TWISTED ENDOSCOPY FOR REAL GROUPS

DAVID RENARD

1. INTRODUCTION

The transfer factors for twisted endoscopy were defined by Kottwitz and Shelstad
in [KS]. In this paper, we show that these factors define a transfer of (twisted) orbital
integrals between a real reductive group G and a reductive quasi-split real group H;
associated to an endoscopic datum (Theorem 1 below). More precisely, we reduce the
proof of the transfer to a list of properties of transfer factors. These are established
in a forthcoming paper of D. Shelstad [Sh6]. We consider here only real groups. Even
in the non-twisted case, the transfer is still conjectural for p-adic groups.

Let G be a connected reductive algebraic group defined over R, G its complex dual
group and "G = G'x,,Wxg a realization of its L-group (W is the Weil group of C/R
and pg an L-action of Wg on G‘) A Langlands parameter is an L-homomorphism:

¢ZWR—>LG.

Two Langlands parameters are equivalent if they are conjugate by an inner automor-
phism Int g, g € G. An equivalence class of Langlands parameters is associated to a
packet of irreducible admissible representations of G(R) (see [L1]). These L-packets
are finite, and all the representations inside a L-packet have same infinitesimal char-
acter. Langlands parameters with a bounded image are associated to L-packets of
tempered representations. Temperedness is respected by L-packets, but not unitarity
(i.e. there might be unitary and non-unitary representations in the same L-packet),
and this complication leads to very interesting developments in the theory of unitary
representations (see [Art] and [ABV]).

Suppose that we have two groups H and G (algebraic, connected, reductive, defined
over R), and that we are given an L-homomorphism:

e:'H - L@a.

This gives a map from (equivalence classes of) Langlands parameters for H to (equiv-
alence classes of) Langlands parameters for G. The Langlands functoriality principle
asserts that there should be a map:

e, : KII(H(R)) — KII(G(R)).

from the Grothendieck group of virtual representations of H(R) to the Grothendieck
group of virtual representations of G(R), compatible with L-packets (in the sense that
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the image of a L-packet for H(R) should be contained in the subgroup of KTI(G(R))
generated by the representations in the corresponding L-packet for G(R)).

This is a very rough formulation, which has to be refined when dealing with non-
tempered L-packets. This was carried out in [ABV], solving some conjectures of J.
Arthur ([Art]). The map e, is defined and proved to be compatible with tempered
L-packets. In an endoscopic setting, this result is generalized by introducing Arthur
parameters and Arthur packets instead of Langlands ones. In this paper, we shall
restrict our attention to tempered representations, and deal only with Langlands pa-
rameters, although some generalization might be possible.

The motivations for studying Langlands functoriality are connected with automor-
phic representation theory and trace formula (see [L2]), from a global perspective.
From a local point of view (here it means over R), the problem may be expressed as
follows. It is known ([Sh1]) that the sum of characters of representations in a tempered
L-packet is a stable distribution (for a discussion of stable conjugacy, see [L2]). Let
Oy be the stable distribution associated to a parameter ¢. Now, given an irreducible
admissible tempered representation 7 of G(R), one would like to write down a ‘char-
acter identity’ relating the character ©, of m and some stable distributions ©4, on
quasi-split groups H of dimension smaller than G. These groups are such that there
exist an L-homomorphism € : “H — G, and the parameters ¢ and ¢y are related by
¢=c€ody.

This program has been carried out by D. Shelstad in a series of papers (see [Shl],
[Sh2], [Sh3], [Sh4]). Only a finite number of groups H are necessary to decompose all
irreducible tempered characters of G(R). They are called endoscopic groups because
they enable us to ‘look inside’ L-packets.

What we mean by ‘character identity’ is somehow stronger than what is provided by
the maps €, and the Langlands functoriality principle as described above, in the sense
that what is needed here is also a geometric correspondence between conjugacy classes
in G(R) and its endoscopic groups, in order to compute explicitly the characters ©,.
We will be more precise about this after having introduced our more general setting
of ‘twisted endoscopy’.

Let G be as above, and # a finite order automorphism of G. A basic example
is when 6 is the automorphism associated with a base change C/R of Resc/rG. In
that case, we recover the results of Shelstad ([Sh4]). Endoscopy for (G, ) concerns
the (tempered) representations m of G(R) such that 7 o # is equivalent to 7, or more
generally the (tempered) L-packets IT such that [Iof = {mof|m € II} = II. The
automorphism 6 preserves L-packets. From 6, we construct an automorphism 0 of
G and an automorphism “# of “G. Usual notions of invariant harmonic analysis on
G, G(R) or G can be suitably generalized to #-twisted invariant harmonic analysis,
and we will speak of #-semi-simple or #-regular elements, f-twisted conjugacy classes,
f-twisted orbital integrals and so on (see [R]). If IT has parameter ¢ : Wg — LG, then
IT o § has parameter “f o ¢, so Il o § = II if and only if

Sy={seG|Intsofop =g}
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is non-empty. If it is so, then S, contains é—semi—simple elements. Assume that s is
one of them, and let H be the connected component of the identity of Cent(s, G) =
{g € G|gsO(g)~! = s}. This is a reductive subgroup of G. Let ? be the subgroup of
L@ generated by the image of ¢ and H. We have then a split exact sequence:

1—>I§T—>H—>WR—>1

from which we obtain a L-action py of Wgr on H. Let H be a quasi-split connected
algebraic group over R such that “H = Hx o Wr is a realization of its L-group. The
tuple (H,#H, s, ), where ¢ is the inclusion of H in “G constitutes what is called an
endoscopic datum for (G, 6). It turns out that H is not necessarily isomorphic to “H,
which causes some complications and introduces new features in the theory. From [KS]
we recall the definition of a z-pair (Hy, &y, ) for H, where H; is a central extension

12721 —>H —H—1

of H and &y, is an embedding of H into L H;.

By definition, the parameter ¢ has its image in H, so g, o ¢ defines a parameter for
H,. In line with the Langlands functoriality principle, we expect to find a ‘character
identity’ involving #-twisted characters of representations in II and the stable character
on H;(R) associated to &g, o ¢. As we said above, this character identity relies on a
‘geometric correspondence’ between G and H;. But note that the relation between
H and G is usually defined on the dual group side (i.e. H is not a subgroup of G).
Nevertheless, there is a map (defined in [KS]):

Awse : Clyy(H) = CI(6,G)

between semi-simple conjugacy classes in H and #-semi-simple conjugacy classes in G.
This map is not always defined over R, but we will assume it is, i.e. that the cocycle
defined in Lemma 3.1.A of [KS] is trivial. Let v € H(R) be a sufficiently regular
element and O, its conjugacy class in H. Then Ay/g(0,) N G(R) is either empty or
constitutes a stable f-conjugacy class in G(R). In this case we say that v is a ‘norm’
of any 6 € O, NG(R).

We turn now to the problem of transfer of orbital integrals. Let us denote by Jg
the map which sends a function f € C®(G(R)) to its f-twisted orbital integral (J¢ is
a smooth function on the open dense subset of f-regular elements of G(R), invariant
under twisted conjugacy). The image of this map is denoted by Z°(G(R)), and is
characterized by a set of properties. Furthermore, it is endowed with a topology of an
inductive limit of Fréchet spaces. The transpose map th realizes an isomorphism from
the dual space Z%(G(R))’ onto the space of distributions invariant under #-conjugacy
([R]).

There are of course similar results for ordinary or stable orbital integrals on H;(R)
([B1]). We have to consider here a slightly different situation, where we don’t deal with
orbital integrals of compactly supported functions, but rather of smooth functions f
compactly supported modulo Z;(R) and satisfying:

f(zh) = A, (2) 7" f(h)
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for all z € Z;(R) and all h € H;(R). Here, Ay, is a quasi-character on Z;(R) ob-

tained from the endoscopic data (H,H, s,&) and the z-pair (Hy,&g,). We denote by

T (H(R), A, ) the space of stable orbital integrals of these functions just described.
The principal result of this paper is

Theorem 1. There is a continuous map:
Trans : T°(G(R)) — Z°(H:(R), Ag, )
W — Trans(1)

The orbital function Trans(y) is given for sufficiently regular elements v, of H1(R) by
a formula:

Trans(v)(y1) = Z A1, 6)9(6),

dEX,

where v is the projection of v1 on H(R) and the sum (which might be empty, in which
case the right-hand side is 0) is taken over a set of representative of 6-conjugacy classes
under G(R) of elements 6 € G(R) for which v is a norm.

The factors A(y1, ) are the transfer factors defined in [KS].

In order to establish this result, we need two kinds of ingredients. Firstly, we will
use the properties of transfer factors as found in [KS], mainly to show that Trans(¢)
is well-defined. Secondly, we will study the behavior of the transfer factors when
moving transversally to (6-twisted) conjugacy classes (i.e. along ‘Cartan subspaces’).
For this, we use Diana Shelstad’s results [Sh6]| concerning transfer factors. This will
enable us to deduce that the properties of ¢ transfer to the corresponding properties
of Trans(¢)), and then prove that Trans(¢) is indeed in Z°'(Hy(R), Ay, )-

In a forthcoming paper, we will use these results to establish characters identities as
described above, using the transpose map ‘Trans from stable invariant distributions
on H;(R) to #-twisted invariant distributions on G(R).

Let us conclude this introduction with a survey of the contents of this paper. After
introducing notation, we recall basic results on twisted conjugacy in Section 2, and
the definition of endoscopic datum in Section 3. Section 4 is devoted to the geometric
correspondence between the group G and its endoscopic group H, and its properties.
In Section 5, we recall results on orbital integrals (6-twisted orbital integrals on G,
stable orbital integrals on H) and their characterizing properties. We are then in
position to state the transfer theorem (Theorem 5.4.1). In section 6, we reduce the
proof of Theorem 5.4.1 to various lemmas and one proposition (Proposition 6.3.1).
Some of these lemmas are of geometric nature, and involve Cayley transforms, Hirai
order... They are established in Section 7. The remaining assertions in Proposition
6.3.1 and Lemma 6.6.4 concern fine properties of transfer factors. In fact, guided by
available examples, these were defined in [KS] in order to satisfy these properties.
Some of them will be established in [Sh6|, the rest is in Section 8.

Finally, let us point out that we have not considered here the most general case
of twisted endoscopy. Firstly, we suppose # to be of finite order, where Kottwitz
and Shelstad consider semi-simple automorphisms. This restriction shouldn’t be too
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important in applications, however. Secondly, Kottwitz and Shelstad introduce a
character w on G(R), in order study representations 7 such that 7106 ~ 7 ® w. We
limit ourselves to the case where w is trivial, because we don’t know how to generalize
the results in Section 5 to the (0, w)-twisted setting. Thirdly, there is the technical
assumption that the cocycle z, of [KS], Lemma 3.1.A is trivial (see begining of Section
4). We notice that this is frequently the case in the applications, and that following
[KS], Section 5.4, we could relax this assumption.
We thank D. Shelstad for making the preliminary version of [Sh6] available to us.

2. TWISTED CONJUGACY

2.1. Notation. We begin by introducing some notation. Let A be a Lie group, and
B a set on which A acts. Let:

Cent(B,A) ={a€ A|VbE B, a-b=1b}
Norm(B,A) ={a€ A|Vbe B, a-b € B}.

Different actions of a group on itself will be considered, so unless otherwise stated, the
above notation will refer to the usual action by conjugation. The inner automorphism
of A given by an element a € A will be denoted by Int a and A* :={b € A| Int a(b) =
aba' = b}. The connected component of the trivial element in A will be denoted by
AO.

Let H be a connected reductive algebraic group defined over R. The group H is
identified with the group of its complex points. Let o be the non trivial element of
I' = Gal(C/R). We will denote by oy the action of ¢ on H, by H(R) the group of
real points of H, and by h (resp. hr) the Lie algebra of H (resp. H(R)).

Following [KS], by a pair in H, we mean a couple (B, T') where B is a Borel subgroup
of H and T a maximal torus in B, and by a splitting of H, we mean a triple spl; =
(B,T,{X}) where (B, T) is a pair in H and {X} a collection of non-zero root vectors,
one for each simple root of 7" in B. The group H is quasi-split if and only if it has an
R-splitting, i.e. one preserved by og. It will be convenient to construct L-groups as
follows. Suppose that H is quasi-split and let spl, = (B, T,{X}) be an R-splitting.
Let H be the dual group of H and sply = (B, T,{X}) a splitting of H. The dual of
the based root datum W(B,T') obtained from (B,T) is isomorphic to the based root
datum ¥(B,T) obtained from (B,7). The action oy induces an action on ¥(B,T),
which transfers to an action o5 on U(B, T') by this isomorphism. Let us denote also by
oy the algebraic action on H which induces o4 on ¥(B,T) and preserves the splitting
spl;. Let Wg be the Weil group of R (see [Bo]). As usual, we define the L-group “H
of H to be the semi-direct product H x on Wr, Where the action pg of Wg on H factors
through Gal(C/R), with pg(1 x o) acting by o4. Note that such a realization of the
L-group depends on the choice of the splitting spl; but not of the splitting sply. If
H is not quasi-split, we choose a quasi-split inner form H* of H, and a L-group for
H will be one constructed from H*. We denote by H,. the universal covering of the
derived group Hg., of H, and if T' is a maximal torus in H, T,. denote the inverse
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image of T'N Hy,r in H,. under the natural projection. We will often identify elements
in H. or T, with their image in H or 7" without comments.

2.2. Basic results on twisted conjugacy. Let G be a connected reductive algebraic
group defined over R and 6 an R-automorphism of G of finite order. We denote also
by @ its differential which is an isomorphism of g =Lie(G). The group G acts upon
itself by #-twisted conjugacy:

(g,x) — gab(g)~".

We begin by recalling some material about #-twisted invariant harmonic analysis on
G (and G(R)).

For any z € G, let us denote G*? the twisted centralizer of z, i.e. G* = {g €
G| gz0(g) ' = z} and by g* the centralizer in of g of Adz o 6.

Definition 2.2.1. - An element x € G s 0-semi-simple if Adx o 0 is a semi-simple
automorphism of g.

- An element x € G is 0-reqular if the multiplicity of the eigenvalue 1 of Adx o8 is
minimal.

- An element x € G is strongly 0-reqular if G*® is abelian.

We denote by Gg_,ey (resp. G(R)g_req) the (dense, open) subset of f-regular ele-
ments in G (resp. G(R)). More generally, if A is a subset of G, we denote by Ag_,,
the set of A-regular elements in A.

Proposition 2.2.2. We have the following results:

(i) If g € G is O-regular, then g is 0-semi-simple and g%° is an abelian subalgebra of
g whose elements are semi-simple. Moreover, g9 contains reqular elements of g, i.e.
Cent(g%, g) is a Cartan subalgebra of g.

(ii) A strongly 0-regular element is 0-regular.

(iii) Let © € G be 0-semi-simple, 3 = g*° and Z = (G®),. Then there erists a
O-regular element y € (exp3) x such that a = g*° is a Cartan subalgebra of 3 and exp a
1s @ mazximal torus in Z.

Proof. For (i)and (iii), see [R], propositions 2.1 and 2.4. The second assertion
is obvious as soon as we see that g € G is regular iff (G%), is a torus, which is a
consequence of (i). O

Let = be a f-regular element of G, a = g®, and h =Cent(a, g). We have a decom-

position:
g=he > ¢
BER(g,a)

where R(g,a) is a (non-reduced) root system and g” is the root space for the root 3.
The root system R(g, a) is the set of restrictions to a of the roots in R(g, b).

Since 6 is of finite order, it preserves a pair (B,T) of G, i.e. we have §(B) = B and
6(T) =T ([KS](1.1)). For such a pair, we have the following results:

Proposition 2.2.3. (i) There exist 0-reqular elements in T. More precisely, there
exist O-reqular elements in each subset of the form t.T? wheret € T and T? denotes
the fized points of 0 in T.
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(ii) Let t € T be O-reqular. Then g =10, (G*)y = (T%),, and Cent((T°)o,G) =T.
Furthermore G* C Norm((T?)o, G) and if t is strongly O-reqular, then G* = T?.

Proof. These are easy consequences of [R], §2, and [KS] theorem 1.1. O

Definition 2.2.4. A Cartan subspace of G(R) is a subset of the form A = (exp g&¥)-x
where x is a @-reqular element of G(R).

Proposition 2.2.5. The number of 0-twisted conjugacy classes of Cartan subspaces
in G(R) is finite.

Proof. See [R] proposition 7.4. O

The interest of introducing these subspaces is that the twisted orbital integrals
of compactly supported functions on G(R) are determined by their restrictions to a
system of representatives of f-twisted conjugacy classes of Cartan subspaces. They
will replace Cartan subgroups in the point correspondences, since in twisted endoscopy
Cartan subgroups of G and its endoscopic groups are not isomorphic for non trivial 6
(see section 4 below).

We fix a quasi-split group G* in the inner class of real forms of G with an inner
twisting ¢ : G — G*. The group G* being quasi-split, it has an R-splitting spl,. =
(B*, T*,{X*}). We may choose gy € G* such that the automorphism

(2.1) 9* =Intggorpofory?

preserves splg.. Furthermore og-(6*) = 0« 0 0* 0 0g- = 0* because 6* is uniquely
determined by # and spl., and thus 6* is defined over R.. Suppose we have a L-
group data for G given by a splitting spls = (B, 7,{X}). Then 6 induces bijections
of the based root data ¥(B*,T*) and ¥ (B, 7). We denote by § the automorphism of
G which induces this bijection of U(B,T) and preserves spls;. We denote by 0 the
automorphism 8 x 1y, of “G.

3. ENDOSCOPIC DATA
3.1. Following [KS], we call the tuple (H,?H, s, &) an endoscopic data for (G, 0) if :

(3.1.1) H is a quasi-split connected reductive algebraic group defined over R,

(3.1.2) H is a split extension of Wg by H such that the L-action of Wg on H defined
by this extension coincide with pg,

(3.1.3) s is a f-semi-simple element in G.

(3.1.4) £ : H — LG is a L-homomorphism satisfying:

(3.1.4.a) Int so %0 0 £ = a - € where a is a 1-coboundary of W in Z(G).

(3.1.4.b) € maps isomorphically H into (G%),

Recall that in we have chosen a realization of the L-group of H, i.e. we have fixed a
splitting spl; = (Bu, Tu, {Xu}) to define py (sply; is preserved by py). The action
of o on H given by the split extension H can be modified by an inner automorphism
of H to preserve spl; and (3.1.2) means that it coincides with py.
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There is a notion of isomorphism of endoscopic data: (H,H, s, &) is isomorphic to
(H',H', s, &) if there exists g € G such that:

(3.2) gE(H)g™! =£'(H')
(3.3) gs0(g)"' =5 modulo Z(Q)

Recall the splitting spls = (B, T,{X}) used to form “G. We may replace (s,§) by
(gsf(g)~",Int g o ) for any g € G and therefore assume that s € 7. Then (B,T) is

an Int s o f-stable pair and by making another such replacement with a g € (G'Sé)g, we
may assume that:

(3.4) £(By) = BN (G*)y and &(Tu) = T N (G = (T?)o.

3.2. z-pair. Since H is not necessarily an L-group for H (see [KS|, §2.1) we need to
introduce a z-extension H; of H. We recall the definition ([K]):

Definition 3.2.1. A z-extension of a connected reductive algebraic quasi-split real
group H is a central extension Hy of H:
1241 —>H, —H—1
where Hy is a connected reductive algebraic quasi-split real group whose derived group is
simply-connected and Z, is a central torus in H,, isomorphic to a product of Resc/r R* .
Note that since H'(T, Z;) = {1}, we have also:

1—Z;(R) - H(R) - HR) — 1.
Dual to the exact sequence in the above definition is
1— H— FII — Zl —1

so we regard H as a subgroup of H,. This inclusion can be extended to a L-
homomorphism &g, : H — “H; (see [KS] lemma 2.2.A).

Definition 3.2.2. By a z-pair for H, we mean o pair (Hy,&y,) where Hy is a z-
extension of H and £y, : H — “Hy a L-homomorphism that extends H — H;.

Observe that £y, determines a character Ay, of Z;(R). This character has Langlands
parameter:

3
Wg SH S IH -7,

where ¢ is any section of H — Wg. For a discussion of the significance of Ay, in
terms of Langlands functoriality principle, see [KS], end of section 2.2. Let us just
say here that if H is not a L-group, then there is no matching between compactly
supported smooth functions on G(R) and compactly supported smooth functions on
H(R). Instead, we will establish a matching between compactly supported smooth
functions on G(R) and smooth functions on H;(R), compactly supported modulo
Z1(R) and transforming under translations by elements of Z;(R) according to Ay, -
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4. NORM MAPPINGS

4.1. Recall that 8* = Int gy o %) 0 6 o )! preserves the R- splitting spls.. Let us
choose u, € G}, such that

(4.1) Yo ()™t = Int u,.
Then the map:
m: G— G*
0 1(d)g

is easily checked to preserve f-conjugacy, so it induces a bijection:
m: Cl(G,8) — CI(G",0")

where Cl(G, ) (resp. Cl(G*,0%)) is the set of 6 (resp. §*)-conjugacy classes of G (resp.
G*). This map may not respect the action of 0. In the rest of this paper we consider
only the case when it does, i.e. we suppose that the class of the 1-cocycle z, of [KS],
lemma 3.1.A is trivial in H'(T', Z§¢) (for example, this holds for standard (non-twisted)
endoscopy, when 6 arise from base change C/R, or when G(R) is quasi-split). We may
then choose gy and u, such that gyu, = 0*(uy)oag+(gg). Then m is defined over R (on
classes), and for all § € G:

(4.2) a(m)(8) = u, 'm(8)0" (uy).

Suppose that (B, T) is a §*-stable pair in G*, let Q = Q(G*,T) be the Weyl group
of T in G* and Q¥ = {w € Q|wo f* = 0" o w}. Note that each element of QY
is represented by an element of G' := (G%), ([KS], Section 1.1). Let us denote
(1—-6T = {ub*(u) tu e T}, Ty = T/(1 — 0*)T and Ny« the projection from T
onto Tyx.

Lemma 4.1.1. ([KS] 3.2.4)

(i) Each O € Clss(G*,0%) meets T.

(ii) The image of O NT in Ty« is a single Q7 -orbit

The subscript ‘ss’ stands for ‘semi-simple’. Thus, we have a bijection:

Clys(G*,0%) — Ty /Y.

between € semi-simple twisted conjugacy classes in G and 6* semi-simple twisted
conjugacy classes in G*. The composition:

Ny : Cl,(G,0) — Cly(G*,0%) = Tp. /QF

is called an abstract norm map. If T" is defined over R, then Ny is also defined over R.
Let us consider the endoscopic data (H, H, s, ). We recall now the point correspon-
dences between H and G.

Theorem 4.1.2. ([KS] 3.3.4) There is a canonical map defined over R:
(4.3) Apja: Cl(H) = Clyy(G,0)

between semi-simple conjugacy classes in H and 0-semi-simple twisted conjugacy classes
mn G.
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This map is obtained in the following way: suppose (By,Ty) is a pair in H and that
(B, T) is a §*-stable pair in G*. Attached to (By,Ty) and (B, Ty) is an isomorphism
Ty =~ Ty and attached to (B,T) and (B, T) is an isomorphism 7' =~ 7. By 6-stability,
the latter induces: R L R

Tg* = (TH)O =~ (7-0)0'

We have therefore a chain of isomorphism:
Ty ~ Ty 5 (7-9)0 ~ Ty
which yields Ty ~ Ty« and Qp := Q(H, Ty) — Q°, and so induces:
Ty /Qy — Ty- |V
Therefore we have:
Clys(H) = Ty /Qn — Tp- /7 — Cly,(G*,0%) — Cl(G, 0)

yielding the map 4.3

If Ty is defined over R, we may choose (B,T) and Bgy such that both T and
the isomorphism Ty ~ Ty« are defined over R (see [KS], 3.3.B). An R-isomorphism
Ty ~ Ty« as above will be called an admissible embedding of Ty, and Ty will be called
a norm group for 7.

4.2. Norms. We define norms in H(R) in the following way. Let 6 € G be #-regular
and let Ts = Cent((G%)o, G). We know that T is a maximal torus of G, stable under
Int 6 o § and that
T c G%
with equality if and only if § is strongly regular.
Let us denote by O, the conjugacy class of an element v € H, and by Og_; the
f-twisted conjugacy class of § € G.

Definition 4.2.1. An elementy € H is G-regular (resp. strongly G-regular if Ay/q(O)
is a O-reqular (resp. strongly 0-regular) 0-conjugacy class in G.
Lemma 4.2.2. ([KS],3.5.C)

(i) G-regular implies regular

(11) strongly G-regular implies strongly regular.

Corollary 4.2.3. The stable conjugacy class of a strongly G-regular element v € H(R)
is O, N H(R).

Proof. This is merely the definition of stable conjugacy class for strongly regular
elements. 0
Definition 4.2.4. The stable 0-conjugacy class of a strongly 0-reqular element 6 €
G(R) 15 Og_s N G(R)

We extend this definition for f-regular elements. Let 6 € G be such a element.
Suppose that &' = gdf(g)~* € G(R). Then we have og(g)~'g € G®. Let us denote

= Cent((G%)y, G). Since 6 is f-regular, T is a torus.

Definition 4.2.5. In the above setting, we say that &' is in the stable 6-conjugacy
class of § if and only if og(g)~'g € Is := G N Tj.
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We will see below the reason for this requirement. Note that if ¢ is strongly 6-
regular, then G% C T; and the two definitions agree.

Definition 4.2.6. Let v € H(R) be G-regular, and let Ty be the mazimal torus of
H containing it. Fiz an admissible embedding Ty - Ty- of Ty in G* defined over R.
We say that 7y is a norm of § € G(R) if:

(i) & lies in the image of O. under Ag/q.

Then, by definition, there exist x € G%, and §* € T such that 6* = zm(6)0*(z)™"
and Ny-(6*) = n(y). An easy computation shows that Intx o) maps G bijectively
onto (G*)"" and T = Ts N G onto T =T N (G*)°7".

(i3) Intx ovp : T® — T is defined over R.

We will see in the proof of the next theorem that if v is strongly G-regular, then
the condition (ii) is automatically fulfilled. When it is not possible to find such an
element ¢, we say that ~ is not a norm.

Theorem 4.2.7. Let v € H(R) be G-regular. Then vy is a norm of exactly one stable
0-conjugacy class in G(R) or is not a norm.

Proof. In the setting as above, Intz o1 : T¢% — T% is defined over R if and only
if Int(v,) is trivial on T%", where v, = 2u,0¢-(z) 1. To see this, recall that we have
from (4.1)

Y =Intu, oog« oY oog
Thus
o(Intz 09) = 0 o (Int z 0 9) 0 0 = Int(0o¢ (z)u, ') o 1,

and o(Int x 0 ¢) = Int z o ¢ if and only if Int(v,) is trivial, proving the assertion.
Now, we deduce from (4.2):

06+(8") = o6+ (zm(0)0" (z) ') = 0+ (z)a(m)(0c(8))oe- (6"(x))

= 06+ ()u, ' m(0)0" (us)0" (oG- ()

= (06 ()u, 'z *) (zm(6)0" (z) ) 0" (zus06-(z) )

v, 1 6*0% (v, )
and, since 7 is defined over R, o+ (6*) = 0* modulo (1 — 6*)T, it exists ¢t € T such
that oy (6*) = t6*0*(¢)~" and thus

(vyt) 10 0 (v,t) = %
Therefore, we have:
vyt € (G*) with v, € G,.

Note that (G*)*? C Norm(T?%,G*), so Intv, normalizes T?" and T, and if v is
strongly G-regular, then (G*)*"%" =T% (see (2.2.3)).
Lemma 4.2.8. Intv, is trivial on T? if and only if vt € T?".

Proof. Suppose that Int v, is trivial on 7%. Then it is trivial on 7', because T
contains strongly §*-regular elements. We conclude that v, € T}, and that v,t € T?
. The other implication is immediate.
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From this discussion, we see that if «y is strongly G-regular, then Int zot) : T2 — T
is defined over R.

We now come back to the proof of the theorem. Suppose that 7 is a norm of §,
and let z, v, be as above. In particular, Int v, is trivial on 7% . Suppose that &,
is stably f-conjugate to d, i.e. there exists g € G, with §; = gif(g)™' € G(R) and
oa(g9)"'g € G NTs. Then we compute

6 = a1p(g) 'm(6:1)0" (x(g) )
We want to prove that v is a norm for d;, so we have to check that Int(z1(g7') o9 :
Tflla — T is defined over R. From the discussion above, this is the case if and only
if Int(z¢(g) 'ugog-(x(g)~) ") is trivial on T%". We compute:

2p(9) " uooc (2(9) ™) T = (a(9) TMuo) (uz'P(oa(9))us) o ()7
= 2(97"06(9)) usoc ()7
=29(9'0a(g)) 270,
Hence, we want to check that Int(z(g tog(g))z?) is trivial on T?" | i.e. Int(gtog(g))
is trivial on T°% N Ts. This is now obvious by the definition of stable #-conjugacy and
the requirement that g~'og(g)) € G% N Ty.
Let us now prove the other inclusion, and so suppose that « is a norm for ¢, §; €
G(R), i.e. there exist 6*, 6] in T and z, z; € G%, such that
0" = am(0)6"(z)~!
5 —a:lm(él)@*(
Ny (%) = Ny« (5*
Therefore, there is a t € T such that :
5t =t50*(t) *
From this last equation, easy computations lead to :
o1 = ¢~ (a7 )80 (yp (a7 ) T
We have then to show that w™log(w) € G% N Ty, where w = ¢~!(z, *tx). This is
equivalent to : Int x o (w™log(w)) € (G*)*" NT =T, but:
Int z o Y(w ™ og(w)) =t og-(v1) " o (H)oe-(v),
where v = v, as above and v; = 7 u,06+(z;)~!. This is a product of elements in T

hence Int z o y(w™'og(w)) € T, and it’s easy to check that it fixes 6%, and it is in fact
in 7% . The proof of the theorem is now complete. O

1)
) =n(7)-

4.3. Admissible coverings. Let Ty be a maximal torus of H defined over R, and let
Ay be a connected component of Ty (R). If there exist a G-regular element v € Ay
which is the norm of an element 6 € G(R), we say that Ay originates in G(R). Recall

this means that given an admissible embedding Ty —» Tp- of Ty in G* defined over R,
there exist x € G*, and §* € T such that §* = zm(8)6*(z)~*, Ny« (6*) = () and

Intzoq: T(;SG - T
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is defined over R.

We want to prove now that every G-regular element in Ay := (exp(tg)r)~y is a
norm of an element in the Cartan subspace A = (exp g’) § of G(R).
Lemma 4.3.1. The restriction of Ng- to (T (R))y = expth is a finite covering of
(To- (R))o.

Proof. The surjectivity comes from the decomposition

tg =1t ®(1— 0tz

Let us show now that 6* has finite order on 7. Recall that € has finite order on G,
say r. From 2.1, we compute easily that #*" is a inner automorphism of G*, given by
the element 6*" "' (gg)0*"">(gg) . .. 0*(gs)gs. Thus its restriction to the #*-stable torus
T is of finite order. Let | be the order of #* on T

Suppose that t € (T? (R))y such that there exist u € T with ¢t = uf*(u)~'. We
compute :

t0*(t)...0" () =t = 1.

Since in a torus there are only a finite number of elements of a given finite order, we
see that this covering is indeed finite. U

Let X € (tg)r such that (exp X)y is G-regular. Choose Y € t% such that
Ny« (expY) = n(exp X) and U € g such that Intz o (expU) = expY. We have
then :

zm((exp U)8)0* (x) ™" = (z¢p(exp U) 27 )am(8)0*(z) ™ = (exp V)"
Thus, since
(G(epr)59)0 — (G59)0 and ((G*)(epr)é*O*)O — ((G*)J*H*)O — (TO*)O,
(exp X)7y is a norm of (exp U)J. O
Notice that in the previous lemma we define a map from A to Ap, depending a
priori on the initial choice of v and §. It is easy to check that this map depends in fact
only on the admissible isomorphism Tj; —» Tj- and the choice of z. We summarize
this discussion.

Proposition 4.3.2. Let Ay be a Cartan subspace of H(R) and let v € Ay be a
G-regular element, norm of 6 € G(R). Then there is a covering map:

Naam) A= exp(e¥)8 = An
such that 1A, (') is a norm of §' for all regular element &' € A.

We call these maps admissible coverings. They provide local isomorphisms between
Cartan subspaces of G(R) and Cartan subspaces (i.e. connected components of Cartan
subgroups) of H(R). The following lemma might seem obvious but it could also help
for a better understanding of what is going on. Consider the following situation, where
v € Apg is G-regular and a norm for a stable #-conjugacy class of regular elements in
G(R). Let X, be a set of representatives of #-conjugacy classes in G(R) in this given
stable 0-conjugacy class. For each d; € X, there is a admissible covering 74, 4,
constructed as above (the construction depends on some choices, but note we may
take the same admissible embedding Ty — Ty~ for the various 74, AH))- Now let
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7" € Ay another G-regular element. Then for every admissible covering 14, 4,), we
can pick a §; in A; such that 74, 4,(d;) = ' (in particular 4" is a norm for J;, so they
are all stably f-conjugate). We have then :

Lemma 4.3.3. The set of 9§, described above is set of representatives of 0-conjugacy
classes in G(R) in the stable 0-conjugacy class of elements for which ~' is a norm.

Proof. 1t is not difficult to check from the constructions that the J; are indeed
representatives of different f-conjugacy classes in the stable #-conjugacy class of ele-
ments for which 4’ is a norm. We can conclude by a counting argument that we have
a complete set of representatives. It comes from the parametrization of #-conjugacy
classes in G(R) in the stable f-conjugacy class of a f-regular element § € G(R) found
in [KS], p.54, or in [La], p. 54 in terms of

Ker[H' (T, G N T;) — HY(T, G)].

O

In the situation described above, we say that {n4, 4,),---,%MA,,4x)} i @ complete

system of (admissible) coverings, if for any G-regular v € Ay, we obtain a system

of representatives of f-conjugacy classes in G(R) in the stable #-conjugacy class of

elements for which 7 is a norm by taking for each 7 an element §; € A; in the fiber
above 7y of 74, 4,)-

5. MATCHING FUNCTIONS

5.1. Normalization of measures. In order to define the transfer of orbital integrals
we have to normalize invariant measures on the various groups in a consistent way.
We chose Duflo-Vergne’s normalization, defined as follows: let A be a reductive group
(complex or real), and pick an A-invariant symmetric, non-degenerate bilinear form &
on a. Then a will be endowed with the Lebesgue measure d.X such that the volume of
a parallelotope supported by a basis {X7,..., X,} of a is equal to |det(n(Xi,Xj))|%
and A will be endowed with the Haar measure tangent to dX. If M is a closed
subgroup of A, such that x is non-degenerate on m, we endow M with the Haar
measure determined by k as above. If M’ C M are two closed subgroups of A such
that x is non-degenerate on their respective Lie algebras, we endow M /M’ with the
M -invariant measure, which is the quotient of the Haar measures on M and M’ defined
as above. We will denote it by dm.

5.2. Twisted orbital integrals on G(R). Let f € C*(G(R)). Its #-twisted orbital
integral is the function defined on G(R)g_req by:

To(£)(e) = | detld ~(Adw 0 0) gl [ Flgntlg™) dg
G(R))/(G=0NT%)(R)
where a = g®? and dg is the invariant measure on G (R)/(G*’ NT})(R) normalized with
our conventions. Note that if z is strongly f-regular, then (G** N T,)(R) = G*(R).
These objects have been studied in [R]. We recall their properties. We need some
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notation. Recall that if z is a f-regular element of G, with a = g%’ and h =Cent(a, g),
then we have a decomposition:
g=be > ¢

BER(g,a)

where R(g,a) is a (non-reduced) root system and g” is the root space for the root 3.
The root system R(g,a) is the set of restrictions to a of the roots in R(g,h). Let A
be the Cartan subspace exp ag x. Let P be a system of positive imaginary roots in R.
We introduce the ‘Harish-Chandra’ normalizing factor bp on A,.,:

bp(a) = [Tcpdet(Id —(Ada o) 1)
P | [[,epdet(Id —(Ada o 0)!) g

Definition 5.2.1. Let A = exp agrz be a Cartan subspace of G(R). We will denote by
Ag_1—reg (T€Sp. Ag_In—reg) the set of a € A such that the root system of a in g% has
no imaginary (resp. non-compact imaginary) roots. This implies (in both cases) that
ag is a mazimally split Cartan subalgebra of g%¥.

With the above notation, we denote by S(a) the symmetric algebra of a, and we
identify it with the algebra of differential operators on A which are invariant under
left translations by elements of exp ag. We denote by 0(u) the differential operator
corresponding to u € S(a).

We say that x € G(R) is semi-#-regular when the derived algebra of g&’ is isomorphic
to s[(2, R) or su(2). Suppose it is s[(2, R). Let ag be a fundamental Cartan subalgebra
of g%, and £« the roots of a in g*: they are non-compact imaginary and satisfy:

det(Id —(Ad z 0 6) 1) ge = 0.

Pick a non-zero root vector X, in the root space corresponding to « and fixed by
Adz of. Then X_, := X, is a root vector for —a (the conjugation in g%/ is with
respect to its real form g%’). Let H, € a be the coroot of a. We may chose X, such
that (Xo, X_q, H,) is a sly-triple, so we do. Then a; g := Kera @ Ri(X, — X_,) is a
Cartan subalgebra of gi’. The adjoint automorphism c, given by exp(—iZ(Xo+X_s))
is such that c4(a) = a;. Furthermore A := expagz and A; := expa; g z are Cartan
subspaces of G(R). We refer to this notation by saying that (x, A, A, c,) is a jump
datum for G(R).

Let A be a Cartan subspace of G(R), y € A and ¢ a function on Ay_,,. Let 8 be
a imaginary root of a in g, and Hg € iag its coroot. Then, when the limits in the
following formula exist we set:

[#15 (y) = lim ¢((exptitlp) y) + lim ((exptiHp)y)-

Let Z%(G(R)) be the subspace of C*(Gy_,e,(R)) of functions ¢ which are constant
on the #-twisted conjugacy classes and have the following properties I?, I, IY, I9:

I?: if A = exp agz is a Cartan subspace of G(R), for all compact subset K of A and
for all uw € S(a) we have:

sup |0(u) - Ya(a)| < oco.
aeKG*Teg
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If: if A= expagrz is a Cartan subspace of G(R), for all system P of positive imag-
inary roots in R(a, g), bptyj4 has a smooth extension on Ag_r, rey. This is equivalent
to:

Ig': Y4 has a smooth extension on Ag_;_,ey, and for all semi-f-regular element
x € A such that the roots =« of a in g* are compact imaginary, for all u € S(a),

[0(u) - P1ala (z) =

IZ: for all jump data (z, A, A1, ¢,), and for all u € S(a) we have:
[0(u) - aly (z) = d(2)0(ca - u) - P1a, (2),

where d(z) is equal to 2 if the reflection s, € W(G, A) is realized in (G*?(R)) and 1
otherwise.

IY: if A = expagz is a Cartan subspace of G(R), Supp4(t4) is a compact subspace
of A.

The space Z(G(R)) is endowed with a topology of an inductive limit of Fréchet
spaces, and we denote by Z?(G(R))’ its dual. We have the following result:

Theorem 5.2.2. ([R], théoréme 9.4.) The map J%, is linear, continuous and surjec-
tive from C®(G(R)) onto I°(G(R)), and its transpose 'J% realizes a bijection from
T°(G(R))" onto the space of O-invariant distributions on G(R).

5.3. Stable orbital integrals on H;(R). Let C% (H1(R), Ag,) be the space of
smooth functions f#1 on H;(R) with compact support modulo Z; and such that:

F(zh) = Ay (2) 7 f (h) (b € Hi(R)reg, 2 € Z1(R))

The orbital integral of such a function is given by:

T (1)) = | det(1d = Ad 5 Vol [ plhh™) dg
H(R)/T(R)
where v, € H;(R) is regular, T is the projection on H of the Cartan subgroup T}
containing 7 and dh is the invariant measure on H(R)/T(R) normalized with our
conventions. Notice that H(R)/T(R) ~ H;(R)/T; (R), where T} is the inverse image
of T in H;. This is a well-defined converging integral since Supp f N O,, is compact.
The stable orbital integral of the function f"* € €35 (H1(R), Ag,) is defined by:

J;; 1 Hl Z JH 1 Hl ’YZ

where the sum is taken over a system of representatives of conjugacy class in H;(R)
in the stable conjugacy class of 7;.

In [B1], A. Bouaziz gave a characterization of stable orbital integrals of compactly
supported functions on a real algebraic reductive connected group. We rephrase his
results for functions in Cg%, (H:1(R), Am,), indicating briefly how the proof can be
adapted. The notation is consistent with the one used in the preceding paragraph
(take 6 trivial).
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The map v, — Jif (f7*)(1) is smooth on H;(R),,, stably invariant (i.e. constant
on stable conjugacy classes) and satisfies for all A € H;(R),¢y, 2 € Z1(R)

(5.1) i, (F) (zh) = Ay (2) T, (F7) ().

Let Z*'(H1(R), Ay, ) be the subspace of C*°(H;(R),e,) of functions ¢ which are
constant on the stable conjugacy classes and have the following properties: I3, I3t
I, I, I3

If': if A is a maximal torus of H; defined over R, for all compact subset of A(R)
and for all u € S(a) we have

sup |0(u) - a(a)| < oo.
a€Kreg

Ist: if A is a maximal torus of H; defined over R, for all system P of positive
imaginary roots in R(a, 1), bptfjs has a smooth extension on A(R)s—in—reg, Where
A(R)st—rn—reg is the set of a € A such that all elements in A stably conjugate to a
are in A(R)7,_reg. Note that this rather subtle definition is not really necessary here
since for Hy quasi-split, we have A(R)g_rn—reg = A(R)7—reg ([Sh1], prop. 4.11). So in
fact I5' reduces to:

I5¥: 94 has a smooth extension on A(R)7_.

It for all jump data (z, A, Ay, ¢,), and for all u € S(a) we have:

[0(u) - Yyala (z) = 20(ca - u) - Y14, (2)

Note that the right-hand side is well defined because x € A; ;_r¢g.

I if A is a maximal torus of H; defined over R, Supp,(¢|aw)) is a compact
subspace of A(R) modulo Z; (R).

It for all h € H(R), z € Z1(R):

(5.2) ¥(zh) = A, (2) "' (h)

The space I (H;(R), A\g,) is endowed with a topology of an inductive limit of
Fréchet spaces and we denote by Z°'(H,(R), Ag, )’ its dual. For all functions f#* €
Coy (Hi(R), A, ), Jif (f™) € T*(H1(R), Ay, ) (see [Sh4] and [B1] §6 for the case
H, = H, i.e. orbital integrals of smooth functions with compact support, and see
below for an argument of how this can be adapted to the general case). The last
property is a easy consequence of (5.1).

Theorem 5.3.1. (see [B1], théoréme 6.1) The map:
Tity; Cop (HL(R), Ay ) = T (HL (R), Ay )

is linear, continuous, surjective and its transpose t.J ;}1 realizes a isomorphism between
T*'(Hi(R), Ay, )" and the subspace of stable invariant ‘distributions’ C3, (Hy(R), A, )'.

Proof. . Suppose that the extension
(5.3) 1—-Z(R) - H(R) - HR) — 1
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is split, and let ¢ : H(R) — H;(R) be a section. This section provides an isomorphism:
Restr : C2%, (H1(R), Ay, ) — C2°(H(R))

by restricting a function to ¢(H (R)) ~ H(R).
Thus €%, (H1(R), As, )" ~ Distr(H (R)) and we have the following commuting dia-
gram:

C(C;,OZ1 (H1 (R)a )‘H1 ) ﬂ) COO(H(R))

Cc

&2 &
T (Hy(R), Ay) > I%(H(R)

When (5.3) is not split, we use the fact that H;(R) ~ Hj 4. (R) x Z(H;)(R)/F
where F' is a finite subgroup and Z(H;)(R) is the center of H;(R). The theorem is
established for functions in C2%, (H1ger(R) X Z(H1)(R), A, ). We deduce the statement
for Z°¢(H(R), A7, ) thanks to the following commutative diagram:

3%, (Hider(R) x Z(H))(R), Apry) —— C*(Hy(R), Asp,)

lJ;{tl,deer(Hl) l‘]}?}l
T (Hy ger(R) X Z(H1)(R), Arr,) —— T*/(Hy(R), Arr,)
where M(¢)(v) =3 ,cp #(72) for any function ¢ on Hy g (R) x Z(H:)(R). O

Let Tq, (R) be a Cartan subgroup of H;(R) with projection Tx(R) on H(R). We
have then a exact sequence:

(5.4) {0} = (31)r — (b1)r — br — {0}

of Lie algebras, with (31)g central in (h;)g. Since such a sequence always splits, we
may, by fixing a section of 5.4 identify hg with a subalgebra of (h;)g, and:

(5.5) (b1)r = (31)r @ br

This decomposition (5.5) induces:
(tu )r = (31)r @ (tu)r
Furthermore, the decompositions:

bl = tHl N2 Z b(lx

a€R(TH, ,H1)
b=tz® Y b°
a€R(Ty,H)
provide identification between R(Ty,, Hi) ~ R(Ty, H) and h$ ~ h*.
Let 71 € Ty, (R) and 7 its projection on Ty (R). Let o € R(Tw,, H1) ~ R(Ty, H);

then we have a(vy;) = a(y). Thus, if P is a system of positive imaginary roots in
R(Tw,, H1) = R(Ty, H), then bp(71) = bp(7).
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We end this section by the following remark concerning differential operators from
S(Ty,). Tt is clear that for all smooth function ¢ on H;(R),¢, satisfying (5.2) and for
all u, € S(31) we have:

O(u) -9 = dAg, (u)v

i.e. 9 is a eigenfunction for all u € S(3;). Thus, to check properties I3, IS I3
we have only to consider differential operators coming from S(tg) (since S(Thw,) =

S(te) © S(31))-

5.4. Transfer of orbital integrals. Let (H,H,s,&) be an endoscopic datum for
(G,0), and (H1,&n,) be a z-pair for H. We say that v, € Hq(R) is G-regular (resp.
strongly G-regular) if its projection v on Hy is G-regular (resp. strongly G-regular).
In this situation we say that -, is a norm for 6 € G(R) if y is a norm for 4.

Kottwitz and Shelstad have defined absolute transfer factors A(vy,d) where v, €
H,(R) is G-regular and is a norm of § € G(R). This transfer factor is a product
of three terms Ay, Ay and Arp; (we omit their fourth term Ajy since it is already
included in our definition of orbital integrals). We will recall the properties of these
transfer factors when we will need it.

We say that the function f € C°(G(R)) and the function f** € C2% (H1(R), Ag,)
have matching orbital integrals if

(5.6) Ji, (F7) () Z A(y1,8) TG (f)(6)

0E%y,

for every G-regular v; € H;(R). The sum (which might be empty, in which case the
right-hand side is 0) is taken over a set of representative of #-conjugacy classes under
G(R) of elements § € G(R) for which v, is a norm.

Our principal result is that for every function f € C2°(G(R)), there is a function
fH e €%, (Hi(R), Ay, ) having matching orbital integrals with f. Using the termi-
nology of the previous paragraphs, we can rephrase it in the following form:

Theorem 5.4.1. There is a transfer map:
Trans : T°(G(R)) — Z°(H,(R), Ay, )
W — Trans(1)

linear and continuous, such that

(5.7) Trans(v)(11) = Y A(m,8)(6)

€S,

when v, is a G-reqular element of Hy(R). Furthermore, Trans() is defined on regular,
non-G-regular elements of Hi(R) by smooth extension.

The next section will be devoted to the proof of theorem 5.4.1.
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6. REDUCTION OF THE PROOF OF THEOREM 5.4.1

6.1. We sketch briefly the proof of the theorem before going into details. Let us first
remark that the right-hand side of 5.7 is well defined, i.e. does not depend on the
choices of representatives in ¥,. This is a consequence of the following lemma:

Lemma 6.1.1. ([KS], thm 5.1.D)

A(ryla 5) = A(’Yla (5,)
when 6 and &' are 6-conjugate in G(R).

Then, we will show how Trans(¢) is defined on regular element of H;(R) (but not
G-regular) by a smooth extension of 5.7. This is a generalization in our present context
of lemma 4.3 of [Sh2].

The fact that Trans(¢) is constant on stable conjugacy classes comes from the
following lemma of [KS]:

Lemma 6.1.2. ([KS], lemma 5.1.B)
A(y,0) is unchanged when vy, is replaced with a stably conjugate element in H;(R).

To complete the theorem, we have to establish that properties I3 ..., I* hold for
Trans(¢)). As notation suggests, properties I, ..., I for Trans(¢)) are consequences
of properties I?,..., I¢ for 1. Some are immediate I3%, I3, I3, the other one I3 re-
quiring extra work. The last property I, is established by the following lemma:

Lemma 6.1.3. ([KS], lemma 5.1.C)
A(z71,0) = A, (2) TA(y1, 6) where v, € Hi(R) is a reqular element and z € Z,(R).

6.2. More about geometric correspondences. Fix a function ¢ € Z?(G(R)) and
define ¢ = Trans(¢)) by 5.7 on G-regular elements of H{(R). Let Ay be the Cartan
subspace in H (R) (i.e. a connected component of a Cartan subgroup Ty (R) in H(R)),
and let Ay, be its inverse image in H;(R) (so that Ay, is a Cartan subspace in H;(R)).

If Ay does not originate in G(R), then by definition the sum in the right-hand side
of 5.7 is empty, so ¢4, = 0.

If Ay originates in G(R), then there exist a Cartan subspace A in G(R), and a
covering map:

Na,Ag) - A — Ay

such that 74,4,)(9) is a norm of § for all f-regular 6 € A. Recall that this map

depends on the choices of a admissible embedding Ty - Ty and an element z € G*,.
For any regular element § € A, we have a = g° and A = (exp ag)d. There is a chain
of R-isomorphisms:

(6.1) o Adegv o Mol
Let us denote by 74,4, again the isomorphism between the extreme terms of (6.1)
and also for the induced isomorphism between S(a) and S(tz). This will enable us to
transfer differential operators.

Let 77 be an element in Ag,, We need to study ¢ a, in a neighborhood of 47 in
Ap,. Let o be the projection of 4? on Ay, and &y € A be in the fiber above 7 of the
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covering map 7)4,4,). Then, there is a neighborhood U of §° in A such that 7 4,
realizes a isomorphism between U/ and its image V in Ag.

In fact, thanks to the property I£* of ¢, it will be sufficient to study its restriction
in a neighborhood of 7 in

exp(ty)ry) C Ag,.
Let Vi be the inverse image of V in exp(tg)r7?. This yields an isomorphism:

Nuyy) - U =V

Let ¢ be a smooth function on V; and let ¢ be its pull-back on U by Nw,v,)- Take
u € S(ty) and v’ = 77(7,41,,4,,)(“) € S(a). It is clear that we have for all § € U:

(6.2) O(u') - $(8) = 0(u) - $(mwiy)(9))-

Now, suppose that 6° € U is #-semi-regular, such that the roots £« of a in 9509 are
imaginary. Let H, € iag be the coroot of a, and 6" = exp(ivH,)é° € A. Then for v
sufficiently small and non-zero, §” is a f-regular element in I. Let w, € (G%?), be an
element realizing the Weyl reflection s, with respect to a. We have then :

we exp(ivHy)8%0(we) ™! = exp(—ivH,)8°.

Hence, 6 and 67" are stably #-conjugate, and there are two possibilities: either
they are in the same f#-conjugacy class in G(R), or they are not. Let us consider the
second case.

Our isomorphism 7g,,),) has been constructed from an admissible covering 74, 4,)-

This admissible covering is itself obtained from an admissible embedding Ty — Tp-
and an element x € G?%, having some properties (see Section 4.3 above). Let v be
small enough and non-zero, so that §” € U is regular. Let v/ = 1g1,)(6"), and X,» be
a set of representatives of #-conjugacy classes under G(R) in the stable f-conjugacy

class of elements for which ¥” is a norm. Then we may assume that ¢ and 6 are in

S

We can construct another admissible covering:
ﬁ(A,AH) s A — AH
07" =

using the same admissible embedding Ty — Ty« and the element z(w, '), and from
this, another isomorphism

Then there is a complete system of coverings of Ay containing 7(a,4,) and 74 4,,)-

Let u € S(ty). The following lemma will be useful in the next section.
Lemma 6.2.1. Let u' = n(_/ll,AH)(u) and @' = ﬁ(_Al,AH)(u). Then @' = (u')®

Proof. The proof is straightforward and left to the reader. O
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6.3. More about transfer factors. Suppose that we are in the situation as above,
in particular we have an isomorphism 7, y,). Then, for any f-regular element § € U,
Nw,vy)(0) is a norm of 6, so we have a well-defined map :

&u U —-C
o= A (77(1/1,1)1)(5)7 6)
Note that this map depends on 7g,y,), although this is not apparent in the notation.
This is of some importance, for example in the situation considered at the end of the
preceding paragraph, where the construction obtained from 7, y,) and T, vy) are nor

the same and will have to be distinguished. We will need the following properties of
this function:

Proposition 6.3.1. In the setting above:

(i) Ay is smooth on Up_req. Let § € Ag_req. Then there exists A € a* and c € C
such that

Ay((exp X) 8) = ce*®)
for all X € ag such that (exp X)0 € Up_req. Furthermore, ﬁu has a smooth con-
tinuation on Up_r—_req- Let Tx be the algebra automorphism of S(a) mapping X € a

on X + AN(X). We have the following identity of differential operators on U: for all
u € S(a)
0(u) o Ku = ﬁu 0 d(1A(u)).
Let 8° € U be a O-semi-reqular element, such that the roots +a of a in 950‘9 are
imaginary. Let H, € iag be the coroot of a, and 6" = exp(ivH,)8° € A. For v small

enough and non-zero, 6* € Up_r¢q, we have:
() if  is compact and 7° = N,y (6°) € (Vi)req, then

lim A(v,6%) = — lim A(vy,46"),
v—0t v—0~
(it) if a is compact and v° = ngy,)(8°) is semi-regular, then
lim A(7,8") = lim A(ny,0"),
v—0+ v—0-
(w) if o is non-compact and v° = 1g,)(6°) € (V1)reg, then the reflection s, with

respect to the root o is not realized in G‘SOH(R), i.e. 6V and 67 are not 0-conjugate in
G(R), and

lim A(vy,0”) = — lim A(yY,6"),

v—0t+ v—0~
A(,Ylya 5U) = _A(Vlua 5_U)7
(v) if o is non-compact and v° = Ny, (6°) is semi-regular, then

lim A(v7,6”) = lim A(~vy, 0"
uir(r)l"‘ (71 ’ ) VLI(I)I— (71 ’ )’

AV, 67) = A(YT,67").
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The proof of this proposition, which uses the fine properties of transfer factors, will
be given in the next sections.

Fix a function ¢ € Z%(G(R)) and define ¢ = Trans(z) by 5.7 on G-regular elements
of Hl (R)

Let 7) € H;(R) be semi-simple, belonging to some Cartan subspace Ag,, and let
7? its projection on H(R). Let Ay be the projection of Ay, on H(R). Recall that
in the non-twisted case, Cartan subspaces are just connected components of Cartan
subgroups. We would like an expression of ¢ around ~?.

Suppose that Ay originates in G(R). This means that there exist v € Ay G-regular,
and a stable f-conjugacy class of regular elements in G(R) whose norm is 7. Fix a
system X, of representatives of #-conjugacy classes under G(R) of elements in this
stable #-conjugacy class. For each ; € ¥, let A; be the Cartan subspace of G(R) to
which d; belongs. Recall the covering maps:

M an) © Ai = exp(g’); — Ap.

They form a complete system of admissible coverings of Ag. Set §) = 77(_Ali’ AH)(%).

Let the 71y, ),)’s be isomorphisms as constructed before from neighborhoods U; of )
onto a neighborhood V; of 7. We can rewrite 5.7 as:

(63) (P|V1(’Yl): Z Auz¢|uz(6l)

nw;,v1)

6.4. Smooth extension to H;(R),,. Let 7Y € H;(R) be regular but not G-regular,
and let 7° its projection to H(R). Let Ay (resp. Ap,) be the Cartan subspace of
H(R) (resp. Hi(R)) to which «° (resp. 7?) belongs. If Ay does not originate in G(R)
(see 4.3.2) then by definition, the restriction of ¢ to Ay, is zero, and there is certainly
a smooth extension of ¢ around 7). Suppose that A originates in G(R). We are in
the situation considered at the end of the previous paragraph.

Suppose that one of the 6 isin A; g 1 ,¢,- Then it will be the case for all of them.
To see this, take two of them, say ¢ and (5;-). Then, they are f-conjugate by an element
g € G, such that Int g sends G%? isomorphically onto G%° and g isomorphically onto
a;, this latter being defined over R. It follows that Int g sends the roots of a; in
g% bijectively onto the roots of a; in g‘s;) % respecting their types (real, complex or
imaginary).

It follows from proposition 6.3.1 (i) and property I¢ of ¢ that there is a smooth
extension of 94, around 7.

Now suppose that 6) ¢ A;p 1 ey (if one is like that, all of them are). We want to
study the behavior of §; — Auﬂﬁ\ 4, around 6?. We drop the indices ‘i’ since we are
working with only one of them. Assume that §° is f-semi-regular. Then the roots +«
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of a in 9‘500 are imaginary. Suppose they are of compact type. Then for all u € S(a):
[B(u) - (Aua)], (6°)
= lim 9(u) - Au#%OGV)—-hnla() (Ay 1h14)(67)

v—0t

(
= hm Ay (6Y)0(1a(w)) “a(6”) — Ulg(l)l_ Ay (6")0 (7 (w)) *1a(6”)
= lim Ay(6*)[0(m(u)) - ¢yald =0

v—0t

We have used proposition 6.3.1, (i), (ii) and property Ig' of . Thus, the contribution
of 7w,y to the right-hand side of (5.7) is smooth around ¢°.

Let us see what happens in the other case, i.e. when the roots +« are non-compact.
Lemma 6.3.1 (iv) asserts that in that case 6” and ¥ are not #-conjugate in G(R),
i.e. the reflection s, with respect to the root « is not realized in G*?(R).

Then, we are in the situation considered at the end of paragraph 6.2. To check
that ¢ has a smooth extension around 7Y, we have to look at the contributions the
right-hand side of (5.7) of 7g,,) and 7, y,). We denote by Ay the function obtained
from 7,y (see 6.3). Let u € S(ty) and v’ = 77(_ul,v1)(u) and @' = ﬁ(_ul,vl)(“)- Recall
that 0(u') = 0(u')*> (lemma 6.2.1). This contribution is:

lim A(u') - (A1 4)(8") — Tim (u') - (Ay1hja)(8")

+ Tim 9() - (Bea)(0*) — lim O() - (Bustha)(6 )
,,ll,%l+ Ay (6”) O(ma(u')) “P1a(6”) — yl_i}(l)l_ Ay(8%) (ma(u')) - V4(8")
+ Tim (B)(8*)0(rs (@) - ¥14(0") = Tim (Bu)(6)0(ra (@) - $.4(5"),

We have lim,_o+ Ay(6”) = lim,_o+(Ay)(6”) (proposition 6.3.1. (iv)). Hence, if
A(ma(u")) = d(ma(@)) = d(ma(u'))**, the whole expression cancels. To complete the
proof, it remains to check what happens when 0(7)(u')) = —0(7y (@) = —0(mA (v))*,
the general case being deduced by linearity. Under this latter assumption we have
using 6.3.1.(iv):

00") - Bu )l (6°) = (lim Bu(3) [0 (w)) - 0)]5 (5

and a well-know principle of Harish-Chandra ([HC1]), valid also for the twisted case
asserts that this is zero. Symmetrically,

0@ - Buia)lz (6°) = 0.
To conclude, we have proved that if ) ¢ A; g_r_,e, and is f-semi-regular, then the

same is true for all the (5?’s, and that the various contributions to the right-hand side
of 5.7, when suitably grouped, extends to smooth functions around the (5;-)’5. Another
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principle of Harish-Chandra ([HC2]) asserts that these results still hold if the 69’s are
not semi-regular. Thus, ¢ = Trans(¢) has a smooth extension to H;(R),,-

6.5. Properties I, I5', I, In this paragraph, we show that ¢ = Trans(v)) satisfies
the properties just listed.

Let Ay, be a Cartan subspace of H;(R) and Ay its projection on H(R). If Ay does
not originate in G(R), then the support of @4, is empty. If Ay originates in G(R),
we choose a complete system of coverings of Ay. For each Cartan subspace A in G(R)
in this complete system, the restriction of 1) to A has compact support (I9). It follows
easily from the definitions that the support of ¢, Ay, Is compact modulo Z;(R).

The two other properties are local, so it is sufficient to check them in the setting of
6.3. Then, they are immediate consequences of I?, I§ for 1/ and 6.3.1 (i).

6.6. Jumps relations. In this section, we will prove the jump relations for ¢ =
Trans(¢)). We postpone the proofs of the various lemmas until the next section. Let
(Y, Try, Ty, Cayy) be a jump datum on Hy(R), and ~°, Ty, Ty the corresponding
projections on H(R).
Lemma 6.6.1. (see [Shl], §2) If Ay = 7" exp(ty)r does not originate in G(R), nor
does A’y = 40 exp(¥y)r-

In that case, ¢4, =0 and ¢4 =0, and I3" is satisfied at 7.

We suppose now that Ay = 7% exp(ty)r does originate in G(R). We fix a complete
system of coverings {7(4;,4,)} as before, and a set of isomorphisms {7 ,)}, where V;
is a connected neighborhood of 7). We suppose first that 6 = n@lhvl)(fy?) is f-semi-

regular (recall that if one is, all of them are) and we denote by +q; the roots of az-gd? 3
It means that ag and a; have corresponding coroots (up to a change of signs for +«;)
through the isomorphisms Ty« ~ Ty and A4; ~ (T )o. Recall that 6 = (expivH,,) 67.
For v small enough, 67 € U;, and let 77, = e,y (7). In fact, as the following lemma
shows, this element does not depend on 3.

Lemma 6.6.2. 7y, = exp(ivmgoHy, )Y where my, is the dimension of the root space
g¢ or twice this dimension. This integer does not depend on i, thus nor does Y, and
we simply denote it by Y.

Notice that the notation is a little bit misleading but the lack of coherence due to
the factor m,, is not really important since we eventually only consider limits when v
tends to 0.

Lemma 6.6.3. (see [Sh2|, prop. 9.3) If for all i, 6) € A;p—rn—reg, then T (R) does
not originate in G(R).

It is then easily check that the two side of the jump relation are 0, and so that I3’
is satisfied.

We are now dealing with the case where both Ay and A’ originate in G(R). Let
u € S(ty) and v; = 77(_/111-,,4,,)(“)- We have then:

[0(w) - panJa, (M) = Z[a(vi) - (Auspian))e, (67)
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As in the previous paragraph, thanks to 6.3.1 (ii), if ) € A; rn—rey the contribution
of this term to the right-hand side is 0, so we are left only with the ones such that
the root «; is imaginary and non-compact in A(a;, 9‘5? 9). As we have already noticed,
there are two exclusive possibilities:

- The reflection s,, is realized in G%°(R). Then d(69) = 2 and 67, 6, are in the
same f-conjugacy class in G(R). Let I; be the set of indices such this holds.

~The reflection s,, is not realized in G%?(R). Then d(¢6?) = 1 and 67, &, are not 6-
conjugate in G(R). Let I, be the subset of indices ¢ such this holds. Notice that we are
then in the situation considered at the end of paragraph 6.2. We may suppose that our
complete system of coverings is such that if i € I, corresponds to a covering 74, a,),
then the covering 74, 4,,) constructed above is also in the system of coverings. Thus
there is a set of indices I such that {na; a,) }tier, = {Na;,45): (4,4, tier,- Let v; =
n(’Ali’ Ay (@) A general principle of Harish-Chandra asserts that if O(u)*#s = —0(u),
then the jump relations are satisfied, the jump being 0. In the following computations
we assume that O(u)®**» = O(u), the general case being deduced by linearity. In
particular, if 7 € I}, we have v; = ;. We compute:

(6.4) [0(u) - @1, 14, (OF) Z[a vi) - (Bt a))]E, (07)
(6.5) —XIJ[G vi) - (Bugyan)i (67) +; vi) - (Butia)]a, (67)
(6.6) = %2(;5% A (8Y)) D(ca; - n(v:-);- Y (8)
+ Z(lgl A4t (7)) O(ca; - Ta(v3) - .4,(87)
o+ (1im D (87)) (e, - 7a(T) - Y14, (07)
(6.7) - E% 2(1im Ay (87)) O(ca; - a(v3)) - Yy (67)
(6.8) = > 20(ca; - v) - By (OD)
(6.9) - 28( ) - plag, (1)

Let us make some comments on these computations. The first line 6.4 is obtained
by using the local expression of ¢ around 7). The contribution of the indices i € I,
not in I; U I, being 0, we have 6.5. In 6.6, we use 6.3.1 (i) and (v) and the jump
relations for v, where c,, is the standard Cayley transform defined in section 5.2. For
the last steps, we need one more lemma.

Lemma 6.6.4. (See [Sh1], Proposition 4.6 and [Shb], Theorem 6.1.1). Suppose that
we are in the situation of Section 6.6. Then for each i € I; U Iy, one can construct by
Cayley transform an admissible covering na; a1 of A%y. Furthermore {ny ALAY )}Ze_[luIz
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is a complete set of admissible coverings of A’y and this induces a set of isomorphisms
{nwr vy Yienur, where V| is a neighborood of ) in exp(tm)r Y and Uj is a neighborood
of 62 in Al having the following properties :

2. Fizi € UL, and let X € af (resp. X\ € (a})*) be the linear functional appearing in
the statement of Proposition 6.3.1(i) with respect to U; (resp. U}). Fiz also u € S(ty)
and v; = n(_jélli’AH)(u), vl = n@’A,H)(caH -u). Then

Ca; - TA(V3) = v (V7).

The left-hand side in 1. is well defined because of property (v) in Proposition 6.3.1.
So far, we have supposed the §?’s #-semi-regular. A well-known result of Harish-
Chandra enable us to relax this assumption. Thus the ¢ satisfies the jump relations,
and complete the proof of theorem 5.4.1.

The next sections are devoted to the proofs of the various lemma stated above.

7. RooTs, cOROOTS, CAYLEY TRANSFORMS...

7.1. Cayley transforms. We need to be more precise about the standard Cayley
transforms we use. Let gr be a real reductive Lie algebra and g its complexification.
We denote by o the conjugation of g with respect to gg. let bg C gr be a Cartan
subalgebra. Let a € R(g, b) be an imaginary root, choose a root vector X, for a and
fix a root vector X, of —« such that [X,, X ,] = H,. Then C-X,+C-X ,+C-H,
is a simple complex Lie algebra invariant under conjugation, o(H,) = —H, = H_,
and 0(X,) = cX_, for some ¢ € C. Either there is a X, for which o(X,) = —X_,
or there is one for which o(X,) = X_,. In the former case, « is compact, and non-
compact in the latter. In section 5, we defined the standard Cayley transform ¢, with
respect to a non-compact imaginary root « to be the element exp(—im/4(Xo + X _4))
of the adjoint group of 9‘500 for some ¢° in G(R) @-semi-regular. We will say that c, is
a standard Cayley transform with respect to o and 6°. We have:

b=Kera®C- H,
br = Ker ajp, ® iR - H,,.
Let a:=c,-b=Kera® C- (X, — X_,). This is a Cartan subalgebra defined over R
and
ar = Kerajp, @ 1R - (X0 — X_0).
The root 3 := ¢, -« of R(g,a) is real and ¢, - Hy, = Hpg = i(X, — X_,). Furthermore:

0(ca) = exp(im/4(Xo + X _4)) = 051-

A standard Cayley transform is a particular case of a generalized Cayley transform
defined by Shelstad (see [Sh1], §2), thus o(c,) 'ca = ¢2 realizes the Weyl reflection
So With respect to the root a.

It will be useful to reverse the process, and define Cayley transform with respect
to real root. If a is a Cartan subalgebra of g defined over R, and 3 a real root,
we take root vectors Xg and X_g in gr such that [ Xz, X_s] = Hp and define ¢z :=
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exp(im/4(Xp + X_p)). The root cz - 5 of b := ¢4 - a is imaginary non-compact and we

can make the choices such that cg = c;l.

7.2. Proof of lemma 6.6.2. We need to introduce more material from [KS]. Suppose
that 6* preserves the pair (B,T) of G*, with T defined over R. Let us denote by
R(G*,T) the system of roots of T in G*, and by R,.s(G*,T), the set of restricted
roots, i.e. the set:
{ares = Oé|(T0*)0, o€ R(G*,T)}

There is a partition of R,.es(G*,T) in three types of restricted roots, denoted Ry,
R, and Rj3 (see [KS], §1.3). Notice that unlike [KS], we do not suppose G* to be
simply connected, in particular 7% doesn’t have to be connected. Notice also that
if 6§ € T(R) is regular, then A := expt} § is a Cartan subspace of G* and that
R,.s(G*,T) is nothing but the root system of A in G*.

Let o € R(G*,T) C X*(T) and let & € R (G*,T) C X,.(T) be its coroot. Recall
that we have constructed the L-group “G using a splitting spls = (B, T,{X}) of G.
This give an identification T = T. Thus we can consider the restriction of

o€ R(G*,T) = R(G,T) Cc X*(T)
to (’Té)o. Denoting also by 6 the transpose automorphism of X *(T), we have :

(0 )res € X*((T)Q)O)-

An explicit expression for X*((7%)o) is X*((T%)o) = X*(T)/L where L is the sub-
lattice of all 7 € X*(7) with the property that there exists a non-zero integer n such

that nT € (1 — 0)X*(T) (see [ABV], lemma 9.5). Let us set also

A

X*(T)y:=X"(T)/(1=0)X*(T).
We can also take the coroot of o.:
Qres € Rpes(G*,T) C X*((T?)0), (es) € Xo((T)o) = X,(T)Y".

At this point it must be clear to the reader that (oyes)” # (@)res- We have the
following relations between their coroots (see [KS], §1.3 for notation and proofs of the
various statements):

(71) ((ares)v)v: Qe

Na if a5 of type Ry or Rs,
2Na  if ayes Of type R.

(72) ((av)res)vz {

Suppose that we are in the situation of Section 4, i.e. we have a maximal torus Ty
of H defined over R, and an admissible embedding :

n: Ty — Ty
We say that a € R,.(G*,T) originates in H when it exists a root ay € R(H,Ty)
such that ag = (@) pes-
Notice that oy € R(H, Ty) C X, (Tu) ~ X*(Te) = X*((T?)o).
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Let v € Ty(R) be G*-regular, and § € G* such that n(y) = Ny-(5). Notice that
we changed our notation, because in what follows only G* plays a role, and not G
itself. Of course, all previous results apply to the case G = G* and this is what we
use implicitely in this paragraph.

We have then:

Na(o if o, Of type R; or R,
(73) Q’H(’Y) _{ ( ) Yp 1 3

| (Na(6))?  if ayes of type Ry

Let ma,a,) @ A = exp tggé — Ay = exp(tg)r?y be an admissible covering. Let
dop € A be a 0*-semi-regular element with respect to the roots *a,.; € R(G*, A) =

R,.s(G*,T) (i.e. det (Id— (Addg o 9*)_1)|gia = 0 and =+q,., are the only restricted
C

roots with this property), and furthermore, suppose that «,.s originates in H ( i.e.
(Qres)” = ap for some ay € R(H,Ty)). Let vo = 1(a,4,)(6°) and suppose we are in
the situation of lemma 6.6.2, i.e. 7, is semi-regular with respect to the roots +ag. The
considerations of [KS], §1.3 (and 7.3 above) show that we are in one of the following
two cases:

= Cres is of type Rl; aH(’YO) = Na(é()) = 1a

- Qs 1s of type Ry, ay(y) =1 and Na(d) = 1.

The restriction of Ny to (T%"), defines a transpose map:

N*: X(Typ) = X((T?)o.
For all t € (T?),, for all T € X (Ty-),
N*(7)(t) = 7(No-(2))-
In particular, for all ¢ € (T%),,
N¥(((@)res) ) (2) = ((@)res) (No- (1))

Na(t if ., Of type Ry,
| (Na(t)?  if apes of type Ry.

Since t € (T%), Na(t) = a(t), where I, is the multiplicity of the root . The
map Ny« defines also a map:

N, : X.((T?)o) — X.(Ty-)
which is the transpose of N*, and we have:

lo(@)res  if Qs Of type Ry,

N*((ares)v) = {

200 (a)res i Qs of type Ry.

Lemma 6.6.2 is a straightforward consequence of these computations, with m, = [, if
Qres Of type Ry and mgy = 21, if a5 of type Rs.
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7.3. Proof of lemma 6.6.1. Suppose we are in the setting of lemma 6.6.1 and that
A" does originates in G(R). We want to prove that Ay also originates in G(R).

Our hypothesis is that there exist a §*-stable maximal torus 7" of G* defined over
R, with an admissible embedding ' : T} — Tp., elements v € Ty, 6* € T', 6 € G(R),
and z € G*_ such that § is = f-regular, /() = Np-(6*), 6* = zm(6)0*(z)~" and

Intzoq: TP — (1)
is defined over R (see section 4). From these data, we obtained an admissible covering:
Near,any + Al i= exp a5 — Al

Let us denote by Sy the real root of R(H, T};) obtained by taking the Cayley transform
Cay - O, and by B, the restricted root of R,.;(G*,T') such that (B),.s = (Bu)"
Since 7' is defined over R, B, takes real values on (7")§ (R).

Let dy € A such that 7, ar(0) = 7o and let o5 = zm(d)0*(z)". We have then:

Bur(yo) = 1 = NB(65)  if Byes of type Ry
H0) = 2= NB(65)? if Byes of type Ry

Thus, if B,.s of type Ry, NB(d;) = 1 and J; is singular with respect to B,.s (case 1).
If B, of type Ro, NB(d5) = £1. If NB(55) = 1, then & is singular with respect to
Bes (case 2). If NB(6F) = —1, let Cre5 = 2B € Ryes(G*,T). This is a restricted
root of type R3 and NB = NC (see [KS], §1.3). Then 4§ is singular with respect to
Cres (case 3). If B,..5 of type R, let Cpes = 1/2Bes € Ryes(G*,T). This is a restricted
root of type Ry, and NB = N€. We have then N&(§5) = NB(5;) = 1 and § is
singular with respect to &€,.s (case 4).

In cases 1 and 2, we set B,.s = €..s. Let us denote by 5 the transport of €,.s to
R(G, A") by Int x o 4. This is a real root of R(G, A’). We take the standard Cayley
transform cg with respect to 8 and 6° and define ac = ¢5 - ai, a = ac N gr.

We need also to use the standard Cayley transform c¢,, with respect to the root
€,s of the Cartan subalgebra ()% C g%’ . Let u := cc,,, - (t)?. This is a abelian
subalgebra of g, composed of semi-simple elements, and containing regular ones. Let
t := Centr(g, u). This is a §*-stable Cartan subalgebra. We denote by 7 its centralizer.

Notice that Int z o 1|4, is not necessary defined over R, but reduction to the SL(2)
case shows that there exists t € (T% ), such that

Inttz o : ac — 7
is defined over R and the following diagram commute:

Cléc Ad oYy (t,)e*

lcﬂ JVCQ’I'ES

M t9*

Since ce,,, € G%?" | we have 0*(ce,,,) = (63) ‘ce,..0, and for all t € T":

0% (ce,. tee. ) = (03) " e 0t (55) e 0g = Ceuntie.
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Thus Adcg,,, maps (1 — 6*)T" onto (1 — 6*)T and induces a map Ce,,, : Ty — Tp~.
We define n by the following commutative diagram:

Ty —o Tj < (1)

J{cﬂ J(E@res JVCETSS

Ty —1 Tp 2 (T%),
It remains now only to check that 7 is defined over R to complete the proof of lemma
6.6.1. For all v € Ty we have:
o+ (n(7)) = o+ (It Te,,, o' o Int ez (7))
= Int(06- (Ce,..)) (06~ (' (Int .., (7))
=Int T, (1 (on(Int g, (7))
= Int Egrles on olIntcg, (ou(y))
= Int ., © Se,.. (1 (3p, (Int c5, (011 (7))))
=Intce,,, on' olntcg, (ou(7))
=n(ou(v))

Thus we have constructed an admissible embedding n : Ty — Ty and this finishes
the proof of lemma 6.6.1

7.4. Proof of lemma 6.6.3. Suppose that T}, (R) does originates in G(R). Then it
is clear from the constructions of section 7.3 that there exists an admissible covering:

Nearay A= expag 6° — Ay = exp i 7°

with 74 a11(6°) = 7 and we can make the choices such that ¢° is one of the 67. Since

(6257, 6% %] ~ sl(2,R), 6° is not in Ag_;n_re, Which is what we wish to show.

8. PROOF OF PROPOSITION 6.3.1 AND LEMMA 6.6.4

8.1. Letusfix 6 € Ag reg, 71 = Nw,»1)(8) and X € ag as in the proposition. We have

Ay((exp X) 8) = A(n,,)((exp X) 8), (exp X) 6)
= A(nw,v) ((exp X) 6), (exp X) 6371, ) A(71, 6)
= A((n@,vy)(exp X)) 71, (exp X) 6571, 6) A1, )
where A(,,.;.,.) is the canonically defined relative transfer factor of [KS]. It is this

relative transfer factor we will examine, and since 9, ; are fixed, as well as 7g,,y,) and
Ty« ~ Ty we will denote simply by:

A(X) = A((n@,y) (exp X)) 1, (exp X) 0571, ).
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8.2. The first assertion in (i) of 6.3.1 is obvious and the second is established in [Sh6],
with an explicit determination of the A appearing in 6.3.1 (i). Let us now prove the
rest of (i) in 6.3.1. From the definition of transfer factors, we see that the obstruction

to extend Ay to a smooth function on 4 comes from the Ay term. More precisely,
there might be an obstruction at the point (exp X)J if

- Na((exp X*)8*) = 1 with « orbit of the first kind.

- Na((exp X*)6*) = £1 with « orbit of the second kind.

- Na((exp X*)6*) = —1 with « orbit of the third kind.

So A extends to a smooth function on Up_j_re,.

8.3. Let us recall some notation from proposition 6.3.1. Let §° € U be a 0-semi-
regular element such that the roots +a of a in g*"? are imaginary. If 79 = 7gy,)(6°)
is semi-regular, that means that the transport of a to " by Int z o ¢ is not of one of
the type above, so &u has a smooth continuation at 6°. This can be rewritten

l' A v 14 — 1' A v v
lim A(y/,6%) = lim A(ry,0")

proving the corresponding assertions in (i77) and (v). If 7? is regular, we are in the
opposite situation, and the transport of o to t" by Int z o ¢ (denoted by SBye,) is of
one of the type above. Suppose that it is of the first kind, i.e. Na(6%*) = 1 with «

orbit of type R; not from H. The obstruction to the smoothness of ﬁu at 0y comes
from the factor

X (NB(677) — 1)
and it is easy to see that

lim xg,,,(NG(6"" = 1) = = lim xg, ,(NS(6"" = 1).
v—0t+ v—0~
We can make similar computation in the two remaining case and conclude that

lim A(vy,0") = — lim A(v7,6"),
v—0—

v—0+
proving the assertions in (i¢) and (iv).
8.4. For the remaining assertions of Proposition 6.3.1, we need to compare
A(y2,6") and A(y,57).
By [KS], Theorem 5.1.D, the quotient of these two terms is given by the quantity
(inv(8”,07Y), Ksv ).
Let w, be an element in Ggﬂf’ realizing the Weyl group reflection s,. We have
we0"O(wy) ™t =67V,
Thus the hypercocycle

sc (1-0%"

inv(6”,67") € H\(, T "7 1)
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is given by the pair (og(wq)w,*,1). We transport this by Intz o % to an element of
-0
(Yo, 1) of HY(T, T*¢ 1= V) (recall that Intz o ¢ transports Ty to T over R and
transports 0° to 6*).
Let us recall some properties of the pairing in hypercohomology. From [KS], end of
Section A.1, we extract two relevant portions of exact sequences :

(1

co = HY(D, Ker(1 — 6%) & 54O, 7 "5 vy 2 HO(T, coker(1 — 67)) — . ..

= H (W, Ker(1 = 0)) & H' (W, V 228 794y 2y 5O(Wi, coker(1 — 6)) — ...

Now Ker(1—6%) = (T%%)?", coker(1—6)) = (T4)? and the transport y, of o (wa)w;*
by Intz o ¢ defines a cocycle in H'(T', (T%¢)?"). Furthermore #'(y,) = (35, 1), and by
the compatibility of the pairing with the above exact sequences (see [KS], A.3.13), we
get :

(inv(6Y,07), k5v) = (Yo, J' (b, 5)) = (Yors 5),
where the pairing on the right hand side is the Tate-Nakayama pairing between
HY(T, (T°¢)%") and H°(Wg, (T%)%). Notice that since we take invariants in G*¢, (T*¢)%"

is connected. The properties of this pairing are well known (see [Sh3] for instance),
and (y,,s) = 1if 1° is singular in Hg, and (y,, s) = —1 if 7° is regular in Hz. Q.E.D.

8.5. About Lemma 6.6.4. Suppose that we are in the situation of the lemma. Recall
the complete set of admissible coverings {n(AiyAH)}ig. Let i € I; U I,. Then & is
semi-regular with respect to a non compact imaginary root «; of a; in g. This root
originates from a root ay of ty in h. Consider the Cayley transforms c,, : a; — a
and ¢,y @ tyg — t. From the constructions of Section 7.3, it is clear that we have an
admissible covering

Mara,) - Aj = expajp 6] — Ay = expty 7’

If i € I let 7y 4 ) be the admissible covering covering obtained as above from
T(4;,Ay) Istead of 74, a,). It is easy to check that 7 ALY and 74, a1y are equivalent,
i.e. they are f-conjugate by an element of Gr (the computations essentially take place,
modulo center, in a copy of SLy). It is also straitforward to check that if i, j € I; UL,
then 74 4 ) is equivalent to 75 AL AL if and only if 7 = j.

Now suppose that 7 ;) : exp ap 0° — A, = expty ° is an admissible covering
of A’;, where 7° is semi-regular with respect to a real root ay. Then the construc-

tions can be inverted, using inverse Cayley transforms. Thus we obtain an admissible
covering

n(A’A’H) A= exp CLR50 — AH = exptH,Rvo

which has to be equivalent to one of the 14, 4,). Then n 4, AL is equivalent to 7 ALLAL)-
This proves the first assertion of the lemma.
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8.6. The second assertion of the lemma will be a consequence of the results in [Sh6].
Let us write A and A’ for Ay, and Ay, with A = A;AyAz and A" = AJAA;.
Adapting the proof of Theorem 6.1.1 in [Sh5] to the twisted case, we obtain that

As(67) = Ag(87),

and thus
lin}) A9 A3(07) = iA;Ag((S?).
v—

The factor A; is taylored exactly to get the sign right. To show this we need to
extend the results about descent for transfer factors of [LS2] to the present setting of
twisted endoscopy.

8.7. For the last assertion of the lemma, we start by noticing that it is enough to
prove that

Ca,; (Vi) = }.
This is because A € a* and X' € (a')* correspond to elements p* € tf;, and (u')* €
H

(t};)* which are both the restriction of the same element in h*. What remains is
straitforward.

8.8. For the convenience of the reader and for references, we recall once more what
is left to get a complete proof of the transfer :

- From Proposition 6.3.1 (see notation there) : Let 6 € Ag_,ey. Then there exists
A € a* and ¢ € C such that

Ay((exp X) 8) = ce*®)

for all X € ag such that (exp X)d € Up_req.
we need also an explicit determination of this A in terms of endoscopic data ...
- From Lemma 6.6.4 : lim, 0 Ay, (67) = Dy (67).
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