On sharp Sobolev-type inequalities for multidimensional
Cauchy measures

Sergey G. Bobkov and Cyril Roberto

ABSTRACT. We are discussing some Sobolev-type inequalities for Cauchy mea-
sures and their information-theoretic counterparts.
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1. Introduction

One of the classical Sobolev inequalities on the Euclidean space R™ is the

relation )

([n=) " s ([ 1we)' nzs ()

which holds true for all smooth functions f on R™ vanishing at infinity. The best

constant
S — 1 ( I'(n) )%

Vmn(n —2) \['(n/2)
was determined in the 1970s by Aubin [1] and Talenti [13], see also [10], [3]. In the
sequel, the integrals are always understood with respect to the Lebesgue measure
on R™, if the measure is not indicated explicitly.
Information-theoretic aspects of (1.1) are recently discussed in [6]. After the
change of functions p = f2/ [ f2, this inequality enters the family of entropic
isoperimetric inequalities

No(X) I(X) = Cn() (1.2)
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with a particular index o = 5. Here,

is the Rényi entropy power, and
[Vp|?

I(X) = I(p) = / !

is the Fisher information hidden in the distribution of the random vector X in
R™ with a smooth density p. Since the function o — N, is non-increasing, the
inequality (1.2) is getting stronger for the growing index a.
With some constants C,(a) > 0 independent of p, (1.2) holds true for all
a € [0,00] in the dimension n = 1, and for all « € [0, 00) in the dimension n = 2.
n

However, a = "5 is the maximal possible value in (1.2) in the case n > 3.

When a = 1, the Rényi entropy power is reduced to the Shannon entropy power

Ni(X) =N(X) = exp{ - %/pbgp}-

In this case, being written with an optimal constant, (1.2) becomes a well-known
relation due to Stam [12],

N(X)I(X) > 2men, (1.3)

in which the standard Gaussian measure plays an extremal role (for any n > 1).
Costa and Cover [9] pointed out a remarkable analogy between (1.3) and the isoperi-
metric inequality relating the surface of an arbitrary body in R™ to its volume. The
terminology isoperimetric inequality for entropies goes back to Dembo, Costa and
Thomas [11].

Rather than describing the best constant, it should be emphasized that an
equality in (1.1) is always attained, and only for the functions of the form

¢ n
flx) = (1—|—b|x—x0|2)%7 ceR, b>0, xg € R

(sometimes called the Barenblatt profiles). Up to numerical factors, they serve
as densities of the generalized multidimensional Cauchy measures, also called Stu-
dent’s distributions. So, choosing b = 1 and zy = 0, we put

1

dm%ﬁ =¢s(z) = cs ps(2), @s(x) = At 22 reR"™

The function ¢, is integrable, if and only if s > %, and then ¢, = c(s,n) is defined
as a normalizing constant so that mg(R™) = 1. The probability distribution mg will
be called the Cauchy measure on R™ with parameter s.

Thus, ¢, with s = 252 represents an extremizer in (1.1), which leads to the
extremizer ¢,—os = Cp—2@p—2 in the entropic isoperimetric inequality (1.2). It is
indeed a probability density as long as n > 5. However, ¢, _2 is not integrable
in the dimensions n = 3 and n = 4. As a consequence, in this case there is no
extremizer in (1.2) in the class of all (smooth) probability densities on R™. We
refer an interested reader to [6] for details.

One of the aims in this note is to show the relationship of (1.1)-(1.2) with
a weighted Poincare-type inequality for the Cauchy measure m,, with parameter
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s = n. It is well-defined for all n > 1 and has density

d T
mn(m) — C?’L , Cn — # (1.4)
dx (1+ |z[?)n w2z ['(n/2)
In particular, as a consequence of (1.1) we prove:
THEOREM 1.1. For any C'-smooth function g: R® — R, n > 3,
1
Vatn, (9) < o [ 991+ [2)? dina o) (1.5)
The constant 1/(4n) is optimal, and an equality in (1.5) is attained for g(x) =
1
I+[z]>
As usual,

Varp, (g9) = /92 dm,, — (/gdmn)2

stands for the variance of g under m,,.

As we will see, the inequality (1.5) expresses the fact that p = ¢,,—2 is a “point”
of local minimum to the functional N (p) I(p) for « = 5. Equivalently, f = ¢,
is a “point” of local minimum to the functional

197 12/1171 2

Weighted Poincaré-type inequalities such as (1.5) have been studied quite in-
tensively, although for a different weight function. In particular, it was shown in
[4] that, for all s > n,

Varn, (6) < 5 s /|Vg 2(1 1 |2]2) dny (2) (1.6)

ASZ(\/1+21+\/831)2.

Up to a universal factor, (1.6) is stronger than (1.5), however, it does not contain
information about extremizers. Similar weighted Poincaré-type and isoperimetric
inequalities of Cheeger-type remain to hold for general convex measures, cf. [2],
(7], [5].

Let us also mention that after rescaling of the space variable, (1.5) implies in the
limit as n — oo the Poincaré-type inequality with respect to the standard Gaussian
measure y; on R¥ (which is also true about the inequality (1.6) with s — oo and
fixed n). We provide details in the end of these notes (Section 5), while Theorem
1.1 is proved in Section 4.

In this connection it is worthwhile to note that the Stam entropic inequality
(1.3) may be used to derive the Gross logarithmic Sobolev inequality in the Gauss
space (RF,v,), which is stronger than the Poincaré-type inequality. Hence, one may
wonder whether or not a similar derivation is applicable to m,, on the basis of the
entropic isoperimetric inequality (1.2). We propose one variant of a log-Sobolev-
type inequality in the “Cauchy space” (R™ m,,) in Section 3. In Section 2 we address
a closely related question: Is it true that the Cauchy measures mg play an extremal
role when minimizing the Fisher information 1(X) subject to certain moment-type

with
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constraints? This might give another analogy with a well-known assertion that
I1(X) is minimized for the normal distribution under a second moment assumption.

2. Minimizing the Fisher information subject to moment conditions

Recall that, given two random variables X and Z with (smooth) densities p
and g respectively, the relative Fisher information is defined by

\Y% Vq 2
R A
{p.q>0} ' P q

To avoid technical issues, suppose that g is everywhere positive and well-behaving.
Then, if p = fq with f smooth and bounded,

2
I

Using an integration by part formula, we get

IMH@+2/Wmv®+/j“?P_/‘?P
1(X|Z)+l/f[—2Aq+wVfP}—:/VQP, (2.1)

q

I(X) - 1(Z)

where

n
Ag=> 0%g/0,»
i=1
stands for the Laplacian operator.
As a classical example, one may consider the standard Gaussian random vari-
able Z with density

g(x) = (2m) 7" exp{~|a|*/2}.
In this case, Vq = —zq and Aq = —nq + |z|?q, so that the above identity amounts
to

100 -1(2) = 1(x)12)+n— [ s f@)a(a)
= IX||I2)+E|X]*-E|Z]%

Since the relative Fisher information is non-negative, this implies in particular that

among all random vectors X in R” with the second moment E [X|? = E |Z|? = n,

the Fisher information I(X) is minimized for the standard Gaussian distribution.

Here, we obtain a similar comparison for the Cauchy measures m, with densities

Cs

T)=——F——,

“0 = Ty

where ¢, is the normalizing constant so that [ g5 = 1. Let us denote by Z, a random

vector in R™ with distribution my, s > . As a direct analogue of the above result
for the Gaussian measure, we prove:

zeR", (2.2)

THEOREM 2.1. Let X be a random wvector in R™ with a smooth density and
finite Fisher information. If

n—(s—n+2)|X*> _n—(s—n+2)|Z
T+[xpP2 (I+1Z2)2

E (2.3)
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then
1(X)12) = 1(X) - 1(Z).
In particular, I(X) > I(Zs).

(2.4)

The expectation in (2.3) may easily be evaluated explicitly, so that one may

rewrite this moment condition as
n—(s—-n+2)|X[*  3(-3)
(14 1]X1?)2 o s+1
For example, for s =n — 2 with n > 5, (2.3) is simplified to
1 1 n—4

CarEEE Ttz T i

and then we get (2.4).
For the proof of Theorem 2.1, we need a few calculus lemmas.

E

LEMMA 2.2. For any s > n/2 and z € R™,

Vas(z)® n—(s—n+2)lz?
—2Aqs — = 4 s(),
gs(z) + 2 (2) s 1+ [2[2)2 qs()
Vs (z)|? x|?
Vo _ g
qs(x) (1+ [zf?)
This is verified directly. Putting
ps(@) = (14 |z*)7
as before, we have
i Ed
O, =25 — |V, =2§———
Jtz,gos(x) § (1 + |JI|2)S+1’ | @5(1'” $ (1 + |x|2)5+17
so that ) )
Veu@) _ o ol
ps(z) (14 [x[?)s*+2
This is the same as (2.7). Further differentiation gives
1 x2
0 o) = =25 | —— = 2s+1) — |
bte) = =2 [ 26 ) e

Apu(a) = —25 [ — " oy — BT
N (DR L+ [af?)72]
and thus
n—(s—n+2)z?
(1 + [z[?)>+2

[Veps(@)]?

ps(2)

Hence, we arrive at (2.6).
For example, for s =n — 2,

[Ven—a@)® = dnn o) L
S0n72(x) 2A<pn—2( )_4 ( 2) (1 + ‘.’E|2)n’

which is a multiple of ¢,,.

— 2Ap4(x) = 4s

(2.5)

(2.6)

2.7)
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In order to compute the constant ¢, in (2.2), we need a technical lemma. As

usual,

I'(2)I'(y)

b x? > 07
Iz +y) Y

1
B(z,y) = / (L—t)y*'ev=tdt =
0

stands for the beta function. In the sequel, w, denotes the volume of the unit ball

of R™.

LEMMA 2.3. For any s > n/2,
1 1 nw n n
L[ o)
cs /Rn A+ 2 “\2°7 3

As a consequence, we get:

LEMMA 2.4. For any s > n/2,

| - D)1

/(1—k|:c|2)2 dms(z) = s(s+1) ’
Jaf? T

[ e @ = A

ProoF. Using polar coordinates, we have

1 oo pn-l
e = NWn, 7d7‘d0’n,
/Rn 1+ [zP2)° /S/ (1 +7r2)s '
n—1

n /Oo Ty
= nwp, r.
o (Fr)

Changing variable u = we get

1
+r2>

oo n—1 1 n—2
/ M = 1/ (1, )T wrdu
o (I+7?)° 2Jo \u
1 1 n—2 2 n—2
= E/(l—u)TuS_ 7 du.
0

This leads to the first desired conclusion (2.9).
Applying this identity, we see that the integral in (2.10) is equal to

Cs _ B(%75+27%)
Cs+2 B(ga‘s*g)

(2.10)

(2.11)
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Applying (2.9) once more, the integral in (2.11) may be written as

i

= 2,

B(%’S_%)
5= -Be+1-3)
s s(s+1)
(-

s(s+1)°

O

PROOF OF THEOREM 2.1. Applying (2.6)-(2.7) in (2.1), we see that the ran-
dom variable X with density p = fq, satisfies

n—{(s—n x2
106 -12) = 101120 + [ 45" =T f@a)

452 |z|?
-/ i+ ||x|2>2 L) 212

In particular, if

n—(s—n+2)zf B 22
/ (1+|z]?)? p(z) = S/W qs(x), (2.13)

we get I(X) — I(Zs) = I(X||Zs), that is, the desired relation (2.4). Moreover,
choosing f =1 in (2.12), we see that the two integrals therein must coincide, that

is,
n—(s—n+2)|z|? _ / |z|2
[ =t w0 = | e o
This may also be verified on the basis of Lemma 2.3. Indeed, by (2.10)-(2.11), the

above first integral is equal to
s(s+1) s(s+1) s+1

which is exactly the second integral, according to (2.11).
Thus, the moment condition (2.13) coincides with the condition (2.3). O

3. Log-Sobolev-type inequality

In analogy with the equivalence between the Stam isoperimetric inequality for
entropies (that is, in the case & = 1 as in (1.3)) and the logarithmic Sobolev in-
equality for the standard Gaussian measure, we derive in this section one inequal-
ity involving, as a reference measure, the Cauchy measure (2.2) with parameter
s =n — 2, that is, with density
xeR", n>35, (3.1)

O T
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where
1 NWwnp,
¢ =——28
5 B
is a normalizing constant (cf. Lemma 2.3).
Recall that this function is an extremizer in the isoperimetric inequality for
n

entropies (1.2) of order a = —"5, so that, for all smooth densities p on R"

n—2 n—2
n T v 2 n T \% 2
(/pm) /I Pl z(/qw) /I a” (3.2)
p q
Here the expression on the right-hand side represents the constant
Cp, =4rn(n—2) (1" (g) /F(n))
Let X be random vector in R™ with density p = fq, and, as before, denote by
Z a random vector with density ¢g. Taking the logarithm in (3.2) leads to
-2 n
n 1og/qm +logI(Z).

Therefore, if f satisfies the moment condition (2.5), then Theorem 2.1 is applicable,
and hence from (2.4) we obtain

n_ _n_ _n_ n
log/fnf?qnf"‘ —log/qnf2 — (log I(X) —log I(Z))

= % log (1 + I(I)fg)Z))

LR
2°2

2
n

(3.3)

n

- 2 T n
log / £ g7 4 log I(X) > —
n

IN

Using log(1 + «) < x, this is simpliefied to

n_ _m n 1 |V f|?
] n—2qgn—2 — | n—2 <
Og/f q og/q = QI(Z)/ 7 q

for some constant B,, that can be made explicit. Namely, since

x
Vg=-2(n-2)———4q,

q (n—2)7 rapek
as in the relation (2.7) from Lemma 2.2 with s = n — 2, we may apply Lemma 2.4
to get

£L'2 nn — n —
I(Z):4(n—2)2/(1_i|_||x|2)2(1: ( ngz(l D
Thus,
n—1
O = oy

As a summary, we proved the following statement.

THEOREM 3.1. Let q be the density of the Cauchy distribution on R™ with
parameter « =n — 2, n > 5, as in (3.1). For any smooth function f : R™ — R,

satisfying ; )
_ q __n-
Jra=1 ana [ e = 34
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o n e n—l vV f|?
fog [ 172 7% —1og [ 47 < o / VIE, @s)

Turning back to the previous computations, let us note that we have actually

proved a stronger inequality
n—1 IVSI?
1 1 .
gos (1+ ot [ T

n —

Similarly to the usual log-Sobolev inequality, the last integral in (3.5) describes
the relative Fisher information I(X||Z) of the random vector X in R™ with density
p = fq with respect to the random vector Z with density gq.

Let us show that the left hand side of (3.5), which replaces the relative entropy
D(X]||Z) in the usual log-Sobolev inequality, is always non-negative. We claim that,
under the moment condition (3.4), we have

/qﬁ S/fﬁ g7, (3:6)

Indeed, by Holder’s inequality with exponents n/(n — 2) and n/2,

Jlim ()24 [ etar)’
/f"2q"2>(/(1+ﬁfi|2 )2(/(1“133'2)”)_"22

Therefore, (3.6) would follow from

(armm) ™ o= < (i)™

By (3.4) and (2.5), this is equivalent to

(o) ([ = [ oo

—(n-2)

we have

so that

But, since ¢ is proportional to (1 + |x|?) , the above inequality is actually an

equality.
4. Proof of Theorem 1.1

In the proof of Theorem 1.1, we follow ideas from [8]. Recall that the function

1
r)=————— 2zx€R”
) |
is an extremizer in the isoperimetric inequality for entropies with order o = 5,
(/pf ) > (/wj)f (4.1)

If n > 5 (and only then), ¢ is integrable, and then after normalization it represents
the density of the Cauchy probability measure m,,_s. But, applying (4.1) to p =
[/ [ f, one realizes that the inequality holds for any f > 0 smooth enough, not
necessarily a density, like in the Sobolev inequality (1.1).



10 SERGEY G. BOBKOV AND CYRIL ROBERTO
Our aim is to apply (4.1) to p = (1 + £g)p and to expand in the limit € — 0.
We may assume that g is smooth enough and compactly supported so that all

approximations are uniform in space. We also assume that ¢ is small enough so
that p(x) > 0 for all z € R". Set a = 5. On one hand we have

/p" /w“(1+6g)a
/apa+5a/g<pa—&-62@/92@”‘—%0(52).

Therefore,

(/pa)*l/a _ (/gpa)fl/a (Hm ffg;p: L a(a; 1) ffgjf +O(€2)> ﬂm.

In terms of the probability measure m,, on R™ with density

m"( //907

the latter expression may be written as

(f o) " (1 fomas (-5 [arames 252 frim))

with error of order o(g?).
On the other hand,

/ |Vp|?
P

_/(1+€g)2|Vs0|2+2€(1+€g)¢V¢-V9+62w2|V92
(1+eg)e

1
= / — (IW?\2 +2¢(g9|Vp]* + oV - Vg) + &2 \V(gw)lz) (1 —eg+e’g® + 0(62))

[T [ [T v ]

+ 52/[|v(¢ ?)” —2gVy-Vg— g 2] §|2} + o(g?)

2 2
|V90| / |:|V90| 2A<p] +62/¢|vg‘2+0(52),

where in the last line we used an integration by part to ensure that

/Vg-V@:—/gA@.
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Multiplying the two expressions, it follows that
—1/a \V4 2
(/pa) /I Pl
p
o\ Ve YVol?
_ (/@ ) /\ ol
¥
—1/a \V4 2 \V4 2
() o[ 2] - fam [
® 2
—1/a v 2
+ ¢ (/@“) {/@IVglz/gdmn/g Pw ZA@]
4
Vel [ a-1 [, o+l 2
+ /7 5|9 danrT( gdmn) . (4.2)

By (4.1), and since £ may be both positive and negative, the coefficient in front
of € in (4.2) must be vanishing, that is,

/g PVjP —2A¢} - /gdmn/ Wj'Q. (4.3)

Of course, this may be verified directly on the basis of Lemma 2.2 with s = n — 2,
from which we know that

V() _ o =
W =4(n — 2) 0+ )" (4.4)
and

p(x)
Up to a normalizing constant, the right-hand side is the density of the probability
measure m,,. Therefore,

/g {'V;fQ —2A<p] :4n(n—2)/gdmn/g0a.

To obtain (4.3), it remains to check that

4n(n—2)/<pa:/v:;|2,

which follows by Lemmas 2.3-2.4 (in view of (4.4)).
Thus, the linear term in (4.2) is vanishing. As a consequence, the coefficient in
front of €2 must be non-negative, that is,

e|Vgl? > [gdm, [g M—QAQ@
/ Joam [
+ (agl/ggdmn—a;—l(/gd‘mn)2)/|v:;2. (4.6)

Recalling (4.4)-(4.5), up to the factor 4n(n — 2) [ ¢*, the above right-hand side
represents just the normalized variance

(/gdmn)z—kaT_l/fdmn—QTH(/gdm,JQ:aT_lVarmn(g).
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As a result, (4.6) is simplified to

/4,0|Vg|2 24nVarma(g)/<pa.

Since

@(x) _ (1 =+ |$|2)27
2
we arrive at the weighted Poincaré-type inequality

Vatn, (9) < - [ IVa(@) (1 + Jof2)? dmy (2) (17)

On this step, the assumption that g is compactly supported may be dropped.
Note also that, since the volume of the unit ball is

Wn = QW%/(’I’LF(TL/2)),
the density of m,, is

() 2 1 L(n) 1

Jeo ~ nw,B (5. 2) A+~ 73 D(n/2) 0+ [aP)"

We end this section by proving that the 1/(4n) is optimal in (4.7). In fact,let
us check that that
- 1
142

g9(z)

is an extremizer. To that aim, we will repeatedly use the following identities:

nn 1 nn nn 1n+2 nn
B(35+1)=38(33) md B(55+2)=378(53)

that are consequences of
(x+y) B(z,y +1) =yB(x,y).

‘We have

dzx nw nn 1
dm, = Z, 7:&1—"3(—,— 1):—
/g m /(1—|—|x|2)”+1 p ot 2

and

dx nw nn n—+2
2 n

dm,, = Zy, =7, B(f,f 2) S e
/g m /(1+|m|2)"+2 2 \ag? A(n+1)

Therefore,

Vi) foim = ( foims)” = § (555 1) = g
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On the other hand,
Vg(a)2(1 d — 4z il
Vg(x + [2?)? dm,(2) = n W

= 42"(/ <1+|;|2>n+1 ‘/ <1+|:c1|2>n+2)

nw nn
= 4z, B(ff 1) -B(22 2))
2 272 + ) (2 2+
_ 4 BG. 5+ -B(3,5+2)
B(3,%)
1 2
— 4 (, _ L)
2 4n+1)
B n
 on+1
Therefore, the smallest constant C such that
Varm, (g) < c/\vg 1+ [2]2)? dm, (2)

holds for any g must satisfy
1 n
<(C-
dn+1) = n+1
from which we deduce that C' > 1/(4n) and hence that C' = 1/(4n) is indeed the
optimal constant in the weighted Poincaré inequality (4.7)

5. Relationship with the Gaussian Poincaré-type inequality
Let us explain how (1.5) implies the Poincaré-type inequality

Var,, (g) < / Vgl* dv (5.1)

with respect to the standard Gaussian measure 7, on R*. As is well-known, the
Cauchy measure m,, may be characterized as the distribution of the random vector

B Z
g+ +&
where &;’s are independent random variables with a standard normal distribution
on the real line, that are independent of a random vector Z = (Z1, ..., Z,) having

a standard normal distribution on R™. Rescaling the space variable, (1.5) may be
rewritten in terms of the random vector

Y = ViX = (V... Vo)
as
1 2 L 1 2)?
Var(g(Y)) < 7 E[Vg(V)P (1+ = [V]?) .
If g =g(y1,-..,yx) depends on the first k variables (k < n), and
Zpm = (Y1,...,Yy)

is the k-dimensional projection of Y, we obtain that

Var(g(Zi.p)) < - E IV9(Ziw)? (1 + % |vk,n|2)2, (5.2)
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where

Vk,n - (Yk+1, e ,Yn)
As n — oo, we have Zj, ,, = 7 weakly in distribution, so that the variance in (5.2)
is convergent to Var,, (g) as long as the function g is bounded and continuous on
R*. Moreover, assuming that the gradient Vg is bounded and continuous as well,
the asymptotic behavior of the right-hand side in (5.2) is easily explored. First,

putting
Xn =/ + -+ &,
we have
2k
E|Zkn|* =E Z12+"'+Z}3E@:7\/ﬁ1EXkEXnS nl
n — n—

n
which is bounded in n. Since Zj , and Vj , are asymptotically independent, we
conclude that the limit of the right-hand side in (5.2) is equal to the integral in
(5.1). On this step, one may use the identity

1 2 2
]E<1+7|Z|2) —44 2
n n
Thus, in the limit (5.2) leads to (5.1).
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