HAMILTON JACOBI EQUATIONS ON METRIC SPACES AND
TRANSPORT ENTROPY INEQUALITIES

N. GOZLAN, C. ROBERTO, P-M. SAMSON

ABSTRACT. We prove an Hopf-Lax-Oleinik formula for the solutions of some Hamilton-
Jacobi equations on a general metric space. As a first consequence, we show in full gener-
ality that the log-Sobolev inequality is equivalent to an hypercontractivity property of the
Hamilton-Jacobi semi-group. As a second consequence, we prove that Talagrand’s transport-
entropy inequalities in metric space are characterized in terms of log-Sobolev inequalities
restricted to the class of c-convex functions.

1. INTRODUCTION

Let L : R™ — R be a convex function with super linear growth, in the sense that L(h)/| k| —
00, when ||h|| — oo, where ||-|| is any norm on R™. It is well known that if f is some Lipschitz
function on R™, the function Q;f defined by

(1.1) Quf(x) = yierﬁ%fm {fly) +tL((z—y)/t)}, t=0,2€R™,

is a solution, in different weak senses, of the following Hamilton-Jacobi equation
(1.2) Owu(t,x) = —L*(Oyu(t, ))

with initial condition u«(0,z) = f(x), where L*(v) = sup,cpm{u - v — L(u)} is the Fenchel-
Legendre transform of L (see for instance [6]). It can be shown, for example, that the function
(t,x) — Q. f(x) is almost everywhere differentiable in (0, 00) x R™ and that (1.2) is verified at
every such point of differentiability (see e.g [6, Chapter 3]). Formula (1.1) is usually referred
to as the Hopf-Lax-Oleinik formula for Hamilton-Jacobi equations.
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The objective of this paper is twofold:

(i) generalize the Hopf-Lax-Oleinik (HLO) formula to a class of Hamilton-Jacobi equa-
tions in a metric space framework;

(ii) use this aforementioned HLO formula to establish different connections between log-
arithmic Sobolev type inequalities and transport-entropy inequalities.

1.1. General framework. In this section we give the general setting of this article.

1.1.1. Assumptions on the space. In all the paper, (X,d) will be a complete and separable
metric space in which closed balls are compact. This latter assumption could be removed
at the expense of additional standard technicalities. We will sometimes assume that (X, d)
is a geodesic space, meaning that for every two points x,y € X there is at least one curve
(Ve )tefo,1) With 70 = =, v1 = y and such that d(vs,v:) = [t — s|d(w,y) for all s, € [0,1]. Such
a curve is called a geodesic between x and y.

1.1.2. The sup and inf convolution “semigroups”. In all the paper, o : Rt — RT will be
an increasing convex function of class C! such that a(0) = 0. If f : X — R is a bounded
function, we define for all ¢ > 0 the functions P, f and Q.f as follows:

(13) Ri@ =swp { ) -t ()} wex,

yeX t
and
d
(1.4) Q:+f(x) = inf {f(y) +ta <M> } , Vr e X.
yeX t
The operators P; and @); are connected by the following simple relation

Qif = —Pi(—f).

When the space (X, d) is geodesic, the families of operators {Q;}¢~o and { P, };~¢ form non-
linear semigroups acting on bounded functions:

Qt-i—sf = Qt (st) and Pt+sf = Pt (Psf) ) Vt, s> 07
for all bounded function f : X — R. When (X, d) is not geodesic, only half of this property
is preserved:

Qursf < Q1 (Qsf) and Psf > P (Psf), Vi, s > 0.

Now we present our main results.

1.2. An Hopf-Lax-Oleinik formula on a metric space. Our objective is to show that
the Hamilton-Jacobi equation (1.2) is still verified by @Q.f in the metric space framework
introduced above. To that purpose we first need to give a meaning to the state space partial
derivative 0, in this context.

We will adopt the following classical measurements |V* f|(z) and |V~ f|(z) of the local slope
of a function f: X — R around z € X defined by

)

15) (94 fle) = timsup LSO 910 — i LS

(by convention, we set |V*f|(z) = 0, if 2 is an isolated point in X).
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If f is locally Lipschitz, then |V* f|(z) are finite for every z € X. Moreover, if f is Lipschitz
continuous with Lipschitz constant denoted by Lip(f), then |V* f|(z) < Lip(f) for all 2 € X.
Finally, when X is a Riemannian manifold and f is differentiable at z, it is not difficult to
check that |V* f|(x) is equal to the norm of the vector Vf(z) € T, X (the tangent space at
One of our main result is the following theorem.

Theorem 1.6. If f: X — R is an upper semicontinuous function bounded from above, then
the following Hamilton-Jacobi differential inequalities hold

(1.7) %Ptf(x) > o (VT Pf|(z)) vVt >0, VreX,
+

and
d

ﬁPtf(:U) > o ([VTP.f|(z)) Vvt >0, VrelX,

where a*(u) = supy>o {hu —a(h)}, u > 0, and where d/dt, and d/dt_ denote respectively
the right and left time derivatives.
Moreover, when the space (X,d) is geodesic, it holds

(1.8) %Ptf(x) = o ([VTP.f|(z)) vVt >0, VrelX.

The interesting feature of Theorem 1.6 is that there is no measure theory in its formulation:
the conclusion holds for all t > 0 and all z € X. Theorem 1.6 extends previous results by Lott
and Villani [13, 20], where (1.8) was obtained on compact measured geodesic spaces (X, d, )
provided the measure p verifies some additional assumptions. More precisely, it is proved
in [13] that if p verifies a doubling condition together with a local Poincaré inequality, then
(1.8) holds true, for all ¢ and for all z outside a set N; of  measure 0. Under the geometric
assumption that (X,d) is finite dimensional with Aleksandrov curvature bounded below,
Lott and Villani obtained the validity of (1.8) for all ¢ and z. In [20, Theorem 22.46], Villani
proves (1.8) for all ¢ and = on a Riemannian manifold.

We indicate that, during the preparation of this work, we learned that Theorem 1.6 has also
been obtained by Ambrosio, Gigli and Savaré in their recent paper [1] (see also [2]), with a
very similar proof. Let us underline that the inequality

(1.9) %Qtﬂx) < —a" (V-Qif|(x),

which is equivalent to (1.7), is an important ingredient in their study of gradient flows of
entropic functionals over general metric spaces. The main source of inspiration of the present
paper is the seminal work by Bobkov, Gentil and Ledoux [4] establishing the equivalence
between the logarithmic Sobolev inequality and hypercontractivity properties of Hamilton-
Jacobi solutions.

The main tool in the proof of Theorem 1.6 is the following result of independent interest.

Theorem 1.10. Let f : X — R be an upper semicontinuous function bounded from above.
For all t > 0 and x € X, denote by m(t,x) the set of points where the supremum (1.3)
defining P, f(x) is reached:

mit.a) = {7 X Pufte) = 1) 1 (AL L



4 N. GOZLAN, C. ROBERTO, P-M. SAMSON

These sets are always non empty and compact and it holds
d 1
—Pf(x)=p (— max d(ﬂ:,gj)) ) Vt>0, VrelX
dtJr t gem(t,x)

and

d 1
Sy ) —6(= min d(z,7 Vt>0, VreX
o 2 f () 6<ty€rpnl(gm) (x,y)>, >0, VzelkX,

where f(h) = ha/(h) — a(h), h > 0.

1.3. Hypercontractivity of (); and the log-Sobolev inequality. Let u be a Borel prob-
ability measure on X. Recall that the entropy functional Ent,(-) is defined by

Ent,(9) = /glog( J > d, Vg > 0.

Jgdp
In order to introduce the log-Sobolev inequality, and for technical reasons, define, for r > 0,
|f(y) — d(z)|

Lip(f,r) = sup
W, dxy)
and observe that the usual Lipschitz constant is Lip(f) = sup, Lip(f,r). Then, we denote
by F, the set of bounded functions f: X — R such that Lip(f,r) < oo for some r > 0 and
| a(n)
L < lim —=
() < i

(observe that if a(h)/h — oo when h — oo, this last condition is empty).

The probability measure p is said to satisfy the modified log-Sobolev inequality minus LSI_ (C)
for some C > 0 if

(LSI, (C)) Ent,(ef) < c/a*(Wfl)ef du  Yf € F,.

In particular, when «(h) = h?/p, h > 0, with p > 1, it holds o*(h) = h?/q, h > 0 with
1/p+1/q = 1. In this case, we write LSI, for LSI,. If X is a Riemannian manifold and
1 is absolutely continuous with respect to the volume element, the inequality LSI; is the
usual logarithmic Sobolev inequality introduced by Gross [12].

Following Bobkov, Gentil and Ledoux [4] we relate LSI, (C) to hypercontractivity properties
of the family of operators {Q¢}¢~o. To perform the proof, we need to make some restrictions
on the function a. We will say that « verifies the Ay-condition [17] if there is some positive
constant K such that

a(2z) < Ka(z), Va > 0.

Theorem 1.11. Suppose that o verifies the Ag-condition. Then the exponents ro < pq
defined by
/ /
ro = inf za(z) >1 and 1 < po = sup za(z)
>0 ax) 2>0 ()
are both finite. Moreover, the measure u satisfies LSI, (C) if and only if for all t > 0, for
all ty < C(po — 1) and for all bounded continuous function f: X — R,

ef

(1.12) Hlef

<]

)

k(t ‘k(O)
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with
C1(t—t,) \Po~t C-1(t—t,) \"o ! ,
<1 + #) 1t§t0 + (1 + %) | ifro > 1

— pcx*l 9
min (1; <1 + %) > if 1o =1

1/k
where ||gllw = ([ lgl*dp) """ for k # 0 and |gllo = exp ([ log g du).

k(t) =

Our proof follows the line of [4]. Let us explain in few words how to derive (1.12) from LSI .
Since Q¢ f — f when t — 0, it is enough to show that H : t — log HthfHk(t) is non-increasing.

The left derivative of H has an expression involving Entu(ek(t)Qtf ) and [ ﬁQt feF®@ef gy
(see Proposition 4.1). To bound the first term from above, we apply the inequality LSI_ . To

bound the second term, we use the inequality (1.9) which is precisely in the right direction
to prove that the left derivative of H is negative.

1.4. From log-Sobolev to transport-entropy inequalities. Following [4, 13], a byprod-
uct of the above hypercontractivity result is a metric space extension of Otto-Villani’s theorem
[15] that indicates that log-Sobolev inequalities imply transport-entropy inequalities.

Let ¢ : X x X — R be a continuous function; recall that the optimal transport cost T.(v1, v2)
between two Borel probability measures v1,v2 € P(X) (the set of all Borel probability mea-
sures on X ) is defined by

Te(v1,v9) = inf // c(z,y) m(dzxdy),

TEP(v1,v2)

where P(vy,12) is the set of all probability measures m on X x X such that 7(dxx X) = vy (dz)
and m(X x dy) = va(dy).

The probability measure p is said to satisfy the transport-entropy inequality T.(C'), for some
C>0if

(Te(C)) Te(p,v) < CH(v|p), Vv e P(X),

where
logd”dl/ if v < p
e ={ ! .
400 otherwise

is the relative entropy of v with respect to p. This class of inequalities was introduced by
Marton and Talagrand [14, 19]. When ¢(z,y) = a(d(x,y)) we denote the optimal transport
cost by To(-, -) and the corresponding transport inequality by T,. In the particular case,
when a(x) = 2P /p, p > 2 we use the notation 7, and T,.

The first point of the next theorem will appear to be an easy consequence of Theorem 1.11
and of Bobkov and Gotze dual formulation of the inequality T, (which roughly speaking
corresponds to the hypercontractivity with ¢, = C'(po — 1) or equivalently k(0) = 0).

Theorem 1.13. Suppose that « wverifies the Ay-condition. If p verifies LSI, (C), then it
verifies Ty (A), with

A =max (((pa — 1)C)"~ 5 ((pa — 1)0)%71) ;

where the numbers rq, po are defined in Theorem 1.12.
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In a Riemannian framework and for the quadratic function a(t) = t2/2, Theorem 1.13 was
first obtained by Otto and Villani in [15], closely followed by Bobkov, Gentil and Ledoux [4].
Extensions to other functions « were provided in [4, 7]. The path space case was treated
by Wang in [21]. In [13], Lott and Villani extended to certain geodesic measured spaces
(X,d, n) the Hamilton-Jacobi approach of [4] in the quadratic case. They proved Theorem
1.13 under additional assumptions on p (doubling property and local Poincaré). Under the
same assumptions Balogh, Engoulatov, Hunziker and Maasalo [3] treated the case of LSI,
for all ¢ < 2. The first proofs of Otto-Villani theorem valid on any complete separable
metric space appeared in [9] and [11]. Their common feature is the use of the stability of
the log-Sobolev inequality under tensor products of the reference probability measure. In
a recent paper [8], Gigli and Ledoux give another quick proof of Otto-Villani theorem on
metric spaces. It is based on calculations along gradient flows in the Wasserstein space.

Using some rough properties of the operators ()¢, we also provide a metric space generalization
of another result by Otto and Villani [15] relating transport-entropy inequalities to Poincaré
inequality.

Proposition 1.14. Let § : RT — R be any function such that 0(x) > min(z2, a?) for some
a > 0. If p verifies Ty(C) for some C > 0, then it verifies the following Poincaré inequality:

C _
Var,(£) < 5 [ 197 4P du
for all bounded function f such that Lip(f,r) < oo, for some r > 0.

1.5. Transport-entropy inequalities as restricted log-Sobolev inequalities. A sec-
ond consequence of the Hamilton-Jacobi approach on metric spaces is a characterization of
transport-entropy inequalities in terms of log-Sobolev inequalities restricted to a certain class
of functions depending on the cost function «.

To be more precise, let us say that a function f is c-conver with respect to a cost function
(z,y) — c(z,y) defined on X x X if there is a function g : X — R U {£oc} such that

f(z) = P.g(x) = Su)rz{g(y) —c(x,y)} € RU{too}, Vo e X.
ye

The class of c-convex functions is intimately related to optimal-transport, via for instance
the Kantorovich duality theorem (see e.g [20]).

An important case is when c¢(z,y) = 3|z — y[|3 on R™ (see Proposition 2.3 below). In this
case, a function f : R™ — R is c-convex if and only if the function x + f(z) + ||x[|3/2 is
convex on R™. If f is of class C?, this amounts to say that Hess f > —Id.

In what follows, we consider the cost ¢,(z,y) = dP(z,y)/p, p > 2. The second main result of
this paper is the following

Theorem 1.15. Let pu be a probability measure on a geodesic space (X,d) and p > 2. The
following properties are equivalent:

(1) There is some C > 0 such that p verifies Tp(C).



HAMILTON JACOBI EQUATIONS ON METRIC SPACES 7

(2) There is some D > 0 such that p verifies the following (7)-log-Sobolev inequality: for
all bounded continuous f and all 0 < A < 1/D, it holds

Buty(ef) < 15 [ (F = @1/ du

where for all A > 0, Q N f(z) = infyex {f(y) + Aep(x,y)} .

(8) There is some E > 0 such that p verifies the following restricted log-Sobolev inequality:
for all Kc¢,-convex function f, with 0 < K < 1/FE it holds

Bu(ef) < — B (9t du, vue 01/(D),

where ¢ =p/(p — 1) and Bp(u) = m for all u > 1.

The optimal constants Copt, Dopt, Eopt are related as follows

Eopt < Dopt < Copt < HpEopta

where Ky s some universal constant depending only on p. For p = 2, one can take ko = e2.

Let us make some comments on Theorem 1.15.

e The implication (1) = (2) is true for any cost function c. It was first proved in [10].

e In [11], we proved that (1) is equivalent to (2) for cost functions c¢(x,y) = a(d(x,y))
as soon as « verifies the Ag-condition. Our proof (in [11]) makes use of a tensorization
technique and is thus rather different from the one presented here.

e In [10], we proved that (1) is equivalent to (3) in a framework essentially Euclidean:
X =R™ and ¢(z,y) = jllz — ylf3.

Theorem 1.15 thus provides a wide extension of the results in [10] and unifies nicely the
results of [10] and [11].

Let us mention that Theorem 1.15 as stated above is not as general as possible. Indeed, we
will see in Section 5 that this equivalence is still true when the space is not geodesic (Theorem
5.1). In this more general framework (3) has to be replaced by a slightly weaker version of
the restricted log-Sobolev inequality. The main tool to prove this extension is Theorem 1.10.
It would also be possible to consider more general costs of the form c(z,y) = a(d(x,y)) with
« satisfying the As-condition but, to avoid some lengthy developpements, this will not be
treated here.

We end this introduction with a short roadmap of the paper. Section 2 is devoted to c-convex
functions. In particular, we will recall and prove some well known facts about the subdif-
ferential O.f(z) of a c-convex function. In Proposition 2.8, we will relate their gradients
|VE f|(x) to the minimal or maximal distance between z and the subdifferential 9, f(x). Sec-
tion 3 contains the proof of the HLO formula. In Section 4, we prove the hypercontractivity
property of Theorem 1.12, and deduce as a corollary the Otto-Villani Theorem 1.13. Section
5 contains the proof of an improved version of our main result Theorem 1.15. Finally, the
appendix gathers some technical results.
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2. ABOUT c-CONVEX FUNCTIONS

© O 0 O Ut = NN

e e e e
CoO OO0 = N

19

20

26

In this section we introduce the somehow classical notions of c-convex (and c—concave)
functions and of c-subdifferential. We will also give several useful facts about these notions.
The interested reader may find more results and comments, and some bibliographic notes, in
[20, Chapter 5.

2.1. Definition of c-convex functions and first results. Let X,Y be two polish spaces
and ¢ : X x Y — R be a general cost function and set R = R U {£o0}. For any function
f: X — R, we define Q.f : Y — R by

Quf (1) = f {f(@) + e(w,)}.

For any function g : Y — R, we define P.g : X — R, by

Peg(z) := 225{9@) —c(z,y)}-
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Definition 2.1 (c-convex and c-concave fugctions). A function f : X — R is said to be
c-convex if there is some function g :' Y — R such that f = P.g. A function g : Y — R is
said to be c-concave if there is some function f : X — R such that g = Q.f.

In the definition above, we follow the convention of Villani’s book for ¢-convex functions [20].
Other authors as Rachev and Riischendorf [16] define c-convex functions as those functions f :
X — R such that there is some function g : ¥ — R such that f(z) = sup,ey{g(y) +c(z,y)}.

Proposition 2.2. For any function f: X — R, the inequality P.Q.f < f holds. Moreover,
f: X = R is c-convex if and only if P.Q.f = f.

Proof. For the first point observe that; for z = x,
P.Q.f(z) = sup inf {f(2) + c(z,9) — c(z,y)} < f(x).
yey z€X

Let us prove the second point. Trivially, a function f such that f = P.Q.f is c-convex.
Conversely, if f: X — R is c-convex, then there is some function g on Y such that f(z) =
supyey{9(y) — c(z,y)} = Qeg(y). Hence g verifies g(y) < infrex{f(z) + c(x,y)}. Plugging
this inequality into f = P.g gives f < P.Q.f. Since the other direction always holds, the
proof is complete. O

Recall that a function f : R™ — R is said to be closed (see [18]) if either f = —oc everywhere
or f takes its values in RU {+o0} and is lower semicontinuous. It is said to be convez if its
epigraph {(z,a) € R™ xR : «a > f(z)} is a convex subset of R™ x R. Let us denote by I'(R™)
the set of all closed and convex functions on R™.

Proposition 2.3 (Examples). Assume that X =Y = R", m € N, equipped with its
standard Fuclidean structure and let f : R™ — R. Then,

(1) If c(z,y) =x -y, [ is c-convex if and only if f € T'(R™).

(2) If c(z,y) = ||z —y||3. [ is c-convex if and only if f+|-||3/2 € D(R™). In particular,
if f:R™ — R is of class C? then it is c-convex if and only if Hess f(x) > —Id, for
all z € R™.

Proof.

(1) By definition, a function f is c-convex for c¢(z,y) = x -y if and only if f = h* for some
function h : R™ — R. It is well known (and easy to check) that h* € I'(R™) for all h.
Conversely, if f € I'(R™) then f = f** (see e.g [18]) and so f is c-convex.

(2) The function f is a c-convex function for c(z,y) = ||z — y||3/2 if and only if f = P.g, for
some g : R™ — R. Since

f(w)+@=yse${w-y—(%—WA)},

the conclusion follows from the first point. O

2.2. The c-subdifferential of a c-convex function. In this section we define the notion
of c-subdifferential of a c-convex function and derive some facts that will appear to be useful
later.
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Definition 2.4 (c-subdifferential). Let f : X — R be a c-convex function and x € X; the
c-subdifferential of f at point x is the set, denoted by O.f(x) C Y, of the points y € Y such
that

F(2) > f(@) + cla,§) — e(z7),  VzeX.

The next lemma gives a characterisation of the c-subdifferential.

Lemma 2.5. For all z € X, O.f(x) is the set of points y € Y achieving the supremum in
f(z) = P.Q.f(x). More precisely,

Ocf(x)={y €Y : f(z)=Qcf(y) —c(z,y)}.

More generally, if f = P.g, for some function g:Y — R, then

{yeY: flz)=g(y) —clz,y)} COf(z).

Proof. The first part of the lemma is simple and left to the reader. Let us prove the second
part. Since f(z) = supyey{9(y) — c(z,y)}, * € X, we have g < Q.f. So if, f(z) =
9(7) — clz,7) then f(z) < Quf(§) — c(x,§) < f(2) + c(2,9) — c(z,7), for all = € X which
proves that g € 0.f(z). O

Lemma 2.6. Suppose that the function ¢ : X XY — R is continuous and bounded from
below and that, for all x € X, the level sets {y € Y;c(z,y) < r}, r € R, are compact. If
f: X = RU{—00} is a c-conver function bounded from above, then O.f(x) # () for allx € X.

Proof. The function Q.f is an infimum of continuous functions on Y, so it is upper semi-
continuous on Y. For all z € X, the function ¢, : y — Q.f(y) — c(x,y) is thus upper
semicontinuous on Y. Since f is bounded from above and ¢ from below, the function ¢, is
bounded from above. Finally if y € {¢, > r} then c¢(z,y) < sup f + inf, ¢(x, z) — r. Hence
{¢s > r} is compact. From this follows that ¢, achieves its supremum at some point ¥
which, according to Lemma 2.5, necessarily belongs to d.f(x). O

For a better understanding of the notion, in the next lemma we express the c-subdifferential
of a c-convex function f in term of its gradient in some simple cases.

Lemma 2.7. Suppose that X =Y = R™ and that c(z,y) = L(x —y) where L : R™ — R is
a differentiable convex function with superlinear growth, i.e L(x)/||z|| — +oo when x — oo,
where || - || denotes any morm on R™. Let f be a c-convex function bounded from above
differentiable at some point x. Then

Ocf(x) = {z = V(L) (=V f(2))},

where L*(y) = supyecrm{x -y — L(y)} is the Fenchel-Legendre transform of L.

We recall that if L is strictly convex and has a superlinear growth, then its Fenchel-Legendre
transform is differentiable everywhere [18]. Lemma 2.7 is well known. However, for the sake
of completeness, we will recall its proof in the appendix.
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2.3. Comparisons of gradients. In this last section, as in the rest of the paper, we will
assume that (X,d) is a complete separable metric space in which closed balls are compact.
We take Y = X and we consider a cost function ¢ on X x X of the form

c(x,y) = a(d(z,y)),
where o : RT — R is an increasing convex function of class C' such that «(0) = 0.
If f: X — Ris c-convex for the cost c¢(z,y) = a(d(x,y)), we introduce the following quantities
IV, fl(z) = < inf d(w,y)) and VI fl(z) = o < sup d(w,y)) .
yeo. f(x) g€ f(x)
The following proposition compares |VE f| to |VT f| defined in (1.5).

Proposition 2.8. Let f : X — R be a c-convex function for the cost c(x,y) = a(d(z,y)).
Suppose that f = P.g for some upper semicontinuous function g : X — R bounded from above
and consider for all x € X the set m(x) defined by m(x) ={y € X : f(z) = g(y)—a(d(z,y))}.

(1) The following inequalities hold
IV fl() < o( max d(,9)) < IVEfl(@).
yem(x

(2) If (X,d) is a geodesic space, then
IV fl(z) = a'(gg}gé) d(z,5)) = [V fl(z).

(8) The following inequalities hold

V™ fl(z) < V¢ fl(z) < &/( min d(z,7)).
gem(w)

Remark 2.9. We do not know if there is equality in (3) when the space is geodesic.

Proof of Proposition 2.8. (1) First observe that, since f = P.g with g bounded above, f
is locally Lipschitz (see [11, Lemma 3.8]), so that |V* f] is finite everywhere. The second
inequality is an immediate consequence of the definition of |V} f|(z) and the fact that,
according to Lemma 2.5, m(z) C J.f(x). Let us prove the first inequality. Let (x,,)nen be a
sequence of points converging to z, with z,, # z for all n. For all n, fix y,, € m(z,,). It holds

f(@n) = f(@) < g(yn) — a(d(@n, yn)) — (9(yn) — a(d(z,yn)))
< d(z, xn)o/ (max(d(zn, Yn); d(z,yn))) ,

where the last inequality follows from the mean value theorem, the triangle inequality, the
non-negativity and the monotonicity of «’. Since the function ¢ — [t]+ is non-decreasing, we

get
) = 1@

d(xp,x

max (d(2y, Yn); d(x,Yn))).

So letting n — oo,

sy L) =0 o

n—00 (xru x

lim sup d(z, yn)>

n—oo

= o (max{d(z, %) : § limit point of (y,)nen})-

<d < max d(x,y)) ,

gem(w)



12 N. GOZLAN, C. ROBERTO, P-M. SAMSON

where the last inequality comes from Lemma 2.10 bellow.

(2) To prove the second point it is enough to show that |V} f|(xz) < |V* f|(z) for all x € X.
Let y € O.f(x). According to the definition of the c-subdifferential,

f(z) = [(x) 2 a(d(z,9)) - a(d(z,9)),  VzeX.
From the definition of |V* f|(x), it follows that

(0 > Himsup 20 — ()

Z—T d(ﬂj, Z)

Let (zt)¢e[o,1) be a geodesic connecting z to g, it holds d(z,z) = td(z,y), d(z,y) = (1 -
t)d(x,y) and therefore

9 1(0) 2 tinsup 2 AEINZHCZOMEI) _ (4, ),

Optimizing over all §y € J.f(z) completes the proof.

(3) Let (zy)nen be a sequence of points converging to z, with x,, # x for all n. If § € 0.f(z),
then it holds

f(wn) = f(z) = a(d(z, 7)) — a(d(zn, 7))
> —d(w, )0’ (max(d(zn, §); d(z, 7)),

where the second inequality follows from the mean value theorem and the triangle inequality.
Since the function ¢ +— [¢]_ is non-increasing, it holds

g @) = F@)-

n——+o0 d(.%', Zn) = of (d(x7 g)) .

Optimizing over all § € 0. f(x) leads to the first bound in (3). As above, the second inequality
in (3) is an immediate consequence of the definition of |V f|(x) together with the fact that,
according to Lemma 2.5, m(z) C O.f(x). This achieves the proof. O

During the proof we have used the following simple lemma whose proof can be found in the
appendix.

Lemma 2.10. Let X be a complete separable metric space with compact balls and g : X — R
be an upper semicontinuous function bounded from above. Define, for all x € X, Pig(z) =

SUpy e x {g(y) —ta <M>} and m(t,x) as the set of points y € X where this supremum is

t
reached. Then,

(1) The set m(t,z) is a non empty compact set of X.

(2) Let x, — x € X and t, — t > 0 be two converging sequences and consider a sequence
(Yn)nen such that y, € m(ty,xy,) for all n. Then (yn)nen is bounded and all its limit
points belong to m(t,x).

3. PROOF OF THE HAMILTON-JACOBI EQUATIONS

This part is devoted to the proof of Theorem 1.6 and 1.10.
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Proof of Theorem 1.10. According to Lemma 2.10, m(t,z) is a non empty compact set of
X. We treat the case of the right derivative; the other case is completely analogous. Let
t >0,z € X and (hy)nen a sequence of positive numbers converging to 0. For all n € N, we
consider z, € m(t + hy,z). Then,

hin (Prsn, f(z) — Pof(2)) < hin [f(zn) = (t+hn)a (%) - <f(Z") e <M>>]

- L [ta (d(x;Z")> ~(t+ ho)a (Clt(i’ ;’Z)ﬂ .

Define D = limsup;,_, . d(z, z) and take € > 0. For all n large enough,
d(x,z,) < D +e.

For all h > 0, all £ > 0, by the convexity assumption on «, the map

d d
is non-decreasing. Hence

limsuphi [ta <M) — (t+ hp) <‘i(j_7 Zn))]
< lim - [m <Dz-€> s (f:;f)] iy (Dt+5>

where we recall that 3(h) = ha/(h) — a(h), h > 0. Since « is of class C!, as e goes to 0 we
get

lim sup hi (Petn, f(z) — Pf(x)) < B <Q> :

n—-+o0o n t

Applying Lemma 2.10, it is not difficult to check that

D = limsupd(z, z,) = max{d(z, Z) : z limit point of (z,)nen} < max d(z,y).

n—00 gem(t,z)
The conditions on « ensure that § is non-decreasing and therefore

<maxy€m(t,x) d(x, g) )
v .

(3.1 limsup 3 (P, f(x) ~ Puf(2) <

n—-+o00 n

Analogously, if § € m(t,x) then

i (Prana @) = P@) = o (10 (F52) — @ ma (122

So, letting n go to oo, and optimizing over ¥ yields

(3:2) timinf - (P, /() ~ Pof () > B

n—oo n

(maxyEm(t,m) d(:ﬂ, :’j) >
; .

We conclude from (3.1) and (3.2) that

lim hi (Posn, f(z) — Pif(z)) = B <maxy6m(tt,ac) d(m,l/)) ‘

n—oo

This completes the proof of proposition 1.10. U
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Proof of Theorem 1.6. According to Theorem 1.10,

d maXgem(t,z) d(xa g)
P = 5 (PR S0,

with f(u) = ud/(u) — a(u), for all u > 0. By definition of the c-convexity, the function x

P,f(zx) is c-convex for the cost ¢(x,y) = ta <@> Applying the point (1) of Proposition

2.8, it holds

VP Sfl(@) < of (maxyem(f) d(x’y)> .
Observing that (u) = a*(a/(u)) gives the result. According to point (3) of Proposition 2.8,
equality holds in the geodesic case. The proof of the inequality involving the left derivative
of P, f is similar. O

4. LOG-SOBOLEV INEQUALITY AND HYPERCONTRACTIVITY ON A METRIC SPACE

In this section, following [4], we show that log-Sobolev inequalities on metric spaces are
equivalent to some hypercontractivity property of the “semigroup” @¢. The proof of Theorem
1.11 relies on the differentiation of the left hand side of (1.12). To that purpose, we use the
next technical proposition whose proof is postponed to the appendix.

Proposition 4.1. Let f be a bounded and continuous function on X and k : (a,b) — (0, +00)
be a function of class C* defined on an open interval (a,b) C (0,00) and such that k'(t) # 0
for all t. Define

1 1
H(t) = —1 ROQ:S g d K(t)=—1 / FOPS g t b).
0= gtoe ([0 an) ot w0 = e ([0 ), ve @y
The functions H and K are continuous and differentiable on the right and on the left on
(a,b). Moreover, for allt € (a,b), it holds

dH K (t) 1 X k(t)?
) = Ent Qe f / kRS g
i, M =t T rOQT dp [ M (6 ) o) dt+Q of a
The same formula holds for dH/dt_, dK/dty and dK/dt_ (replacing Q. by P;).

Proof of Theorem 1.11. Let us first show that the log-Sobolev inequality implies the hyper-
contractivity property:

(4.2)

o < ']
k(0)
for all bounded continuous function f: X — R, with

C*l t _ to pa_l Cil t _ to Ta—l
(4.3) k(t) = <1 + ﬁ) li<t, + (1 + 7“(71)> lise,,

Pa—1
with the convention that k(t) = min (1 <1 + #) ) , if ro = 1. The exponents r,

and p, have the following property (see [11, proof of Lemma A.3]):
a*(sz) < s%a*(:c), Vo >0,Vs € [0,1]

a*(sz) < s%a*(aﬂ), Vo >0,Vs > 1.
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Let H(t) = log HthfHk(t), with f: X — R bounded and continuous. According to Proposi-
tion 4.1, we have for all t > 0

dH K (t) 1 A KX(t) [ d
) < E ®)Q:f /_ k@®)Qdf )
D= ) TFORT dp [ Bbu (e ) T ) a2 an

Applying LSI_ (C) to the function k(t)Q:f (which belongs to F, thanks to Lemma 4.4
below), it follows that for all t > 0 (or all 0 < ¢t <, if ro = 1),

Emﬂ( t)Qtf <C/ DIV Quf]) 027 dy

<C <k(t)m1t§to +k;(t)%1t>to)/ (|V Qtf|) k)Q:f dj

< =C (KO T L, + b0 T1,) [ 2-Quf O dp,
+

where the last inequality follows from the Hamilton-Jacobi differential inequality (1.9). There-
fore,

1—CE'(t) (k(t )p“ Ty, + k(1 )T“ Tlisy,
@(t) < < ~ > / Q: fek(t Qe f dp =0
dt+ fek'(t Qif d,U, dt+

where the last equality is a consequence of the very definition of k. Hence H is non-increasing
n (0,+o00) (or on (0,t,] if 7o, = 1). When «(h)/h — oo, when h — oo, then according to
point (3) of Proposition A.3 and the dominated convergence theorem, it holds

— ; — f
‘k(t) =H(t) < sl—l>%1+ H(s) =log|le

1 |

%8I k(0)

If a(h)/h — £ € RT, when h — oo, then according to point (3) of Proposition A.3, the same
conclusion holds if Lip(f) < ¢. Consider now a bounded continuous function f : X — R and
fix e € (0,1). Thanks to Lemma 4.4 below, Lip((1 —¢)Qsf) < (1 — )¢ for all s > 0. Since
Qsf < f, we can conclude that

Hth((H)QSﬁH < ‘ e

<[«

k(0) k(0)

Using Lebesgue’s Theorem and Lemma 4.4, as € — 0, we get

o]y = e

Since Qysf < Qi(Qsf) and thanks to point (2) of Proposition A.3, we have limg_,0 Qysf =
Q. f so that (using Lebesgue’s theorem) the hypercontractivity property (4.2) still holds when
f is bounded and continuous, as expected.

Now we prove that if (4.2) holds for all bounded continuous f and all ¢ > 0 with k defined
by (4.3), then p verifies LSI; (C). Observe that in the case a(h)/h — £ € R it is enough
to show that LSI holds for functions with Lip(f) < £.

Let H(t) = log HeQifHk(t), for all t > 0, with f € F, and Lip(f) < ¢ when a(h)/h — £ € R
as h — oco. By assumption, it holds

H(t)— H(0"
limsupqu

t—0t 3
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Let us choose t, < C(po — 1) in the definition of k(t) so that k(0) and £'(0) > 0. It is not
difficult to check that
H(t) — H(0 k' (0) Ent,, (eFOf 1 k@) f _ ok(H)Qef
lim sup ®) © ): ) nﬂ(e ) — limimf/6 ¢
10+ t k(0)2 [ ek dpu k(0) [ eFOf dp t—o+ t
According to the mean value theorem, there exists a function ¢ : (0,00) x X — R taking
values in the interval [k(t)eF®Qf(®). k(1)ekHF(*)] such that

ekOf — k®Qf £ O, f
= ¥

dp.

(t,z), vVt >0,z € X.

t t
Applying point (4) of Proposition A.3, we get
k) f _ ok(®)Quif ek f _ k()Quf
lim inf/ dp < limsup/ dp
t—0+ t t—0+ t

< k(0) / (1Y 1) FO dp

So
k(0)2 _
k(0 * k(0
Ent,, (e ( )f> < ) /a (|v f|) FO)f du.
- a—1 _ a—2
Since k(0) = (1 - gaitf)p — 1 and k(0)2/K'(0) = C <1 - gait{,)p — C, when t, —
0%, we conclude that LSI (C) holds. This completes the proof. O

During the proof above, we used the following technical lemma whose proof is postponed to
the appendix for the clarity of the exposition.

Lemma 4.4. Set ¢ = limy,_. # € RU{+oo}. Let f: X — R be a bounded and continuous
function. Then,

(1) For allt >0, Qif € Fo, and Lip(Qrf) < £.
(2) For allt >0 and all x € X, lim._,0 Q:((1 — &) f)(z) = Q¢ f(x).

We are now in position to derive the Otto-Villani Theorem from Theorem 1.11.

Recall that, according to Bobkov and Goétze characterization [5], p verifies the transport-
entropy inequality T (C) if and only if

(4.5) /eC_IQlfd,u < exp <Cl /fd,u) ,

for all bounded continuous function f: X — R.

Proof of Theorem 1.13. Since u verifies LSI_ (C), it verifies the hypercontractivity property
(1.12) of Theorem 1.11. Take t, = C'(po — 1) in the definition of k(¢), the hypercontractivity
inequality (1.12) yields for all bounded continuous function f,

/ek(t)QtfdM < MO TS s,
According to (4.5), this means that u verifies the following family of transport-entropy in-

equalities

1
7-04(/t)(lu'7y) < %H(V‘p’)? Vv e P(X)7
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where (- /t) denotes the function z — a(x/t). According to [11, Proof of Lemma A.3],
a(z) < max(t"; tP*)a(z/t), vt > 0.
Therefore, p verifies T (A), with the constant

ra—1.4pa—1
A — inf max (t"e " tPe 1)
t>0 k(t)

Taking t = C(py — 1) for which k(t) = 1, we see that
A <max (((pa = DC) 5 ((pa — 1O,
which ends the proof. O

Proof of Proposition 1.14. Define for all ¢ > 0 the operators
. 1 1
Ruf@) = inf {7+ 10z | and Quft) = int { 1) + o) |
yeX t yeX t
According to Bobkov and Gétze dual formula (4.5) and by homogeneity, it holds for all ¢ > 0
/eclmtf dp < O Fdu

for all bounded continuous function f. Take a function f such that |f| < M and Lip(f,r) < oo
for some r > 0. If d(x,y) > a, and t < a?/(2M), then it holds

(M)
a2

Fly)+ 00, y) > - = M > f(2) 2 Rf(2).

It follows that if ¢ < a?/2M, then

rf@ = it L)+ @) )

y:d(z,y)<a
So the following inequality holds
/ec_thtf dp < eCT S T dn, vt < a®/(2M).
Applying Taylor formula, we see that
ORI Z 1 4 07140, f(z) + 02(t622tf)2(m)ego(t,x)’

where |p(t, z)| < tM, for all t,z. So, for all t < a?/(2M),

- -2 Tl fdn 1 01 [ fd
1/Qtft fd,u+ 5 /(Qtf)2(x)e‘p(t’m) pu(dz) < € > Jf ,U‘

Letting t go to 0 and using points (3) and (4) of Proposition A.3 together with the dominated
convergence theorem yields to

=) 2
——/rv fRan+ S [ 2 du<07</fdu> |

which is the announced Poincaré inequality. O
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5. TRANSPORT-ENTROPY INEQUALITIES AS RESTRICTED LOG-SOBOLEV INEQUALITIES

In this section, we show that a transport-entropy inequality can be characterized as a modified
log-Sobolev inequality restricted to a class of c-convex functions. Actually we will prove the
following improved version of Theorem 1.15 which holds even if the space is not geodesic.

Theorem 5.1. Let ;1 be a probability measure on (X,d) and p > 2. Define the function (3,
as follows:
u

(5:2) Pplu) = [ul/(p=1) — 1]p—1’
The following properties are equivalent:

(1) There is some C > 0 such that p verifies T, (C).

Yu > 1.

(2) There is some D > 0 such that p verifies the following (7)-log-Sobolev inequality: for
all bounded continuous f and all 0 < X\ < 1/D, it holds

)\ f
<155 ¢ -@ne du
where for all A > 0, Q N f(x) = infyex {f(y) + Acp(z,9)} .

Ent,(e) <

(8) There is some E > 0 such that p verifies the following restricted log-Sobolev inequality:
for all Kc¢,-convex function f, with 0 < K < 1/FE it holds

Enty(e!) < 17 _%Eu oK 1/|ch flee dp,  Yue (1,1/(KE))

-1
where ¢ = p/(p — 1) and |V;<cpf|(:v) =K (mfyeam fa )d(x,g))p (see Proposition
2.8).

Moreover, when the space (X,d) is geodesic these properties are equivalent to the following

(3°) There is some F' > 0 such that p verifies the following restricted log-Sobolev inequality:
for all K¢,-convex function f, with 0 < K < 1/F it holds

Ent,(ef) < a _ﬁ;;(Fu PR /\V*f!q Pdu,  Vue (1,1/(KF))

The optimal constants Copt, Dopt, Eopt, Fopt are related as follows

Fopt < Eopt < Dopt < Copt < ’propt,
where Ky s some universal constant depending only on p. For p = 2, one can take Ko = e?.
5.1. From transport-entropy inequalities to (7)-log-Sobolev inequalities. Let us re-
call the following proposition from [10] whose proof relies on a simple Jensen argument.

Lemma 5.3. If u verifies the transport-entropy property T.(C), for some continuous cost
function ¢ on X2, then the following (7 )-log-Sobolev property holds: for all function f, for
al0 <A< 1/C,

(5.4 Buty(e!) < 15 [ (7~ @)l du,
where for all z € X, Q*f(x) = inf{f(y) + Ac(z,9)}.
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This proves the step (1) = (2) in Theorem 5.1.

5.2. From transport entropy inequalities to log-Sobolev inequalities for c,-convex
functions. The general link between the (7)-log-Sobolev property and the restricted log-
Sobolev inequality is the following: if the function f is c-convex then the quantity f —Q*f in
the right-hand side of (5.4) can be bounded by a function of |V f| (see Lemma 5.5 below).

From now on, let us assume that ¢ = ¢, is the cost function defined by: for all z,y in X,

cp(x,y) = dP(x,y)/p, for some p > 1.

Lemma 5.5. Let A > 0. If f is a Kcp,-convex function bounded from above, and if 0 < K < X\,
then for all x € X and all § in the Kc,-subdifferential of f at point x, Ok, f(x),

f(@) = QM () < K (B, (\/K) = 1) ¢y(,9),

where QAf(x) =infyex{f(y) + Acp(x,y)} and for all u> 1, Bp(u) = m
Equivalently, with the notation of Proposition 2.8,

(@) = Q@) < BV E) — DIV, f11(0)

where ¢ = 1%'

Proof. According to Definition 2.4 of Ok, f(x) and using the triangular inequality we get,
for all § € Oxe, f(x)

fa) = QN f(a) = Sg)lg{f(ﬂf) — f(2) = Acp(z, @)}

< su)I?{ch(z,g) — Kcep(z,y) — Aep(z,2) }
ze

< su)I?{ch(z,g) — Aep(z,2)} — Kep(z, y)
ze

E sup{K (d(z,z) + d(z,9))? — AdP(z,2)} — Kcp(x,7)
P zex

1
< ~sup{K(r+ d(@. ) = 7} ~ Key(a.1)
r>0

= Kep(z,9) (By A/ K) = 1).
Thus optimizing over all possible i € Ok, f(x) yields to the expected result

IN

fl@) = QM f(x) < (B, (\/K) —1) _inf )ch(%??) = (Bp(N\/K) - 1)]ﬁlv}cpf\q(x)-

geaKcP f z

0

From this lemma the (7)-log-Sobolev property (5.4) provides immediately the first part of
the following statement by setting u = A/C.

Proposition 5.6. If u verifies the (T)-log-Sobolev (5.4) with the cost ¢ = ¢,, p > 1, then for
all K € (0,1/C) and all function f bounded from above and K c,-convez, it holds

Bp(u) —1
(1 - KCu)pKa—1

Ent,(ef) < /\V;(cpf]q(x) /@ p(dx), Vue (1,1/(KC)).
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Moreover, when (X,d) is geodesic, the same inequality holds with |V¥ f| instead of |V f]
cp
in the right-hand side.

This proves the steps (2) = (3) and (2) = (3') (in the geodesic case) in Theorem 5.1.

Proof. Let us justify the statement in the geodesic case. According to Proposition 2.8 (applied
with the function 6(x) = KaP/p), it holds [V f| < ]V;r(cpf\ and when the space is geodesic,

|V;r(cpf| = |V* f|, which completes the proof. O

5.3. From log-Sobolev inequalities for c,-convex functions to transport-entropy
inequalities. In this part we prove that a modified log-Sobolev inequality restricted to the
class of Kcy,-convex functions also implies a transport entropy-inequality. One of the main
ingredient of the proof is Theorem 1.10.

Theorem 5.7. Let p > 2. Suppose that for all K € (0,1/C) and all Kcy-convex function
f: X — R bounded from above, it holds

(5.8) Ent,(ef) < p(dz), Yue (1,1/(KC)).

(1—KCupK‘1 1/' ey '@

then p verifies the inequality Tp(k,C), where K, is some numerical constant depending only
on p. For p = 2, ko = €. Moreover, if the space is geodesic, the same conclusion holds if
Ve, f| is replaced by VT f| in the right hand side of (5.8).

This proves the steps (3) = (1) and (3') = (1) (in the geodesic case) and completes the proof
of Theorem 5.1.

Proof. For any bounded continuous function g, we define the function P;g as follows
1
Fig(x) = sup {g(y) 1 (@ y)}
yeX

Let ¢ : [a,1] — (0,+00) be a decreasing function of class C! defined on some interval
[a 1] with @ > 0 and such that ¢(1) = 0. For all bounded continuous g define Hy(t) =

Z(t log <fe “H(D)Pg du) € [a,1). If all the H,’s were non-decreasing, then it would hold
that Hy(a) < limy ,;- Hy(t) = [ Pifdp. Since g < P,g, we would get

/ (CTH@)g gy < (C7HMa) [ Prgd

which in turn, according to Bobkov and Gotze characterization Theorem, would prove that

p verifies T)(C/l(a)).

Hence our aim is to construct a function ¢ such that all the H,’s are non-decreasing. Set

ft = YY(t)P,g. According to Proposition 4.1, H, is continuous and differentiable on the
right and
d Cr'(t) (t)? [ dPg
—H,(t) = ————-— |Ent, (et Tedu .
it 1) = @y Terap [ o <6 )+ CE’(t)/ at, -

Since ¢ < 0, all we have to show is that the term into brackets is non-positive. For all ¢t > 0,

the function f; is K (t)c,-convex, with K(t) = Cig)l Hence, for all ¢ such that £(t) < tP~!
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and all u € (1,1/(CK(t)),

t Bol) - :
Botu(e") < (i | Vi U@ i)

Since f; is K(t)cp-convex, it follows from Proposition 2.8 (applied with a(h) = K(t)h?/p)
that

p—1 —1
|V;<(t)cpft|($) = K(t) < min d(m,gj)) < K(t) ( max d(z, y)) ,

YEOK (t)ep f1 (2) gem(t,x)

denoting by m(t,x) the set of points y where the supremum defining P,g is reached. As a
result, it holds

W\V;((t)cpft‘q(x) < K(t )yef?nf%fm) (2, 7).
On the other hand, according to Proposition 1.10,
dP.g p—1
i, (@) == o (@, 7).
Therefore
1 )P dP; t(t) dP,
(5.9 T Vi @) < £ U5 G @) = O T )

So, for all t > 0 with £(t) < t?~! it holds

e () o [ o] < (o) v v e

where the function 0, is defined by 0,(z) = infi <1 /4y {6’7(_) } for z < 1. Observe that ¢,

is finite on [0, 1[. Consider the function

_ 1 ' Op(s) s "
\I/p(r)—p_l/o s(Hp(s)—i—l)d’ Vr e [0,1].

According to Lemma 5.10 below, since p > 2, the function ¥,, is well defined, increasing and
of class C! on (0,1). Define v(t) = \Ifljl(—ln(t)), for all t € [ap, 1], with a, = exp (—V¥p(1)).
The function v is increasing and v(t) € [0, 1] for all t € [ay, 1]. Finally, define £,(t) = t?~1u(t),
for all t € [ap,1]. A simple calculation shows that
£,(t) t £,(t)
o, | 2 Ps =0 vt 1).
p(tp1>p_1+£;,(t) ’ € (a,1)

We conclude that p verifies the inequality T, with the constant

C Log,(s)
:Cexp</ p7d3> = Ckyp.
lp(ap) o s(fp(s)+1) P
4x
(1—-z)%’
It remains to consider the geodesic case. In this case, the inequality (5.9) is replaced by the
equality

2

In the particular case p = 2, one has 03(x) = and it is easy to check that ko = e”.

1 by KO dPg
pK(t)q,1|v ft| ( ) (p—l) dt+( )a

and the rest of the proof remains unchanged. O




22 N. GOZLAN, C. ROBERTO, P-M. SAMSON

Lemma 5.10. The function s — ¢(s) = %Sil) is continuous on (0,1). Moreover, ¢(s)
goes to 1 as s goes to 1 and
pp/(P—1)

(8) = 27— (L T (),

with (s) — 0 as s — 0.

Proof. After some computations, it is easily to check that for s € (0,1), the infimum 6,(s) is
reached at some unique point u = u(s) € (1,1/s) such that

By(u)(1 = su) + s(By(u) — 1) = 0,
or equivalently
u(s)P/ P~ — (u(s)l/(p—l) — 1>p =1/s.

It follows from this equality that w(s) is continuous on (0,1), u(s) — 1 as s — 1 and
u(s) — 400 as s — 0. As a first consequence, ¢ is continuous on (0, 1).
By a Taylor expansion at point 0, one has

1 1 P p

su(sle D T (1 - u(s)wp—l)) = w1 e,

with e(s) — 0 as s — 0. It follows that su(s) — 1/p as s — 0. From all this observations,
we get

_ 1— (1= u(s)~V@-D)P~ /e
e s <1 —su(s) (1 - u(S)_l/(p—l))p_l) -~ s=2)/(-1) (1 +e(s)),

with g(s) — 0 as s — 0. Since u(s) — 1 as s — 1 we easily get that ¢(s) - 1ass—1. O

APPENDIX A. PROOF OF LEMMA 2.7, LEMMA 2.10, PROPOSITION 4.1 AND LEMMA 4.4

In this appendix we collect all the technical proofs of Lemmas 2.7, 2.10 and 4.4 and of
Proposition 4.1.

Proof of Lemma 2.7. Let y € 0.f(z). According to the definition of the c-subdifferential,

f(z) = f(z) > L(z —y) = L(z—y),  VzeR™

Let 2z = ¢ 4 eu with € > 0 and v € R™. Since L and f are smooth functions at point x, we
get as € tends to 0, for all u € R™,

w-Vf(x) > —u-VL(z - 7),

and therefore Vf(x) = —VL(zx — y). Let v, = 2 — y and u, = VL(vg), by the convexity
property of L,

(A1) L(v) > L(vy) + 1o - (v —1y), Vv e R™,

or equivalently L(v,) < o - vo — L* (o). Since L(v,) = sup,epm{u - vo — L*(u)}, it follows
that the derivative of u — u - v, — L*(u) vanishes at u,, and so v, = VL*(u,). Finally,
x —y=VL"(u,) = VL*(=V f(x)), which completes the proof. O
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Proof of Lemma 2.10. (1) The function h : y — g(y) —ta (d(z,y)/t) is upper semicontinuous,
bounded from above and its level sets {h > r} r € R are compact. It follows that h reaches
its supremum and so m(t,x) = {h > suph} is not empty and compact.

(2) Let hy,(y) = g(y)—tpha <d(3;—:’y)) ,y € X. The sequence of functions h,, converges pointwise

to the function h, and the convergence is uniform on each bounded set. Since g is bounded
from above by some constant r € R, it holds

(42) vt (AE0)) > gyt (BE0) > gyt (M) vy x.

Since (2, )nen is bounded and lim,,_, t, = t > 0, we conclude that (y,)nen is a bounded
sequence. As balls are supposed to be compact, (v, )nen has converging subsequences. Passing
to the limit into the inequality (A.2) along a converging subsequence of (y,)nen, yields to
the conclusion that any limit point § of (y,)nen belongs to m(t, ). O

Let us turn to the proof of Proposition 4.1. The proof requires some regularity properties of
Q:f in the t variable that are gathered in the following proposition.
Proposition A.3. Let f be a bounded lower semicontinuous function on X ; define for all
t>0andz € X Qif(x) =inf {f(y) +ta <@>} and let m(t,z) denote the set of points
where this infimum is attained. The following properties hold

(1) For all x € X,

m(t,x) C B (m,tofl (Osc(f)/1))
(2) For allt,h >0,

L sup [Quanf (@) — Quf ()] < 8 (0 (Osel)/1)
reX

(3) If a(h)/h — oo, when h — oo, then for all bounded continuous function f and for

allx € X,
lim Q;f(x) = f(x).
t—0t
and
liminf QL@ =I@) S (9 f1(2)).
t—0t t
If a(h)/h — £ € RT, when h — oo, the same conclusions hold for all function f with
Lip(f) < £.

(4) Let p be a probability measure and ¢ : (0,4+00) x X — R be such that || < M for
some M > 0 and limy_,o4 o(t,x) = ¢¥(z) for allz € X. If a(h)/h — oo when h — oo
and if f is such that Lip(f,r) < 400 for some r > 0, then

lim sup / T=0d or wyan < / o IV~ 1)) dp.

t—0
The same conclusion holds if a(h)/h — £ € RT, when h — oo, and Lip(f) < ¢.

Proof of Proposition A.3. (1) Let M = sup(f) and m = inf(f). If § € m(¢,x), it holds
WD) < ) +10 (“50) ~ Qo) <

m—l—ta<

which proves the first claim.
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(2) Since t — Qqf(z) is non-increasing, |Qiipf(z) — Quf (z)| = Quf () — Quinf(x). If § €
m(t + h,x), then

(@) = Quanf@) < - (1o (P52 - o (F242)) < 50t Oscl)/0)

where the last inequality comes from the mean value theorem, the monotonicity of the func-
tion 8 and point (1).
(3) Let us first assume that limy ., a(h)/h = +oco. In this case, lim; ,ota ™! <O%(f)) =0

and so, according to the first point,

inf {f(W)} <Quf(z) < fl=).

yEB(z,ta=1(Osc(f)/t))

Since f is lower semicontinuous, the limit when ¢ goes to 0 of the left hand side is greater than
or equal to f(z). This guarantees that lim;_,o+ Q¢ f(x) = f(x). Moreover, for all y, € m(t, z),
f(gt) < f(x) and therefore

f@) = Quf(x) _ fl2) — fG) _ (d(w,z?t)> _ @) = fl@)l- dla,g) (d(w,z?t)>
t t t d(z, ;) t t

(A4) <o <W) |

Arguing as before, we see that g, — = as t — 0 so that

lim sup
t—0+

Now let us assume that «(h)/h — ¢ € R when h — co. According to what precedes, it is
enough to show that there is a constant r > 0 such that

m(t,xz) C B(x;rt), vVt >0,z € X.

Let y € m(t,x). Then it holds f(y)— f(z)+ta (d(x,y)/t) < 0. Since f is assumed to be Lips-
chitz, we conclude that Lip(f)d(z,y)/t > o (d(z,5)/t) . Since Lip(f) < £ = limp_ 1 o a(h)/h,
this 1mphes that d(x,y) < rt where r = sup{h : a(h)/h < Lip(f)} < +o0, which proves the
claim.

(4) We already know, by point (3), that limsup,_,o+ M o (V™ fl(x)). Hence the
result of point (4) will follow from Fatou’s Lemma (in its hmsup Versmn) as soon as for some
f(@)=Quf(x)

to > 0, it holds sup, sup;e(g,) = < o©.

Assume first that limy_, «(h)/h = oo and let » > 0 be such that Lip(f,r) < co. Observe

that lims_,ota™? (O%(f» = 0 so that, by point (1), there exists ¢, > 0 such that, for all
€ (0,t,), all x € X and all g» € m(t,z), d(x,y:) < r. Using (A.4), we conclude that

SUP,, SUPye 0,1,) L2 E < o (Lip(f,7)) < oc.

Assume now that a(h)/h — ¢ € RT, when h — oco. Then, since Lip(f) < ¢, (A.4) implies

that sup, , M < o* (Lip(f)) < oo. This ends the proof of point (4) and of the
proposition. ]

Proof of Proposition 4.1. We will prove that H is right differentiable, the proof of the left-
differentiability being similar. By formally differentiating under the sign integral yields for
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all ¢t > 0,
dH k(1) i
) — 1 OQef
ity ) = h(2 8 (/ e d

1 d

E(+ k®)Qf 4 /k: 1) — k(Q:f g
k:(t)fek(t)Qtf d,LL |:/ ( )Qtfe ,LL+ ( )dt+Qtfe i,
which easﬂy gives the desired identity. Hence, it remains to justify the above calculation.
Define F(t) = [ eFRef dy. To obtain (A.5), it is enough to show that F is right differentiable
and that

(A.5) +

jt—i(t) _ /k/(t)Qtfek(t)QtfdM"i'/ () Qtfe QL f dp.

For all s > 0, 2 (F(t+s) — F(t)) = [Gsdu, with G, = 1 (e k(t4s)Qursf _ ¢ ()Qtf). Since
t — Qf(x) is right differentiable for t>0,

Galr) —3 K (DQ @) 4 k(1) @, () IS,

dt

For a given t € (a,b), let 7y > 0 be any number such that ¢ + 7 < b. Then, using the mean
value Theorem together with point (2) of Proposition A.3, it is not difficult to prove that
SUPge x SUPs<y, |Gs|(x) < +00. Applying the dominated convergence theorem completes the
proof. O

Proof of Lemma 4.4. Let f: X — R be a bounded and continuous function. Fix ¢ > 0.

(1) First, following [11, Lemma 3.8], we will prove that there exists r > 0 such that
Lip(Q:f,r) < oc. Set r = ta=1(Osc(f)/t). From point (1) of Proposition A.3, it holds

Quf(w) = inf_{f() +taldw.y)/)} . VueX.

Fix u,v € X with d(u,v) < r. Then, given y, € X such that d(v,y,) < r, it follows from the
mean value theorem that

[ta(d(u, yo) /1) — ted(v, yo) /1) < |d(v, yo) = d(u, o) e a "(Isd(u, y0) + (1 = 5)d(v,0)]/t)
< (2r/t)d(u,v).

Now, let y, be such that Q.f(v) = f(yo) + ta(d(v,y,)/t) and observe that, thanks to the
previous observation, d(v,yo) < r. It follows that (choosing y = y,),

Qef(u) — Quf (v) = mf {f(y) + tald(u. y)/)} = [ (yo) — tald(v, yo)/?)

< to(d(u yo)/1) — ta(d(v, o)1)
< (2r/t)d(u,v),
which proves that Lip(Q:f,r) < oo.

Now assume that a(h)/h — £ € RT, when h — oo and let us prove that Q,f is ¢-Lipschitz.
The convexity of o implies that

ah) _ a(2h) — a(h)

N~ < N2 N
So supy, &' (h) = limy,_,oo &/ (h) = £ and it follows that Q;f is ¢-Lipschitz as an infimum of
£-Lipschitz functions.

Vh > 0.
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(2) Let (A\n)n>0 be a sequence of real numbers converging to 1. For any z € X, let m(t, x)
be the set of points y € X such that Q.f(z) = inf,ex{f(z) + ta(d (w,z)/t)} fly )+

ta(d(x,y)/t). For any n, let y, be such that Qi( A, f)(z) = A\ f(yn) + ta(d(x, yn)/t).
have, for all z € X,

Ao inf f + ta(d(@, yn) /1) < Aaf (9a) + tald(z,ya) /1) < Mf (2) + tald(z, ) /1),

Since (), converges, we deduce that the sequence (y,,), is bounded. Let y be a limit point
of a converging subsequence of (y,,),. Passing to the limit in the latter leads to

f(y) + tald(z,y)/t) < f(2) +ta(d(z,2)/t)  Vze X.

Hence, y € m(t,x). In turn, after easy considerations left to the reader, Q¢(\,f)(x) —
Q:f(x), when n — oo as expected. The conclusion of point (2) follows and the proof is
complete. O
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