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MINIMUM ENTROPY OF A LOG-CONCAVE VARIABLE WITH FIXED
VARIANCE

JAMES MELBOURNE, PIOTR NAYAR, AND CYRIL ROBERTO

ABSTRACT. We show that for log-concave real random variables with fixed variance the
Shannon differential entropy is minimized for an exponential random variable. We apply
this result to derive upper bounds on capacities of additive noise channels with log-concave
noise. We also improve constants in the reverse entropy power inequalities for log-concave
random variables.

1. INTRODUCTION

For a real random variable X with density f its differential entropy is defined via the
formula h(X) = h(f) = — [ flog f. This definition goes back to the celebrated work of
Shannon [13], but the same quantity was also considered, without the minus sign, by physi-
cists, including Boltzmann, in the context of thermodynamics of gases. In fact, it is a classical
fact going back to Boltzmann [1] that under fixed variance the entropy is maximized for a
Gaussian random variable. This leads to the translation and scale invariant inequality

h(X) < %log Var(X) + %log(27re).

One can see that in general one cannot hope for a reverse bound, since for the density
fe(x) = (25)_11[171+€](|x]) the variance stays bounded while the entropy goes to —oo as
e — 07. However, a reverse bound still holds if one imposes some extra assumption on X,
such as log-concavity. Recall that X is said to be log-concave if its density is of the form
f=eV, where V : R — (—00,00] is convex. In [3] Bobkov and Madiman showed that
indeed in this class, the inequality can be reversed, up to an absolute additive constant and it
became a well-known open problem to find the optimal such bound. The sharpest inequality
to date can be found in [10] where Marsiglietti and Kostina proved that if X is log-concave,
then h(X) > % log Var(X) +log 2. The goal of this article is to prove the following inequality.

Theorem 1.1. For a log-concave random variable X we have
1
h(X) > 5 log Var(X) + 1
with equality for the standard one-sided exponential random variable with density e™* 1 oy(7).

Probably the most significant generalization of entropy is the so-called Rényi entropy of order

a € (0,00) \ {1}, which is defined as
1
1 «
— og</f <x>dw),

assuming that the integral converges, see [12]. If & — 1 one recovers the usual Shannon
differential entropy h(f) = hi(f) = — [ fIn f. Also, by taking limits one can put ho(f) =

ha(X) = ha(f) =
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log |[Suppf|, where Suppf stand for the support of f and heo(f) = —log || f||co, Where || f]|oo
is the essential supremum of f. For p > g > 0 one has

log ¢ logp
<h —h < —= —
logt

where the fraction 757 is interpreted as 1 for ¢ = 1, see [5]. Thus using this bound together
with Theorem 1.1 gives the following corollary.

Corollary 1.2. For a > 1 and a log-concave random variable X one has

log
a—1

1
ho(X) > QlogVar(X) +

Let us mention that the problem of minimizing Rényi entropy under fixed variance for sym-
metric log-concave random variables was solved in [8] for the case o < 1 and in [2] for a > 1.
Here the worst case in the uniform random variable on an interval for o < o* and symmetric
exponential random variable for o > a*, where o* =~ 1.241 is the solution to the equation

loga™ _ 1
T — §log6.

2. APPLICATIONS

2.1. Additive noise channels. We now briefly discuss an application of our main result
in the context of information theory. For more details we refer the reader to [9], where the
case of symmetric log-concave random variables was discussed. Consider the memoryless
transmission channel with power budged P subject to additive noise N, that is, if the input
of the channel is X, then output produced by the channel is Y = X + N, where N is the
noise independent of X. Shannon’s celebrated channel coding theorem [13] asserts that the
so-called capacity of such a channel is gives by the formula

Cp(N) = sup  (R(X + N)—h(N)).
X: Var(X)<P

We have the following fact.

Proposition 2.1. Let N be a random variable with finite variance and let Z be a centered
Gaussian random variable with the same variance. Then

Cp(Z) < Cp(N) < Cp(Z) + D(N),
where D(N) = h(Z) — h(N) is the relative entropy of N from Gaussianity.
Our Theorem 1.1 gives

D(N) = h(Z) — h(N) < h(Z) — %log Var(N) — 1 = %log(27re) 1= %log (2:) .

We can therefore formulate the following corollary.

Corollary 2.2. Let N be a log-concave noise and let Z be a centered Gaussian noise with
the same variance. Then

Co(2) < CplN) < Cr(Z) + 2 log (2”) |

It other words, using an arbitrary log-concave noise instead of the Gaussian does not increase
capacity by more than %log (%’r) < 0.42 nats.
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2.2. Reverse EPI. Recall that the entropy power of a random variable X is defined by
N(X) = 51 exp(2h(NV)). Note that for a Gaussian random variable one has N'(Z) = Var(Z)

 2me

and in general Var(X) = Var(Z) implies N'(X) < N(Z). Theorem 1.1 can be rewritten in
the form N (X) > &% Var(X). The entropy power inequality of Shannon and Stam [13, 1]
states that for independent random variables X, Y one has

N(X +Y) > NX) +N(Y).

It is of interest to obtain reverse bounds. Under log-concavity assumption the authors of [10]
showed that if X, Y are uncorellated, then N (X +Y) < (N (X) + N (Y)). Using Theorem

1.1 we can improve this result.

Corollary 2.3. Let X,Y be log-concave uncorrelated real random variables. Then
NX+7) < 2N + N (V).
Indeed, one has
N(X +Y) < Var(X +Y) = Var(X) + Var(Y) < 2?” W(X) + N (Y)).

We can also define the Rényi entropy power via N, (X) = exp(2hq(X)), where we removed

the normalizing constant 27e for simplicity. Similarly as in [2], Theorem 2 from [7] together
with our Theorem 1.1 gives the inequality

(1) C_(a)Var(X) < Nuo(X) < Cy () Var(X), a>1

where

_2 2
2 3a—1 2x T—a 1 «
C-(a) = a=7T, Crl@) = =5 <3a—1> B(Z’a—l) ‘

Here B(z,y) = Fr(gig) stands for the Beta function. The right inequality does not need
log-concavity. Thus, using the same computation as for the case o = 1 we get the following

corollary.

Corollary 2.4. If X,Y are log-concave uncorrelated real random variables, then for a > 1
one has

Cy(a)

No(X+Y) < (@

(Na(X) + No(Y)) .

Q

3. REDUCTIONS
3.1. Decreasing Rearrangement.

Definition 3.1 (Decreasing Rearrangement). For a measurable set A C R let |A| denote its
Lebesgue measure and let us define

AY=(0,]4))
with the interpretation of (0,0) as the empty set.

Definition 3.2. For a measurable function f : R — [0,00], define f*: (0,00) — [0, oc]
fHa) = /0 Lty (> aps (2)dA.

We observe that f+ is fully characterized by the equality {f > A}¥ = {f* > A} and in
particular, equimeasurable (with respect to the Lebesgue measure) functions possess identical
decreasing rearrangements.
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Proposition 3.3. For f: R — [0,00), its rearrangement f+ satisfies,

(2) fHa) =sup{X:z € {f > A}'}
and
(3) {FF> A ={f>x"

Proof. Representation (2) follows directly from the definition of f+. To prove (3) observe
that by (2) the condition f+(z) > X is equivalent to the existence of A’ > X such that
x € {f > N} It is therefore enough to prove the following equivalence

Iyvsr ze{f>NY =  ze{f>Ah

By the nestedness the implication = is trivial. To show the other direction assume that
x € {f > A}*. This is equivalent to = < |{f > A}|. By the continuity of Lebesgue measure

U{f>A+;}

n

r<[{f > A =

= lim [{f > A+ 1/n}].

By taking A = A+ 1 for large enough n we get A’ > X such that z € {f > N}, O

Proposition 3.4. For ¢ measurable and f non-negative,

p(f(@)dz = [ o(fH(x))dz.
/ /

Proof. This is equivalent to the statement that f pushes the Lebesgue measure dm forward
to the same measure f+ pushes the Lebesgue measure to. Thus it suffices to check

fam(X, 00) = frm(A, 00).

This is just [{f > A}| = [{f* > A}|, which follows from the characterization {f+ > \} =
{f > 2} O

Note that taking p(x) = —zloga shows that the decreasing rearrangement f+ preserves
the entropy of a density function f.

Definition 3.5. For a random variable X with density function f, define X+ to be a random
variable drawn from the density function f*.

When X has density f we will write the variance as Var(X) and Var(f) interchangeably.
Lemma 3.6. For non-negative X, and increasing, non-negative ¢,
Ep(XY) < Ep(X).
Proof. The proof follows from the elementary observation that for a > 0,
(4) I(a,00) N A| > )(a,oo)mAil.

Using the layer-cake decomposition,

Ep(X) = /0 h /0 b ( /0 h ﬂ{¢>,\}(x)]l{f>a}(m)dx) drdo

:/OOO/OOO|{cp>)\}ﬁ{f>a}\d)\da
2/OOO/OOO]{¢>A}m{f¢>a}‘dxda:m(x¢),

where the inequality follows from (4). O
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Lemma 3.7. For probability densities fo, fi and X € [0,1] the density f = Afo + (1 — \) f1
has variance,

Var(f) = AVar(fo) + (1 — A)Var(f1) + M1 — X) (1 — po)?
where p; denotes the barycenter of f;, that is p; = [z fi(z)dx.
Proof.

2
Var(f) = [ #(\ole) + (1= A ) — ( [ #hsate) + 1 - A)ﬁ(x))dx)

=)\ (/ 22 fo(z)dx — </xf0(a:)d:c>2> +(1-)) (/ 22 f1(z)dx — </xf1(:1;)dx>2)
A (/ xfo(a:)dx)2 (1= (/ xfl(m)dx)Q - (/x(/\fo(x) (- )\)fl(x))dx)Q

=AVar(fo) + (1 — M) Var(f1) + A(L = X) (k1 — po)?.
O

Theorem 3.8. For X log-concave,

Var(X) < Var(X*).
Proof. We prove the result when X has a density f given by a unimodal step function by
induction, that is f = >} A\g17,/|Ix| with Iy, intervals satisfying I4+1 C I and Ay > 0. An

easy limiting argument gives the result for log-concave X. When n = 0, X is uniform and
the result is immediate. Assuming the result for n’ < n, we proceed. The density of f can

be written as Afp + (1 — A) f1, with A = Xg, fo = %, and f1 = > ;4 li—’j\o‘%’“‘ Observing

that fi takes strictly less values than f and that by affine invariance of the inequality we
may assume that Iy = (0, 1), and by considering X = 1 — X, we may assume without loss of
generality, that [z fi(z)dz < 3.

By Lemma 3.7,
1 2
Var(f) = AVar(fo) + (1 — A)Var(f1) + A(1 = X) <2 - /xfl(a;)dx> )
Observe that f+ = )\fg +(1- )\)ff Applying Lemma 3.7 to f+,
2
Var(fi) = )\Var(foi) +(1- A)Var(f%) +A(1=2X) (; — /xff(x)d$> )

Clearly fé = fo. By induction Var(f;) < Var(f%) and by Lemma 3.6, applied to ¢(x) = z,
we have > [z fi(z)dz > [ xf{(x)dz. The result follows. O

Lemma 3.9. For X log-concave,
e2h(X) e2h(XY)

Var(X) = Var(XV)

This follows immediately from Theorem 3.8 and Proposition 3.4 (with ¢(x) = —xlog z) since
decreasing rearrangement will preserve entropy and increase variance. The following result,
a special case of a result from [I 1], will thus allow us to reduce our problem to X log-concave
with monotone decreasing density.

Proposition 3.10 ([11] Proposition 7.5.8). For X log-concave, X* is log-concave as well.
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Proof. Note that X has a log-concave density f if and only if
(5) (I =0){f > M} +t{f > X} C{f > A\ A)
Thus, to show that XV is log-concave it suffices to prove

(L={f > MNP +H{f > X} C{F> AT H

But since both sets are open intervals it suffices to prove that the right hand side has bigger
volume, which follows Brunn-Minkowski inequality and the set theoretic inclusion in (5),

(L= 0){f > M} +t{f > X} =11 = 0{f > M} +H{f > A}
< H{f > AT
= {f > AT
O

3.2. Degrees of freedom. Our goal is to show that in order to prove Theorem 1.1 it suffices
to consider functions of the form e~V where V is a two-piece affine on a finite interval. This
is a standard argument appearing e.g. in [3], so we only sketch it.

Step 1. Let 0? = Var(X). By the previous subsection, in order to prove the inequality
h(f) > log(eo) it suffices to consider non-increasing densities on [0,00). In fact by an ap-
proximation argument we can assume that the support of f is a finite interval. Indeed if
we define f,, = e*V]l(o,n) /Cn, where ¢, = fon e~V is the normalizing constant, then clearly
¢n — 1 as m — oo and by the Lebesgue dominated convergence theorem Var(f,) — Var(f).
We also have

n n
h(fn) = 1/ VeV + 1Ogc”/ eV = h(f)
Cn Jo Cp, 0
by the Lebesgue dominated convergence theorem, as [V]e™V = [V]e=V/2eV/2 < e V/2 is
integrable.

Step 2. We can therefore fix the interval [0, L] on which the function f is defined. Let
A = Ap, denote the set of log-concave non-increasing densities supported in [0, L] and
having variance o2. We have f(0)? Var(X) < f(0)2EX?2 < 2, see [1]. To see this we follow
the argument from []. By scaling we can assume that f(0) = 1. If g(x) = e™*1g o) () then
by log-concavity of f the function f — g changes sign in exactly one point a > 0 and thus

BX -2 = [ a(f(@) — g = [~ a)(f(a) ~ glo))da < 0

since the integrant is non-positive. This shows that f is bounded by 202 and in particular
h(f) = — [ flog f > —log f(0) is bounded from below. This shows that the quantity M =
inf{h(f) : f € ALo} is finite. Let f, be such that h(f,) — M. By a straightforward
adaptation of Lemma 12 from [8] we get that (f,,) has a convergent subsequence f,, — fo € A
and by the Lebesgue dominated convergence theorem h(fy) = M. This shows that the
infimum of h(f) is attained on A.

Step 3. We now apply the theory of degrees of freedom due to Fradelizi and Guédon from
[6]. We say that f € A has d degrees of freedom in there exist € > 0 and linearly independent
functions f1,..., fg such that fs := f + 25:1 d; f; is log-concave and non-incresing for all
|0;] < e. Suppose f has at least 4 degrees of freedom. Then

/fg(:c)da: = /f(x)dx, /zﬁg(x)d:c = /azf(x)d:z, /x2f5(:c)d:c = /x2f(x)d:c
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is a system of 3 linear equations in variables 1, ..., d4 and thus has nontrivial linear subspace
of solutions. Thus there is ¢ such that fs5, f_s € A and

A(F) = b3 fs + 5 F-) > Sh(f) + 5h(7-o)

since entropy is a strictly convex functional. Thus f is not the extremizer of h(f). This
shows that extremizers have to have at most 3 degrees of freedom and Step IV of the proof
of Theorem 1 from [3] shows that such functions must be piecewise log-affine with at most
two pieces.

3.3. Localization. Alternatively, we can proceed with extreme point analysis following
Fradelizi and Guedon [6]. For a fixed compact interval K C R, and upper semi-continuous
functions g1, g2 define P, to be the space of log-concave probability measures u supported in

K such that
/ gidp > 0.

We will use the following special case of Fradelizi and Guedon.

Theorem 3.11 ([6] Theorem 1). Let v be an extreme point of the convex hull of Py, then
v is a point mass, or v has density e~V with respect to the Lebesque measure where on the
support of v, V.= max{p1, p2} for ¢; affine.

When a density f has the form e~ for V = max{p1, o} for ; affine, we will say that f
is two piece log-affine.

Lemma 3.12. For X log-concave on R,

o2h(X) _ o2h(2)

Var(X) — zek Var(Z)’
where K is the space of compactly supported log-concave variables with monotone density on
this support of the form f = e~ ™ax{vo:21}t for o affine.

Proof. Recalling the truncation argument it suffices to consider X ~ p with density, sup-
ported on [0, L] for some L > 0. Fix X and take
g1(z) =E[X] -z
g2 (z) = 22 — E[X?].
For Z ~ v an extreme point of P, since Z is non-negative by [ g;dv > 0, we have
Var(Z) > Var(X) > 0,

so v is not a point mass and hence by Theorem 3.11, Z has density of the form f =
e~ max{e1e2}t  Since X ~ p € Py by definition, if we let £(Pf) denote the extreme points of
the convex hull of Pf, by the Krein-Milman g belongs to the closure of the convex hull of
E(Pys). Now let us show that this implies that

6 h(X)> inf h(Z2).

(6) (X) = inf  h(Z)

Indeed the entropy is concave and upper semi-continuous in the weak topology on when
restricted to compact sets (as can be seen from the more well known fact that the relative
entropy is lower semicontinuous, and on compact sets h(X) = h(U) — D(X||U) where U is
the uniform distribution on the compact set), thus writing u as lim,, p, for a sequence of y,
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that can be expressed as convex combination of extreme points, that is p, = Zf;l An (D) (7)
for vy, (i) € E(Py), we have

kn kn
h(w) > limsup h(py,) = limsup h ( E )\n(i)l/n(i)> > lim sup g An (1) (v (i) > 6151%) )h(y).
" " i=1 =1 veele

Since every element of P, has variance no smaller than X, it follows that
2h(X) 2h(2)

> inf .
Var(X) — ZNVIélE(Pg) Var(Z)

Consider Z+ for Z € £(P,), and applying Lemma 3.9, we have

e2h(X) h(Z+)

2
e

> inf ———
Var(X) ~ Zwulélg(Pg) Var(Z})

Direct computation, shows that if Z has a two-piece log-affine density, then Z+ does as well,
completing the proof. O

4. THE SCHEME OF THE COMPUTATION

4.1. Three-point inequality. From the previous section we can assume that f = e” ",

where V' is two-piece affine and non-decreasing on an interval [0, L]. In fact by scale invariance
we can assume that we have the following parametrization of our function

g(t) = e e _ago(t) + € P yy(t),  f= %, c= /g =a(e” — 1) —b(e¥ — 1),

where
a>b>0, x>0, y <0.
Then f is a probability density and we have
/a:g(az)dx =a?(e®(1—z)—1) b (eY(1—y) —1)
and
/xZQ(x)dx =ad? (ez (mQ — 2z + 2) — 2) _— (ey (y2 — 2y + 2) — 2) .
Also
- [glogg=ae1 =)~ 1) - s - y) - )
We want to prove the inequality
1
—/flogf > ilogVar(f) + 1.
This is
e 2/ 118 f > 2 Var(f).

1 1 ?
e 2e72) log? > /ﬂj‘zg(l‘)dl‘ - (/ xg(x)dx) .
c c

_9 _ 9 g _9 _2 _ _2
e 26 2[Zlog 4 —¢ 26 Cfglogg+210gc:e 2026 cfglogg7

In terms of g

We have

so after multiplying both sides by ¢? we want to prove

2
e~2cte=c Jalosg > c/x2g(m)dx - (/a:g(:v)dx) .
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Observe that

2 2 (glogg ae®(l—z)—1)—0beY(1—y)—1) B —axe® + byeY
e—2¢ Cfglgg_exp<2 (et~ 1) ber - D) 2>_eXp(Qa(em—l)—b(ey—l))'

Our goal is therefore to prove

oy (2,70 oo [gwan ([ agwaz)

Equivalently
T — beyy
1) bl 1)) 5 ae’x
(a(e ) —b(e )" exp ( a(er —1) —b(ev — 1)

> (a(e® —1) —b(e¥ — 1)) (a3 (e” (2® — 22 +2) —2) — b (e (v* —2y+2) —2))
— (@ (" (1 —z) — 1) =B (e*(1 —y) — 1))°.

The inequality is invariant under (a,b) — (ta,tb) and therefore we can assume that b =1
and a > 1. Let us define the function
ce®r — eVy )

Gle,z,y) = (c(e® —1) — (¥ — 1)) exp <_2c(ex By
— (e(e” = 1) — (eV = 1)) (c* (" (JU2 —22+42) —2) — (e (y2 —2y+2) —2))

+ (A (1—z)—1) = (e¥(1 —y) — 1))%.
Our goal is to prove that G(c,z,y) > 0 for z > 0,y <0 and ¢ > 1.

4.2. Fifth derivative. The first crucial observation of the proof is that %57? has a sign. We

have the following lemma.

Lemma 4.1. For a positive integer n and some real numbers A, B,C, D let h,(t) = (At +

Ct+D
B)"leAt+B . Then
(BC — AD)" Ct+D
At + By

Proof. Taylor expanding the exponent and using Leibniz rule under the sum we get

00 (n) 0 (n)
h%n)(t) = ( l!(C’t—i— D)k(At+B)n—1—k) _ (Z %(Ct—I—D)k(At—l- B)n—l—k)

h(E) =

k=0 k=n

g R A s o K (k — j)! s
— il J AT—J k—j Jj—k-1 . _1\n—J

2 kl;)(j>c A"I(Ct 4+ D)7 (At + B) G (kin)!( 1)
=> (") CIA (=) Y "(Ct + D)7 I (At + B)~h—n!

j=0 J k=0
= <"> CF A3 (— 1)1 (Ct + D) (At + B)i " learn

— \J

7=0

— B (At + B)" D Y <n> [C(At + B)Y[-A(Ct + D)
j=0
= %45 (At + B)""D[C(At + B) — A(Ct + D)J"

Ct+D

= earrB (At + B)~"*D(CB — AD)™.
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Applying this lemma with
A=e¢"—-1, B=—(e—-1), C=-2ze*, D =2ye’

we get,
ce¥xz—eY Y

PG 32(e"V(x —y) — e%x + eVy)’ e CAET-(@D)

9c? (c(e" =1) = (ev = 1))° '
To prove that this is non-positive one has to show that e*z — e¥y — e*™¥(z — y) > 0. For
x = 0 we have equality, thus it is enough to show positivity of the derivative in x, namely
e*(x+1)—e*™¥(x —y+1) >0 for x > 0. Equivalently z +1—e¥(z —y +1) > 0. For y =0
we have equality and the derivative in y is —e¥(x — y), which is clearly non-positive. Thus
the inequality holds for y < 0.

4.3. From G® to G. By G we denote the jth derivative of G(c,z,y) in c. We claim that
in order to show that G(c,z,y) > 0 it is enough to prove the following inequalities

GW(oo,z,y) >0, GO(1,z,9)>0, GP(,z,9)>0, GY(1,2,9)>0, G(1,z,y)>0.

Indeed, the first inequality together with G(®) (¢,z,y) < 0 implies that G(4)(c, x,y) > 0. This
together with G(3)(1, x,y) > 0 implies that G(3)(c, x,y) > 0. Repeating the argument based
on the above list of inequalities finishes the argument. The rest of the proof is a verification
of these inequalities.

4.4. Crucial technical bound. The inequalities G\)(1,z,7) > 0 can always be written in
the form

eYy—ezx
(7) ¥ T A(w) - Bj(z) > 0,

where A; and B; are polynomials in z,y,e”,e?. The problematic exponential factor makes
the inequalities intractable in the current form. Therefore, one needs to bound the exponent.
The following lemma provides a very tight bound on this expression.

Lemma 4.2. For every x,y € R we have

2 eTx—eY
<(€6 _ 1) (1, _ y>26I+y + (eI _ ey)2 + 62+x+y> 672 ez,eyy Z 1

In the proof we shall need the following lemma, see [2].

Lemma 4.3. Suppose the sequence of coefficients of the series > o g ana™ has sign pattern
(+,—). Then f(z) =0 for exactly one point x > 0.

Proof. Let f(z) = ag+arx +...+apz’ — by 2"t ..., where a;, b; are non-negative. Then
f(z) =0 is equivalent with

a a

D b ap = b bgar®

x x
The left hand side is decreasing and the right hand side is increasing. O
Proof of Lemma 4.2. This inequality is invariant under (x,y) — (x +t,y + t) and therefore
it is enough to consider y = —z in which case we get

9 2
((; - 4) 2% + 4sinh?(z) + 62) e~ 2wcoth(@) >

Let us define
262

f(z) = <<3 - 4) 2+ 4sinh2($) + 62> e~ 2z coth(z)
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It is enough to prove the inequality for z > 0 since the function is even. We will show that
f/ on R, has sign pattern (4, —). This together with f(0) = limg_,oo f(z) = 1 will finish the

proof.
We have
22 coth(z) /() — 2 (= (—1222 + 2€? (2% 4+ 1) + € cosh(2z)) N (1222 — €2 (22* + 3)) cosh(z)
3 sinh?(x) sinh(z)

We therefore have to examine the sign pattern of
x (—122% + 2¢* (22 + 1) + €® cosh(22)) + (1222 — €* (222 + 3)) cosh(x) sinh(x).
This is
x (—122% + 2¢* (2 + 1) + €” cosh(2z)) + % (122* — €* (22 + 3)) sinh(2)

Taking t = 2z gives

Lo ot 1 2 2 (1 2
5 <3t —e <2 + 3)> sinh(t) + §t <—3t + 2e (4 + 1) +e cosh(t)>

This is an odd function whose odd Taylor coefficient in front of ¢ for n > 5 is equal to

_262(n —2)!(3(n—1)! —n!) + (e —6) (n—1)!n! _262(3 —n) + (2 —6)n(n —1)

4(n —2)!(n —1)In! 4n! ’

while the lower coefficients vanish. We have to show that the sequence
cn =2¢*(3 —n) + (e = 6)n(n — 1)

has sign pattern (—, +). Since ¢ = —1.7751 < 0 this follows from the fact that ¢, is a convex

quadratic function of n.
O

Remark. The rest of the proof highly relies on symbolic computational software (Mathemat-
ica) in order to generate relevant formulas without making mistakes. We shall mention the
Mathematica commands that we use in the crucial computations.

In the case of the first, second and third derivative the proof has the following structure.
Let

62

Clx,y) = (6 — 1> (z —y)?e" Y + (e — e¥)? + 2ty
be the function from Lemma 4.2. After ensuring that A;(x,y) > 0, we estimate the exponent
using the above bound. This leads to the inequality

We then expand the left hand side in x and show that the coefficients P,(y) in front of %7:
are non-negative, which finishes the proof. In the main body of the paper we only show the
nonnegativity of P, (y) for n > ng, where ng is some explicit small number. The verification
of P,(y) for n < ng is a straightforward algorithmic (but sometimes a bit lengthy) exercise,
we therefore move this part to the appendix.

) |
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5. NONNEGATIVITY OF G(1,z,y) AND G (00, ,y)

5.1. The function. We are going to show the inequality
eTax—eYq
G(L,z,y) = e 257 (¢ — V) — (" — )% + " HY(z — y)2 > 0.
The inequality is invariant under the scaling (z,y) — (x+t,y+1t). This is understendable,
since the case ¢ = 1 corresponds to only one slope, so we gain the freedom of shifting.
Therefore we can assume that « + y = 0. In this case one has to prove

_opeite”®

e Teremm (¥ — e*x)4 —(e® —e ) +42% > 0.

This can be rewritten as
sinh?* z
Flz) = e 2xcotthinh2x - > 1.
It is enough to consider only z > 0 since the expression is even. The left hand side converges
to 1 as x — oo and therefore it is enough to show that the function is decreasing. We have
8z sinh? (z)e =2 th(@) (32 — 25inh?(z) + x sinh(x) cosh(x))
- (22— sinh2(m))2 .
It is therefore enough to show the inequality

2% + zsinh(z) cosh(z) — 2sinh?(x) > 0.

fi(z) =

This is
222 + xsinh(2z) — 4sinh?(z) > 0.
It is enough to show that the derivative is non-negative for > 0, that is
4x + sinh(2x) 4 2z cosh(2x) — 4 sinh(2z) > 0.
Therefore for ¢ > 0 one needs to show
g(t) := 2t + t cosh(t) — 3sinh(t) > 0.
Since g(0) = ¢’(0) = ¢”(0), it is enough to observe that ¢’ (t) = ¢sinh(t) > 0.
5.2. The fourth derivative. Using the Mathematica command
Limit[D[Glc, x, y], ¢, ¢, ¢, c], ¢ — Infinity]

and simplifying further the expression shows that
2eTx

GW (o0, z,y) = 24 (e_e”’i—l (e* —1)* 4+ e%a? — (e — 1)2> .

We are going to prove that this is nonnegative. We first observe that
(e® —1)% — ez >0, x>0
The coefficient in front of % is 2" —n(n—1)—2 > 0 for n > 4, whereas the lower coefficients
vanish. Putting the term (e* — 1)? — %22 to the right hand side and taking the logarithm
shows that it is enough to prove
e’x

f(x) = —26x —

The limit of the left hand side as * — oo is equal to 0. Therefore it is enough to show that
the function is decreasing. We have

+ 4log(e® — 1) —log((e* — 1)* — ®2?) > 0.

e’z (2¢* (22 +4) + " (xz — 4) —x — 4)
(ex _ 1)2 — T2 :

(e =1 f'(x) = -




MINIMUM ENTROPY OF A LOG-CONCAVE VARIABLE WITH FIXED VARIANCE 13

It is therefore enough to show that
h(z) == 2¢" (2? +4) + **(z —4) —z — 4 > 0.
First five derivatives of h at x = 0 vanish. We have
W' (z) = 2¢* (z* + 4z + 2¢"(z — 3) + 6)
It is therefore enough to show that
g(x) := 2% + 42 4 2e%(x — 3) + 6 > 0.

First three derivatives of g at 0 vanish, so it is enough to observe that ¢"’(z) = 2e*x > 0.

6. FIRST DERIVATIVE

We have
(1) 2eYy—2eTx
GV (lz,y) =e <= Ai(z) + Bi(z)
where
Ar(z,y) =2 (" —e¥)? ("M (x —y — 2) — e®(x + 2) + 262" + e¥(y + 2))
and
Bi(z,y) = etV (3:62 —2x(2y + 1)+ + 2y + 4)+e” (:L'z + 2z + 4) —4e%T Y (y2 +2y+4).
6.1. The factor A; is non-negative. We now claim that the factor
A(z,y) = "z —y —2) — e"(x + 2) + 26 + ¥ (y + 2)

is non-negative and therefore A;(z,y) > 0. We have A(0,y) = 0 and
204 _

ox
It is enough to show that this expression is non-negative. For z = 0 we get 1 —e¥(y+1) >0

since for y < —1 there is nothing to prove and for y € [—1,0] we have e¥(y +1) <y +1 < 1.

Thus it is enough to see that
0
oo (€@ =y 1)~z de” —3) =¥ — 1+ 4e" > de” ~ 123> 0.
x

Using Lemma 4.2 we are left with proving

Al(xay) + C’(x,y)Bl(a:,y) = 0.

e (e —y—1)—x+4e” — 3.

6.2. Taylor expansion. Now, the left hand side L(x,y) can be expanded in = and the
coefficient R[n,y] can be found using Mathematica command

R[n_,y_] := SeriesCoefficient[L|x, y], {x,0,n}].
After manually multiplying by n! (obtaining P[n,y]) and using the command
Collect[P[n,y],{e?,y,3", 2", n}]

z™

o is of the form

to collect terms one gets that the coefficient in front of

P, (y) = ao + €¥(by + bry + bay?) + €*(co + c1y + coy® + cay® 4+ cay?) + €3 (do + dry + ),
where for n > 4 we have

ag(n) = 3" %(n — 1)n, do = 3n(n — 1), dy = —4n,
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bo(n) = 3"7% ((21 — 2¢%) n® + (2¢* — 21) n — 108¢?)
+ %2"—5 ((9¢* —54) n* 4 (108 — 18¢*) n® + (351e* — 1242) n® + (1188 + 522¢) n + 3456¢7)
bi(n) =4(e? —9)3" *n — % (e —6)2"°n (n* +n+14)
ba(n) = %2“*3 ((e* = 6) n*+ (3¢® — 18) n + 16e® — 120) + (15 — 2¢%) 3"~

and

co(n) = <<5— 2§2> n® + (25)2 —5) n—4e2)

+ %2"*5 ((3e* — 18) n* + (132 — 22¢?) n® + (133€? — 510) n* + (396 — 210e?) n + 384¢?)

2 52
c1(n) = <2—€3> n? + (;—10)71—262

+ éz”—?’ ((30 — 5¢®) n® + (21€? — 126) n* + (288 — 80e?) n + 48¢?)

cz(n):2"(<622—3>n2+(6—62)n+5§—6)+<<1—662>n2+<5§—5> —5§2+6>

(e —6) (2"(3n —2) — 2n + 2)

—6) (2" —1).

6.3. Signs of the coefficients. We first examine the signs of the coefficients of P, for n > 4.
Clearly

ap(n) >0, dp(n) >0, dy(n) <0, c3(n) <0, cq(n) >0, bi(n) < 0.

cs(n) = %
(e

64(

cm»—n

We also have

1 3 1 1 3 1
ca(n) > 2" <2n2—2n+6>+(—7+n+4n)>16<2n —2n+6> <—7+n—4n2>

> Tn? — 23n 4+ 89 > 0.

Also
5 2 3 1
c1(n) < <—14 + on = 5n2> +2" <15 —12n + 2n2 — 4n3>
5 2 3 1
< (—14+ 3 5n2> +16 ( 5—12n + 2n2 — 4n5)
118n% 379 1 379
= —an® 0 2T L 996 — “p2 (118 — 20n) — 2 + 226.
5 2 5 2
This is obviously negative for n > 6. The case n = 4,5 is checked directly. We also have
7n? n*  8n3  49n? 2n
> yon (2 4 13p429) — 20 —
«(n) 2 155 <25 % 1o Bt 9> 55 !
7n? n*  8n3  49n? 2n
>— 416 —= — — —— =30
— 100 + <25 25 + 10 ) 25
1

= 100 (64n* — 512n° + 7847n* — 20808n + 43400) .
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We have
64n* — 512n> 4 7847n* — 20808n + 43400 = 64n>(n — 8) + n(7847n — 20808) + 43400.

which is clearly positive for n > 8. The cases n = 4,5,6,7 are checked directly.
We have
n? 17 2 ) 7

Son (Mo 22, Cano g,
ba(n) = <2o+100 25) T100°

Summarizing, we get
c2(n) >0, ci1(n) <0, co(n)>0, ba(n)>0.

The only coefficient which may not have the correct sign is byg(n). We have

4 3 2
n 3n 3n 23
Son (L O M i 99) w3 (1) —30]).
bo(n) 2 (100 w0 g ot )+ <100”(" ) )

The first term is positive. The second term is positive for n > 12. In fact also by(11) > 0.
We therefore have

bo(n) >0, n > 11, bo(n) <0, 4 <n <10.

6.4. Positivity of P,(y) for n > 6. Note that for n > 11 all the coefficients have correct
signs, which implies P,(y) > 0.
For n = 9,10 one has P,(y) > ap(n) 4+ eYbp(n) > ap(n) +bo(n) > 0. For n = 6,7,8 we keep
more terms
P, (y) > ap(n) + e¥bo(n) + e*Yco(n).

We now have to show that for ¢ € [0, 1] one has ag(n) + tbo(n) + t2co(n) > 0. It is enough to
observe that the discriminant bg(n)? — 4ag(n)co(n) is negative.

Positivity of P,(y) for 1 < n < 5 is proved in the Appendix. We discourage the reader
from checking these computations, since they are almost algorithmic. We provide a graph of
these functions of readers convenience.

FIGURE 1. The graphs of 7P (y), P>(y), 3 P3(y), % P1(y) and P5(y).
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7. SECOND DERIVATIVE

Using the command
Simplify[D[G|c, x, y], ¢, c]/.c — 1]
and further simplifying the expressions for As and B we find

efr—e
eT

GA 1, z,y) = 672731/142(1',2/) + Ba(z,y),
where
As(z,y) =12 (e — 1)? (% — e¥)* + 12 (e" — 1) (" (z —y) — "z + eYy) (" — €Y)
+4(e"Y(x—y) — "z + eyy)2
and

Bs(m,y) = €™MV (627 — da(y + 2) + 4(y + 2)) + 2" (32% + 4z + 8) — 12> — 4e¥(y + 2) — 4.

7.1. The factor As is non-negative. We shall show Ag(x,y) > 0 by showing that the first
two terms sum up to something positive. This sum is of the form 12 (e* — 1) (e — e¥) R(z,y),
where

(8) R(z,y) ="z —y—1) —e"(z + 1) + ¥ + e¥(y + 1).
We have R(0,y) = 0 and using e* > 1+ x

g];:ex(ey(a:—y)—i—Q(ex—l)—x)zex(Q(ex—l)—x)26“’%20.

7.2. Taylor expansion. We expand the expression
Ag(z,y) + C(z,y)Ba(x,y)
in z. The coeflicient in front of %x” is
Pa(y) = ao + €”(bo + biy + bay®) + €* (co + cry + cay” + c39°) + €V (do + dry),
where for n > 4 one has
ap(n) = §3” (n® —3n —12) + 2" (n® + 5n + 8)
and

do(n) = 6n? — 14n + 8
di(n) = —4(n—1)

—_

bo(n) = 5 (12— 2¢%) n® + (2e* — 48) n — 12¢® — 48) + 3" % ((18 — 2¢®) n® + (2¢* — 6) n — 108¢” + 72)

+ %2”*4 ((3e* — 18) n* + (60 — 10e?) n® + (113e® — 486) n* + (60 + 86€%) n + 768¢* + 384)
bi(n) = %2”*2 (=3 (e* —6)n® + (e* — 6) n® — 6 (5e* — 38) n +240) + % ((e* —12)n—9)

+§3"((62—7)n—6)

2
(e —6) 2" (3n* +5n+32) +2 (6 — €*) 3" + (4— 2;)

) = 5
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and moreover

co(n) = 32"—4 ((3¢* — 18) n* + (156 — 26¢*) n® + (145e* — 534) n? + (492 — 314e?) n + 384e* — 768)

4e? 4e?
+<14—§>n2+<6+§>n—8e2+8

ci(n) = é2"*1 ((12 —2€*) n® + (11€* — 66) n® + (102 — 29¢) n + 24e* + 24)

2¢2 10e2
—|—<4—§>n2+< 36 —12>n—4e2—16

2 2
ca(n) = é2"*2 ((7e* — 42) n* + (138 — 23¢®) n + 16¢* — 48) + <4§ — 8) n— %

2

63(n):é(6—e2)2”(n—2)—2§+4

We have P; = 0.
7.3. Signs of the coefficients. It is straightforward to see that
ap(n) > 0, do(n) > 0, di(n) <0, c3(n) < 0.
We have
ca(n) > 2" (0.8n* —3n+5) +n —10 > 16 (0.8n* — 3n+5) +n — 10 > 0.
We now claim that ¢;(n) < 0. We have
c1(n) < —0.9n% +2" (—0.4n° 4 2.6n> — 18n + 34) + 13n — 45.

It is easy to prove that —0.4n> + 2.6n? — 18n + 34 < 0 for n > 4 and thus we can bound
2™ > 16 and get
c1(n) < —6.4n> 4+ 40.7n% — 275n + 499 < 0.

Finally let us show that ¢o(n) > 0. We have
co(n) > (4n* + 151 — 52) + 2" (0.08n* — n® + 11n? — 39n + 43) > 0.

since both terms are positive for n > 4.
We shall now show that bo(n) > 0 for n > 12. We can assume that n > 21, since the
remaining cases can be checked directly. Bounding crudely

bo(n) > —2"n® + 3" (0.3n° — 81) —n® — 12n — 46 > —2"n° + 3" (0.3n> — 81) — 3n’

1 1 1 3\"
> —9onp3 4 §3”n2 —3n? > —2"n3 + EB”TLZ = 1—07122" <<2> - 10n> > 0.
7.4. Positivity of P,(y) for n > 7. From the signs of ¢; and d; we see that
Pa(y) > ag + €¥(bo + bry + bay”).
We are going to show that
9) ag + €Y (by + bry + bay?) > 0 for n>T1.
We first assume that 8 < n < 11, in which case we write

_ 1 _
ag + €¥(bo + bry + bay?) > ag — |bo| — e by - e 2|by| > 0.

where the last inequality can be verified directly. Now assume that n > 12. In this case
bp(n) > 0 and we have

1
ap + €Y(by + b1y + b2y2) > ap +e?(biy + b2y2) > ag — e_l\b1| — 16_2‘1)2‘ > 0.
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Observe that
b1(n)] < 2" (n® +n® + n+20) +3"n+ Tn + 12 < 2" - 4n® + 3"n + 2"n% = 2" - 5n® + 3"
and
|ba(n)| < 2" (0.35n +0.6n +4) +3-3" +1 < 2"n* + 33"
Therefore
e by | + 3672‘b2| < 2™ 2n3 4 3™,
We also have
ap(n) > %3"(712 —3n —12) > 3" 1n?.

It is therefore enough to show that for n > 12 one has
37 1Ip2 > 9n . 9n3 4 37,
Note that
W*#—WMZEMWET%%{

since 8n < (3)" for n > 12.
Let us now prove (9) for n = 7. One has

bp b b 3 1
T4e? [ 24 Lyt 292 >1+e¥ (—1-2y— —4?).
ap  ag ag 5 10

Since the right hand side vanishes for y = 0, it is enough to show that it is decreasing. This
is true since the derivative is equal to —%ey (y +4)2

We have Py = P; = 0. Positivity of P,(y) for 2 < n <5 is proved in the Appendix. We
provide a graph of these functions of readers convenience.

FIGURE 2. The graphs of P(y), %Pg(y), HPi(y), éP5(y) and éPﬁ(y).
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8. THIRD DERIVATIVE
Using the command
Simplify[D[G]c, x, y], ¢, ¢, ] /.c — 1]
and further simplifying the expressions, we find that
(e =T (@,y)* ¢ T(x,y)°
er —e¥ (e —eY)

72ezx—eyy

GO (1,2,9) = e “ey<ﬂ%w+ﬂ

2>+U@w%
where

S(z,y) =12(e* — 1) (e"Y(3z — 3y —2) — "Bz +2) + 2e2® + ¥(3y + 2))

T(z,y) =e"z — e’y — eHy(fU —y)

U(z,y) = —6 ((2* — 22 +2) (—e"1Y) — ” (32% + 22 + 6) + 4e** + 2¢¥ +2) .
8.1. Preparatory bound. Our first step is to show that

(em 7x1)T(§’y)2 > (j;(l‘ayz;:

This is equivalent to
(ex - 1)(€$ - ey) > T(l’,y),
which simplifies to
Rz, y) = €™ (@ —y— 1) — (@ + 1) + € + ¥y + 1) > 0.
The function R appeared in (8) and the inequality R(x,y) > 0 was already verified.
It is therefore enough to show that

_92 efz—eYy

e e (S(;v,y) +16

(ex — 1)T<I‘, y)2
et —eY

)—I—U(;v,y) >0

or equivalently
—pzmcly

€ et—e¥ Ag(ﬂj',y) + B3($7y) > 0

with
Ag(w,y) = S(@,y)(e" — ) +16(e” — )T(z,9)%,  Bs(e,y) = Uz, y)(e” — e¥).
8.2. The factor Az is non-negative. We now show that the first term in the above ex-
pression is positive, which is needed to use our standard bound on the exponent. Since
A3($7y) = 4(6$ - 1)V(l’,y), where
V(z,y) =4 (exm —eVy — exﬂ/(x — y))2
+3(e” —1)(e" —e¥) ("™ (3 — 3y — 2) — " (3z + 2) + 2 + e¥(3y + 2)) ,

thus reduces to the inequality V(x,y) > 0. We shall expand V(z,y) in  and show that the

. . . . n .
coefficients are non-negative. The coefficient in front of 7 is of the form

Qn(y) = a0 + €¥(Bo + Bry) + € (70 + ny + 129°)

with
nf 2, n+1 n
ap(n) =2 n+?+6 -3""(n+4)+6-4

Bo(n) =2" (—2n2 + 2n + 24) —9n+3"(3n—12)—12, Bi(n) = —8n—3""242"(4n+18)—9
and

11
o) =2 <n2 - 7” - 6> +9n—12,  yi(n) =8n+2"(9—4n) =18,  2(n) =278,
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whereas Q¢ and () vanish. It is straightforward to check that
ap(n) > 0, Bi(n) <0, Yo(n) > 0, ~Ya(n) > 0.

It is also easy to show that 1 (n) < 0 if and only if n > 3. We show that Sy > 0 if and only
if n > 5. For n > 11 we have

Bo(n) > —2-2"n? +3.3"

where the last inequality can be proved by induction. The remaining case 2 < n < 10 are
proved directly.
Now, for n > 5 all the terms have correct sign, so @, (y) in nonnegative. We also have

Q2(y) = e (8y* + 2y +2) +¢¥(—2y —4) +2 > 2™ (y + 1) — 2e¥(y + 2) + 2
It is therefore enough to prove the inequality
eW(y+1) —e¥(y+2)+1>0.

If y < —2 then the second terms is positive and the first term is already smaller in absolute
value than 1, so the inequality holds. If y € [—2,0] then we shall show that the function
is decreasing. The derivative is e¥ (—y + €¥(2y 4+ 3) — 3) so it is enough to show that —y +
e¥(2y + 3) < 3. The second derivative of the left hand side is e¥(2y 4+ 7) > 0, so by convexity
it is enough to verify the inequality for y = —2,0.

We have

Q3(y) = €* (24y* — 18y + 3) + €¥(—36y — 24) + 21 > 3e®¥ — 24e¥ + 21 = 3(e* — 8e¥ + 7).
Let t = e¥ € [0,1]. We want to show t? — 8t + 7 = (t — 1)(t — 7) > 0, which is true. Finally
Qa(y) = € (56y* — 98y + 24) + €¥(—226y — 48) + 168 > —48¢eY + 168 > —48 + 168 > 0.

After using the bound on the exponent, we are left with proving

Ag(l‘,y) + C({L‘,y)Bg(LU,y) = 0.

8.3. Taylor expansion. We expand
L('Ia y) = A3($, y) + C(‘Ta y)Bg(CL', y)
in x using the command

R[n_,y_] := SeriesCoefficient[Expand|L[z, y]], {z,0,n}].

"

o is of the form

The coefficient in front of

P, (y) = ap + €Y(bp + b1y + b2y2) + er(co +cy+ 02y2) + e3y(do +diy + dgyz) + eey,

for n > 2 (we have Py = P, = P, =0), where

In?  57n Lan 16n2  200n
9 9

2y 60) +2" (—4n® — 14n — 24)

eo(n) = —6n? 4+ 18n — 12,
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whereas the coefficients b; are given by

62 62
bo(n) = 2" <(11 — 2> n? + <2 — 29> n—12¢% — 108)
n 15 €2 9 33 €2 9

22 8  4e? T7e? 44 34e?
+3”<<g7—9>n4+<9—2€7>n3+<2;—3>n2—|—< 2; —10>n+3662+24>

+ (36m + 48)

4 2€? 2e? 4 104
bi(n) = 3" <<3—S> n® + (96—3> n® + <g—462>n+108> + 27 ((2€2 — 44) n — 108)

+4" ((2¢* = 12) n — 36) + (32n + +36)

2 2
ba(n) = 3" ((eg — 2) n® + (63 — 2) n+ 6e* — 36> + (12 — 2¢%) 2" + (24 — 4e?) 4,

the coefficients ¢; equal to

co(n) = ((2¢* — 12) n® + (—24 — 2€*) n + 12¢* + 36)

+2“<<Z—3122>n4+<7862—2j>n3+ <225— 121%62>n2+<f)+9§2>n—4862+72)

—|—3"<(§j—227>n4+ <2—42€72> n® 4+ <1387162 —12772> n? + (590—5?;2>n+3662—84)
cl(n):2”<<34€2—g) nd + (125—5462) n? + <17262—19>n—108)

+3”<(3—22€72>n3+ <23€2—4>n2—|— <132— 1224762>n+36> + (—8 — 4e*) n + 108
@(n)-Z”((i—gf) n? + (2—12)71—862)

e? 2\ o (14 7€ 9 5
+3”<(9—3>n —|—(3—9)n—|—66 —20>+(36+26)

and finally the coefficients d; equal to
do(n) = ((2¢* —30) n® + (18 — 2¢*) n + 12¢* — 72)

3 e\ 4 (5e* 15\ 5 (129 55e?\ , [Tle? 123 5
(S —— = - —_ - ~ =" )n-12
+ <<8 16>n+<8 4>n+<8 16>n+<8 4>n e+60)
2 21 2 2
dl(n):2n<(€4—2>n3+<2—72>n2—|—<7;—21>n>+(24—462)n
2 2 1
dg(n)ZQn(<3—€4>’n2+<5Z—;)n—262+12>+(262—12)

8.4. Signs of ¢y, c1,co for n > 4. Let n > 4. We show the inequalities

co(n) > 0, c1(n) <0, ca(n) > 0.
We start with co(n). We have
co(n) > (2n* — 39n + 124) + 2" (—0.27n" + n® — 29n® 4 37n — 283)
+3"(0.01n" — 0.21n° 4 6n* — 36n + 182) .
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If we now assume that n > 25 then we can further estimate
2n? —39n + 124 > 0, —0.27n* + n® — 29n? 4 37n — 283 > —0.27n* — 29n? — 283 > —n?

and
6n° — 36n + 182 > 0, 0.01n* — 0.21n° > 0.001n*

thus
co(n) > —2"n* + 3" . 0.001n* = n*(3"- 1073 — 2") > 0.

The remaining cases are checked directly.
We now show that ¢;(n) < 0. For n > 23 we have

c1(n) < 3" (=0.1n® + n® — 17n + 36) + 2" (1.05n° — n® + 44n — 108) — 37n + 108
< 2" (1.05n% + 44n) + 3" (—0.1n” + n® + 36) < 2" - 2n® + 3"(—0.1n" + 2n?)
< 2. 203 4 37(=0.1n% 4+ 2n?) < 2" - 203 — 3. 0.01n® = —n3(3"1072 — 2. 2") < 0.

The cases 4 < n < 23 are checked directly.
Finally, we show that ca(n) > 0. We can assume n > 9 since other cases can be checked
directly. We have

ca(n) > 3" (0.15n* — 1.1n + 24) — 2" (1.05n% + 0.35n + 60) > 3" - 0.1n* — 2" - 2n?
=n%(3"-0.1-2"-2)>0.
8.5. Bounding terms containing high powers of ¢Y. We are going to obtain a useful
bound on P, (y) by showing that
e (co + cry + coy®) + €V (do + dry + doy?) + e'ey > 0.
Since ¢1(n) < 0 and ca2(n) > 0, it is enough to show that
co + €¥(dy + dry + doy®) + e*Yeg > 0
for all n > 4. Since ¥ < 1, |eYy| < 1 and e?Yy? < 1 it is enough to show that

(10) co — (|do| + |d1| + |d2| + |eo]) > 0.
We have
|do| < 16n° + 4n + 17+ 2" (0.1n" + n® + 10n” + 35n + 29) < 40n® + 2" - 2n" < 2" - 3n".
Moreover
|dy| < 2" (0.35n% + 2.5n° + 5n) + 6n < 2" - 2n° < % 2m .t
and
|ds| < 2" (0.35n +2n +3) +3 < 2" 2n? < é -2mpt,
Also
leo| < 6n% 4 18n + 12 < 12n% < 32%4.
As a result

|do| + [d1| + |da| + |eo| < 2" - 4n"
We have already seen that for n > 25 one has
co > n*(3" 1077 — 2.

Therefore it is enough to check that 37-1073 > 5-27, which is true for n > 25. For4 <n < 24
the inequality (10) is also valid.
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8.6. Positivity of P,(y) for n > 8. According to the previous subsection, it is enough to
prove that
ap + €¥(bo + bry + bay?) > 0.
It turns out that for n > 9 the inequality follows from the trivial bound
ao + €¥(bo + bry + bay®) > ag — (|bo| + e [by| + 4e?[ba]).
The right hand side is positive for 9 < n < 25. We have
ao(n) > 3" (n? + 22n + 60) + 4™ (1.125n% — 8n — 36) — 2" (4n® + 14n + 24) .
Moreover
|bo| < 4™ (0.028n% + 6n + 142) + 2" (8n* + 26m + 197)
+ 3" (0.06n" + 0.3n* + 7Tn? + n + 291) + 36n + 48
|b1] < 3™ (0.4n® + 0.4n” + 6n + 108) + 32n + 4™(3n + 36) + 2" (30n + 108) + 36
|bo| < 3™ (0.5n% +0.5n+9) +3-2" +6- 4™
Putting these crude bounds together gives
ao — ([bo| + e~ |br] + 4e72[b2]) > ag — (|bo| + [br] + [ba])
> 4" (1.097n* — 17n — 220) + 2" (—12n* — 70n — 332)
+3" (=0.06n" — 0.7n® — 6.9n* + 14.5n — 348) — 68n — 84.
If n > 26 then
1.097n% — 17n — 220 > 0.1n2, 12n2 4+ 7T0n + 332 < 1612, 68n + 84 < 2"'n?

and
0.06n* + 0.7n° + 6.9n% — 14.5n + 348 < 0.1n*.

Using these estimates we get a lower bound
4".0,1n% — 2" -16n? — 3" - 0.1n* — 2"n% = n2(4" - 0.1 — 2" - 17 — 3" - 0.1n?)
Note that
4".0.1—2"-17—3"-0.1n* > 4" - 0.1 — 3" - 0.2n* > 0.
It remains to prove the inequality in the case n = 8, in which case
b b b
1+ e <0 + 2Ly + 2y2) >1—e¥(1+y+0.127).
a ap ag
The right hand side is clearly positive for, say, y < —5. The derivative of the right hand side
is e¥(—0.12y% — 1.24y — 2.) which on the interval [—5, 0] has sign pattern (+, —) and thus it
is enough to check the inequality for y = —5 and y = 0.
We have Py = P, = P, = 0. Positivity of P,(y) for 3 < n < 7 is proved in the Appendix.
Below we provide a graph of these functions.
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FIGURE 3. The graphs of P3(y), 2 Ps(y), %Pg,(y), éPg(y) and & Pr(y).
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9. APPENDIX

9.1. Functions P, (y) for the first derivative.

9.1.1. Positivity of P1(y). We have
6e Y Py(y) = [(18 — 2¢7) y* — 24y — 12€?]

+e¥ [(e* —6) y' + (12— 2¢?) y* + (8¢* — 24) y? + (48 — 12¢%) y + 12€?]
+ % [Gy2 — 24y] .

The first step is to forget the positive terms including e¥y* and e¥y3, which leads to

6e Y Py(y) > [(18 — 2¢%) y® — 24y — 12€?] + ¥ [(8e® — 24) y* + (48 — 12€%) y + 12€2] + € [6y° — 24y] .

Case 1: y < —3. In this case the first bracket is positive and thus the whole function is

positive. Case 2: y € [—%, 0]. In this case we use the bound e! > 1+ ¢ + % + % which gives
6e VP (y) > %y?’ ((6+2¢®) y* + (3e* — 36) y + 6e* — 54) .

We have

(6 +2¢%) y*+(3e® — 36) y+6e°—54 < (6 + 2¢°) ;5+(362 — 36) (—i) +6e*—54 = —0.808033 < 0.

Case 3: y € [—3,—2]. The derivative of the right hand side in the above estimate is
4 (—Gey (y2 — 2) + 3e% (y2 — 3y — 2) — ey 4+ eV 2y + 1)y + 9y — 6)
and therefore its absolute value is bounded by
4(6 (y* +2) + 3 (v> + 3|yl +2) + *|y| + 2 (2Jy| + )|y| + 9]y| + 6) < 1500.

Therefore it is enough to show that for y, = —3 + (—% + 3)Wk00 for k = 0,...,50000 the

L which is the case.

values of our lower bound are greater than ;,

9.1.2. Positivity of Pa2(y). We have

2 15 5e? 2¢?
Py(y) = ¥ <y2—4y—|—3>+ey<<2—g>y2+<§—16>y—5e2+1>

2 2 1 2
+e2y<<64—§>y4+<7—7§>y3+(362—12)y2+(20— 736 >y+562—5)+1.

We can again neglect positive terms

2 2 2 2
3 7 15 5
e <<4 - 2> V't <7 B ;) y?’) and - e? (2 B §> vooand

getting a bound

17¢? 2¢?
Py(y) > ¥ ((362 —12)y° + <20 - e > y + 5e? — 5) +e¥ ((; — 16> y —5e? + 1) +e3¥(3—4y)+1.

3

Case 1. y < —4. In this case (% — 16) y — 5e2 4+ 1 > 0 and the rest of the terms are also

positive.
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Case 2. y € [—%,0]. In this case we can assume that the bracket multiplied by e¥ is
negative, since otherwise there is nothing to prove. For this term we are going to use the

bound e¥ <1+ y + % and for the other exponents the bound e! > 1+t + % + %, yielding
2
Pa(y) > %8 (726> — 288) y* + (=276 — 28¢?) y* + (30¢> — 57) y — 3> + 72) .
The polynomial
(72¢* — 288) y® + (—276 — 28¢?) y* + (30e® — 57) y — 3¢ + 72

clearly increases with y (checking the signs of the coefficients) at thus it is enough to show

that it is positive for y = 1—10, which is the case.

Case 3. y € [—4, —%]. The derivative of the estimate is

1
—5¢” (6e” (129> — 8y — 5) + e¥*? (=18y” + 16y — 13) + 48y + 3¢*¥(12y — 5) + €*(13 — 2y) + 45)
and thus its absolute value can be upper bounded by

1
3 (6 (12y* + 8|y| +5) + € (18y* + 16y| + 13) + 48]y| + 3(12[y| + 5) + €*(13 + 2|y|) + 45)

which is maximized for y = —4 and does not exceed 1600. Therefore it is enough to show
that for yp, = —4 + (_%0 + 4)% for k= 0,...,10° the values of our lower bound are greater

than 0.02, which is the case.

9.1.3. Positivity of Ps3(y). We have

2 59  10¢? 5e?
Py(y) = 3 + €3 <%—2y+3>+ey<(6— 96 >y2+(§—28>y—762+7>

7?7 26 13¢? 37¢2 23¢2

We can neglect all the terms having powers of y greater than 1. We get

3 5e? ) 9 23¢? 5
Ps(y) > e (—2y + 3)+¢€Y ?—28 y—Te "+ 7| +eYV (28— — |y +T7e* —13 ) +3.

3

Case 1. y < —3. In this case the bracket multiplied by €Y is positive and there is nothing to
prove.

Case 2. y € [-3,0]. We shall show that the bound is decreasing on [—3,0]. The derivative
is

—%ey (84y + 3e*¥(6y — 7) — 6e¥(28y + 1) + ¥ T2(46y — 19) + €*(16 — 5y) + 63) .
It is therefore enough to show that
84y + 3e?Y(6y — 7) — 6€¥(28y + 1) + e¥T2(46y — 19) + €*(16 — 5y) + 63
is positive. The derivative of this expression is
12e%Y(3y — 2) — 6e¥(28y + 29) 4 ¥ T2(46y + 27) — 5e? + 84

which in absolute value is bounded by

12(3Jy| + 2) + 6(28|y| + 29) + €>(46]y| + 27) + 5e? + 84 < 2200.

Therefore it is enough to show that for y, = _Sﬁkoo for k = 0,...,1500 the values of our
lower bound are greater than 0.02, which is the case.
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9.1.4. Positivity of Py(y). We have the bound
e¥(—35Ty — 894) + €% (786 — 569y) + 108

and the first term is positive for y < —2.6. Assume y € [—2.6,0]. It is enough to show that
this function is decreasing on this interval. Its derivative is

—e¥ (357y + €Y(1138y — 1003) + 1251)
and thus it is enough to show that
357y + e¥(1138y — 1003) + 1251 > 0

Dividing by 357 and estimating gives the goal

7 7
y+ev <2y —3> +520  ye[-26,0
The derivative of this function is %69(7 y+ 1)+ 1 whose absolute value can be upper bounded

by @ + % < 10. Therefore it is enough to show that for y; = —2.6% for k =0,...,3000
the values of our lower bound are greater than 0.001, which is the case.

9.1.5. Positivity of Ps(y). We have
Ps(y) > e¥(—127Ty — 2758) + 2525¢%¥ + 540

The first term is positive for y < —2.2. Let us therefore assume that y € [—2.2,0]. The
derivative of the estimate is

e’ (—1277y + 5050e¥ — 4035)
So its absolute value is upper bounded by

1277|y| + 5050 + 4035 < 12000
Therefore it is enough to show that for y, = —2.2% for kK = 0,...,300 the values of our
lower bound are greater than 100, which is the case.

9.2. Functions P, (y) for the second derivative.

9.2.1. Positivity of P2(y). We have
2

Py(y) = gey ((6- 62) y? — 18y — 6e* — 6)

+ §62y ((6 — 62) v+ (6 + 62) v+ (24 — 662) Y+ 6e? — 6) +4e3(1—y) +4
Case 1: y < —3. Note that
Py(y) > gey ((6 —€?)y* — 18y — 6e* —6) +4 >4 — e¥(y* + 34).

To prove that this is positive it is enough to observe that it is positive for y = —3 and then
show that the expression is decreasing. Equivalently, we want to show that e¥(y? + 34) is
increasing. The derivative is e¥ (y2 + 2y + 34) =eY ((y +1)2 + 33) >0

Case 2: y € [—%, 0]. It is enough to show that the derivative on this interval is negative.
The derivative is of the form —Z2e¥R(y), where

R(y) = ((¢2 = 6) y? + (6 + 2¢?) y + 6% + 24) + ¢®(18y — 12)
+e¥((2¢* — 12) y® + (e* — 30) y* + (10e* — 60) y — 6e* — 12).
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Using estimates e! <1+t + % for t < 0 we get the bound

R(y) > % (2¢* — 12) y° + % (5e* — 54) y* + % (16e* — 72) y° + % (18¢* — 180) y* + % (12¢* — 144) y
5

The positivity of this expression is equivalent with the positivity of
—2y* + 8y — 24y? + 24y + 27.

Here the worst case is y = —%.

Case 3: y € [-3, —%] We crudely bound the derivative

IPy(y)| < |R(y)| < (6+ ) y® + ((12+2€%) |y[> + (30 + €2) y* + (60 + 10€?) |y| + 6e* + 12)
+ (6 +2¢?) y| + (18]y| + 12) + 6e? + 24
< 27y3 + 51y + 173y + 137 < 2000.

Therefore it is enough to show that for y, = —3 + (—% + B)ﬁ for K =0,...,6000 the values
of our lower bound are greater than 1, which is the case.

9.2.2. Positivity of Ps3(y). We have

Pi(y) = ? + gey ((24 — 4€?) y* + (3e* — 96) y — 24e® + 9)

+ ée% ((30 —5€?) 4 + (14e® — 48) y* + (96 — 36€*) y + 48e* — 108) + §e3y(5 —2y).

After neglecting various positive terms we get a bound

P3(y) > gey ((24 — 4e®) y* + (3e* — 96) y — 24e* +9)

1 10e% 20
+ =€ ((96 — 36¢%) y + 48¢2 — 108) + ——— + —.
9 3 3
Case 1: y < —2.1. Forgetting about additional positive terms we get

20 2
Ps(y) > 3+ §ey ((24 — 4€®) y* + (—24€* +9)) > 6 — e¥(2y* + 38).

The derivative of e¥(2y? + 38) is 2e¥ (y2 + 2y + 19) and it therefore positive. Therefore the
bound is decreasing in y and so it is enough to observe that it is positive for y = —2.1.
Case 2: y € [—2.1,0]. The derivative of the estimate is Ze¥R(y) where

R(y) = ((24 — 4€?) y* + (—48 — 5¢?) y — 21e* — 87) + 45¢* + ¥ (—36¢*y + 96y + 30e* — 60) .
It is enough to show that R(y) < 0. The derivative of R is
R'(y) = (48 — 8¢?) y — 5e* — 48 + 90e* + €¥((96 — 36¢®) y — 6> + 36).
Thus
IR (y)| <6+ 12Jy| +90 + 9 + 171]y| = 105 + 183|y| < 500.

Therefore it is enough to show that for y, = —2.1% for k = 0,...,200 the values of R(y)
are smaller than —20, which is the case.
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9.2.3. Positivity of Py(y). We use the bound

Py(y) > ag + €¥(bo + biy + bay®) + e*Ycp.
Therefore, bounding the coefficients crudely
(11) ag ' Ps(y) > €Y (—0.2y% — 1.5y — 3.7) + 2.8¢% + 1.
Assume that y < —3. Then

e’ (—0.2y° — 1.5y — 3.7) +2.8¢* + 1 > e (—0.2y* — 3.7) + 1.
Note that for y < —3 one has e¥y? < % and thus
eV (—0.2y*> —3.7) [ < 0.1+ 3.7¢ % < 1.

and therefore the inequality holds in this case.
For y € [-3,0] we use the netting argument. The derivative of the right hand side of (11)
is
e’ (—0.2y> — 1.5y — 3.7) + €¥(—0.4y — 1.5) + 5.6¢*
and is therefore upper bounded in absolute value by
(0.2y* + L5ly| + 3.7) + (0.4]y| + 1.5) + 5.6 < 20.

Therefore it is enough to show that for y, = —3% for K =0,...,2000 the values of of the
right hand side of (11) is greater than 0.05, which is the case.

9.2.4. Positivity of Ps(y). We are going to use the bound

P5(y) > ag + €¥(bo + bry + bay?) + ey,
Therefore, again bounding the coefficients crudely

a61P5(y) > eY (ny —y— 3) +2e% 4 1.

The right hand side vanishes for y = 0 and therefore it is enough to show that the right
hand side is decreasing. The derivative is equal to e¥ (4ey —4 -3y — y2). To show that
4e¥ — 4 — 3y — y? it is enough to show that it is increasing. The derivative is 4e¥ — 3 — 2.
The minimum of this function is achieved for y = log 2 at is equal to —1 + 21log2 > 0.

9.2.5. Positivity of Ps(y). We have

Ps(y) > ag + €¥(bo + bay?) + e*¥cy.
Therefore, again bounding the coefficients crudely gives

ag ' Ps(y) > e’ (—y* —2) + e + 1.

It is enough to show that the derivative of the right hand side is negative. This derivative is

equal to 2e¥ (ey —1—y— %) and the inequality e¥ <1+ y + % is well known.
9.3. Functions P,(y) for the third derivative. Note that for n = 5,6,7 we have ¢y > 0,
c1 <0, co >0and ey < 0. Thus we have the bound
Po(y) > ag + €¥(by + by + bay?) + €3¥(co + c1y + cay®) + €3 (do + dry + day?®) + e¥eg
= ag 4 €¥(bo + bry + bay?) + €3 (co + do + eg + (c1 + d1)y + (co + do)y/?).
It is also true that ¢; + dy < 0 and ¢o + dy > 0 and thus
Po(y) > ag + €¥(bo + b1y + bay®) + ¥ (co + do + o).



30 JAMES MELBOURNE, PIOTR NAYAR, AND CYRIL ROBERTO

9.3.1. Positivity of Pz(y). We have
ag ' Pr(y) > 1+e¥ (—0.15y* — 1.6y — 1.6) + 1.8¢* > 0.9 — 1.6¢¥ + 1.8¢*

It is therefore enough to show that for ¢ € [0,1] one has 0.9 — 1.6t + 1.8t3 > 0. By AM-GM
we have

0.9+ 1.8t% = 0.45 + 0.45 + 1.8t > 3¢tv0.452 - 1.8 > 1.6¢
9.3.2. Positivity of Ps(y). We have
ag ' Ps(y) > 1+ €Y (—0.2y° — 2y — 2.8) +2.8¢* > 0.89 + €V (—2y — 2.8) + 2.8¢%

The right hand side is clearly positive for y < —1.4. Assume y € [—1.4,0]. Then the derivative
of the right hand side is e¥ (—2y + 8.4e% — 4.8) and can be upper bounded in absolute value

by 20. Therefore it is enough to show that for y; = —1.4% for k =0,...,200 the values of
the right hand side are greater than 0.2, which is the case.

9.3.3. Positivity of Ps(y). We have
(12) ag ' Ps(y) > 1+ ¢¥ (—0.24y* — 3.45y — 4.68) + 4.3¢*
We first assume that y < —2. In this case
1+ e (—0.24y” — 3.45y — 4.68) + 4.3¢® > (1 — 0.24e¥y?) + e¥(—3.45y — 4.68) > 0
Assume y € [—2,0]. The derivative of the right hands side of (12) is
e’ (—0.24y” — 3.93y + 12.9¢* — 8.13)

and its absolute value can be upper bounded by 25. Therefore it is enough to show that for
Y = —2#“00 for £ = 0,...,5000 the values of the right hand side are greater than 0.01, which
is the case.

9.3.4. Positivity of Py(y). Let us first assume that y < —2.5. Then
Py(y) > 1+ € (—0.13y> + 0.15y — 2) + e¥ (—0.27y* — 7) — 0.24€"
and
€% (—0.13y” + 0.15y — 2) + ¥ (—0.27y* — 7) — 0.24e"|
< 0.005-0.13 +0.002 - 0.15 4+ 0.002 4+ 0.52 - 0.27 + 0.58 4+ 0.24 - 0.001 < 0.73 < 1
Therefore the inequality holds in this case. Let y € [—1,0]. We have the bound Py(y) > g(y)

where
9(y) = ao + ¥ (bo + b1y + bay®) + e + €% (do + diy + day?) + €*Veg

We are going to show that ¢’(y) < 0 on [—1,0]. We have
e Vg (y) = (bo+b1 + (b1 +2bo)y + bay?) + €¥2co + €Y (3do + dy + (3d1 + 2do)y + 3doy?) + €3V 4ey
and
(7Y (y)) = b1 + 2ba + 2bay + €¥2¢ + €Y (6do + 5dy + 2da + (6d1 + 10d2)y + 6day?) + €Y 12¢
We therefore have

(79" (y))'] < [ba] + 4[b2| + 2lco| + 6]do| + 11]d1| + 18|dz| + 12]eo| < 6013

Therefore it is enough to show that for y, = —1& for k = 0,...,100 the values of e ¥g'(y)
are smaller than —100, which is the case.
We are now left with y € [-2.5, —1]. We shall show that g(y) > 0. We have

\g'(y)\ < ’bo‘ + 2‘b1| + 3|b2| + 2|C()| + 3’d0’ + 4’d1’ + 5’d2’ + 4‘60| < 6113

Therefore it is enough to show that for y, = —2.5 + (=1 + 2.5)% for kK = 0,...,200 the
values of e ¥Y¢/(y) are greater than 100, which is the case.
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9.3.5. Positivity of P3(y). Let us first assume that y € [—0.1,0]. Then it is easy to check
that
b0+bly+bgy2 <0, Co+61y+62y2 > 0, d0+d1y+d2y2 <0, eg <0
and therefore using standard bounds et <14 ¢+ %tz and et > 1+t + %tQ + %t?’ for t < 0 we
get

Psy(y) >

LI >

(72 + 4€?) y® + (2 (72 + 4€?) + 5 (12 — 2¢2) + 32) y*

+(2(72+ 4€?) + 32¢? +4 (12 — 2¢?) — 28) y® + (2 (12 — 2¢?) — 82 + 120) ¢/
> y?(136y° + 221y + 401y + 55) > y*(0.136 — 40.1 + 55) > 0.

Assume now that y < —2.5. We have

P3(y) > €¥ (—3y* — 89) + €® (—3y® — 41) + 24e*y — 12e" + 12

and
e (3y* + 89) + e (3y* + 41) + 24 |y| + 12"
This expression is increasing in y for y < —2.5 and thus it is maximized for y = —2.5 in
which case the value is smaller than 10.
We are now left with the case y € [-2.5,—0.1]. We have

Pi(y) = e* ((144 + 8¢®) y® + (192 + 8¢®) y + 48e? — 72) + eV ((12 — 2¢%) y* — 4e’y — 12¢* — 24)
+¢% ((36 — 6€%) y? + (24 — 4e?) y — 36> + 144) — 48
Therefore
|P5(y)] < 144482 +1924-8¢*+48¢> —T2+[12—2¢%|+4e?4+-12e% 424+ |36 — 62 | +|24—4e? |+ | —36¢%4-144|+48

This is smaller than 1070. Therefore it is enough to show that for y, = —2.5+ (—0.1—|—2.5)%
for k =0,...,7000 the values of e ¥¢/(y) are greater than 0.4, which is the case.
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