DISPLACEMENT CONVEXITY OF ENTROPY AND RELATED INEQUALITIES ON
GRAPHS

NATHAEL GOZLAN, CYRIL ROBERTO, PAUL-MARIE SAMSON, PRASAD TETALI

ABsTRACT. We introduce the notion of an interpolating path on the set of probability measures on finite
graphs. Using this notion, we first prove a displacement convexity property of entropy along such a
path and derive Prekopa-Leindler type inequalities, a Talagrand transport-entropy inequality, certain
HWI type as well as log-Sobolev type inequalities in discrete settings. To illustrate through examples,
we apply our results to the complete graph and to the hypercube for which our results are optimal — by
passing to the limit, we recover the classical log-Sobolev inequality for the standard Gaussian measure
with the optimal constant.

1. INTRODUCTION

In recent years, Optimal Transport and its link with the Ricci curvature in Riemannian geometry
attracted a considerable amount of attention. The extensive modern book by C. Villani [57] is one of
the main references on this topic. However, while a lot is now known in the Riemannian setting (and
more generally in geodesic spaces), very little is known so far in discrete spaces (such as finite graphs
or finite Markov chains), with the notable exception of some notions of (discrete) Ricci curvature
proposed recently by several authors — unfortunately there is not yet a satisfactory (universally agreed
upon) resolution even there — see Bonciocat-Sturm [6], Erbar-Maas [13], Hillion [19], Joulin [23],
Lin-Yau [30], Maas [32], Mielke [38], Ollivier [39], and recent works on the displacement convexity
of entropy by Hillion [20], Lehec[26] and Léonard [29].

In particular, the notions of Transport inequalities, HWI inequalities, interpolating paths on the
measure space, displacement convexity of entropy, are yet to be properly introduced, analyzed and
understood in discrete spaces. This is the chief aim of the present paper, and of a companion paper
[17]. Due to its theoretical as well as applied appeal, this subject is at the intersection of many areas
of mathematics, such as Calculus of Variations, Probability Theory, Convex Geometry and Analysis,
as well as Combinatorial Optimization.

In order to present our results, let us first introduce some of the relevant notions in the continuous
framework of geodesic spaces, see [57].

A complete, separable, metric space (X, d) is said to be a geodesic space, if for all xg, x; € X, there
exists at least one path y: [0, 1] — X such that y(0) = x¢, y(1) = x; and

d(y(s), y(®)) = |t = sld(xo, x1), Vs,1€[0,1].

Such a path is then called a constant speed geodesic between x( and x.
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Then, for p > 1, let P,(X) be the set of Borel probability measures on X having a finite p-th
moment, namely

Pp(X) = {,u Borel probability measure : f d(xy, )P u(dx) < +oo} ,
X

where x, € X is arbitrary (#,(X) does not depend on the choice of the point x,) and define the
following L,-Wasserstein distance: for vo, vy € P,(X), set

1/p
(L.1) Wy(vo,v1) = (ﬂer}(rgm{ffd(x,y)”dn(x,y)}) ,

where I1(vg, v1) is the set of couplings of v and v;.

The metric space (#,(X), W) is canonically associated to the original metric space (X, d). Namely,
if p > 1, (Pp(X), W) is geodesic if and only if (X, d) is geodesic, see [54].

A remarkable and powerful fact is that, when X is a Riemannian manifold, one can relate the Ricci
curvature of the space to the convexity of entropy along geodesics [36, 8, 45, 31, 53, 56]. More
precisely, under the Bakry-Emery CD(K, co) condition (see e.g. [2]), namely if the space (X, d, w) is
such that Ric + Hess V > K, where u(dx) = V™ dx, then one can prove that for all vg, v € Pa(X)
whose supports are included in the support of u, there exists a constant speed W»-geodesic {v}e(o.1]
from v to v; such that

K
(1.2) H(vilw) < (1 = H(volw) + tH(vi|u) — Et(l -OWi(n,v)  Viel0,1],

where H(v|u) denotes the relative entropy of v with respect to . Equation (1.2) is known as the
K-displacement convexity of entropy. In fact, a converse statement also holds: if the entropy is K-
displacement convex, then the Ricci curvature is bounded below by K. This equivalence was used as
a guideline for the definition of the notion of curvature in geodesic spaces by Sturm-Lott-Villani in
their celebrated works [31, 54, 55].

Moreover, it is known that the K-displacement convexity of entropy is a very strong notion that
implies many well-known inequalities in Convex Geometry and in Probability Theory, such as the
Brunn-Minkowski inequality, the Prekopa-Leindler inequality, Talagrand’s transport-entropy inequal-
ity, HWI inequality, log-Sobolev inequality etc., see [57].

The question one would like to address is whether one can extend the above theory to discrete
settings such as finite graphs, equipped with a set of probability measures on the vertices and with a
natural graph distance.

Let us mention two main obstructions. Firstly, W,-geodesics do not exist in discrete settings (the
reader can verify this fact by considering two nearest neighbors x,y in the graph G = (V, E) and
constructing a constant speed geodesic between the two Dirac measures d,, 0, at the vertices x and
y). On the other hand, the following Talagrand’s transport-entropy inequality

(1.3) Wi(vo, 1) < C HOvol),  Vvp € Pa(V)

(for a suitable constant C > 0) does not hold in discrete settings unless u is a Dirac measure! From
these simple observations we deduce that W5 is not well adapted either for defining the path {v;} 0,1}
or for measuring the defect/excess in the convexity of entropy in a discrete context.

In this paper, our contribution is to introduce the notion of an interpolating path {v;};c0.17 and of
a weak transport cost fz (that in a sense goes back to Marton [33, 34] ). These will in turn help us
derive the desired displacement convexity results on finite graphs.
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Before presenting our results, we give a brief state of the art of the field (to the best of our knowl-
edge).

In [40], Ollivier and Villani prove that, on the hypercube Q,, = {0, 1}"*, for any probability measures
Vo, V1, there exists a probability measure v, (concentrated on the set of mid-points, see [40] for a
precise definition) such that

1 1 -
H(vip2lp) < EH(Vol,U) + EH(VILU) - @Wl (v0.v1),

where u = 1/2" is the uniform measure and W, is defined with the Hamming distance. They observe
that, this in turn implies some curved Brunn-Minkowski inequality on Q,,. The constant 1/n encodes,
in some sense, the discrete Ricci curvature of the hypercube in accordance with the various definitions
of the discrete Ricci curvature (see above for references).

Maas [32] introduces a pseudo Wasserstein distance ‘W, that corresponds to the geodesic distance
on the set, P(€,,), of probability measures on the hypercube Q,,, equipped with a Riemannian metric.
(In fact, his construction is more general and applies to a wide class of Markov kernels on finite
graphs.) This metric is such that the continuous time random walk on the graph becomes a gradient
flow of the function H(-|u). This is further developed by Erbar and Maas [13] who prove, inter alia,
that if {v;}[0.17 is a geodesic from vy to v, then

1
Hvilp) < (1 = DH(volu) + tH(vilp) - —#(1 = W30, 1), Vre[0,1],

where u = 1/2" is the uniform measure. Independently, Mielke [38] also obtains similar results. As a
consequence of their displacement convexity property, these authors derive versions of log-Sobolev,
HWI and Talagrand’s transport-entropy inequalities (involving W, and W; distances) with sharp
constants. Very recent works of Erbar [12] and Gigli-Maas [15] derive further results with the pseudo
metric, demonstrating that the metric also works, in a certain sense, in continuous settings.

In a different direction (at the level of functional inequalities), besides the study of the log-Sobolev
inequality which is now classical (see e.g. [48, 1]), Sammer and the last named author [50, 49]
studied Talagrand’s inequality in discrete spaces, with W, on the left hand side of (1.3). They also
derived a discrete analogue of the Otto-Villani result [41]: that a modified log-Sobolev inequality
implies the W;-type Talagrand inequality. Connected to this, a few years ago, following seminal
work of Bobkov and Ledoux [3], several researchers independently realized that modified versions
of logarithmic Sobolev inequalities helped capture refined information that was lost while working
with the classic log-Sobolev inequality of Gross. In the discrete setting of finite Markov chains,
one such modified log-Sobolev inequality has been instrumental in capturing the rate of convergence
to equilibrium in the (relative) entropy sense, see e.g. [7], [10], [5], [14], [16], [48], [46]. The
current state of knowledge in identifying precise sufficient criteria to derive bounds on the entropy
decay (or on the corresponding modified log-Sobolev constants) is unfortunately rather meagre. This
is an independent motivation for our efforts at developing the discrete aspects of the displacement
convexity property and related notions.

Now we describe some of the main results of the present paper. At first, we shall introduce the
notion of an interpolating path {v}}[o0,1], on the set of probability measures on graphs, between two
arbitrary probability measures vy, v;. In fact, we define a family of interpolating paths, depending on
a parameter 7 € I[1(vy, v1), which is a coupling of vy, v;. The construction of this interpolating path is
inspired by a certain binomial interpolation due to Johnson [22], see also [19, 20, 21]. In particular,
we shall prove that such an interpolating path, for a properly chosen coupling 7* — namely an optimal
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coupling for W; —is actually a Wj constant speed geodesic: i.e., Wi (vf*, v’[) = |t = s|Wi(vp, v1) for all
s,t € [0, 1], with W; defined using the graph distance d (see Proposition 2.5 below). Such a family
enjoys a tensorisation (see Lemma 2.10) that is crucial in our derivation of the displacement convexity
property on product of graphs.

Indeed, we shall prove the following tensoring property of a displacement convexity of entropy
along the interpolating path {v{},c(0,1]. This is one of our main results (see below and Theorem 4.6).
In order to state the result, we define here the notion of a quadratic cost, which we will elaborate on,
in the later sections.

Let G = (V, E) be a (finite) connected, undirected graph, and let (V) denote the set of probability
measures on the vertex set V. Given two probability measures vy and v on V, let I1(vg, v{) denote
the set of couplings (joint distributions) of vg and v{. Given m € Il(vg, v1), consider the probability
kernels p and p defined by

n(x,y) = vo(x)p(x,y) = vi()pQ», x), Vx,y €V,

and set

(1.4) L(m = Y| > dx)py | vox),

xeV \yeV

2

him) = )| > d0e )bl 0| v,

yeV \xeV

We say a graph G, equipped with the distance d and probability measure u € P(V), satisfies the
displacement convexity property (of entropy), if there exists a C = C(G,d,u) > 0, so that for any
vo, V1 € P(V), there exists a € [1(vy, v1) satisfying:

HO ) < (1 = H(volw) + tH(v1|u) = C1(1 = )(L(m) + L(7)), vVt € [0, 1].
The quantity /() goes back to Marton [33, 34] in her definition of the following transport cost,

we call weak transport cost:

Wi(v,v1) := inf L)+ inf Lr).

5(vo, v1) et 2(7) U 2(7)

For more on this Wasserstein-type distance, see [11, 35, 51]. The precise statement of our tensori-
sation theorem is as follows. For a graph, by the graph distance between two vertices, we mean the
length of a shortest path between the two vertices.

Theorem 1.5. Fori € {1,...,n}, let i be a probability measure on G; = (V;, E;), with the graph
distance d;. Assume also that for each i € {1,...,n} there is a constant C; > 0 such that for all
probability measures vy, vy on V;, there exists 1 = n* € Il(vq, v1) such that it holds

HOW) < (1= DHol') + tHon W) = Cit(1 = H(I(n) + b)) Vi e [0,1].

Then the product probability measure u = p' ® --- ® " defined on the Cartesian product G =
G, O---0OG, (see below for a precise definition) verifies the following property: for all probability
measures vo, vy on 'V, there exists 1 = '™ € I(vo, vy ) satisfying,

HO7 ) < (1 = DH(volw) + tHvi ) = Cr(1 = (I () + IP(m) - Ve € [0, 1],
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where C = min; C;,

n
m(x,y)
1 m) = 2 )T v
x€Vi XXV, i=1 \yeVi XXV, Yolx
and
- ey |
7(n) . >
L7 () := di(x;,yi) v1(y).
2 | Z Z Z e ) Y
yeV XXV, i=1 \xeVix--xV,

(and with I(r) := I;l)(n) and similarly for I(r)).

In particular, as a consequence of the above tensorisation theorem, we shall prove that, given two
probability measures vy, v; on the hypercube 2, = {0, 1}"*, there exists a coupling 7 such that

1 _
(1.6) HO ) < (1= HH(volp) + tH(v1lp) — Et(l — HW3(vo, V1), Vi e [0,1]

where ¢ = 1/2" is the uniform measure (but that could be any product of Bernoulli measures). As
it is easy to see, the weak transport cost W, is weaker than W», but stronger than Wi. Moreover,
sz(vo, Vi) = %le(vo, v1) (see below) so that (1.6) captures, in a sense, a discrete Ricci curvature of
the hypercube (see [40] and references therein).

As a by-product of the displacement convexity property above, we shall derive a series of conse-
quences. More precisely, we shall first derive a so-called HWI inequality.

Proposition 1.7. Let u be a probability measure on V", the vertex set of a product graph. Assume
that u verifies the following displacement convexity inequality: there is some ¢ > 0 such that for any
probability measures vy, v) on V", there exists a coupling n € I1(vy, v1) such that

HOJ) < (1= DHolw) + tH ) = ct(1 = U0y (@) + () Vi€ [0, 11.
Then u verifies

n 2
HOolw) < Hol + 4| Y Z[ D (log VO((;)) “log VO((Z))} Vo) 1) - (1 ) + T (),
xeVt i=1 LzeN;(x) H H Z) +

for the same 1 € I1(vy, v1) as above, where N;(x) is the set of neighbors of x in the i-th direction (see
Proposition 5.1 for a precise definition).

On the hypercube, the latter implies the following log-Sobolev-type inequality (that can be seen as
a reinforcement of a discrete modified log-Sobolev inequality (see Corollary 5.3)): if u = 1/2", for
any f: Q, — (0, ), it holds

1 n 1 .
Enty(f) < 5 > ), Hog f(x) = log ()] fu(x) = 5 Wa(ful),

xeQ, i=1

where o;(x) = (x1,...,%xi—1, 1 = X;, Xis1,. .., X,) is the vector x = (x1, ..., x,) with the i-th coordinate
flipped, and the constant 1/2 (in front of the Dirichlet form) is optimal.

From this, by means of the Central Limit Theorem, the above reinforced modified log-Sobolev
inequality actually leads to the usual logarithmic Sobolev inequality of Gross [18] for the standard
Gaussian, with the optimal constant (see Corollary 5.5).
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In a different direction, we also prove that the displacement convexity along the interpolating path
{v}}te10,1) implies a discrete Prekopa-Leindler Inequality (Theorem 6.4), which in turn, as in the con-
tinuous setting, implies a logarithmic Sobolev inequality and a (weak) transport-entropy inequality
of the Talagrand-type:

Wivw) < C HOlw), Vv
for a suitable constant C > 0. These implications and inequalities are studied in further detail — their
various links with the concentration of measure phenomenon and with other functional inequalities —
in the companion paper [17].

We may summarize the various implications that we prove in the following diagram:

’ Displacement convexity ‘

Prekopa-Leindler ‘ U
U
’ Modified log-Sob | Weak transport ‘
U

’ log-Sob for the Gaussian ‘

In summary, our paper develops various theoretical objects of much current interest (the interpo-
lating path {v]};c(0,1], the weak transport cost W,, the displacement convexity property and its conse-
quences) in a discrete context. Our concrete examples include the complete graph and the hypercube.
However, our theory applies to other graphs (not necessarily product type) that we will collect in a
forthcoming paper. Also, we believe that our results open a wide class of new problems and new
directions of investigation in Probability Theory, Convex Geometry and Analysis.

Finally, we mention that, during the final preparation of this work, we learned that Erwan Hillion
independently introduced the same kind of interpolating path, but between a Dirac at a fixed point
o € G of the graph and any arbitrary measure (hence without coupling x), and derive a certain
displacement convexity property [20] along the interpolation. In [20], the author also deals with the
f - g decomposition introduced by Léonard [29].

Our presentation follows the following table of contents.
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1.1. Notation. Throughout the paper we shall use the following notation.

Graphs. G = (V, E) will denote a finite connected undirected graph with the vertex set V and the
edge set E. For any two vertices x and y of G, x ~ y means that x and y are nearest neighbors (for the
graph structure of G), i.e. (x,y) € E. We use d for the graph distance defined below.

Given two graphs G| = (V1, E1), G2 = (V,, E»), with graph distances d, d, respectively, we set
G, O Gy = (V) X Vo, E1 O Ey) for the Cartesian product of the two graphs, equipped with the !
distance d(x,y) = di(x1,y1) + da(x2,¥2), for all x = (x1, x2),y = (y1,y2) € G1 X G,. More precisely,
((x1,x2),(y1,y2)) € E1 O E, if either x; = y; and xp ~ yp, or x; ~ y; and x, = y,. The Cartesian
product of G with itself will simply be denoted by G2, and more generally by G”, for all n > 2.

Paths and geodesics. A path y = (xo, x1,...,x,) (of G) is an oriented sequence of vertices of G
satisfying x;_; ~ x; for any i = 1...,n. Such a path starts at xo and ends at x, and is said to be
of length |y| = n. The graph distance d(x,y) between two vertices x,y € G is the minimal length
of a path connecting x to y. Any path of length n = d(x,y) between x and y is called a geodesic
between x and y. By construction, any geodesic is self-avoiding. We will denote by I'(x, y) the set of
all geodesics from x to y.

We will say that a path y = (xp, x1,...,x,) crosses the vertex z € V, if there is some k such
that z = x;. In this case, we will write z € y. Given z € V, we set C(z) = {(x,y)suchthatz €
v for some y € I'(x,y)} for the set of couples such that some geodesic joining them goes through z.
Conversely, if z belongs to some geodesic between x and y, we shall write z € [[x, y] and say that
z is between x and y. Finally, for all x,y,z € V, we will denote by I'(x, z, y), the set of geodesics
v € I'(x, y) such that z € y. This set is nonempty if and only if z € [x, y].

Probability measures and couplings. We write (V) for the set of probability measures on V.
Given a probability measure v € (V) and a function f: V — R, v(f) = >,y v(2)f(z) denotes the
mean value of f with respect to v. We may also use the alternative notation v(f) = f f(x)v(dx) =

ff(x) dv(x) = ffdv.
Let v, u € P(V); the relative entropy of v with respect to u is defined by

dv dv .
Llog L du ifv<
HOW) = {+ a5 1o G du "

otherwise
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where v < ¢ means that v is absolutely continuous with respect to y, and fl—; denotes the density of v
with respect to p.

Given a density f: V — (0, c0) with respect to a given probability measure u (i.e. u(f) = 1), we
shall use the following notation for the relative entropy of fu with respect to u:

Ent, () i= H(ful) = [ flog fa

If f: V — (0, c0) is no longer a density, then Ent,(f) := fflog(f/u(f)) du.

Given two graphs G| = (V1,E) and G, = (V,, E») and a probability measure u € P(Vy X V)
on the product, we disintegrate y as follows: let u*> be the second marginal of u, i.e. u>(x3) =
2uxevy M(x1, x2) = u(Vy, x2), for all x; € V5, and set,ul(xl |x2) so that

(1.8) p(x1, x2) = (P (xalx),  V(x1, x0) € Vi X Va,

with the convention that ,ul(xllxz) = 0if ,uz(xz) = 0. Equation (1.8) will be referred to as the
disintegration formula of u.
Recall that a coupling 7 of two probability measures ¢ and v in P(V) is a probability measure on V2
so that u and v are its first and second marginals, respectively: i.e. m(x, V) = u(x) and n(V,y) = v(y),
for all x,y € V. Given u, v € P(V), the set of all couplings of ¢ and v will be denoted by I1(u, v).
Moreover, given two probability measures ¢ and v in P(V), we denote by P(u, v) the set of proba-
bility kernels' p such that

D HEOPEY) =), YyeV.
xeV
By construction, given p € P(u, v), one defines a coupling 7 € I1(u, v) by setting n(x, y) = u(x)p(x,y),
x,y € V. Conversely, given a coupling 7 € Il(u, v), we canonically construct a kernel p € P(u, v) by
setting p(x,y) = m(x,y)/u(x) when u(x) # 0 and p(x,y) = 0 otherwise.
Warning 1: In the sequel, it will always be understood, although not explicitly stated, that p(x, y) =
0 if u(x) = 0 and similarly in the disintegration formula (1.8).
Warning 2: Throughout, we will use the French notation C¥ := (’,:) = #lk), for the binomial
coefficients.

2. A NOTION OF A PATH ON THE SET OF PROBABILITY MEASURES ON GRAPHS.

The aim of this section is to define a class of paths between probability measures on graphs. As
proved below, each path in this class is a geodesic, in the space of probability measures equipped with
the Wasserstein distance W, (see below). It satisfies a convenient differentiation property and also
has the nice feature of allowing tensorisation. We shall end the section with some specific examples.

2.1. Construction. Inspired by [22], we will first construct an interpolating path between two Dirac
measures 0, and d,, for arbitrary x,y € V, on the set of probability measures P(V). Fix x,y € V and
denote by I' the random variable that chooses uniformly at random a geodesic y in I'(x, y). Also, for
any ¢ € [0, 1], let N; ~ B(d(x,y),t) be a binomial variable of parameter d(x, y) and ¢, independent of
I' (observe that Ny = 0 and N; = d(x,y)). Then denote by X; = I'y, the random position on I after N,
jumps starting from x. Finally, set v for the law of X,.

1We recall that p: VXV —[0,1]is a probability kernel if, for all x € V, 3,y p(x,y) = 1.
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By construction, v, is clearly a path from 6, to 0y. Moreover, for all z € V, we have

L1
@)= Y PX=dl=y,ze DB =y,zey) = Y Curdred(l - piod =2

yel(x,y) el Guy) ITCx, p)l
Therefore I )|
Vx,y(z) _ d(x 2) d(x z)(l l)d(y \2) X, 2,y
= Ca! S
For all z between x and y we observe that
2.1 ICCx, z, )l = [F(x, )| X [F(z, ),

since there is a one-to-one correspondence between the sets of geodesics from x to z and from z to y,
and the set of geodesics from x to y that cross the vertex z, just by gluing the path from x to z to the
path from z to y, and by using that d(x, y) = d(x, z) + d(z, ). Therefore v,” takes the form

() =l ) dy.z T2 X Tz, )|
2.2) v,7(2) = d(x y) FI(] — )= TGy zelxy]-

Observe that, for any x,y € V and any ¢ € (0, 1), v} = v"",.

Remark 2.3. In the construction above of the interpolation v,”, the choice of the binomial random
variable for the number N, of jumps might seem somewhat ad hoc; however, in Proposition 2.12
below, we show that in fact the choice is necessary for v,” to tensorise over a (Cartesian) product of
graphs.

Given the family { vf’y} x,y» W€ can now construct a path from any measure vo € (V) to any measure
v1 € P(V). Namely, given a coupling m € P(V X V) of vy and v, we define

(2.4) ()= ) ayw(),  Vrelo1].
(x.y)eV?

By construction we have vg = vo and v = v;. Furthermore, observe that, if vy = d, and v; = ¢,

. _ _ x’y
then necessarily 7 = 6, ® ¢, and thus v/ = v,

2.2. Geodesics for W;. Next we prove that, when 7 is well chosen, (V/)s0,1] is a geodesic from vg
to v; on the set of probability measures (V) equipped with the Wasserstein L-distance Wj.
Given two probability measures ¢ and v on P(V), recall that

Wi(u,v) = inf ffd(x,y) n(dxdy) = inf E[d(X,Y)]
nell(vo,vy) X~u,Y~v

The following result asserts that (Vf).o,1] is actually a geodesic for Wi when 7 is an optimal
coupling.
Proposition 2.5. For any probability measures vo, v, € P(V), it holds

W05 V) =t = slWitvo,v1)  Vs,1€10,1]

where T is an optimal coupling in the definition of W1(vo, vi) and where v* is defined in (2.4).
Proof. Fix two probability measures vg, v; € P(V) and 7* an optimal coupling in the definition of

Wi(vo, v1) (since P(V) is compact * is well defined). For brevity, set v, := v/ .
First, we claim that it is enough to prove that

(2.6) Wi(vs, ve) < (t = s)Wi(vo, v1), Vs, t€[0,1] with s < 1.
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Indeed, assume (2.6), then recalling that W is a distance (see e.g. [57]), by the triangle inequality we
have
Wi(vo, vi) < Wivo, vs) + Wivs, vi) + Wivi, vi) < sWi(vo, vi) + (1 = )Wi(vo, vi) + tWi(vo, v1)
< Wi(vo, v1).
Hence, all the inequalities used above are actually equalities, which guarantees the conclusion of the
proposition and hence the claim.

Now, we prove (2.6). Let (X, Y) be a random couple of law n*. Fix s < ¢, it suffises to construct a
random couple (X;, X;) with marginal laws v, and v, so that

Eld(Xs, Xi)] < (1 = $)E[d(X, Y)] = (t = s)Wi(vo, V1)
From the last observation, let us remark that such a couple (X;, X;) will therefore realized
Eld(Xs, X1 = Wi (vs, vo).

Let ((U 0 Vti))izl be an independent identically distributed sequence of random couples in {0, 1}?,

independent of X and Y. We chose the law of (U], V') given by

P(ULVH=0,00=1-s, P(ULVH=(0,1)=0,

P(U;, V) =(1L0) =t-s, P(U,V)=(11)=1,
so that U! and V,1 are Bernoulli random variables with respective parameters s and ¢, and we have
E(U! - V) =(-s).
Given (X, Y) = (x,y), with x,y € V, let (N;, N,) denote the random couple defined by

d(x,y) d(x.y)

Ny = Z Ui, N, = Z; Vi,
i= i=

Then the laws of N and N, given (X, Y) = (x,y) are respectively B(d(x,y), s) and B(d(x,y), t), the
binomial distribution with parameters d(x, y), s and ¢ respectively.

Finally, given (X,Y) = (x,y), with x,y € V, let I' denote a random geodesic chosen uniformly in
I'(x,y), independently of the sequence ((U i, Vti))i>1, and let X; = I'y, be the random position on I
after Ny jumps and X, = 'y, be the random position on I after N, jumps. By definition, the law of
X, and X; are respectively v, and v; and one has d(Xs, X;) = |Ns — N;|. Moreover, according to this

construction, one has

dX,Y) ' dX,Y) .
Eld(X,. X)] =E[IN, - Nl =E|| Y. U= > Vi
i=1 i=1
d(X,Y) d(X,Y) l
<E| Y |[Ui-V]|=E| > E[Ui-V]]| = ¢- 9Bl V).

i=1 i=1

This completes the proof of (2.6) and Proposition 2.5. O
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2.3. Differentiation property. A second property of the path defined in (2.2) and (2.4) is the fol-
lowing time differentiation property.

For any z on a given geodesic y from x to y, if z # y, let v, (z) denotes the (unique) vertex on y at
distance d(z,y) — 1 from y (and thus at distance d(x, z) + 1 from x), and similarly if z # x, let y_(2)
denote the vertex on 7y at distance d(z,y) + 1 from y (and hence at distance d(x, z) — 1 from x). In other
words, following the geodesic y from x toward y, y_(z) is the vertex just anterior to z, and y.(z) the
vertex posterior to z.

For any real function f on V, we also define two related notions of gradient along y: for all z € v,
Z#Y,

Vi@ = [ @) - f@),

andforallz €y, z # x,

V(@) = f@) - f(y-(2).
By convention, we put V_ f(x) = VJ f(y) = 0, and VJ f(z) = V, f(z) = 0, if z ¢ y. Let V, f denote the
following convex combination of these two gradients:

dv.2) o0 d
v, @) = déy vt fz) + (x Z)V,fo

Observe that, although not explicitly stated, V, depends on x and y. Finally, for all z € [x,y], we
define

1
Vil @ = s 2 Y@,

yel'(x,z,y)
and when z ¢ [[x, y]l, we set V., f(z) = 0

Proposition 2.7. For all function f: V — Rand all x,y € V, it holds

0 y x
EV’ ’y(f) = d(-x’ y)vt ’y(Vx’yf).

As a direct consequence of the above differentiation property, we are able to give an explicit expres-
sion of the derivative (with respect to time) of the relative entropy of v} with respect to an arbitrary
reference measure.

Corollary 2.8. Let vy, vi and u be three probability measures on V. Assume that vy, v are absolutely
continuous with respect to . Then, for any coupling n € Il(vy, vy), it holds

0 vo(2) VO(x) IF(x I0Cx, z, Yl
—HOT = § 1 §
% [CATT) I (og Q) u( ))}EV d(x, TGl m(x,y).

x,z€V:
~x

The proof of Corollary 2.8 can be found below, while some example applications will be given in
the next subsection. In order to prove Proposition 2.7, we need some preparation. Recall that B(n, )
denotes a binomial variable of parameter n and ¢, and that, for any function 4: {0,1,...,n} — R,
B(n, 1)(h) = ¥7_o h(K)CEF(1 = 1y F,

Lemma 2.9. Letn € N* and t € [0, 1]. For any function h: {0,1,...,n} — R it holds
—B(n 1)(h) = Z [(h(k + 1) = h(k))(n — k) + (h(k) — h(k = 1)k] Cpt“(1 = )",

k=0
with the convention that h(-1) = h(n+ 1) =
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Proof of Lemma 2.9. By differentiating in ¢, we have
0 _ - k k-1 n—k - k n—k—1
8ti‘i’(n, t(h) = kz(; h(KC, (1 = 1) kz(; h(k)(n k)Cntk(l 1) .

Now, using that 1 = ¢ + (1 — £) and that kCX = (n — k + 1)C*~!, we get
kCEA=L (1 — 0" 7F = kCRF(1 = 0"+ (n = ke + DO (A = R
with the convention that C; ) Similarly, using that (n — k)Cﬁ =(k+ l)Cﬁ”, we have
(n = k)CEE(1 =" = (n = C* A1 = 1y + (k+ DO (1 — oy L

Hence,

%g(n, 1(h) = Z h()(n — k+ DCA1 (1 = gy - Z h(k)(n — k)CEH 1 - ™+
k=0 k=0
+ " hOKCEFA (= 1™ =" Rk + DCET A (1 = !
k=0 k=0

= Z(h(k + 1) = h(k))(n — k)C*Q - " + Z(h(k) — h(k = D)kCk*(1 = =,
k=0 k=0

with the convention that 4(—1) = A(n + 1) = 0. O

We were informed by E. Hillion that the above elementary lemma also appears in his thesis [19].
We are now in a position to prove Proposition 2.7.

Proof of Proposition 2.7. Set n = d(x,y) and let I' be a random variable uniformly distributed on
I'(x,y) and N; be a random variable with Binomial law B(n, r) independent of I'. By definition vf’y is
the law of X; = I'y,. Using the independence, we have

V() = BIFX)] = D htoCkH(L -1y,
k=0

with (k) = E[fITx)], k =0,1...,n. According to Lemma 2.9, we thus get
%vi‘*’(f) = > [tk + 1) = h(k))n = k) + (h(k) = hk = 1)k] (1 = 1"~
k=0
= E[(A(N; + 1) = h(N)(n — Np) + (h(N;) = h(N; = 1))N/]
=E[(f(Tn+1) = FAN)EATN,, y) + (fTn,) = fTn-1))d(x,Ty,)]
=E[(fT (X)) - fX)d(X1, y) + (fXp) = FA(X))d(x, X;)]
= E[d(x,y)Vrf(X)].
Finally, observe that the law of I knowing X; = z € [x, y] is uniform on I'(x, z, y). Indeed,
Ir (X,2,y) (62 P

Pl=y, Xs=20)=PA =y, yv,=20=PT =7y, N, =d(x,2), z€y) =
[T'(x, y)l

(N; = d(x, 2)).
On the other hand,
T (x, z, )l

J— P x’}r — = T N
P(Xi =2) =v," () = BN, = d(x,2) 5 =55,



DISPLACEMENT CONVEXITY ON GRAPHS 13

which proves the claim. By the definition of V , f, it thus follows that
d »

e M) = dxy) v (Ve ),

which completes the proof. O

Proof of Corollary 2.8. For simplicity, let F = log(vo/u). Observe that, since vy and v; are absolutely
continuous with respect to y, so is vi. Now we observe that, since ), cy %vf (z) = 0, by Proposition
2.7 (recall that vg = vp and vé’y = 0y by construction),

vi(2)
u(z)

= > AV F(x).

(x.y)EV?

By the definition of the gradient, for any y € I'(x,y), it holds V,F(x) = V;F (x). Thus, by the
definition of V., F, we get

d (x, y)d(x, ) +
SHO[WL, = ), == ) ViF).

e PR C DD R o ¥

9 9 xy
= 2 VI(F) = > 7(x,y) 2, (F)
li=0 (x.y)ev?

0 0
SO, = 5 [ZV V() log

Now, observe that for (x,y) € V2 given, it holds
D ViF@ = Y FOr(0) - F) = ) (FQ) - F)IT(x 2,1,

yel(x,y) yel(x,y) ~X
completing the proof. O

2.4. Tensoring property. In this section we prove that the path (v, )¢[0.1] constructed in Section 2.1
does tensorise. This will appear to be crucial in deriving the displacement convexity of the entropy on
product spaces. Moreover we shall prove that, in order to have this tensoring property, the law of the
random variable &, introduced in the construction of the path (Vf’y )ief0.17, Mmust be, modulo a change
of time, a binomial (see Proposition 2.12 below). The tensoring property of the path (v, )01 is the
following.

Lemma 2.10. Let G| = (V1, Ey), Gy = (V,, E») be two graphs and let G = G OG; be their Cartesian
product. Then, for any x = (x1,x2), y = (y1,¥2) and 7 = (z1,22) in V1 X V3,

Vit (@) = v @)y (22).

Proof. Fix x = (x1,x2),y = (b1,y2) and z = (z1,z2) in V| X V,. Then, we observe that, given two
dC191) different
d(x.y)

geodesics from x to y (by choosing the d(x;,y;) positions where to change the first coordinate, ac-
cording to the geodesic joining x; to y;, and thus changing the second coordinate in the remaining
d(x2,y2) = d(x,y) — d(x1,y1) positions, according to the geodesic joining x; to y,). This construction
exhausts all the geodesics from x to y. Hence,

(2.11) IMGe, )1 = Coe 2 I Cer, y0l X TGz, y2)l-

Observe also that z belongs to some geodesic from x to y if and only if z; and z; belong respectively
to some geodesic from x; to y;, and from x; to y,. Therefore, by (2.1), it follows that

d(x1, d(z1,
ITGe, 2, )| = Corts CoE VI (e, 21, 3] X (X2, 22, 32)-

geodesics, one from x; to y;, and one from x; to y,, one can construct exactly C
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So, it holds that

X,y _ ~d(x,2) d(x,2) d(y,2) |F(x’ 2, }’)|
v, () =C "t -t —_—
@ = Cay (=0 IT'Cx, ¥l

d(x,2) ~d(x1,21) ~d(V1,21)
_ Cd(x,y)cd(x,z) Cd(y,z) td(x"Z‘)(l _ z)d(yl’z')IF(XI’ZI’yl)Iz‘“xZ’Zﬁ(l _ l‘)d(yz’ZZ) IT'(x2, 22, y2)l

Cj(xl 1) IT(x1, y1)| IT(x2, y2)
(%)

= v, @) (22)
where we used that d(x, z) = d(x1, z1) + d(x2, 22), and similarly for d(y, z), and the fact (that the reader
can easily verify) that

d(x,2) ~d(x1,21) ~d(y1.,21)

Cd(x,y)cd(x,z) Cd(y,z) _ Cd(xl’zl) d(x2,22)
Cd()ﬂ,yl) T Yd(xyn) T d(xay2)”
d(x.y)

O

Proposition 2.12. In the construction of v;”>, t € [0, 1], use a general random variable N,d @) e
{0,1,...,d(x,y)}, of parameter d(x,y) and t, that satisfies a.s. Ng(x’y) = 0 and Nfl(x’y) = d(x,y)
(instead of the Binomial, observe that this condition is here to ensure that vg’y = 6, and v)f’y = 0y,
namely that vf’y is still an interpolation between the two Dirac measures), so that

) I(x,z,y)l
V?(z) = PN = d(x, 2) LG
! ( ! ) ITCx, y)l
Let Gy = (V1,E)), Gy = (V,, E) be two graphs and let G = G| O G, be their Cartesian product.
Assume that for any x = (x1,x2), y = V1, y2) and 7 = (21,22) in V1 X V3,
VY (2) = v @) (22) Yt e [0, 1].

Then, there exists a function a: [0,1] — [0,1] with a(0) = 0, a(l) = 1, such that N,d @)
B(a(1), d(x, y)).
Proof. Following the proof of Lemma 2.10 we have,

X. X, F b
v (@) =P (N = d(x,2)) oo

ICCx, )
Cd(XI,Zl)Cd()jl»Zl) r r
_ Jdad) dG) P(Ndu,y) _ d(x,z)) ITCx1, 21, yol [F(x2, 22, y2)

e ' eyl T, y2)
d(x.y)
On the other hand,
IC(x1, 21, y1)|
V;\C],,VI(ZI) =P (Ntd(XIJI) = d(XI 5 <1 )) Wyiy)l
and

X2,)2 d(x2,y2) T'(x2, 22, y2)l
v " (z22) = PN, =d(x2, ) ————
' (v ) IC(x2,y2)]

Hence, the identity v;”(z) = v, (z1)v,;***(z2) ensures that

d(x1,21) ~d(y1,21)
Cd(x,z) Cd(y,z)
d(x1,y1)
Cd(x,y)

for any z1 € [x1,y1], 22 € [x2,y21.

P(Ntd(x,y) — d(x, Z)) — P(N[d(xuyl) — d(xl’zl))P(Nld(xz,yz) — d(XZ,ZZ))
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Now, observe that
Cd(x‘ m)cd(yl,m) Cd(x1 ,21) ~d(x2,22)

d(xz) “dyz) _ Tdxiyn) T d(x.y)
d(x1,1) B d(x,2)
Cd(x,y) Cd(x,y)

Hence, the latter can be rewritten as

]P(Ntd(x’y) =d(x, z)) P(Ntdm’yl) = d(xl’Z1)) P(Nfd(xz’yz) - d(XQ’ZZ))

Cd(x’z) d(x1,21) d(x2,22)
d(xy) d(x1,y1) d(x2,y2)

Set, for simplicity, for any n,k, 0 <k <n
PNV = k)
ck
Notice that p, x depends also on ¢, while not explicitly stated. We end up with the following induction
formula

Pnk =

(213) Pnk = Pniky ° Pn—ny k—k
for any integers ki, ny, k, n satisfying the following conditions
k,ni <n, ki < min(k, ny), and ny -k <n-k
(We set, n = d(x,y), ny = d(x1,y1), k = d(x,z) and k1 = d(x1,21)).
The special choice n; = 1, k; = 0 leads to
(2.14) Pnk = P10 * Pn—1k-
Hence, it cannot be that p; o = 0 (otherwise we would have p,x = 0 for any k > 0, any n > 1, which
clearly is impossible since };_ Ckpnx = 1).
Set b = b(t) = p1o. From (2.14) we deduce that
Pk = 0" prx.
Finally, the special choice n = k, n; = k; = k— 1, in (2.13), ensures that
Pkk = Pk-1k-1 " P1,1-
Since p1o + p1,1 = 1, the latter reads as
Pk =piy =1 =b).
It follows that
Puk =b"*(1=bF  Vn, Vk<n.
Now set a(f) = 1 — b(¢) to end up with
P(N; =k) = Cpa“(1 — a)"™*,
which guarantees that Ntd @) is indeed a binomial variable of parameter a(t) and d(x, y).

To end the proof, it is suffices to observe that Ng(x’y) = 0 implies a(0) = 0, and that Nf(x’y ) = d(x,y)
implies a(1) = 1. O

2.5. Examples. In this section we collect some elementary facts on specific examples. Namely we
give explicit expressions of v;”, and derive some properties, when available, on the complete graph,
the two-point space, and the hypercube.
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2.5.1. Complete graph K,,. Let K, be the complete graph with n vertices. Then, given any two points
x,y € K, there exists only one geodesic from x to y, namely I'(x, y) = {(x, y)}. Hence, by construction
of vf’y , we have

(2.15) v¥@=0V¥z#xy; v'(x)=1-1, and v (y)=t.

Therefore, for any coupling 7 with marginals vy and v; (two given probability measures on K,), we
have for any z € K,

= Y vPery) = ) v @ney) + Y v 2)

(x,y)eC(z) yek, xek,
=(1=0) ) @y +1 ) a(x2) = (1= v + 1),
veK, xekK,

As a conclusion, on the complete graph, V¥ is a simple linear combination of vy and v; that does not
depend on 7.
Moreover, under the assumption of Corollary 2.8, since d(x,y) = |[['(x,y)| = [['(z,y)| = 1, we have

gH(v;’ M = Y > (log f(2) = log f0)n(x,2) = D log f(@vi(2) = > f(x)log f(x)u(x)

xekK, z~x z€K, xek,

where we set for simplicity f = vg/u. On the other hand, since f is a density with respect to ,

1
—&u(flogf) = -3 Z (log f(z) = log f(0))(f(2) = f(x)u(x)u(z)

x,26K,

= > log f(u@ — Y f(x)log fu(x).

zek, xek,

Hence, if vi = u = 1/n is the uniform measure on K, (notice all the measures on K, are then
absolutely continuous with respect to w), we can conclude that

0
(2.16) EH(Vﬂll)lz:o = =&u(f,log f).

Note that, when p = 1/n, &, corresponds to the Dirichlet form associated to the uniform chain on the
complete graph (each point can jumps to each point with probability 1/n).
As a summary, on the complete graph we have: For any coupling x, for any ¢ € [0, 1],

V;r = -1tvy + tvy.

Forvi =pu=1/nand f = vy/u, it holds
0
S HOTbL = ~8u(f log )

2.5.2. The two-point space. The previous computations apply in particular to the two-point space
{0, 1}. In this specific case, let us consider u to be a Bernoulli(p) measure (i.e. u(1) = p=1-¢g =
1 — u(0)). As above, vi = (1 — t)vy + tvy, for any coupling 7 of vy and v;. Moreover, it can also be
checked by an easy computation that, for any ¢ € [0, 1],

& C?
a2 LV = S T 100 = 1) =

4C?,
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where C = v{(0) — v9(0), and ||[vo — villry = [v1(0) — vo(0)|. As a result, one arrives at the following
displacement convexity of the entropy of v/ on the two-point space:

(2.17) HOT ) < (1= DH(volw) + tH ) = 24(1 = 0)lvo = villzy, 1€[0,1].

In Section 4 below, we refine the above inequality further, and generalize in two ways — by deriving
displacement convexity of entropy on the complete graph and the n-dimensional hypercube.

As an application, let us set v = y, and use f = vp/u for the density; taking the limit + — 0, and
using

0

é)—tl‘ﬂl(V’fl,u)h=0 = —%(f(l) — f(O)(log f(1) —log f(0)) =: =Eu(f,log f),
we get a reinforced modified logarithmic Sobolev inequality on the two-point space of the following
type:
(2.18) Ent,(f) < Eu(f,10g f) = 2llfu = plizy -

In the above, &,(f,log f) corresponds to the Dirichlet form associated with the Markov chain jump-
ing from O to 1 with probability p and from 1 to 0 with probability g. The inequality is a reinforce-
ment of a modified log-Sobolev inequality, considered by previous researchers (as mentioned in the
introduction), which lacks the negative term. Similarly to (2.17), we also refine (2.18) further in
Proposition 5.12.

2.5.3. The n-dimensional hypercube Q,. Consider the n-dimensional hypercube Q,, = {0, 1}"* whose
edges consist of pairs of vertices p that differ in precisely one coordinate. The graph distance here
coincides with the Hamming distance:

n

d(X,)’) = Z ]lx;:#yp X,y € Ql’l

i=1
Then, one observes that |I['(x, y)| = d(x,y)! (since, in order to move from x to y in the shortest way,
one just needs to choose, among d(x,y) coordinates where x and y differ, the order of the flips (i.e.
moves from x; to 1 — x;)). It follows from (2.2) that, as soon as z belongs to a geodesic from x to y,

XYy = (d2) d(x.0) dy0 46 DG, D iy d(y.2)
v."(z)=C t 1—¢ —_— =1 1—¢ ,
(@) = Cora (1 -1y PTEXS] (1-1)
and v, (z) = 0 if z does not belong to a geodesic from x to y.
This expression can be recovered using the tensorisation property above. Namely, observe that
Equation (2.15) can be rewritten for the two-point space as follows, for all coordinates:
Vi) = L @1 = 0,

Hence, by Lemma 2.10,

n
V@) = [ [V = #0901 - 09,
i=1
as soon as z belongs to a geodesic from x to y, and 0 otherwise. Observe that the latter can also be
rewritten in terms of a product of probability measures on the fibers as

(2.19) vh = QL (1 = )6y, + 15y,).
Given two probability measures on €, and a coupling 7 on Q,, X ,,, we can finally define

@ = ), 0 =" In(xy),

(xy)eQ?
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On the n-dimensional hypercube we have: for any couple (x,y) € Q2 and for any ¢ € [0, 1],

Yo = Z (] - t)d(y,z)(sz =@, (1 = )6y, + 16y,).
z€[[xyll

3. WEAK TRANSPORT COST

In this section we recall a notion of a discrete Wasserstein-type distance, called weak transport cost
— introduced and studied in [33, 52], developed further in [17] — and collect some useful facts from
[17]. Also, we introduce the notion of a Knothe-Rosenblatt coupling which will play a crucial role in
the displacement convexity of the entropy property on product spaces.

3.1. Definition and first properties. For the notion of a weak transport cost, first recall the definition
of P(vg, v1) introduced in Section 1.1.

Definition 3.1. Let vo,vi € P(V). Then, the weak transport cost T 2(V1|vg) between vy and vy is
defined as

2
To(ilvo) := _inf [Zd(x,wp(x,y)] Yo(x).
xeV

eP
PEP(Vo,v1) v

It can be shown that

(vo, v1) \/7'2(V1|V0) + \/TZ(V0|V1)
is a distance on P(V), see [17].
Also recall from the introduction, the following notation: given m € I1(vg, v1), consider the kernels
p € P(vg,v1) and p € P(vy,vp) defined by n(x,y) = vo(x)p(x,y) = vi(y)p(y, x) and set

2
(3.2) Lim) = ) | > deeypeny) | vol),
xeV \yeV
2
Lm) = Y | >, dx»pe, »| v,
yeV \xeV

and

2
Jo(m) = [Z D deynx, y)] :

xeV yeV

rell(vo,v1

Also, define
T2(vo,v1) := _inf  Ja(m),

nell(vo,v1)

and observe that 7 - >(vo, V1) = le(vo, v1) where W; is the usual L{-Wasserstein distance associated to
the distance d.

When v and v; are absolutely continuous with respect to some probability measure u, and d is the
Hamming distance d(x,y) = 1,4, x,y € V, the weak transport cost and the L;-Wasserstein distance
take an explicit form. This is stated in the next lemma. We give the proof for completeness.
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Lemma 3.3 ([17]). Assume that vo,vi € P(V) are absolutely continuous with respect to a third
probability measure u € P(V), with respective densities fo and fi. Assume that d(x,y) = 1z,
x,y € V. Then it holds

= _ Al
T2(vilvo) = 1-=| fodu
fol,
where [X]; = max(X, 0), and

\/77"2(1/0,1/1) = f[fo - fily du = %flfo - fil du = %llvo =villrvy

with || - llrv, the total variation norm.
Remark 3.4. Observe that ‘7’2(1/1 [vo) does not depend on pu.

Proof. For any m € I1(vg, v{) and any x € V, one has

o Z A0 )P, 3) = 7(x, x) < min(vp(x), v1(x)) _ min(?}ig, 1).

= vo(x) vo(x)

and therefore

S1(x)
[1 - fo(x)L < D d(xy)p(x,y).

yev
By integrating with respect to the measure vy and then optimizing over all & € I1(vy, v;), it follows
that
f[fo = fily du < \T2(v0, 7).
and

fil ~
f I- % Sfodu < TH(vilvo).

+

The equality is reached choosing 7* € I1(vy, v1) defined by

[vo(x) = vi(X)]+[vi(y) = vo(») 1+
2eevvi(@) = vo(2)]+ '

O

(3.5) T (x, y) = VO(X)P*(X, y) = ]lx=y min(vo(x), vi(x)) + ]lxiy

since ¥yey d(x, y)p(x,y) = [1 - 5] .

3.2. The Knothe-Rosenblatt coupling. In this subsection, we recall a general method, due to Kno-
the-Rosenblatt [24, 47], enabling to construct couplings between probability measures on product
spaces.

Consider two graphs G; = (Vi,E;) and G, = (V3, E») and two probability measures vg,v; €
P(V1 x V;). The disintegration formulas of vg, v; (recall (1.8)) read

(3.6) vo(x1, X2) = vi(xvp(xilx)  and  vi(y1,¥2) = vi)vi(ilya).

Let 7% € P(VZZ) be a coupling of v(z), V%, and for all (xp,y;) € V22 let 7' (- |x2, y2) € P(Vlz) be a coupling
of vé( -|x2) and vi( -»2), x2,y2 € Vo. We are now in a position to define the Knothe-Rosenblatt
coupling.
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Definition 3.7 (Knothe-Rosenblatt coupling). Let vg,vi € P(V| X V,), and consider a family of
couplings w2 {nl (- |x2, ¥2)}x,,, as above; the coupling & € P([V} X Va1?), defined by

A((x1, %2), (01, 32) 1= (2, y)r (e, yilxa,y2) s (1, 22), 01, 32) € Vi X Va
is called the Knothe-Rosenblatt coupling of vy, v1 associated with the family of couplings

{772, {l(- IX2,y2)}xz,y2} .

It is easy to check that the Knothe-Rosenblatt coupling is indeed a coupling of v, v;. Note that it
is usually required that the couplings 72, {7!(-|x2, ¥2)}x,,y, are optimal for some weak transport cost,
but we will not make this assumption in what follows.

The preceding construction can easily be generalized to products of n graphs. Consider n graphs
G, = (V,Ey),...,G, = (V,, E,), and two probability measures vg, v; € P(V] X --- X V,;) admitting
the following disintegration formulas: for all x = (x1,...,%,),y = (V1,...,Yn) € VI X -+ X V),

vo(x) = VaVe ™ et o)V 2 (X1, Xn) -+ Vo (X112, - -+, X),s
V10) = Vi OnV] T Ot V2 G2Vt 30) - Vi 01 ly2, - Y.

Forall j = 1,...,n, let /(- |Xjs1, .oy Xns Vja1s -+, V) € P(V7) be a coupling of VIC Xt ey X0)

and v{( “[yj+1, ..., yn). The Knothe-Rosenblatt coupling 7 € P([V) X - - - X V,.]%) between vq and v; is
then defined by

#(x,9) = 7" Qo YT oty Vet s ) = 70 (XL V11X, - s X V203 V),
for all x = (x1,x2,...,x,) andy = (¥1,¥2,. .., Vn)-
3.3. Tensorisation. Another useful property of the weak transport cost defined above is that it ten-

sorises in the following sense. For 1 < i < n, let G; = (V;, E;) be a graph with the associated distance
d;. Given two probability measures vg, v in P(V| X --- X V},), define

2
T ilve) := inf Z Z[ Z di(xi,y,-)p(x,y)] vo(x)

cP(vp,
peP(vo Vl)xele---xv,, i=1 \yeVix.-xV,

where x = (X1,...,%,),y = O1,...,Yn) € VI X --- X V.
As above, for any coupling 7 of vg, v € P(V| X --- x V,) we also define

2
m= ) ZL D d,-<xl-,yi)p(x,y>] v0()

xeVix--xV, i=1 \yeVx--xV,
where p is such that 7(x, y) = vo(x)p(x,y), for all x,y € V| X --- x V,. Similarly, one defines I_(Z”).
We also define
2
n
() = Z( D, dileyn(x, y)}
i=1 \x,yeVix--xXV,
and
() = inf  J®
757" (vo,v1) et (7).

Using the notation of Section 3.2 above, we can state the result.
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Proposition 3.8. Let vo, vy in P(Vy X -+ X Vy); and consider a family of couplings " € 11(vy, v})

and 7 1t oo xn) € TOAC 1kt oo X)) VG Ykt oo yn)) with (X2, .., X)), (02, . Yn) € Va X
--- XV, as above. Then,

n—1
B'@<h@)+ Y D #EDhE s X et ).
k=1 x,yeVix:-xV,

where 7t is the Knothe-Rosenblatt coupling of vo and v, associated with the family of couplings above.
The same holds for 1—5") and Jé")(n).

In particular, if the couplings 7" and (- |X¢41, - - ., x,) are assumed to achieve the infimum in
the definition of the weak transport costs between vy and v} and between v’é( “|Xks1, ..., Xx,) and

V’f( |Vk+1»-..,yn) forall k € {1,...,n — 1}, we immediately get the following tensorisation inequality
for ‘7~’2:

n—1

(3.9) Ty ilvo) < oA + > > A NTa0A Gkt - X)Wkt - ).
k=1  x€
Vi X-xVp

In an obvious way, the same kind of conclusion holds replacing 7> by 7>.

Proof. In this proof, we will use the following shorthand notation: if x € Vandif 1 <i < j < n, we
will denote by x;.; the subvector (x;, xi41,...,x;) € Vi X--- X V.
Define the kernels p(-, -), p"(-, -) and p*(-, - |Xks1:s Yk+1:0) by the formulas

(x, y) = p(x, y)vo(x)
ﬂk(xk’ Vil Xkt 15 Vit 1:n) = Pk(xk, Vil Xk+1:m5 yk+l:n)V](§(xk|xk+l:n), Yk <n,
7 (Xns Yn) = P" (Xns Yn )V (Xn)-

By the definition of the Knothe-Rosenblatt coupling 7, it holds
n—1
px,y) = 1—[ Pk(xk, Vil Xkt 15 Vi 1:0) X Pn(xn, Yn)-
k=1
As a result,

2 n—1 2
[Z di(Cxi, YD, y)] = {Z ditCei,y) | | PG il 1 ks 1) " i, m]
y k=i

Yiin

n—1 2
< Z l_[ pk(xk,yklxk+1:n,yk+1:n)p"(xn,yn)[Z di(xi,yi)p’(xi,yilxi+1;n,yi+1;n)]

Yi+lin k=i+1 Yi
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where the inequality comes from Jensen’s inequality. Therefore,

2
Z [Z di(xi, yi)p(x, y)] vo(x)
5

X

n-1 2
< 0 T T 7O yebticerons yiw 1) Cons y) Y voGeilisran) | Y diCis yp' (i yiles s Vi 1:0)
Xit+1:n Yi+l:n k=i+1 Xi Vi
n-1 -
= > >0 T ] 7o vibsicern st G y) 2 C- i s Yis 1:0))
XitLin Yi+ln k=i+1
= > AL B it Yietn)-
xy
Similarly
2
> (Z G, YD, y)] () < 70 H().
x Uy Xy
Summing all these inequalities gives the announced tensorisation formula.
The proof for I_;") and Jg') is identical and left to the reader. O

4. DISPLACEMENT CONVEXITY PROPERTY OF THE ENTROPY.

Using the weak transport cost defined in the previous section, we can now derive a displacement
convexity property of the entropy on graphs. More precisely, we will derive such a property for
the complete graph. Then we will prove that our definition of v} allows the displacement convexity
to tensorise. As a consequence, we will be able to derive such a property on the n-dimensional
hypercube.

4.1. The complete graph. Consider the complete graph K, or equivalently any graph G equipped
with the Hamming distance d(x,y) = 1,4, (in the definition of the weak transport cost). Recall the
definition of v given in (2.4), and that we proved, in Section 2.5.1, that v{ = (1 — H)vg + tv; for any
choice of coupling 7. Then, the following holds.

Proposition 4.1 (Displacement convexity on the complete graph). Let vy ,vi, u € P(K,) be three
probability measures. Assume that vy, v, are absolutely continuous with respect to y. Then

t(1—1)

H(vlw) < (1 = DH(volp) + tHv ) — (T20n1Iv0) + Tatvobvi)), Ve € 10,11,
where v, = (1 = H)vg + tvy.

Proof. Our aim is simply to bound from below the second order derivative of t — F(¢) := H(v,|u).
Denote by fy and f the respective densities of vy and v; with respect to u. We have

Flt) = f log (1 =)o + 1) (1 = Dfo + tF:) dy.
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Thus F'(1) = [log (1 = ) fy +tf1) d(vo — v1). In turn,

/ (fo—f)? fol?
Fo = f(l—f)f0+ff1 f(l—t)fo+tf1 f(l—f)fo+tf1

fo - fil% [fi - fol2 fi Jo
Zf 7o d“*f n ”1_70] f‘)d‘”fl‘?Lﬁd“

1
= Ta(v1lvo) + Ta(volv1),

where, in the last line, we used Lemma 3.3. As a consequence, the function G: t — F(t) —
%(Tz(w [vo) + T2(volv1)) is convex on [0, 1], so that G(r) < (1 - HG(0) + tG(1) which gives pre-
cisely, after some algebra, the desired inequality. O

Remark 4.2 (Pinsker inequality). As an immediate consequence of the previous proposition, we
will derive Csiszar-Kullback-Pinsker inequality ([42, 25, 9]). Recall the notation of the proof of
Proposition 4.1. Applying Cauchy-Schwarz yields

fo-hl Y 2 2
Fo= [ (WJ du [ (VT=0ho+17) dyz( | Ifo—flldﬂ) = Ivo = il

Hence the map G : t — F(¢) — %Hvo - vlll%v is convex on [0, 1] so that
(1 -1
2

Inequality (4.3) is a reinforcement of the well known Csiszar-Kullback-Pinsker’s inequality (see e.g.
[1, Theorem 8.2.7]) which asserts that

(4.3) H(vilw) < (1 = H(volw) + tH(vi|u) - Ivo = vil7y» Vi e [0,1].

Vo — vill3y < 2H(vi|vo).

Indeed, take u = vy together with the fact that H(v{u) > 0, and then take the limit t — 0 in (4.3) to
obtain the above inequality.

Csiszar-Kullback-Pinsker’s inequality, and its generalizations, are known to have many applica-
tions in Probability theory, Analysis and Information theory, see [57, Page 636] for a review.

Now we compare the displacement convexity property of Proposition 4.1 with (4.3). For the two-
point space it is easy to check that the ratio

Ta(v1lvo) + Ta(volv1)

2
”VO - VIHTV

is not uniformly bounded above over all probability measures vy and vi. On the other hand, we claim
that
Ta(vilvo) + TZ(VO|V1)

(4.4) = VVo, Vi
”VO - VIHTV 2

which implies that the result in Proposition 4.1 is stronger than (4.3), up to a constant 2. We also
provide an example below which shows that we cannot exactly recover (4.3) using Proposition 4.1.
Let us prove the claim, and more precisely that the following holds

~ ~ Ivo = vill7 1
(4.5) Ta(vilvo) + Talvolvi) = —=p = = 5o =il
2
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This is a consequence of Cauchy-Schwarz inequality, namely, we have

(Ui ~ folsc)” (S0~ filseu)

Ta(vilvo) + Ta(volvy) =

vi(f1 = fo) vo(fo > f1)
Since |lvo = villry = 2 [1fi = folsedu = 201 (fi 2 fo) = vo(fi = fo)), we get
(1 + Doy vy — w2y, lvo = villZy,

To(vilvo) + Ta(volv1) > inf = :

w01 4yy(1 + ”VO_;l”TV —u) 1+ |\V0—\2’1||Tv

We now give the example that achieves equality in the first inequality of (4.5), thus confirming that
Proposition 4.1 can not exactly recover (4.3) : Let vy and vi be two probability measures on the

two-point space {0, 1} defined by vi(1) = vo(0) = 3/4 and v1(0) = vo(1) = 1/4. Then
Vo = villry = 2(vi(1) = vo(1)) = 1,

and
(v1(1) = vo(1))? N (v0(0) — v1(0))*

T2(vilvo) + Tavolvi) = D 00 =2/3,

which gives the (claimed) equality in (4.5).

4.2. Tensorisation of the displacement convexity property. In this section we prove that if the
displacement convexity property of the entropy holds on n graphs G| = (V1, Ey), ..., G, = (Vy, Ep),
equipped with probability measures yj, ..., u, and graph distances dj, ..., d, respectively, then the
displacement convexity of the entropy holds on their Cartesian product equipped with (; ® - - ® u,
with respect to the tensorised transport costs Ig") and Ié") . As an application we shall apply such a
property to the specific example of the hypercube at the end of the section.

The next theorem is one of our main results.

Theorem 4.6. Let (,ul, i) € PV X - XP(Vy). Assume thatfor alli € {1,...,n} there is
a constant C; > 0 such that for all vy,vy € P(V;) there exists m = n* € Il(vy, vy) such that for all
t € [0, 1] it holds that:

HOJ ) < (1= )H(volu) + tHv ') = Cit(1 = t)(I() + L(m)).

Then the product probability measure u = u' ® --- ® u"* defined on G = (V,E) = Gy 0 --- 0 G,
verifies the following property: for all vy, vi € P(V) there exists 1 = 1" € T(vy, v) such that for all
t € [0, 1] it holds that:

HOTIW) < (1= DHolw) + tHv ) = C1(1 = (13" () + L (),

where C = min; C;. The same proposition holds replacing I,(rr) + L(r) by J,(r) and I;")(n) + I;")(ﬂ)
by J3" ().

Proof. In this proof, we use the notation and definitions introduced in Section 3.2. Fix vg, v; € P(V)
and write the following disintegration formulas

n—1

vo(x) = Vi) | [ hCubxeer), Vo=, €V
i=1

n—1

ne) = A0 [ [AG) Iy =00 e,

i=1
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where we recall that x;.1., = (X1, ..., Xn) € Vg1 X -+ X V.
By assumption, for every x,y € V, there are couplings n"* € P(V,, X V,,) and 7 )Xkt 1o Vi+lm) €
P(Vi x Vi) such that

A€ NG V) and 7 Pt Vi) € THOGC i tan)s ViC k),
and for which the following inequalities hold

H(vﬁ’l,u") < - t)H(vgl,u") + tH(v7|u") — Cpt(1 = Jo (7™,
HO bt Ry < (1 = ) HOAC Do 1)) + tHOK (- Lyis 1))
— Cit(1 = DRy (7 (- | Xkt 125 Vs 1:n))»

k
I T no._ KXkt LYkt Lin _ TG Xk 1Y 1)
where Ry := I + L, v} :==v;", and v, =V, .

Now, consider the Knothe-Rosenblatt coupling 7 € II(vp, v;) constructed from the couplings "
and 778+ |Xgs 1., Vks1:n), X, ¥ € V and denote by v, the path v} € (V) connecting vy to vy.
Let us consider the disintegration of vy, with respect to its marginals:

¥12) = Y @)Y N ntlzn) -1 @ilz2s - -5 20)-

We claim that there exist non-negative coefficients a’,‘(xk+1;n, Vik+1:n> Zk+1:n) SUch that

k
Z @ Xkt 15 Vit 1m0 ket 1) = 1

Xk+1:n5Yk+1:n

and such that for all k € {1,...,n — 1} it holds

k KXkt LYk 1 k
Vi Clzksrn) = Z vy I (O (X 1o Yk 1 Tk Tim)-

Xk+1:n5Yk+1:n

Indeed, by definition and using the tensorisation property of v;” given in Lemma 2.10, it holds

7@ = > V@),

x,yeV
So, using the fact that, according to Lemma 2.10, v;”(z) = 1 v;"(z;), we see that
n
>owm= Y| D Py = ] ety

UeV: g =2:n X,yeV \ueV:iutgn=2zkn x,yeV i=k

n
= Z 1—[V;Chyl(zi)ﬂl(xiayilxi+1:nayi+1:n)

XknsYien 1=k

n
KXkt LYk 1 Xi»Vi j
Z AR () l_[ vy @ (X, YilXie 1 Yie1:n)-

Xkt 1:nsYk+1:n i=k+1
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From this it follows that

n

KXt 1:nsYka1on XisYi
> Do ety [ v @ (o yilie s Yivin)

k UEV Uk:n=Zhn X+ 1:nsYk+1:n i=k+1
Y1 @ilzie1:n) = =

n

Z vi(u) Z l_l lyl(Zl)ﬂ' (Xi5 YilXi+ 105 Vit 1:0)

UEV Up 1:n=Tk+1:n .
Xkt LinsYk+1in i=k+1

. KoXich LYkt 1 k
= Z V2 @ (X 1 Yier Lins Zhet 1)
Xke+1:n>Yk+1:n

using obvious notation, from which the claim follows. Similarly, for all z, € V,, it holds y}(z,) =
V?(Zn).

Now, let us recall the well known disintegration formula for the relative entropy: if y € P(V) is
absolutely continuous with respect to , then it holds

n—1
(4.7) Hoylw) = HO'W") + ) > HOFC i)y (@),

k=1 zeV

Applying (4.7) to y,, and the (classical) convexity of the relative entropy, it holds

n—1
Hoylw) = HOZW + " HOC i)l (@)

k=1 zeV

n—1
KXkt LonsYka 1on
SHOM + D DT @i Yestom thetd HOL 721 by, 2)

k=1 zeV *k+1n>
Yk+1:n

Now we deal with each term in the sum separately. Fix k € {1,...,n — 1}. We have

k KXt 1ns Yk 1: k
Z Z a; (xk+1:n7 Yi+1:n, Zk+1:n)H(Vt Y] n|,u )’)’t(Z)

7€V Yk+1:n>
Yk+1:n
k KXk LnsYkatin ), k
= Z Z at(xk+l:n,yk+l:naZk+l:n)H(Vt et Y 1) Z Yi(u)
Zetlin kL uev:
Yk+1in Ukt 1:n=%k+1:n
n
KXk LnsYkein |, K X
=> Z HO sy [Ty @md e, yilis e 1)
Zk+1mn "k+1 n i=k+1
n
Ko XpstnsYistn |, k i
= Z H (v, et etn| l_[ 7' (X, YilXit1:0Yis1:0)
Yk+1:n> i=k+1
Yk+1:n

n
k7 no, n k [
E H(y et etn | ) | |7Tl(xia)’i|xi+1:n))i+1:n)-
Xy i=1

Therefore,

n—1

KXkt LnaYka Lon N
Hylw) < HOJW + Y > HOP™ =5 by, y).
k=1 xy
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Now, applying the assumed displacement convexity inequalities, we get

n—1
Hyilw) < (1-1) [H(vW) + D D HOSC ), y)}

k=1 xy

+1

n—1
HOA + 3 ) HOAC st 7, y)}

k=1 xy

n—1
- Cr(1 - 1) [h(n") # T Ra (- Pkt Ve 1), y)]

k=1 xy

n-1
=(1-1) [H(VSIu”) £ ) HOGC |xk+1;n>|uk>vO<x)}

k=1 x

+ 1t

n—1
HOAWM + > HOAC |yk+1;n>|uk>v1<y>}

k=1 y

-Ct(1-1)

n-1
B + 30 Ro( (- e tons Vier 1 DAC, y)‘

k=1 xy
< (1 = HH(vol) + tH ) = Ct(1 = DI (7) + I, (#)),

where the last inequality follows from the disintegration equality (4.7) for the relative entropy and
from the disintegration inequality given in Proposition 3.8. O

As an application of Theorem 4.6, we derive the displacement convexity of entropy property on
the hypercube.

Corollary 4.8 (Displacement convexity on the hypercube). Let u be a probability measure on {0, 1}
and define its n-fold product u®" on Q, = {0, 1}"". For any vy, v € P(Q,), there exists a « € I1(vg, v1)
such that for any t € [0, 1],

n n n t(l - t) n n
(4.9) HOT™) < (1= DHolu®™) + tH0 ™) = =—— (1,"(0) + I (@)
and there exists m € I1(vy, v1) such that for any t € [0, 1],
(4.10) HOT®") < (1= DHolu®) + tHO ") = 261 = 15" ().

Proof. According to Proposition 4.1, for all vy, v; € P({0, 1}), it holds
(1l -1 /= ~
HOil) < (1= DHOvol) + 1HO1 ) = =——— (T201bvo) + Ta0vobn) . Ve €10, 1],

with v, = (1 — )vp + tvy. It is not difficult to check that the coupling 7 defined by (3.5) is optimal for
both 7>(v1|vo) and T2(vo|v1). Since on the two-point space v; = v} is independent of r, the preceding
inequality can be rewritten as follows:

H(l1-19

HOZ ) < (1= DH(volu) + tHO ) - (b + @), Vre[o.1].

Therefore, we are in a position to apply Theorem 4.6, and to conclude that u®" verifies the announced
displacement convexity property (4.9).
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Similarly, by Lemma 3.3, the displacement convexity property (4.3) ensures that
Hlw) < (1 = DH(volw) + tH(vilp) = 261 = ) J2(), Ve [0, 1].
The result then follows from Theorem 4.6. ]
Let 7 be a coupling of vp, vi € P(Q,). By the Cauchy-Schwarz inequality, we have

2 2 2
I ) = Z[ S Loty 2 %[ D an,.#y,.m,y)] - %[ D d(x,ywx,y)]

i=1 \x,yeQ, x,yeQ, i=1 x,yeQ,

1
> —Wi(v1,v0)*.
n
We immediately deduce from Corollary 4.8 the following weaker result.
Corollary 4.11. Let u be a probability measure on {0, 1} and define its n-fold product u®" on Q, =
{0, 1} For any vy, v € P(Qy,), there exists m € I1(vy, vi) such that for t € [0, 1],

2t(1 — 1)

HOT®) < (1 = OH(volu®") + tH(vi |u®") - Wi(v1,v0)*.

The constant 1/n encodes, in some sense, the discrete Ricci curvature of the hypercube in accor-
dance with the various definitions of the discrete Ricci curvature (see the introduction).

Remark 4.12. Since T is defined as an infimum, one can replace, for free, the term Ié")(ﬂ) by

7'5")(v1|v0) in (4.9). Moreover, if one chooses vo = p®" and uses that HWT|u®") > 0, one easily
derives from (4.9) the following transport-entropy inequality:

T + TIPWS"v) < 2HOWE™), Vv € PQy).

See [17] for more on such an inequality (on graphs). Note that the above argument is general and that
one can always derive from the displacement convexity of the entropy some Talagrand-type transport-
entropy inequality.

5. HWI TYPE INEQUALITIES ON GRAPHS.

As already stated in the introduction, the displacement convexity of entropy property is usually
(i.e., in continuous space settings) the strongest property in the following hierarchy:

Displacement convexity = HWI = Log Sobolev.

Applying an argument based on the differentiation property of Corollary 2.8, in this section, we derive
HWTI and log-Sobolev type inequalities from the displacement convexity property.

We shall start with a general statement on product of graphs that allows to obtain symmetric HWI
inequality from the displacement convexity property of the entropy. As a consequence, we get a
new symmetric HWI inequality on the hypercube that implies a modified log-Sobolev inequality on
the hypercube. This modified log-Sobolev inequality also implies, by means of the Central Limit
Theorem, the classical log-Sobolev inequality for the standard Gaussian measure, with the optimal
constant.

Then we move to another HWI type inequality involving the already mentioned Dirichlet form
Eu(f,log f) based on Equation (2.16) available on complete graph.
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5.1. Symmetric HWI inequality for products of graphs. The main result of this section is the
following abstract symmetric HWI inequality valid on the n-fold product of any graph.

Proposition 5.1 (HWI). Consider G" for G = (V, E) any graph and u € P(V"). Assume that u verifies
the following displacement convexity inequality: there is some ¢ > 0 such that for any vy, v, € P(V"),
there exists a coupling nt € I1(vy, v1) such that

HOJ) < (1= DHvolw) + tHO ) = ct(1 = DUy (@) + I() - Ve [0, 11.

Then u verifies
(5.2)

n 2
Hool) < Houb + | Y Zl D (log 0~ log 02 )} Vo) NI ) = et ) + I ),
xeV™ i=1 LzeN;(x) H H Z) +

for the same n € I1(vy, v1) as above, where Ni(x) = {z € V";d(x,2) = 1 and x; # z;}.

The proof of this result is given below. Before proving that, we derive a certain reinforced log-
Sobolev inequality (see below for a brief justification of the name) in the discrete setting, and as a
consequence, the classical Gross’ log-Sobolev inequality on the continuous line, with the optimal
constant.

Choose v; = u in (5.2) and denote by f(x) = vo(x)/u(x). Then, using the elementary inequality
Vab < a/(2¢) + £b/2, £ > 0, we immediately get the following corollary.

Corollary 5.3 (Reinforced log-Sobolev). Under the same assumptions of Proposition 5.1, for all
[ V" — (0,00) with u(f) = 1, for all € < 2c¢, it holds that
2
1 - = —
(5.4) Entu(f) < 5= )7 > | D (log fx) ~log f@)| fGu) = (e = )Ta(ulfw) = T2 fulp).

xeV™ i=1 LzeN;(x) +

Inequality (5.4) can be seen as a reinforcement of a (discrete) modified log-Sobolev inequality.
The next corollary deals with the special case of the discrete cube.

Corollary 5.5 (Reinforced log-Sobolev on Q,, and Gross’ Inequality). Let y be a Bernoulli measure
on {0, 1}. Then, for any n and any f: Q, — (0, 00), it holds

1 < 5 1~
. Ent e (f) < = 1 -1 i EM(x) — = ,
(5.6) nte(f) < 5 ZQ: Zl [log f(x) — log (@i, fOu®"(x) = 5T2(fiul)
where oi(x) = (X1, ..., Xi—1, 1 = Xi, Xj+1, ..., Xn) is the neighbor of x = (x1, ..., X,) for which the i-th

coordinate differs from that of x.
As a consequence, for any n and any g: R" — R smooth enough, it holds

1
(5.7) Ent,, (%) < 3 f IVg|?e8dy,
where vy, is the standard Gaussian measure on R", and |Vg| is the length of the gradient of g.

Remark 5.8. Note that the constant 1/2 in the above log-Sobolev inequality for the standard Gauss-
ian is optimal, see e.g. [1, Chapter 1].

We proceed with the proofs of Proposition 5.1 and Corollary 5.5.
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Proof of Proposition 5.1. The displacement convexity inequality ensures that for all 7 € [0, 1],

H(v|u) — H(volu)

H(volp) < H(vilw) - ”

— (@ () + I (7).

As t goes to 0, this yields
H(volw) < H T — (1™ w
olw) < H(vilw) £y 07 ly=0 — ¢y " () + 1,7 (7)),
where 7 € I1(vg, v1). According to Corollary 2.8, it holds

vo(x) vo(2) IF(x I0Cx, z, y)I
1
Z(Oguu) y())z AT Gt oY)

x,zeV: yevn

~x

vo(x) VO(Z) IF( z,y)l
= E 1 §
( og e ) d(x, TGl m(x,y)

X,2€ V” cyn

VO(x) vo(2) IC(x, 2, )|
PP ( RRTE )} 2, 4Dy

xeV* i=1 LzeN;(x) 4 YEV!

0
—a_tH(Vﬂﬂ)lt:O

IA

According to (2.11), by induction on n > 1, we get that for all u,y € V",

d(u !
T, y)| = (e, y i)l
“Y . d(u, J)'l_I i

Applying this formula with u = z € N;(x) for some i € {1,...,n} and u = x, we get that for all y such
that z € [[x, y], it holds

(5.9) Tzl - Myl dey)! diay! T yol _ dlxi, v [Tz, yi)l
' TGyl TGl dCe !z, y)! Ta, vl dCx,y) TG, ol

using that x; = z; for all i # j and the relations d(x,y) = 1 + d(z,y) and d(x;,y;) = 1 + d(z;,y)).
Therefore, when z € N;(x),

Zd( Ir ( Z,)’)| Zd( X1,y l)l (i, 23, yi) (x,y)SZd(xi,Yi)ﬂ(X,Y)-

yGV” yEV |r( l’ l)l yEV

Plugging this inequality into the expression for —%H (V7 |u)y=o yields:

__H(V”I,U)\t 0 < Z Z{ Z ( 0((x) ~log vo(Z)) Z A 3T 3)
xev i=1 [zeNi(x) X) u(2) L YEV"
vo(x) vo(z) (x,y)
1 l’ l
Z":Z{;)( ® ) Ogu<z>)+yezv:n e 30 7o)
Y () o\
YO g Y02 "

where the last line follows from the Cauchy-Schwarz inequality. This completes the proof. O
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Proof of Corollary 5.5. By Corollary 4.8, Inequality (5.4) holds with ¢ = 1/2. Observe that N;(x) =
{oi(x)} where oj(x) = (x1,...,%i-1, 1 — Xj, Xj+1, ..., X,) is the neighbor of x = (x1,..., x,) for which
the i-th coordinate differs from that of x. For £ = 1, Corollary 5.3 gives

1 < 1~
Enten(f) < 5 ) ) llog () = log f@i(eN L Fu®(x) = 3 T2 ul)

x€Q, i=1

which is the first part of the corollary.
For the second part, we shall apply the Central Limit Theorem. Our starting point is the following
modified log-Sobolev inequality on the hypercube:

1 n
(5.10) Entyen(f) < 5 ) - [log f(x) ~ log f@iC) I f(ou®™'(x)

xeQ), i=1

that holds for all product probability measures on the hypercube Q, = {0, 1}", for all dimensions
nxl1.

First we observe that, by tensorisation of the log-Sobolev inequality (see e.g. [1, Chapter 1]), we
only need to prove Gross’ Inequality (5.7) in dimension one (n = 1). Then, thanks to a result by
Miclo [37], we know that extremal functions in the log-Sobolev inequality, in dimension one, are
monotone. Hence, we can assume that g is monotone and non-decreasing (the case g non-increasing
can be treated similarly). Furthermore, for convenience, we first assume that the function g: R — R
is smooth and compactly supported.

Let u, be the Bernoulli probability measure with parameter p € [0, 1]. We apply (5.10) to the

function f = %, with
"oxi—n
G(x) = g(—z"l ' p], xeQ,,
ynp(l - p)

so that Ent,en (eG") tends to Ent,(e®) by the Central Limit Theorem. It remains to identify the limit,
when n tends to infinity, of the Dirichlet form (the first term in the right-hand side of (5.10)). Let #y;

denote the vector (xq, ..., Xj—1, Vi, Xi+1,- - -, Xz). Then,
D [Gu(®) = Gu(aiaD1e%™ () = pIGu(F 1) = Gu(FO) e
x;€{0,1}

+ (1 = P)Gp(F0) — Gp(F1)]25F0).

Now, since
Z7z1xi—ﬂp_2j¢ixj—(n—l)l7= Xi . 1 ij(i_ 1 )
Vi =p)  Na-Dp(-p)  Amp(-p) pA-p % \Vn Va—1
+ —\/p(fi—p)(\/ﬁ_ n- 1)
Xi Zj;tixj

(=P NP p)(Va+ Ve 1) yava—

’ \/M(f/m Vi T) =0(%)’
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by a Taylor Expansion, we have

. . X —pn—1
G — Gy = ] g,(zmx, p(n ))+ 0(1)_
yap(1—p)~  yJ(n—-Dp( - p) n

2jzixj—pn—1)

V(@ —=1Dp(l - p)

D [Gu() = Gulori(0) 3™ () =

Setting y;(x) = , it follows that

g/ (yl(x))z eg(yi(x)) N 0 1
n(=p) )

Now, since all y;(x)’s have the same law under y%”, it follows that

n ’ 2 801 (x) 1
3 NG - Gulor (e ) = 3 EWDET om0 L),
' p 1-p p N
xeQ, i=1 xeQ,
The desired result follows by the Central Limit Theorem, then optimizing over all p € [0, 1], and
finally by a standard density argument. This ends the proof. O

5.2. Complete graph. Combining the differentiation property (2.16) together with the displacement
convexity on the complete graph of Proposition 4.1, we shall prove the following result.

Proposition 5.11 (HWI type inequality on the complete graph). Let u = 1/n be the uniform measure
on the complete graph K,,. Then, for any f: V(K,) — (0, co) with ffd,u =1, it holds

1 ,~ —
Ent,(f) < &u(f.log f) = 5 (TaGulfw) + Ta(fulp)) -
where

1
Eulflog /)= 5 3 (f) = f)(log f(y) - log fONu(u()

x,y€Ky

corresponds to the Dirichlet form associated to the Markov chain on K, that jumps uniformly at
random from any vertex to any vertex (i.e. with transition probabilities K(x,y) = u(y) = 1/n, for any
x, y € V(Ky)).

Proof. We follow the same line of proof as in Proposition 5.1. Fix f: V(K,) — (0, c0) with f fdu =
1. By Proposition 4.1, applied to v; = u (which implies that H(v,|u) = 0) and vo = fu, we have

1=0) ,~ —
Hvlw) < (1 = DH(volu) - ’(—2’) (T2(v1lvo) + Ta(volv))

where v; = (1 — f)vy + tv,. Hence, as ¢ goes to 0, we get

0 1 ,~ —
f flog fdp = Hvolu) < == HOl),.y = 5 (Tavilvo) + Talvolv))

The expected result follows from (2.16). O

In the case of the two-point space, one can deal with any Bernoulli measure (not only the uniform
one as in the case of the complete graph).
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Proposition 5.12 (HWI for the two-point space). Let u be a Bernoulli-p, p € (0, 1) measure on the
two-point space Q) = {0, 1}. Then, for any f: Q; — (0, c0) with u(f) = 1, it holds

Ent,(f) < E,(f.log ) - 5 (‘T"z(ulfﬂ) + To(fulw))
where,
Eu(f.log ) = p(1 = p)(F(1) = f(0))(log £(1) - log £(0)).

Proof. Reasoning as above, Proposition 4.1, applied to v; = u and vy = fu, implies

d 1, ~ ~
Ent,(f) < =2 HOtl)y = 5 (T2l f) + Ta(ful)

where v, = (1 — )fu + tu. Set g = 1 — p. Since H(vu) = [(1 — Hf(0)qg + tg]log[(1 — 1) f(0) + t] +
(1 -5f(Dp +tpllog[(1 — 1) f(1) + ], it immediately follows that
0
EH(VIW)L:O = q(1 - f(0)) log f(0) + ¢(1 — f(0)) + p(1 — f(1))log f(1) + p(1 — f(1))
= q(1 - f(0))log f(0) + p(1 — f(1))log f(1)

where the second equality follows from the fact that p + g = 1 = u(f) = ¢f(0) + pf(1). Using again
that 1 = ¢f(0) + pf(1), we observe that

q(1 — f(0)) log f(0) = pg(f(1) = f(0))log f(0)
and
p(1 = f(D)log f(1) = —pq(f(1) — f(0)log f(1),

from which the expected result follows. O

6. PREKOPA-LEINDLER TYPE INEQUALITY

In this section we show by a duality argument that the displacement convexity property implies a
discrete version of the Prekopa-Leindler inequality. (This argument was originally done by J. Lehec
[27] in the context of Brascamp-Lieb inequalities.) Then we show that this Prekopa-Leindler inequal-
ity allows to recover the discrete modified log-Sobolev inequality (5.10) and a weak version of the
transport entropy inequality of Remark 4.12.

Let us first recall the statement of the usual Prekopa-Leindler inequality.

Theorem 6.1 (Prekopa-Leindler [43, 44, 28]). Let n € N* and t € [0, 1]. For all triples (f, g, h) of
measurable functions on R" such that

(1 -Dx+1y) > (1-0Df(x) +1g(y),  Vx,yeR",

1-¢ t
f IO gz > ( f o dx) ( f 250 dy) .

Using the identity (with || - || denoting the Euclidean norm),

I 113 e y1E.
—||<1—r>x+zy||2—<1—> y —i(1-1) y

it holds

x,y €R",

one can recast, without loss, the precedlng result into an 1nequahty for the Gaussian distribution.
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Theorem 6.2 (Prekopa-Leindler: the Gaussian case). Let vy, be the standard normal distribution on
R"and t € [0, 1]. For all triples (f, g, h) of measurable functions on R" such that

Hl-1
2

1-t !
feh(l) ')’n(dZ) > (fef(x) 'yn(dx)) (feg()’) ,),n(dy)) .

The next result shows that a discrete Prekopa-Leindler inequality can be derived from the displace-
ment convexity property of the relative entropy.

(6.3) h(1 = x +1y) 2 (1 = ) f(x) +18(y) - Ilx = ¥3, Vx,y €R",

it holds that

Theorem 6.4 (Prekopa-Leindler (discrete version)). Let n € N*, ¢ € [0, 1] and u € P(V"*). Suppose
that u verifies the following property: for any vy, vy € P(V"), there exists a coupling m € T1(vy, vy)
such that

(6.5) HOJ) < (1= DH(volw) + tHvi ) — et(1 = DI ().

If (f,g,h) is a triple of functions on V" such that: Yx € V", Ym € P(V"),

n 2
66 [ mav i > 1 - nf + 1 [ gymiay - et —r)Z( | d(xi,y,->m<dy)) ,
i=1

1-t !
feh(Z) ,ll(dZ) > (fef(x)'u(dx)) (feg()’)/l(dy)) .

Proof. Letn € N, f,g,h: V" > R, u e P(V"), t € [0,1] and ¢ € (0, 00) satisfying the hypotheses
of the theorem. Given vy, v; € P(V"), let & be such that (6.5) holds and let p be such that 7(x,y) =

vo(x)p(x,y), x,y € V™.
Then, integrate (6.6) in the variable x with respect to vy, with m(y) = p(x,y), so that (recalling

(2.4))

then it holds

fha’v’,’ >(1-1) ffdvo + tfgdw —ct(1 = DI (n).
Together with (6.5), we end up with

fhch/: CHO ) > (1 - t)(ffde - H(vO|u>) + t(fgdw - H(Vllu))-

The result follows by optimization, since by duality (for any a: V" — R),

sup {fadm —H(mlu)} = logfe" du.
meP (V")

This ends the proof. O
An immediate corollary is a Prekopa-Leindler inequality on the discrete hypercube.

Corollary 6.7. Let u be a probability measure on {0,1}, n € N* and t € [0, 1]. For all triple (f, g, h)
verifying (6.6) with ¢ = 1/2, it holds

1-t t
feh(z) ’u®n(dz) > (f ef(x) ’u®n(dx)) (f eg(y) #®n(dy)) .
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It is well known that Talagrand’s transport-entropy inequality and the logarithmic Sobolev in-
equality for the Gaussian measure are both consequences of the Prekopa-Leindler inequality of The-
orem 6.2 [4]. Similarly the discrete version of Prekopa Leindler inequality implies the modified log-
arithmic Sobolev inequality induced by Corollary 5.3 and the transport-entropy inequality associated
with the distance 7~ > of Remark 4.12.

Corollary 6.8. Assume that the following Prekopa-Leindler inequality holds: for all t € (0, 1), for
all triples of functions (f, g, h) on V" such that: Yx € V"', Ym € P(V"),

n 2
[[ v eman = = nso+1 [ goiman - e —z)Z( | d(x,-,yom(dy)) ,
i=1

it holds that
1-t t
feh(z) w(dz) > (fef»(x)'u(dx)) (feg(y)u(dy)) .

Then one has, for all functions h: V" — R,

Entﬂ(eh) < i Z Zn:[ Z (h(x) — h(z))

xeV" i=1 |zeN;(x)

2
¢"Ou(x).

+

and for all probability measures v, absolutly continous with respect to p,

(6.9) ¢ Taulv) < HOl),

(6.10) ¢ Tr(vlu) < Hvl),

Proof. We first prove the transport-entropy inequalities (6.9) and (6.10). Let £ be a function on V"
(necessarily bounded, since V is finite). We apply the discrete Prekopa-Leindler inequality with
h=0,g=—(1-0kand f = tQk, with Qk defined so that the condition (6.6) holds: for all x € V",

n 2
Ok = inf { [rormar e 33| [ atoma) } .

i=1

Therefore, one has for all ¢t € (0, 1),

1/t 1/(1-1)
(fe’de,u) (fe_(l_’)k d,u) <1l

As t goes to 1, we get for all functions k on V",

f oy < o0,

and this is known to be a dual form of the transport-entropy inequality (6.9) (see [17]). Similarly as ¢
goes to 0, we get for all functions k on V",

f iy < e,

which is a dual form of the transport-entropy inequality (6.10).
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Let us now turn to the proof of the modified discrete logarithmic Sobolev inequality. Fix a bounded
function 4 : V* — R and choose g = th and f = h + tR;h with R;h designed so that condition (6.6)
holds. Namely, for all x € V",

Rih(x) = irnle {t(] 1_ 5 (ff h(z)v;” (dz) m(dy) — (1 — t)h(x))

n 2
- ﬁ f h(y) m(dy) +cZ( f d(xi, yi) m(dy)) } ,

i=1

where the infimum runs over all probability measures m € P(V"). Then the Prekopa-Leindler in-

equality reads
1-¢ t
fehdu > (fehe’thdu) (fethdu) ,
1/t 1/(1-1)
1> (fe’R’hdﬂh) (fe(’_l)hdﬂh) ,

with duy, = I:Thdﬂ du. Letting ¢ go to 0, we easily deduce (leaving some details to the reader) that,

f (limionfR,h)ehd,u < f ¢dulog f edu.
11—

This can equivalently be written as

which can be rewritten as

Ent,(e") < f (h - lim iOnfR,h)ehd,u.
11—

We conclude using the following claim.

Claim 6.11. For all x € R, we have

2
. RN
h(x) — lntIL 1Onf R/h(x) < i Z Z (h(x) - h(Z))] .

i=1 lzeN;(x)

Proof of Claim 6.11. By a Taylor expansion and by Proposition 2.7, for all x,y € V",
f h(2)v;* (dz) = v (h) = vy (h) + td(x, y)vy™ (Vh) + o(t) = h(x) + td(x, y)V*"h(x) + o(2),

with the quantity o(¢) independent of y since % is bounded. Now, from the definition of the sets N;(x),
i € {l1,...,n} and using the identity (5.9), one has

1
IC(x, )

n

> (h(z) - h(x))

i=1 zeN;(x)

) ~ hayy R 20l
2 () =h) = > (1) = ho) S

V™ h(x) =

vel(x,y) Z2€V,,2~x

d(xi9 yi)lr(xia Zis yl)l
d(x, YT (xi, yi)l
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Therefore

[T(xi, zi, yi)l

d
ooyl ")

h(x) = Rih(x) = sup f DU ) - @y dexi, i)

i=1 zeN;(x)

n 2
- cZ( [ e m(dy)) +o(1)

i=1

S

i=1 ™ | lzeNi(»)

2
< ) sup Z (h(x) = h(z2)) f d(xz',yi)in(dy)—t?( f d(xz',yi)m(dy)) +o(1)

2
n n
1
< supqv Z (h(x) = h(2))| - oY+ o(1) = P Z Z (h(x) = h(2))| +o(1).
i=1 V20 | Lzen(n) . i=1 LzeN;(x) .
The claim follows by letting ¢ go to 0. O
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