Combinatorics, Probability and Computing (19XX) 00, 000-000. Printed in the United Kingdom
© 19XX Cambridge University Press

Path method for the logarithmic Sobolev
constant

Cyril ROBERTO

roberto@cict.fr
Université Paul Sabatier,
L.S.P. and C.N.R.S
118 route de Narbonnes
31062 Toulouse, France.

7 March 2001.
abstract:

This paper is concerned with path techniques for quantitative analysis of the logarithmic
SOBOLEV constant on a countable set. We present new upper bounds of the logarithmic
SOBOLEV constant that generalize those given by SINCLAIR in [18] in the case of the
spectral gap constant involving path combinatorics. Some examples of applications are
given. We compare our bounds to the HARDY constant in the particular case of birth
and death processes.

1. Introduction

Let X be a countable set and K(z,y) a transition matrix for an irreducible chain. This
means that for all z,y € X x X', K(z,y) > 0 and for « # y, there exists a sequence
zg, ..., such that K(x;,2i41) > 0, =0,...,k—1, 2g = « and 25 = y. We assume
throughout that K is reversible with respect to the probability measure p, that is, for
all z,y € X x X, it satisfies the detailed balance condition

p(x) K (z,y) = p(y) K (y, ©) -

Define the matrix L as L(z,y) = K(z,y) if ¢ # y and L(z,2) = _ZyEX K(z,y).
Then, L is the generator of a process (in continuous time) that acts in particular on the
functions f null excepted on a finite numbers of points in A" as

L(f) (@) = Y K(z,y)(f(y) — f(z)), forall x€.

By irreductibility, the law of the position of the process converges to the equilibrium
state p as t goes to infinity.
By irredutibility, 1+ charges all the points, i.e. for all # € X', p(x) > 0.
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Now, for any function f € L2(yu), we define the DIRICHLET form of f associated to K
and p by

(Sl =g Y H@EE ) - [

T YEAX XX

We also define the variance of f,

Var, (f) = p((f — n()?) ,
and the entropy of f?,

2y . 2\ In (=)
Entu (1) '_;E;(f 1 >eex P@)p(@)”

In order to study the behavior of the process, functional inequalities play a crucial role.
We have in particular in mind the POINCARE and the logarithmic SOBOLEV inequalities:
we say that p satisfies a POINCARE inequality (or spectral gap inequality) if there exists
a constant A > 0 such that for all f € L2(u),

Var,(f) < A& (f.f) - (1)

We say that p satisfies a logarithmic SOBOLEV inequality if there exists a constant a > 0
such that for all f € L?(p),

()

Ent, (fz) <a&ui(f.f) - (2)

The best ergodic constants A=! and « such that (1) and (2) hold are called respectively
the spectral gap and the logarithmic SOBOLEV constant of p. Both are of interest. They
give in particular the speed of convergence of the chain to equilibrium and thus answer the
question: starting from an arbitrary distribution, how many time must we wait to be near
the equilibrium? We refer the reader principally to [5], [4], [17] and the references therein
for details on this convergence. There are also applications to theorical computation
science, see for instance [19] or [18].

In our context, we mention that it is not interesting to consider a MARKOV kernel,
i.e. satisfying for all x € X, ZyEX K(z,y) = 1. First because the logarithmic SOBOLEV
inequality and the POINCARE inequality considered above correspond to continuous time
and not to discrete time (for discrete time, we would have considered the multiplicative
symmetrized kernel K K* instead of K). The second reason is that a bounded kernel is
often (and always on an infinite set as we will see after) an obstacle to the existence of
the logarithmic SOBOLEV constant.

The spectral gap and the logarithmic SOBOLEV constants give different bounds on the
speed of convergence and it is often convenient to control both of them. To study the
spectral gap, a lot of techniques can be used, from analytic tools to geometric tools like
the CHEEGER inequality (see [3] and [9]), or also paths combinatorics. Those one have
been introduced by JERRUM and SINCLAIR [7] in theorical computation science in their
study of a stochastic algorithm that counts perfect matchings in a graph. One of the
initial idea was to control the CHEEGER constant. The method was further developed
by Draconis and STRoock [5], FILL [6] and SINCLAIR [18] on finite sets. ROSENTHAL
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generalized them to countable sets (and even continuous sets) in [16]. In [11] the authors
adapt the paths techniques on the inequalities of MATHIEU (see [10]).

This present paper develops the same kind of paths combinatorics to bound the loga-
rithmic SOBOLEV constant. To that aim, we make use of an interesting idea of BoBKov
and GOTZE [2] to reduce the study of the logarithmic SOBOLEV inequality (2) to an
inequality of type POINCARE that allows us to generalize SINCLAIR’s bounds.

We now present one of our results to illustrate our purpose. Look at A as a graph
whose vertices are the points of X' and edges are all couples e = (z,y) € X' x X such that
Qe) = p(x)K(z,y) > 0. Set E for the set of all edges. Then, by irreductibility, we can
construct a path 75, from any z to any y, that is, a sequence of vertices v = (xq, ..., i)
such that (#;, #;41) is anedge, i =1...k — 1, 2o = # and x5 = y. The length of such a
path v is |v| = k. Then, we have the following result.

Theorem. Let K be an irreductible chain with reversible probability measure p on a
countable set X. For all (z,y) € X x X, # # y, choose one path vy, without repeated
edges (i.e. for all i # j, e; # e;). Assume that for all x € X, p(x) < 1/2. Then, the
logarithmic SOBOLEV constant o defined in (2) satisfies o < 20A, where

1 1
A= sup 0] > |’ny|ﬂ(l‘)ﬂ(y)lﬂw

c€E T,y Yoy de

In the sequel, we will often write sup,cg even when |E| < co. The latter theorem corre-
sponds to Theorem 5 of [18].

Next we extend the constant A through family of weight functions. A weight function
is simply a positive function on the set of edges, w : E — (0, 00). The bound of Theorem
1 may then be improved (see Theorem 3.2 below) replacing A by

v Ju s
AT =S 0 ()

where |yoylw = 3 e, 1/w(e). Note that if w =1 then A" = A. One of the advantages
of A and A" 1s that they are easily computable. Several examples will be discussed.

> eylen(@)p(y) In

Yeyde

The last generalization uses the notion of flow introduced by SINCLAIR in [18], see
Theorem 3.3 at the end of section 3.

We finish our discussion by some comparison result between path techniques and
HARDY’s inequalities in the particular case of a birth and death process on N. We
exhibit a special weight function such that the SINCLAIR constant

A g = sup gg Z; Yooy b () 1 ()

corresponding to A" introduced above is optimal with respect to the spectral gap. More
precisely, we prove that for this special weight function w,

Ag—GSASA%’.G.
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The same weight function gives also a result on the logarithmic SOBOLEV constant, but
(unfortunately) not so sharp.

We must notice that on an infinite set X', if the chain is given by a bounded transition
matrix K, i.e. if there exists a constant, say 1, such that for all z € X, ZyEX K(z,y) <1,
then, the logarithmic SOBOLEV constant a is certainly infinite (see [12]). To see that
claim, it is enough to consider a sequence of test functions T, in the logarithmic
SOBOLEV inequality (2) with u(A,) — 0 as n goes to infinity. This remark shows that
to study the logarithmic SOBOLEV constant on an infinite set, we must consider an un-
bounded transition matrix. All our examples on infinite sets are built at the light of this
remark.

At last, we mention that the results of this work hold true with a transition matrix for
an irreductible chain with invariant (not necessarily reversible) measure p. In that case,
it is enough to consider %(/,L(l‘)[((l‘, y) + u(y) K (y, x)) instead of p(x) K (x,y) in all what
follow.

2. Logarithmic Sobolev inequality as Poincaré type inequality

This section reduces the study of the logarithmic SOBOLEV inequality to the study of
an inequality of POINCARE type. This reduction is the starting point of our geometric
approach of the logarithmic SOBOLEV constant in term of path combinatorics. The main
idea comes from [2].

Let K be an irreductible chain with reversible probability measure p on a countable set
X.In [2], the authors introduce the quantity £(f) := sup,cg Ent,(f+t)? for all functions
f € L2(p). Then, by translation invariance of the DIRICHLET form, it is equivalent to
consider, for all f € L?(p), the logarithmic SOBOLEV inequality (2)

Entu <f2> S Ofgu,K(fa f)
or the inequality

L(f) < a&ux(f,]) .

One of the features of the previous elementary remark is that for all functions f € L?(p),
the quantity £(f) is linked to an ORLICZ norm of f. Let us present this link after some
notations and useful facts on ORLICZ norms.

Let (22, p) be a probability space and © : R — [0, 00) a Young function, that is an even
convex function with ©(z) > 0 for all > 0 and ©(0) = 0. Note that O~ : [0, 00) —
[0, 00) exists. The ORLICZ space associated to © is

Lo (Q,p) = {f : 2 — R measurable : Jo # 0,/ O(af)du < oo} .
Q

On Le(2, ) we can define two equivalent norms defining a BANACH space structure,

1flle :=mf{A>o:/ﬂe(§)dus1}

namely:
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Ne(f) := sup {/ Iflgdu} :
g€Ge

Here, Go is a suitable family of non negative measurable functions g on  (see [15] or

and

[1, chapter 6] for more details on this family). In particular, in [15] we learn that for all

f€Le( ), No(f) <llflle < 2Ne (/).
Define now ®(x) = |z|In(1 + |z|). Clearly ® is a YouNG function. Micro in [14,
proposition 11] gives the following result: for all functions f? € L (X, pt),

5
‘Qélﬁ [ =07y < £0) < 5 jnf |17 =07, -

Hence, for all # € X', we have

L(f) < ||(f F(@)] -

Now observe that for all functions h such that h? € Lg (X, 1), ||h2
by definition of the norm Ng,

|4 < 2Ng(h?). Thus,

L) < 5 sup D 1w *u(v)a(y)
< 55 1) - F@)I (gs;gp ()
< 53 1) — F@)*Na(ly)

for a suitable family Gg of non negative measurable functions ¢ on A'. Then, an integration
over all x € A’ gives

=Y L) <5 D 1) = F@)Pu(@)Ne(Tyyy) -

zeX z,YyeEX XX

The latter inequality will be the starting point of our study that we summarize in the
next statement.

Lemma 2.1. Let 3 be the best constant such that for all f € L?(p) on X

ST W) = F@)Pp(e) Ne(Lyy) < Bk (T, .

T YEAX XX

Then, if B is finite, the logarithmic SOBOLEV constant « defined in (2) satisfies

a<bhg.

Remark. The inequality in the lemma above is of POINCARE type. Indeed, the usual
POINCARE inequality states that for all functions f € L%(p),

Varu(f) S Agu,K (fa f)
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for some constant A > 0. As it is classical, we can write

Var (=3 3 1)~ S un).

T YEAX XX

Remark. Tt is well known (see [1, chapter 1] for instance) that the entropy has the
following variational caracterization: for all f € L2(u),
Ent,(f*) = sup pu(f?9) .
gu(ed)<1

Here, the supremum is taken over a set of functions g possibly negative. On the con-
trary, in BoBKov and GOTZE approach L(f) is linked, up to universal constants, to
SUPyeg, p(f%g) where g is non negative. The main feature of the non negativity of g is
that it keeps the order of the inequalities.

3. Geometric bounds on the logarithmic Sobolev constant

From Lemma 2.1, we will be able to adapt the proof of SINCLAIR [18] (see also [17]) on
geometric bounds for the spectral gap to the logarithmic SOBOLEV constant. To that aim
we introduce some notations.

Our setting is that one defined in introduction: the state space X" is viewed as a graph
with vertices the points of X' and with edges all couples e = (#,y), * # y, such that
p(z)K(z,y) > 0. We write E for the set of all edges. Then, a path from z to y is a
sequence of vertices v = (wg,...,#x) such that (#;,2;41) is an edge, i = 1...k — 1,
zo = ¢ and 2 = y, and |y| = k is the length of the path. Let T be the set of all paths
v which have no repeated edges (i.e. for all i # j, e; # ¢;) and for all (z,y) € X' x X,
let I'yy be the set of all paths v,, € I' starting at z and ending at y. By irreductibility
of K, for all (z,y) € X x X, T'py # 0.

It is also convenient to introduce for any edge e = (#,y) € E and any function f on

X, df(e) = f(y) — f(x). Define now Q(e) = p(x)K (x,y) and observe that
1
Eurc(fi 1) =5 3l (e)*Q(e) -
ceR

We start with the simplest result on path combinatorics.

Theorem 3.1. Let K be an irreductible chain with reversible probability measure p on
a countable set X. For all (z,y) € X x X, & # y, choose one path vy in Tyy. Then, the
logarithmic SOBOLEV constant o defined in (2) satisfies o < 10Ag, where

1
Ag :=sup{ —— Yoy |p(2) N (T

Proof. We will make use of Lemma 2.1. For all z,y € X x X', write

Fy) = fe) =Y df(e) .

€€EVry
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By the CAUCHY-SCHWARZ inequality,

1F(y) = F@)° < eyl D ldf(e)]

€€EYzy
Thus,
Y. 1) = f@)P (@) Na(Tpy)
r,ye XXX
< Yl Do (@) u(e) Na(Tyyy)
T YEAX XX eEVzy
1
<y e Y beylu(@)Na(Lyy) ¢ ldf(e)*Q(e)
ceR T,y Yeyde
S 2A‘I> gu,K(faf) .
Applying Lemma 2.1 achieves the proof. ]

The constant Ag of Theorem 3.1 must be compared to the one given by SINCLAIR in
[18] in the case of the POINCARE inequality:

As.g. :=sup

sup ﬁ > heylu(@)py)

T,Y Yoy D€

In our case, one can ask how to compute the spurious term Ng (1y,;) (instead of u(y))?
Indeed, we have the following result:

Corollary 3.1. Let K be an irreductible chain with reversible probability measure p on
a countable set X. For all (z,y) € X x X, z # y, choose one path vy in T'yy. Assume
that for all x € X, p(x) < 1/2. Then, the logarithmic SOBOLEV constant « defined in
(2) satisfies o < 20A, where

> Peylp(@)p(y) In L

1
A = sup W
T,Y Yoy e sy

ecE (6)

Proof. One of the BoBKov and GOTZE results [2, Lemma 5.4] states that for all t > 2,

1t t
I <o)< 2— .
(1) <2 (3)

2Int —

(where we recall that ®(t) = [¢|In(1 + [¢])). Thus, by definition of ||-||5, it is easy to check
that for all y € A,
No(1gyy) < [Ty ]| = < 2u(y)In : (4)
+ (i)

Applying Theorem 3.1 concludes the proof. ]
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The constant A of corollary 3.1 can now be compared to Ag . introduced above.

Obviously Ag.¢. < A/In2.

Remark. In practice, the hypothesis u(z) < 1/2 is often true and thus, Corollary
3.1 can be applied in many cases. However, we can be more precise. Indeed, Define
p* = sup,ecy (). It is not difficult to check that we can find a function ¥ such that
for all y € X,

1 1
e U ply) I
q)_l(u(Y)) #y)

Going back the proof of Corollary 3.1 yields o < 10¥(p*)A. Note that W(t) goes to
infinity as ¢ goes to 1.

N‘@(][{y}) <

There is an other way to compute Ng(lsy}). Indeed, there exists a universal constant
¢ such that for any 0 < p(y) < 1,

1 1
No(Tyy)) € ——— < cply) In {2V ——) .
{v} <I>—1( ) ( )

1 1
Then, define A := sup{ —— [Yay | pt(2) p(y) In (2\/ —) . Going back the
cek | Q(e) x,y%;yae vln()nty) ()

proof of Corollary 3.1 yields o < bcA.

Example 1 (the simple random walk). We start with a simple example : let X' =
{=N,..,0,.. N} K(x+1,2) = K(zg,z+ 1) =1/2for all =N <2z < N, K(z,y) =0
if |¢ —y| # 1. K is reversible with respect to the uniform measure 4 = 1/(2N +1) on X.
The choice of a path v, from any x to any y is imposed by the model. Let ¢ € E be an
edge. Clearly, e = (n,n + 1) for some n € X (or (n+1,n)), and Q(e) = 1/2(2N + 1). As
[Yoy| < 2N + 1, we certainly have

22N + 1)
A ——— In(2N + 1) max 1
= (2N + 1)2 ( ) e . y;ae
<
< 2In(2N +1) _max Z 1
- r<n<y
< 2In(2N+4+1) max (n+ N+ 1)(N —n)
—N<n<N
< 2N(N4+1)In(2N +1).

By Corollary 3.1 we can conclude that the logarithmic SOBOLEV constant satisfies o <
A0N(N + 1) In(2N + 1). Tt is well known that the logarithmic SOBOLEV constant « is
actually of order O(N?) (to see that claim, we can use HARDY’s inequalities, see Section

1).

Example 2 (the hypercube Z%). We follow [17]. Let X = {0,1}", p = 1/2" and
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K(z,y) = 0 unless |# — y| = 1 in which case K(x,y) = 1/N. Define a path from = to
y changing the coordinates of z to that one of y from the left to the right. Here, for all
edges e € E, Q(e) = 1/(N2") and any path is at most of length N. Hence

A

IN

1
3
N 2—N1n21g1€z¥:x E 1
T,Y Yoy e

N3In2
< SR max# (.)€

Let e = (u, v) be an edge of E. By definition of the paths, there exists ¢ such that u; # v;.
Then we have

= (@1, %1, U, Uig1, . -, UN)
y = (v1,. ., Uic1, 0, Yit1, .-, YN) -

It follows that ¢ — 1 coordinates of # and N — ¢ coordinates of y are free, this yields that

mas# {(r,9) ey 3 €} = 2V

Therefore

A< lnTQN?’.

Corollary 3.1 allows us to conclude that the logarithmic SOBOLEV constant a is bounded
from above by 101n2N3. It is known that the right order of the logarithmic SOBOLEV
constant a is O(N ). However, note the non trivial cancellation of the exponential.

Example 3 (a graph). It is interesting to study the order of magnitude of A on a
graph. Let X = GG be a graph and consider the random walk on this graph. We assume
that G is connected and simple, that is, G has no loops or multiple edges. The random
walk starts at one point and choose a neighbor vertex with uniform probability. Thus, if
d(z) is the degree of  (i.e. the number of neighbors), we have

K(x,y):{ 1/d(z) ifz~y

0 otherwise .

Here, z ~ y means that  and y are neighbors in G. The chain is reversible with respect to
the measure p(x) = d(x)/(2|E|). Assume that for all z € G, p(x) < 1/2. Since the graph
is connected, the chain is irreductible. For any e € E, Q(e) = 1/(2|E|). Then, consider
any choice of geodesic path from any x to any y and define d* := sup d(x), d. := inf d(z),
v* as the maximum number of edges in any path and b := sup, #{v : e € v}. Corollary
3.1 gives
()77, 2B

|E| d.
Note that b can be interpreted as a measure of bottlenecks and 4* as an upper bound of
the diameter of G

As an application, consider the full binary tree of depth N (see [5, example 2.3]).
Diaconis and STROOCK compute that d* = 3, dy = 2, v* = 2N, |[E| = 2¥*! — 2 and

a <10
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b= (2Y —1)2V. Thus, o < 90N22V . In [5], we learn that the spectral gap (and so the
logarithmic SOBOLEV constant) of the tree is of order greater that O(2"V). Hence, the
bound is reasonable thanks to the exponential term.

Example 4 (a birth and death process on N). Let X' = N, the measure u such that
p(n) = Z=texp(—n(n + 1)/2) with the normalization constant Z = > wen €XP(—n(n +
1)/2) (note that Z <e), K(n,n+ 1) = 1for alln € N, K(n,n— 1) =" for all n € N*
and K (z,y) = 0if | —y| # 1. The choice of a path from any « to any y is forced by the
model.

Fix n € N and consider e = (n,n+ 1) and ¢/ = (n + 1, n). Clearly

1 1

S helu@p@In—2> > |y lp(@)p(y)In— .
T,y Yeyde ﬂ(y) Y Yoy de’ ﬂ(y)
Thus, it is enough to study for each n € N

1

7 Ieyle(@)p(y) In —
S 1(y)
y(y+1 1
< Sute) ¥zt (U )
r<n y>n+l

< 3 Ply+nzte
yzntl

Here, we simply used that szn plz)y<landInZ <1< ﬂyzil Now it is not difficult
to check that
{y2+1} S 9

> vtz

yzntl

As Q((n,n + 1)) = u(n), it follows that

(n+1)%(n + 2) 7~ Lo W=

A < sup2(n+1)%(n+ 2)6—%((n+1)(n+2)—n(n+1))
neN
< sup2(n+ D*n42)e " < 0.
neN

In the case of an infinite set, one of the important point is already to know if whether
or not « is finite. Here, Corollary 3.1 yields @ < oo. Note that a direct application of
HARDY’s inequality (see section 4) also gives this result.

Example 5 (an infinite star). Let X' = N and choose a sequence of non negative
numbers (w;)ien such that Y ;0 w; = 1/2 and S := (1/2) + > oy wiln(1/w;) < oo.
Then, define the chain on X" by its transition matrix K by K(¢,0) = 1/(2w;), K(0,i) =1
for all ¢ > 1 and K(é,j) = 0 otherwise. This chain is reversible with respect to the
probability measure p(0) = 1/2 and p(i) = w; for all i > 1.

This example is presented in [16] in the case of a MARKOV chain with K (0,4) = w;, in
such a way that K is a transition probability. But, as mentioned in the introduction, for
a MARKOV chain on a infinite set, the logarithmic SOBOLEV constant is certainly infinite.
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Note that a finite version of “the star” is discussed in [5, Remark 2.5] with equal
weights.

The graph of X can be drawned as a “star” with 0 at the center and with all positive
integers around, connected to 0.

The choice of path from i to j, i # j, i,j > 1 is forced: v;; = ((¢,0), (0, j)), while
Yoi = (0,4) and v;o = (¢,0). We certainly have |yyy| < 2 for all z,y € X' x X. Now, let
e = (¢,0) for some i > 1, as Q(e) = 1/2, it follows that

1 1
—— > wle@)p(y)In— < 4u(i) Y pl))
Qo) , 57 s 1) = (J
= Adw; (S —w; 1 i)
w
< 25.
On the other hand, if e = (0,¢) for ¢ > 1, Q(e) = 1/2 and
1 1 1
—_— v )p(y)Iln — < 4p(i)In —— j
Q(@) xyy%:yae |Py y|ﬁ‘( )/’L( ) /i(y) /’L( ) /,L(Z) = ( )

1
< Adwiln—(1 — w;)
< 2.

Hence, Corollary 3.1 yields that the logarithmic SOBOLEV constant « defined in (2)
satisfies o < 40(S Vv 1).

Now, we turn to more sophisticated geometric bounds. We introduce the notion of
weight function, that is a positive function on the set of edges, w : E — (0,00) and we

define its associated w-length of a path vy € I' by [y|w :=3 ¢, w(le).

Theorem 3.2 (weight function). Let K be an irreductible chain with reversible prob-
ability measure p on a countable set X. For all (z,y) € X x X, z # y, choose one path Ye,
in I'zy. Then, for any weight function w, the logarithmic SOBOLEV constant o defined
in (2) satisfies o« < 10AY, where

o e
Ao =101 00

> Heylws(x)Na(Tpy)

T,y Yeyde

Proof. Fix a weight function w. The proof starts as in the proof of Theorem 3.1 but
introduce the weight function w in the CAUCHY-SCHWARZ inequality to get

2

) = F@)P = S 1] < Zﬁ S l4r(e)Pule)

€€EVry €€EVry €€EVry

Then, follow step by step the proof of Theorem 3.1 to conclude. ]
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Taking back the proof of Corollary 3.1 gives the following result:

Corollary 3.2 (weight function). Let K be an irreductible chain with reversible
probability measure p1 on a countable set X. For all (z,y) € X x X, ¥ # y, choose one
path ey in Tyy. Assume that for all © € X, p(x) < 1/2. Then, for any weight function
w, the logarithmic Sobolev constant o defined in (2) satisfies o < 20AY, where

w w(e)
AY i=su
eeg Q(e)

L
1(y)

> Peylop(@)u(y) In

T,Y Yoy D€

Theorem 3.2 (resp. Corollary 3.2) is clearly a refinement of Theorem 3.1 (resp. Corol-
lary 3.1). Indeed, it is enough to consider the trivial weight function w = 1.

In [5], the authors study the spectral gap by means of the equivalent constant of A%
with the particular choice of weight function w : e — Q(e).

We now apply Corollary 3.2 to an example where a nice choice of weight function
improves considerably the bound A of Corollary 3.1.

Example 6 (birth and death process on {0,...,N}). On X ={0,..., N}, define
p(n) = Z7te™™ with 7 = ZnN:O e Knyn+1)=1and K(n+ 1,n)=ceforall0 < n
and K(z,y) = 0if |# — y| # 1. The choice of a path from any # to any y in A’ is forced
by the model.

Consider the following weight function w : e = (n,n+1) — /p(n) and e = (n+1,n) —

Vi(n). Clearly,

v w((n,n+1)) ot L
AT OSSBEN Q((n,n+ 1)) x§<y|%y|wﬂ( Ju(y)l (9 v

w(n+1,n) ot L

S A Bty 2 Devher@n)n

y<n<e

Fix 0 < n,z <nand y > n+ 1. For notational convenience, k£ denotes below a numerical
constant possibly changing from line to line. First, remark that

Yy Yy
1 . 1
= [ i/2 /2 _
oy lw = E - = N E e < kN ZeV? =k ok

Then, an easy computation gives

1 1
> I%ylwu(l‘)u(y)lnﬂ < kDY \/u(y)lnﬂ
r<n<y Yy y>n+1 Yy

1
< k—= Z yeY/?
\/ZyZnH
< k’L(n + 1)6_(”"'1)/2

VZ
= k(n+Dv/pn+1).
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As Q((n,n+ 1)) = pu(n) and w((n,n + 1)) = \/p(n), it follows that

Lt In—— b+ 1), [+ D
Q((n,n+1)) xgzn:q/ [Yoylwp(z)p(y) In ) < k(n+1) o
< k(n+1).
On the other hand, the same kind of calculus gives
w((n+1,n) L
Q(n+1.m) y; ewlon(e)u(y) n (y)

Z\/—u

y<n<x (y)

n—l—l

<k(n+1)

T

<k(n+1).

Here, we used |yzylw < k/\/pt(z) for all 2 > y and the trivial bound p(y)In - Ty S 1.

We can now conclude that A¥ < kN and thus by Corollary 3.2 that o < £N. It 1s
known that the logarithmic SOBOLEV constant « is of order O(N) (as we can see using
HARDY’s inequalities, see section 4). Note that the same kind of calculus as previously
would have given A < kN? (where A is defined in Corollary 3.1). This example shows
the effectiveness of the weight functions.

Our next step in complexifying geometric bounds is the notion of flow. In previous
theorems, we used exactly one path from any z to any y in X'. We now consider more
than one path. Introduce a flow ¥ on the set of paths I', that 1s, a non negative function
¥ : T — [0,00) satisfying for all x,y € X x X, z # y,

D ¥(y) = p(@)u(y)In — .

YE 2y

A flow can be viewed as a probability measure on the set of paths I'y, starting at = and
ending at y, simply because ZWEFW U(y)/p(x)p(y) In ﬁ =1.

Theorem 3.3 (flow function). Let K be an irreductible chain with reversible prob-
ability measure 1 on a countable set X. Assume that for all x € X, p(x) < 1/2. Then,
for any flow function U, the logarithmic SOBOLEV constant « defined in (2) satisfies
a < 20AY, where

A@::sup{ S () }

ek vvae
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Proof. Fix aflow ¥. For any z,y € X x X and any v € 'y, we have

1F(y) = F@)P < 19D Ldf(e)]?

eey
Thus, by definition of the flow,

) — F) P ule) () (i< DN CIRL

Then, as in the proof of Theorem 3.1, we get

> FW) — Fla) Pae)u(y) In — Z{ > ey }|df<e>|2Q<e>

z,YyeEX XX ﬂ(y) ee€y vvae

QA\IISN,K(fa f) .

IN

IN

Now, thanks to inequality (4),

Y W) - f@)Pu@)Ne(Iyy) <4 ) If(y)—f(X)lzu(X)u(y)th—

r,ye XXX X, yEAX XX y)

Applying Lemma 2.1 achieves the proof. ]

Remark. If we define a flow as a function satisfying for 2,y € A’ x X,

> W(y) = plx) Ne(ly)

YE 2y

the proof above gives a < 10AY.

Remark 1. If we choose one path v, for all (z,y) € ¥ x X, z # y and let ¥(~,y) =
p(e)p(y) In =4 2y and U(y) = 0forally € Tyy\{~ay}, then ¥ is a trivial flow and Theorem
3.3 1s Corollary 3.1. This is for example the case on a graph where the choice of any path
is forced. In that case, the notion of flow does not play any role.

Example 7 (on groups). To illustrate the notion of flow, we give a result relative to
the action of a group on a finite set A’. This i1s a direct adaptation of SALOFF-COSTE
result [17, corollary 3.6].

Let G be a group that acts on a finite set X" such that for all g € G, all z € X,

plgr) = p(z), Qgz,9y) = Q(z,y) .

Hence, if e = (u,v) € E, then ge = (gu,gv) € E. Let E = Ulf E; be the partition of E
into transitive classes for the action of (¢ (this means that for all (e;,ef) € E; x E;, there
exists g € G such that ge; = e and for all (¢;,¢;) € E; X E;, i # j, we cannot find g € G
such that e; = ge;). Denote Q(i) = Q(e;) for e; € E; and d(z,y) the graph distance
between = and y. Consider the set G, of all geodesic paths from z to y and define the
flow ¥ by

0 otherwise .

¥(y) :{ (u(x)u(y) In ﬁ)/#gw if ¥ € Gy
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Then, a direct adaptation of the proof of Corollary 3.6 of [17] (we omit the proof) yields
that o < 20A, where

1 2 L
A= 121%)%{ EJQ(0) xZ;d(x, y) p(@)p(y) In 1(y) } :

If we look at the hypercube (see Example 2), ZY acts on itself transitively, there are
N2V oriented edges and k = 1. Hence an easy calculus shows that o < 20In2N3. Note
that we loose a factor 2 with respect to Example 2 using Corollary 3.1.

We finish this section with a refinement on geometric bounds that have been suggested
to us by Laurent MicLo. The bound mix the notions of flow and of weight functions and
the weight functions depend not only of the edges but also of the paths. This bound is
certainly interesting in order to study the optimality of paths method.

We give the result without any proof because it a direct easy adaptation of the proofs
of Theorems 3.2 and 3.3.

We introduce the notion of path-weighted function, that is a set of positive functions
on the set of edges, indexed by the family of paths ', w, : E — (0, >). Also, we define

1

its associated wy-length of the path v by |v|w, =3 ¢, O
Y

Then, we have the following result.

Theorem 3.4 (path-weighted and flow functions). Let K be an irreductible chain
with reversible probability measure p on a countable set X'. Assume that for all x € X,
wu(x) < 1/2. Then, for any flow function ¥ and any path-weighted function (w~)~, the
logarithmic SOBOLEV constant o defined in (2) satisfies a < 20AY:(Wy)y | where

U, (wy)y .— su L w~ (e .
A = p{Q(e) Z ||y w~ )\IJ(V)}

¢€E Yyde

Remark. If we consider the trivial flow function introduced in Remark 1, then we have
o < 20A7) where

A(wv)v ‘= sup

WD iy On Peuluns, (@) n o

e ()

4. Comparison results

In this section, we compare different bounds on spectral gap and logarithmic SOBOLEV
constant. We start by the comparison of the SINCLAIR path bound to the HARDY con-
stant. Then, we turn to the same kind of comparison with A¥. In both cases, we restrict
our study to the birth and death chains. At last, we compare our bound to a result of
Diaconis and SALOFF-COSTE result [4].

We mention that this section arised from various interesting discussions with Laurent
MicrLo that we warmly acknowledge for his hints.
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4.1. On Poincaré inequality
Our setting is the following: let & = N and K be a birth and death chain on X, that
is, K (#,y) = 0 unless |z — y| = 1. We assume that K is reversible with respect to some
probability measure p. For technical reasons, we make the assumption that p(0) = 1/2
in such a way that 0 is a median of u. Note that there is only one way to construct a
path from any x to any y in X'.

From [13], if

B =
sa. = sup ; T Zﬂ
we know that the spectral gap A=! defined in (1) satisfies

1
§BS.G. <A<4Bsa. - (5)

On the other hand, SINCLAIR’s result (see [18]) states that for any weight function w
(see section 3 for notations),

A<t msup d DS @) | (6
cem | @), 505
As the previous inequality holds for any weight function, one can ask for the optimality
of such a bound, z.e. can we find w such that A = A¥ - 7 Or at least, can we find w such
that for some universal constant k, A > kAY . ? KAHALE [8] answers such a question
in various cases. Let us present an easy result on that topic by means of the constant of
HARDY Bg g defined above.
Define the weight function w : e = (n,n+1) — (3., 1/Q(z))1/2Q(n) with Q(¢)
w(i)K(i,i + 1), i € N. Now, note that by concavity, for any a,b € Ry, b'/? — ¢!/?
b —a), thus, if x <y,

VAT

73

«
|
—

1 1
/)" eV

(
(yz_f 1/62('))1/2 - (Zx: 1/Q(i)) "

|7xy|w
xr

.
I

. 2[
< 2(21/62 )
< 2/Bsaq.

z;’:y n(j)

The last inequality comes from the definition of Bs ¢ . Then, for the edge e = (n,n+1) €
E, we have

gg xy;a Yooy o 11 () ()
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. 1/2
<2y Bsa. (Z 1/@(1)) Z M

i=0 r<n<y Z]:y /’L(-])

n 1/2 o0
<2 BS.G.(Zl/Qu)) o 7)

= y=n+1 4/ 2 j=y 1)

. 1/ . 1/2
<2VBsa. (Z 1/@(1)) 2 Z ()

=0 j=n+1
<4Bsg. .

Here we used the trivial bound Zx<n (x) < 1, the concave inequality b'/? — a'/? >

261/2 (b — a) and the definition of Bs.c;.. The latter inequality holds for any edge ¢ € 15
Hence, AY . < 4Bg. .. From (5) and (6) we thus deduce the following caracterization:

Proposition 4.1. Let X = N and K be such that K(z,y) = 0 unless | —y| = 1.
Assume that K is reversible with respect to a probability measure p with p(0) = 1/2.

Then, ifw:e = (n,n+1)— (30, 1/Q(0)*Q(n), with Q(i) := p(i)K(i,i+1), i € N,

we have

1
gAtsu.G. <AL AG G-

The proposition above says that, up to universal constants, a particular choice of
weight function always gives the right order of magnitude for A% . . Exactly the same
result applies to birth and death chains on {0,..., N}.

4.2. On logarithmic Sobolev inequality
Consider the same setting as in Section 4.1 with X = {0,..., N}. From [13], if

1
Br s = max u(y ln? ,
Z A (i,i+1) Z Zj:nl’t(j)

we know that the logarithmic Sobolev constant o defined in (2) satisfies

1
3_IBLS <a<20Brs. . (8)

We now want to compare By, g to the constant AY defined in Theorem 3.2. To that aim
introduce as in Section 4.1 the weight function

n 1/2
w:(n,n+1),(n+1,n)— (Zl/Q(i)) Q(n),

i=0
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with Q(é) := p()K (4,1 + 1), i € X \ {N}. Define for any ¢ € G (see section 2 for the
definitions of Gg and @),

AVt = max A —2——2 Sy lup(e)u(y)g(y)
g zy |w )
neX\{N} Q) S

- w(n+1,n)
Awy = max R S ool z ’
g nEX\{N} Q(n) . > 1Yoy lwp(z)1(y)g(y)
T,y Yeyd(n+l,n)

and
n—1 1

N
By := max Y ) ;ﬂ(J)g(J) : (9)
We recall that in the proof of Theorem 3.2, we proved that the constant AY satisfies
Ag > supgeg, (A;“"’ \ A;"’_). On the other hand, using a comparison between a sum
and a supremum, it is not difficult to check that A§ < |X|Zsupgeg¢ (A;“"’ \/A;U’_).
Thus,
sup (A;U"i' \/A;U’_) < AY < |X|* sup (A;U"i' \/A;U’_) . (10)
g€Ga g€Ga
Now, the same proof as in Section 4.1 yields that for any ¢ € Gg, A;""" <4B,.
A similar inequality holds for e = (n 4 1,n). Indeed, let e = (n+ 1, n) forn € X'\ {N}
and g € Gg. Start the proof as in section 4.1 until inequality (7). Here, instead of
Soen le) < 1, use

1
o=1(1)

> u)g(y) < No(Iy) < ||Txlly = <1.

y<n
Recall that ®(t) = |¢|In(1 + [¢]). Then, complete the proof as in Section 4.1 to get that
for any g € Go, Ay>~ < 4By. Here By is defined in (9) with g = 1 (even if 1 ¢ Gg).
By definition of ||-||; and from (3), we have
N

sup Z 1(3)9(j)

1
%o, )£ o, 0l = 50170

IN

1
< QN({n’”"N})lnu({n,...,]\f}) :
Hence, SUPyeg, By < 2Br.s. and thus SUPgeg, A;""" <8Bp.s.

On the other hand, there exists a universal constant ¢ > 0 such that I/c € Gg. It
follows that for any g € Go, A"~ < 8¢Bp 5. Putting all together the previous results
gives

sup (A;U"i' \/A;U’_) <8(eVv1)Brs. .

g€
Now, remark that there is a way to compute the constant c¢. Indeed, define ¥(z) :=
fox(q)’)_l(t)dt for x > 0, then ¢ > 1/¥~1(1) (see [1, chapter 6]). Thus, a rought compu-
tation gives ¢ > 2.
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Now, inequalities (8) and (10) and Theorem 3.2 allow us to conclude to the following
result.

Proposition 4.2. Let X ={0,..., N} and K be such that K(x,y) = 0 unless |z —y| =
1. Assume that K is reversible with respect to a probability measure p with p(0) = 1/2.
Then, if w:e = (n,n+1), (n+1,0) = (0 1/Q0)°Q(n), with Qi) := p(i)K (i,i +
1), i € XY\ {N}, we have
1

———AY < a < HAY .

196Xz ¢ =4 =00
Remark 2. From the inequalities No(f) <||f|ls < 2Na(f) (see [15]) and (3), we have
Av /4 < AY < 4AY. Thus, the previous proposition gives also a comparison between AY
and a: WA“’ <a<10A"Y.
Remark. Note that in example 6, if we take the weight function introduced above, we
find again that o < kN for some constant &, 7.e. the right order for «. This is true simply
because for any n, (> ., 1/Q(z))1/2Q(n) is of the same order, up to universal constants,

as \/Q(n).

The latter proposition partially answers the question of the optimality of the constant
Ay . We will now see how it can help us to compare the bound A" to the following result
of DiaconIs and SALOFF-COSTE [4]: for any finite set X, if p. := mingex p(x), they
proved that
In(1/p.) -1

T—2p
Here, A=1 is the spectral gap defined in (1).

Assume that one can compute A (for example using path techniques). Then, the latter

a< A

(11)

inequality gives a bound for the logarithmic SOBOLEV constant «. One can ask whether
or not this bound is better than A™ 7 Indeed, in examples 1 and 6, both bounds are of
the same order. In example 2, if one knows that A is of order O(N), then, D1AcoNIs and
SALOFF-COSTE’s bound is better than ours. In this case, A must have been computed in
a different way than path techniques. Actually, as we know, path techniques give nothing
better than O(N?), see [17]. Tensorization techniques give the right order for A (and
even, exactly the right constant) in the case of the hypercube.

More generally, if g 1s the uniform distribution over a finite set A", then, even using
path techniques to compute A, the DiacoNIS and SALOFF-COSTE bound is certainly
better than AY (just use inequality (6)).

On the other hand a first remark is that inequality (11) is no more valid when |t| = oo
while A" still has a meaning. This is the case of Examples 4 and 5 for instance.

Moreover, we have the following example suggested to us by Laurent MicLO: on X' =
{0, 1,2}, let the birth and death process K(0,1) = &? and K(2,1) = 1 reversible with
respect to p(0) = 1/2, u(1) = (1/2) — ¢ and pu(2) = €. Here € < 1 is a positive constant.
Proposition 4.1 and 4.2 yield that the spectral gap and the logarithmic SOBOLEV constant
are of order O(1/£?), while inequality (11) gives o < }2 In 1. In that case, AY is certainly

€
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better than inequality (11). Note that the HARDY inequalities (5) and (8) are an other
way to compute the spectral gap and the logarithmic SOBOLEV constant (the maximum
is given by the edge (0, 1)).

If one computes the spectral gap using path techniques, then, we must remark that it
is certainly better to compute directly A or A" instead of computing first As ¢ or AY
and then using inequality (11). Indeed, in that case, note that in the definition of A or
A" we average In(1/u(y)) over X while inequality (11) considers only In(1/). As Ag ¢
and A are both easy (or difficult) to compute, it is better to compute directly A (or AY).

At last, if one looks at the examples presented in [5] as the circle Zy [5, Example 2.1],
or the “star” (the finite version of Example 5), or also the random walk on graphs (see
our Example 3), then, D1acoNIs and SALOFF-COSTE’s bound is at least better than AY.

As a conclusion, inequality (11) and A¥ are not universally comparable. For finite sets,
Diaconis and SALOFF-COSTE’s bound seems to be more convenient to compute in a lot
of cases, while for infinite sets, only AY makes sense.

Acknowledgement. | warmly acknowledge Laurent MicLo for useful hints and discus-
sions. I am also grateful to Michel LEDOUX and Laurent SALOFF-COSTE for their helpful
comments and to Sébastien BLACHERE for a careful reading of the manuscript.
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