a unique conic passing through two points in general
position in V).

Consider the exact sequence

m
0= P T, | (=% = pi) = Tiyler (=) = Ty, |n (=) = 0.
=1

Since ¥ is not meeting I', we have Ty, |r(—X) = Ty, |r and since Ty, is globaly
generated on an open subset (the open SLy(C)-orbit) we have H(T, Ty, |r(—X)) =
HY(T,Ty.|r) = 0. On the other hand, the intersection ¥ N F; contains a unique
point: ¢; so that Ty, |p, (=X — pi) = Ty |k, (—q; — pi) = Op,(—1) ® OF, and we get
HY(F;,Tv.|r,(—% — p;)) = 0 proving the vanishing. O

2.3. Family of pairs. We study compatible pairs of sections of n. Fix d and m
and define the following integers: dg = d — 2m, D = L%‘]j, dg = 4D — dp and
h=2D —dg =dy—2D. Finally set m' =d —2D —m =m + h.

Hypothesis 2.10. We assume that the following conditions are satisfied:
(1) m' > 1,
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(3) d > 8m — 6+ 5h.

Remark 2.11. The above definition depends on the parity of d.
(1) We summarise the different values of dy, D, dg, h and m/.

d =2k d=2k+1
do | 2(k—m) | 2(k—m)+1
D k—m k—m
dg | 2(k—m) | 2(k—m)—1
h 0 1
m’ m m-+1

(2) We have d — dg = 2d — 4D — 2m = 2m/.
(3) We have D — [4£] > m/ — 1

(4) We have D > % — 1 and therefore D > L%J
(5) We have dg > 2D — 1.

Remark 2.12. Let d and m be non negative integers.
(1) If m =0, then (d, m) satisfy Hypothesis 2.10 for d > 3.
(2) If m =1, then (d, m) satisfy Hypothesis 2.10 as soon as d > 6.

. . 8m — 6 for d even,
(3) If m > 2, then (d, m) satisfy Hypothesis 2.10 for d > { 8m — 1 for d odd.

We have seen in Propositions 2.7 and 2.8 that for f € M, (F2(Vs), D) general
(in particular with irreducible source), there exists fz € MS‘;(M ,(D,dg)) with

irreducible source such that f :~fE om. We obtain this way a conic bundle surface
St — P! with a section E = fg(P'). This conic bundle has 3D singular fibers,
the section F meets exactly one of these lines in each singular fiber and we have
E? =dp — 2D = —h.

Lemma 2.13. For E as above, let E?,E be the ruled surface obtained from 5’7 by
contraction of the 3D lines in the singular fibers of 57 — P! not meeting E. Then
gf,E s a ruled surface andjhe image E of E in gny is a section with minimal self
intersection. In particular S? g 15 a Hirzebruch surface of type h.

Proof. This is classical geometry of surfaces. O

In the next proposition, we will use the following lemma which is a direct appli-
cation of general techniques (see [Kol96, Theorem II.1.7]).

Lemma 2.14. Let F be a vector bundle of rankr on P! such that F = &7 Op1(a;),
with ay > -+ > a, > 0. Let m >0, let (x;);c[1,m] be points on P! and let y; € Fu,
be elements in the stalk of F at z; for all i € [1,m)].

Assume such that a, > m — 1, then the space

V={sec HP",F) | s(x;) =y foralli € [1,m]}
has dimension dim H°(P, F) — rm.
Proof. Let m : Y — P! be the total space of F. The space V is the scheme of

morphisms s : P! — Y relative over P! with condition s(z;) = y; for all i €
[1,m]. Its obstuction space is H(P!, s*T(—m)) = H'(P!, F(—m)) and vanishes
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under our assumption. It is therefore smooth (it is a vector space) of dimension
dim H°(P!, s* T, (—m)) = dim H°(P', F(—m)). Under our assumption, this last
space has dimension dim H°(P!, F) — mr. O

——bir

Set M(d,m) = M ,,,(M,(D,dg)) XNy o (Fa(Va).D) Mo (M, (D,d)). Define

M (d,m) as the open subset of M(d,m) of pairs (fz, f) such that the stable map
fE € ng:n, (M, (D, dg)) has irreducible source and satisfies all properties of Propo-

sition 2.9. We consider a closed subset Mg, C M(d,m) defined as the closure of
the set

Mamn = {(Fe. ) € M(d,m) | [F@V)] = [Fo(P)] +m/[F] in Pic(S7)}

where f = fo = fE om and F is a general fiber of the map 7 : 5§ — PL.

Proposition 2.15. Let m, d, dy, D, dg and m’ as above.

(1) The space Mg,y is irreducible of dimension d +dg + D +m' + 3.
(2) For (fu, ) € My, we have f € Mg, (M, (D,d)).
(3) The map Mgym — Mﬁjfn,(M, (D,d)) is surjective.

Proof. (1) We have a morphism Mg, — ng:n/(M ,(D,dg)) whose general fibers
are given by the linear system |fE(IP’1) + m/F|. On the open subset M(d,m), set
E = f (P C 57 and consider §77 p the ruled surface obtained by contracting
the lines in the singular fibers of 57 — P! not meeting E. Then the above linear
system is equal to |E + m'F|. where E and F are the images of E and F in
gﬁ - Pushing down along the map 3?7 B P! we get that this linear system is the
projective space on the cohomology group H?(P!, Opi(m)@® Op1 (m’)). This realises
M(d, m) as an open subset of a projective bundle over ngfn, (M, (D,dg)) proving
the irreducibility (see below for the construction of this bundle). The dimension is
given by

dim M(d,m) = dim Mg, (M, (D, dp)) +m +m’ + 1
=3D+dg+m' +2+d—-2D +1
=d+D+dg+m' +3.

We describe the above projective bundle on an open subset of the moduli space
Mlooj:n,(M, (D,dg)). Let M be the image in Mg,/ (F2(Vs), D) of M(d, m) and let
M be its inverse image in MS?:,L,(M, (D,dg)). Let p: C — M be the universal
curve. Define S = C X g, v,y M where the map C — F5(V5) is the composition of
the evaluation C — M with 7 : M — F5(V5). By construction, we have a section
s:C— Sofpr: S — C. Furthermore, by definition we have sections o; : M — C
for all ¢ € [1,m’]. Define the divisor D on S by

D=sC)+ Y prt(oi(M))
i=1

and set £ = p.pr,Os(D). By the above, this is a vector bundle over M and the
projective bundle is P ().
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(2) Note that for a general element fp € Mgl,rn (M, (D,dg)), the line bundle

Og (E +m'F) is globally generated. In particular a general element f such that
(fE, f) € M(d,m) has for image in S+ 7 & general section of HO (Sf Iy (’)57‘ (E +

m/F)) which is irreducible so that f has irreducible source. Furthermore, we have
seen that on Sz, a section H of ev* Oy; (1) has class

3D
H =2fg(P") + (D —dg)F + ) _ L
i=1
so that its image in 3? pis H=2E+(D—dg+3D)F = 2E+dyF. Since dy > 2+h,
the line bundle H is very ample and the map ev : S? — V5 is an isomorphism onto
its image except maybe on the 3D lines contrated by the map S? — gf g In

particular, the map f = ev ofis birational onto its image so lies in Mﬁffn/(%, d).
Now let My be the image of M(d, m) in ng:n/(%,d) via the map (fg, f) —
evof. We want to prove that My is ng:n,(%, d). Consider the maps

Mam S Mo (M, (D, d)) 2 M,

defined by (fE,f) — f > evof. Let f = for and St — P! be the associated
conic bundle. _

For f general in the image of a, we may assume that the source f is P' and if
we contract the 3D lines in the singular fibers of the conic bundle Sf — P! not

meeting f(]P’l), we get a surface S which is a ruled Hirzebruch surface of type h.
The fiber of « over a general point of its image is given by the choice of a section
of minimal self intersection of the surface S — P! and is therefore of dimension 1
for d even and 0 for d odd. Using our notation, this fiber of « over a general point
of its image is of dimension 1 — h = 2D + 1 — dj.

We now want to compute the fibers of 5. Let (}VE7 f) € Mg m general and set
f= Wof— WOfE We may assume that f has irreducible source and let (Pi)ier,m
be the m’ marked points on P* assomated to f. Set F; = 7~ 1(p;). Then C; = ev(F})
is a conic in V5 and set Cy = P1U UZ 1 Fi. Let fo Co — M be the > map defined by
fE on P! and by the inclusion of F; in M for i € [1,m/]. Then (fE, fo) € Mg m. Set
fo = evofy. We compute the dimension of Hom(fg ev*(C?/V3), f(}kw*(’)pg(vs)(l)) =
HO(Co, f5(ev*(C5/Va)Y @7* O, (v4)(1))). Set F = ev*(C®/Va)Y @7* O, (vy)(1), we
want to compute H°(Cy, fo*]:). Let (gi)ieq1,m) be the intersection points of fE (P1)
with the fibers (F})ic(1m- Any global section s € H(Cy, f;F) is determined by
a global section s € HO(fE(IPl), fg}") and by global section s; € HY(F;, Fp,) for
all ¢ € [1,m/] together with the conditions s(g;) = s;(¢;) for all ¢ € [1,m/]. Since F;
is a conic (that can be chosen general), we have

]:Fi = (OE D OFi(l)Q)v ® OFi = OE D OFi(_1)2
so that dim H°(F;, F|r,) = 1. On the other hand we have

foF =05MD —a)®Op(D —b)d OHD —c)
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with a + b+ ¢ = dg and a > b > c¢. Since (fE,f) is general in Mg, and since
fB € ngfn, (M, (D,dg))) we may also assume that a — ¢ < 1. Our conditions on d

and m imply that D > LdTEJ thus D > ¢ so that dim H(P!, fg]—') =3D —dg +3.
Our assumptions on d imply D —a = D —[22] > m/ — 1 (see Remark 2.11.(3)). In
particular, the linear conditions s(g;) = s;(g;) are linearly independent (see Lemma
2.14) so that dim HO(Cy, f¢F) = dim HO(P!, f5F) + S, dim HO(F, F|p,)) —
3m’ = 3D —dg +3—2m’ = 3D — d + 3. We thus proved that for the point
(J?EJ%) € Mgm, we have dimHO(CO,]%F) = 3D — d + 3. In particular for any
general point (fE7f) € My, with ]7: C — M, we have dimHo(Cmf*}") <
3D —d + 3. Since Mg, is irreducible, so is its image by «. Furthermore this

image contains morphisms f with irreducible source, so these morphisms form a
dense subset of this image. In particular, the general fiber of § will contain a
dense subset of morphisms f with irreducible source and for such a morphism,
the elements of the fiber are given by an open subset of PH?(P!, f* F) which is of
dimension at most 3D —d+2. The dimension of the general fiber of the composition
poa is therefore equal to 3D —d+2+2D +1—dy. If My is a proper closed subset
of ng:n,(%, d), we get
dim My, < dim Mo (Vs,d) +3D —d+2+ 2D +1— dg
<2d+m' +5D —d+3—d
<d+m' +D+dg+3=dimMg,n,,
a contradiction. Therefore we have M, = M'gfjn,(%, d). Since Mg,i:n,(M, (D,d))
is the unique irreducible component of Mg,/ (M, (D,d)) dominating ng;,(‘/}), d)
this proves (2).
(3) We have seen that the map o : Mg, — ME:;,(M, (D,d)) has fibers of
dimension 2D + 1 — dg so that its image has dimension
d+D+m' +dg+3— (2D +1—do) = 3D +d+m’ +2 = dim Mg, (M, (D, d)),

proving the result. O

Remark 2.16. The space Mg, is even unirational: it is an open subset of a
projective bundle over ngfn, (M, (D, dg)) which is unirational (see Remark 2.6.(1)).

2.4. Proof of Theorem 2.1. Fix m > 0 and let d > 1 satisfying the conditions
of Hypothesis 2.10.

d > 8m — 8 for d even and d > 8m — 3 for d odd. Recall the definition of dy, D,
dg and m/'.

Lemma 2.17. For [ € MZT(VB,d), there exists f € Mgf:n(F, (D,d)) with f =

evof.
Proof. Since D > 2] (see Remark 2.11.(4)), this follows from Corollary 2.5. O

Lemma 2.18. Let f € MZY(Vgﬂd) general and f € ng:n(F, (D,d)) general with

f=ev Of. In particular assume that both sources of f and f are P! and denote by
(7i)ie[1,m) the marked points. Set f=mof.
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If m > 1, then there exists fo € Mo (M, (D,do)) and m fibers (F;)iep1,m) of the
map T with q; = f(:cl) € F; such that setting I’ = %(Pl), setting C =T U, F;

and setting g = (ev : C" = Vs, (¢i)ie1,m]) € Mblr(V57 d), we have:

(1) g is a smooth point in the fiber ev="((xi)icp1,m]) of v : Mzr(%, d) — V.
(2) The maps f and g are contained in a P* inside ev=((i)ieq1,m))-

Proof. Let f/ be obtained from f by choosing one more marked point for d odd

(and f = f for d even). Then f’ € Mglfn,(M (D,d)) and by Proposition 2.15,

there exists fg € M]gl:n (M, (D,dg)) such that (fz, f') € Mg, m. Since f and f are

general, so is f. Furthermore both conditions D > [4]| > |% | (Remark 2.11.(4))
and dg > 2D —1 (Remark 2.11.(5)) are satisfied so we may use Proposition 2.8 and
Proposition 2.9. In particular by Proposition 2.9 we get the first assertion.

We now prove the second assertion. Consider the conic bundle 7 : 57 — P! and

E = fE(Pl). Let ?*E — P! be the ruled Hirzebruch surface of type h obtained
by contracting the hnes in the singular fibers of the conic bundles not meeting
E. For d even, we set fo = fE For d odd, we have m’ = m + 1 marked points
(74)ien,m, in ]P’l where ,, is the added marked point. Let Fm/ =71 Y ). The
above Hirzebruch surface is of type 1 and a general element in the linear system
|E+4F | is irreducible. Therefore a general element in the linear system |E+ F),,/| is
irreducible. Let T' be such an element and f : P! — T its (eventual) normalisation.

In both cases (d even or d odd), we have by construction that f(P!) is an element
of the linear system |[I'+mF'| on S and the curves C' and f(]P’l) pass through the m

marked points (f(xi))ie[l’m]. Any element in the line generated by these elements
in the linear system |I' + mF| on 57 passes through these points. By composition

with ev we get a rational family in evfl((xi)ie[ljm}) containing f and g. a

For m > 1, let Ag 4_2 be the image of the map Mgf;(%, 2) Xy, Mom(Vs,d—2) —
blr(V57 d) obtained by gluing the last marked points on each component.

Lemma 2.19. For m > 1, if the general fiber Z' = ev_l((xi)ie[lym_l]) of the

. ——bi m— . .
morphism ev : Moj:n(%,d —2) — Vi"~ ! obtained by evaluating on the first m —
1 marked points is rationally connected, then the general fiber of the map ev :
Ag g_o — VI is rationally connected.

Proof. Let Z be a general fiber of the map ev : Ay 4o — V™. Forgeting the first
component, we have a map Z — Mo,m(\/},, d — 2). Since any two points lie on a
conic in V5, this map is surjective onto the fiber 7/ = ev‘l((xi)ie[l’m,l]) which is
rationally connected. The general fiber of the map Z — Z’ is given by all conic
passing through 2 given points. There is a unique such conic so that the map
7 — 7' is birational. O

Lemma 2.20. If Mglfn(Vg), d—2) is rationally connected, then Ag q_q is rationally

connected.

Proof. We have a map Mgf;(Vs, 2) Xy Mlo)l;(Vg,, d—2)— Mglfn(Vg,,d 2). Since

any two points lie on a conic in V3, this map is surjective and the general fiber
of the map is given by all 2-pointed conic maping one point to a given point in
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V5. This fiber is therefore rationnally connected and the result follows by the main
Theorem in [GHS03]. O

We now prove the following result which is a variant of [DeL15, Lemma 7.9]

Lemma 2.21. LetY C Z be projective varieties such that

(1) Y is rationally connected;
(2) for z € Z general, there exists a P1 C W containing z and meeting Y along
a smooth point of Z.

Then Z is rationally connected.

Proof. We adapt the proof of [DeLl15, Lemma 7.9] and use the existence of the
MRC quotient for a strong resolution Z of Z (see [Kol96]). The MRC quotient is
a rational map ¢ : 7 --» @ such that a general fiber of the map is an equivalence
class for the relation “being connected by a rational curve on 7. By definition,
there is some open set U of Z such that the restriction of ¢ to U is regular, proper,
and any rational curve in Z intersecting U is contained in U. Since the resolution is
an isomorphism over the smooth locus of Z, the strict transform of a rational curve
through a generic point of Z meeting Y in a smooth point will meet Y the strict
trnsform of Y. By definition of ¢, this means that ¢(Y) is dense in Q. But since Y’
is rationally connected we get that @ is a point thus Z is rationally connected. [

To prove Theorem 2.1.(1), it is enough to prove that ngi(‘/;), d) is rationally
connected since there is a surjective map Mgi(%,d) — Mglr(%,d). So we set
m = 1 and proceed by induction on d. For d = 1 or d = 2, the result is well
know (see Subsection 1.2). We want to apply Lemma 2.21 to ¥ = Ay 4_2 and
Z = Mglr(%, d). By induction and Lemma 2.20, we obtain that Y is rationally
connected and by Lemma 2.18 a general point of z is on a P! in Z meeting Y
along a smooth point of Z. We can therefore apply Lemma 2.21 and get that Z is
rationally connected.

To prove Theorem 2.1.(2), we proceed by induction on m. The result is true
for m = 0 by Theorem 2.1.(1). We want to apply Lemma 2.21 to Y the general
fiber of the map ev : Ay 4_o — Vi™ and Z the corresponding fiber of the map ev :
ME:(V@ d) — V. By induction, the general fiber of the map ev : ng:nfl(%, d—
2) — V‘.{n_1 is rationally connected. By Lemma 2.19 we obtain that Y is rationally
connected and by Lemma 2.18 a general point of z is on a P! in Z meeting YV
along a smooth point of Z. We can therefore apply Lemma 2.21 and get that Z is

rationally connected.

3. UNIRATIONALITY
In this section we prove the following result.

Theorem 3.1. Letd > 1 and m > 0.
(1) For any d > 1 the moduli space Mg o(Vs,d) has pure dimension 2d. More-
over, for d > 2, the moduli space Mo)o(%,d) has two irreducible compo-
nents: o ;

Mo o(Vs,d) = M (Vs,d) UM (Vs,d).

Furthermore,
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——bir . . .
s Mg (Vs,d) is unirational;
—line

o My, (Vs,d) is rational.
(2) For m € {0,1} and d > 2, the general fiber of the evaluation map ev :
M:ir(Vg,, d) — VI™ is unirational.

Remark 3.2. The statement for m = 1 in Theorem 3.1.(2) follows from the same
result for m = 2 so we will focus on the m = 2 case.

3.1. Preliminary results on P"* and Q, C P"*!. In this subsection we study
rational simple connectedness for the projective space and the smooth quadric.
For these varieties, the moduli spaces Mg o(X,d) are irreducible (cf. [Tho98],
——bi . . P
[KP01]). As a consequence the spaces M Ojg(X ,d) are irreducible, so verifying ra-
tional simple connectedness reduces to the study of the evaluation morphisms.

Remark 3.3. For these varieties, our notion of rational simple connectedness co-
incide with rational simple connectedness in [dJS06a]. In particular P and Q,, are
strongly rationally simply connected (cf. [dJS06a, Theorems 1.2]).

Before analysing examples, we should point out that the results on rational sim-
ple connectedness we present here for these first examples are well-known. Nonethe-
less, we push forward the analysis and obtain more precise information on some
moduli spaces of rational curves.

3.1.1. The projective space. For the projective space P" it is easy to obtain the
strongest possible statement for rational simple connectedness.

Proposition 3.4. The projective space P" is strongly rationally simply connected.

Before proving the result, let us list some extra properties which hold for the
moduli spaces of rational curves on the projective space:
e its VMRT is isomorphic to P"~1;
« the evaluation morphism ev, from the universal P'-bundle over the VMRT

ev

]P)(O]Pm,fl EB O[Pn—l (—1)) HT ]P)n

Pn—l
coincides with the blow up if x € P".
Let f: P1 — P" be a degree d morphism, with d > 1, defined by [P°:...: P"],
with P? € Clu,v]y degree d homogeneous polynomials for i € [0,n], fix m = d +
distinct points tg, . .., tq € P! and m arbitrary points xg, . .., 24 € P*. We denote by

Mor® 7> (P!, P") the variety of degree d morphisms f: P* — P™ such that f(t;) = x;
for all i € [0, d].

Lemma 3.5. Keep the notation as above. Then Mor% (P!, P") is rational and
isomorphic to

(3.D) Us={Do:-..: M) | i #0 for alli €[0,d]} c P°.

Proof. For d = 1, the variety Mor{”*(P',P") coincides with the automorphism

group of P* with two marked points (since there is a unique line through two points
in P™), which is isomorphic to the multiplicative group G,, and is then rational.
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Assume now d > 2 and thus m > 3. In particular, the automorphism group of P!
preserving m distinct points is trivial. Let f: P! — P” be a degree d morphism and
choose coordinates on P! such that ¢; = [2; : 1] and choose vectors v; € C"*1 such
that x; = [v;] for all ¢ € [0, d]. In these coordinates we can write f(¢) := f([z: 1]) =
[P°(2) :...: P"(2)]. We impose now the conditions f(t;) = x; for all i € [0,d], i.e.
that there exist non-zero scalars \;, i € [0, d] such that

P(zi) = (P°(z),..., P"(z1)) = Aivi.
Define

Z— Zj
Li(z) = I | z‘—;’
g# T

for all ¢ € [0,d]. We therefore have
d
(3.E) P(z) =Y AiLi(2)v;.
i=0

The variety the variety Mor (P!, P") is therefore described by (3.D). O

We prove some more results on projective spaces that can be useful for example
in the study of rational simple connectedness on del Pezzo surfaces.
We fix m = d+ 1 and let m’ > 0 be an integer. Let ev,,4+,, be the evaluation
map
Vnim': Momym: (P",d) = (P
As in Notation 0.1, we consider the map
\I/m+m’: Mo,m+m’ (an d) — MO,M,—Q—M/ X (Pn)m+m .

Let x = [v] € (P")™™ be a fixed point, i.e. we write 2; = [v;] with v; € C*t! for
all ¢ € [0,m 4+ m/]. The following lemma provides the numerical condition which
guarantees that the general fibre of ¥, ,, is non-empty and rational. It will be
useful to study rationality for moduli spaces of rational curves on del Pezzo surfaces.

Lemma 3.6. Let Uy C M07m+m/ the open subset of pairwise distinct points.
Assume that the following two conditions hold:
(1) d>nm';

(2)

rk [ vo Av; viAv; - vg Ay

=tk |{voAv; - Vi1 AV; Vg1 Av; - Vg Avj

foralli€0,d] and j € [d+1,m/].
Then for any (t,X) € Upmtm X (IP’")””m/ the fibre \I/;i,_m/(t,x) is non-empty and
rational.

Proof. The case m’ = 0 is simply Lemma 3.5. More precisely, a morphism f: P! —
P™ sending the first m pairwise distinct points (to,...,tq) to (zo,...,zq) is de-
scribed by (3.E) and the variety Mor%"*(P',P") is rational of dimension d. Let
(2441, - - -, 2a+m’) be the coordinates of the last m’ points in P!. If we impose the
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extra condition (i.e. f(t;) = x; for all j € [d+ 1,d + m/]), we obtain the following

condition on the coefficients A = (Ao, ..., Aq):
PO(z)) v

5F) Plfzj) _ v'Jl»
P (z]) v-;?

for all j € [d+ 1,d + m']. These impose at most nm’ linear conditions on the \’s.
We only need to check that these linear conditions are not of the form \; = 0 for
some 17, since these would give an empty fibre \I/;lim, (t,x). Here we need condition
(2) in the hypothesis. For any j € [d+1,d+m/], one can develop (3.F) and obtain:

Ao

A
A- A = Lo(Zj)UO A Uj Ll(Zj)’Ul A Uj tee Ld(Zj)Ud AN Vj : =

0

Ad 0
Condition (2) guarantees that Ker(A) is not contained in any of the hyperplanes
Ai =0, since Lo(z;) #0 for all j € [d+1,d +m/]. O

Remark 3.7. The condition (2) of Lemma 3.6 holds if we assume that the points
(2o, .., Tmem) are general: indeed, since d > n, we can choose the first n + 1
vectors to be the standard basis, i.e. v; = e; for i € [0,n]. Since for any v € C"**1,
the matrix (ep e1 --- e,) A v has rank at most n, the same holds for the matrix
(e €1 *++ €n Unt1 -+ v4) Av. Choosing vp41,...,v4 and v general, condition (2)
is verified.

Corollary 3.8. Let X := P" be the n-dimensional projective space, with n > 2.

Then
m—1-— V(m_mJ <dsx(m)<m—1- {m_lJ.

n+1 n+1

Proof. The lower bound is given by dimension count while the upper bound is a
direct consequence of Remark 3.7. (|

Proof of Proposition 3.4. We know that all moduli spaces Mg o(P",d) are irre-
ducible (cf. [FP97, Section 4]). We consider the following diagram:

eVd+41

(3G) Mo,d_;'_l(X, d) HX(H»l .

l"
Mo

Lemma 3.5 implies that the general fibre My := evg_&l(x) is dominant on M07d+1
and that gy, is birational to a P4-fibration over M q441. Since the base of gy, is
rational (cf. [Kap93]), we deduce the unirationality of My := cv;jl(x). O

3.1.2. The quadric hypersurface. Also for this example, we obtain rational simple
connectedness in the strongest possible sense. Nonetheless, the proof requires more
care, since we need to distinguish two cases, depending on some parity condition.
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Proposition 3.9. The quadric hypersurface Q, C P"t!, with n > 2, is strongly
rationally simply connected.

Remark 3.10. The case of @y = P! x P! is slightly different with respect to the
others, since p(Qs2) = 2. Nonetheless, we will always fix the diagonal polarisation
8 = Hi+ Hs, where the H;’s are the two rulings. With this choice, all the arguments
of this section apply also for n = 2.

As for P" let us recall that, for any x € Q,, C P**!, the VMRT is isomorphic to
Q,,_2, which is then rational, if n > 2, or two reduced points if n = 2.

As for the previous case, let f: P' — Q,, C P"*! be a degree d morphism, with
d > 1, defined by [P° : ... : P"*1], with P! € Clu,v]q fori € [0,n+1], fix m = d+1
distinct points tg, ..., tq € P! and m arbitrary points zo, ..., zq € Q,. Keeping the
analogous notation as before, we denote by Mor% (P!, Q,,) the variety of degree
d morphisms f: P* — Q,, such that f(¢;) = x; for all i € [0,d].

For this case, we need some more notation. Let V be a C-vector space of di-
mension n + 2 and ¢ be a non-degenerate quadratic form on V' which defines the
quadric @, C P(V), i.e.

Qn =A{[v] € P(V) | q(v) = 0}.
Moreover, let B be the non-degenerate bilinear form associated to q.

As in the proof of Lemma 3.5, choose coordinates on P! such that ¢; = [2; : 1]
and choose vectors v; € V such that x; = [v;] for all ¢ € [0, d].

Definition 3.11. Keep the notation as above. The rescaled skew-symmetric matrix
A= Ag, ,—v associated to (zo,...,2q) and (vo,...,vq) is defined as

B(v;,v;
AQ717Z—)V = < ( : J)) .
% T ) igelo.d)

The previous definition depends on the choice of coordinates on P', but this will
not affect our arguments. Let us recall some properties of the Pfaffian of skew-
symmetric matrices.

Remark 3.12. Let A = {a;;} be an (m xm) skew-symmetric matrix. The Pfaffian
pf(A) of A is defined as
0  if m is odd;
> ver, sen(o) Hle Ug(2i—1),0(2i)  if m = 2k is even.
where F,, is the set of permutations in S, satisfying the following;:
eo(l)<o(3)<...<0o(2k—1); and
e 0(2i—1) < o(2i) for 1 <i<k.
One can check that the set Fop is in 1:1 correspondence with partitions of the set
{1,2,...,2k} into k disjoint subsets with 2 elements:

(3.H)  pf(A) == {

(S -FQk (i} {(i15j1)7' tey (Zkajk)}
where i1 <19 < ... <1 and 9; < j; for all 1 <[ < k. In particular,
(2k)!

So, pf(A) is a degree k polynomial in the entries of A and is linear in its lines
and columns. Moreover the following formal properties of pf(A) hold:
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.+ DE(A)? = det(A);

o pf(BAB?) = det(B) pf(A) for any (m x m)-matrix B.
Moreover a change of coordinates on P! will change the Pfaffian by a non-zero
scalar and the vanishing of pf(A) will not depend on the choice of coordinates. For
further details on pfaffians, see [Nor84, Section 5.7].

We can prove an analogue of Proposition 3.4 for quadric hypersurfaces.
Let us recall some known facts. In our notation, given a matrix A = (a; ;), the i-th
row (resp. the j-th column) is denoted by A; (resp. by A7).

Lemma 3.13. Let A = (a;;) be an (m x m)-skew-symmetric matric, with indices
i,j € {0,1,...,d}. Let A(i) (resp. A(i,j)) denote the skew-symmetric matriz ob-
tained from A by removing the i-th row and column (resp. the i-th and the j-th rows
and columns).
(1) 4f m is odd and A has rank m — 1, then Ker(A) is spanned by the vector
(=D pf(A(0)), -, (=1)"*' pf(A(d)))" .
(2) If m =2k is even and A has rank m — 2, then Ker(A) is spanned by the m
vectors
Ni = ((=1)""7 pf(A(i, 1)) ;3
Proof. We prove (1): let us define vy := ((—1)! pf(A(0)),---, (=1)+ pf(A(d))).
Let A[i] denote the following matrix:

Al = (;f ﬁi) ,

which is skew-symmetric of dimension (m + 1) x (m + 1), and by construction
pf(A[éi]) = 0. Using the formal properties of the Pfaffian (see [[W99, Lemma 2.3]),
we obtain:

d

0 = pE(A[) = > (=1)"ai pHA()) = (1)1 4; ol
§=0
In particular v’ is in the kernel of A and since A has co-rank one, at least one of
the entries of v’ is non-zero and so v4 generates the kernel.

To prove part (2), we apply part (1) to deduce that all vectors N; are in the
kernel of A (recall that pf(A(7,4)) = 0). Furthermore, the vectors N; and N; are
linearly independent as soon as pf(A(i,7)) # 0. But the condition on the rank
implies that at least one of these Pfaffians is non-zero and that the N;’s span the
kernel of A. O

Remark 3.14. The same methods can be used to deduce similar results on the
kernel of skew-symmetric matrices for higher co-ranks.

Applying the formal properties of pfaffians to our setting, we deduce the following
lemma.

Lemma 3.15. Keep the notation of Definition 3.11. Let u,v € V' be vectors such
that q(u) = g(v) =0 and B(u,v) = 1. Let v = (vo,...,vq) be defined via

u for i even;
Uy = .
v for i odd

with i € [0,d). Let U,, C Mg, the open subset of pairwise distinct points. Then
for any t € Uy, (with coordinates z) the matrix A = Ag, z—v has mazimal rank.



RATIONAL CURVES ON Vs 21

Proof. The associated matrix A has the form

A= <5i+j:1> ’
25 — g

where ;4 ;=1 equals 1 if {45 is odd and 0 otherwise. For d even, we have pf(A4) =0
while for d = 2k — 1 odd, we prove the following formula:

Hi<j, i+j even (% — %j)
Hi<j, i+j oda(Zi = 2j)
Indeed, keeping the notation as in Remark 3.12, let ded C Fai be the subset of

partitions o = {(i1,71), .- ., (%, jr)} such that i; + j; is odd for all [ € [1,k]. Using
formula (3.H), one has:

(3.1) = > H

ceFgia =1 It T F

pf(A) =

Factorising this expression, we deduce:

pf(A) = P(z0,21,--+,2d) .

Hi<j, i+j oda (% — %)
The denominator has degree k? and the polynomial P(zg,z21,...,24) has degree
at most k* — k. If we evaluate P in z; = z; for i < j and i + j even, the
numerator vanishes, so there exists a constant C for which P(zg,z1,...,24) =
Clli<j. itjeven(2j — 2i). One determines the value of C' = 1 looking at the residue
at (ZQ — 2’1). O

The following lemma is the quadratic version of Lemma 3.5.

Lemma 3.16. Keep the notation as above. Then the variety Mort (P!, Q,),
with for d > 2, is either empty or rational and isomorphic to the open subset of P?
defined by

(3.) Uga={[Mo:...: Aa] | i #0 for alli € [0,d] and (Ao,..., q) € Ker(A)}.

Proof. Since Q,, is contained in the projective space P**! we can apply Lemma 3.5
to write down the parametrisation of morphisms in f: P! — P"*! as in (3.E).
We only need to impose the condition that f factors through Q,,. Let us define

(3.K) Q(z) = q(P(2)) = B(P(2), P(2)).

By assumption, we have that F'(z;) = 0 for all ¢, so imposing that f factors through
Q,, is equivalent to requiring that @) vanishes with multiplicity at least 2 at the z;’s.
Computing the differential dQ(z) = 2B(dP(z), P(z)) we have

=2 Z dLs( AN B, v) =2 Y dLi(2)Li(2)\idB(vs, v)),
i,j=0 i,j=0, i#j

where the last equality holds because B(v;,v;) = 0. An easy computation shows
the following formula, for any [ # i:

1 G

2 =2 G

dLZ(Zl) =
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where ; =[]} ;(2i — 21). So evaluating the differential dQ(z) in z’s we obtain:

d

dQ(z1) =2 Y dLi(z)MAiB(vi,v)
i=0, il
d Ai B(vi,vp) A A\
=2\ 20— oNGA; - 0) ,
8 ; ;# G zi— i (CO Cd
where A; is the I-th row of A. So dQ vanishes in the z;’s if and only if the vector
(Xo/Cos -+, Aa/Ca) is in Ug a. O

Our final aim in this section is to prove rational connectedness of the general
fibre of some evaluation morphisms for Q,: for this, it is enough to look at the
spaces Mor 7> (P!, Q,,) for general z and x and for sufficiently large d. Nonetheless,
in Section 1 we will need some more punctual information about special fibres of
evaluation maps for Q,,.

Assume that m = d + 1 and consider the evaluation map

b1r

€V ! (Q'ru ) (Qn)m7

as in Notation 0.1. The following lemma describes the general fibres of W,

Lemma 3.17. Keep the notation as above.

(1) Ifd is odd and t and x are general, Mor’, " (P!, Q,,) is empty;
(2) if d is even and t and x are general, Mory"*(P', Q,,) is a point.

Proof. Let us consider the matrix A = Ag ,, where we chose coordinates ¢; = [z; :
1] on PL. Then the result follows from Lemma 3.16 and the following claim (in
italics).
(1) if d is odd and t and x are general, the matriz A has mazimal rank;
(2) If d is even and t and x are general, the matriz A has rank d and Ker(A)
18 spanned by a vector with non-zero coordinates.

Part (1) is a consequence of Lemma 3.15. Let us show Part (2). Since A is of
odd dimension m = d + 1, it is degenerate. Let A(0),---, A(d) denote the skew-
symmetric matrices as in Lemma 3.13. Using Part (1) of the claim, for general t
and x, we have pf(A(7)) # 0 for all 7. In particular A has rank d = m — 1 and, by
Lemma 3.13, its kernel is spanned by ((—1)! pf(A(0)),-- -, (=1)%*! pf(A(d))) which
is a vector with non-zero coordinates. This proves (2). O

Corollary 3.18. Let X := Q,, be a n-dimensional quadric. Then dx(2) =2 and
form > 3,

m—1-— {m;‘gJ <dx(m)<m-—1.

Proof. The first inequality follows by dimension count. For m = 2, it is well known
that there is no line but a conic through two general points on Q,,.

Assume m > 3 and fix m points on Q,, and let d = m — 1. If m is odd, Lemma 3.17
gives the result. For even m > 4, let us define m’ :=m — 1 and d' :=d — 1. For a
general X' := (&1, ..., Zm) € (Qn)™ , again Lemma 3.17 implies that there exists a
degree d’ morphism f: P! — Q,, through x’. Now let x,, be a general point in Q,,.
Then the hyperplane H,  dual to z,, meets f(P!) in at least a point y and the line
[ passing through z,, and y is contained in Q,, by construction. In particular the
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points (21, ..., Ty, Ty) are on the image of a degree d morphism g: PLUP! — Q,,
with image f(P') Ul. Since the moduli space of stable maps to Q,, is irreducible
(cf. [KPO1, Corollary 1]) and it has a dense open subset of maps from an irreducible
curve, we may find a degree d irreducible rational curve passing through general
S R R § R O O

The following proposition can be seen as a refinement of Lemma 3.17 and will
be crucial in Section 1.

Proposition 3.19. Let v be an integral curve in Q, which is non-degenerate in
Pt de (y) = P For the product Z := 4™ C (Q,)™, consider the fi-
bre M := ev_ '(Z). Then, for any irreducible component M' of M, the image
U, (M') contains a point (t,x) € Mo, x Z such that the corresponding matriz
A= Ag, zv, has rank at least 2 {%W

Proof. First, notice that by Lemma 3.17, the value 2 (%1 is the maximal possible
rank for the matrix Ag, ,—v, with (t,x) € ¥,,,(M).
Since the variety Mo, (Qy,d) = ng,rn(Qn,d) is irreducible of dimension (n +
1)(d+ 1) — 3 (cf. [KPO1, Corollary 1]) and M is locally defined by (n — 1)(d + 1)
equations, coming from the local equations of v in Q,,, the irreducible component
M’ has dimension at least 2d — 1.

Assume that for a general element p € M’, the matrix A = Ag,, 5 associated
to (t,x) = ¥,,,(p) has rank 2r.
By Lemma 3.16 the general fibre of ¥,,,: M’ — ¥,,(M’) has dimension d — 2r and
U,,,(M’) has dimension at least d + 2r — 1. Consider the projection on Z

pry: ¥, (M) — Z,

and let us look at the dimension of its (nonempty) fibres.

Let K := {K1,...,k2r} C [0,d] with k1 < --- < kg, be indices such that
pf(AE) # 0 where AKX is the matrix obtained form A by the removing the lines
and columns of indices outside of K.

Fix kg € [0,d] \ K and reorder [0,d] so that [0,d] = {ko, k1, ..., K2r, K2rg1, - -5 Kd}-
Let us define Ky := [0, 2r] and K, := KqU{ks} for any s € [2r+1,d]. By definition,
the element (t,x) satisfies the equations

(Ey) pf(AR?) =0 for all s € [2r +1,d].

If B(vky,v5,) # 0, expanding pf(Ag‘:) with respect to the line x5, we get (cf. the
notation of Lemma 3.13 and [IW99, Lemma 2.3)):

27

0= (=1)"ay; pf(AR(4))
§=0
2r
= (1) o PEAR) + (=1)" (1 a5 PE(AZD ()

j=1
2r

DE(AL) + (—1y7 S (-1 B ) 4t ).

Zj T 2k,

B (Uﬂs ) Ukg )

Zro — Rks

= (-1

j=1
So the previous equation is nontrivial and the term a, ., pf(A%) is the only term
contributing for a pole along (z., — #x,.). So all the nontrivial equations (E;) with
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s € [2r + 1,d], are independent, since the equation (Fy) only involves the variables
(2k,)iek, and 2.,

Let [ is the number indices s € [2r 4 1, d] such that B(vy,,vs,) = 0. Since 7 is
non-degenerate, we get this way d — 2r — [ independent equations and hence

dim pry * (pry(t,x)) < (d —2) — (d—2r — 1) =2r +1— 2.
Up to reordering the indices, we can choose kg so that [ is minimal. In particular
for each & € [0,d] \ K, there are at least [ vanishings B(vg,v.,) = 0 for s €

{0}U[2r+1,d]. This in particular implies that we have at least M
of the form

equations

B(vi,vj) =0for4,j € [0,d]\ K and ¢ # j.
This in turn implies that the dimension of the image pry(¥,,(M")) verifies

1-2 1—-2
dim(pry (0,,(00') < dimz - (ELZ20 gy MAEIZ2)
and finally that
dim(W,, (M) Sd+l—w+2r+l—2:d+27~_1_l#_

Since U,,(M’) has dimension at least d+ 2r — 1, we get [(d—1—2r) < 0, i.e. either
o tk(A4) > 2[4 or
e [=0.
We need to treat the second case, so let assume that [ = 0. The above estimates
imply that pr, is surjective. We now produce an element x € Z such that for any
t € Mo, the corresponding matrix A has maximal rank. Indeed, since 7 is non-
degenerate, we can find two vectors u,v € V such that [u], [v] € v and B(u,v) = 1.
We conclude applying Lemma 3.15.
We have proved that any component M’ of M is such that W(M') contains an
elements whose associated matrix A has rank at least 2 [%1 (]

Proof of Proposition 3.9. Using Corollary 3.18, we see that, for m = d 4+ 1 the
evaluation maps are dominant. To show that the general fibre My = ev,!(x) is
rationally connected, we have two cases. If d is even, Lemma 3.17 implies that
the map ¥, Mx — ¥, (My) = Mo,m is birational. This implies that My is
rational (cf. [Kap93]). If d is odd, we use Lemma 3.15 and Lemma 3.16 and
deduce that the general fibre of ¥,,: My — ¥, (M) = Mo,m is birational to P!.
Moreover, Lemma 3.13 implies that this morphism has a rational section given by
No = ((—1) pf(A(0,4))),. So My is rational also in this case. O

3.2. Proof of Theorem 3.1. In order to exploit the quasi-homogeneity of V5, we
need few lemmas.

Lemma 3.20. Let C be a curve in Vs. Then:
(1) there exists a line l with 1N C = (;
(2) If C is reduced of degree d and meets the dense orbit U, there exists a line
I with INC = 0 and such that its intersection with the divisor D, (spanned
by the lines in Vs meeting 1) is a union of d reduced points.

Proof. Looking at the incidence correspondence (1.B), we notice that he locus of
lines meeting C' is given by ¢p(evy*(C)), which is a curve in P2. This proves (1).
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For a general line, the surface D; meets properly the SLy(C)s-orbits. By Kleiman-
Bertini’s theorem (cf. [Kle74, Theorem 2(ii)]), we get that there exists a line [ such
that C' N Dy is a finite reduced union of points. O

Lemma 3.21. Any irreducible component of Mg o(Vs,d) contains stable curves
whose image meets U, the dense SLo(C)-orbit.

Proof. Since any irreducible component of M o(Vs,d) has dimension at least 2d,
the morphisms that factor through the orbits E \ ¢ and ¢ cannot form irreducible
components. Indeed, the subscheme of stable maps that factor through the rational
sextic curve o, is isomorphic to Mg o(P!,d/6), when d is a multiple of 6 and empty
otherwise. In particular is has dimension d/3 — 2 < 2d, when non-empty. Recall
that the closure E of the two-dimensional orbit is a denormalisation of P! x P!
with associated map v: P! x P! — S of degree (1,5), cf. Lemma 1.2. A similar
computation shows that the dimension of stable map that factor through F has
dimension 2d — 1 < 2d when nonempty: when d is a multiple of 6, this moduli
space is given by Mg (P! <P, %(1, 5)). So any irreducible component of M o(Vs, d)
contains stable maps whose image meet the dense orbit in V. O

The key result is the following.

Proposition 3.22. For any d > 1 the moduli space ngg(Vg),d) is irreducible,
unirational of dimension 2d.

Proof. Since every irreducible component M of ngg(Vg,, d) has dimension dim M >
2d (cf. [Kol96, Theorem 11.1.2]), let f: P! — Vs be a general element of the dense
subset in M. Since f(P*)NU # (), the pull-back f*Ty; of the tangent bundle of Vj is
globally generated (cf. [Deb01, Example 4.15(2)]). We thus have H! (P!, f*Ty.) = 0

and dim HO(P!, f*Ty,) = 2d. This proves that MS:S(V& d) has dimension 2d.

We now prove that ng(r)(%, d) is irreducible and unirational. Lemma 3.21 im-
plies that there exists a map [fo] € M such that fo(P!) meets the dense orbit U and
therefore Lemma 3.20(1) implies that there exists a line [ such that [N fo(P') = 0.

In particular, projecting from [ as described in Lemma 1.3, we obtain a rational
map at the level of moduli spaces:

Qy: M --» Mgf[rd](gmd)
[f1 7 [duo fl,

where H‘Sf{d](gg, d) is the quotient of METZ(Q;»,, d) by the action of the symmetric
group. Since the projection ¢; is birational, note that ®; is birational onto its
image ®;(M). Let us study this image: for a general f € M, its image verifies
f(PYH NI =0, by Lemma 3.20(1) and the image [¢;(f)] in ng;(Qg,d) is a stable
map of degree d. Furthermore ¢;(f) meets the hyperplane section D; covered by
lines meeting [ in d distinct reduced points by Lemma 3.20(2), therefore ®;(f)(P!)
meets the twisted cubic 7; in d distinct reduced points.

In particular, let evg: M‘Sf;(gg,, d) — Q% be the evaluation map. We have that
evgl(fyld) dominates ®;(M), via the quotient by the symmetric group Sy. To prove
unirationality of M it is therefore enough to show that ev;'(y) is unirational of
dimension 2d.
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—Dbir ——bir .
Let pgr1: Mg 4.1(Q3,d) — Mg 4(Q3,d) the map forgetting the last marked

. ——bir
point and evay1: Mg 4.(Q3,d) — Qg“

the evaluation at all marked point. Then
Qa1 :evi (7 x Q3) = evy () is dominant and since the fibres of the last map
have dimension one, it is enough to prove that M :=ev /', (v x Q3) is irreducible
and unirational of dimension 2d + 1. .,

~ We prove that M is actually rational. Let M be an irreducible component of

M; following Notation 0.1, consider the map
—_ —
Uyir: M — Moy x 7 x Qs.

Since M is locally defined by 2d equations, coming from the local equations of ;
in Qg, the irreducible component M/ has dimension at least 2d + 1.

Proposition 3.19 implies that ¥4.1(M ) contains an elements whose associated
matrix A has rank at least 2 [%1 We study separately two cases.

o If d = 2k even, a general element in \I/d+1(MI) defines a matrix A of rank
2k and the fibre is a point, by Lemma 3.17. The map W44, is therefore
birational to its image and has to be dominant since M07d+1 X %d X Q3 has
dimension 2d + 1. In particular M is rational and there is a unique such
irreducible component.

o For d = 2k 4+ 1 odd, a general element in \I/dH(M/) defines a matrix A of
rank 2k, the fibre is an open subset in P! and even an open subset of a P!
bundle over \Ild+1(ﬁl). Indeed, by Lemma 3.13, we have a rational section
given by the vector No = ((—1)7 pf(A4(0,5)));. The image \Ifd+1(ﬁl) is then
given by the locus

W1 (M) = {(t,x) € Moas1 x 7 x Qs | pf(A) = 0}.

Consider the map 6: W41 (MI) — M, 441 %~ obtained by projection. This
map is surjective and its fibre is a linear section of Qs therefore a (rational)

2-dimensional quadric. Since 6 has a rational section (take W41 (M ) N

(Mo.g+1 % (11)% x L) where L is a general line in Q3), we see that M s
rational and there is a unique such irreducible component.

This concludes the proof. ([l
Proof of Theorem 3.1. We first prove that Mﬁf}f(%,d) is rational. We have the
following isomorphism given by composition of stable maps:

——line

Moo(P',d) x Moo(Vs,1) = My (Vs,d).

It is well known that the moduli space Mg (P!, d) is rational of dimension 2d — 2
——line ——line

(cf. [KPO1, Corollary 1]) and M (Vs,1) is isomorphic to P? so that M o (Vs,d)
is rational of dimension 2d.

We prove by induction on d that M070(V5,d) has two irreducible components
M‘S;S(%,d) and Mgfge(‘/},,d), both of dimension 2d. Indeed, if there exists an
irreducible component not contained in MST;(V& d) UME;E(V{,, d), then it is covered

by the images of the gluing maps:
Mo,1(Vs,d1) xv, Mo1(Vs,dz) — Moo(Vs,d)
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with d; + d2 = d. By induction assumption, this space has dimension at most
(2dy + 1)+ (2da +1) =3 = 2d — 1 < 2d. Contradiction. So the theorem is a
consequence of Proposition 3.22. (]

This argument can be easily adapted to obtain rational simple connectedness.

Theorem 3.23. The Fano threefold V5 is rationally simply connected.

Proof. Let evy : M‘ng(%, d) — V2 be the evaluation map. We want to prove that
the general fibre M, = ev;'(x) is rationally connected of dimension 2d — 4. We
will actually prove that My is unirational.

Since Mgf;(vg,, d) is irreducible of dimension 2d 4 2, any irreducible component
M’ of My contains a curve with smooth source and [Deb01, Proposition 4.14] implies
that M’ has expected dimension 2d — 4.

Let [ be a line passing through z; but not though x5. By composition with the
projection ¢;: Vs --» Qs (cf. Lemma 1.3 for the notation), a stable map [f] € M
with multiplicity one in x7 is sent to a stable map ¢; o f in Q3 of degree d — 1 whose
image meets the twisted cubic 7; in d — 2 points and which passes through the fibre
¢ := ¢; *(x1) over 1. So, we obtain a rational map at the level of moduli spaces:

——bir
‘bl: M/ - M07[d](Q37d— 1)

[f] = [0 fl,

birational onto its image, Here, ng[rd} (Qs,d — 1) is the quotient of METZ(Q;),, d—1)
by the action of the symmetric group. We look at the image: by construction,
¢ is a line meeting ;. Furthermore, since zs is in general position, it is outside
the indeterminacy locus of ¢;, we deduce that the image ®;(Mx) is dominated
(via the quotient by the symmetric group S;) by evgl(vld_2 x £ x {¢1(x2)}), where
evg: Moa(Qs,d—1) — Qg is the usual evaluation map.
It is therefore enough to prove that M :=ev (772 x £ x {¢(x2)}) is irreducible
and unirational of dimension 2d — 4.

As in Proposition 3.22 we prove that M is actually rational. Let M be an
irreducible component of M/; following Notation 0.1, we look at the map

P -
Ug: M — Mo x¥72 x L x {¢(22)}.

The same argument of Proposition 3.22 implies that M’ has dimension at least
2d — 4.
Since the points x = (x1,22) are in general position, we can apply Proposi-

tion 3.19 which implies that ¥4(M ) contains an elements whose associated matrix
A has rank at least 2 [%1 We study separately two cases.

o If d =2k + 1 odd, a general element in \I'd(M/) defines a matrix A of rank

2k and we conclude by Lemma 3.17 that ¥, is birational onto Mo,d X vld*z X

L x {¢(x2)}, which is rational.

e For d = 2k even, a general element in \I/d(ﬁl) defines a matrix A of rank
2k — 2, the fibre is an open subset in P! and even an open subset of a P!
bundle over ¥ 4 (M/), by Lemma 3.13. We conclude as in Proposition 3.22.

This concludes the proof. [
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4. RATIONALITY IN LOW DEGREE

In this final part we give some explicit construction for Hilbert schemes of ratio-

nal curves in V5, which imply rationality results for low-degree Mﬁ‘g(%, d). These
are well-known results, especially up to degree 5. The case d = 6 of sextic curves
has been studied in [TZ12b] and the authors prove that this space is rational
(cf. [TZ12a], [TZ12b, Theorems 1.1-5.1]).

For any integer d > 1, the Hilbert scheme of degree d rational curves in Vj is
denoted by Ho g = Ho,a(Vs)-

Up to cubic curves, the description of Hg 4 is classical.
Lines in V5. Ho1 ~ PSs (cf. [Isk79, Proposition 1.6(i)], [FN89, Theorem 1]).
Conics in V. Hgo ~ PSy (cf. [11i94, Proposition 1.22]).
Cubics in Vi. Ho 3 ~ Gr(2, S4) (cf. [Sanl4, Proposition 2.46]).

This implies that ngg(%7 d) is rational for 1 < d < 3.

4.1. Quartics in V. Although the following results are well-known to experts, we
provide here geometric proofs.

Proposition 4.1. The moduli space METS(V5,4) is rational of dimension 8.

Proof. A rational quartic C in V5 is clearly non-degenerate, so its linear span is
a linear subspace H¢ isomorphic to P* ¢ PS. This linear subspace H¢ intersects
V5 along a degree 5 curve and, by adjunction formula, this is an elliptic curve.
Therefore Ho N V5 is the union of C' and a line [o bisecant to C'. We therefore
obtain a rational map

—bir —Dbir
MO,O(VE)» 4) --» Mo,o(VEn 1).

Furthermore, if [ C V5 is a line and H is a general codimension 2 linear subspace
in P with [ C H, then H N Vs is the union of [ and a degree 4 rational curve. This
proves that ngg(Vg,A) is birational to the variety Z obtained via the following
fibre product:

Z —F1(2,5;7)

| |

Moo (Vs, 1) —= Gr(2,7),
where Gr(2;7) is the grassmannian of lines in P® and F1(2,5;7) is the partial flag
variety of pairs (I, H) with [ a line in P® and H O [ a linear subspace of codimension
2 in P®. Since the right vertical map is locally trivial in the Zariski topology, the
same is true for the left vertical map. The fibres of both vertical maps are rational

(isomorphic to Gr(3,5)) and MB?E(%, 1) is rational, proving the result. O
We recall some notation on (projective) normality (cf. [SR49, Definition 1.4.52]).

Definition 4.2. Let X be an integral variety and let X C P be a non-degenerate
embedding. One says that X is a normal subvariety in P™ if it is not a projection
of a subvariety of the same degree in PV, with N > n.

One says that X is linearly normal if the restriction map

HO(P", Opn (1)) — H°(X,0x(1))

is surjective.
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Remark 4.3. Let X C P" be non-degenerate. Then one can show the following
implications (cf. [Dol12, Proposition 8.1.5]):

e X is a normal subvariety in P* = X is linearly normal;
e X is linearly normal and normal = X is a normal subvariety in P".

4.2. Bisecants in V5. In order to study moduli spaces of quintic and sextic curves,
we need to look at bisecant lines. Let C' C V5 be a smooth connected curve of degree
d and genus g. The set of bisecants to C (i.e. the lines in V5 meeting C' in two points)
is expected to be of codimension two in PSs, that is, finite.

Lemma 4.4. Keep the notation as above.
The number of bisecants to C' is (d;2) —3g9.

Proof. We compute the genus g’ of the inverse image C’ of C in the incidence
correspondence M 1(Vs,1) (cf. (1.B)) and the degree § of the projection C’ — PS,.
The projection Mg 1(Vs, 1) — Vs is 3-to-1 and ramifies exactly on F (cf. the notation
of Lemma 1.2 and [FN89, Lemma 2.3]), which is a section of Oy, (2), Hurwitz
formula implies
29’ —2=3(29—2)+2d,

giving ¢’ = 3g + d — 2. Moreover, § = d, since the image in V5 of the inverse image
in Mo1(Vs,1) of a line £ in PSs is the hyperplane section H; N Vs swept out by
the lines which intersect the line [, where [ is the line of V5 corresponding in P.Ss
to the orthogonal of £. The expected number is the double locus of the projection
C’" — PS, which is (4;') — ¢, O

4.3. Quintics in V5 via Desargues configurations. For any smooth rational
quintic C' in V5, one sees it is linearly normal, i.e. it is contained in a unique
hyperplane Ho C PSg. Let us consider the surface S = S¢ := Ho NVs. The
surface S is either non-normal, or a (possibly singular) del Pezzo surface of degree
5.
If S is non-normal, then S = V5N H;, where [ is a line in V5 and H; is the hyperplane
containing the first infinitesimal neighbourhood Spec(Oys / Il2/v5) of I in V3, since
the non-normal locus is a line (cf. [BS07, Proposition 5.8]). In this case, S is the
union of lines in V5 meeting { (cf. [PS88, Proposition 2.1], [FN89, Corollary 1.3]) and
contains a 6-dimensional family of rational normal quintics (excluding the particular
case of hyperplane sections of S). For such a quintic, the line [ is a triple point
of the scheme (of length 3) of bisecant lines to C' (cf. Lemma 4.4). Varying the
line [, we obtain a 8-dimensional family of quintic curves, which is smaller than the
expected dimension 10.

Let us study now the normal case. Let S be the anticanonical model of S, then
the class O5(C) of C in S is given by a — K g, for some root o € Pic(S) (cf. [Dol12,

Section 8.2.3]). We recall that the roots of Pic(S), i.e. the orthogonal lattice to
K in Pic(S) (of type Ay) are the differences m; — 7;, with i # j, where 7; are the
markings of the del Pezzo surface.

One can see the roots in Pic(S‘) via a self-conjugate (with respect to the funda-
mental conic) Desargues configuration in PS,. This it a very geometric interpre-
tation of the root system A4. Assume that S is smooth (i.e. it contains ten lines,
which are points in PSs). The lines of S are the sums Kg + m; + 7, indexed by the
2-subsets {4, j} C [1,5] and we denote them by ¢;;. Let M,; be the corresponding

point in PS,. Moreover, two lines ¢;; and £, meet if and only if M;; and My, are



30 ANDREA FANELLI, LAURENT GRUSON, AND NICOLAS PERRIN

conjugate (with respect to the fundamental conic) in PSs. This is the case if and
only if {7,7} N {k,1} = 0. So the ten points M;; and their polar lines MZ»JJT form a
Desargues configuration, i.e. a line contains three points and a point lies in three
lines. This configuration contains twenty triangles indexed by the roots of Pic(S):
a root is an ordered pair (7, j) and we associate to it a triangle in the following way.
Take for instance (1,2): we associate to it the triangle Mi3Mq4M75, which is in

perspective from Mo to its conjugate Mog Moy Moy

Proposition 4.5. The moduli space Ml&ig(%, 5) is rational of dimension 10.

Proof. Let C be a smooth rational quintic curve in V5. We can assume it is con-
tained a normal hyperplane section S = Sc of Vs, in fact we may assume the
smoothness of S, since the map C — S is a P*-fibration: this can be seen comput-
ing H°(S,a — Kg) = 5 on the canonical model of S.

We know that the class Og(C') in Pic(S) is @ — Kg for some root o which we choose
labeled as (1,2). We obtain:

0ifi=1,7=3,4,5;
(Clm>: ZifiZQ,j:3,4,5;
1 otherwise.

the bisecants to C form the triangle Mao3MsoqMos (in the Desargues configuration
explained above) associated to the root (2,1). Furthermore, we remark that the
triangles correspond exactly to the sets of three lines on .S generating a hyperplane.
We obtained this way a rational map associating to a rational quintic its set of
bisecant lines:
——bir
U =Us5: Myo(Vs,5) ——H
C + [Maz, May, Mas]
where H := Hilb(3,PS,).
We study the fibres of U: choose a general point of H := Hilb(3,PS3): the corre-
sponding set 7 of three lines in V5 generates a hyperplane H. Consider the smooth
surface S := V5 N H. There exists exactly one root o € Pic(S) whose intersection
product with the lines corresponding to 7 is 1. The quintic rational curves in Vj
whose set of bisecants is 7 are exactly the sections of the invertible sheaf a — K5
on S and they form a 4-dimensional projective space. Therefore the map W, is
(birationally) a P*-fibration.
We remark that the construction is still meaningful over the field of rational func-
tions of H, i.e. ¥ is Zariski-locally trivial: in fact, the generic point 1 of H gives a
divisor of a del Pezzo surface S, defined over K = C(H), with three lines defined
over K. So also the root is defined over K, i.e. o € Pic(S5,)).
To conclude, the variety H is rational: it is easy to see that Hilb(3, P! x P!) is ra-
tional since, once we fix a ruling P! x P! — P!, there is a birational correspondence
between the conics on P! x P! and the set of three rules. O

4.4. Sextics in V5 via the Segre nodal cubic. We conclude studying sextic
curves in V5.

Remark 4.6. First, we recall the classical and sporadic isomorphism Sping ~ Sp,.
The group G = Sp, has two sets of maximal parabolic subgroups. One of those can
be identified with the quadric Qs (the closed orbit of the standard representation
of G viewed as Spin;); the other one is the projective space P? (the closed orbit of
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the standard representation of G viewed as Spy).

The variety B of Borel subgroups of G, viewed inside Qs x P3, is the incidence
correspondence (line, point), when we view Q3 as the set of isotropic lines in P3
with respect to the standard symplectic form. More precisely, the fibre in B of a
point P € P3 is a line £, C Q3 and the fibre in B of a point @ € Qs is an isotropic
line I C P3. The relations Q € ¢p and P € lg are equivalent.

We provide here a new geometric proof of the following result by Takagi and
Zucconi (cf. [TZ12b, Theorem 5.1]).

.. . ~—bi ) ) ) .
Proposition 4.7. The moduli space Mojg(Vg), 6) is rational of dimension 12. More
precisely, the rational map

W: Moo (Vs, 6) - Hilb(6, PSs)

sending a general rational sextic curve to its set of bisecants is birational.

Proof. Lemma 4.4 implies that a rational sextic in V5 has six bisecant lines, so it
remains to prove that for 6 lines in V5 in general position I;, with ¢ € [0, 5], there
exists a unique rational sextic which is bisecant to them. Let us fix one of these
lines [y and consider the projection from it, which we saw in Lemma 1.3:

¢lo: ‘/5 -2 Q3

which is birational. The rational sextics in V5 which are bisecant to [y are in 1-to-1
correspondence with the rational quartics in Qs which are bisecant to 7, (keeping
the notation of Lemma 1.3). Moreover the strict transforms of the lines I,...15
in Q3 are lines I} C Q3 which are secant to 7,,. Our problem is then reduced to
counting rational quartics in Qs which are bisecant to the {}’s and to 7.

The correspondence in Remark 4.6 provides a birational correspondence between
the variety parametrising the smooth non-degenerate rational quartics in Qs, and
the variety parametrising the twisted cubics in P3. Indeed, a rational quartic curve
d € Qs is the ruling of a quartic scroll ¥5 C P? whose double locus is the corre-
sponding twisted cubic v C P3. Conversely, the datum of v allows to reconstruct &
as the locus of isotropic lines in P? which are bisecant to 7.

Moreover, the marked twisted cubic ;, corresponds to the ruling of a cubic scroll
¥, Since each line £; € Qs, with 7 € [1, 5] meets 7;,, the cubic scroll £,, ' contains
the points P; defined by ¢; := {p,. So our problem is now reduced to enumerating
the twisted cubics v € P2 through the points P; € P3 and bisecant to two rules
By,

We perform now another birational transformation: let P C P3 be the union of
the five points P;’s and consider the linear system of quadrics passing through P.
This defines a birational map

op: P --» S5 C P4,

where S3 is the 10-nodal Segre cubic primal (cf. [Doll6, Section 2]) and the inde-
terminacy locus of ¢p coincides with P. This map can be seen as the composition

©p = proug: PP < vy(P3) —-» S3 C P4,

where vy: P? — P? is the second Veronese map and pr = pry,, p), is the projection
from the 4-dimensional linear space spanned by vy (P).
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Recall that the system of twisted cubics through P is transformed into one of
the six two-dimensional systems of lines in S3 (the other five are the transforms of
the systems of lines through the p;’s).

The image vg(EwO) is a conic bundle over 7, ~ P!. The normal model of Yy,
is P(Op: (1) @ Op1(2)), while the scroll given by union of the planes spanned by the
conics (the fibres) of va(3,, ) is V := P(Op1(2) ® Op1(3) ® Op1(4)). One sees that
degV = 9 and V N (v2(P)) = v2(P). Its projection W := pr(V) is therefore of
degree 4 and so is its dual WV, a ruled surface in (P4)¥. By the formula in [Bak60,
Chapter IV, Example 2, p. 174], this surface has one singular point 7' in which
two rules meet. The corresponding hyperplane H of P* contains two planes on W
meeting along a line I7 and containing two conics on the transformed surface X, .
The line [7 is the transform of the requested twisted cubic ~.
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