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Introduction

The theory of complex multiplication takes its origins in the beginning of the twentieth cen-
tury with the study of elliptic curves having an endomorphism ring strictly larger than Z, by
mathematicians like Kronecker, Deuring and Hasse, whom we now recognise as being among
the founders of class field theory. The goal was primarily to get explicit class field construc-
tions for some number fields, aiming at what became known as Kronecker’s Jugendtraum: a
partial answer to Hilbert’s 12th problem, asking for a generalisation of the Kronecker-Weber
theorem. Elliptic curves with complex multiplication indeed provide a complete solution to
this problem for quadratic imaginary fields. After some serious breakthroughs in algebraic ge-
ometry, and in particular in the theory of abelian varieties, by Weil, Shimura and Taniyama,
these results could be generalised to abelian varieties of higher dimensions ([3],[4]). This
led to the construction of some explicit finite abelian extensions of a type of number fields
called CM-fields. Though the answers it has given to Hilbert’s 12th problem until now are far
from being complete, complex multiplication has become a theory of its own, widely studied
because of its important role in other fields of number theory like Shimura varieties.

In this essay, after giving an overview of the theory for elliptic curves to motivate the
introduction of the additional technicalities that are needed for Shimura’s theorem, we are
going to focus on the theory of complex multiplication of abelian varieties, the main goal being
the proof of the main theorem of complex multiplication over the reflex field. It describes how
an abelian variety with complex multiplication behaves under the action of an automorphism
o of C fixing a field called the reflex field. Such an abelian variety together with some
polarisation is indeed characterised up to isomorphism by a set of objects we will call its
type, and the following theorem gives the type of A% in terms of it using a map called the
reflex norm. Moreover, the second part of the theorem gives a reinterpretation of the action
of o on the torsion points of A.

Theorem 0.1 Let (K,®) be a CM-type and P = (A,.,C) a polarised abelian variety of
type (K, ®,a,7) with respect to an isomorphism & : C"/u(a) — A. Fiz 0 € Aut(C/K')
and choose s € Aj- such that O|Krab = [s, K']. Then there is a unique complex analytic
isomorphism

¢ : C"/u(Ng(s) ta) — A7

having the following properties:
(1) P is of type (K, ®, No(s) ta, N((s))7) with respect to £'.
(2) There is a commutative diagram

Ng(s)~!

K/a K/Ng(s)ta
{oul ig’ou
A 2 A

The field K’ occurring in the statement is called the reflex field of K. This theorem describes
the reciprocity map

A%, — Gal(K"*/K")
and we will be able to prove that the field of moduli of (A, ¢,C) is an abelian extension of K’
and to compute the corresponding subgroup of A%,. The second part of the theorem will be



important to show that other abelian extensions of K’ are obtained using torsion points of A
and to give the corresponding subgroups.

Outline of the essay: Section 1 is an introductory section, reviewing some results from the
theory of complex multiplication of elliptic curves and motivating what follows. Section 2 is a
recall of basic facts, mainly on abelian varieties and on class field theory. Section 3 is crucial
for the understanding of Theorem 0.1, containing all important definitions and preliminary
constructions leading to the statement and proof of it. Among other things, we are going
to define CM-fields, the type of an abelian variety and the reflex norm, as well as classify
abelian varieties with complex multiplication in terms of these notions. Section 4 contains the
theorem itself, with a detailed sketch of the proof. Finally, Section 5 shows how the theorem
can be used to construct class fields of CM-fields, relating them to fields of moduli of certain
abelian varieties.

Sources: Most of the results and proofs in this essay come from Shimura’s book Abelian
varieties with complex multiplication ([3]). For the review of the elliptic curves case, I equally
used Silverman’s account in [5] and Shimura’s in [4]. Some light modifications in the state-
ments and proofs, as well as subsection 3.3 and the classifications in subsections 3.4 and 3.5
were inspired by Milne’s Complex multiplication ([2]).

Acknowledgments: I thank Prof. A.J. Scholl for setting this essay, giving me useful advice
and answering my questions.

Notations and conventions. Fields are always commutative. Rings are assumed to have
a unit, and homomorphisms of rings are required to map units to units. For every x € C,
the complex conjugate of = is denoted Z. The action of an algebraic automorphism ¢ is on
the right: the image of x by o is written 27, and 192 = (27!)?2. This notation, though
sometimes quite confusing, will help us to distinguish them from analytic actions and therefore
will stress the importance of the link the main theorem of complex multiplications creates
between them. For an algebraic variety V', V¢ denotes the variety obtained by applying o to
the coefficients of the equations defining V.

A number field is a finite extension of Q. We write Nk, q(7), Trg,q for the norm and
trace of an element of K, and N(a) for the norm of an ideal a of K. An étale algebra over
a field k is a finite product of finite separable field extensions of k. In particular, an étale
Q-algebra is a finite product of number fields. If W = K x ... x K, is an étale Q-algebra, we
define its ring of integers to be Oy = Ok, X ... x Ok,. For an element x € W, we sometimes
write © = (x1,...,2,) where x; € K; for all i. By a fractional ideal in W we will understand
a product a; X ... x a, C W such that a; is a fractional ideal of K; of all i. Equivalently, it
is an additive subgroup a C W such that Owa C a. We say that a is an integral ideal if a
moreover is contained in Oy . We define the norm of a, N(a), to be the product of the norms
of the a;. We define also for all z = (x1,...,2,) € E,

TrW/Q(x) = TrKl/Q(acl) +...+ TI']Q/Q(.%,«)



1 A quick review of the elliptic curves case

This section is very sketchy as most of the results stated here will be proven later in the more
general abelian varieties case. It is mainly meant to play an introductory role and to serve as
a basis to explain what is needed for the generalisation. Let E be an elliptic curve over C.
Its equation can be chosen to be of the form y?> = 2® + Az + B, and it is isomorphic to a
complex torus C/A where A is a lattice in C. The endomorphisms of F can through this
isomorphism be seen as complex analytic endomorphisms of C/A, which can be shown to be
exactly the C-linear maps o : C — C such that a(A) C A, and every such map is given by
multiplication by an element a € C such that aA C A. Therefore,

End(F) 2 {a€ C|aA C A} CC. (1)

We know that Z C End(F), as multiplication by n is a non-torsion element of End(FE) for
every integer n. A short computation using (1) shows that End(E), as well as A, are contained
in a quadratic imaginary field K, so that in the case where End(F) # Z, End(F) is an order
in K, namely the order of the lattice A. In particular, if End(E) = Ok, A is a fractional
ideal in K. The torsion points in E correspond through the isomorphism F = C/a to the
Z-submodule K/a: more precisely, if m > 0 is an integer the m-torsion points of E correspond
to the submodule m~!a/a.

Referring to 4.1 for the definition of the multiplication by an idele map, we can state the
main theorem of complex multiplication for elliptic curves:

Theorem 1.1 (Main theorem of complex multiplication for elliptic curves) Fix the following
objects:

K a quadratic imaginary field

E an elliptic curve over C such that Endg(F) = K.
o an automorphism of C over K

s € Aj an idele of K satisfying [s, K] = 0| Kab-

Fiz moreover an isomorphism § : C/a — E where a is a lattice in K. Then there is a unique
complex analytic isomorphism ¢ : C/s™ta — E° making the following diagram commute:

Kla—"" ~K/s'a

.k

E ud E°

This theorem gives us information on the reciprocity map A% — Gal(K?*/K). To de-
termine for example the class group corresponding to the field K (j) where j is the j—invariant
of B, take o € Gal(K* /K (5)). Then E = E°, so the lattices a and s 'a need to be homo-
thetic, that is, there exists a € K such that a = as™'a. The corresponding subgroup of A%
is therefore easily seen to be {s € A} | Ja € K such that sa = aa}. In the same manner
we can determine the class groups corresponding to extensions containing j and some torsion
point of the elliptic curve, as stated in the following proposition.



Proposition 1.2 Let K, E, a, ¢ as in Theorem 1.1, and let h: E — E/Aut(E) = P! be a
Weber function for E. Let moreover w € K/a, so that t = {(w) is a torsion point of E, and
define

T={seAk| sa=a, sw=uw}.

Then the field K(j, h(t)) is the class field of K corresponding to the subgroup K*T of Aj,.

The Weber function used in this statement is necessary, as it can be seen that K (j,¢) (meaning
that we adjoin to K(j) the x and y coordinates of the point ¢ of the elliptic curve E) is
not an abelian extension of K (j). The Weber function enables us to eliminate some extra
automorphisms that make it non-abelian. For most elliptic curves (that is, when j # 0,1728)
the automorphism group is {£1}, and h can simply be taken to be the z-coordinate function,
which eliminates the (x,y) — (x, —y) automorphism of E.

Using the characterisation of the kernel of the reciprocity map, one even proves that
adjoining the j-invariant and torsion points is the only way to get abelian extensions of K,
that is, K2 is generated over K by the j-invariant j and all h(t) for all torsion points ¢t € E.
Moreover, K(j) is always Galois and Gal(K(j)/K) is isomorphic to the group of classes of
O-ideals. In particular, in the case where End(E) = Ok, it is isomorphic to the ideal class

group:

Theorem 1.3 Let K be a quadratic imaginary field, and let E be an elliptic curve such that
End(E) = Ok, j its j-invariant. Then K(j) is the Hilbert class field of K.

In the same way, the case where End(E) = Ok also gives us a complete description of all ray
class fields of K: for ¢ an integral ideal in K, denote by E[c] the ¢-torsion points of E, that
is,

Elc]={te€ E|ct=0 for all c € c},

where ct denotes of course the image of ¢t by the endomorphism of E associated to ¢ through
End(E) = Ok.

>~

Theorem 1.4 Let K be a quadratic imaginary field, E an elliptic curve such that End(E)
Ok, j its j-invariant, ¢ an integral ideal in K. Fixz a Weber function h for E. Then
K(j,h(E]c])) is the ray class field of K modulo c.

As a conclusion, the main theorem of complex multiplication for elliptic curves is a powerful
tool for constructing class fields of a quadratic imaginary field. When used with an elliptic
curve whose endomorphism ring is the ring of integers O, it even yields a description of the
ray class fields of K, obtained with the j-invariant and torsion points of this elliptic curve.

Changes that need to be made to generalise this to abelian varieties. The overall
approach stays the same: to a special kind of field K, we associate a geometric object A,
and generate class fields thanks to fields of moduli coming from this object, as well as torsion
points on this object. Let us state the major differences that nevertheless appear, as well as
some helpful similarities:

1. As in the elliptic curves case, the fields for which we will get results are sufficiently
large fields that can be embedded into Endg(A) for A an abelian variety. It turns out
that such fields are totally imaginary quadratic extensions of totally real number fields.
They will be called CM-fields.



2. Now, the way a CM-field K is embedded into Endg(A) also has its importance. For a
quadratic imaginary field there are two possible embeddings that are complex conjugate
to each other, and one of them is chosen canonically using differential forms. Here there
will be 2n embeddings, and a particular choice ® = {¢1, ..., ¢, } of n of them such that
no two of them are equal or conjugate to each other will be called a CM-type. The
obtained results will depend on the chosen ®.

3. Given a quadratic imaginary field K, it was sufficient to consider an elliptic curve with
complex multiplication by K. Now, there will be two fields involved: consider a CM-
field K and an abelian variety A with complex multiplication by K. Looking as in the
main theorem for elliptic curves at the action A — A of an automorphism of C on A,
we will see that for A and A? to be isogenous, we will need ¢ to preserve the CM-type.
An essential difficulty lies then in the fact that at this condition o doesn’t necessarily fix
K as in the elliptic curves case: it permutes the elements of ®, so fixes a field generated
by all symmetric algebraic expressions involving values of the ¢;’s. This field will be
called the reflex field K’, and will be the one for which we will be able to construct class
fields. Of course, K’ = K for a quadratic imaginary field K.

4. For a quadratic imaginary field K, choosing a principal elliptic curve £ with complex
multiplication by K (i.e. such that End(E) = Og), unramified extensions of K are
obtained as subfields of K (jg). This is the field of moduli of (E,:), where ¢ : K —
Endq(F) is the complex multiplication embedding. For a CM-field K, considering just a
principal abelian variety with complex multiplication by K won’t be sufficient, since an
abelian variety alone doesn’t define a field of moduli, having too many automorphisms.
Therefore, we will be always working with polarised abelian varieties (A,C), and the
unramified extension of K’ we will get will be ka,c, the field of moduli of the system
(A,¢,C) with ¢ : K — Endg(A4).

5. Ramified extensions of conductor dividing some integral ideal ¢ C K’ will then be
obtained, as in the quadratic imaginary case, by adding the images of c-torsion points
of a principal variety by a generalisation of the Weber function: again, the fact of having
a finite number of automorphisms, and so the polarisation, is important.

6. For a quadratic imaginary K we get a complete classification of all finite abelian exten-
sions of K. This is not the case for a general CM-field K: we will obtain some class
fields thanks to different choices of the CM-type ®, but we won’t get all extensions.

7. Though all the above explanations are in terms of CM-fields for simplicity, as we will
see in subsection 3.3, the biggest commutative object that can be contained in Endg(A)
for A with complex multiplication is in general not necessarily a CM-field, but a CM-
algebra, that is, a finite product of CM-fields. Therefore, to be completely general, we
will work with CM-algebras and not only CM-fields. Everything will generalise quite
easily by replacing K by a CM-algebra W: we will basically just need to take products
everywhere to extend our results.

The following comparative table is an attempt to sum these differences up:



Initial data

Quadratic imaginary field
K

CM-algebra W with CM-type @, in-
ducing reflex type (K', ®’)

Associated geomet-
ric object

Elliptic curve E such that
Endq(E) 2K

polarised abelian variety (A,C) with
t: W — Endqg(A)

Reciprocity map de-

A% — Gal(K*/K)

A%, — Gal(K"®/K)

scribed by main the-

orem
Obtained unramified | H = K(jg) field of moduli | Field of moduli of (A4,¢,C)

class fields for princi- | of (E,¢)

pal object

Obtained rami- | K(j,h(E[c])), h Weber | ka,c(h(Alc])), h Kummer variety
fied class fields for | function quotient map

principal object

2 Preliminary definitions and properties

2.1 Some facts about abelian varieties

In this subsection we will recall without proof all the facts about abelian varieties that will be
used in this essay. By an abelian variety over a field k we will here mean a projective group
variety over k. The group law of an abelian variety is always commutative, and therefore
written additively. A fundamental fact for our purpose is the fact that a complex abelian
variety is isomorphic to a complex torus:

Fact 2.1 If A is an abelian variety of dimension n over C, it can be seen as a complex
manifold, and there is a complex analytic group isomorphism 0 : A — C™ /A where A C C"
s a lattice.

Recall that a free Z-module A € C™ of rank 2n is called a lattice if AQR = C", or equivalently,
if A® Q is dense in C".

Remark When n = 1, this corresponds to the classical Uniformisation Theorem for elliptic
curves, the converse of which is also true: any complex torus of dimension one is isomorphic
to an elliptic curve. We will see below in the paragraph on polarisations that this is false for
higher-dimensional abelian varieties.

Homomorphisms and endomorphisms

Definition 2.2 Let A and B be abelian varieties. A homomorphism of A into B is a rational
map A : A — B that is also a group homomorphism. If A = B, it is called an endomorphism.
If A and B have same dimension, X\ is called an isogeny.

We will denote End(A) the ring of endomorphisms of the abelian variety A, and Endg(A) =
End(A) ® Q. If A and B have same dimension and if there is an isogeny from A into B,
there is also an isogeny from B into A, and A and B are then called isogenous. An isogeny,
being a rational map between varieties of same dimension, has finite kernel.

We can also consider homomorphisms from one abelian variety into the other from the
complex torus point of view. If A : A — B is an isogeny, it induces a homomorphism



C" /A1 — C" /Ay of complex tori, which in turn induces a linear map A : C” — C" sending
the first lattice into the second, i.e. such that A(A;) C Aa. The evoked correspondences are
exact and can be summed up by saying there is a ring isomorphism:

Hom(A, B) 2 {M € M, (C)| MA; C As}.
In the same way, denoting by QA the Q-vector space A® Q, there is a Q-algebra isomorphism
Homq(A, B) = {M € M,(C)| MQA; C QA»}. (2)

The corresponding Q-algebra homomorphism Endgq(A4) — M,,(C) is sometimes (for exam-
ple in Shimura’s works [3],[4]) called the analytic representation of Endg(A).

Polarisations A complex torus C™/A of dimension n > 1 is not always a projective variety.
It does have a projective embedding if there exists an ample divisor on C" /A, or, equivalently,
a Riemann form:

Definition 2.3 Let A be a lattice in C™. An R-bilinear form E : C" x C™ — R is called a
Riemann form on C"™ /A if it satisfies the following conditions:

(i) E(AxA) CZ;
(i) E is alternating, i.e. E(z,w) = —FE(w,z) for all z,w € C™.
(iii) The bilinear form (z,w) — E(z,v/—1w) is a symmetric positive definite form.

We say the complex torus C"/A is polarised if there is a Riemann form on C"/A. For an
abstract abelian variety without fixing any isomorphism with a complex torus, we can define
a polarisation in the following way:

Definition 2.4 A polarisation of A is a set C of divisors of A satisfying the following three
conditions:

(i) C contains an ample divisor;

(i) If X and Y are elements of C, there are positive integers m,n such that mX is alge-
braically equivalent to nY .

(iii) C is mazimal under the conditions (i) and (ii).

A polarised abelian variety is then a couple (A,C) where C is a polarisation of the abelian
variety A.

Remark: Let us stress that, under the definitions we have given, it is equivalent for an
abelian variety to be polarised or to have a Riemann form, but choosing a Riemann form on
it is not equivalent to choosing a polarisation.

A homomorphism A : (A41,C1) — (A2,C2) of polarised abelian varieties is a homomor-
phism A : A; — A such that A='Cy = C;. There is a divisor Xy € C such that every X € C
is algebraically equivalent to mX for some positive integer m. Xg is called the basic polar
divisor of C.

Let us go back now to the case where A is defined over C, and choose an isomorphism
¢:C"/A — A, through which every divisor X on A defines a divisor £ ~1(X) on the complex



torus. Then condition (i) of the previous definition is equivalent to the fact that every divisor
X € C determines a Riemann form. We mean by this that every such divisor X gives a
divisor £71(X) on the torus, that is the divisor of some theta-function, which in turn gives a
Riemann form.

A polarisation C of the abelian variety A defines an involution (that is, an antiauto-
morphism of order 1 or 2) on Endg(A) in the following way: choose any Riemann form E
determined by a divisor in C. Then, identifying for simplicity Endg(A) with a subalgebra of
M, (C), E gives an involution v of Endg(A) by

E(\x,y) = E(z,\y)

for every A € Endq(A). It can be proven that this involution is independent of the choice
of E, of the torus C"/A and of the isomorphism £. It is therefore called the involution of
Endg(A) determined by C.

2.2 Idelic formulation of class field theory
Let F be an algebraic number field and Mp the set of places of F'. Denote

Ay =1 (z)we [ Filaoe O, for almost all v
vEMFE

the idele group of F'. Choose a normalised valuation v, on every F,. For an idele s € A%,

define
(S) — H pordlD Sp

p prime of F

the ideal associated to s. Class field theory states that there exists a surjective homomorphism

A5 — Gal(F*/F)
s = s, F]

called the reciprocity map, such that for every finite abelian extension L/F of conductor ¢, /F
and for every idele s whose ideal (s) is divisible only by primes unramified in L,

[sthL = ((S),L/F),

where (-,L/F) : Ip(cp/p) — Gal(L/F') is the Artin map for the extension L/F. In par-
ticular, let p be a prime of F, L an abelian extension of F unramified at p, and w =
(...,1,y,1,...) an idele such that wy, is a uniformiser in F,, and that @y = 1 for q # p.
Then (w) = p, and therefore [w, F]j;, = (p, L/F) is the Frobenius element for L/F" at p.

For any integral ideal ¢ in F', put

U(c) ={s € Ap| sp € Op, and s, =1 (mod ¢Op,) for all primes p in F} .

When several fields are involved, we will write Ur(c). Moreover, if ¢ = (c¢) is a principal
ideal, we will write U(c) instead of U((c)). The results of class field theory are essential to us
mostly for the sake of the following result, which states that F*U(c) is exactly the class group
corresponding to the ray class field F, of F' modulo ¢ and therefore enables us to perform a
crucial decomposition in the proof of the main theorem of complex multiplication.



Fact 2.5 (Idelic characterisation of ray class fields) There is an isomorphism
AL/F*U(¢) — Gal(F./F).

In other words, an idele s acting trivially on F. can be written s = ce where ¢ € F* and
e Ulc).

2.3 Lattices in étale algebras

Let W = K; x ... x K, be an étale algebra of dimension d over Q. This section gives a
collection of results about a type of object that will be in constant use throughout the essay.

Definition 2.6 A lattice in a number field is a free Zi-submodule of maximal rank. A lattice
mn W is a product a = a; X ... X a, such that for all i, a; is a lattice in K;.

Lemma 2.7 Let a and b be two lattices in W. Then there exists an integer m such that
ma C b.

Proof. Let e1,...,eq (resp. fi,...,fq) be a Z-basis of a (resp. of b). Then eq,...,eq
and f1,...,fq are both bases of the Q-vector space W. Therefore for every ¢ there are
a1, - . .,a;; € Q such that

ei = ai1f1 + ...+ aiafa-
Taking m to be a common multiple of the denominators of all the a;;, we get me; € b for
all 7, so ma C b. ]

Definition 2.8 An order in W is a subring of W that is also a lattice.

To any lattice a in W we can associate an order in the following way:
O={aeW|aacCa}.

It is clear that O is a Z-submodule and a subring of W, so it suffices to check that QO = W.

But W = Qa since a is a lattice. Therefore for every x € W and every a € a, za € W = Qa,

so za C Qa, so z € QO.

a is said to be an ideal for an order O if Oa C a. In particular, a is an ideal for the order

associated to it. The best-known example of this kind of situation is the case of the maximal

order of W, the ring of integers Oy . Its ideals are by definition the fractional ideals of W.
The terminology ”maximal order” comes from the fact that it contains all other orders in W.

Lemma 2.9 The product ab of two lattices in W is again o lattice.

Proof. ab is clearly a Z-submodule of W. Let O be the order associated to a. Then by Lemma
2.7, there are integers m,n > 0 such that mO C b and nb C O. Thus, ma C ab C %a, SO a is
free by the second inclusion, and of rank d by the first. O

3 Abelian varieties with complex multiplication

3.1 CM-fields and CM-types

Definition 3.1 A CM-field K is a totally imaginary quadratic extension of a totally real
quadratic field. In other words, it is of the form K = Ky(y/a) where Ky is a totally real field,
that is, a number field whose embeddings into C are all real and a € Ky is mapped through
each of these embeddings to a negative real.

10



Example: Imaginary quadratic fields are clearly CM-fields. A cyclotomic field Q((¢) for a
primitive m-th root of unity ¢ with m > 2 is totally imaginary, and is a quadratic extension
of the totally real field Q(¢ + ¢), so is a CM-field as well.

We can characterise CM-fields intrinsically without using generators thanks to the follow-
ing lemma:

Lemma 3.2 A number field K is a CM-field if and only if the following two conditions are
satisfied:

(i) Complex conjugation induces a non-trivial automorphism of K
(i) Every embedding of K — C commutes with complex conjugation.

Proof. For the if part, use the definition to write any element z of K as z = x + /ay
with x,y in the totally real field Ky (in particular, z, y and « are real, and « < 0 ). Then
z = x — y/ay € K and condition (i) is clearly satisfied. Take an embedding o : K — C.
Then 27 and y° are real and (y/a)? is a square root of the negative real o, so is quadratic
imaginary. Therefore we have

which proves condition (i).

Assume now K is a number field satisfying conditions (7) and (ii). Let Ky be the subfield
of K fixed by complex conjugation. It contains Q and is a proper subfield of K according to
condition (7). Complex conjugation being of order two, K is an extension of degree 2 of Kj,
and, completing the square, we can write it as Ko(y/a) for some « in Ky. Let 0 : Ky < C
be an embedding. Then by condition (i7) and by definition of Ky, for any x € Ky,

27 =1° = a2,

which shows Ky is totally real. Moreover, extending o to an embedding of K into C,
(V@)?)> = a° = a. If, for some o, a is nonnegative, \/a’ will be real. But then by

condition (ii) (va)? = (Va)? = (ﬁ)a, and thus /« is real, which contradicts condition

(i) and proves the second implication. O
The following lemma is a direct consequence of this criterion:

Lemma 3.3 A composite of CM-fields is a CM-field.

Proof. Clear, as any embedding of a composite of number fields into C induces embeddings
of these fields. I
Another consequence is:

Lemma 3.4 The Galois closure of a CM-field is a CM-field.

Proof. Let K be a CM-field and L its Galois closure. As L clearly satisfies condition (%)
of Lemma 3.2, we only need to check condition (ii). We can write K = Q(a;) and L =
Q(ai,...,a,) where ag, ag, ..., a, are all roots of the minimal polynomial of . For every 1,
there is an embedding ¢; : K < C sending a; to «;. For every o € Gal(L/Q) and for every
i=1,...,r, applying condition (i7) for the embeddings ¢;0 and ¢; of K,




which proves condition (i¢) on L. O
The set of complex embeddings of a CM-field can by definition be split into pairs {¢, ¢}.
We will call a choice of exactly one element of each of these pairs a CM-type:

Definition 3.5 A CM-type ® = {¢1,...,dn} on a CM-field K is a set of complex embeddings
of K such that ®N® = () and ® U ® (where ® = {¢1,...,¢n}) is the set of all complex
embeddings of K.

Remark:

1. Another way of saying this is that the elements of ® induce exactly all the distinct
archimedean valuations on K.

2. We will call both the set ® alone and the pair (K, ®) a CM-type.

Definition 3.6 We define the determinant and the trace of the CM-type ® for every x € K
by

n n

det ®(x) = Hw¢i, tr®(z) = Zx‘bi.

i=1 i=1

CM-algebras. We will also need the more general notion of a CM-algebra:
Definition 3.7 A CM-algebra is a product K1 X ... xX K, of finitely many CM-fields K.

Note that in particular a CM-algebra is always commutative, and that it is an étale algebra.
We can associate to a CM-algebra E a set ® called the CM-type by simply taking & =
®; X ...x ®, where the &; are CM-types of the fields K;: every element ¢ € ® is of the form
(¢1,...,¢n) where ¢; € ®; and for all z = (x1,...,2,) € E, ¢(x) = i, ¢i(x;). We can also
define tr ®(x) = >, tr ®;(z;) for all = (x1,...,2,) € E.

3.2 The reflex field

Let (K, ®) be a CM-type. We are going to associate to it another CM-type, called the reflex
of (K, ®). First, let us define the underlying field:

Definition 3.8 The reflex field of K with respect to the CM-type ® is defined to be the field
K' generated over Q by tr ®(x) for all x € K, i.e.:

K'=Q({tr®(z)},cx) = ({Eﬂz} ) .
rzeK

We are going to use the criterion of Lemma 3.2 to prove K’ is a CM-field. First of all, it is a
finite extension of Q because it is clearly contained in the Galois closure of K. By condition
(73) of the lemma for K, tr ®(z) = tr &(z) for all x € K, so complex conjugation induces an
automorphism on K’. Independence of characters and the fact that ® is a CM-type imply
this automorphism is non-trivial, which proves condition (7). Now if we take o € Aut(C),
using condition (i) for K twice, first for the embeddings ¢;o, then for the embeddings ¢;,

tr & (z U—Zx@"—Zx‘z’la Zxd’l (tr@ ))0
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This proves condition (i) for K'. Thus, K’ is a CM-field.
To define the reflex type, we are going to give another characterisation of K’, in terms of
Galois theory. Let L be the Galois closure of K and G its Galois group. As remarked above,

we have K’ C L. Denote by H and H' respectively the subgroups of G corresponding to K
and K.

{1}

Vay yaN
\./ \/

Extend every ¢; to an element of G, again denoted ¢;. Every element of GG, restricted to K,
must coincide with some element of ® U ®. Therefore, putting S = U} H¢;,

G=|JH¢p:U| JHpi =SUS and SNS=0. (3)

i=1 i=1
Proposition 3.9 Let G, H, H', S be as above. Then
H ={geG| Sg=S5}. (4)

Proof. The D inclusion comes easily from the definition of K’ as field generated by the tr ®(z).
For the other direction, an element g of H’ satisfies

n n
Z 2%i9 — Z 2%
=1 =1

for every x € K, which by independence of characters forces Sg = 5. g

Remark This proposition enables us to understand the reflex field of K as the field gen-
erated by all symmetric polynomial expressions in a®',...,a?" for all a € K. Indeed, if f is
a symmetric polynomial in n variables, then for every o € H' and every a € K, o performs
a permutation on a®',...,a®", and therefore leaves f(a®!,...,a?") invariant, which implies
f(a®',...,a%) € K'. The other inclusion is given by the definition of the reflex field as the
field generated by all Y7 | a%.

The proposition implies H' = {g € G | gS~! = S~!} where S™! = {07! | 0 € S}. The
elements of S~! induce a family of distinct embeddings 41, ..., 1, of K’ into C. Again, for
every 1; we choose an element of S inducing 1; on K’ and also call it v);. Therefore, using
what we just observed,

STtc|JHycHS ' cS so ST = H
=1 =1

According to Lemma 3.4, L is a CM-field and complex conjugation commutes with all elements
of G, so by (3), L L
G=5"1US"T and S~ 'nS-1=0,

13



which ensures that v1,...,¢¥m, V1, ...,y are all distinct embeddings of K’ into C. Thus
[K': Q] =[G : H'] =2m and {¢1,...,¢%n} is a CM-type ® on K'. The CM-type (K', ')
is called the reflex type of (K,®). As seen from the construction, ® corresponds to the
restrictions to K’ of the inverses of the elements of ®, viewed as elements of the Galois group
of the Galois closure of K.

Special case: Consider a CM-type (K, ®) with K Galois. Then we can take K = L above,
and K’ ¢ K. The elements ¢; of ® can be considered as elements of the Galois group
Gal(K/Q), and S = {¢1,...,¢n}, S" = {#7,...,67'}. In the particular case where K is
quadratic imaginary, we get K = K'.

The reflex field of a CM-algebra. Let now W = [[;_, K; be a CM-algebra, ®; a CM-type
for every K, and (K, ®}) the reflex of (K, ®;) for all i. Denote by K’ the composite K7 ... K.
It is a CM-field by Lemma 3.3. Then K’ will be called the reflex field of (W, ® = [],_, ®;).
Note that it is generated by tr ®;(x;) for all x; € K, so actually it is generated by tr ®(z) for
allx € W.

The reflex norm. Let us go back to the case of a CM-field K. We already have a group
homomorphism
Ngp =det®’ : K! — C
v — [ 2%

Every h € H stabilises K, so hS = S, so S~'h = S~!. Therefore, h o Ny = Ng, so actually
the image of Ng is inside K. The map Ng : K* — K* is called the reflex norm. For the
formulation of the main theorem of complex multiplication in the adelic language, we are
going to need it to be defined on A%,.

Proposition 3.10 Ng can be extended to a homomorphism
Ng : Ajer — AJ.

Proof. The idea is to decompose our map Ng : K/ — K into a linear map K' — M,,(K),
easily extendable, and a determinant map. Write K’ = Q(b) with b € K'. The coefficients of
the polynomial P(x) = [/, (z — b¥i) are symmetric functions in b¥1,...,b%¥™, and therefore
lie in K. We can then choose a matrix M € M,,(K) whose characteristic polynomial is P.
Note that this matrix is conjugate to the matrix

!

€ My, (L),
p¥m

which we could have chosen directly had K been Galois. Define then a Q-linear algebra
homomorphism f : K/ — M,,(K) by f(b) = M. For any a = 2261 apb® € K' with
ar € Q, we get that f(a) = Zi;”o_l apMP* is conjugate to

Sl ax(bV)k a¥!

S (vl atr
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and therefore det f(a) = Ng(a), so Ng = detof. Now f can be extended Q,-linearly to
K] = K'®Q, for v a place in Q, and thus it is well-defined on A g+, with values in M,,,(Ag).
Composing it with the determinant map, we get Ng : Agr —> A . Note that in particular
we have extended the ;’s to embeddings of K, into L, and N to a map K, — K,. Using
these maps, for an idele s, Ng(s) is exactly what could be expected:

Na(s) = (No(si))o = | ] st
j=1

(2

In particular, we get a homomorphism Ng : A%, — A%, as claimed. ]

Remark. During the proof, we defined maps Ng : KI’D — K, for all rational primes p. Ng
is constructed using algebraic embeddings, so it preserves algebraic integers: there are maps
Ng : Ogrp, — O p and N : (’)},p — (’)}J,. Using this and the fact that for any number

field F,
Onp= 11 Ok

plp
p prime of F

we see that Ng : A%X — A7, induces also maps Ng : Ug/(c) — Ug(c) for all integers c,
where Ur(c) is defined as in 2.2. Finally, Ny : A}, — AJ also passes to the quotient when
composed with the ideal map s — (s) and therefore induces a map Ng : Ixs — Ix on
ideals.

The reflex norm for CM-algebras. Let now W = [[;_, K; be a CM-algebra, with for
every K; a CM-type ®;, and K’ the reflex of (W, ® = [[_; ®;). Put Ay = [[_; Ax and
A, =T1I;_; Aj. We then can generalise the reflex norm, defining a map Ng : Aj,, — A},
by

T

No(z) = (Nq”(NK//K;(x)))i:f

3.3 Abelian varieties with complex multiplication

In this subsection we follow Milne ([2]). Define for any semi-simple algebra B over a field k,
with decomposition [] B; into a product of simple algebras, its reduced degree by [B : k]req =

> B /{:Z}%[k‘z : k], where, for all 4, k; is the centre of B;. The following lemma is proved by
comparing dimensions:

Lemma 3.11 Let B be a semi-simple algebra over a field k. For any faithful B-module M,
dlmk M 2 [37 k]redv

and there exists a faithful module for which equality holds if and only if the simple factors
of B are matriz algebras over fields.

Let A = C"/A be an abelian variety. Then Endq(A) is a semi-simple Q-algebra, and us-
ing (2), we see that QA is a faithful Endg(A)-module: faithfulness comes from RA = C”,
as this means that any C-linear morphism that is the identity on QA is the identity on all
of C". Applying Lemma 3.11 to QA, we get

2dim A > [Endq(A) : Qlred- (5)
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Definition 3.12 We say that A has complex multiplication if
2dim A = [Endq(A) : Qlred- (6)

Note that in this case, according to Lemma 3.11, Endq(A) is a product of matrix algebras. A
result from the theory of semi-simple algebras shows that (6) is equivalent to the existence of
an étale Q-subalgebra of dimension 2dim(A). A is isogenous to a product [[; A;" where A;
are simple varieties, and then Endq(A4) = [], My, (D;) where, for every i, D; is the division
Q-algebra Endq(A4;). In the case where A has complex multiplication, the D; must be number
fields of degree 2dim(A;). In particular, A has complex multiplication if and only if each of
its simple factors has complex multiplication, and if A is simple, it has complex multiplication
if and only if Endg(A) is a number field of degree 2dim(A). The following proposition gives
a more precise description of Endg(A) for A with complex multiplication:

Proposition 3.13 (a) A simple abelian variety A has complex multiplication if and only if
Endq(A) is a CM-field of degree 2dim(A) over Q.

(b) An isotypic abelian variety A (that is, isogenous to A" with Ay simple) has complex
multiplication if and only if Endq(A) contains a number field of degree 2dim(A) over Q,
which can be chosen to be a CM-field stable under the involution induced by some polari-
sation of A.

(c) An abelian variety A has complex multiplication if and only if Endg(A) contains an étale
Q-algebra W of dimension 2dim(A), which can be chosen to be a CM-algebra invariant
under the involution induced by some polarisation of A. We then say A has complex
multiplication by W.

We won’t prove this proposition: subsection 3.5 will provide the construction of a polarisation
inducing an involution stabilising the image of the number field K inside Endg(A). The idea
in the number field case is then that any polarisation on A induces a positive involution on
Endq(A) and that if it stabilises K, the latter is necessarily either totally real or a CM-
field. The first possibility can be excluded by proving that a subfield of maximal dimension
of Endq(A) is always totally imaginary. The étale algebra case is then deduced easily by
decomposition. In what follows, as in the definitions in subsection 3.1, we will often restrict
to the CM-field case before generalising to CM-algebras: this most of the time doesn’t change
the core of the proofs but enables us to simplify notations.

3.4 CM-type associated to an abelian variety with complex multiplication
Fix an abelian variety with complex multiplication by a CM-field K and an embedding
v: K — Endg(A).

We are going to show how we can associate a CM-type (K, ®) to the couple (A,¢). The
information about the type of (A,:) is contained in the map ¢ and can be extracted by
performing a diagonalising change of basis. More precisely, the action of K on A induces an
action on the tangent space of A at 0, and we are going to find a basis of this space that
diagonalises this action. For this, fix a complex torus C™/A isomorphic to A for some lattice
A C C™: we will express this by means of the exact sequence

0—A—C" -S40 (7)
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We are going to denote both the map C"— A from this exact sequence and the isomorphism
C"/A = A it induces by &, for convenience of notation. According to (2), each element of
Endq(A) corresponds with respect to (7) to a linear transformation of C™ preserving QA.
Therefore, through ¢, K acts faithfully linearly on C™ and we get an injective ring homomor-
phism

Dg : K — M, (C).

K being commutative, up to change of basis we can assume that for every a € K, Dg(a) is a

diagonal matrix, of the form
o1
a

a¢n

By Q-linearity and faithfulness, {¢1,...,¢,} is a CM-type for K. We say that (A,¢) is of
type (K, ®).

We continue our investigation to deduce some other properties of (A4,:) with respect to
its type. QA is a Q-vector space of dimension 2n = [K : Q], and a K-module through Dg.
Therefore, if we take a non-zero w € QA, then QA D Dg(K)w, and comparing dimensions,
QA = Dg(K)w. Thus, with respect to our new basis, we have

a¢1 w1
QA = : ,a € K 3,
where w = (wq, ..., w,) are the coordinates of w in this basis. We can optimise our chosen
basis further by noticing that none of the w; can be zero, since RA = C™: our coordinate
system (21, ..., z,) can therefore be replaced by (wi'21,...,w; z,). We finally get:
a¢1
QA = : ya € K » =ug(K),
a¢n
where
a 1
ugp(a) =+ | =Da(a)| :
a%n 1

ugp (or simply u) is a Q-linear isomorphism from K to QA. Extending it R-linearly, we get
an R-linear isomorphism u : K ® R = Krg — RA = C". Putting a = u~!(A) C K, this
gives rise to a commutative diagram with exact rows

0 a Kr Kgr/a 0.
0 A cn A 0

17



Generalisation to CM-algebras Let A be an abelian variety with complex multiplication
by a CM-algebra W = K; X ... X K, through the embedding

t: W — Endq(A).

For every i, denote by e; the vector (0,...,0,1,0,...,0) € Ky X ... x K, with a 1 in the i-th
position: it corresponds to the unit of the number field K; contained in A. Then for every
e; there is an integer m; such that ((m;e;) € End(A). Put A; = t(mye;)A for all i, so that
A is isogenous to Ay x ... x A, and ¢ induces embeddings ¢; : K; — Endq(A4;). We have
(W : Q] =2dim(A) and [K; : Q] < 2dim(A;) for all i by (5), so actually [K; : Q] = 2dim(A4;)
and therefore A; has complex multiplication by K; for all i. Applying the above to every K,
we get CM-types ®@; for each K;, and therefore a CM-type ® for W. We write also Dg for
the diagonal map D¢ : W — M,,(C), and note that

Dg(ay,...,a,) = diag(®1(a1),. .., 2(r(a,))

for CM-types ®@; of the CM-fields K;. Denoting by u; the isomorphisms u obtained thanks
to the CM-field case for every K;, we define, for every a = (ay,...,a,) € W, u(a) to be the
column vector
(75} (al)

u(a) = :

ur(ay)

If a; is the lattice obtained for K;, put a = a; X ... X a,, which is a lattice in W. Write
Wr = W ®q R. Using otherwise the same notations as above and taking the direct sum of
the diagrams for every K;, u defines an isomorphism so that the following diagram with exact
rows commutes:

0 a WR WR/uHO.
A
0 A C A 0

We have thus written A as Wg/a with a lattice a in W. The action Dg of W on A as the
complex torus C"/A becomes the obvious multiplication action on A as the torus Wr/a. In
the notation Wr/a the torsion points of A correspond to W/a. In this situation, we will
sometimes say that A is of type (W, ®,a) with respect to &, as a depends on the choice of &.
Note that if O = ! (EndA),

O ={a e W|Dg(a)A C A} = {a € Wl|aa C a},

so O is the order of a and a is an ideal for O. In particular, when O = Oy, a=a; X ... X a,
is such that a; is a fractional ideal of K; for all i. In this case, we say (A, ¢) is principal.

Classification of abelian varieties with complex multiplication. An isogeny pu :
(A1,11) — (Ag,12) of abelian varieties with complex multiplication by W is an isogeny
i A1 — As such that for every a € W the diagram



commutes. We will sometimes write Hom((Ay,¢1), (A2,t2)) for the ring of these isogenies,
and HOInQ((Al, Ll), (AQ, LQ)) = HOm((Al, Ll), (AQ, Lz)) X Q

Lemma 3.14 Let (Ay,11) (resp. (Aa,12)) be of type (W, @, ay) (resp. (W, ®,az)) with respect
to & (resp. &2). Let pu: (Ar, 1) — (Az, 1) be an element of Homq((A1, 1), (A2,t2)). Then
there is an element v € W such that ya; C ag and such that the following diagram

W/a “ O ulay) — A
i’Y \LD-;»(W) l“
W/as L O uag) — Ay

(where the map in the leftmost column is multiplication by ) commutes.

Proof. 1 induces a C-linear endomorphism (that we also call ) of C™ such that pu(Qu(ay)) C
Qu(az). Therefore it induces a Q-linear map p : Qu(a;) — Qu(az). The spaces Qu(a;) and
Qu(az) are both equal to u(W), so i comes from a Q-linear map v = u topou: W — W.
In fact, v is W-linear: indeed, ;4 commutes with ¢1 and ¢2, so it commutes with the action of
W on the varieties. Thus v is multiplication by some element v € W, and p coincides with
Do (7). O

The following proposition shows that abelian varieties are classified by their CM-types up
to isogeny.

Proposition 3.15 Let (A1,t1), (A2,t2) be abelian varieties with complex multiplication by
W. (A1,11) and (Ag,t2) are isogenous if and only if they are of the same type (W, ®).

Proof.
1. “Only if” part: Fix an isogeny p from (Aj,¢1) onto (Ag,t2). Then there is an isomor-
phism

Endg(A1) 5 Endg(As)
a — poaoput

and a commutative diagram

w % - Endq(A4;)
EndQ (AQ)

Indeed, the commutativity of this diagram is equivalent to p o ¢1(a) = wa(a) o p for
all a € W, which is true by definition of p. Therefore for all a € W, ¢1(a) and t2(a)
induce conjugate endomorphisms on C”, which are codiagonalisable and have the same
diagonalisation, which means that the obtained CM-types are the same.

2. “If” part: Suppose (A1,t1), (A, t2) are of types (W, ®,a1) and (W, ®,as) with respect
to &1 and & respectively for some lattices a;, a9 € W. By Lemma 2.7 there is an integer
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d > 0 such that da; C as. Thus multiplication by d defines through the isomorphisms
&1,& an isogeny p: A] —> As such that the following diagram

C fulay) — A
dl lu
C" Ju(ag) — Ay

commutes. The fact that p is actually an isogeny (A1,t1) — (Asg,t2) is then checked
easily: for every z = &1 (y) € A; and a € W,

pou(a)(z) = po&i(Da(a)(y)) = &a(Da(a)dy) = a(a) o La(dy) = t2(a) o p(x).

Note that Q-linearity of Dg(a) is used at the second step. O

3.5 Type of a polarised abelian variety

As noticed at the end of the previous subsection, associating a CM-type to an abelian variety
with complex multiplication determines the isogeny class of this variety. At present, let (A, ¢)
be of type (K, ®) for a CM-field K and let C be a polarisation of A. We are going to define
for the polarised abelian variety (A, ¢, C) a more precise notion of type that will characterise
it up to isomorphism.

The polarisation C must not be chosen at random. It has to be compatible with ¢, that is,

where 7 is the involution determined by C. This can be shown to be equivalent to the fact
that a Riemann form associated to any divisor in C is ®-admissible, that is

E(Dg(a)z,w) = E(z, Dg(a)w) for all z,w € C"/A and a € K. (8)

We are now going to show that a polarisation of A compatible with ¢ always exists, by
constructing an explicit ®-admissible Riemann form. For this, let us begin by studying ®-
admissible forms more broadly and finding all necessary conditions on a $-admissible Riemann
form associated to some divisor of C with respect to the isomorphism £ : C"/A — A. Reading
FE through u on elements of K, we are going to show E has to be of a very particular form,
and characterised entirely by a certain element 7 € K. Indeed, put f(a) = F(u(a),u(1)) for
every a € K. E being a Riemann form, it is R-bilinear, Z-valued on A and Q-valued on QA.
Thus f is a Q-linear map of K into Q, and must therefore be of the form f(a) = Trg,q(7a)
for some 7 in K. Thanks to (8) we have then for all a,b € K

E(u(a), u(b)) = E(u(a), Do (b)u(1)) = E(Dg(b)a, u(1)) = E(u(ba), u(1)).

Thus, for all elements a,b € K, E must be of the form

E(u(a),u(b)) = TrK/Q(Tal_)). (9)
Moreover, E must be alternating, which forces 7 = —7, i.e. 7 is purely imaginary. K being
a CM-field, this implies L

79 = 7% forj=1,...,n. (10)
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We will now deduce from this a general expression for £ on C", namely

E(z,w) = ZT¢j(szj—7jwj) for z,w € C". (11)
j=1

Indeed, from Try/q = > i_1(¢; + ¢;) and from (10) we see that (11) is true for z,w € u(K).
The expression (11) is then obtained for all z,w € C™ by continuity of F and density of u(K)
in C™.

We haven’t yet derived any conditions from the fact that F(z,+/—1w) is symmetric and
positive definite. Since

n
E(z,vV—1w) = —v-1 Z 7% (zjwj + Zjwy),
=1

this is true if and only if
Im(7%7) >0 forj=1,...,n.

In fact, the conditions we have found are necessary and sufficient, up to multiplication by
a positive integer, and can be summarised by the following proposition:

Proposition 3.16 Let (A, 1) be of type (K, ®,a). Then

(i) Let T € K be such that 7 = —7 and Im(7%) >0 for j =1,...,n. Let

n
E(z,w) = Z 7% (zjwj — Zjwj).
j=1

Then there is a positive integer d such that dE is a ®-admissible non-degenerate Riemann

form on C"/®(a).

(ii) Conversely, every ®-admissible non-degenerate Riemann form on C™/®(a) is obtained
from an element T as in (i).

Proof. We have proven (ii) above, so it suffices to prove (i). E is clearly R-bilinear. The fact
that E is alternating and that E(z,+/—1w) is symmetric definite positive is also easily seen
to be true from the above discussion. Checking it is ®-admissible is an easy computation. It
remains to see that there exists an integer d > 0 such that dE(u(a) x u(a)) C Z, i.e., using (9),

TI‘K/Q(dTﬂa) C Z,

which is equivalent to draa C Og. But 7ad is a lattice in K by Lemma 2.9, so such an integer
d exists. g

In particular, this proposition proves that ®-admissible Riemann forms, and therefore
compatible polarisations, exist. Let (A4, ¢,C) be an abelian variety polarised with a compatible
polarisation. Then we can construct from it a CM-type (K, ®), a lattice a in K and, using
the Riemann form determined by the basic polar divisor of C with respect to £ (which will be
®-admissible), an element 7 € K satisfying

7T=—7 and Im(7¢j)>0 forj=1,...,n. (12)
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Note that a and 7 depend on the choice of £ in (7). (4,,C) is said to be of type (K, ®,a,7)
with respect to £&. The dependance of the type on the isomorphism £ will be made more
explicit below.

Conversely, from a quadruple (K, ®,a,7) with (K, ®) a CM-type, a a lattice in K and
T € K satisfying (12), we can construct some triple (Ag,ts,Cs). Indeed, using the CM-
type ® = {¢1,...,dn}, define u: K — C" as above by

Then Ag is defined to be the complex torus C"/A with A = ug(a). tg is recovered by defining
Dg : K — M,,(C) such that

a/(bl

D@ (CL) =
atn

for every a € K. Dg(a) preserves ug(K) = QA and gives therefore an element tp(a) €
Endq(A). Linearity and injectivity of g follow easily from those of Dg. Finally, define on
C" the R-bilinear form E given by (11). Then by Proposition 3.16, there is an integer d > 0
such that dF is a Riemann form, giving a polarisation Cy on Ag.

Generalisation to CM-algebras. Let (A, ) be an abelian variety of type (W, ®) with
W = K x ... x K, a CM-algebra. We can construct a ®-admissible Riemann form W on
C™ x C", satisfying

E(u(z),u(y)) = Tryy q(t7y) = Z Trg, /Q(7iTi¥i)
=1

for all x,y € W, where 7 = (71,...,7,) € W is such that for every i, 7; € K; satisfies (12).
We say that A is of type (W, ®,a,7). Conversely, every such type gives rise to a variety in
the same manner as above. In particular W induces Riemann forms F; on K; such that

Ei(ui(z),ui(y)) = Trg, )q(Tiry)

for all x,y € K;, and therefore compatible polarisations C; on the Kj.
In what follows, when speaking of a polarised abelian variety (A, ¢,C) with complex multipli-
cation, C will always be assumed compatible with ¢.

Classification up to isomorphism It is natural to try to evaluate to which extent the
above two constructions are inverse one to the other. This will lead us to show abelian
varieties are classified by their types up to isomorphism. Let us write 8(A,¢,C) for the type
of the polarised abelian variety (A, ¢,C) with complex multiplication and n(W, ®, a, 7) for the
polarised abelian variety (Ag,ts,Cq) associated to the type (W, @, a,7) by the above inverse
construction. We will now study 1o 6 and 6 o 7.

Fix some triple (A4, ¢,C) and write 8(A,¢,C) = (W, ®,a,7). Then

no@(A,L,C) = (Aq> = C”/u(a),@,&p)
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(As,te) is by construction isomorphic to (A,¢) and has the same CM-type (W, ®). By this
isomorphism, the associated Riemann form is invariant as 7 already comes from a Riemann
form and needs no further multiplication by an integer, so (Ag,ts,Co) = (A,t,C).

On the other hand, let us fix a type (W, ®,a,7). Up to multiplication by an integer, we
can assume the associated Riemann form is E defined by (11). Then

n(W,®,a,7) = (Ap = C" /u(a),ts,Co)

and by construction on(W, ®,a,7) = (W, ®,d’,7’) for some lattice ¢’ C W and some 7/ € W
the components of which satisfy (12). As we have seen above, n00(App;, te,Ce) is isomorphic
to (Ag,ts,Co), and so by Lemma 3.15 there is a v € W such that this isomorphism is of the
form Dg(v). Then o = ~a, and, writing E, E’ for the corresponding Riemann forms, for all
z,we C"

E'(Da(7)2, Da(y)w) = B(z,w),

which read through u gives for all a,b € W

Triw/q (T'vyab) = Triv/q (Tab),

which gives 7/ = %7’.

In view of what we just obtained, let us define the following equivalence relation on types:

Definition 3.17 Two types (W, ®,ay,71) and (W, ®,as,73) are equivalent' if there is an el-
ement a € W such that
ap =aay and 7 = (ad) .

Remark To be really precise, we should say that types are equivalent if the underlying
CM-algebras are isomorphic and the CM-types compatible under this isomorphism, instead
of just being the same, and express the condition on the lattices and the 7’s in terms of this
isomorphism. As it is not really important for our purpose, we allow ourselves this little abuse
of definition.

We have thus proved the following classification:

Proposition 3.18 There is an exact correspondence

{isomorphism classes of triples (A,1,C) } <+— {equivalence classes of types (W, ®,a,7)}
(A,,C) O associated type (W, ®,a,7)

Let us moreover state here a result partly proven in the previous reasoning, explaining how
a change in the choice of ¢ affects the type of the triple (A, ¢,C).

Lemma 3.19 Let (A,1,C) be of type (W, ®,a,7) with respect to &. If & is replaced by
£ = &1 0 Dg(a)™! for some a € W*, then (A,1,C) is of type (W, ®, aa, (aa)~17) with respect
to 52.

!This terminology is non-standard.
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Proof. The fact that the new associated lattice is aa is clear. Then the situation is shown by
the following diagram:

)1
C" Ju(aa) —22

C"/u(a)

T

Let E; (resp. E3) be the Riemann form determined by the basic polar divisor of C with
respect to &1 (resp &), and 11 (resp.72) the associated elements of W. Then for all z,w € C"
and for all a € W,

FE1(Dg(a)™ 2, Dg(a) " w) = Fa(z,w).

As above we get
TrW/Q(Tla_l:Eafly) = TrW/Q(TQ:Egj)
for all z,y,a € W. Therefore 7o = (aa)~'7y. O

4 The main theorem of complex multiplication

4.1 Multiplication by an idele

In order to state the main theorem of complex multiplication, we need to define one last thing:
the action of the group of ideles on torsion points. Let K be a number field, a C K a lattice
and ¢ € A} an idele. For each rational prime p, we write ¢, for the p-component of ¢ in K7,
and a, = a ®z Z,. Define moreover ta by putting ta := (t)a. it is a lattice by Lemma 2.9 and
satisfies (ta), = tpa, for all p. We will now associate to ¢ an isomorphism K/a — K /ta. For
this, first note there is an isomorphism

K/a= PK,/ap. (13)

Indeed, by decomposition into p-primary components of the torsion Z-module K/a, we have
K/a = @,(K/ a)P) where (K/a)®) denotes the p-primary part, and it is well known that
(K/a)®) = K,/a, for all p. For each p the multiplication by ¢, map defines an isomor-
phism K,/a, — K,/tpa,, and combining all these isomorphisms thanks to (13), we get an
isomorphism
K/a — K/ta
= (zp)p = (tpTp)p

The image (tpzp) of an element = € K/a by this isomorphism will be denoted tz.

This multiplication action extends easily to an étale algebra W = [[_; K;: take t =
(t1,....tr) € A}y, = [[i_; Ak,, and for a lattice a = [[[_; a; € W, define ta = [],_; t;a;.
Then W/a = [[;_, Ki/a;, W/ta = []._; K;/tia;, and multiplication by ¢ will be the map

W/a — W/ta
x=(r1,...,2,) +— txr=(tix1,...,L.x;)
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4.2 The main theorem of complex multiplication

Let K be a CM field and (A, ¢,C) be of type (K, ®) and let o € Aut(C). Then the CM-type
of (A?,.7,C7) can be proved to be (K, ®7), and its complete type is given by the theorem
of Tate and Deligne. In this section we are going to restrict to the special case treated by
Shimura, and which is the one useful for deducing explicit class field theory results. We are

therefore going to assume
o fixes the reflex field K’ of K. (14)

This has two crucial consequences:

(a) By Proposition 3.9 ®° = &, and therefore A and A? are isogenous.
(b) There is an s € A%, such that its image [s, K'] by the reciprocity map
Al — Gal (K’ab /K')
satisfies [s, K'] = o|cran.
The theorem below then states in particular that the isogeny of (a) is given by
C"/u(a) — C"/u(Ng(s) 'a)

so that in particular, C"/u(Ng(s) 'a) is isomorphic to A%, and that this isomorphism can
be chosen in a manner that makes this isogeny, restricted to torsion points of the variety,
correspond through v to multiplication by the idele Ng(s)?.

Theorem 4.1 Let P = (A,,C) be a polarised abelian variety of type (K, ®;a,7) as above.
Fiz o € Aut(C/K') and choose s € A} such that 0w = [s,K']. Then there is a unique
complex analytic isomorphism

¢ C"/u(Ng(s) ta) — A
having the following properties:
(1) P is of type (K, ®, No(s) ta, N((s))7) with respect to £'.
(2) There is a commutative diagram

Ng(s)~!

K/a K/Ng(s) ta (15)
Eoul iﬁ’ou
A z A

There are two parts in this theorem, which, though deeply related, answer two different ques-
tions. The first part gives a precise description of the type, and therefore of the isomorphism
class of the image of the polarised abelian variety (A, t,C) under an algebraic automorphism
fixing the reflex field. The second one states, as Silverman ([5]) puts it, that on torsion points,
such an algebraic action can be reinterpreted as an analytic action of multiplication by an
idele.

The proof of this theorem requires quite a few results from the theory of good reduction of
abelian varieties and more generally from algebraic geometry, which we don’t want to develop
here. Our account of the proof is therefore quite elliptical in the steps concerned with them:
this is the main reason why it bears the title "Detailed sketch of proof” rather than just
”Proof”.
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Summary of proof. After some useful reductions, we begin by proving the theorem for
M-torsion points for some fixed M. We choose a convenient big number field L containing
everything we need, as well as a prime P of this number field satisfying some conditions.
Thanks to this and class field theory, we can decompose s as s = cwe where ¢ € K™ and e
is a unit idele (so that Ng(e)~'a = a), in order to divide up the proof into two smaller and
easier steps: we split up the isogeny C"/u(a) — C"/u(Ng(s) 'a) into an isogeny

C"/u(a) — C"/u(Ng(w) 'a)

and an isomorphism

C"/u(Ng(w) ta) — C"/u(No(s) La).

The core of the proof is to prove that C"/u(Ng(w) ta) = A%, and to choose the isomorphism
&' properly so that the corresponding isogeny x : A — A coincides with ¢ on m-torsion:
this is important to relate o to multiplication by Ng(s)~! on torsion points. The map & is
then obtained using £* as shown in the following diagram:

C" Ju(a) — = C" /u(Ng(w)~'a) —= C" Ju(Ng(s)"'a)

lf L

A K A° id A°

Finally a simple computation using the properties of w and e proves requirement (2) for
M-torsion points, and a last check shows that all the constructed ¢ for different values of M
are the same.

Detailed sketch of proof.

1. Though the theorem doesn’t require P to be defined over an algebraic number field,
we will need to reduce to this case here as the proof uses reduction modulo primes in
number fields. According to Shimura ([4], Proposition 26 of 12.3), an abelian variety
with complex multiplication is always isomorphic to an abelian variety defined over a
number field. Moreover, some results from algebraic geometry enable us to define C
over a number field as well. Observing that if the theorem is true for some structure
P, it is also true for any structure isomorphic to it, we can assume P is defined over an
algebraic number field.

2. We also reduce to the case where «(Og) C End(A), i.e. A is principal. We won’t give
details on this here.

3. We will begin by constructing the map £’ so that it has the required properties only on
M-torsion points for some sufficiently big integer M, and then show in the last step of
the proof that all the maps we have constructed are the same. Fix therefore a positive
integer M.

4. We choose a sufficiently big number field L over which to work: it has to be Galois, it
has to contain the ray class field K E any of K "' modulo M and be a field of definition for

A and a set {A;}; of representatives of isomorphism classes of abelian varieties of type
(K, ®) and for all homomorphisms between these varieties.
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5. The proof will work by reduction modulo a well-chosen prime B of L. Using the Tcheb-
otarev density theorem, it can be chosen so that

e 0|1, is a Frobenius element for 93,

e the prime p = P N K’ is of inertia degree one with respect to p = p N Q (i.e.
N(p) =p),

and also so that P satisfies some other properties each excluding only a finite number
of primes:

e p is unramified in L,

e the finite number of abelian varieties we are working with all have good reduction
modulo P,

e M is prime to .

6. We are going to decompose the multiplication action by the idele s thanks to class
field theory. Let w € AJ. be such that @y = 1 for every prime q # p, and @, is a
uniformiser of K. Then [s, K'] agrees on K{,, with [w, K'], as they are both Frobenius

elements for B. Therefore, according to 2.5 we can write sw™! = ce, where ¢ € (K')*
and e € U(M), i.e.

eq € Oy and eg =1 (mod MOk 4) for all primes g.

Then Ng(s) la = Ng(w) 'Ne(c) I No(e) ta = No(p) ' No(c) la (where Ng(p) is
the reflex norm of the ideal p, defined in the Remark below Proposition 3.10 ), since
(Ng(e)) = Ok. In view of this decomposition, our new goal is to construct £* and &’
such that there is a commutative diagram

. c -1
cn id cr Da (N (c)) cn (16)

| | |

C"/u(a) — C"/u(Ng(p)~'a) — C"/u(Na(s)""a)

c

A A° id A

and that the composition of the maps in the second line agrees on torsion points with
multiplication by Ng(s)™t.

7. Let us first establish the Ng(p)-part, i.e. the left hand side of the above diagram.
According to Proposition 3.15, C"/u(Ng(p)~ta) is of type (K, ®), so is isomorphic to
some A;. We therefore must prove that this A; is isomorphic to A?. This isomorphism
is constructed modulo P and then lifted up as follows. Reduction modulo P is denoted
with tildes.

a. The reduction X of the isogeny A : A — A; is proven to be a totally inseparable
map using differential forms. From this, denoting 7 : A — AP the p-th power map,
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an isomorphism j : A; — AP such that

\
\ 'p
& Y
AP

b. Since ¢ modulo P acts as the p-th power map, p is lifted up to an isomorphism
p:Ai — A%. Replacing A by £ = po A, we get an isogeny x : A — A whose
reduction modulo B is the p-th power map 7 = po A.

is constructed.

The map £* is then obtained as shown in the following diagram.

Cn id Ccn

A *
A A )¢
/
K Pk/
Aa’

8. The right-hand side of diagram (16) together with the map ¢ is then obtained easily
from the left-hand side. Thanks to this diagram, we can finalise our proof of the first
part of the theorem, and of the second part for M-torsion.

a. Computation of the type of (A7,17,C%): according to the diagram, the lattice as-
sociated to (A%,:7,C%) with respect to ¢ is Ng(s)"la. A computation in terms
of divisors and f-adic representations shows that the element of K associated to
(A%,.7,C7%) via & is pr. Then, using Lemma 3.19, we get that the element corre-
sponding to (A%,.7,C%) via ' is Ng(c)No(c)pr = N((¢))N(p)T = N((s))T.

b. Turning our attention to M-torsion points, we get

Cfl
Ma/a MNo(p)a/Na(p)ta —2 ) M1 Ng(s)"'a/Na(s) la

\L{ou lﬁ*ou \Lg’ou

A K A id A°

Note that in this diagram, x can be replaced by o. Indeed, these two maps both
reduce modulo P to the p-th power map. M being prime to 3, reduction modulo
is injective on M-torsion, and therefore ¢ and x agree on M-torsion.

To check the constructed £ has the required properties, we need to prove that the
action of o on M-torsion points of A corresponds to multiplication by Ng(s)~!, that
is, for v € M~1a/a

Eou(z)® =€ ou(Ng(s) "tz mod Ne(s) ta).
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Using the above diagram and the fact that o and k agree on M-torsion, we get

Eou(z)’ =k(€ou(z)) = €& ou(xr mod Ne(p)~ta)
= ¢ ou(Ng(c) 'z mod Na(s) ta).

¢ o u being injective, it suffices to prove that for every t € M ~'a
Nq;(c)ilt — N@(S)ilt € N@(S)ila. (17)

Thanks to the decomposition s = cwe and after multiplication by M, this is equiv-
alent to

ty — (No(w)No(e)t)q € Ma, for all primes ¢ and for all t € a,

or simply to
(1 = No(w)qNao(e)q)aqg C Ma, for all primes q.

According to the remark below Proposition 3.10, Ng(e)q = 1 (mod MOk ,) and
No(e) € O, for all ¢, so this reduces to

(1 — No(w)q)a, C Ma,.

If ¢ # p, then Ng(w), = 1, so the above equation is true in this case. Now suppose
q = p. M being prime to p, Ma, = a,, so we have to prove

Nq,(w)pap C ap.

But by construction of w, Ngo(w), € No(p)p, C Ok p, which concludes the proof of
(17) also in this case, a being a fractional ideal.

9. Finally we have to prove £ doesn’t in fact depend on the integer M. Take MN a
multiple of M, denote ), the isomorphism we have constructed above, and &), the
isomorphism obtained by replacing M by M N, satisfying exactly the same properties
for M N-torsion. Note that &}, o 5;;11 is an automorphism of (A%,:7). Indeed, by
definition (7 corresponds to Dg both through &y and through &), that is, we have
&y oDG(a) =17(a)o&)y, for all a € K, and an analogous relation is true for £}, . Using
this, we see that &, o 5;11 commutes with (?(a) for all a. Therefore by Lemma 3.15,
there is an element b € OF such that

En o &y =17 (0).

This can be rewritten as ), = &}, 0 D% (b), thanks to which we can apply Lemma 3.19:
A is of the same type with respect to both &}, and &), ,, so we get bb = 1. Using
Lemma 3.2, we therefore have proved that |b?| = 1 for every embedding ¢ : K — C,
that is, b is a root of unity. We are going to show that, provided the initial M was
sufficiently large, b = 1. For this, as Aut(P) is finite, we can choose b inside a finite set

of representatives of
11 (Aut(P)) N {roots of unity in K} (18)
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without changing ¢(b). By assumption, £}, and £}, both make diagram (15) commute
on M-torsion. For every w € M~1a/a, £ ou(w)? can thus be expressed in two different
ways, as done in the following calculation:

Eou(bw)? = 1(b)?(£ou(w))? as through & o w multiplication by b becomes ¢(b),
= 1(b)7¢}; ou(Ng(s)"tw) using assumption on &},
= &y ou(Ne(s)~tw) using &,y o &yt = 7(b),
= &owu(w)’ using assumption on &y,

so bw = w, which, w being M-torsion, implies b =1 (mod M Of). But we have chosen
b in a finite set of roots of unity. Therefore, if the initial M was sufficiently big, b is
necessarily 1, which shows that &, = &},5. We conclude that diagram (15) commutes
also on M N-torsion for all N > 0, which completes the proof. O

Theorem 4.2 Theorem 4.1 holds if K is replaced by a CM-algebra W .

Proof. First of all, by the same argument as in Step 2 of the proof of Theorem 4.1, we can
assume a = HLI a; where a; is a fractional ideal of K; for all 7. This is needed to ensure
that the isogeny A — A; x ... x A, constructed in the generalisation to CM-algebras of
subsection 3.4 is actually an isomorphism. Then we can apply Theorem 4.1 to (4;,¢;,C;)
with C; determined in the generalisation to CM-algebras of subsection 3.5. To conclude, it
suffices to combine the results for all ¢ by taking the product. O

5 Construction of class fields

5.1 Fields of moduli

Let (W, ®) be a CM-type. Consider a structure P = (A4,¢,C,{t1,...,t}) composed of an
abelian variety A polarised by C, an embedding ¢ : W — Endq(A) and a set {t1,...,t,} of
torsion points of A. For another such structure P’ = (A’,/,C’, {t},...,t.}), an isomorphism
P — P’ is defined to be an isomorphism f : (A,C) — (A4’,C’) such that f(t;) = ¢, for all
i=1,...,r. A field of definition for P is a field k over which A, C, every element of «(WW), as
well as t; for all ¢ are rational.

Proposition 5.1 Let P be such a structure. There exists a subfield kp of C with the following
properties:

1. Ewery field of definition for P contains kp.
2. If P is defined over a field k and o : k — C is an embedding of k into C then

Olkp = id if and only if P is isomorphic to P?.

3. kp is uniquely determined by these properties.

We are not going to prove this proposition, but will merely remark that in the case where P
is defined over some number field &k, which without loss of generality we can assume to be a
Galois extension of Q, kp is easily given by Galois theory, considering the field corresponding
to the subgroup Hp of Gal(k/Q) defined by

Hp = {0 € Gal(k/Q)| P isomorphic to P’ }.
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Lemma 5.2 Let kp be as above the field of moduli of the structure P of type (W, ®). Then
kp contains the reflex field K' of K.

Proof. Tt suffices to show that any automorphism o of C fixing kp also fixes K', i.e.,
satisfies
(tr ®(a))? =tr ®(a) for all a € W.

Fix a € W. In view of the chosen isomorphism A 2 C"/A, the element tr ®(a) of K’ is nothing
other than the trace of the endomorphism Dg(a) of C", obtained by lifting ¢(a) € Endg(A)
as we did in 3.4, using the analytic representation of Endq(A).For o fixing kp, take an
isomorphism A : P — P?. It satisfies Ae(a) = ¢(a)?A. X induces an isomorphism of C” that
we also denote by . By this method, we have actually lifted ¢(a) to an endomorphism of the
tangent space Tgty(A) of A at 0, and A to an isomorphism Tgty(A) — Tgty(A?). o induces
an isomorphism between these tangent spaces, so in particular the lift of t(a)? is Dg(a)?.
Then ADg(a) = Dg(a)? ), and Dg(a) and Dg(a)?, being conjugate, have the same trace. [J

Kummer varieties An abelian variety on its own can have an infinite number of automor-
phisms. Weil’s fundamental idea when introducing polarisations was that

Proposition 5.3 A polarised abelian variety has only a finite number of automorphisms.

Therefore, considering an abelian variety A together with a polarisation C, we can prove that
an analogue of a Weber function, namely a quotient h : A — A/Aut(A,C), can be defined.
An alternative definition that also works is h : A — A/Aut(A4,,C), since Aut(A4,,C) is also
finite. In what follows, we will always denote the Kummer variety of (A, ¢,C) by (V,h) where
V = A/Aut(A,,C) and h: A — V the above quotient map.

The field of moduli of a structure {A,:,C,{t;}} can be constructed explicitly in terms of
the h(t;) and the field of moduli of A,,C, as stated in the following proposition which we
won'’t prove:

Proposition 5.4 Let (A,t,C) be a polarised abelian variety with complex multiplication and
(V,h) the Kummer variety of A. Then for every t € A the field of moduli ka,c+ is equal to

kA,L,C (h(t)) .

5.2 Construction of class fields

Let, (W, ®) be a CM-pair, (K', ®') its reflex, P = (4,,C, {t1,...,t,}) astructure with (A, ,C)
a polarised abelian variety of type (W, ®,a,7) and ¢y, ...,¢, torsion points of A. Define also
w; € W/a such that £ o u(w;) = t; for all i. Denote by k the field of moduli kp of P. Let us
begin with a general theorem from which we will derive all other results:

Theorem 5.5 Let T' be the subgroup of A, defined by
qu(s)’la = ba,
T =1 seAj,| 3beW* such that bbN((s)) =1

N (s) tw; = bw; for all i

Then k is an abelian extension of K' corresponding to the subgroup T .
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Proof. Note first of all that by Lemma 5.2, k contains K’, so any automorphism o of C fixing
k induces [s, K'] on K’ for some idele s. Denote by F' the extension of K’ corresponding to
T. Take & as in Theorem 4.1, so that & o u(Ng(s) tw;) = (€ o u(w;))?.

Proof that k C F'. It suffices to prove that if s is an element of T' and ¢ is an automorphism
of C inducing [s, K'] on K'?P then o fixes k, i.e. P is isomorphic to P°. But using the main
theorem of complex multiplication and the assumption on s we see that there is a b € W such
that (A,t,C)7 is of type (W, ®,ba, (bb)~17). This type is equivalent to the type of (4,¢,C),
so (A,¢,C) and (A, ,C)? are isomorphic by Proposition 3.18, the isomorphism being given by
A = ¢(b). We now need to check A(t;) = t7 for all i. The left-hand side is by definition of
A given by & o u(bw;), and the right-hand side, using the property (15) of & from the main
theorem, is &' o u(Ng(s) tw;). Both sides are equal since s € T.

Proof that k O F. Let o be an automorphism fixing k& and inducing [s, K'] on K’ for
some s € Aj,. To conclude, we must prove that s € T. By definition of k, there is an
isomorphism A : P — P?. Using the main theorem of complex multiplication, we know
that P is of type (W, ®, No(s) " ta, N((s))7) By Lemma 3.14, A comes from a multiplication
by b map on W for some b € W, so we already know Ng(s) 'a = ba and bbN((s)) = 1 by
Proposition 3.19. On the other hand, since A is an isomorphism, we must by definition have
A(t;) = t¢ for every i. Therefore

£ o u(Np(s) " (wi)) = (€ ou(wy))” = A€ o u(w;)) = € o ulbw;),

and thus, £ o u being injective, s € T'. O
This proposition shows how the fact of considering CM-algebras and not only CM-fields
enlarges the scope of our results by allowing us to impose more conditions on the elements in
the group 7.

As in the elliptic curves case, we can be more precise in the case where A is principal,
that is ¢«(Ow) C End(E).

Corollary 5.6 Let (W, ®) and (A,¢,C) of type (W, ®,a,T) as above. Suppose in addition that
A is principal. Then the field of moduli ka,c is an unramified abelian extension of K'.

Proof. Apply Theorem 5.5 omitting the w;. Then it suffices to prove that the group T contains
the group of unit ideles of K’

U(l) = {3 € A;(/ | Sp S O;,K’ fOI' all p}

If s € U(1), then (s) = Ok (so N((s)) = 1) and (Ng(s)™') = Ow. Since A is principal, a is
a fractional ideal of K, so Ng(s)"'a = a. Therefore, taking b = 1 we see s € 7. O

A result analogous to the elliptic curves case also holds for unramified extensions. One
must however be prudent as there are different fields with different ideals involved: the best
bound we can give on the conductor is therefore a rational integer. Denote by

Alcj={t€e Al at=0for all a € ¢}
the group of c¢-torsion points of A for any integral ideal ¢ in W.

Corollary 5.7 Let (W, ®),(A,,C) be as above, and (V,h) the Kummer variety of (A,¢,C).
Let moreover ¢ = ¢1 X ... X ¢, be an integral ideal of W, ¢; the smallest positive integer
contained in ¢; for all i, and c the least common multiple of the ¢;. Then ka,c(h(Alc])) is an
abelian extension of K', of conductor dividing c.
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Proof. According to Proposition 5.4, ka,c(h(A[c])) = ka,c a[)- Applying Theorem 5.5 with
the set {t;}; = Alc] , it is therefore sufficient to check that the corresponding group 7" contains
the group of unit ideles modulo ¢:

Ule)={s€ Ak | sp € Oy and s, =1 (mod cOy k) for all p}.

Let s € U(c). As in the proof of Corollary 5.6, we have N((s)) = 1 and (Ng(s)™!) = O . But
we have moreover that Ng(s) is a unit idele modulo ¢ in W, so for every t = £ o u(w) € Alc],
Ng(s)(t) = t. Therefore s € T' and the proof is finished. O
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