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Abstract: Kinetically constrained lattice gases (KCLG) are interacting particle systems
which show some of the key features of the liquid/glass transition and, more generally,
of glassy dynamics. Their distintictive signature is the following: i) reversibility w.r.t.
product i.i.d. Bernoulli measure at any particle density and ii) vanishing of the exchange
rate across any edge unless the particle configuration around the edge satisfies a proper
constraint besides hard core. Because of degeneracy of the exchange rates the models can
show anomalous time decay in the relaxation process w.r.t. the usual high temperature
lattice gas models particularly in the so-called cooperative case, when the vacancies have
to collectively cooperate in order for the particles to move through the systems. Here we
focus on the Kob-Andersen (KA) model, a cooperative example widely analyzed in the
physics literature, both in a finite box with particle reservoirs at the boundary and on the
infinite lattice. In two dimensions (but our techniques extend to any dimension) we prove
a diffusive scaling O(L?) (apart from logarithmic corrections) of the relaxation time in
a finite box of linear size L. We then use the above result to prove a diffusive decay 1/¢
(again apart from logarithmic corrections) of the density-density time autocorrelation
function at any particle density, a result that has been sometimes questioned on the basis
of numerical simulations. The techniques that we devise, based on a novel combination
of renormalization and comparison with a long-range Glauber type constrained model,
are robust enough to easily cover other choices of the kinetic constraints.
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1. Introduction

Kinetically constrained lattice gases (KCLG) are interacting particle systems on the inte-
ger lattice Z¢ with the usual hard core exclusion. A configuration is therefore defined by
assigning to each vertex x € Z¢ its occupation variable, 1(x) € {0, 1}, which represents
an empty or occupied site respectively. The evolution is given by a continuous time
Markov process of Kawasaki type, namely with rate ¢y (1) the occupation variables at
the end points of an unoriented bond ¢ = (x, y) of Z¢ are exchanged. The exchange rate
is equal to one if the current configuration satisfies an apriori specified local constraint
and zero otherwise. In the former case we say that the exchange is legal. A key feature
of the constraint is that it does not depend on the occupation variables n(x), n(y) so

that any Bernoulli product measure () on {0, I}Zd, where p is the particle density, is
automatically an invariant reversible measure for the process.

However, at variance with the simple symmetric exclusion process (SSEP) which
corresponds to the unconstrained choice c.(n) = 1 for any bond (x, y), KCLG have
several other invariant measures. This is related to the fact that there exist blocked con-
figurations, namely configurations for which all exchange rates are equal to zero.

KCLG have been introduced in the physics literature (see [24] for a review) to model
liquid/glass transition and more generally the glassy dynamics which occurs in different
systems, e.g. granular materials. In particular they were devised to mimic the fact that
the motion of a molecule in a dense liquid can be inhibited by the geometrical constraints
created by the surrounding molecules. The exchange rates are devised to encode this
local caging mechanism and thus they typically require a minimal number of empty sites
in a proper neighborhood of e = (x, y) in order for the exchange at e to be legal, i.e. to
have ¢, = 1.

KCLG are usually classified into cooperative and non-cooperative models.

Definition 1.1. A model is said to be non-cooperative if its rates are such that it is pos-
sible to construct a proper finite group of vacancies, the so-called mobile cluster, with
the following two properties:

(1) for any configuration it is possible to move the mobile cluster to any other position
in the lattice by a sequence of legal exchanges;
(i) any exchange is legal if the mobile cluster is in a proper position in its vicinity.

All models which are not non-cooperative are said to be cooperative.
From the point of view of the modelisation of the liquid/glass transition, coopera-

tive models are the most relevant ones. Indeed, very roughly speaking, non-cooperative
models are expected to behave like a re-scaled SSEP with the mobile cluster playing
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the role of a single vacancy. Therefore they are not very suitable to describe the rich
behavior of glassy dynamics.

Let us start by recalling some fundamental problems which require for KCLG new
ideas and techniques from those used to study SSEP or other high temperature lattice
gas models.

A first basic question is whether the infinite volume process is ergodic, namely
whether zero is a simple eigenvalue for the generator of the Markov process in Lo (1 p).
This would in turn imply relaxation to (., in the Ly (14 ,) sense. The constraints which
are chosen in the physics literature in order to model the caging mechanism render the
dynamics increasingly slow as p is increased. Therefore it is possible that the process
undergoes a transition from an ergodic to a non-ergodic regime when the particle den-
sity p crosses a critical value p. € (0, 1). This has indeed been conjectured for some
cooperative models [15,17,26]. The same issue for non-cooperative models is trivially
solved for any p < 1 because of the i ,-almost sure existence of the mobile cluster.
When ergodicity holds, the next natural issue is to establish the large time behaviour of
the infinite volume process started from the reversible equilibrium measure at time zero.
A typical quantity to be considered is the density-density time autocorrelation function.
This problem in turn is related to the scaling with the system size of the relaxation time
(i.e. inverse spectral gap) in a finite box. Recall that for SSEP such a scaling is diffusive,
i.e. O(L?)if L denotes the linear size of the system, and that the induced time decay of
the density-density time autocorrelation function is proportional to r~%/2,

Numerical simulations for the Kob-Andersen model suggest the possibility of an
anomalous slowing down at high density [15,21] which could correspond to an anoma-
lous scaling of the relaxation time in finite volume.

Finally one would like to investigate the large time behaviour of a tagged particle
and the evolution of macroscopic density profiles, namely the hydrodynamic limit of the
process. For some cooperative models it has been conjectured that a diffusive/non-diffu-
sive transition would occur at a finite critical density: both the self-diffusion coefficent
of the tagged particle and the macroscopic diffusion coefficient of the hydrodynamic
equation would be strictly positive below this critical density and zero above [15,17].

To our knowledge, the existing rigorous answers to the above questions are the
following:

Non-cooperative models. In this case much more is known because the existence of
mobile finite clusters greatly simplifies the analysis and allows the application of stan-
dard familiar techniques (e.g. paths arguments) already developed for lattice gases and
exclusion models. In [6] it is proven in certain cases that both the spectral gap and the
log Sobolev constant in finite volume of linear size L with boundary sources scale as
O(L?). Furthermore for the same models it is established that the self-diffusion coef-
ficient of the tagged particle is strictly positive. Moreover the hydrodynamic limit has
been succesfully analyzed for a special class of gradient type in [13].

Cooperative models. In [29,30] for a large class of models it has been proven that p, = 1,
namely ergodicity always holds (see instead [28] for a choice of the constraints which
certainly leads to p. < 1). The self-diffusion coefficient is instead analyzed in [27]
where positivity is proved only modulo a conjecture on the behavior of random walks
on a random environment.

Finally, we recall that the Glauber version of KCLG, the so-called Kinetically Con-
strained Spin Models (KCSM), have also been very much studied in physics liter-
ature [4,10-12,24] and that some features of their long time behaviors have been
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rigorously analyzed in [1,8,9,16]. In particular in [9] an important correction to the
“exact solution” of the East model based on non-rigorous methods was obtained.

In conclusion, apart from the ergodicity problem studied in [30], cooperative KCLG
remain mathematically largely unexplored. The main contribution of this paper is to
introduce for the first time suitable new ideas and techniques to partially cover this gap.

We mainly focus on the cooperative model which has been most studied in the physics
literature, the so-called Kob Andersen (KA) model, which was introduced in [15] and
subsequently studied in several works [3,17,18,21,25,26,29,30].

KA actually denotes a class of models on Z? characterized by a integer parameter
J € [2,d] and defined by the following nearest neighbour exchange rates: ¢y y, = 1
iff at least j — 1 neighbours of x different from y are empty and at least j — 1 neigh-
bours of y different from x are empty too. It is immediate to verify that KA is always
a cooperative model. For example if j = d = 2, a fully occupied double stripe which
spans the lattice can never be destroyed. Thus any finite cluster of vacancies cannot be
mobile since it cannot overcome the double stripe. Nevertheless in [29,30] it has been
proven that the infinite volume process is always ergodic at any finite density, namely
pe = 1. This contradicts previous claims [15,17,26] on the existence of a finite critical
density.

Our two main results concern the KA model in two dimensions with j = 2 (which
is the only possible choice when d = 2) but actually both extend to higher dimensions
(with much more effort and more cumbersome reasoning). This choice was made in
order to present the overall strategy stripped from unnecessary complications.

In Theorem 4.1 we consider the model in a box of linear size L with sources,
i.e. Glauber moves, at the boundary sites. We establish upper and lower bounds of order
1/L? (apart from logarithmic corrections) for the spectral gap at any density. Thus the
scaling is the same as for the unconstrained case, in contrast with previous conjectures
of an anomalous scaling at high density suggested by numerical evidences of a strong
slowing down of the dynamics [15,17]. However, contrary to what happens in high
temperature Ising type lattice gases, there is no uniformity in the particle density.

In Theorem 4.2 instead, we establish a diffusive 1/¢ decay (apart from logarithmic
corrections) for the infinite volume time auto-correlation of local functions as for SSEP.

A rough sketch of the main new ideas which are needed to overcome the problems
posed by the cooperative constraints is presented in Sect. 4. Although we have devised
our techniques for the KA model, they can be easily extended to analyze other coopera-
tive KCLG (and all non-cooperative models) via a proper modification of the choice of
the constraints for the auxiliary constrained Kawasaki and Glauber dynamics discussed
in Sect. 5.

2. Kinetically Constrained Lattice Gases (KCLG)

In this section we define a general setting for the class of models that will be ana-
lyzed later on and provide the main characterization of their ergodicity threshold (see
Proposition 2.16).

Setting and notation.

Lattices, distances and neighbourhoods. The models considered here are defined on
the integer lattice 74 with sites x = (x1,...,xq) and basis vectors ¢; = (1,...,0),
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Fig. 1. The various neighborhoods of a vertex x in two dimensions

er=(0,1,...,0),...,6q = (0,...,1). On Z¢ we will consider the Euclidean norm
x|, the €' (or graph theoretic) norm [x||; and the sup-norm |[x|/~. The associated
distances will be denoted by d(-, -), d1 (-, -) and dso (-, -) respectively. A bond is a cou-
ple of sites (x, y) with dj(x,y) = 1 (couples are meant to be non ordered so that
(x,y) = (y, x)). For any set A, E will denote the set of all bonds with both sites in A,
namely Ep = {(x, y) € A% :di(x,y) = l} . For any set A C 7% and site x € Z4, we
denote by A + x the set translated of x, namely A +x ;= {y : 3z € As.t. y = z + x}.
For any vertex x we define its neighborhoods (see Fig. 1)

Ne=1{yez?: dix,y) =1},
Ni={yeZ!: dulx,y) =1},

d
Ki={yeN:: y=X+zaiEi, o; = 0},

i=1

d
Ki={yeN: y=x+2a,€,~, a; > 0}

i=1

The exterior neighborhood (9, A) and *-neighborhood (9} A), the interior neighbor-
hood (9— A) and *-neighborhood (3* A) neighborhood are defined as

A ={x ¢ A:di(x,N) <1},

FA ={x & A :doo(x, A) <1},
0_A:={x e A :di(x, A <1},
A ={x €A :dy(x, A% < 1}

Furthermore it is useful to introduce the following additional oriented sets:

T A={x¢ A x—&eAl,
3A = UL GLA,

3, A = {Urea KEN\A,

3 A={xeA; x+& ¢A),

3_A:=UL 3 A

In order to remember the notation we may observe that: * means using the d, distance,
d A means taking only an oriented part of the boundary and +/— means exterior/interior.
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Geometric sets and paths. The following notions of rectangles, cubes, cylinders, geo-
metric paths, double-paths and crossings will be used throughout the work.

Definition 2.1 (Rectangles, cubes and cylinders). A rectangle R is a set of sites of the
form

R := a1, b1] x --- X lag, b4]
with a;, b; € Z. Given a length £ € 7, Qy is the cube of side ¢,
Qr:=1[0,£—1]x...[0,¢—1].

Finally, forany x € A, N € Z" and i € {1, ..., d}, we define the cylinder of radius N
around x in the i'" direction as

Y ={vez!: v el Noxj+ Nl forall j #i @.1)

and for any A C 72, we let T;Yi (A):=AN Tx’?'i.
The following property of cylinders can be immediately verified

Claim 2.2. Choose x € Z4 and A, ' C Z%. Ifz € TN.(A) N A, then z € TN.(A); if
A C N, then TY,(A) C TN.(A).

Definition 2.3 (Geometric paths, double-paths and crossings). Given x,y € Z¢, a

sequence (xV ..., x™) is a geometric path from x to y and we denote it by Yxy
if- xM = x, x® =y, xD £ x(" forany j # j" and dy(x®, x* =Dy =1 for any
k=2,...,n. Forany yxy we also define the corresponding geometric double-path as
Vxy = Yy U 5f_yx,y. Given A C Z¢ we say that Vx,y is inside A and write yy y C A
ifx9 e Aforalli € {1,...,n}). Givenz € Z¢ (e € Eya) we say that 7 is inside yx.y
and write 7 € Yy, y (e belongs to yx y or e € yx y) if there exists i € {1,...,n} such
that 7 = x® (if there exists i € {1,...,n — 1} such that (xD, x+Dy = ¢). Given a

rectangle R = [ay, b1] x - - - X [ag, bg] we say that a path yy  is crossing R in direction
iif:¥y,y CRandx; = a; and y; = b; — 1. Finally, ifd =2 and i =1 (i =2) we say
that the path is left-right (top-bottom) crossing.

The following two-dimensional results can be easily verified

Claim 2.4. Given a rectangle R = [a1, b1] X [a2, b2 ]:

(1) if yx,y is left-right crossing R and y; 5 is top-bottom crossing R they have (at
least) one common point 7 € yy y N Vs 5.

(ii) given R" = [a}, b|]1x[az, b2] (R" = [a1, b1] x [a}, b,]) witha] > ay and b} < by
(@) > ax and by < by), if yx,y is left-right (top-bottom) crossing R, then it is also
left-right (top-bottom) crossing R’.
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The probability space and the good event. Consider a finite probability space (W, v)
with v(w) > 0 for any w € W. We will denote by G C W a distinguished event in W
which will be referred to as the “good event” and by p = v(G) its probability. Given

(W, v) we will consider the configuration space Q2 = w2 equipped with the product
measure /=[] cezd Vx, Where vy = v. If W = {0, 1} then v is completely determined
by the parameter p := v(1) and w is a Bernoulli product measure, @ = ). Similarly
we define Q25 and p for any subset A C Z4. Given w € Q for each x € Z¢ we denote
by w(x) the value of w at site x and we say that x is good if w(x) € G.

Elements of © (25) will be denoted by Greek letters w, n (wa, na) etc. and the
variance w.r.t. i () by Var, (Var,,). We drop the measure from the variance by
adopting the simpler notation Var (Var s ) when confusion does not arise. We will use the
shorthand notation i(f) (1 (f)) to denote the expected value of any f € L!(u). Given
aconfiguration w € Qandaset A C 74, we call w the restriction of w to A. Given two
configurations w, T € 2 we call wp - T the configuration that equals w in A and equals
T in Zd\A. Furthermore, for any A1, A2, A C Z4with AfUA> = Aand A{N Ay = 0
and any two configurations w, T € Q5 we set wp, - Ta, for the configuration that equals
w inside Ay and 7 inside A». A function f : @ — R that depends on finitely many
variables {w(x)}, 7« Will be called local. Given a configuration w € €2 for any bond
e = (x,y) € Eza we denote by w° (or sometimes by w*”) the configuration @ with the
occupation variables at x and y exchanged,

w(z) ifz¢{x,y}
we(z) — wa(Z) = a)(x) le =Yy
w(y) ifz=x.

We define T, : Q2 — €2 to be the operator acting as T, (w) = »° and we use the symbol
V. to denote V, f (w) := f(0°) — f(w). When W = {0, 1} we also denote by w* the
configuration flipped at x, namely

x _ o® ifz #x
w(Z)'_[l—a)(z) if 7= x.

and we define as before 7, : Q@ — Q as T (w) = 0" and V, as V, f(w) = f(o*) —
f (w). Finally, we introduce the notions of G-equivalence, good paths and good crossings
(recall Definition 2.3).

Definition 2.5 (G-equivalence). We say that w and ' are G-equivalent in A and write
w &8 W if for all x € A the following holds: w(x) € G iff ' (x) € G.

Definition 2.6 (Good paths and good crossings). Given a configuration @ we say that
a path yx y is good for w if w(z) € G for any z € Y, \x. Given a configuration , a
rectangle R and a path yx y we say that yy y is a good crossing in R in direction i if:
Yx,y 18 crossing in R in direction i, yx y is good and w(x) € G. Ind =2ifi =11 = 2)
we use the notation good left-right (top-bottom) crossing.

It is immediate to verify that if y, , C A is good for w, then it is also good for any o’
which is G-equivalent to w in A\x (where here and in the sequel we let A\x := A\{x}).
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2.1. The Markov process and the spectral gap. The interacting particle models that we
study here are Kawasaki type Markov processes in €2 which are reversible w.r.t. the
product measure . When considered in 2 they will instead be a mixture of Glauber
(on a proper inner boundary) and Kawasaki (inside A) dynamics.

Each model is characterized by a collection of influence classes {C.}.cE. ,. For any

7d
bond e, C, is a collection of subsets of Z¢ which satisfies the following basic hypothesis:

(a) independence of e:foralle € Eyqs andall A € C., e ¢ A;

(b) translation invariance: C, + x = Cy,, for all e;

(c) finite range interaction: there exists r < oo such that for any bond e = (u, v), any
element of C, is contained in U;:l{y di{u, v}, y) = g}

Definition 2.7 Given a bond e € Eya we will say that the constraint at e is satisfied by
the configuration w if c.(w) equals one, where

o) = 1 if there exists a set A € C, such that w(y) € G forall y € A
¢ |0 otherwise.

On the whole lattice Z? the process of interest for us can be informally described as
follows. Each bond e = (x, y) waits an independent mean one exponential time and
then, provided that the current configuration w satisfies the constraint at e, the values
w(x) and w(y) are exchanged. Standard methods (see e.g. [19]) show that the Markov
semigroup P; associated to this process is self-adjoint on L, (1) for any choice of v (i.e.
for any product measure ) and the corresponding infinitesimal generator £ (i.e. the
operator such that P, := e’ Lyisa non-positive self-adjoint operator which acts on local
functions as

Lf@) = D co)(f ()= f(@). (2.2)

eEEZd

The corresponding Dirichlet form on Ly () is D, (f) := —p (f - £f) which can be
rewritten as

DuH) = D nfcVe?)  feLa.

eeEZd

In the whole work, when confusion does not arise, we will omit the index u from the
Dirichlet form. It is important to notice that due to the fact that the rates are not bounded
away from zero, the reversible measure p is not in general the only invariant measure
for the process. In particular there exist initial configurations that are blocked forever
(all exchange rates are zero) and any measure concentrated on them is invariant too. An
interesting question is therefore whether u is ergodic or mixing for the Markov process
generated by L. To this purpose it is useful to recall the following well known result (see
e.g. Theorem 4.13 in [19]). Denote by £,, the generator of the semigroup P; extended
by continuity to L ().

Theorem 2.8. The following are equivalent:

(@) lim;—oo Prf = pu(f)inla(w) forall f € La(w).
(b) 0 is a simple eigenvalue for L,,.
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Clearly (a) above implies that lim;_, oo it (f Prg) = w(f)u(g) forany f, g € Lr(w),
i.e. 0 is mixing.

Up to now we have considered the infinite volume version of the models. If instead
we restrict the generator (2.2) to a finite set A C Z¢ with edge set E 5, the corresponding
continuous-time Markov chain is in general not ergodic on 25 due to the presence of
the constraints and to the conservative character of the dynamics. A natural possibility
to restore ergodicity and to make o an invariant measure for the chain is to freeze the
external configuration to a proper reference configuration v (the boundary condition)
and to add a collection of sources (i.e. Glauber moves) on a proper set S C A (the source
set). Let M C ZU\A bes.t. 7(x) € G (t(x) € G) for x € M (for x ¢ M). The finite
volume generator will depend on the boundary condition t only via M (the boundary
set). More precisely

Definition 2.9. The finite volume generator with source set S, boundary set M, source
constraints {cx a}yes and on-site distribution v is given by

La=LE +L57, (2.3)
where, for any f : Qp — R,
LY @)= > M@ (f () - f (). 2.4)
ecEp
LV =D con@ e (f) = f). (2.5)
xes

and the finite volume exchange rates C%\ are defined through the infinite volume con-

straints by
Cﬁ/}\ (w) == ce(wp - 1), (2.6)

where T is any configuration satisfying t(z) € G forallz € M andt(z) & G otherwise.
The source rates cx a(w) are either one or zero according to whether the particle con-
figuration w satisfies or not a proper constraint which does not depend on w(x).

In the sequel we will always drop the sub/superscripts M, S, v from the notation
whenever confusion does not arise. Informally, the above definition means that in addi-
tion to the Kawasaki dynamics, each vertex of the source set waits an independent mean
one exponential time and then, provided the corresponding source constraint is satis-
fied, the value w(x) is refreshed with a new value sampled in W with v and the whole
procedure starts again.

The generator £, is a non-positive self-adjoint operator on Lo (24, pp), Where
is now fixed by the choice of the on-site probability measure v in the Glauber term (2.5).
The corresponding Dirichlet form Dy (f) is given by

Da(f) = DX () +DG(f) 2.7)
= > ua (AAVH?) + D fena Vars (). 28)
ecEp xes

Here Var,(f) = fdv(a)(x))fz(a)) — (f dv(w()c))f(w))2 denotes the local variance
with respect to the variable w(x) computed while the other variables are held fixed.
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To the generator L we associate the Markov semigroup P,A := e'£A with reversible
invariant measure ja and the spectral gap

Da(f)

f#const VaI'A( ) ’
Jela(n) f

gap(Lyp) = (2.9)

Remark 2.10. The chain generated by £, is not ergodic for all choices of the boundary
sets M, S. The interesting choices for us will be those for which the resulting chain is
irreducible.

We conclude this paragraph with the notion of domination.

Definition 2.11 (Domination). In the above setting let {C,}c E be another choice of
influence classes. Denote by c,(w) and L' the corresponding rates and generator. If for
all w € Qand all e € Eya it holds ¢, (w) < c.(w), then we say that L is dominated by
L' (or, equivalently, that the rates c, are dominated by c,,).

The term domination here means that the KCLG associated to £’ is more constrained
than the one associated to £. If £ is dominated by £’, for any A and any choice of the

boundary sets M, D’KM GRS Df M (f) holds. In particular (2.9) yields

Lemma 2.12. Fix A C Z%. If L is dominated by L' and we define L'y and L with the
same choice for M, S and with ¢, p = C;,A’ then

gap(Ly) < gap(Lyp).

2.2. 0-1 KCLG: ergodicity and exchangeability thresholds. In the physics literature, the
on-site configuration space W is always the two-state space W = {0, 1} which represent
the empty and occupied configuration, respectively. We call such models 0-1 KCLG. The
on-site distribution v is now completely defined by specifying the parameter p := v(1)

which can be varied in [0, 1]. The probability u over Q = {0, I}Zd is thus a product
Bernoulli(p) measure, & = 1t),. The good set G is conventionally chosen as the empty
state {0} and we denote by ¢ := 1 — p its probability (thus g corresponds to p for
a generic KCLG). Note that the Simple Symmetric Exclusion Process (SSEP) is a 0-1
KCLG with the trivial choice ¢, = 1. Recall that on a finite volume A C Z¢ the gener-
ator (2.3) explicitly depends on the choice of v which is here completely defined by the
parameter g. We denote by L4 (g) the corresponding generator. From Definition 2.11
and Lemma 2.12 it follows immediately that the spectral gap for a 0-1 KCLG in finite
volume is upper bounded by the spectral gap of SSEP in the same region. For 0-1 KCLG
it is natural to define the critical value

gc = inf{g € [0, 1] : Ois a simple eigenvalue of L},

where, with a slight abuse of notation, we let £, := £ g be the infinite volume gener-
ator extended by continuity to L (i1—4). We now relate g (sometimes called ergodicity
threshold) to another threshold of the dynamics. For this purpose we need to define the
notion of allowed paths and exchangeable configurations (with respect to a given choice
of the constraints), which are valid also for generic (i.e. non-0-1) KCLG.
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Definition 2.13 (Allowed paths). Given n, o € Q2, a sequence of configurations
Pyo = (77(1)’ 77(2)’ o, 77(fl))

starting at nV = n and ending at n™ = o is an allowed configuration path (or simply
allowed path) from 1 to o inside A if foranyi =1, ..., n — 1 there exists either a bond
e; € Ep withn®) = (n)¢ and cﬁf‘A(n(i)) = 1 orasite x; € S withnt*+) = (n)*i
and such that cy, ™) = 1. We also say that n is the length of the path and write
| Py.o| = n. Furthermore, givenn € Qa and a geometric path yy y = (M x™y) we
say that y is an allowed geometric path for n ifcﬁ/’lA(r)(i)) = lforanyi =1,...n—1,

where we let nV' = 5 and n*V) = (n(i))ei with ¢! := x"D x@_ Note that the above
definitions depend on the choice of the source and boundary set S, M. When A = 7¢
we will mean S, M = (.

Definition 2.14 (A-Connected configurations). Given 1, 6 € Qp, we say that they are
A-connected if there exists (at least) one allowed configuration path Py , inside A.

Definition 2.15 ((e, A)-Exchangeable configurations). A configuration n € Q2 is
(e, A)-exchangeable if n and n¢ are A-connected. We denote by &, (EX) the set of
(e, 74 )-exchangeable ((e, A)-exchangeable) configurations.

With the above notation we can define the exchangeability threshold as

Gex = inf {q €10, 11: p1-g(Neer,, &) = 1}.

Using the simple fact that the rates ¢, (w) are increasing functions w.r.t. the partial order
in Q for which ® < &' iff @' (x) € G whenever w(x) € G, it is easy to check that
P1—q(NecE,, &.) = 1if g > gex. We shall now prove that gex coincides with g, by using
a strategy analogous to the one of [6], Prop. 5.1.

Proposition 2.16. g, = gex.

Proof. Assume that ¢ < gex. Let f be the indicator function of the set of all configu-
rations that are (e, Zd)-exchangeable for each e. By construction Var(f) # 0. Further-
more, since f is left invariant by the dynamics, £, f = 0 almost surely w.r.t. u = 4.
Hence 0 is not a simple eigenvalue of £, and g < ge.

Assume now that ¢ > gex. Consider a function f € Lp(u) with £, f = 0, which
implies D, (f) = 0. We will now show that in turn this implies that f is constant j-a.s.
For this purpose we will show that D, (f) = 0 implies

> u(veri?) =o. (2.10)

ecZd

Then the fact that f is constant p-a.s. immediately follows by using the well known
fact that the simple symmetric exclusion process which has the unconstrained Dirichlet
form in (2.10) is ergodic at any density (see e.g. [19]). We are thus left with prov-
ing (2.10). Suppose that (2.10) does not hold, then there exists at least one bond e
such that u (|Ve f |2) > 0. We will now show that this leads to a contradiction. For
any n € & we can fix once and for all an allowed configuration path P,_,,c and let
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A;, ={n €& :|Pyy| =n}and A{ = ¥ by convention. Since ¢ > gex, n(&) = 1.
Thus u (U22,A¢) = 1 and

w(1VesP) = ;/A dulf ) = FP. @.11)

Writing a telescopic sum, and using Cauchy-Schwartz inequality, for any n € A¢ we
get by the very definition of the path,

2

n—1
1F®) = fIP = (Z f®h) - f(n“’))

i=1

n—1
<=0 (Fo )~ ro™)°
i=1
2

n—1
= =1 ™) (F0 ) = F0 D))
i=1

where in the last step we could insert the constrained rates because the path is allowed
(see in Definition 2.13). It follows that

| anoirat sl <cw X w(alvisR). @

bEEZd :dy(e,b) < n+l
where the constant

. b
C(n) = max beEZd:d?}%) - #{n 2 Pposye 3 (0, 0”)}
takes into account the number of possible choices of configuration i such that the path
P,,_, ;e crosses a given couple (w, ?). One can choose C(n) < e””d for some constant
¢ = ¢(q, d). Since by assumption D, (f) = 0, it follows that 11 (c,|Vj £|*) = 0 for all
b € Ezq. Thus (2.11) and (2.12) lead immediately to u (|Ve f|*) = 0 and the proof of
(2.10) is complete. O

3. Kob-Andersen (KA) Model

In this section we define the Kob-Andersen (KA) model [15] and recall some of its
properties. KA is a 0-1 KCLG on Z? with influence classes

Ce ={AUB : (A, B) C Ni\{y} x Ny\{x} with |A[, |B] = j — 1},

where j is a parameter satisfying 1 < j < d. Recalling Definition 2.7 for the rates and
the fact that the good event is the empty state for 0-1 KCLG, this means the following:
for any two neighbouring sites x and y at least j — 1 neighbors of x belonging to NV, \{y}
and j — 1 neighbors of y belonging to NV, \ {x} should be empty in order for the exchange
between x and y to be allowed. See Fig. 2 left (right) for an example of an allowed (not
allowed) exchange when d = j = 2. Another way to formulate this rule is to say that
when w(x) = 1 and w(y) = 0 (when w(x) = 0 and w(y) = 1), the jump of the particle
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Fig. 2. The bond e = (x, y) with N \{y} (inside the continuous line) and ./\/y\{x} (inside the dashed line). In
the left (right) figure the exchange of the value at x and y is (is not) allowed for KA model withd =2, j =2

from x to y (from y to x) occurs iff the particle before and after the move has at least j
empty neighbors. The choice j = 1 is not considered among the KA models because it
corresponds to the simple symmetric exclusion process (SSEP). The choices j > d are
instead excluded because at any finite density zero is not a unique eigenvalue of their
generator. In other words the model on infinite volume is uninteresting because it is never
ergodic [29,30], namely g. = 1. This can be readily verified by noticing that for any
Jj > d itis possible to construct a finite set of particles that can never be moved under
the dynamics. For example for the choice d = 2, j = 3 a two by two fully occupied
square can never be destroyed.

Let us now discuss boundary and source choices for the model on a finite volume,
A C Z2. For simplicity we discuss only the case of a rectangular region A. For all
1 < j < d achoice which renders the generator ergodic with invariant measure [
corresponds to imposing fully occupied boundary conditions and unconstrained particle
source on d_ A. This is the choice which is usually considered in the physics literature
and which in our notation corresponds to the choice M = J, S = d_A and ¢, A (w) = 1.
We will make here the more constrained choice M = @, S = 9_A and cxn(w) =1
which is also ergodic. We will now recall some properties of KA obtained in [30]. We
start by introducing the notion of framed and frameable configurations.

Definition 3.1 (Framed and frameable configurations). Fix a set A C Z¢ and a config-
uration @ € Q. We say that  is A-framed if w(x) = 0 for any x € d_A. Let o™
be the configuration equal to wy inside A and equal to 1 outside A. We say that w is
A-frameable if there exist a A-framed configuration o™ with at least one allowed
configuration path P, ) _, . inside A. (By definition any framed configuration is also
frameable).

The following results, which are valid in any dimension d and forany 1 < j < d,
have been derived in [30] and will play a key role in the proof of Theorem 4.1. For sake
of completeness we present their proof in Appendix 9. Recall Definitions 2.14 and 2.15
of connectedness and exchangeability, then

Lemma 3.2. Consider a rectangle R C Z¢ and a configuration w which is R-framed.
Then, for any bond e = (x,y) € R, w is (e, R)-exchangeable, namely v € 55.

Corollary 3.3. Consider a rectangle R C 74 and a couple of configurations w, o which
are both R-framed and have the same number of particles inside R, D ..p @ (x) =
> cr 0 (x). Then o and n are R-connected.
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Lemma 3.4. For any ¢, let Fy := {w € Q2 : wis Q¢ — frameable}. Then for any
q € (0,1], for any j € (1,d], any ¢ > O, there exists Ly = Lo(¢, q, j) such that if
€ > Lo, then pu1—q(Fe) > 1 —&.

As a consequence of the equivalence between the ergodicity and exchangeability thresh-
olds (see Proposition 2.16) and of the above lemmas we get that forany 1 < j < d the
ergodicity threshold g, is zero (see [30]). We formalize the result into a theorem whose
proof is also postponed to Appendix 9.

Theorem 3.5. For any d > 1 and any 1 < j < d the ergodicity threshold q. of the KA
model on 7@ with parameter j verifies q. = 0.

4. Main Ideas and Results

Consider the KA model in d = 2 with j = 2. We call £X4 the generator on the infinite
volume Z? and /.ZgLA (q) the generator on the finite cube Q; C Z? with boundary-source

choice (M, S) = (#, 3_ Q1) and parameter g.

Theorem 4.1. For any q > 0 there exists a constant C = C(q) > 0 and a constant
¢ > 0 independent on q such that for any L,

c[1-a- q>3]_2 L* < gap(LE (g) ™" < @)L (og LY.

Theorem 4.2. Let P, be the semigroup associated to LX4(q). For any g > 0 there exists
a constant C = C(q) > 0 such that for any local function f,

(log 1)’
t

Var, (P f) < C I£I2, V>0,

where i = (1.

Remark 4.3. From the variational characterization of the spectral gap it follows immedi-
ately that the result of Theorem 4.1 holds also for the less constrained choice S = 9_ Q7
which is usually considered in the physics literature. Actually, the proof of Theorem 4.1
will lead to the following stronger result. For any f : Qo, — R,

Varg, (f) < CL*(log L)*Dg, (f) + CL(log LY’DY ) (f).

where DgL (f) and Dg 0 (f) are respectively the Kawasaki and Glauber term of the
-YL

Dirichlet form of ng(q). This implies that the result of Theorem 4.1 holds also if

the sources are slowed down of (log L)?/L, namely if the Glauber term of Lf Adg) is
multiplied by a factor (log L)?/L.

Remark 4.4. With much more effort, the proof of Theorems 4.1 and 4.2 can be general-
ized in any dimensiond > 3 forall j, 1 < j < d. The bounds for the spectral gap remain
of order L? (but with higher correction in the log terms). For the decay to equilibrium we

get Var, (P; f) < CM IIf ||§o for some constant «(d). The latter result is probably
not optimal: we expect the decay to be of order C/14/2.
Remark 4.5. Any 0-1 KCLG which is dominated by KA-2f verifies the same bounds as

in Theorem 4.1. The upper (lower) bound follows from Corollary 2.12 and comparison
with KA-2f (with SSEP).
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Sketch of the main ideas. In order to explain our approach let us quickly review a simple
route to prove Theorem 4.1 in the context of the SSEP. One first establishes a Poincaré
inequality w.r.t. an auxiliary Dirichlet form with pure Glauber moves and reversible
w.r.t. ;L (a trivial fact since pp is a product measure) and then one transfers the Glau-
ber moves from the bulk to the boundary using the exchange moves of the SSEP along
apriori chosen geometrical paths (the so-called “path argument” see e.g. [20,23]). That
gives almost immediately the diffusive scaling of the spectral gap. More or less the same
technique can be applied to “non-cooperative” models.

A completely different scenario is presented when considering “cooperative models”
like the Kob-Andersen model. Indeed the above Poincaré inequality is now completely
useless because we are not guaranteed that from a site x € A where a Glauber move is
performed we can reach the boundary by a sequence of allowed exchange moves. In other
words nobody guarantees that in the current configuration the holes are “‘cooperating” in
such a way that the new particle created at x can be moved to the boundary. It is precisely
this loss of uniformity that requires new ideas that, to the best of our knowledge, were
completely absent before our work.

The way out and a major novelty of our approach is to prove a modified Glauber-
type Poincaré inequality in which the creation/annihilation move in the bulk occurs
only if the holes in the current configuration are cooperating in a way to be able to
move to the boundary the extra hole created at x. This forces us to consider an auxiliary
Glauber process with very long range (essentially from the inner bulk to the boundary)
constraints and now the existence of the corresponding Poincaré inequality is highly
non trivial. One could naively think that the long range constraint should be of the form
“there exists a path of holes from x to the boundary along which a particle can move
with legal exchanges”. However, when the density of particles is high (and therefore
the density of holes is small) the probability of such an event is exponentially small in
the distance from the boundary, and most of the times the constraint will not be satis-
fied. That brings up the second set of new ideas, namely to consider a “renormalized
Kob-Andersen model” with a much richer structure than just particle/hole and for which
the “effective holes” have a high density (see model AKG below). For the new model we
carry out the program just illustrated above and then finally we go back to the original
Kob-Andersen model via standard comparison techniques.

5. Renormalization and Long Range Constraints

In this section we define two auxiliary models: one with purely Glauber dynamics and
long range constraints (AGL) and another one with Kawasaki dynamics plus Glauber
sources (AKG). Thus AGL belongs to the class of kinetically constrained spin models
(KCSM) while AKG is a kinetically constrained lattice gas (KCLG). Both models are
defined with an arbitrary on-site probability space (W, v) and good event G C W, at
variance with the specific choice W = (0, 1), v(1) = p and G = 0 of the KA model.
We will establish the positivity of the spectral gap for AGL (Theorem 5.5). This will
be a key ingredient to prove both the lower bound on the spectral gap (Theorem 4.1) and
the polynomial decay to equilibrium (Theorem 4.2) for KA. By combining Theorem 5.5
with proper path arguments we will deduce a 1/L? lower bound for the spectral gap
of AKG (Theorem 5.6). It is by using the latter result and a suitable renormalization
procedure that we will cast KA into AKG and deduce the desired 1/L? lower bound for
the spectral gap of the KA model (Theorem 4.1). The peculiar choice of the constraints
for both the auxiliary models is motivated by this final renormalization procedure and
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Fig. 3. The sets Ay, ..., Ag which belong to the influence class C, for AKG model. We depict the case

e=x,x+e]

should be properly modified when one ultimately wishes to study KCLG which are
different from KA.

Let us start by defining the influence classes which characterize the Kawasaki dynam-
ics of AKG. We set

C(f = {A17A27A37A49 A55A6’ A7’A8}’ (5'1)

where A; are defined as follows (see Fig. 3):

Al = (x+ey, x+2e,x+e1+e), Ar=(x—ex, x+2e1,x+e+ep),
A3 =(x+e,x+2e,x+e1 —er), Ag=((x—er,x+2e,x+e —e2),
As=(x —e,x+ex,x+e1+e1), Ag=x—e;,x+ex,x+e —ea),
A7=x—e;,x —ey,x+e1+e), Ag=(x—e1,x —er, x+e1 —e3),

ife=x,x+e; and

Al = (x+e,x+2e,x+e1+e), Ar=(x—e1,x+2e,x+e+ep),
Az = (x+e1,x+2e,x+ex—e1), Ag=((x—e1,x+2e,x+er—eq),
As=(x —ey,x+e,x+ej+e), Ag=(x—er,x+e1,x+er—eq),
A7=((x—ey,x —ej,x+e1+e), Ag=(x—er,x —e1,x+er—e1),

if e = x, x + e2. The following results follow immediately from the above definitions:

Remark 5.1. The influence classes of AKG dominate (see Definition 2.11) those of the
KA model with d = j = 2. Indeed for all i there exists A C N,\y and B C N,\x
s.t. A; = AU B and either |A| = 1 and |B] = 2 or |A| = 2 and |B| = 1. Thus A;
also belongs to the influence class of KA and the inequality among the rates of KA
and AKG required to have domination immediately follows from Definition 2.7. Fix a
configuration w, then a geometric path which is good (see Definition 2.6) is also allowed
for w with the choice of AKG constraints (see Definition 2.13).
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Forany A C 72 the finite volume generator of AKG, Kikg ,is then defined as in (2.3).
The corresponding Kawasaki term is defined as in (2.4) with exchange rates cﬁ/}\ (w)

defined by (2.6) with boundary set M = 51:A and ¢, (w) as in Definition 2.7 with influ-

ence classes (5.1). The Glauber term is defined by (2.5) with source set S = 9_A and
constraints

1 if (wp -7)(z) € Gforany z € K

Cra (@) = [0 otherwise ’ (52)

where T € Q is any configuration such that 7(z) € G (t(z) € G)ifz € giA (z & 5iA).
The finite volume generator of AGL is instead of purely Glauber type and is defined
by the following action on local functions:

L8 F@) =D ey (@) () = f@)).

xeA

where the constraints cfcv A are defined as

L if |Gy nva(@)] 21
0 otherwise

CQ{A(a)) = (5.3)
1 if (wp -7)(2) € Gforany z € K}
0 otherwise

if x ¢ 9_A,

ifx € 9_A,

where t € €2 is any configuration such that 7(z) € G (t(z) € G)if z € 51:A (z ¢ 5iA)
and G v a is the set of all geometric paths which are allowed for w with the AKG con-
straints (see Definition 2.13) and go from x to the East (51_A) or North (52_A) interior
boundary of A never leaving a tube of width N centered at x. In formulas

2
GenA(w) = U U {Vx.y C G yx yisallowed for AKG; yy , C Tx]?'i(A)},
=1y A
(5.4)
where G is the overall set of geometric paths. Recalling Definition 2.5, the following
property for the set of geometric paths can be immediately verified:

Remark 5.2. Let w, @’ € Q4 be such that @ %Y /. Then the following holds for any
xe€Aand N > 0:

gx,A,N(w) = gx,A‘N(w/)

The Dirichlet form associated to £} lN is given by
Dan() =D pa (Mg Var(h),  fi@am R (5.5)
xeA

Recall from Sect. 2.1 that 4 is the product measure pp = [],c5 Vx. The following
results hold:
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Claim 5.3. For any A C Z?* and any choice of W, v and G, the generator L A N is
reversible w.r.t. up and it is ergodic.

Proof. Reversibility follows immediately from the fact that cx A (@) does not depend on
the value of w(x). Ergodicity follows by noticing that the constraint is verified on all
sites A 1= {x € A : KN A = ¥} whose existence can be proved by induction because
A is finite. We can thus make the configuration of these sites good. Then we can render
all sites {x € (A\A) : Kin (A\A) = ¥} good since they have the constraint verified.

O

Claim 5.4. For any A C 7Z? and any choice of W,v and G, the generator E‘;\kg is
reversible w.r.t. L and ergodic on Q.

Proof. Reversibility follows, as for any other KCLG, from the independence of ¢, on
w, and from the independence of ¢, , on w, and wy. In order to prove ergodicity it is
sufficient to show that for any n € 24 there exists an allowed path which connects
to o, where o is a completely good configuration, o (x) € G for all x € A. In order
to construct the path we start by using the source terms to make good all sites in 3-A.
Then, since A= A\giA is finite, there should exist at least one site x € A such that:
KN A =@, thus K € (3,AUd"A). Thus we can exchange the occupation variable

in x with the (good) occupation variable of a site in 9" A. The latter site can then be
restored to good by using the sources. The procedure may then be iterated until making
the whole configuration good. O

Recall from Sect. 2.1 that p is the probability of the good event G C W, p := v(G).
Our main results concerning the auxiliary models are the following:

Theorem 5.5. There exist p1 € (0, 1) and A > 0 independent of W and v such that if
p > pi, then for any rectangle A = [0, L] x [0, L;],

1
gap(['agl ) > 5

provided that N > A(log(max(Ly, Ly))>.

Theorem 5.6. There exists po € (0, 1) independent of W and v and a constant C =
C(|W|, v) such that if p > po, then for any cube Qp,

gap(Ly*)™" < CL(log L)*.

In [9] we have devised a technique which allows to prove the positivity of the spectral
gap for a large class of KCSM. However AGL does not belong to this class because its
constraints are not local (while the proof in [9] relies on the hypothesis that the influence
classes of the KCSM have finite range). Some additional efforts and a proper extension
of the technique in [9] is thus required to establish Theorem 5.5. We postpone this rather
technical proof to Sect. 7 and proceed with the proof of the result for AKG.

Proof of Theorem 5.6. We prove the theorem for py = p;, with p; defined by
Theorem 5.5. Recalling the definition of spectral gap (2.9), the expression (5.5) for
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the Dirichlet form of AGL and using Theorem 5.5, for any p > pj and f : Qp, — R,
the following holds:

Varg, (f) <2 X gy (cXg, Vari() (5.6)

xeQyp

where cN 0. have been defined in (5.3), N := A(log L)% and A and p1 are those defined
in Theorem 5.5. Our aim is to bound the r.h.s. with the Dirichlet form of AKG model.
This will be achieved via proper path arguments. We start by rewriting Var, (f) as

1
Vard (@) = 5 > p)p)(f @\« - wh) = flogpe - w)® (57)

w,w'eWw

Then for all x and @ such that c 0, (@ = 1 we choose once and for all a path in
Gx,0.,~n (5.4) which we will call y(x w). We make the latter choice in order that

y(x,w) = y(x, o) for all w, @ such that w é o', which is possible thanks to
Remark 5.2. If we set y (x, w) = _(x(l), .., x™) from | the above definition it follows
immediately that x) = x,x™ € 9_0,NTN(Q1) == 90N, (Q)UTY,(Q1))
and n(x, w) < L(2A(log L)?>+1).Forany w € Qp, and w, w’' € W, we are now ready
to define a configuration path P . () from wg,\x - wy to g, \x - w’, as follows:

e (D (2n)
Pw1>w' = (0", ..., 0"") (5.8)
with o) = wg,\r - wy; @D = T, 0, with ¢; := (&0, 30D) = (x@, x(*D)
forall i € (1....n = 1 0® = o "D wl ;o) = T,00, with ¢ :=
GO, 7Dy = (@nHl=D)  @n42-Dy for all i € {n,...,2n — 1}. It is immediate to

verify that " = wo,\x - W,. Note that, even if we do not write it for simplicity of
notation, w® depends on w, w’, x, w. Recall Definition 2.13. The following properties
can be immediately verified by using the definition (5.3) for c)’cv oL (w).

Claim 5.7. For any x, o such that C)]XQL (w)=1and g € G:
(i) the path P X (5 8) is allowed for AKG;

.. . G0

(i) forie{l,.. 2n}\n +1, wQL\{x PERRY SRy 0 <:L;>x w;
1 G,01\x
(iii) “)(Qn:\;)d") ) =L 0

Thus, recalling Definition 2.13 for the meaning of (o, 6¢) € P x (a)), via a tele-
scopic sum and Cauchy-Schwartz inequality we get for any w,

CJIXQL (@) [f(@gp\x - wy) = fwg\x - wx)]2

2n
, . 2
<2LQAM0g LY +1) Y e 0, @) [ Ve, f (@)
{Zn
+2¢,, 0, @) (@G, W) = F@™))?, (5.9)
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where ¢, g, and ¢y, o, are the Kawasaki and source Glauber rates for the AKG model.
Then, by plugging (5.7) and (5.9) into (5.6) we upper bound Varg, (f) by

WP max > " 1o, (@) | 2,00 0, @")(F @) - w)) = fl@™)?

w,w'eWw

xeQp @
2n ' )
+ " 2LQAog L) + 1ee, 0, @) [ Ve, f@)] | (5.10)
i

By construction of the path P ., any ') satisfies

MQL—@ S C ‘= max M.
1o, (@) wew u(w)

Hence, inverting the summations, (5.10) is bounded above by

2 2 2 2 . e K
\WACL22A(log L)? + 1) w,ur)rll’e}r)’(a’ejj{w (0,09 € Pw_x)w,}DQL(f)

+2|W[PLQ2A(logL)> +1) max u{w:w('”:a;x“)=x;x<”>=z}D§QL(f)

w,w’,x,0,z

< 8CIWPPAL2(log L)* Dy, (f), (5.11)

where Do, (f) is the Dirichlet form for AKG and DgL ), Dg 0 (f) are its Kawasaki
-0r

and Glauber parts. In order to derive the last inequality we have bounded the number
of configurations w such that a chosen o, 6 belongs to P oy To perform this bound
we used as a key ingredient the fact that from the knowledge of (o, 0¢) we can recon-
struct @ modulo the configuration in x (or completely if (o, 0¢) = (0¥, @*D) with
i < n—1)and from the knowledge of ™ and x™ we can reconstruct . This in
turn is true thanks to properties (ii) and (iii) of Claim 5.7. The proof is then completed
by combining the variational characterization of the spectral gap with the upper bound
(5.11) for Varg, (f). O

6. Spectral Gap of KA Model: Proof of Theorem 4.1

Since KA dominates the Symmetric Simple Exclusion Process (SSEP), a lower bound
on the inverse of the spectral gap as L? uniform on ¢ follows from Claim 2.12 and from
the standard results for SSEP, see e.g. [6]. In order to obtain the stronger lower bound
of Theorem 4.1 which guarantees that, at variance with SSEP, the spectral gap on scale
L~2 is not bounded away from zero at all density and instead it vanishes as ¢ — 0 we
consider the test function erQL cos(7=7) cos(7=7)nx. The term (1—(1 —¢)%)? comes
from the presence of the kinetic constraints: in order for the exchange of the occupation
variables at x and y to be allowed there should be at least one empty site among the
three nearest neighbours of x different from y and at least one empty site among the
three neighbors of y different from x.

We will now prove the upper bound by using the 1/L? bound for the spectral gap of
AKG (Theorem 5.6) combined with a renormalization technique similar to the one we
used in [9].
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Proof of Theorem 4.1. Let po be the threshold density defined in Theorem 5.6. Thanks
to Lemma 3.4 we can choose an integer length scale £ such that w(Fy) > po, where Fy
is the set of configurations which are Q,-frameable. For any z € Z? we define Q% C Z>

as O := Q¢ +z. Then we define the renormalized lattice Z2(¢) := ¢ 7% Given L s.t.
L := L/¢ is integer we also define the renormalized cube associated to Q; C 7?7 as

0L = 7> N Qj - Note that Oy contains L x L sites and that Uieo, 0* = Q;.
Consider the probability space W = {0, 1}2¢ equipped with v = 1o, The two prob-
ability spaces ({0, I}Zz, ) and (WZZ(Z), erzz(e) vy ) coincide. Furthermore we have
no; = Vg, where vy = erAmZZ(e) vy. Thus if we consider AKG on QL with

w = {0, l}Q‘f, v = 1o, and good event Fy, by Theorem 5.6 there exists a constant
C = C(¢, q) such that

Varg, (f) < CL*og L)* 3" g, (é(f o T. = 1)?) (6.1)
eekg,
+CL*(log L)* Z 1o, (éx Varge(f)). (6.2)
xég_QL

where for any bond e = (x, y) € Eg,,weletT, = T(y y) : 2 — € be the operator that
exchanges the configuration inside Q* and Q7Y, namely

w(z) ifz¢ QYU QY
T,w(z) = a)Qny(z) =q1w(iE+y—x) ifze Q*
w(iz+x—y) ifze Q”

and ¢, (w) and ¢, (w) are defined as follows. ¢, is the indicator function of the event that
there exists A € C, with C, defined in (5.1) s.t. Q% € Fy forany z € AN Q. Instead ¢,
is the indicator function of the event that Q% € F; for any z € K% N Q. The proof of
Theorem 4.1 is then completed by the following key Lemma 6.1 and explicit counting
(left to the reader). 0O

For any x € 3_Qy let E(x) := Eg, N (EQx Uzekcr EQz) and for any bond e =
(x,y), E(e) := Eg. N (Eg+ U Egy Uzea, (x.y) Eg:). In order to avoid confusion we
call here cf ji‘ the rates of KA.

Lemma 6.1. There exists a constant C' = C'(£, q) > 0 such that:
(i) foranybonde = (x,y) € Eg,,
no, (Ge(foTe= P?)<C > g, (5%, (Vo ?)

e'eE(e)

+C’ > o, (Var(f)
Z€(Q¥UQY)NI_Q;

(with possibly (Q* U Q¥) N 3_Q; = ¥);
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(i) foranyx € d_Qy,

oy (E:Vargs(N) <€ X" ng, (X, (Vo )
e'eE(x)
+C' D g, (Var(f)).
2€Q*NI_Q0;
Proof. The proof is based on path techniques. In all the proof C will denote a positive
constant that depends on ¢, ¢ but never on L, and that might change from line to line.
Finally, unless explicitly stated, an allowed path means allowed w.r.t. KA rates.

(i) Fix a bond e = (x,y) € Eg, and a configuration @ such that ¢,(w) = 1
(otherwise the result trivially holds). Since ¢, (w) = 1 there exists A C C, s.t. for any
z€ ANQL,wo: € Fg holds. We analyze separately the case A C Oy (a)and A ¢ Q.
(b).(a)Welety = x+é;and A = A| = x+é,, x+é1 +¢é2, x +2¢1 (the other cases can be
treated analogously). By subsequently applying Claim 9.2 we can construct an allowed
path w, ...0™) inside 0* U Q¥ U.ca Q7 such that o™ = T,(w) and M(w) < C(£)
uniformly in w. Using a telescopic sum and the Cauchy-Schwartz inequality , we get

2

M—1
/’LQZ (Ee(f o Te - f)Z) — ZMQZ (a))ge(a))(z f(w(m+1)) _ f(w(m)))
@ m=1

M—1
<CY o, @) Y ey 0, @) (F@" )~ f@™)’
w m=1

2
SC2 10 (@) 2 ce0,0) (Ve [ (0. 0y0.0¢ep, 1)
w

o,e

<C Y oy (e, (Ve ?).

e'cE(e)

where as usual, (o, ae/) € P, 1,(w) means that there exists m such that o = @™
and 0¢ = ™+ In the last line we inverted the summations, used the fact that any
o € Py 1, satisfies Hno; (o) = Hno; (w) and differs from w on at most 9¢? sites. (b)
Assumethaty = x+eé2, A = A| = x+¢, x+€|+¢é2, x+2¢ and that x+¢1, y+é1 € Q.
(e. Q**1, Q¥ ¢ Q) and x +2e; € Qp (ie. Q™2 € Q) as in Fig. 4 (the
other cases can be treated analogously). Thanks to the presence of sources on 9_Q i
we can create zeros on 51_(Qx U 0Y). Indeed, if z1, ..., 2™ denote the sites inside
51_(Q"UQY) forwhichw(z)) =1, i = 1, ..., m, enumerated from top to bottom, the
@)
path (a)(l), e, a)(’”l)) with @ = @ and @™+ = (a)(m"))Z is allowed. Furthermore
=1 =1 .
0" () = Oforallu € 3_(Q*UQY)and 0"V (1) = w(u)foru ¢ 9_(Q*UQY). Since

(Q”i‘)zgz € Fy), there exists an allowed path (@™, ..., ©"2))

W42y € Fe¢ (and thus @
inside Q“%2 such that w2 is Q’”zg2 -framed (see Fig. 4). Claim b guarantees the exis-
tence of a sequence of allowed exchanges (02, ..., @) inside Q**%¢2 which bring
the empty upper line of this frame adjacent to the bottom empty line. Then it is easy to
verify that we can rigidly shift the double empty line downwards thanks to the presence of

the empty sites on 51_ (Q*UQ?). Therefore, for any chosenbonde¢’ = x, x+é; € Q*UQ”
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Fig. 4. Proof of Lemma 6.1(i), case (b). The configurations »™1) on the left and ®™2) on the right. The
dashed line corresponds to the rectangle R

we can shift the double empty line till the position x -é,+1 and then perform the exchange.
The case ¢’ = x, x + ¢ can be dealt by first creating a second empty column adjacent to
the one on 51_ (Q* U Q7) (via exchanges plus source terms) and then shifting horizon-
tally this double empty column till the position x - €1 + 1. In conclusion, since we can
perform any internal exchange in Q* U Q¥, we can construct a path (0”3, ..., @"4))
with @) = T,(0™3)). As before, we can now reconstruct the initial configuration
outside Q* U Q7 and then also on 51_(Qx U Q”) by using the sources again. Thus we
have constructed an allowed path P,, 7,,, = (@, ..., ™) inside Q* U Q¥ U Q*+2&2
with M (w) < C(€) uniformly in . Using that po, (0) < Cug, (w'™) for any m,
the same kind of computation as before (telescopic sum, Cauchy-Schwartz inequality,
inverting the summations, explicit counting...) leads to

2

M1
no; (Glf oTe = 1?) =3 1o, (@) (Z F@™h) — f(w(’”)))
® m=1

<C Y ng; (cog (Ve ) +C DT gy (Var(f).

¢'€E(e) 2631 (Q¥UQY)NI_ 01,

(i) Let x € 9_ Q1 and o be such that ¢y (w) = 1. Assume that x +&; ¢ Q and
7 =x+¢é € Qr asin Fig. 5 (the other cases are similar). Using the Poincaré inequality
for the unconstrained Glauber dynamics inside Q% (or the tensorisation property, see
e.g. [2]) leads to

Vargs(f) < pq Y nor ((Vyf7?).
yeQ*
Thus we have to estimate terms of the form f(w”) — f(w). This will be done by con-

structing a proper allowed path which is depicted in Fig. 5. Assume that w(y) = 1
(the case w(y) = 0 can be treated analogously). Since ¢y (w) = 1, Q¢ is frameable.
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Fig. 5. From left to right, the configurations @) | pm2) - ,(m3) o, (m3+1) anq ,(M3+2) The dotted line
corresponds to the rectangle R

Hence, there exists an allowed path (@D, ..., @™ inside Q% s.t. oM = @ and 0™V
is Q%-framed. Thanks to the sources on 517 Q*, we can create zeros on 517 Q*. Indeed,
if ZmitD) o 20m2) depote the sites inside e O~ for which w(z"™) = 1, enumerated
from top to bottom, the path (w™V, ..., ") with @1+ = (w(’”l))zm is allowed.
Furthermore w2 (z) = Oforallz € 3 0% and ™ () = w(z) forz ¢ 3. (Q*UQY).

Set R := Q* U 5i Q* and let ¢ be the unique site such that K C d_Randt =t +ey.
Suppose w (t) = 0 (the case w(#) = 1 can be treated analogously). Then we can shift the
top empty line of the frame of Q¢ near the bottom one and, by using this double empty

line plus the empty column on 51_ Q* we can perform any exchange inside Q* analo-

gously to what we did in point (i). In particular we can construct a path 2, ... @3
which moves the particle from y to ¢ and then perform the exchange on ¢, #; and use the
source to force on ¢ an empty site. In other words the path (w3, @3+D | (M3+2))

with ™3+ = (a)(””))t’tl and w™3*2) = a)(Qm;\tll) -0y, is allowed (see Fig. 5). Thus we

have reached a configuration which corresponds to @” on all site in Q* \51_ Q*. Then
we can reconstruct the configuration w” following the inverse of the path (o, w?)).
Thus we have shown the existence of an allowed path P, o, = (@D, ..., 0™ with
M(w) < C(¢) uniformly in w. Using the same routine arguments (Cauchy-Schwartz
inequality, telescopic sum,...) as in point (i) leads to the expected result. O

7. Spectral Gap of AGL: Proof of Theorem 5.5

In this section we prove Theorem 5.5 which establishes the positivity of the spectral gap
for the auxiliary model AGL. This result has in turn been used as a key ingredient for
the proof of the 1/L? lower bound for the spectral gap of KA and will be also used in
Sect. 8 to prove the polynomial decay to equilibrium. The main tool here is an extension
of the bisection-constrained method we introduced in [9] which we have here properly
modified to account for the long range constraints of AGL. As a result the proof is
quite technical and lengthy due to easy but cumbersome geometric results. These are
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necessary to establish the existence of the paths which guarantee that the long range
constraints of AGL are satisfied.
We start by a monotonicity remark

Remark 7.1. Fix A, A C Z> and N, N’ > O with N < N’ and A C A.Forany x € A
and for all w:
(i) cp(@) <y ()
(ii) if9_A C 3_A, thenc, () <V, (w).
, x, A

Proof of Theorem 5.5. In what follows we will drop the superscript agl from the gen-
erator. Thanks to the monotonicity of the spectral gap established by Lemma 2.12 and
to the property of the rates in Remark 7.1 (i), it is enough to prove the result when
N = A(log(max(L1, Ly))*. We start by recalling a simple geometric result of [5] which
we willuse. Letl := (3/2)k/2, and let I be the set of all rectangles A C 72 which, mod-
ulo translations and permutations of the coordinates, are contained in [0, [i4+1] X [0, lx+2].
The main property of Iy is that each rectangle in Fy\[Fx_ can be obtained as a “slightly
overlapping union” of two rectangles in [Fx_1. More precisely we have:

Lemma 7.2 ([5], Prop. 3.2). For all k € Zy, for all A € Fy\Fy_1 there exists a finite
sequence {A(l), Ag)}szl inFy_1, where s; = Ll,l/gj, such that, letting 8, = %\/E— 2,
@ A=A{UAD,
(i) d(A\AY, A\AY) > 5,
iy (A" nAP)n (A nad) =0 iri # .

Let k be such that A € Fe\F;_,. Then max(Ly, L2) > lz_,; = Iz, thus N =
A(log(max (L1, L2)))2 = Ni, where Ny := A(log lk)z. By using again the monotonic-
ity properties of Lemma 2.12 and Remark 7.1 (i) we immediately get

gap(La.n) " < gap(Lan) ' <y < supw,
k

where we define

Vi = sup ( sup gap(ﬁA,Nk,)l). (7.1)

k/=1,...,k AE]Fk/\]Fk/71

Therefore, to prove the theorem, it is enough to show that there exist p; € (0, 1) and
A > 0 independent of W and v such that for any p > p1,

sup yi < 2. (7.2)
k

The strategy to prove (7.2) will be to establish a proper iterative inequality between
vk and yx—1. Let us fix k, A € Fp\Fr_j,andlet A = A; U Ay with A1, Ay € Fr—
satisfying the properties described in Lemma 7.2 above. Without loss of generality we
can assume that the faces of A and of A; parallel to &, lay on the faces of A and that,
along that direction, A comes before A; (see Fig. 6). Set I = A N A, and write, for
concreteness, 1= lay, l;l] X [az, l;z]. Lemma 7.2 implies that the width of 1 in the first
direction, 51 — ay, is at least 8. Set B| = A\A», Bo = Ay and I = [ay, b1] X [az, b2]
with a; = dy, by = @ + 5 log(3/2)log(lx), a> = @ and by = by. Notice that our
choice implies b; — a; < Ny — Ny_1. We also assume that & is sufficiently large so that
8k = b1 — aj. Then the following geometric properties can be immediately verified.
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Fig. 6. We depict the regions A1, Ap = By, A = Aj U Ay, I = Aj N Ay, I C I, and the cylinder TXNi‘ (A)
(inside the dotted-dashed line). The set A3 is divided into rectangles of width ¢, Ay = Ul’."=l Rj (herem = 4).
The dashed lines inside the R;’s stand for the paths which are good left-right crossings and thus guarantee

that w € ﬂl’f’:lRi. The bold dashed line inside / is a good top-bottom crossing which guarantees w € Z

Claim7.3. (i) IcCI;
(i) Ifx €1, then I C T\

(iii) If x is such that I N TXZYS_] # ), then I U Tx]tlé_l - TXIY’Z‘.

We will now define a constrained block dynamics on A with blocks B and B; and prove
that it has a positive spectral gap. Then from its Dirichlet form we will reconstruct the
Dirichlet form of AGL (5.5) and establish the desired recursive inequality between yj
and yx—1. To this purpose, in analogy with the strategy adopted in [9], we have to define
a proper good event on the block B, which should occur in order to allow refreshing of
the configuration on Bj. Recall Definition 2.6 and define the event

7 := {w : w has a good top-bottom crossing in 7}.

In analogy with what is done in [14, see Proof of Lemma (11.73)], we define the fol-
lowing natural partial order on the set of top-bottom crossing paths in /. We say that y
is to the right of y’ if it lies inside the connected (with respect to d; distance) region of
I which stays to the right of y’. For any w € Z we can then define the geometric set
I1,, which is its right-most good top-bottom crossing and let TT,, be the corresponding
double-path (see Fig. 8). Finally we set

Ch:={FCB:3ws.t. M, =T}
By geometrical considerations we have the following.

Claim 7.4. Forall w € 7,

(i) there exists a unique right-most good top-bottom crossing I, of w in I;
(ii) for any T’ € Cry the event {w : T1, = I'} does not depend on the values of w to
the left of T'.
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Fig. 7. Left: An example of top bottom crossing with k-bounded oscillation inside the stripe 1. Right: The
bold dashed line is a good top-bottom crossing y which does not have k-bounded oscillations: at / there is
an oscillation which goes beyond 7 — A/210g(3/2) log . The dotted-dashed line is a good left-right bottom
crossing of the rectangle /;. Note that y cannot be the rightmost good top-bottom crossing, y # Il . Indeed
a good top-bottom crossing to the right of y can be constructed by using y and the part of the good left-right
crossing from site A to B

Next we need to introduce the notion of paths which “do not oscillate too much” in the
vertical direction, namely

Definition 7.5 (Path with k-bounded oscillation). Consider a geometric path yyy, =
M =x,...,x" =vy). Let

X, = min{xfl), R (")} X = max{x{l), el (”)}
Xy = min{xél), .. (n)} Xy = max{xél), . (")}

We say that yyy has k-bounded oscillations if for all h € [x,, X2] the following h-con-
dition holds. Let 1 < iy < i < -+ < iy < n be the indexes of the points of v,y with
height h, namely (x @, x@) oyl = Vxy N([xq, x1] x {h}). Then the h-condition
(depicted in Fig. 7) requires thatfor alli =iy, i1+ 1,i1+2,...,0n,

xD e [x,, %11 x [h — A/21og(3/2) logly, h + A/210g(3/2) log i ].
With this notation we can define the event
= {w € T : I1, has k-bounded oscillations}

and the geometric set 51-1 C Cry as

51-[ ={I" C B> : dws.t. 1, =T and I, has k-bounded oscillations}.

Lemma 7.2 guarantees that By = A, € Fj;_;. Thus there exist integers a, b which
are bounded from above by /x4 such that A is a translated copy of [0, a] x [0, b]. If
b > Ni_1/2 wedecompose A into m disjoint rectangles A, = U;f‘:l R; (see Fig. 6) with
each R being a translation of [0, a] x [0, c¢;], where c; satisfies N1 < 2¢; < 2Np—1—1
forany j = 1,...,mand m verifiesm < (2l4+1/Nk—1) (the bounds Ny_1/2 < b < k41
guarantee that we can perform such a procedure). Thanks to the bounds on c; the fol-
lowing property can then be immediately verified:
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Claim 7.6. For any x € A there exists j € 1,...,m such that R; C TXIYII"I (A»).
We are now ready to define the good event on the block B, which will enter in the
definition of the block dynamics.

Definition 7.7 (B3-good configurations). Call b the size of B in direction 2.
Ifb < Ni_1/2 we say that w is Ba-good iff v € T.

Ifb > Ni_1/2 we say that w is Bx-good iff w € ﬂ'}‘lej N J, where

R;j :={w: w has a good left-right crossing in R} (see Fig. 6).

The block dynamics, which is again defined on 2 = W% and reversible w.r.t.
= [],ez2 vx, is then defined as follows. The block B, waits a mean one exponential
random time and then its current configuration is refreshed with a new one sampled
from pp,. The block B does the same but now the configuration is refreshed only if
the current configuration w is By-good. Thus the generator of this auxiliary chain acts
on local functions as

Lptock f (@) = c1(@) (1, (f) — f(@)) +u,(f) — f(w), (7.3)

where ¢ is the characteristic function of the event that @ is B>-good, namely

17 (w) H'}’zl Ir;(w) ifb = Ni-1/2

17 ifb < Ni_1/2’ (7.4)

c1(w) :=
where we recall that b is the vertical size of Aj (and of A). The Dirichlet form associated
to (7.3) is

Dytock (f) = pa (c1 Varg, (f) + Varg, (f)) . (7.5)

Denote by ppiock (A) the inverse spectral gap of Lpjock. The following bound,
whose proof relies on the fact that ¢1(w) depends only on wp,, can be proven as in
[9, Prop. 4.4].

Proposition 7.8. Let ¢ = max; P(w is not By-good), where the max is taken over the
sk possible choices of the pair (A1, A2). Then

1
A) < ——.
Vblock( ) < 1— ﬁ
Thus, by using the standard Poincaré inequality for the block auxiliary chain and Prop-
osition 7.8 as well as (7.5), we get that for any f : Qp — R,

Vary (f) = ( ) 1 (c1 Varp, (f) + Varg, (f)) - (7.6)

1
1 — /e
We will now reconstruct the Dirichlet form of AGL (5.5) from the two terms on the
right hand side of (7.6). Let us start with the second term. By construction, there exists
k' € {1,...,k — 1} such that By € F/\IF;/_;. Thus, using the definition (7.1) for y;_1,
we have

wa (Varg, (f)) < vk—1 Z KA (Ci\ikéz Varx(f)) .
xeBy

By using both monotonicity properties stated in Remark 7.1, it is immediate to verify
the following property
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Fig. 8. The volume B, the stripe / and the rightmost good top bottom crossing I, (empty sites within the
dashed line). The whole set of empty sites is instead IT,,. The set BB, is the region which lies inside the shaded
region

Claim 7.9. For all x € By, all w and all k' < k — 1, cfx’};z (w) < cfcv"A (w).

Therefore we have

A (Varg, (1) < vier 3 i (el Vara() (7.7)

XEB)

The r.h.s. of the latter is nothing but the contribution carried by the set B, to the full
Dirichlet form (5.5) when N = Ny.

Let us now examine the more complicated term 5 (c1 Varg, (f )).

For any B»-good configuration o recall that IT,, is the right-most good top-bottom
crossing of w in /. Then divide By U I into two connected components (with respect to
the distance d): the sites on the right of T1,,, and those on the left. We shall call B,, the
sitesof BjU I \ﬁw on the left of T, (see Fig. 8). Notice that if w and ’ are B>-good and
1, = Iy, then B, = B,,. In other words B, is unequivocally defined by IT,,. Thus,
with a slight abuse of notation, for any I' € Crj we let Br be the 53, which corresponds
to all w with TT,, = T.

If we observe that Var g, () and ¢1 () depend only on wp,, we use the independence
of I{E,,:F} from w;. (Claim 7.4 (ii)) and let It := Br N I we can write

e Varg, (1) = > 1t (N, oy Teve =, Vars, ()

reCn

=> > M(sz\I)ZM(wI)H{nw_r}][mm R, Varg, (f) (7.8)

I'eCp @B\

z Z u(wpy\1) z w@nm) I, I 7, ZM(wIF)VarBl(f)

reCn B\ O oI
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when b > Nj_1/2 and

i (1 Varg, () = D n (]I{ﬁw=r} Varg, (f))

eCn

=> > <w32\1>2u(w,>11 _ry Varg, (f) (7.9)
reCn @By\I

= > D> s Z p@ni) I, _ry > wler) Varg, (f)
reCn wBy\1 [CTAV O

when b < Ni_1/2. Then we can in both cases upper bound the last term by using the
convexity of the variance which implies

> v(wry) Varg, (f) < Varp, (f). (7.10)

a)ll_

Now for any x € Br and any wg. € Qp,, let ¢;(wp,.) be the indicator function of the
event that there exists a direction i € {1, 2} and a geometric path yy , inside TXIYZ"I (Br)
from x to some y € d_Br U (8,I"NBr) which is allowed for the AKG model if 7 () € G
forany r € giBr (see Fig. 9). It is then possible to define the generator ZBF obtained
from £y, by substituting the rates cf:/"A withc,. The generator ZBr with Dirichlet form

531" is ergodic and reversible with respect to 11 5... Denote by gap(ZBr) the associated
spectral gap. Applying the Poincaré inequality leads to

Varg, (f) < gap(Lp) ™" D s (@ Vare(f)). (7.11)

xEBr‘
Claim 7.10. For any w and any x € Br,

Nk 1
Cy BIU](CU) Cx(w).

Proof. The result follows immediately from the definition of ¢ (see Fig. 9). O

Claim 7.11.

gap(ZBr‘)71 =< gaP(ACBlUI,Nk,l)il = Vk—1-

Proof. For any f € Lo(Qpy, ki) we have D, (f) < Dy (f) and Varg, (f) =
Var g,us (f). The first property follows by using Claim 7.10. The second property fol-
lows from the product structure of the measure w g,y . The first inequality of the claim
then follows at once from the variational characterization of the spectral gap. Further-
more, since By U I € Fy_; there should exist k¥’ € {l,...,k — 1} such that By U
I € Fy\Fy—. Thus since Ny < Ni_1 from the monotonicity Remark 7.1(i) we get
gap(ﬁ;_z;lULN,H)_1 < gap(ﬁBlUl,Nk,)_l. We can now use the definition (7.1) of yx_1
to get the second inequality. O



Kinetically Constrained Lattice Gases 329

Fig. 9. Inside the dotted-dashed line we depict the cylinder T
light dashed line is instead a path belonging to Gy n,_,.B,uI- It is immediate to verify that this implies the
existence of an AKG allowed path inside Br from x to asite y € 9+ N Br, thus ¢y = 1. From the drawings it
is also clear that it does not necessarily imply a path which ends at y € 8* B, hence the necessity to introduce

the additional rates ¢x in Br instead of using [ Ne 1"1

B u ;- The bold dashed line represents I'. The

By Putting together (7.11) with Claim 7.11 yields
Varg (f) < w1 Y, usr (@ Vary(f))
xeBr

which, together with (7.8), (7.9) and (7.10) gives

alerVar (H) <yt X ma | X (e, =y Ui,y Vare (D) | (7.12)

FEEH XGB]‘

when b > Nj_1/2 and

alerVarg (1) <vier 3 ma | D (Tmerp@ Vara(H) | (7.13)

reCn xeBr

when b < Ni_1/2. We now wish to upper-bound the terms which appear in front of

Var, in the right-hand sides of (7.12) and (7.13) with the long range rates civ 'A» in order
to upper-bound the right-hand side of (7.6) with the full Dirichlet form (5.5) by using
(7.7)and (7.12) or (7.7) and (7.13) according to the value of the height b of the rectangle
A. Once this is achieved we will divide the left and right side by Var, (f) and take the
sup on f in order to gain an inequality between y; and yx_; which, properly iterated,
will lead to the desired bound (7.2).

Claim 7.12. Forany o, T" € 51-[ and x € Br,
_ N,
]IQ?LIRJ, I, _r)Cx(@) < ][{ﬁwzr}cx”‘[\(a)). (7.14)
Forany o, T € Cry and x € Br,

L, @ (@) < I _pyety (@), (7.15)
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Proof. 1Tt is sufficient to show that when ¢y (w) = 1 the right hand side also equals one.
We recall that ¢y (w) = 1 guarantees that there exists (at least) one direction i and a
geometric path y,  inside ijt/l.k_] (Br) from x to some y € 9_Br U (8,I" N Br) which is
AKG allowed. Let yx y be one of such paths and distinguish three cases: (a) y € A_A;
b)ydo_Aandi=1;(c)y €d_Aandi = 2.

(a) From the definition of the rates in formula (5.3) it follows immediately that cinA =1

. N, Ni—
since T, [ (A) D T ' (Br), thus vy y € Gy np.a- B

(b) Inthiscase y € 8, NBr, thus there exists y’ withd;(y, y') = land y’ € T = I1,,.
This implies that w(y’) is good and either y” € TI,, or there exists y” € I1, with
di(y', y") € (1, 2). By using this together with the existence of the AKG allowed
path y, y allows to conclude that there always exists a path y, ,» AKG allowed.
We should now distinguish the case (i) b < Ny_1/2 and (ii) b > N;_1/2. Case (i)

can be handled very simply by noticing that in this case Vx € Br, I C Tx[?]’f (A)
holds. Therefore civ"A = 1 thanks to the path y, ; := Yy y - ¥y - ¥y .z C TXJY’[ (A),

where z € 9% A and Yy, is asubset of the good top-bottom crossing I(w). Case (ii)
requires a bit more work and the use of the left-rightmost crossings in the R rectan-
gles. Claim 7.6 and the fact that ][”§"Z1Rj (w) = 1 guarantee that there exists a good

path y,,,; inside 7. (A) with w € T, N 7.5 (A) and z € 9* A N T ().

x,1
Since T € C, IT(w) has k-bounded oscillations. Thus by recalling Definition 7.5
and noticing that Ny_1 + A/2log(3/2) log(ly) < Ny, there exists a good path
Vyrw C T, inside T,'%.

(c) Define as in the previous case y” and y, ,». By construction (since y” € Il,)
there exists a good path y,» ; C I (which is a subset of the top bottom crossing
of I) for some z € 3% A. Furthermore Claim 7.3(iii) guarantees that in this case
I C TQ’;(A). Thus c;VkA (w) = 1 is guaranteed if we consider the overall path
Vx,z = Vx,y " Vyy' " Vy'z- O

If we finally plug (7.14) in the r.h.s. of (7.12) or (7.15) in the r.h.s. of (7.13) we obtain
in both cases

wa (1 Varg, (f)) < vk—14a C)zcva Var, (f)
xeBr
<viua | D el Vare(f) ] (7.16)
xeBjUI

Thus, by using (7.6), (7.7), (7.16) and (5.5) we get
1
Vara (f) = (ﬁ) - (DA,Nk(f> 2 p (e Varx(f))) . @)

Recalling Lemma 7.2 we can now averaging over the sy = Ll,i/ 3J possible choices of
the sets Agk), Agk) which verify I C A’f N A§ and (Agk) N A;k)) N (AY‘/) N Ag‘/)) =0
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for k # k’. Thus we get

1 1
Varp (f) < (m) Vi—1 (1 + g) DN () (7.18)

which in turn, dividing by Var, and taking the sup over f, implies
k
1 1 1 1
Yk < (—) (1 + —) Yk—-1 = Yko (—) (1 + —) . (1.19)
1— /e Sk Jgo 1—\/8_]' sj
where ko is the smallest integer such that ;, > 1 and &; has been defined in Proposi-
tion 7.8. By plugging the results of Claim 7.13 and 7.14 below into (7.19) the proof of

Theorem 5.5 is completed with the choice p; = max(p1, p1). O

Claim 7.13. There exists p1 € (0, 1) and Ao > 0 such that for p > p; and A > Ay,

2
e < —. (7.20)
Iy
Claim 7.14. For all € € (0, 1) there exists p1 € (0, 1) such that for p > py,
Yko < 2 — €. (7.21)

Proof of Claim 7.13. Recalling the definition of & given in Proposition 7.8 and Defi-
nition 7.7 for B>-good configurations we should distinguish two cases: (i) b > Ni_1/2
and (ii) b < Ni_1/2, where b is the length of A; in direction 2.

(i) By using the FKG inequality we get

v({@is Br-good)) = u (ML, R; N.T) = () [[u®Rp. (122
j=1

Next we can decompose I into m’ smaller disjoint rectangles, I = U;.”;l I;, with
each I; being a translation of [0, a] x [0, h;], where a = A/2log(3/2) log(lk),
m' < 2lx41/(A/21og(3/2)logly) and hj verifies Alog(3/2)/4logly < 2h; <
A/2log(3/2)logly (this procedure is possible thanks to the bounds on b,
Ni—1/2 < b < li41). Define the events

Z; = {w : w has a left-right good crossing in /;}.

It is then easy to prove by recalling Definition 7.5 and by an inspection of the right
Fig. 7 that

J c i TiNT, (7.23)
namely the occurrence of a good top bottom crossing in / plus good left right cross-
ing in each /; guarantee that the rightmost top bottom crossing of I has k-bounded
oscillations.
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By using standard percolation results, there exists p; < 1 and & > 0 such that if
p > p1 and k is sufficiently large, then

wR;) =21 —lyexp(—ac;) Vj=1,...,m, (7.24)
/L(Ij) 21— (b1 —a1) exp(—ah;j) Vji=1, o, (7.25)
w@) 2 1 — Iy exp(—alby —ar)), (7.26)

where we recall that ¢; is the height of the rectangle R; which verifies
¢cj = Ni/2, by —ay = A/2log(3/2)logly is the width of the strip I, m veri-
fiesm < (2lk+1/Nk—1), and Ny = A(log(lk))z. Provided that A is large enough
the desired inequality (7.20) immediately follows from (7.22), (7.23), (7.24), (7.25)
and (7.26).

(i) In this case

v({w is Bz-good}) = w(Z) (7.27)

and again, provided that A is large enough, the desired inequality (7.20) immedi-
ately follows from (7.26). O

Proof of Claim 7.14. Choose k < ko and a rectangle R € Fy\F;_;. Let £ (£») be the
length of R in the €| (¢;) direction. We label the £1£; sites of R from the bottom left
one from left to right and bottom to top as x1, ..., x¢,¢,. We also let By = R, B1 = x1
and B, = R\x; and we consider the following block dynamics. The block B; waits
a mean one exponential random time and then the current configuration inside it is
refreshed with a new one sampled from wp,. The block B; does the same but now the
configuration is refreshed only if the current configuration w in B, is such that the path
Varxe, = X155 Xey which goes straight towards the right of x; up to the border of R is
good. By using Poincaré inequality together with the same strategy as in [9, Prop. 4.4]
to evaluate the spectral gap of this auxiliary dynamics we get

1
Varg(f) < mﬂw (]I{VX1~xz. is good} Varg, (f) + VarBz(f))

1
g—
1—4/1—g%

where to get the last inequality we use the fact that 9_ B, C9_R and I {1y, 18 g0Od) S
S

i (f) (2ap(L ) ™) (7.28)

cinR. The variational characterization of the spectral gap together with (7.28) leads to

_ 1 _
(gap(CR,Nk)) ! < m (gap(ﬁR\xl,Nk)) ' (7.29)

We can then let éo := R\x; and divide it into 1§1 = xp and Bz = R\(x1 U x2)
and proceed analogously to get inequality (7.29) with R\x; in the left-hand side and
R\ (x1 U x2) on the right-hand. By proceeding iteratively we finally get

1
Yko S )
D=1k

which concludes the proof of the claim. O

(7.30)
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8. Polynomial Decay to Equilibrium: Proof of Theorem 4.2

In order to establish polynomial decay to equilibrium in infinite volume we start by
reducing as usual the dynamics to a finite volume thanks to the finite speed of propaga-
tion. Then we follow a soft spectral theoretic argument introduced in [7] which requires
a bound of the variance with the Dirichlet form of the process. Establishing this bound
is the difficult step here due to the presence of the kinetic constraints. In order to obtain
this result we use the positivity of the spectral gap of AGL (Theorem 5.5) combined
with path and renormalization arguments.

Proof of Theorem 4.2. Let f be alocal function of zero mean value and fix a large time
t. Consider L = at with the constant a defined by Lemma 8.1 below. By translation
invariance of the system we can assume that f has support A 7 at the center of the cube
0. Then, we have

Q; Q;
Var, (P, f) <2|Pf— P, Lf||go +2VarﬂQZ(Pt LD, (8.1)

where P,QZ = etﬁQi and EQL is defined with boundary-source choice (M, S) =

®,9_0 ) A standard property known as finite speed of propagation (see [22]) asserts
that for a proper C, if a is chosen large enough for all ¢,

0; _
IPf = PF fl%e < Ce N fI% (8.2)
holds. Putting together (8.1) and (8.2) with Lemma 8.1 concludes the proof. O
Lemma 8.1. There exists a > 0 such that for all t > 0 if we let L := at,

o gr)5

Q.
VarMQI:(Pz "fy<c I£11%
holds.

Proof of Lemma 8.1. Let g = Pz?if. By reversibility Vary,, (P,QZ )= no; (f. 8.
L
Thus if

2 (ng)5

(o, (0] <1712 8 Vary, P20, (8.3)

the desired result follows immediately. We are therefore left with proving (8.3). Note

that by definition % Var,,, . (Ple f) = —ZDQL(P,QL f) < 0. Hence, Var,, (P,QZ f)
L L

is a decreasing function in # and

O; ()3
Var,;, (g) = VarMQL(PZILf)é Vary, (P, Lf). (8.4)

Fix ¢ and a and choose ¢ > 0 s.t.. L :== L/¢ = at/¢ is integer, f has support Ay C
Q" := Q¢ + x for a proper x and w(F;) > max(pg, pg), where pg and pg are the
thresholds defined in Theorem 5.6 and Claim 8.2 respectively (this is possible thanks
to Lemma 3.4). Then define the renormalized lattice and the renormalized cube as in
Sect. 6, namely Z2(0) :=¢Z?and Q1 :=Z2(0)NQ j - As already noticed in Sect. 6, if we
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consider the probability space W = {0, 1}2¢ equipped with v = i, the two probabil-
ity spaces ({0, l}Zz, ) and (WZZ(‘Z), erzz(e) vy ) coincide. Furthermore HQ; =V,
where vy = erAﬂZZ(l) Vx. Choose B > O such that M := Blog L divides L and L/ M
is odd and consider the following rectangles on Z?(£):

Hy:=[0,L - 1] x[(k—1DM, kM — 1], k=1,...

SBEL

Vii=[(k— DM kM—1]1x[0,L—1], k=1,...,

It is immediate to verify that the renormalized cube Q1 can be written as the dis-
joint union of both sets of rectangles, Q7 = Ui Vx = Uy H (see Fig. 10). Define on
W = {0, 1}2¢ the good event G = F,. With this choice and recalling Definition 2.6 we
let

Vi := {w : ® has a good top-bottom crossing in Vj},
‘Hy := {w : w has a good left-right crossing in Hy},
Orp = {o: eV nHY).
Then, by using the Cauchy-Schwartz inequality and the fact that vp, (f) = 0 we get
2 2 ) 2
10, (£.9] =[vg, (10| <2vg,A0fe)? +2vg, ((1-10) (g = vg, (D) .
(8.5)

where from now on we drop the indexes L and B from ®. Let us deal first with the
second term. By using again the Cauchy-Schwartz inequality we get

2
v, ((1=16)7(g = vg, (8)) <vg, (1= 10) Vary, @IIf I,

C 5 C 0 )
< 7 Van, @15 < — Varug, (P DI 115 (8.6)

where the second inequality relies on Claim 8.2 below and we used (8.4) in order to
derive the third inequality.

Let us now consider the first term of (8.5). Without loss of generality we can assume
that f has support Ay C (Uxep, Ox) N (Ux.gvk0 Q) with kg = L/2M (see Fig. 10). As
explained in Sect. 7 (see before &laim 7.4), there is a natural partial order on the set of
top-bottom crossing paths in Vj that allows to the define the right-most one. Thus, for
any w € Vi, we define HZ’k to be its right-most good top-bottom crossing. Analogously
for each @ € Hy we define 117 ** to be its up-most good left-right crossing. As usual,

we let ﬁc‘:’k and ﬁfj’" be the corresponding double paths. For any w € ® we can then
let I, := (17K, I'IX’/‘}IZZIW and define the geometric set

Cn:={I': 3we®s.t. M, =T}

By geometrical considerations one can verify that points (i) and (ii) of Claim 7.4 are
valid for all @ € V, and analogous statements are valid for all w € Hy. Let Ry, 1=
(Hiky U Hige1) N (Vig U Viy+1). For any chosen w € ® we divide the region Ry, into
two connected (with respect to the distance di) components : the sites on the right of
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Fig. 10. The box QL C Z2(¢) divided into the rectangles Hy and Vi withk =1,...L/M (here L/M = 6).
The shaded region represents the support of f, A¢ C Hy, N Vi,. We depict a configuration ® € ©. The
continuous non straight lines which form a grid represent the rightmost good top-bottom crossing of each
Vi and the up-most good left-right crossing of each Hy. The region delimited by the bold black line is By,.

We choose a site x € B, assume that ¢x (w) = 1 and we associate to x the corresponding site u € QL/M-

Then we fix v € 9— Q L/m and we choose a geodesic path ;. (dashed line). The green path is the geometric
path y, y+ which is allowed for the AKG model and is composed of two parts. The first path is from x to
d—Br U (0+' N Br) and is guaranteed by ¢x = 1. The second path is guaranteed by w € ® and uses the grid
I" of good crossing following the sites which belong to the geodesic path y;,

—V, ko+1
ko

® and those on the left. We call BL‘: the latter set. Analogously we consider the two
. . —H ko+1
connected components which correspond to the sites above IT,, "' and those below.

We call B the latter set. Then we define B,, := BY N B and, with a slight abuse of
notation, for any I' € Cry we let Br be the 5, which corresponds to all w with IT,, = T".
With this notation we have

vs, Mo fe)” < If1I% D vy, (Vars.(@)xr)
reCn

where we used the fact that (o) does not depend on the value of o inside B and the
hypothesis vp.(f) = 0. Then, by using Lemma 8.3 below and Lemma 6.1 and some
explicit counting we get

2
[v9, Ao f)| = CaogL’I71% (PF, @)+ D¢ , @). @7

By the spectral decomposition of _EQL in Ly(ug;) and the bound 2re 2 < /e,
we have

Dgz(g) +D§,Qi(g) = HKo; (8(—£Qi)g) 2/0 )»e_zde)L(g)

1 1 0
— = — < — L
S gar J, E(8) = 2 Varug, (8) < 7 Varug, (P, (8.8)
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where the last inequality comes fro~m (8.4). Therefore the desired inequality (8.3) follows
from (8.5), (8.6), (8.7), (8.8) and L = at and the proof is concluded. O

Claim 8.2. There exists py < 1 s.t. for u(Fe) = po we have

Vg, (
Proof of the claim. By translation invariance, the probability that there is a good left-

right crossing in Hj or that there is a good top bottom crossing in Vj do not depend on
k. Hence, let «(L) = V5, W) = V5, (Hy). Using the FKG inequality, we get that

C
1-1p) < —.
@)_L

vg, 1—1e) <1 — M,

Standard percolation results [14] guarantee the existence of a constant ¢ > 0 such that,
provided the probability for a site to be good is above a certain percolation threshold po,
then

a>1—Le™ =1 — e ¢BloglL

Hence, provided B is large enough,

Sk

2L _
vg, 1 —1e) <1 —exp [ﬁlog(l — Le CBIOgL)] <

This achieves the proof of the claim. O
Let 7., ¢, and ¢, be defined as in Sect. 6, then

Lemma 8.3. For any f there exists a positive constant C such that

Z Vo, (VarBr (f)XI‘) < C(log L)5 Z Vo, (’C“E(Tef _ f)Z)

reCn ecEy,

+C(log L)’ z v, (@ Vary(f)).
x€d-Qp

Proof of the lemma. The proof of this result makes use of the positivity of the spec-
tral gap of the AGL model (Theorem 5.5) and involves a renormalization technique in
the same spirit as the one used to prove the lower bound for the spectral gap of KA
(Theorem 4.1). Fix I' € Cpy. Let N := A(log(ZM))2 with A defined as in Theorem 5.5.
For any x € Br and any w € Qp., we let ¢, (w) be the indicator function of the
event that there exists a geometric path yy , inside Tx’Yl (Br) or inside TxA,lz (Br) with
y € 9_Br U (8, N Br) and such that this path is allowed with the choice of the AKG
constraints for the configuration (wp,. - 7)(z) with 7(¢) € G forany t € 5i6r. It is then
possible to define the correspondent Glauber generator in the volume Br as

Lo f =D cxuelf) = f).
)CEBF
Applying the Poincaré inequality leads to
Varg,.(g) < gap(Lp) ™" D vs, (€ Vare(g)) . (8.9)
xEBr

Analogously to Claim 7.10 and 7.11, one can prove the following bounds with respect
to the rates and the spectral gap of the AGL model
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Claim 8.4. For any w and x € Br,
ey gy, (@) < Ex (@)

and

— _ 1 _
gap(Lp) ™" < gap(Lig \)7

If we choose B (the constant which enters in the definition of M, the short size of the
renormalized rectangles) in order that there exists k € N s.t. 2M = 2BlogL = I
with [y = (3/2)F/2, then N = A(logly)> = Ny, where Ny is the one used in Sect. 7.
Furthermore since Ry, is a cube of linear size 2M = I it belongs to Fy_{\Fx_>, where
Fy, are the set of rectangles defined in Sect. 7. Therefore by recalling the definition of
vk (Eq. 7.1) and the result of Theorem 5.5 we get

N
gap(ﬁ‘;io’N) < 2. (8.10)
This, together with (8.9) yields
v, (Vars.(@)xr) <2 D vo, (@oxr Vark(g)). @.11)
XEBF

As usual we can rewrite the variance as

1 2
Var, (g)(w) = 3 Z v(w)v(w) (g(wQL\x cw') — 8(@g, - w)) . (8.12)

w,w'eW

Our aim is now to reconstruct the move from w Or\x w' to w O W via proper paths
by using the properties which are guaranteed if ¢, xr = 1. We start by noticing that the
renormalized cube O can also be seen as the union of squares whose side has length
M, i.e. as a subset QL/M of Z2(M). Then, for any (4,v) € QL/M X E,QL/M we
choose once and for all a path y, , with y,, = (u = (D@m= gy t(’"))
among the geodesic paths inside Q L/m from u to v such that, for any ¢ € y,,, the
Euclidean distance between ¢ and the straight line segment [u, v] is at most v/2/2 (see

Fig. 10). Fix x € Br and suppose ¢, = 1. Then there exists at least one geomet-
ric path (x; = x,...,x™) which is allowed for w with AKG constraints and with

x™ € 9_Br U (0,T N Br). Then let u € QL/M be the square which contains x™, i.e.
x™ e Q" (see Fig. 10). If xr = 1, by using the grid I" of vertical and horizontal good
crossings, we can now construct in a unique way a geometric path x™, ..., x" = x*
inside Q 1, which is allowed for AKG constraints and such that x™, ..., x™ e QF (”,
xlmD) o xm) ¢ Q’(z) and so on (see Fig. 10). In conclusion we have constructed an
AKG allowed path y,,+ = (x!, ..., x" = x*) withx* € 9_0; N Q, (overall green path
in the figure). We construct such path for any couple w, x with ¢;(w) = l and w € ®
and we perform this choice in order that the path is the same for any two configurations
which are G-equivalent inside QL\x. Fori =1,...,n—1,lete; = (x(i), x(”l)) € EQL‘
Then, for any w, w’ € W, we can define the path

— — (D (2n)
ngw, = ngw,(a), v,I') = (0", ..., 0")
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from 0V = @5, \ WO Q(z”) =g\, -y}’by o =T, 0D fori=1,...,n—1,
o® — (Q" \1)* w’ and ™Y =T, 0@ fori =n+1,...,2n — 1. Itis then easy

to verify that ngw, is an allowed path for the AKG model on O, more precisely for

any i # n, ¢, (w?) = 1, and Gy (@™) = 1.
For any e = (z,7) € Ep, . definer(e) :=(t:z € 0" and the weight function ¥
by ¥ (e) := j + 1, where j := d;(t(e), u). We will denote by

n—1 1

P =2
Py Z‘w(el-)

the weighted length of the path P o« Using a telescopic sum, and the Cauchy-
Schwartz inequality with weight v/, we get that for any w, w’ € W,

Cx (@) xr (@) (f (@g,\x - W) = f@gy\x - w)?

2n—1 2

=Ex(w)XF(w)(Z flD) — f(a)(i)))
i=1

< ar(@2IP, |¢Zwe)a(o)(vef)2<a>1{<a,ﬂe>epwiw,}

w—>w’

+ X1 ()28, (w(”))(f(w(”) ‘') — f(w(’” -w))2. (8.13)

By construction, uniformly in x, w and w, w’ € W, we have

2L/M
cMm? Z - < CM?log(L/M) < C(logL)>. (8.14)
j=1

|P

w;\;w"'/f =

We get from (8.11), (8.12), (8.13) and (8.14) that

vs, (Varg. (f)xr) < ClogL)? D" > vs (@)e (@) xr(w)

xeBr o

x > V(w)V(w)Zw(e)Ce(G)(V PO eoer ;)

w,w'ew

2> > vQL<w>xr<w)’c;*<w<">> Var,s (f)(@™).

xeBr o

) o, (@ . .
Note that by construction, any o € P o satlsﬁes (U) < C. Hence, using the trivial

bound ¢, < 1, taking the average with respect to the 2L /M possible v € §_ Or /M, and
inverting the summations, we get
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> g, (Varg. (H)xr)

reCn

< CTM(log Ly’ Z v, (0)(0) (Ve [)*(0)

xw%géiw ¥ (e) Z z szr(w)l{(“’ae)epwiw/}

veg_QLM4F€Cnx€Br @

+ 101 Y Y 10,007 (0) Vare (o)

o X*EgiQL

x1 2 D2 2 2 @ own=oan) | - (8.15)

vegﬁQLM4F€CanBr «

Note that w can be reconstructed from x, o and e, at the exception of one site where the
value of the configuration might be unknown. This, analogously to what occurred in the
proof of 5.6, is true thanks to the fact that we have chosen the geometric path from x
to the border in such a way that paths are equal for any two configurations which are
G-equivalent inside Q 1 \x. Hence for any o, e,

max > D> ZXF(w)l{(a,a‘-’)ePwiw/}

w,w'ew =
ved-Or/m reCnxeBr @

< IWIM? max max 8 {v:t(e) € yu}, (8.16)
w,w'eW INw,x

where v is running over 9_ QL/M, x € Ok, I eCnandt(e) € QL/M is such that if
e = (z,7) then z € Q'(®. Recalling that y,, is a geodesic path, by the Theorem of
Thales (see Fig. 11) given I', u and e, one has

glv:t(e ey} <C (8.17)

L
My (e)

\
\

1e)
il
\

*

Fig. 11. The set of admissible v such that 7 (e) € yyuy
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It follows that

max max {v(e) Z Z Zz xr@gaoer  yf < CLM. (8.18)

o.e wweWw e
ved_Qr/m FeQnxeBr @

Then, a similar reasoning gives

max > D> D ar@lowo=can) < CM2. (8.19)

Ueg—QL/M reCpxeBr o

Plugging (8.16), (8.17), (8.18) and (8.19) into (8.15) the proof of the lemma is concluded.
O

9. Appendix: Properties of KA Model

In this section we prove Lemma 3.2 and 3.4 in the case d = j = 2, since they have been
used in the proof of Theorem 4.1. We also prove that p. = 1 for the two-dimensional
KA model, Theorem 3.5. The proofs follow the arguments sketched in [30].

We start with the trivial observation that if a region is framed then its empty borders
can be rigidly shifted in the interior of the region by proper allowed paths. More precisely
we have

Claim 9.1. Consider a rectangle R = [0, n] x [0, m] and fix a configuration w which is
R-framed. Then

(a) Let o be such that 6(z) = w(z — &) if z = iey +mey withi € {1,...,n — 1},
0(2) = w(z) otherwise. There exists an allowed path P, » inside R.

(b) Let o be such that 0(z) = w(z — é1) ifz = ney +iex withi € {0...,m — 1},
0(2) = w(z) otherwise. There exists an allowed path P, s inside R.

Proof. (a) Consider the geometric path xp, ..., x,—2 with x; = (n — D) + (m — 1)é2,
Xis1 = x; — é1. It is immediate to verify that o1, ..., ™D with oV = w, 0D =
(wD)¥i-¥i=€2 j5 an allowed path from w to o. (b) The proof follows along the same lines
as(a). O

Proof of Lemma 3.2. Let R = [0, n] x [0, m]. In order to prove the result it is clearly
sufficient to show that for any framed w and any e = (x, y) € Egsuchthatw(x) # w(y)
there exists an allowed path Pw e Suppose that y = x+¢ (the other cases can be treated
analogously) and let x = x;&; + x2&;. By repeatedly using the path constructed in the
proof of Claim b (a) we can construct an allowed path from w to ® with @(z) = 0 if
- =x+1,00@) =wk) ifz-é, <xand @(z) = w(z — é) if 7-éy > xp + 1.
Then c.(w) = 1 and we can perform the exchange on x, y. Finally, using the reverse of
the path to go from w to @, we reconstruct the initial configuration on all sites z # x, y.

O

Claim 9.2. Choose e = (x,y) € Ey2 and £ € Nand let Q* := Qp+x, QY := Q¢+ .
If there exists A € C, with C, defined in (5.1) s.t. wg: € Fy for all z € A, then there

exists an allowed path inside Q* U QY U,ca OF from w to o’ foralle' € Ep.ug,-
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Fig. 12. The path to frame a 6 x 6 configuration which has at least two empty sites on each of the four
independent sides of the central framed 4 x 4 square

Proof. The result can be proved analogously to Lemma 3.2. We give a rough sketch
of the procedure since some additional efforts are required in the construction of the
allowed path. Lete = x,x +¢é1,¢ € Qyand A = x —é1,x + &3, x + &1 — er. We first
construct the frames inside the Q° with z € A. Then we construct a double empty line
adjacent to QO U QY by properly shifting the part of the frames in Q° which are far
away (thanks to Claim b). Finally we can rigidly shift the double empty line of Qe
inside Q* U Q7 and bring it as before near the desired bound to perform the exchange.
The reason why we construct and shift the double empty lines is a technical trick which
is necessary since, at variance with the situation of Lemma 3.2, we do not have here
complete frames but frames which cover only two adjacent sides of Q,. O

Consider a rectangle R = [ay, b1] X [a2, b>] and let 5iR ={x¢gA:x+¢ € A}
Divide 3R into four non-intersecting sets R; := 5iR U ((b1 + Dé; + (ar — Deéy),
Ry = §fR U (b + 1)éy + (by + 1)é2), Rz := )R U ((a; — 1)é; + (by + 1)é,), and
Ry := 2R U ((a1 — 1)é) + (aa — 1)&>). We call the R;’s the independent sides of R.
The following property can be easily verified:

Claim 9.3. If n is R-framed and there exists at least two empty sites inside each of the
four independent sides of R, then n is R U 8j<_R frameable (see for example Fig. 12).
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Fig. 13. The bottom left site is x — 2(¢] +¢3) and the whole region is Q(3, x — 2(é] +¢3)). The sites touched
by the dashed lines correspond (from inside to outside) to Q(1, x), 35 O(1, x) and 3} Q(2, x — (¢] +¢€3)). The

continuous lines delimit the four independent sides of 3} Q(1, x) and 95 Q(2, x — (€] + €2)). The depicted
configuration belongs to FOx,2)

00008

CECH e &

Proof of Lemma 3.4. For any integer n, any x € 7%, let Q(n, x) = Qs + x. Note that
Q(n+1,x—¢é —é) = Q(n, x) Ud:Q(n, x). Let FO(x, n) be the set of configurations
such that Q(1, x) is empty and for each i € (1, n — 1) there are at least two empty sites
on each independent side of Q (i, x — (i — 1)(€] +¢&3)) (see Fig. 13). A direct calculation
gives

- 4
w(F@n, x) =q* H (1 — (1 =)' — 2k — Dg(1 — q)zk—z) .
k=2

Thus for any g > 0, ,u(f{) (n, x)) converges to a non-zero limit (independent from x)
when 7 tends to infinity. Moreover, the limit n — oo and ¢ — 0 is computed in [30]:

1
log(1 —y+yl
lim lim glog u(F°(n, x)) = 4a :22/ og(l—y+y ogy)dy.
g—0n—o0 0 y

Fix g € (0, 1). From the limit above, there exists ng = n¢(qg) such that for any n > no,
W(F(n, x)) > e /4. 9.1)

Now for any n, any x € 72, we define F! (n, x) as the set of all configurations w € 2
such that every horizontal and vertical row (of length n) inside Q(n, x) has at least two
empty sites. All the sets F!(n, x) with x € Z> have the same probability. By FKG
inequality one gets

2n
wF o) = (1= (1 =g —ng—g"") " 9.2)

Finally, we divide the box Q into a collection 0f~smaller boxes of size /€. Assum-
ing that Vit e N we let Z2(V/) := €Z? and Qs = Z(V€) N Qy. Then Q; =
UerﬁQ(ﬂ, x) (see Fig. 14). Then we setaﬁ =(x e Qﬂ i x = 2iey +2je; with
i, j € N) and define

Av={o:Ix e Q st oc FOWe, xV0))
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Fig. 14. The large box is Q, divided into small boxes of size /€. The bottom left site of each small box is a
point in Qﬂ. The bottom left sites of the white boxes are the points in aﬂ On the right is an example of

configuration @ € Fl/e, y«/f) for some y € Qﬂ\éﬂ

and
B ={w: we FYUVe, x) Vx sit.x = z4/€ with z € Qﬂ\éﬁ}.

By using Claim 9.3, it follows by construction that A, N By C Fy.
Furthermore, thanks to (9.1) and (9.2) and using the fact that the events which define
Ay and By are independent, we get

02 (2
HWFD = p(ADr(Bo) = (1 — |1 - P 0] ) (rF V2 0p)
> (1 _ e—cee*a/q) e—cez(l—q)ﬂ

for a proper constant ¢ = c¢(g). Thus for any € there exists £¢(¢€, g) such that for £ > £
weget u(Fy) >1—€. O

Proof of Theorem 3.5. Let Ay be a cube of size af. Then limy_, ,u(ﬂeeEAgé’e) =
m(Neek,,E). For a given bond e = (x,y) we let F; be the set of configura-
tion inside F, which remain Q,-frameable even if we fill both x and y, namely
Fj i ={w e Q:wo,\(xy) - 1x-1yis Q¢ — frameable }. By proceeding along the same
lines as the proof of the above Lemma 3.4, it is easy to verify that there exists ¢y, co > 0
s.t. u(Fy) > 1 — cy exp(—czf). Furthermore Fy C SeQZ C &. Indeed if n € F then
both 1 and 1° are frameable, thus there exists an allowed path from 7 to n° which goes
through the corresponding framed configurations which in turn are connected thanks to
Corollary 3.3. Therefore jt(Nee, Ee) = 1—|EA|(1—u(F7)) > 1-20%a%c; exp(—Lcr),
which goes to one when ¢ — oo and the proof is concluded. O
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