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The Grothendieck ring of varieties first appeared in a 1964 letter of Grothendieck to
Serre, where he also started speculating about motives. It seems that it did not have
a lot of impact for a few decades, until Kontsevich used as a receptacle for his theory
of motivic integration, which turned out to have numerous applications to different areas
of algebraic geometry. Since then the Grothendieck ring of varieties has been studied

1



2 MARGARET BILU

for its own sake, and has also provided a natural setting to investigate the geometry of
many interesting sequences of moduli spaces, creating connections with number theory and
topology. The main reference used in these notes is the book by Chambert-Loir, Nicaise
and Sebag [CLNS18].

1. The Grothendieck ring of varieties

1.1. Definition. Let k be a field. By a variety over k we mean a k-scheme of finite type.
Definition 1.1. The Grothendieck group of varieties over k is the quotient of the free
abelian group on isomorphism classes of varieties over k by the so-called “cut-and-paste”
(or “scissor”) relations

X − Y − U

whenever X is a variety over k and Y a closed subscheme of X with open complement U .
It is denoted by K0(Vark).
Notation 1.2. We denote by [X] the class of a variety X in K0(Vark).
Remark 1.3. If Xred is the largest reduced subscheme of X, then by the cut-and-paste
relations, [Xred] = [X].
Proposition 1.4. There exists a unique ring structure on K0(Vark) such that [X][Y ] =
[X ×k Y ] for all varieties X, Y over k. Its unit element is [Spec k].
Proof. Uniqueness is clear. This product is well defined on the free abelian group Z(Vark) on
isomorphism classes of varieties over k. It then suffices to note that the subgroup generated
by the cut-and-paste relations is an ideal for this ring structure, so that the definition of
the product passes to the quotient. □

Notation 1.5. We denote by L the class [A1
k] of the affine line.

It is often natural to invert L, and to work in the so-called localised Grothendieck ring:
Definition 1.6. The localised Grothendieck ring is defined to be Mk := K0(Vark)[L−1].
Warning 1.7. Inverting L is a non-trivial operation which does kill some elements, as L
is a zero-divisor in K0(Vark) (at least in characteristic zero). This is a result due to
Borisov [Bor18], see Theorem 3.7.
Example 1.8. By definition of the product, we have [An] = Ln. By the cut-and-paste
relations, we have

[Pn] = Ln + . . . + L + 1.

1.2. Piecewise isomorphisms.

Definition 1.9. Two k-varieties X and Y are said to be piecewise isomorphic if there exist
finite partitions

X = X1 ⊔ . . . ⊔ Xm and Y = Y1 ⊔ . . . ⊔ Ym

of X and Y into locally closed subsets such that for all i ∈ {1, . . . , m}, we have that Xi

and Yi are isomorphic as k-varieties endowed with their induced reduced structures.
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One easily sees that if X and Y are piecewise isomorphic, then [X] = [Y ] in K0(Vark).

Question 1.10 (Larsen-Lunts). Is the converse true ? If two k-varieties have the same class
in the Grothendieck ring of varieties, can we conclude that they are piecewise isomorphic?

The answer to this question is negative (at least in characteristic 0), and is obtained via
the aforementioned construction of Borisov, see 3.5 below.

Example 1.11. Let C ⊂ A2 be the plane affine curve given by the equation y2 = x3. The
classical parametrization

A1 → C
t 7→ (t2, t3)

has an inverse outside 0:
C \ {0} → A2 \ {0}
(x, y) 7→ y

x

This shows that A1 and C are piecewise isomorphic, and so [C] = L.

Definition 1.12. Let X, Y and F be k-varieties. A morphism of k-varieties f : X → Y
is said to be a piecewise trivial fibration with fibre F if there exists a finite partition
Y = Y1 ⊔ . . . ⊔ Ym into locally closed subsets such that for every i ∈ {1, . . . , m}, we have
an isomorphism

f−1(Yi)red ≃ (F ×k Yi)red

of varieties over (Yi)red (meaning that through this isomorphism, f becomes the second
projection).

One then easily sees that:

Proposition 1.13. If f : X → Y is a piecewise trivial fibration with fibre F , then X and
Y × F are piecewise isomorphic, and in particular

[X] = [Y ][F ]

in K0(Vark).

Example 1.14. A vector bundle E → X of rank r is a piecewise trivial fibration with
fibre Ar, so that [E] = [X]Lr. In the same manner, a projective bundle P → X of rank r
is a piecewise trivial fibration with fibre Pr, so that [P ] = [X][Pr].

Exercise 1.15. Use appropriate piecewise trivial fibrations to show that

[GLn(k)] = L
n(n−1)

2 (Ln − 1) . . . (L − 1)

and
[SLn(k)] = L

n(n−1)
2 (Ln − 1) . . . (L2 − 1)
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1.3. The dimensional filtration. For every d ∈ Z, we define FdMk to be the subgroup of
Mk generated by elements of the form [X]L−p where X is a variety over k and dim X −p ≤
d. The sequence of subgroups (FdMk)d∈Z is an increasing exhaustive filtration of Mk, called
the dimensional filtration. For all n, m ∈ Z, it satisfies

(FnMk)(FmMk) ⊂ Fn+mMk.

Using this filtration, we may extend the notion of dimension to arbitrary classes in Mk:
for every a ∈ Mk, define

dim(a) = inf{d ∈ Z, a ∈ FdMk}.

There is a natural topology on the localised Grothendieck ring Mk induced by the notion of
dimension of varieties, where a class is considered small if it is of very negative dimension.
We may then define the corresponding completion:

M̂k = lim←−
d

Mk/F−dMk.

Example 1.16. An example of an element in M̂k is the series∑
i≥0

L−i.

Note that this provides an inverse to 1 − L−1 in M̂k.

1.4. Generating sets for the Grothendieck ring.

Slogan 1.17. One can restrict the set of generators of K0(Vark) to varieties having nice
properties!

Particularly strong results in this direction may be obtained in the presence of resolution
of singularities, but even without it, here is a very simple example relying only on the cut-
and-paste relations:

Proposition 1.18. The Grothendieck ring of varieties over k is generated by classes of
quasi-projective and regular varieties.

Note that when k is perfect, we may replace “regular” with “smooth”.
Proof. Let X be a k-variety. There exists a dense open affine U ⊂ X. Up to shrinking U ,
we may also assume it is regular. The class [X] − [U ] is a sum of classes of varieties of
dimension < dim X so we may conclude by induction. □

1.5. Motivic measures.

Definition 1.19. Let A be a ring. An (A-valued) motivic measure on K0(Vark) is a ring
morphism

µ : K0(Vark) → A.

Slogan 1.20. The class of a variety in K0(Vark) contains a lot of geometric information.
Some of this information can be recovered using appropriate motivic measures.
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In this paragraph, we will give a series of examples of motivic measures, and give a
general recipe for constructing motivic measures of a cohomological nature.

Example 1.21. Assume k = Fq is a finite field. Then for every m ≥ 1, taking the number
of points over a finite extension Fqm of Fq defines a motivic measure

K0(VarFq) → Z
[X] 7→ |X(Fqm)|

called the counting measure.

Example 1.22. Assume k = C. Then the compactly supported Euler characteristic in-
duces a motivic measure

χc : K0(VarC) → Z

[X] 7→
2 dim X∑

i=0
(−1)i dim H i

c(X(C), Q)

(where H i
c(X(C), Q) are the compactly supported singular cohomology groups). The fact

that χc passes to the quotient with respect to the cut-and-paste relations comes from the
long exact sequence in cohomology. The fact that it is a ring morphism comes from the
Künneth formula.

Interlude: Grothendieck rings of categories. A reference for this paragraph is Chap-
ter 2, Section 3.1 in [CLNS18]. In a nutshell, categories with some extra structure that
allows to make sense of a way of “cutting up objects” naturally give rise to corresponding
Grothendieck groups. For example, for an abelian category C that is essentially small, we
may define the Grothendieck group K0(C) as the quotient

Z(isomorphism classes of objects)/“scissor relations”
of the free abelian group on isomorphism classes of objects of C by elements of the form
A − B + C whenever A, B, C are objects of C in a short exact sequence

0 → A → B → C → 0.

If the category C is endowed with an additional monoidal structure ⊗ with appropriate
compatibilities, then the latter induces a ring structure on K0(C).

Example 1.23. Let C be the category of finite-dimensional vector spaces over a field k.
Then the assignment V 7→ dim V induces an isomorphism K0(C) ≃ Z.

General Principle 1. Let k be a field, and let H•c : Vark → C be the version “with
compact supports” of a cohomology theory on k-varieties, with values in a category C as
above. Then the assignment

X 7→
∑

i

(−1)i[H i
c(X)]

gives rise to a motivic measure
K0(Vark) → K0(C).
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The long exact sequence in cohomology allows to show it is well defined, and the Künneth
formula implies that it is a ring morphism.

Example 1.24 (example 1.22 revisited). General Principle 1 applied to the theory of
singular cohomology and the category of finite-dimensional vector spaces recovers exam-
ple 1.22.

Example 1.25 (virtual Hodge realization). We again assume k = C. Classical Hodge
theory shows that when X is a smooth and proper variety over C, then for every i ∈
{0, . . . , 2 dim(X)}, its compactly supported cohomology group

H i
c(X(C), Q)

carries a pure Hodge structure of weight i, i.e. there is a Hodge decomposition

H i
c(X(C), Q) ⊗ C =

⊕
p+q=i

Hp,q

such that Hp,q = Hq,p for all (p, q). One can show that the assignment

X (smooth proper) 7→
2 dim X∑

i=0
(−1)i[H i

c(X(C), Q)]

induces a motivic measure
χHdg : K0(VarC) → K0(HS),

called the virtual Hodge realization, with values in the Grothendieck ring of the category
of pure Hodge structures HS. Note that if one applies the forgetful morphism which only
remembers the Q-vector spaces and forgets the Hodge structures, one recovers the Euler
characteristic from before.

There are two ways of justifying that χHdg is well defined. One possibility is by using
mixed Hodge theory, as explained in [CLNS18, Chapter 2, Section 3.2]. Another possibility,
as explained in [CLNS18, Chapter 2, example 5.2.1] is by using Bittner’s presentation,
which we will prove later.

Note that χHdg(L) = [Q(−1)], the class of the rank 1 pure Hodge structure of weight 2.
This is invertible in K0(HS), with inverse given by [Q(1)], the class of the rank 1 pure
Hodge structure of weight −2. Thus, χHdg extends to a motivic measure

χHdg : MC → K0(HS).

Example 1.26 (Hodge-Deligne polynomial). Given a smooth projective variety X over C,
we can define its Hodge-Deligne polynomial to be

HD(X) =
∑

0≤p,q≤dim X

(−1)p+qhp,q(X)upvq ∈ Z[u, v],

where hp,q(X) = dimC Hp,q are the Hodge numbers of X. As for the virtual Hodge realiza-
tion, the assignment

X (smooth and proper) 7→ HD(X)
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induces a motivic measure HD : K0(VarC) → Z[u, v]. For arbitrary X/C (not necessarily
smooth or proper), the coefficients of HD(X) are called the virtual Hodge numbers of X.

Given that HD(L) = uv, HD extends to a ring morphism

HD : MC → Z[u, v, (uv)−1],

and even to a ring morphism

HD : M̂C → Z[u, v][[(uv)−1]].

Of course, in these two cases the values of HD are no longer polynomials, but one usually
still refers to it as the Hodge-Deligne polynomial.

Remark 1.27. We always have that deg HD(X) = 2 dim(X), and that hdimX,dim X is the
number of irreducible components of maximal dimension.

Example 1.28 (Virtual étale ℓ-adic realization). General Principle 1 also works with étale
ℓ-adic cohomology. Let k be a field, and fix a separable closure ks of k. We denote by
Gk the absolute Galois group of k. Let ℓ be a prime number which is invertible in k. For
every separated k-variety X and every integer i ≥ 0, its étale ℓ-adic cohomology groups
with proper supports

H i
ét,c(X ×k ks, Qℓ)

are finite dimensional Qℓ-vector spaces endowed with a continuous action of Gk, which
are 0 unless 0 ≤ i ≤ 2 dim(X). Thus, denoting by RepGk

Qℓ the category of continuous
representations of Gk with values in finite dimensional Qℓ-vector spaces, we obtain a ring
morphism

χét : K0(Vark) → K0(RepGk
Qℓ),

called the virtual étale ℓ-adic realisation, defined by

[X] 7→
2 dim X∑

i=0
(−1)i[H i

ét,c(X ×k ks, Qℓ)].

In the same manner as for the virtual Hodge realisation, it extends to a ring morphism

χét : Mk → K0(RepGk
Qℓ),

on the localised Grothendieck ring.

Remark 1.29. Assume k is a finite field. There is a unique ring morphism

Tr(Frob|·) : K0(RepGk
Qℓ) → Qℓ

sending the class of a representation V to the value of the trace of the geometric Frobenius
morphism on V . By the Lefschetz trace formula, we have that composing Tr(Frob|·) with
χét recovers the counting measure.
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1.6. The modified Grothendieck ring. Let k be a field. When k has characteristic 0,
there is a very convenient way of identifying piecewise isomorphisms:

Proposition 1.30. [CLNS18, Chapter 2, Proposition 1.4.11] Assume k has characteristic
0 and let f : X → Y be a morphism of k-varieties. Then the following are equivalent:

(1) There is an algebraically closed extension K of k such that the induced map f(K) :
X(K) → X(K) is bijective.

(2) f is a piecewise isomorphism.

Thus, in characteristic 0, to check that two varieties have the same class in the Grothen-
dieck ring, it suffices to look at their geometric points. In positive characteristic, things are
a bit more complicated, essentially because of the possible existence of purely inseparable
extensions: geometric points characterize varieties only up to so-called radicial surjective
morphisms.

Definition 1.31. Let f : X → Y be a morphism of k-varieties. The following are equiva-
lent.

(1) For every algebraically closed extension K/k, the induced map f(K) : X(K) →
Y (K) is injective.

(2) For every extension K/k, the induced map f(K) : X(K) → Y (K) is injective.
(3) The morphism f is universally injective, meaning that for every morphism Z → Y ,

the morphism fZ induced by base change
X ×Y Z Z

X Y

fZ

is injective.
(4) The morphism f is injective and for every x ∈ X, the extension of residue fields

κ(x)/κ(f(x)) is purely inseparable.
In this case, we say that f is radicial (or universally injective).

Proposition 1.32. Assume that k has characteristic 0. Then a radicial surjective mor-
phism is a piecewise isomorphism.

Example 1.33. Let k be an imperfect field and let k′ be a finite nontrivial purely insepa-
rable extension of k. Then the morphism Spec(k′) → Spec(k) is radicial surjective, but is
not a piecewise isomorphism. It is not known whether [Spec(k′)] = 1 in K0(Vark).

Example 1.34. Let X be a variety over Fp, and let f : X → X be the absolute Frobenius.
Then f is radicial surjective.

As evidenced by example 1.33, when working in positive characteristic it is often possible
to prove equality of classes only up to radicial surjective morphisms. This motivates the
following definition:
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Definition 1.35. The modified Grothendieck group of varieties K̃0(Vark) is defined as the
quotient of the free abelian group on isomorphism classes of varieties over k by two types
of relations:
• the cut-and-paste relations as for the usual Grothendieck group;
• relations X −Y whenever f : X → Y is a radicial surjective morphism between varieties

over k.
As for K0(Vark), the group K̃0(Vark) is endowed with a ring structure given by the product
of varieties.

Remark 1.36. If k has characteristic 0, then the natural quotient morphism K0(Vark) →
K̃0(Vark) is an isomorphism. On the other hand, in positive characteristic it is not known
how large the kernel of this morphism is (in fact, no element of this kernel is known).

The general slogan is that for most applications, in positive characteristic it is usually
harmless to work with K̃0(Vark) (and in fact one does not manage to prove much if one
stays in K0(Vark)!). For example, one may still use all the usual motivic measures.

Proposition 1.37. [CLNS18, Chapter 3, Corollary 4.4.5] The counting measure and étale
ℓ-adic realization factor pass to the quotient, and are well defined on K̃0(VarFq).

From now on, K0(Vark) will denote the modified Grothendieck ring.

2. Applications of the Grothendieck ring

To give a glimpse of the variety of applications that Grothendieck rings can be used
for, we will state three theorems in algebraic geometry which may be proved using the
Grothendieck ring of varieties (or some of its variants) but where the Grothendieck ring of
varieties does not appear in the statement.

Please note that:
• I am not claiming these theorems cannot be proved by other means. Some of them can,

maybe with slightly different assumptions.
• I am not seeking to present the statements in their highest generality, but rather to

make them the most accessible possible.

2.1. Birational Calabi Yau varieties have the same Hodge numbers. This is his-
torically the very first application of the Grothendieck ring of varieties, the one for which
Kontsevich invented motivic integration.

Definition 2.1. A Calabi-Yau variety X is a connected smooth proper algebraic variety
over C with trivial canonical bundle: KX ≃ OX .

In other words, an n-dimensional complex variety X is Calabi-Yau if there exists a global
non-vanishing holomorphic n-form on X.

Example 2.2. An elliptic curve is a pointed one-dimensional Calabi-Yau variety. Two-
dimensional Calabi-Yau varieties are called K3-surfaces.
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Calabi-Yau varieties play a fundamental role in string theory.

Theorem A (Kontsevich 1995). Let X, Y be two Calabi-Yau varieties. If X and Y are
birational, then they have the same Hodge numbers.

In fact, Kontsevich’s argument even shows that the Hodge structures on the cohomologies
of X and Y are isomorphic.

This statement has some significance in mirror symmetry. Indeed, mirror symmetry
predicts that Calabi-Yau varieties come in “mirror pairs”. The Hodge diamond of the
mirror of a Calabi-Yau variety X is supposed to be obtained from the Hodge diamond
of X by a 90-degree rotation. Since most contructions in string theory are defined up
to birational equivariance, Kontsevich’s theorem provides some soundness to the mirror
symmetry conjecture.

Kontsevich’s inspiration came from Batyrev’s theorem, which proved the equality of the
Betti numbers (i.e. the dimensions of the cohomology groups) of X and Y by using p-adic
integration. Here are the main steps:

(1) By some classical spreading-out arguments, we may define the whole situation over
a well chosen p-adic field K with ring of integers OK and residue field Fq. We
denote again X, Y the resulting varieties over K, X , Y their models over OK , and
Xs, Ys the special fibres over Fq.

(2) Thus, it makes sense to compute, using p-adic integration, the p-adic volumes of
X (OK) and Y(OK) for a certain measure called the canonical measure.

(3) Birational equivalence combined with the change of variable formula allows to show
that these volumes are in fact equal.

(4) On the other hand, a result of Weil expresses the volume of X(OK) as

VolX (OK) = |Xs(Fq)|q− dim(X)

(and same for Y), so that one may conclude |Xs(Fq)| = |Ys(Fq)|.
(5) Running the whole argument over unramified extensions of K, we in fact get an

equality of zeta functions ζXs(t) = ζYs(t).
(6) By the Weil conjectures, these functions are rational, and the ℓ-adic Betti numbers

of Xs and Ys are shown to be the same since they correspond to the degrees of their
polynomial factors with roots of prescribed absolute values.

(7) Base change for ℓ-adic cohomology and the comparison theorem between ℓ-adic
and singular cohomology for complex varieties then imply the equality of the Betti
numbers of X and Y .

The idea of Kontsevich is, essentially, to work directly over C by replacing p-adics
by C[[t]]. The latter is not locally compact, so there is no readily available theory of
integration in this setting. On the other hand, the C[[t]]-points of X are the C-points
of the arc space L(X). Kontsevich defines a notion of integration on suitable subsets of
the arc space, with values in the completed Grothendieck ring M̂C. In this theory of
integration, there is also a change of variables formula that allows to equate the motivic
volumes of birational Calabi-Yau varieties X and Y . On the other hand, these motivic
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volumes are equal, respectively, to [X]L− dim(X) and [Y ]L−dim(Y ), which allows to conclude
that [X] = [Y ] in the completed Grothendieck ring. This implies equality of Hodge numbers
by applying the Hodge-Deligne polynomial, and in fact, one can even conclude, using the
semisimplicity of the category of polarizable Hodge structures, that there is a isomorphism
of Hodge structures

H•(X(C), Q) ≃ H•(Y (C), Q)
(see Chapter 2, Corollary 4.3.8 of [CLNS18]).

Kontsevich sketched the definition of motivic integrals and the proof of Kontsevich’s
theorem, and in fact the whole idea of motivic integration, in a celebrated lecture given in
Orsay in 1995. Several people then started developing the theory of motivic integration. To
this day, there are several different approaches available. The original, geometric approach
is due to Denef and Loeser (1999). There are also model-theoretic approaches, using the
model theory of valued fields, due to Cluckers-Loeser and to Hrushovski-Kazhdan.

Motivic integration has had many applications, to different fields of algebraic geometry:
• singularity theory, through the study of the geometry of the space of arcs. See Chapter

7, Section 2 of [CLNS18].
• birational geometry (see e.g. Section 2.2)
• the Langlands programme (see e.g. [CHL07,FLW23])

2.2. Stable birational types. Let k be a field of characteristic 0.

Definition 2.3. Two varieties X, Y over k are said to be stably birational if there exist
m, n ≥ 0 such that X × Pm and Y × Pn are birational.

If X is stably birational to a point, we say that X is stably rational.
The stable birationality relation is coarser than birationality. It turns out that the

Grothendieck ring of varieties is good at detecting stable birational types.

Question 2.4. Given a family of smooth projective varieties, how do the stable birational
classes of its members vary?

We will consider this question in the special case of the family of hypersurfaces of a given
degree in projective space.

The family of hypersurfaces. Let f ∈ C[x0, . . . , xn+1] be a homogeneous polynomial of
degree d . It defines a hypersurface of dimension n

Xf = {f(x0, . . . , xn+1) = 0} ⊂ Pn+1.

For fixed n, d, the hypersurfaces Xf are parameterized by a projective space PN where
N =

(
n+1+d

n+1

)
.

Remark 2.5. Many geometric properties of smooth hypersurfaces (e.g. Hodge numbers)
depend only on n and d (and not on the particular equation f).

Nevertheless, we have the following:
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Theorem B (Shinder [Shi22]). If n ≥ 3 and d ≥ log2(n) + 2, very general hypersurfaces
of dimension n and degree d are not stably birational to each other.

By very general we mean here that if we look at pairs (Xf1 , Xf2) of hypersurfaces in
the parameter space PN × PN , then outside a countable union of proper closed subsets of
PN × PN , Xf1 and Xf2 are not stably birational. In particular, there exist uncountably
many stable birational types of such hypersurfaces.

The proof uses the following result of Larsen and Lunts:

Theorem 2.6 (Larsen-Lunts 2003). Let X, Y be smooth projective varieties over a field of
characteristic 0. Then X, Y are stably birational if and only if

[X] ≡ [Y ] (mod L)
in K0(Vark).

Slogan 2.7. The Grothendieck ring is good at detecting stable birational types, by looking
modulo L.

More specifically, Theorem 2.6 allowed to prove an important result of Nicaise and
Shinder [NS19] on specialisation of stable birational types, and which is used to prove
theorem B. This inspired work of Kontsevich and Tschinkel [KT19] on specialisation of
birational types, using the so-called Burnside ring.

2.3. Geometry of moduli spaces of curves. Let X ⊂ Pn
C be a smooth hypersurface of

degree d. We denote by More(P1, X) the space of morphisms P1 → X of degree e.

Remark 2.8. The Kontsevich moduli spaces occurring in Gromov-Witten theory are suit-
able compactifications of such spaces of morphisms.

Explicitly, we have

More(P1, X) =

(g0, . . . , gn) ∈ (C[t]n+1 \ {0})/C∗,
max deg gi = e,
gcd(gi) = 1,
f(g0, . . . gn) = 0

 .

We may compute the expected dimension of this space: it is given by de + 1 equations in
a (n + 1)(e + 1) − 1-dimensional parameter space, hence the expected dimension equals

µ(e) = (n + 1)(e + 1) − 1 − (de + 1) = (n + 1 − d)e + n − 1.

It is not hard to see that all of the irreducible components of More(P1, X) have dimension
at least µ(e).

Theorem C. Assume n ≥ 2d(d − 1). Then the space More(P1, X) is irreducible of the
expected dimension.

Versions of this theorem true for slightly smaller ranges of possible n were obtained via
the function field version of the circle method in [BV17, BS23]. A motivic version of the
circle method [BB23] allows to compute an approximation of the class of More(P1, X) in
an appropriate completion of the Grothendieck ring of varieties. This implies irreducibility
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and expected dimension, but also allows to compute some proportion of the coefficients of
the Hodge-Deligne polynomial of More(P1, X).

The study of spaces of morphisms like these bears strong parallels with the study of
rational points on varieties, in the flavour of Manin’s conjectures on the asymptotics of the
number of rational points of bounded height on Fano varieties. There is now a whole moti-
vic version of Manin’s conjectures, made explicit in [Fai25], which predicts the asymptotic
behaviour of the classes of spaces of morphisms in appropriate Grothendieck rings, as the
degree goes to infinity.

3. The Grothendieck ring of varieties and birational geometry

A good reference for the notions of birational geometry that we are using here is Section
2 of the Appendix of [CLNS18].

3.1. Blow-up relations. Let k be a field and let X be a variety over k. Let Z be a closed
subscheme of X. Let

p : BlZ(X) → X

be the blowing-up of X along Y . We call E = p−1(Z) the exceptional divisor. The
morphism p is a birational map, inducing an isomorphism

BlZ(X) \ E ≃ X \ Z.

Thus, taking classes in K0(Vark), we get

(1) [BlZ(X)] = [X] − [Z] + [E].

Relations of this form are called blow-up relations.

Remark 3.1. If X is smooth over k and Z is smooth, then BlZ(X) is smooth, and E is a
projective bundle of rank c − 1 over Z, where c is the codimension of Z in X.

Remark 3.2 (Blowing-down). Let X be an integral k-variety and let Z be a strict closed
subscheme of X. Then the blowing-up p : BlZ(X) → X of Z inside X is a proper birational
morphism. The rational map p−1 : X 99K BlZ(X) is called a blowing-down.

3.2. Strict normal crossings divisors. Let k be a field. Let X be an integral k variety,
and let D ⊂ X be a divisor, that is, a closed subscheme of X which is purely of codimension
1. We denote by (Di)i∈I the irreducible components of D. For every J ⊂ I, we denote
DJ := ∪i∈JDi.

Definition 3.3. We say that D has strict normal crossings (snc) if its irreducible compo-
nents are smooth and meet transversely.

This is equivalent to the fact to that for every subset J ⊂ I, DJ ⊂ X is smooth and
purely of codimension |J |.
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3.3. Bittner’s presentation of the Grothendieck ring of varieties. Let P be the
property of a k-variety to be irreducible, smooth and projective. We denote by

VarPk = {isomorphism classes of varieties having property P},

and denote by {X} the class of a k-variety X having property P in the free abelian
group Z(VarP

k ). We may also extend this notation to non-irreducible smooth projective X
by writing X = ⊔Xi where Xi are irreducible, and putting {X} := ∑{Xi}. We endow
Z(VarP

k ) with a ring structure by putting {X} · {Y } = {X ×k Y }.

Theorem 3.4 (Bittner 2004). Let k be a field of characteristic 0. The assignment {X} 7→
[X] defines a surjective ring morphism

α : Z(VarP
k ) → K0(Vark),

the kernel of which is exactly the ideal generated by the blow-up relations
{BlY (X)} − {X} + {Y } − {E}

whenever X is an irreducible smooth projective variety over k, Y is an integral smooth
closed subscheme of X and E is the exceptional divisor in the blow-up BlY (X).

In other words, Bittner’s theorem gives an alternative presentation of the Grothendieck
ring of varieties, where generators are smooth projective irreducible varieties, and relations
are given by blow-up relations.
Sketch of proof. It is clear that α is a well-defined ring morphism. By (1) we know that α
factors through the ideal I generated by the blow-up relations, giving us a ring morphism

β : Z(VarP
k )/I → K0(Vark).

We will show that β is an isomorphism by constructing an inverse γ : K0(Vark) →
Z(VarP

k )/I. It suffices to construct γ on smooth quasi-projective and connected varieties.
Let X be such a variety, which, since it is quasi-projective, we may view inside some
projective space Pn. Let X ′ be the closure of X inside Pn. By Hironaka’s strong resolution
of singularities, we may construct a smooth projective variety X together with a birational
morphism X → X ′ which preserves X and such that the boundary X \ X is an snc
divisor D. The point is now that in the Grothendieck ring of varieties, by expressing X
as X minus the boundary (by an appropriate inclusion-exclusion procedure), we get an
expression of [X] in terms of classes of smooth projective varieties.

More precisely, we may check that
(2) [X] =

∑
J⊂I

(−1)|J |[DJ ],

where by convention D∅ = X, and all terms in the sum are classes of smooth and projective
varieties since D is snc.

We therefore define
γ(X, D) :=

∑
J⊂I

(−1)|J |{DJ} ∈ Z(VarP
k )/I.
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Then (1) shows that β(γ(X, D)) = [X].
Claim: The element γ(X, D) ∈ Z(VarP

k )/I only depends on X, and not on the chosen
compactification X.

The key ingredient here is the weak factorization theorem [AKMW02] of Abramovich et
al, which tells us that any two choices of such compactifications are linked by a chain of
blow-ups and blow-downs along smooth closed integral subschemes which are disjoint of X
and meet the boundary transversely. Thus, it suffices to check how γ(X, D) varies under
such a blow-up, and we see that the corresponding values of γ differ exactly by a blow-up
relation. Thus, we may now write γ(X, D) simply as γ(X). It remains to check that γ
passes to the quotient with respect to the cut-and-paste relations. □

Bittner’s presentation is a very valuable tool for constructing new motivic measures,
as it is often easier to define a motivic measure on smooth projective varieties, and show
it passes to the quotient by blow-up relations. An example of this may be seen in the
following section.

3.4. The theorem of Larsen and Lunts. We again assume that char(k) = 0. Let

SBk = {integral k-varieties}/ ∼

denote the quotient of the set of integral k-varieties by the equivalence relation defined by
X ∼ Y if X, Y are stably birational.

For every integral k-variety X, we denote by sb(X) ∈ Z(SBk) its stable birational class.
As in the previous section, we may extend the definition of sb also to non-integral varieties,
and define a ring structure on the free abelian group Z(SBk) by

sb(X)sb(Y ) = sb(X × Y ).

Lemma 3.5. Let X, Y be proper and smooth k-varieties. If X and Y are stably birational,
then

[X] ≡ [Y ] (mod L).

Proof. By assumption, there exist integers m, n such that X × Pm is birational to Y × Pn.
Given that projective space is congruent to 1 modulo L, we may in fact assume, without
loss of generality, that X and Y are birational. By the weak factorization theorem, we can
then reduce to check the statement when Y = BlZ(X) is obtained by blowing up a smooth
subvariety of X. Recall that by remark 3.1, in this setting the exceptional divisor E is a
projective bundle over Z of rank c − 1 where c = codim(Z, X), so that

[E] = [Pc−1][Z] ≡ [Z] (mod L).

Then, by the blow-up relations, we have

[Y ] − [X] = [E] − [Z] ≡ 0 (mod L).

□
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Theorem 3.6. Let k be a field of characteristic 0. The assignment [X] 7→ sb(X) for
smooth projective connected X induces a unique motivic measure

sb : K0(Vark) → Z(SBk).

It is surjective with kernel the ideal generated by L.

Proof. To show that sb is well-defined, we are going to use Bittner’s presentation. Thus, it
is sufficient to check that for every k-variety X which is smooth, projective and connected,
and for every smooth irreducible subvariety Z,

sb(BlZ(X)) − sb(X) = sb(E) − sb(Z).

The left-hand side is the difference of the stable birational classes of two birational varieties,
so it is zero. As for the right-hand side, we know that E is a projective bundle over Z, of
rank c − 1 where c is the codimension of Z in X, so it is birational to Z × Pc−1, i.e. stably
birational to Z. Thus, the right-hand side is zero as well.

Surjectivity of sb follows from Hironaka’s resolution of singularities, which ensures that
every integral k-variety is birational to a smooth projective connected k-variety.

Observe that sb(L) = sb(P1) − sb(1) = 0, so that sb induces a surjective morphism

sb : K0(Vark)/L → Z(SBk).

We construct an inverse mapping to sb in the following way: given a certain stable
birational class, we write it as sb(X) for some smooth projective connected k-variety.
Then Lemma 3.5 shows that [X] mod L only depends on sb(X) and not on on our par-
ticular choice of smooth projective connected representative X. Thus, the assignment
sb(X) 7→ [X] mod L provides a well-defined inverse mapping to sb(X), showing that sb
is an isomorphism.

□

3.5. The cut-and-paste problem. In this paragraph, we briefly discuss the answer to
Question 1.10 in characteristic 0. It turns out that a negative answer comes, almost for
free, from Borisov’s result that L is a zero divisor. We state here the version of the latter
improved by Martin.

Theorem 3.7. Let k be a field of characteristic 0. There exist two Calabi-Yau varieties
X, Y over k which are not stably birational and such that

([X] − [Y ])L6 = 0.

Since X, Y are not stably birational, in particular their classes are not congruent modulo
L, and so they must be distinct in the Grothendieck ring.

The construction relies on the Pfaffian-Grassmanian double-mirror correspondence from
mirror symmetry.

Corollary 3.8. Let k be a field of characteristic 0. There exist varieties A, B over k such
that [A] = [B] but A, B are not piecewise isomorphic.
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Proof. We take A = X × A6 and B = Y × A6 where X, Y are the varieties from Theorem
3.7. We have [A] = [B] by definition. On the other hand, if A were piecewise isomorphic,
then this would imply that X and Y are stably birational, a contradiction. □

4. The Kapranov zeta function

4.1. Symmetric powers. Let k be a field and let X be a quasi-projective variety over k.
The n-th symmetric power of X is defined as the quotient Symn(X) = Xn/Sn, where Sn

acts by permuting coordinates. It exists as scheme.

Remark 4.1. If X is a smooth curve, then Symn(X) is smooth for all n. However, in higher
dimension it is singular.

Remark 4.2. If K/k is an extension of k such that K is perfect, then the K-points of
Symn(X) parametrize effective zero-cycles of degree n on XK = X ×k K, that is, formal
sums ∑

x∈(XK)cl nxx of closed points of X where nx are non-negative integers such that∑
x nx degK(x) = n. This is not true when K is imperfect, as explained in [CLNS18,

Chapter 7, example 1.1.4]

Example 4.3. We have Symn(A1) ≃ An. Indeed, by definition

An/Sn = Spec
(
k[x1, . . . , xn]Sn

)
.

Now by the theory of symmetric polynomials, we have k[x1, . . . , xn]Sn ≃ k[σ1, . . . , σn]
where σ1, . . . , σn are the elementary symmetric polynomials in x1, . . . , xn. Thus,

Spec
(
k[x1, . . . , xn]Sn

)
≃ Spec k[σ1, . . . , σn] ≃ An.

There is also a version of this argument for homogeneous polynomials that allows to prove
that Symn(P1) ≃ Pn.

Proposition 4.4. Let X be a quasi-projective variety over k and let Y be a closed sub-
scheme of X with open complement U . Then for all positive integers n, the symmetric
power Symn(X) is piecewise isomorphic to

n⊔
i=0

Symi(Y ) × Symn−i(U).

In particular, in K0(Vark), we have the equality

[Symn(X)] =
n∑

i=0
[Symi(Y )][Symn−i(U)].

4.2. Symmetric powers and affine spaces.

Proposition 4.5 (Totaro, Göttsche 2001). Let X be a quasi-projective variety over k. For
all positive integers m, n, we have the equality

[Symn(X × Am)] = [Symn(X)]Lmn.

In particular, we have [Symn(Am)] = Lmn.
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Remark 4.6. For m ≥ 2, Symn(Am) is singular, so we no longer have an isomorphism with
(Am)n as in the case m = 1.

Remark 4.7. The proof of this result uses the fact that we work in the modified Grothen-
dieck ring.

4.3. Kapranov’s zeta function.

Definition 4.8. Let k be a field, and let X be a quasi-projective variety over k. The
Kapranov zeta function of X is defined as the power series

ZX(t) =
∑
n≥0

[Symn(X)]tn ∈ 1 + tK0(Vark)[[t]].

Remark 4.9. Assume for a moment that k = Fq is a finite field. Then recall that the zeta
function ζX(t) of a variety over Fq is defined by the following formula:

(3) ζX(t) = exp
 ∑

m≥1

|X(Fqm)|
m

tm

 .

It is also well-known that it has an Euler product decomposition
ζX(t) =

∏
x∈Xcl

(1 − tdeg(x))−1

where Xcl denotes the closed points of X. Expanding this out, we find that
ζX(t) =

∏
x∈Xcl

(1 + tdeg(x) + t2 deg(x) + . . .)

=
∑
n≥0

| {effective zero-cycles of degree n on X} | tn

=
∑
n≥0

|Symn(X)(Fq)| tn

Thus, ZX(t) specializes to ζX(t) via the counting measure.

Proposition 4.10. The Kapranov zeta function has the following properties:
(1) For every quasi-projective variety X and closed subscheme Y of X with open com-

plement U , we have
ZX(t) = ZY (t)ZU(t).

(2) For every quasi-projective variety X and any integer m ≥ 1,
ZX×Am(t) = ZX(Lmt).

Proof. Property 1 follows from proposition 4.4 and Property 2 follows from proposition 4.5.
□

Proposition 4.11. There is a unique group morphism
K0(Vark) → (1 + tK0(Vark)[[t]], ·)

defined by [X] 7→ ZX(t) for any quasi-projective variety X.
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Proof. Uniqueness is immediate since K0(Vark) is generated by quasi-projective varieties.
Property 1 in Proposition 4.10 shows that the morphism is well defined. □

Thanks to Proposition 4.11, it now makes sense to consider the Kapranov zeta function
of an arbitrary class in K0(Vark). In particular, we do not need the quasi-projectivity
assumption any more.

Example 4.12. Here are some first zeta function computations: We have

ZAn(t) = 1
1 − Lnt

and
ZPn(t) = 1

(1 − t)(1 − Lt) . . . (1 − Lnt) .

4.4. Kapranov’s zeta function of a curve.

Theorem 4.13. Let X be a smooth projective, geometrically connected curve of genus g
over k. Assume that X(k) ̸= ∅. Then there exists a unique polynomial P ∈ 1+tK0(Vark)[t]
of degree 2g such that

ZX(t) = P (t)
(1 − t)(1 − Lt) .

Moreover, ZX(t) satisfies a functional equation.

Remark 4.14. We may compare it with the corresponding statement for ζX(t):

ζX(t) = P (t)
(1 − t)(1 − qt) ,

where P ∈ Z[t] is a polynomial of degree g, namely the characteristic polynomial of the
Frobenius endomorphism acting on H1

ét(X ×Fq Fq, Qℓ).

Sketch of proof. The key ingredient is the classical fact according to which, if X(k) ̸= ∅,
the Abel-Jacobi map

Symn(X) → Picn(X)
is a projective bundle of rank n − g for n > 2g − 2. This allows to write

[Symn(X)] = [Pn−g][Picn(X)] = [Pn−g][J ],
where [J ] is the Jacobian of X. Thus, we there exists a polynomial P̃ (t) of degree ≤ 2g −2
such that

ZX(t) = P̃ (t) +
∑
n≥0

[Pn−g][J ]tn

= P̃ (t) + [J ]tg 1
(1 − t)(1 − Lt)

= P̃ (t)(1 − t)(1 − Lt) + [J ]tg

(1 − t)(1 − Lt) ,
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hence the result. Note that this computation shows in particular that P (0) = 1 and
P (1) = [J ]. □

Remark 4.15. When X(k) = ∅, ZX(t) is still rational, in the sense that there exists a
polynomial

Q(t) ∈ 1 + tK0(Vark)[[t]]
such that Q(t)ZX(t) ∈ 1 + tK0(Vark)[[t]], by a result of Litt [Lit15]. However, in general
it is not true that (1 − t)(1 − Lt)ZX(t) is a polynomial. The idea is that in this case

Symn(X) → Picn(X)
is no longer a projective bundle, but becomes a projective bundle after a finite field ex-
tension, so Symn(X) is a Severi-Brauer scheme over Picn(C). Litt computes its class and
shows that if d is an integer such that X has an effective zero-cycle of degree d defined
over k, then Q(t) = (1 − td)(1 − Ldtd) works.

4.5. Kapranov’s zeta functions of surfaces. At the end of his proof of the rationality
of ZX(t) when X is a curve, Kapranov conjectured that ZX(t) should be rational for any
X. We now know that in fact, X is almost never rational, as evidenced by the following
result for surfaces:

Theorem 4.16 (Larsen-Lunts 2004). Let k be an algebraically closed field of characteristic
0. Let X be a smooth projective connected surface over k. Then ZX(t) is rational if and
only if the Kodaira dimension of X equals −∞, that is, if and only if X is rational or
ruled.

Let us quickly explain why the zeta function is indeed rational for rational and ruled
surfaces in characteristic zero. First of all, let us observe that if two surfaces are birational
to each other, then their zeta functions are either both rational, or both irrational. Indeed,
by weak factorization, two birational surfaces X, Y are related by a series of blow-ups and
blow-downs at points. If we blow up a smooth surface X at a point P , we get the following
relation:

[BlP (X)] − [X] = L,

since the exceptional divisor E is isomorphic to P1 in this case. Thus, we see that after a
succession of blow-ups, we get a relation of the form

[X] − [Y ] = mL
for some integer m, and from this we deduce that ZX(t) = ZY (T ) 1

(1−Lt)2 . From this, it
becomes clear that a rational surface has rational Kapranov zeta function. Let now X be
a ruled surface. Then there exists a curve such that X is birational to C × P1, so we may
assume X = C × P1. Then rationality of ZX(t) follows from Proposition 4.10 and the
rationality of ZC(t).

To prove the converse, Larsen and Lunts construct a motivic measure with values in
a field F which sends Kapranov’s zeta function to a power series in F [[t]] which is not
rational. However, this motivic measure happens to send L to zero. Since in many instances
it is natural to work in the localized Grothendieck ring, and that Kapranov’s zeta function
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becomes rational after specialization through all known motivic measures which are defined
on the localised Grothendieck ring, it is natural to ask:

Question 4.17 (Denef-Loeser 2004). Does Kapranov’s zeta function become rational when
viewed in Mk[[t]]?

This question was open for more than a decade, before it was answered negatively, again
by Larsen and Lunts:

Theorem 4.18 (Larsen-Lunts [LL20]). There exists a K3-surface X over Q such that

ZX(t) ∈ Mk[[t]]

is not rational.

4.6. The probability that a hypersurface is smooth. Special values of various zeta
functions naturally appear as limits in many problems in arithmetic statistics. We fin-
ish these notes by giving an example of a statement that shows that special values of
Kapranov’s zeta function play an analogous role in the motivic setting.

Let k be a field. Let X ⊂ Pn
k be a smooth projective variety of dimension m. We denote

by Sd = H0(Pn, O(d)) the finite-dimensional k-vector space of degree d homogeneous
polynomials in n+1 variables. For any f ∈ Sd, we denote by Hf = {f = 0} the hypersurface
defined by f . Define

Ud = {f ∈ Sd, X ∩ Hf smooth of dimension m − 1} ⊂ Sd.

Remark 4.19. When X = Pn, Ud is simply the set of polynomials f such that Hf is a
smooth hypersurface in Pn.

Theorem 4.20 (Vakil-Wood [VW15]). In the localized completed (and modified) Grothen-
dieck ring M̂k, we have

[Ud]
[Sd] −→d→∞ ZX(L−m−1)−1

in the dimensional topology.

This statement is a motivic analogue of Poonen’s finite-field Bertini theorem:

Theorem 4.21 (Poonen [Poo05]). Let k = Fq be a finite field. We have
|Ud(Fq)|
|Sd(Fq)|

−→d→∞ ζX(q−m−1)−1.

Note that when k = Fq, every term of the sequence in Theorem 4.20 specialises via
the counting measure to the corresponding term of the sequence in Theorem 4.21. How-
ever, Theorem 4.20 does not specialise to Theorem 4.21, because the counting measure
is not continuous for the dimensional topology. In fact, while these two statements look
compellingly similar, none of the two implies the other. See [BDH22] for an attempt at a
conjectural unification of such analogous statements in arithmetic and motivic statistics.
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