Introduction to
the theory of Z-modules

Claude Sabbah ,”

Centre de Mathématiques Laurent Schwartz
UMR 7640 du CNRS

Ecole polytechnique, Palaiseau, France

Introduction to the theorv of &2-modules —p. 1/67



Lecture 1
Basic constructions
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9

© x . sheaf of holom. vector fields on X (Lie algebra
structure [£,n]), loc. gen. by Oz, ..., 04,

Q% : sheaf of holom. 1-forms on X

Q% = A"Q%

d: Q% — Q5 differential

Left action of ® x on Ox by derivation, compatible
With [e, «]:

€, nl(f) = &M (Sf)) —n(&(Sf)).

Right action of ® x on Q% (n = dim X):
w-&=—Le¢w, Lg = Lie derivative along &:
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1.1. The sheaf of holom. diff. operators

#® Ox: sheaf of holom. vector fields on X (Lie algebra
structure [£,n]), loc. gen. by Oz, ..., 04,

» Q% : sheaf of holom. 1-forms on X
Q= AkQL
d: Q% — Q5 differential

o Left action of ® x on Ox by derivation, compatible
With [e, «]:
€, nl(f) = &M (Sf)) —n(&(Sf)).

# Right action of ®x on Q% (n = dim X):
w-&=—Le¢w, Lg = Lie derivative along &:
Le=dou, 1e:Q% — Q% ' contraction along ¢
compatible with [e,s]: Lpe ) = Lelyy — Ly Le.
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1.1. The sheaf of holom. diff. operators

DEFINITION 1.1.1 (Sheaf Zx): U: open set of X.
Ring Zx (U): subring of Homc¢ (07, Oy ) generated by

# multiplication by holomorphic functions on U,
# derivation by holomorphic vector fields on U.
Sheaf Zx: F(U, @)() — gx(U) VU C X.
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DEFINITION 1.1.1 (Sheaf Zx): U: open set of X.
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1.1. The sheaf of holom. diff. operators
DEFINITION 1.1.1 (Sheaf Zx): U: open set of X.
Ring Zx (U): subring of Homc¢ (07, Oy ) generated by
# multiplication by holomorphic functions on U,
# derivation by holomorphic vector fields on U.
Sheaf 7x: I'(U, ¥Yx) = x (U) VU C X.
DEFINITION 1.1.2 (Filtration of Zx by the order):

Increasing family of subsheaves Fi.¥2x C Zx defined
iInductively:

® FL.9x =01fk < —1,
9 F()@X = ﬁx,

® P local section of Fi,.1Zx <= [P, ] local section
of Fi.Yx Vo € 0.
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EXAMPLE (EX.E.1.2):

In a coordinate chart U, any P € Zx(U) is uniquely

written as

P — Z(XEN"’ aa(w)aa

or

P=3_cnm 0%a(z)




1.1. The sheaf of holom. diff. operators

EXAMPLE (EX.E.1.2):
In a coordinate chart U, any P € Zx(U) is uniquely
written as

P=3} .cne@a(z)0%) O [P =)  n»0%a(T)
0% := 971 --- 03", aq,ba € Ox(U).
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1.1. The sheaf of holom. diff. operators

EXAMPLE (EX.E.1.2):
In a coordinate chart U, any P € Zx(U) is uniquely
written as

P=3} .cne@a(z)0%) O [P =)  n»0%a(T)
0% := 971 --- 03", aq,ba € Ox(U).

0
Relations : [0g;,0x;] = 0, [Og;,a(x)] = ;(m).
T;
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1.1. The sheaf of holom. diff. operators

EXAMPLE (EX.E.1.2):

In a coordinate chart U, any P € Zx(U) is uniquely
written as

P=3} .cne@a(z)0%) O [P =)  n»0%a(T)
0% := 971 --- 03", aq,ba € Ox(U).

Jda(x)

Relations : [0g;,0x;] = 0, [Og;,a(x)] = Py
T;

SOME PROPERTIES (EXx. E.1.2):
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EXAMPLE (EX.E.1.2):

In a coordinate chart U, any P € Zx(U) is uniquely
written as

P=3} .cne@a(z)0%) O [P =)  n»0%a(T)
0% := 971 --- 03", aq,ba € Ox(U).

Jda(x)

Relations : [0g;,0x;] = 0, [Og;,a(x)] = Py
T;

SOME PROPERTIES (EXx. E.1.2):
®» PQ=0IngU)=P=00rQ =0.
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1.1. The sheaf of holom. diff. operators

EXAMPLE (EX.E.1.2):

In a coordinate chart U, any P € Zx(U) is uniquely
written as

P=3} .cne@a(z)0%) O [P =)  n»0%a(T)
0% := 971 --- 03", aq,ba € Ox(U).

Jda(x)

Relations : [0g;,0x;] = 0, [Og;,a(x)] = 5
T

SOME PROPERTIES (EXx. E.1.2):
®» PQ=0ing(U)=P=00rQ =0.
® Fi.9x Is alocally free &'x-module of finite rank.
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1.1. The sheaf of holom. diff. operators

EXAMPLE (EX.E.1.2):

In a coordinate chart U, any P € Zx(U) is uniquely
written as

P=3} .cne@a(z)0%) O [P =)  n»0%a(T)
0% := 971 --- 03", aq,ba € Ox(U).

0
Relations : [0g;,0x;] = 0, [Og;,a(x)] = ;(m).
T;

SOME PROPERTIES (EXx. E.1.2):
®» PQ=0ing(U)=P=00rQ =0.
® Fi.9x Is alocally free &'x-module of finite rank.

® The filtration F, Z7x is exhaustive (Zx = |, FrZx)
and

Fi.%x - Fy9x = FrieYx.
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1.1. The sheaf of holom. diff. operators

SOME PROPERTIES (Ex. E.1.2 & E.1.3):
9o [o,o] : Fk@X Qc Fg@X — Fk+g_1gx.



1.1. The sheaf of holom. diff. operators

SOME PROPERTIES (Ex. E.1.2 & E.1.3):
9o [o,o] : Fk@X Qc Fg@x — Fk+g_1gx.

® = the graded ring grf2x is commutative.
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1.1. The sheaf of holom. diff. operators

SOME PROPERTIES (Ex. E.1.2 & E.1.3):

® [o,o] : FPx Qc FyPx — Frav—19x.

® = the graded ring grfZx is commutative.

® gr'9x:=@, gr) Zx =Sym Ox (functs on T* X).
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1.1. The sheaf of holom. diff. operators

SOME PROPERTIES (Ex. E.1.2 & E.1.3):

® [o,o] : F.Px Qc FyPx — Frav—19x.

® = the graded ring grf2x is commutative.

® gr'9x: =@, gr;, Zx =Sym Ox (functs on T*X).
® 7 C Yx two-sided i1deal = .# = 0or Ix

Introduction to the theorv of &2-modules — p. 6/67



1.1. The sheaf of holom. diff. operators

SOME PROPERTIES (Ex. E.1.2 & E.1.3):

® [o,o] : F.Px Qc FyPx — Frav—19x.

® = the graded ring grf2x is commutative.

o orf 9y = D, grg.@X —Sym O x (functs on T* X).
® 7 C Yx two-sided I1deal = .¥# = 0 or Yx:

s € X, 04P¢€ Fy,ord,P>1=3f € Ox,
s.t. [P, f] # 0,
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1.1. The sheaf of holom. diff. operators

SOME PROPERTIES (Ex. E.1.2 & E.1.3):

® [o,o] : FPx Qc FyPx — Frav—19x.

® = the graded ring grfZx is commutative.

o orf9yx:= D, grg.@X —Sym O x (functs on T* X).
® 7 C 9Yx two-sided ideal = . = 0 or Yx:

s € X, 0P € Fy,ord, P>1=3f€ Ox,

s.t. [P, f] # 0,
s (inductiononord,(P)) = 30 # g € I, N Ox 4,
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1.1. The sheaf of holom. diff. operators

SOME PROPERTIES (Ex. E.1.2 & E.1.3):

® [o,o] : FPx Qc FyPx — Frav—19x.

® = the graded ring grfZx is commutative.

o orf9yx:= D, grg.@X —Sym O x (functs on T* X).
® 7 C 9Yx two-sided ideal = . = 0 or Yx:

s € X, 0P € Fy,ord, P>1=3f€ Ox,

s.t. [P, f] # 0,
s (inductiononord,(P)) = 30 # g € I, N Ox 4,

s = Vi, |0s4,9] = 0g/0x; € I,
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1.1. The sheaf of holom. diff. operators

SOME PROPERTIES (Ex. E.1.2 & E.1.3):

® [o,o] : FPx Qc FyPx — Frav—19x.

® = the graded ring grfZx is commutative.

o orf9yx:= D, grg.@X —Sym O x (functs on T* X).
® 7 C 9Yx two-sided ideal = . = 0 or Yx:

s € X, 0P € Fy,ord, P>1=3f€ Ox,
s.t. [P, f] # 0,
s (inductiononord,(P)) = 30 # g € I, N Ox 4,

s = Vi, |0s4,9] = 0g/0x; € I,
s —> all iterated deriv. of g belong to .7,
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1.1. The sheaf of holom. diff. operators

SOME PROPERTIES (Ex. E.1.2 & E.1.3):

® [o,o] : FPx Qc FyPx — Frav—19x.

® = the graded ring grfZx is commutative.

o orf9yx:= D, grg.@X —Sym O x (functs on T* X).
® 7 C 9Yx two-sided ideal = . = 0 or Yx:

s t€EX,0£4PC€ J,ord,P>1=3fE Ox,
s.t. [P, f] # 0,

(induction on ord, (P)) = 30 #g € I, N Ox 4,
= V1, [0z,,9] = 0g/0x; € Yy,

—- all iterated deriv. of g belong to .7,

= dh € S St h(x) #0, = I = YDs.

e o o ©
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1.1. The sheaf of holom. diff. operators

SOME PROPERTIES (Ex. E.1.2 & E.1.3):

® [o,o] : FPx Qc FyPx — Frav—19x.

® = the graded ring grfZx is commutative.

® gr'9x:=@, gr) Zx =Sym Ox (functs on T* X).
® 7 C 9Yx two-sided ideal = . = 0 or Yx:

s x€EX,0#£#£P¢€ Sp,ord, P>1=3f € Ox,
s.t. [P, f] # 0,
(induction on ord, (P)) = 30 #g € I, N Ox 4,

= V1, |0z,,9] = 0g/0x; € I,
—- all iterated deriv. of g belong to .7,
= dh € S St h(x) #0, = I = YDs.

—- No interesting two-sided Zx-mod.

e o o ©

Introduction to the theorv of &2-modules — p. 6/67



1.1. The sheaf of holom. diff. operators
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1.1. The sheaf of holom. diff. operators

DEFINITION 1.1.3 (Integrable connection):

M a Ox-module.
A holomorphic connection: a C-linear morphism

V.4 — Q% ® .4 which satisfies the Leibniz rule :
V(ifm)=df m+ fVm, Vm e #ZandV f € Ox.
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1.1. The sheaf of holom. diff. operators

DEFINITION 1.1.3 (Integrable connection):
M a Ox-module.

A holomorphic connection: a C-linear morphism
V .4 — Q% ® .« which satisfies the Leibniz rule :

V(ifm)=df m+ fVm, Vm e #ZandV f € Ox.

V is integrable <= curvature Ry =0, Ry := Vo V.

Introduction to the theorv of &2-modules — p. 7/67



1.1. The sheaf of holom. diff. operators

DEFINITION 1.1.3 (Integrable connection):
M a Ox-module.
A holomorphic connection: a C-linear morphism

V.4 — Q% ® .4 which satisfies the Leibniz rule :
V(ifm)=df m+ fVm, Vm e #ZandV f € Ox.

V is integrable <= curvature Ry =0, Ry := Vo V.

EXAMPLE (EX.E.1.4):
3 a global section V(1) of 2% ® ©x loc. defined as
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1.1. The sheaf of holom. diff. operators

DEFINITION 1.1.3 (Integrable connection):
M a Ox-module.
A holomorphic connection: a C-linear morphism

V.4 — Q% ® .4 which satisfies the Leibniz rule :
V(ifm)=df m+ fVm, Vm e #ZandV f € Ox.

V is integrable <= curvature Ry =0, Ry := Vo V.

EXAMPLE (EX.E.1.4):

3 a global section V(1) of ﬂ}( R O x loc. defined as
Z,L- dx; Q Oy,.

= 3V : Ix — Q% ® Zx integrable,

P— V(1) -P % dz; ® (8, - P).
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1.1. The sheaf of holom. diff. operators

PROPOSITION 1.1.4:
Giving a left Zx-module .7 <—
giving a 0x-module .# with integrable connection V.
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1.1. The sheaf of holom. diff. operators

PROPOSITION 1.1.4:
Giving a left Zx-module .7 <—
giving a 0x-module .# with integrable connection V.

PROOF: . left Zx-module.
z//—%@_x(g)z//ﬁﬂ}(@@)(@z//%ﬂ}(@%
m— 1®m — V(1)m —V(1)-m
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1.1. The sheaf of holom. diff. operators

PROPOSITION 1.1.4:
Giving a left Zx-module .7 <—
giving a 0x-module .# with integrable connection V.

PROOF: . left Zx-module.
z//—>@)(®<//—>ﬂ}(®gx®%—>ﬂ}(®%
m— 1®m — V(1)m —V(1)-m

Conversely: Given (.#, V). Define £ - m := Vem.
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1.1. The sheaf of holom. diff. operators

PROPOSITION 1.1.4:
Giving a left Zx-module .7 <—
giving a 0x-module .# with integrable connection V.

PROOF: . left Zx-module.
z//—%@_x(g)z//%ﬂ}(@@)(@%%ﬂ}(@%
m— 1®m — V(1)m —V(1)-m

Conversely: Given (.#, V). Define £ - m := Vem.

EXAMPLE:
A holom. vector bdle with integrable holom. connect.

(V, V) is a left Zx-module.
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1.2. Left and right

LEMMA 1.2.1 (Generating left Zx-modules):
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1.2. Left and right

LEMMA 1.2.1 (Generating left Zx-modules):

M a Ox-module.
@ :Ox Qcy A — . aC-linear morphism s.t.,

Vfelx,VE&,neO®xandVm € Z,
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1.2. Left and right

LEMMA 1.2.1 (Generating left Zx-modules):

M a Ox-module.
@ :Ox Qcy A — . aC-linear morphism s.t.,

Vfelx,VE&,neO®xandVm € Z,
L fe(6®@m) = @(fEQm) = p(§ ® fm) — E(f)m,
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1.2. Left and right

LEMMA 1.2.1 (Generating left Zx-modules):

M a Ox-module.

@ :Ox Qcy A — . aC-linear morphism s.t.,
Vfelx,VE&,neO®xandVm € Z,

L fe(E®@m) = o(fERmM) = p(§® fm) — §(f)m,
2. o([&;,m®m) = p(ERp(NR®mM)) — (N p(ERQmM)).



1.2. Left and right

LEMMA 1.2.1 (Generating left Zx-modules):

M a Ox-module.
@ :Ox Qcy A — . aC-linear morphism s.t.,

Vfelx,VE&,neO®xandVm € Z,
1 fe(6®@m) = p(fEQmM) = p(§ @ fm) — &(f)m,
2. o([&;,m®m) = p(ERp(NR®mM)) — (N p(ERQmM)).

Then 3 unique struct. of left Zx-mod. on .#Z s.t.
Em = 90(5 ® m) VE,m.
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1.2. Left and right

LEMMA 1.2.1 (Generating left Zx-modules):

M a Ox-module.
@ :Ox Qcy A — . aC-linear morphism s.t.,

Vfelx,VE&,neO®xandVm € Z,
1 fe(6®@m) = p(fEQmM) = p(§ @ fm) — &(f)m,
2. o([&;,m®m) = p(ERp(NR®mM)) — (N p(ERQmM)).

Then 3 unique struct. of left Zx-mod. on .#Z s.t.
Em = 90(5 ® m) VE,m.

EgQ.(#,V), ¢ m)=Vegm.
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1.2. Left and right

LEMMA 1.2.2 (Generating right Zx-modules):
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1.2. Left and right

LEMMA 1.2.2 (Generating right Zx-modules):
N a Ox-module (Ox-action written on the right).
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1.2. Left and right

LEMMA 1.2.2 (Generating right Zx-modules):

N a Ox-module (Ox-action written on the right).

Y N Qcy Ox — A aC-linear morph. s.t.,V f € Ox,
VéEneBxandVn € 1,
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1.2. Left and right

LEMMA 1.2.2 (Generating right Zx-modules):

N a Ox-module (Ox-action written on the right).

Y N Qcy Ox — A aC-linear morph. s.t.,V f € Ox,
VéEneBxandVn € 1,

L p(nf QL =9 (n® f§) =v(n®&)f —n-£(f),
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1.2. Left and right

LEMMA 1.2.2 (Generating right Zx-modules):

N a Ox-module (Ox-action written on the right).

Y N Qcy Ox — A aC-linear morph. s.t.,V f € Ox,
VéEneBxandVn € 1,

L p(nf QL =9 (n® f§) =v(n®&)f —n-£(f),
2. py(n®[&n]) = (¥ (n®E®N) — Y (P (n®nN) ®E).

Then 3 unique struct. of right Zx-mod. on ./ s.t;

n-{=ynLVEn.



1.2. Left and right

EXAMPLE 1.2.3 (Most basic examples):
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EXAMPLE 1.2.3 (Most basic examples):

® Ix: left and right Zx-module.

Introduction to the theorv of &2-modules —p. 11/67



1.2. Left and right

EXAMPLE 1.2.3 (Most basic examples):

® Ix: left and right Zx-module.
® OUx: left Zx-module.
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1.2. Left and right

EXAMPLE 1.2.3 (Most basic examples):

® Ix. left and right Zx-module.

® Ox: left ¥x-module.
® wx := Q¥mX: right Zx-module.
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1.2. Left and right

EXAMPLE 1.2.3 (Most basic examples):

® Ix: left and right Zx-module.
® OUx: left Zx-module.
& wyx := QY™X: right Zx-module.

PROPOSITION (Ex.E.1.10 and E.1.11):

Introduction to the theorv of &2-modules —p. 11/67



1.2. Left and right

EXAMPLE 1.2.3 (Most basic examples):

® Ix: left and right Zx-module.
® OUx: left Zx-module.
& wyx := QY™X: right Zx-module.

PROPOSITION (Ex.E.1.10 and E.1.11):

® /7 aleft Zx-module, 4 aright Zx-module.

Then 4 ®g, # is aright Zx-module:
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1.2. Left and right

EXAMPLE 1.2.3 (Most basic examples):

® Ix: left and right Zx-module.
® OUx: left Zx-module.
& wyx := QY™X: right Zx-module.

PROPOSITION (Ex.E.1.10 and E.1.11):

® /7 aleft Zx-module, 4 aright Zx-module.
Then 4 ®g, # is aright Zx-module:

(n@m)-£:=n-§)@m-—nQ® (- -m)
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1.2. Left and right

EXAMPLE 1.2.3 (Most basic examples):

® Ix: left and right Zx-module.
® OUx: left Zx-module.
& wyx := QY™X: right Zx-module.

PROPOSITION (Ex.E.1.10 and E.1.11):

® /7 aleft Zx-module, 4 aright Zx-module.
Then 4 ®g, # is aright Zx-module:

(n@m)-£:=n-§)@m-—nQ® (- -m)

® 7,/ right Zx-modules.
Then stom 4, (A, /') IS aleft Zx-module:
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1.2. Left and right

EXAMPLE 1.2.3 (Most basic examples):

® Ix: left and right Zx-module.
® OUx: left Zx-module.
& wyx := QY™X: right Zx-module.

PROPOSITION (Ex.E.1.10 and E.1.11):

® /7 aleft Zx-module, 4 aright Zx-module.
Then 4 ®g, # is aright Zx-module:

(n@m)-£:=n-§)@m-—nQ® (- -m)

® 7,/ right Zx-modules.
Then stom 4, (A, /') IS aleft Zx-module:

(E-p)(m) =p(m-§) —p(m)-§
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1.2. Left and right

DEFINITION 1.2.4 (right«left transformation):
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1.2. Left and right

DEFINITION 1.2.4 (right«left transformation):

® ./ aleft Zx-module. Then wx Qg, # IS a right
9x-module.
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1.2. Left and right

DEFINITION 1.2.4 (right«left transformation):

® ./ aleft Zx-module. Then wx Qg, # IS a right
9x-module.

® _/ aright Zx-module. Then JZom 4, (wx,- /) IS a
left Yx-module.
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1.2. Left and right

DEFINITION 1.2.4 (right«left transformation):

® ./ aleft Zx-module. Then wx Qg, # IS a right
9x-module.

® _/ aright Zx-module. Then JZom 4, (wx,- /) IS a
left Yx-module.

® left — right — left = Id, right — left — right = Id.
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1.2. Left and right

DEFINITION 1.2.4 (right«left transformation):

® ./ aleft Zx-module. Then wx Qg, # IS a right
9x-module.

® _/ aright Zx-module. Then JZom 4, (wx,- /) IS a
left Yx-module.

® left — right — left = Id, right — left — right = Id.
EXAMPLE (Ex.E.1.13):

Introduction to the theorv of &2-modul

es —pn. 12/67



1.2. Left and right

DEFINITION 1.2.4 (right«left transformation):

® ./ aleft Zx-module. Then wx Qg, # IS a right
9x-module.

® _/ aright Zx-module. Then JZom 4, (wx,- /) IS a
left Yx-module.

® left — right — left = Id, right — left — right = Id.

EXAMPLE (Ex.E.1.13):
A aright Zx-module. Then 4 Q 4, Zx has two
commuting right 2x-module structures.
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1.2. Left and right

DEFINITION 1.2.4 (right«left transformation):

® ./ aleft Zx-module. Then wx Rg, # IS a right
9x-module.

® _/ aright Zx-module. Then Jom 4, (wx,. /) IS a
left Yx-module.

# left — right — left = 1d, right — left — right = Id.

EXAMPLE (Ex.E.1.13):
A aright Zx-module. Then 4 Q 4, Zx has two
commuting right 2x-module structures.

LEMMA: Both are isomorphic.
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1.3. Examples ofYx-modules

o X =(C", Pj = Za aj,a(m)aa, Aj.a € ﬁ(@n).
Left ideal .¥ = Zj 9x - P; ~ left Zx-mod. Ix /.7.
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1.3. Examples ofYx-modules

o X =(C", Pj = Za aj,a(m)aa, Aj.a € ﬁ(@n).
Left ideal .¥ = Zj 9x - P; ~ left Zx-mod. Ix /.7.

® Z.a0x-mod. Then Ix Qg, -Z IS aleft Zx-mod.
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1.3. Examples ofZx-modules

o X =(C", Pj = Za aj,a(m)aa, Aj o € ﬁ(@n).
Left ideal .¥ = Zj 9x - P; ~ left Zx-mod. Ix /.7.
® Z.a0x-mod. Then Ix Qg, -Z IS aleft Zx-mod.

® D: adivisorin X. 0x(xD): merom. functs with
poles along D.
Then 0x (xD) Is a left Zx-mod.
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1.3. Examples ofZx-modules

X =C", Pj = Za aj,a(m)aa, Aj o € ﬁ(@n).
Left ideal .¥ = Zj 9x - P; ~ left Zx-mod. Ix /.7.
Z.a O0x-mod. Then Zx Qg L Is a left Zx-mod.

D: adivisorin X. Ox (D). merom. functs with
poles along D.
Then Ox (xD) Is a left Zx-mod.

# alocally free 0x (xD)-module with integrable
connection V : .4 — Q% ®g, # is aleft Zx-mod.
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1.3. Examples ofZx-modules

X =C", Pj = Za aj,a(m)aa, Aj o € ﬁ(@n).
Left ideal .¥ = Zj 9x - P; ~ left Zx-mod. Ix /.7.
Z.a O0x-mod. Then Zx Qg L Is a left Zx-mod.

D: adivisorin X. Ox (D). merom. functs with
poles along D.
Then Ox (xD) Is a left Zx-mod.

# alocally free 0x (xD)-module with integrable
connection V : .4 — Q% ®g, # is aleft Zx-mod.

Twist of the previous: w a closed merom. 1-form.
Then (#,V + w ® Id) Is a left Zx-module.
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1.3. Examples ofZx-modules

X =C", Pj = Za aj,a(m)aa, Aj o € ﬁ(@n).
Left ideal .¥ = Zj 9x - P; ~ left Zx-mod. Ix /.7.
Z.a O0x-mod. Then Zx Qg L Is a left Zx-mod.

D: adivisorin X. Ox (D). merom. functs with
poles along D.
Then Ox (xD) Is a left Zx-mod.

# alocally free 0x (xD)-module with integrable
connection V : .4 — Q% ®g, # is aleft Zx-mod.

Twist of the previous: w a closed merom. 1-form.
Then (#,V + w ® Id) Is a left Zx-module.

Db x . sheaf of distributions on X. This is a left
9x-module and a left Z-module.
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1.3.9. Solutions of%x-modules

DEFINITION 1.3.1: .Z, ./ left ¥x-mod.

Solutions of .#Z Iin ./ sheaf

gtom g, (M, N) |.
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1.3.9. Solutions of%x-modules

DEFINITION 1.3.1: .Z, ./ left ¥x-mod.

Solutions of .#Z Iin ./ sheaf

REMARK 1.3.2:

gtom g, (M, N) |.

8 Jtom g, (A, /) only a sheaf of C-vect. spaces.
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1.3.9. Solutions of%x-modules

DEFINITION 1.3.1: .Z, ./ left ¥x-mod.
Solutions of .#Z in 4. sheaf| . tom 4, (A, V)|

REMARK 1.3.2:
8 Jtom g, (A, /) only a sheaf of C-vect. spaces.

# V = integr. connect. on sZom g, (M, N):
(V) (m) := V(e(m)) — o(Vm).
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1.3.9. Solutions of%x-modules

DEFINITION 1.3.1: .Z, ./ left ¥x-mod.
Solutions of .#Z in 4. sheaf| . tom 4, (A, V)|

REMARK 1.3.2:
8 Jtom g, (A, /) only a sheaf of C-vect. spaces.

# V = integr. connect. on sZom g, (M, N):
(V) (m) := V(p(m)) — o(Vm). =

Hom o, (M, N) = Ker[Hom o, (M, N )—— Hom o, (M, N)]
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1.3.9. Solutions of%x-modules

EXAMPLE 1.3.3: U C X: coord. chart, P € 2x(U),
I =9y P, M =D/

® om g, (M, N) = Ker[ NV —= N]
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1.3.9. Solutions of%x-modules

EXAMPLE 1.3.3: U C X: coord. chart, P € 2x(U),
I =9y P, M =D/

® tom g, (M, N) ~ Ker[ NV — N]:
p: M— N = @o: Dy — NSl p(P)=0
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1.3.9. Solutions of%x-modules

EXAMPLE 1.3.3: U C X: coord. chart, P € 2x(U),
I =9y P, M =D/

® tom g, (M, N) ~ Ker[ NV — N]:
p: M— N = @o: Dy — NSl p(P)=0
<— (1) e /' st. ¢(P)=Pp(1l) =0
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1.3.9. Solutions of%x-modules

EXAMPLE 1.3.3: U C X: coord. chart, P € 2x(U),
I =9y P, M =D/

® tom g, (M, N) ~ Ker[ NV — N]:
p: M— N = @o: Dy — NSl p(P)=0
<— (1) e /' st. ¢(P)=Pp(1l) =0

<— ¢(1) € Ker|V LR N
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1.3.9. Solutions of%x-modules

EXAMPLE 1.3.3: U C X: coord. chart, P € 2x(U),
I =9y P, M =D/

® om g, (M, N) = Ker[ NV —= N]
® E.g., stom 9, (M, Ox): local holom. sols of P.

Introduction to the theorv of &7-modules — p. 15/67



1.3.9. Solutions of%x-modules

EXAMPLE 1.3.3: U C X: coord. chart, P € 2x(U),
I =9y P, M =D/

® om g, (M, N) = Ker[ NV —= N]
® E.g., stom 9, (M, Ox): local holom. sols of P.

® E.Q., Jtom g, (M ,Px) = 0 = consider
éaa}tl_%x (A, Dx).
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1.3.9. Solutions of%x-modules

ExXAMPLE 1.3.3: U C X: coord. chart, P € 2x(U),
I =9y P, M= Dy/S.

® tom g, (M, N) ~ Ker[ # = N]

® E.g., stom 9, (M, Ox): local holom. sols of P.

® E.Q., Jtom g, (M ,Px) = 0 = consider
éxt I_%X (A, Dx).

® Sxt .1@X (A, V) = Coker|. NV I, A]: obstruction to
local solvability (given n € ./, solve Pm = n).
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1.3.9. Solutions of%x-modules

ExXAMPLE 1.3.3: U C X: coord. chart, P € 2x(U),
I =9y P, M= Dy/S.

® tom g, (M, N) ~ Ker[ # = N]

® E.g., stom 9, (M, Ox): local holom. sols of P.

® E.Q., Jtom g, (M ,Px) = 0 = consider
éxt I;ZX (A, Dx).

® Sxt .1@X (A, V) = Coker|. NV I, A]: obstruction to
local solvability (given n € ./, solve Pm = n).

SUPPLEMENTARY STRUCTURES:
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1.3.9. Solutions of%x-modules

ExXAMPLE 1.3.3: U C X: coord. chart, P € 2x(U),
I =9y P, M= Dy/S.

® tom g, (M, N) ~ Ker[ # = N]

® E.g., stom 9, (M, Ox): local holom. sols of P.

® E.Q., Jtom g, (M ,Px) = 0 = consider
éaa}tl_%x (A, Dx).
® Sxt .1@X (A, V) = Coker|. NV I, A]: obstruction to
local solvability (given n € ./, solve Pm = n).
SUPPLEMENTARY STRUCTURES:

® Jtom g, (M, Dx),xtl, (M, Px) are right
P x-mod.
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1.3.9. Solutions of%x-modules

ExXAMPLE 1.3.3: U C X: coord. chart, P € 2x(U),
I =9y -P, M =Dy/S.
® om g, (M, N) = Ker[ NV —= N]
® E.g., stom g, (A, 0x): local holom. sols of P.
® E.Q., Jtom g, (M ,Px) = 0 = consider
é"’a:t’_ﬁzx (A, Dx).

® Sxt .1@X (A, V) = Coker|. NV I, A]: obstruction to
local solvability (given n € ./, solve Pm = n).
SUPPLEMENTARY STRUCTURES:
® Jtom g, (M, Dx),xtl, (M, Px) are right
P x-mod.

® Jtom g, (M, Dbx),Exty, (M,Dbx) are left
P+-mod.
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1.4. De Rham and Spencer complexes
® / aleft Yx-mod. — Ox-mod. .#Z + integr. conn. V



1.4. De Rham and Spencer complexes

® / aleft Yx-mod. — Ox-mod. .#Z + integr. conn. V

DR(A) : {0 — M Yo Q@4 Y ... QL @ .4 — 0}
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1.4. De Rham and Spencer complexes

® / aleft Yx-mod. — Ox-mod. .#Z + integr. conn. V
DR(A) : {0 — M Yo Q@4 Y ... QL @ .4 — 0}

® _V aright Zx-module.
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1.4. De Rham and Spencer complexes

® / aleft Yx-mod. — Ox-mod. .#Z + integr. conn. V

DR(A) : {0 — M Yo Q@4 Y ... QL @ .4 — 0}

® _V aright Zx-module.

Sp(H) = {0 — N @A"Ox s -+ /®Ox — . — 0}
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1.4. De Rham and Spencer complexes

® / aleft Yx-mod. — Ox-mod. .#Z + integr. conn. V

DR(A) : {0 — M Yo Q@4 Y ... QL @ .4 — 0}

® _V aright Zx-module.

Sp(H) = {0 — N @A"Ox s -+ /®Ox — . — 0}

R SIARERIANJ*
la
Z( 1) (ng) @ EL A A& A=+ Ay
_I_Z( 1)Z+]n®[£w€]]/\£l si/\”'/\fj/\"-/\fk.

1<
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1.4. De Rham and Spencer complexes

® / aleft Yx-mod. — Ox-mod. .#Z + integr. conn. V

DR(A) : {0 — M Yo Q@4 Y ... QL @ .4 — 0}

® _V aright Zx-module.

Sp(H) = {0 — N @A"Ox s -+ /®Ox — . — 0}

R SIARERIANJ*
la
Z( 1) (ng) @ EL A A& A=+ Ay
_I_Z( 1)Z+]n®[£w€]]/\£l si/\”'/\fj/\"-/\fk.

1<

(Ex.E.1.18): [VoV =0, 608 =0
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1.4. De Rham and Spencer complexes

® / aleft Yx-mod. — Ox-mod. .#Z + integr. conn. V

DR(A) : {0 — M Yo Q@ Y ...QY @ .4 — 0}

® _V aright Zx-module.

Sp(H) = {0 — F@A"Ox s -+ N QOx — . — 0}

R SIARERIANJ*
la
Z( 1) (ng) @ €L A NE A+ A&y
_I_Z( 1)Z+]n®[£w€]]/\£l si/\”'/\fj/\"-/\fk.

1<

(Ex.E.1.18): [VoV =0, 606 =0
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1.4. De Rham and Spencer complexes

PROPOSITION 1.4.4.



1.4. De Rham and Spencer complexes

PROPOSITION 1.4.4:
A aleft Zx-mod. NV = wx Qe A assoc. right
9 x-mod.
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1.4. De Rham and Spencer complexes

PROPOSITION 1.4.4:
A aleft Zx-mod. NV = wx Qe A assoc. right

P x-mod.
3 a functor. isom. Sp(.#) — DR(.#), which is
termwise O'x-linear.
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1.4. De Rham and Spencer complexes

PROPOSITION 1.4.4:
A aleft Zx-mod. NV = wx Qe A assoc. right

P x-mod.
3 a functor. isom. Sp(.#) — DR(.#), which is
termwise O'x-linear.

PROOF: Use the contraction

wx Qo NFOx — ﬂ}_k
w®E ——e(n — k)w(§ As),
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1.4. De Rham and Spencer complexes

PROPOSITION 1.4.4:
A aleft Zx-mod. NV = wx Qe A assoc. right

P x-mod.
3 a functor. isom. Sp(.#) — DR(.#), which is
termwise O'x-linear.

PROOF: Use the contraction

wx Qo NFOx — ﬂ}_k
w®E ——e(n — k)w(§ As),

7 = {+1}, a+— e(a) = (—=1)¢e~1)/2,
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1.4. De Rham and Spencer complexes

PROPOSITION 1.4.3:



1.4. De Rham and Spencer complexes

PROPOSITION 1.4.3:
The Spencer cplx Sp(Zx ) Is aresol. of Ox as a left
9x-mod. by locally free left Zx-mod.

Introduction to the theorv of &7-modules — p. 18/67



1.4. De Rham and Spencer complexes

PROPOSITION 1.4.3:
The Spencer cplx Sp(Zx ) Is aresol. of Ox as a left

9x-mod. by locally free left Zx-mod.
Similarly, the de Rham cplx DR(Zx ) Is a resol. of wx as

a right Zx-mod. by locally free right Zx-mod.
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1.4. De Rham and Spencer complexes

PROPOSITION 1.4.3:
The Spencer cplx Sp(Zx ) Is aresol. of Ox as a left

9x-mod. by locally free left Zx-mod.
Similarly, the de Rham cplx DR(Zx ) Is a resol. of wx as

a right Zx-mod. by locally free right Zx-mod.

PROPOSITION (Ex.E.1.22):
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1.4. De Rham and Spencer complexes

PROPOSITION 1.4.3:
The Spencer cplx Sp(Zx ) Is aresol. of Ox as a left

9x-mod. by locally free left Zx-mod.
Similarly, the de Rham cplx DR(Zx ) Is a resol. of wx as

a right Zx-mod. by locally free right Zx-mod.

PROPOSITION (Ex.E.1.22):
A aright Zx-module. .7 a left Zx-module.
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1.4. De Rham and Spencer complexes

PROPOSITION 1.4.3:

The Spencer cplx Sp(Zx ) Is aresol. of Ox as a left
9x-mod. by locally free left Zx-mod.

Similarly, the de Rham cplx DR(Zx ) Is a resol. of wx as
a right Zx-mod. by locally free right Zx-mod.

PROPOSITION (Ex.E.1.22):

A aright Zx-module. .7 a left Zx-module.
Natural isomorphisms:

N ®Rag, Sp(Zx) — Sp(A),
DR(Zx) ®qg, # — DR(.A).
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1.5. Filtrations

DEFINITION 1.5.1 (of a filtered Zx-module):
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1.5. Filtrations

DEFINITION 1.5.1 (of a filtered Zx-module):
Filtration F.,.# of a left Zx-module .
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1.5. Filtrations

DEFINITION 1.5.1 (of a filtered Zx-module):
Filtration F.,.# of a left Zx-module .
Increasing filtration satisfying

Fi.%x - Fpll C Fyqpo#l Vk,LEZ.
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1.5. Filtrations

DEFINITION 1.5.1 (of a filtered Zx-module):
Filtration F.,.# of a left Zx-module .
Increasing filtration satisfying

Fi.%x - Fpll C Fyqpo#l Vk,LEZ.
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Usually: F,./ = 0 for £ < 0 and F,._/ exhaustive,

DEFINITION 1.5.2 (right):
F,_v: filtered right Zx-module.
Sp ./ filtered by sub-complexes F, Sp .#

0
F, Sp(A) i=-++ —> p_kJV(X)Ak@X

i) p—k-|—1e/1/®/\k_1@X i)
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2.0. Reminder on coherence

DEFINITION: 7. a sheaf of rings on a space X.

® 7 sheaf of &/-mod. .# Is «/-coherent If:

s 7% loc. of finite type
Ve e X, 3V,, g, 3%3@ — Fy, — 0

s YU C X openand V¢ : %"{I — F iy -linear,
Ker ¢ Is locally of finite type.

® o/ Is a coherent sheaf of rings If it Is coherent as a
(left and right) module over itself

LEMMA: Assume .« coherent. .%: </-module. Then
7 Is «/-coh. <— .7 locally of finite presentation

Ve € X,dV,, dp,q, d exact sequence

A, — oY, — Ty, — 0.

THEOREM (Cartan-Oka): 0'x Is coherent.
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F, .7 a 9x-filtration of .#. Itis good if gr’.# is
coherent over grf2x (i.e., locally finitely presented).

PROPOSITION 2.2.2:

M 1S Px-coherent = locally 3 good filtr.

PROOF: Choose a pres. 2%y — Y% v — v — 0.
Show that F, 7|y := Im F, 2% ¢y is a good filtr. ]
ARTIN-REES THEOREM (Cor.2.2.8 and Ex. E.2.6):
Shortexactseq. 0 — %' — .# — .#" — 0,

M, o, H" are Zx-coh. and F,.# good filtr. of .Z.
Then

F "= #4"NF,# and F,#" :=ImF,#
are good filtr.
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EXAMPLE:
® (U,xy,...,xy). coord.chart, Py,..., P, € 2x(U),
P; =) _aq(x)0% aq holom.
S = )., Yv - Pjleftideal gen. by Py, ..., P.
Then 2y /.7 I1s Z¢7-coherent. presentation
26 — v — Yy/F —0
P1
— ijPj
pe P +— P mod ¥
Good filtr: Fx,(2y /%) = Fi(Zu)/ Fi(Z) N A

® Ox is Zx-coherent: loc., ¥ = 3" | Jyy0y,.
Good filtr.: F.0x =01tk <0, F,0Ox = Ox Ifk > 0.
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2.3. Support

A . coherent Yx-module. Supp .#Z C X:
x & Supp . # <— .# = 0 on some neighb. of x.

PROPOSITION 2.3.1: Supp .# closed anal. subset of X.

PROOF: Anal. subset = local property. — can assume
# has a good filtr F,.# and .# gen.by F;._.Z, some k,.
= Supp # = Supp Fy /.

Fy_ .7 1s Ox-coherent = Supp F}j_ .7 analytic []

Y C X: closed anal. submanifold.

PROPOSITION 2.3.2 (Kashiwara’s equivalence):
Natural equivalence:
Coh. Zx-mod. supportedon Y <= Coh. Zy-mod.
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PROPOSITION 2.3.2 (Kashiwara’s equivalence):
Natural equivalence:
Coh. Zx-mod. supportedon Y <—- Coh. Zy-mod.

PROOF:. X: openin C", coord. z1,...,Tp,
Y = {x, =0}. .#: coh. Zx-mod.
Set .#' := Ker[x,, : M — M.
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Natural equivalence:
Coh. Zx-mod. supportedon Y <—- Coh. Zy-mod.

PROOF:. X: openin C", coord. z1,...,Tp,

Y = {x, =0}. .#: coh. Zx-mod.

Set . #" .= Ker[xy, : #4 — M].

Main step: each loc. section m of .#Z uniquely written as
>.; 83 m!, some local sections m/; of .2’

Introduction to the theorv of &7-modules — p. 27/67



2.3. Support

PROPOSITION 2.3.2 (Kashiwara’s equivalence):
Natural equivalence:
Coh. Zx-mod. supportedon Y <—- Coh. Zy-mod.

PROOF:. X: openin C", coord. z1,...,Tp,

Y = {x, =0}. .#: coh. Zx-mod.

Set . #" .= Ker[xy, : #4 — M].

Main step: each loc. section m of .#Z uniquely written as
>.; 83 m!, some local sections m/; of .2’

Locally, 3¢, z¢T1m = 0.

Introduction to the theorv of &7-modules — p. 27/67



2.3. Support

PROPOSITION 2.3.2 (Kashiwara’s equivalence):
Natural equivalence:
Coh. Zx-mod. supportedon Y <—- Coh. Zy-mod.

PROOF:. X: openin C", coord. z1,...,Tp,

Y = {x, =0}. .#: coh. Zx-mod.

Set . #" .= Ker[xy, : #4 — M].

Main step: each loc. section m of .#Z uniquely written as
>.; 83 m!, some local sections m/; of .2’

Locally, 3¢, zT1m = 0. Then

0= 833” (azfﬁ'lm)

Introduction to the theorv of &7-modules — p. 27/67



2.3. Support

PROPOSITION 2.3.2 (Kashiwara’s equivalence):
Natural equivalence:
Coh. Zx-mod. supportedon Y <—- Coh. Zy-mod.

PROOF:. X: openin C", coord. z1,...,Tp,

Y = {x, =0}. .#: coh. Zx-mod.

Set . #" .= Ker[xy, : #4 — M].

Main step: each loc. section m of .#Z uniquely written as
>.; 83 m!, some local sections m/; of .2’

Locally, 3¢, zT1m = 0. Then

0= 8,, (¢t im) = (L + 1)zt m + 2t719,, m

Introduction to the theorv of &7-modules — p. 27/67



2.3. Support

PROPOSITION 2.3.2 (Kashiwara’s equivalence):
Natural equivalence:
Coh. Zx-mod. supportedon Y <—- Coh. Zy-mod.

PROOF:. X: openin C", coord. z1,...,Tp,
Y = {x, =0}. .#: coh. Zx-mod.
Set .#' := Ker[x,, : M — M.
Main step: each loc. section m of .#Z uniquely written as
) / ; / /
>_; 04 m7, some local sections m; of .Z".
Locally, 3¢, zT1m = 0. Then
0= 8,, (¢t im) = (L + 1)zt m + 2t719,, m
= :Bf;((ﬁ + 1) + aznawn)m

Introduction to the theorv of &7-modules — p. 27/67



2.3. Support

PROPOSITION 2.3.2 (Kashiwara’s equivalence):
Natural equivalence:
Coh. Zx-mod. supportedon Y <—- Coh. Zy-mod.

PROOF:. X: openin C", coord. z1,...,Tp,

Y = {x, =0}. .#: coh. Zx-mod.

Set .#' := Ker[x,, : M — M.

Main step: each loc. section m of .#Z uniquely written as
) / ; / /

>_; 04 m7, some local sections m; of .Z".

Locally, 3¢, zT1m = 0. Then
0= 8,, (¢t im) = (L + 1)zt m + 2t719,, m

zt (L + 1) + x,0;,)m

a:fl(ﬁ + Og, Tn)M

Introduction to the theorv of &7-modules — p. 27/67



2.3. Support

PROPOSITION 2.3.2 (Kashiwara’s equivalence):
Natural equivalence:
Coh. Zx-mod. supportedon Y <—- Coh. Zy-mod.

PROOF:. X: openin C", coord. z1,...,Tp,
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2.3. Support

PROPOSITION 2.3.2 (Kashiwara’s equivalence):
Natural equivalence:
Coh. Zx-mod. supportedon Y <—- Coh. Zy-mod.

PROOF:. X: openin C", coord. z1,...,Tp,
Y = {x, =0}. .#: coh. Zx-mod.
Set .#' := Ker[x,, : M — M.
Main step: each loc. section m of .#Z uniquely written as
) / ; / /
>_; 04 m7, some local sections m; of .Z".
Locally, 3¢, zT1m = 0. Then
0= 8,, (¢t im) = (L + 1)zt m + 2t719,, m
:Bf;((ﬁ + 1) + aznawn)m
a:fl(ﬁ + Og, Tn)M
Set: mi = (L + Oz, xn)m/l, mo = —x,m/e,
¢

= m=mq+ 8, my With xtmq = xtm, = 0. []
n n n
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2.4. Characteristic variety

LEMMA 2.4.1: Given a local good filtr. F,.#\;, the sheaf

of ideals Rad anng,ry,, ng,//W C grf9y is coherent
and independent of the chosen good filtr. It glues
globally as a coherent sheaf .7 (.#) of ideals of gr¥Zx.
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2.4. Characteristic variety

DEFINITION 2.4.2: Characteristic variety Char .Z:
the subset of T* X defined by the ideal .7 (.#)

= Supp gr’Px /I (M).
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2.4. Characteristic variety

DEFINITION 2.4.2: Characteristic variety Char .Z:
the subset of T* X defined by the ideal .7 (.#)

= Supp gr’Px /I (M).

Char .# homogeneous =
Supp .# = w(Char .#) = Char # NTx X,
w:T*X — X, TxX = zero section of T*X.

EXAMPLES:
® CharYx =T*X.
® Char 0x = Charwx = Ty X.

® P = Zaa(az)aa. o(P) = Z aq(x)E”.

|at|=0ord P
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2.4. Characteristic variety

DEFINITION 2.4.2: Characteristic variety Char .Z:
the subset of T* X defined by the ideal .7 (.#)

= Supp grf9x /.7 ().

Char .# homogeneous =

Supp .# = w(Char .#) = Char # NTx X,
w:T*X — X, TxX = zero section of T*X.
EXAMPLES:

® CharYx =T*X.

® Char 0x = Charwx = Ty X.

o P = Zaa(az)aa. o(P) = Z aq(x)E”.

|a|=ord P
Char(9x/%x - P) = {o(P) = 0}.
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2.5. Involutiveness of the char. variety

PROPOSITION 2.5.1:



2.5. Involutiveness of the char. variety
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PROPOSITION 2.5.1: #: coh. Yx-mod. T

PROOF:

nenvVaxe € X,

dim(w,o) Char .# 2 dimw X
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PROPOSITION 2.5.1: #: coh. Zx-mod. ThenVx € X,
dim(w,o) Char .# 2 dimw X

PROOF: Assume X = C". Induction on dim X.
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dim(w,o) Char .# 2 dimw X

PROOF: Assume X = C". Induction on dim X.
® |f dim Supp .#Z = dim X = OK.
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PROPOSITION 2.5.1: #: coh. Zx-mod. ThenVx € X,
dim(w,o) Char .# 2 dimw X

PROOF: Assume X = C". Induction on dim X.
® |f dim Supp .#Z = dim X = OK.

® |f dim Supp .# < dim X, Supp .# closed anal.,
enough to assume x € (Supp 4 )smooth-

# Kashiwara’s equiv. = reduce to .4 Zy-coh.,
codimyxy Y =k > 1.

# Conclude by induct.: loc. .#Z = N[0z, _j.15+++50z,],
Char .# = Char .4 x CF,
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2.5. Involutiveness of the char. variety

PROPOSITION 2.5.1: #: coh. Zx-mod. ThenVx € X,
dim(w,o) Char .# 2 dimw X

PROOF: Assume X = C". Induction on dim X.
® |f dim Supp .#Z = dim X = OK.

® |f dim Supp .# < dim X, Supp .# closed anal.,
enough to assume x € (Supp 4 )smooth-

# Kashiwara’s equiv. = reduce to .4 Zy-coh.,
codimyxy Y =k > 1.

# Conclude by induct.: loc. .#Z = N[0z, _j.15+++50z,],
Char.# = Char .4 x CF,
dim, oy Char .# = dim(, ¢y Char 4" + k
> dim, Y + k =dim, X
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T*X: sympl. mfld. w: sympl. 2-form, w = > . d&; A dx;.
~ ¥V (x, &) €T* X, nondeg. sympl. form on T, ¢ (T*X).
E+ C T(y ) (T*X): w-orthogonal of E C T, ¢)(T*X).
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T*X: sympl. mfld. w: sympl. 2-form, w = > . d&; A dx;.
~ ¥V (x, &) €T* X, nondeg. sympl. form on T, ¢ (T*X).
E+ C T(y ) (T*X): w-orthogonal of E C T, ¢)(T*X).

DEFINITION: V. areduced anal. subspace of T*X,
Vo: smooth part.
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T*X: sympl. mfld. w: sympl. 2-form, w = > . d&; A dx;.

~ ¥V (x, &) €T* X, nondeg. sympl. form on T, ¢ (T*X).

E+ C T(y ) (T*X): w-orthogonal of E C T, ¢)(T*X).
DEFINITION: V. areduced anal. subspace of T*X,

Vo: smooth part.

#® Vinvolutive <= V (x,&) € V,,
(Tz)V)* C Tag) Vs
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~ ¥V (x, &) €T* X, nondeg. sympl. form on T, ¢ (T*X).

E+ C T(y ) (T*X): w-orthogonal of E C T, ¢)(T*X).
DEFINITION: V. areduced anal. subspace of T*X,
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2.5. Involutiveness of the char. variety
T*X: sympl. mfld. w: sympl. 2-form, w = > . d&; A dx;.
~ ¥V (x, &) €T* X, nondeg. sympl. form on T, ¢ (T*X).
E+ C T(y ) (T*X): w-orthogonal of E C T, ¢)(T*X).
DEFINITION: V. areduced anal. subspace of T*X,
Vo: smooth part.
# Vinvolutive <= V(x,&) € Vp,
(Twe)V)' C TaeV,
® Visotropic <= V (x,&) € Vp,
Twe)V C (Tag)V) ™

® V Lagrangean <= V (z,&) € V,
(Tae) V)™ = T(ze)V.
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2.5. Involutiveness of the char. variety

T*X: sympl. mfld. w: sympl. 2-form, w = > . d&; A dx;.
~ ¥V (x, &) €T* X, nondeg. sympl. form on T, ¢ (T*X).
E+ C T(y ) (T*X): w-orthogonal of E C T, ¢)(T*X).
DEFINITION: V. areduced anal. subspace of T*X,
Vo: smooth part.
# Vinvolutive <= V(x,&) € Vp,

(Twe)V)' C TaeV,
® Visotropic <= V (x,&) € Vp,

Twe)V C (Tag)V) ™
® V Lagrangean <= V (x,€&) € V,

(Twe)V)+ =TagV.
RMK: Viinvol. =V (x,§) € V, dim, ¢) V > dim, X.
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THEOREM 2.5.2: _#: a nonzero coh. Yx-mod. Then
Char .#: involutive closed anal. setin T*X.
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THEOREM 2.5.2: _#: a nonzero coh. Yx-mod. Then
Char .#: involutive closed anal. setin T*X.

Homological theory of dimension =-

COROLLARY (Prop. 2.5.3):

bwtl, (M,Zx)=0 fori>n+1
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2.5. Involutiveness of the char. variety

THEOREM 2.5.2: _#: a nonzero coh. Yx-mod. Then
Char .#: involutive closed anal. setin T*X.

Homological theory of dimension =-

COROLLARY (Prop. 2.5.3):

bwtl, (M,Zx)=0 fori>n+1

RMK: &xt?, (#,Px)is aright Zx-mod.
Jtom g, (wX,éaa:t'f@X (A, Zx)): i-th dual of 7.
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Letz : Y — X closed submfld.
® i~ '®x: sheaf-theoretic pull-back of © x.
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® i~ '®x: sheaf-theoretic pull-back of © x.
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Letz : Y — X closed submfld.
® i~ '®x: sheaf-theoretic pull-back of © x.

® Oxy C i 'Ox: vect. fieldstgtto Y.

o Oy = Z*@X|Y = Oy ®i—1ﬁx @X|Y C 1"Ox.
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2.6. Non-characteristic restriction
Letz: Y — X closed submfld.
® i~ '®x: sheaf-theoretic pull-back of © x.
® Oxy C i 'Ox: vect. fieldstgtto Y.
® Oy =i*Oxy = Oy ®; 14, Ox|y C i*Ox.

® ./ left Zx-module. = i~'.# acted on by © x|y
= 1*./ acted on by Oy .

LEMMA: i*.# + action of ®y — left Zy--module: i+.#.
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2.6. Non-characteristic restriction
Letz: Y — X closed submfld.
® i~ '®x: sheaf-theoretic pull-back of © x.
® Oxy C i 'Ox: vect. fieldstgtto Y.
® Oy =i*Oxy = Oy ®; 14, Ox|y C i*Ox.

® ./ left Zx-module. = i~'.# acted on by © x|y
= 1*./ acted on by Oy .

LEMMA: i*.# + action of ®y — left Zy--module: i+.#.

RMK: . is Zx-coh. 4 it .4 is Zy-coh. in general.

® 1T 9x not Zy-coh. if codimY > 1.
® T O0Ox = Oy is Zy-coh.
® .7 supportedonY = iT.#Z = A is Yy -coh.
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w =T : T* Xy — T"Y: Cotgt map 1o .
Ker zo := Ty X: conormal bundle of Y in X.
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2.6. Non-characteristic restriction

w=T%:T" Xy — T"Y: Cotgt map to «.
Ker zo := Ty X: conormal bundle of Y in X.

LEMMA-DEFINITION 2.6.1:
Y is non-characteristic w.r.t. .# if equiv. cond. satisf.:
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w=T%:T" Xy — T"Y: Cotgt map to «.
Ker zo := Ty X: conormal bundle of Y in X.
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w=T%:T" Xy — T"Y: Cotgt map to «.
Ker zo := Ty X: conormal bundle of Y in X.

LEMMA-DEFINITION 2.6.1:
Y is non-characteristic w.r.t. .# if equiv. cond. satisf.:

® To X NChar #Z C Ty X,

® <o : Char .#)y — T*Y isfinite, 1.e., proper with finite
fibres.

THEOREM 2.6.2:
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2.6. Non-characteristic restriction
w=T%:T" Xy — T"Y: Cotgt map to «.
Ker = := T3, X: conormal bundle of Y in X.
LEMMA-DEFINITION 2.6.1:
Y is non-characteristic w.r.t. .# if equiv. cond. satisf.:
® To X NChar #Z C Ty X,
® <o : Char .#)y — T*Y isfinite, 1.e., proper with finite

fibres.

THEOREM 2.6.2:
M Dx-coh. and Y Is non-char. w.r.t. .Z .
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2.6. Non-characteristic restriction
w=T%:T" Xy — T"Y: Cotgt map to «.
Ker = := T3, X: conormal bundle of Y in X.

LEMMA-DEFINITION 2.6.1:
Y is non-characteristic w.r.t. .# if equiv. cond. satisf.:

® To X NChar #Z C Ty X,
® <o : Char .#)y — T*Y isfinite, 1.e., proper with finite
fibres.

THEOREM 2.6.2:
M Dx-coh. and Y Is non-char. w.r.t. .Z .
Then it.# is Zy-coh. and Charit.# C w(Char .#)y).
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THEOREM 2.6.2:
M Dx-coh. and Y iIs non-char. w.r.t. .Z .
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2.6. Non-characteristic restriction

THEOREM 2.6.2:
M Dx-coh. and Y iIs non-char. w.r.t. .Z .
Then it.# is Zy-coh. and Charit.# C w(Char .#)y).

PROOF: Loc. question = may assume 3 good filtr. F,.# .
® Fpiv* 4 = image[i*Fk% —> Z*%] Then, F.v*. %
good filtr. w.rt. F,1*9x.

o grli* #: quotient of ¢* grt 7,
= Supp grfi* . # C Char My -
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THEOREM 2.6.2:
M Dx-coh. and Y iIs non-char. w.r.t. .Z .
Then it/ is Zy-coh. and Char i*.# C w(Char .Z}y).

PROOF: Loc. question = may assume 3 good filtr. F,.# .

® Fpi* o/ := imagel|t*Fy# — * #]. Then, F,o* #
good filtr. w.rt. F,1*9x.

o grli* #: quotient of ¢* grt 7,
= Supp grfi* . # C Char My -

® Remmert's Theorem = gr! i*.#: coh. grf?y-mod.
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2.6. Non-characteristic restriction

THEOREM 2.6.2:
M Dx-coh. and Y iIs non-char. w.r.t. .Z .
Then it/ is Zy-coh. and Char i*.# C w(Char .Z}y).

PROOF: Loc. question = may assume 3 good filtr. F,.# .

® Fpi* o/ := imagel|t*Fy# — * #]. Then, F,o* #
good filtr. w.rt. F,1*9x.

o grli* #: quotient of ¢* grt 7,
= Supp grfi* . # C Char My -

® Remmert's Theorem = gr! i*.#: coh. grf?y-mod.
® = F,i*./: good filtr. of iT.#Z w.rt. F, %y .
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2.6. Non-characteristic restriction

THEOREM 2.6.2:
M Dx-coh. and Y iIs non-char. w.r.t. .Z .
Then it/ is Zy-coh. and Char i*.# C w(Char .Z}y).

PROOF: Loc. question = may assume 3 good filtr. F,.# .

® Fpi* o/ := imagel|t*Fy# — * #]. Then, F,o* #
good filtr. w.rt. F,1*9x.

o grli* #: quotient of ¢* grt 7,
= Supp grfi* . # C Char My -

® Remmert's Theorem = gr! i*.#: coh. grf?y-mod.
= F,i*.#: good filtr. of iT.# w.r.t. F, %y .
® = T ./ is Zy-coherent.

°
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2.6. Non-characteristic restriction

THEOREM 2.6.2:
M Dx-coh. and Y iIs non-char. w.r.t. .Z .
Then it/ is Zy-coh. and Char i*.# C w(Char .Z}y).

PROOF: Loc. question = may assume 3 good filtr. F,.# .

® Fpi* o/ := imagel|t*Fy# — * #]. Then, F,o* #
good filtr. w.rt. F,1*9x.

°

erfi* 7 quotient of ¢* grf' . #,
= Supp grfi* . # C Char My -

Remmert’s Theorem = gr! i*.#: coh. gr¥*%y-mod.
= F,i*.#: good filtr. of iT.# w.r.t. F, %y .

= 1T /4 is Py -coherent.
With this good filtr., Char i*.# C wo(Char .Z}y).

© o o o
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Lecture 3
Direct Images of Z-modules
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3.1. Comput. of a Gauss-Manin diff. ed.

f € C[azfl, Cee az,fl]: Laurent polynomial in n var.
T™: the real torus {|x;| = 1V}.
W dxq dx,,

Ity = | —, W= —=A-e+ A —2,
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3.1. Comput. of a Gauss-Manin diff. ed.

f € C[azfl, Cee az,fl]: Laurent polynomial in n var.
T™: the real torus {|x;| = 1V}.

W t"dO1 N\ -+ NdOy

™ f—t B [0,27]™ f(ei91,.“’ei9n) — 1

I(t) =
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3.1. Comput. of a Gauss-Manin diff. ed.

f € C[azfl, Cee az,fl]: Laurent polynomial in n var.
T™: the real torus {|x;| = 1V}.

W t"dO1 N\ -+ NdOy

™ f—t B [0,27]™ f(ewla""ewn) — 1

I(t) =

PROPOSITION 3.1.1:

30 7é Q(ta 8t) S C[t]<8t>7 Q(ta 8t) ) I(t) =0
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3.1. Comput. of a Gauss-Manin diff. ed.

f € C[azfl, Cee az,fl]: Laurent polynomial in n var.
T™: the real torus {|x;| = 1V}.

W t"dO1 N\ -+ NdOy

™ f—t B [0,27]™ f(ewla""ewn) — 1

I(t) =

PROPOSITION 3.1.1:

30 7é Q(ta 8t) S C[t]<8t>7 Q(ta 8t) ) I(t) =0

QF = QF((C*)™): alg. k-forms on (C*)™,

Introduction to the theorv of &7-modules — p. 38/67



3.1. Comput. of a Gauss-Manin diff. ed.
f € C[azfl, e az,fl]: Laurent polynomial in n var.

T™: the real torus {|x;| = 1V}.

W t"dO1 N\ -+ NdOy

I(t) = — = : :
( ) Tn f — 1 (0,27 f(ewl, c oo ,ewn) — 1

PROPOSITION 3.1.1:

30 7é Q(ta 8t) S C[t]<8t>7 Q(ta 8t) ) I(t) =0

QF = QF((C*)™): alg. k-forms on (C*)™,
d: QF — QFt1: differential.
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3.1. Comput. of a Gauss-Manin diff. ed.
f € C[azfl, e az,fl]: Laurent polynomial in n var.

T™: the real torus {|x;| = 1V}.

W t"dO1 N\ -+ NdOy

I(t) = — = : :
( ) Tn f — 1 (0,27 f(ewl, c oo ,ewn) — 1

PROPOSITION 3.1.1:

30 7é Q(ta 8t) S C[t]<8t>7 Q(ta 8t) ) I(t) =0

QF = QF((C*)™): alg. k-forms on (C*)™,
d: QF — QFk+1: differential.
T: new variable.
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3.1. Comput. of a Gauss-Manin diff. ed.

f € C[azfl, Cee az,fl]: Laurent polynomial in n var.
T™: the real torus {|x;| = 1V}.

W t"dO1 N\ -+ NdOy

™ f—t B [0,27]™ f(ei91,.“’ei9n) — 1

I(t) =

PROPOSITION 3.1.1:

30 7é Q(ta 8t) S C[t]<8t>7 Q(ta 8t) ) I(t) =0

QF = QF((C*)™): alg. k-forms on (C*)™,
d: QF — QFt1: differential.

T: new variable.
Twisted differential: d — 7df A : QF[r] — QFFL[7].
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3.1. Comput. of a Gauss-Manin diff. ed.

f € C[azfl, Cee az,fl]: Laurent polynomial in n var.
T™: the real torus {|x;| = 1V}.

W t"dO1 N\ -+ NdOy

™ f—t B [0,27]™ f(ewla""ewn) — 1

I(t) =

PROPOSITION 3.1.1:

30 7é Q(ta 8t) S C[t]<8t>7 Q(ta 8t) ) I(t) =0

QF = QF((C*)™): alg. k-forms on (C*)™,
d: QF — QFt1: differential.

T: new variable.
Twisted differential: d — 7df A : QF[r] — QFFL[7].

LEMMA 3.1.2: (d — 7dfA)? = 0.
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3.1. Comput. of a Gauss-Manin diff. ed.

LEMMA 3.1.4: GM*(f) := H*(Q*[7],d — Tdf N):
k-th Gauss-Manin syst. of f has a C[t](9;)-action:

8t‘(z77i7'i) — Znﬂ'i_l-l, t'(ZniTi) — Z(fni—(i+1)?7i+1)7i

THEOREM 3.1.5 (Bernstein): Each non-zero elem. of
GMP” (f) is annihil. by a non-zero elem. of C[t](8;).

PROPOSITION 3.1.6:
Let 0£p(t, 8;) € C[t](0¢) S.t. p(t,0:) - [w]=0€ GM"(f).
Then3I N > 0s.t. 9N p(t,0)I(t) = 0.

Introduction to the theorv of &7-modules — p. 39/67



3.1. Comput. of a Gauss-Manin diff. ed.

LEMMA 3.1.4: GM*(f) := H*(Q*[7],d — Tdf N):
k-th Gauss-Manin syst. of f has a C[t](9;)-action:

8t‘(z77i7'i) — Znﬂ'i_l-l, t'(ZniTi) — Z(fni—(i+1)?7i+1)7i

THEOREM 3.1.5 (Bernstein): Each non-zero elem. of
GMP” (f) is annihil. by a non-zero elem. of C[t](8;).

PROPOSITION 3.1.6:
Let 0£p(t, 8;) € C[t](0¢) S.t. p(t,0:) - [w]=0€ GM"(f).
Then3I N > 0s.t. 9N p(t,0)I(t) = 0.

PROOF: p = 5% . 8la;(t).
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3.1. Comput. of a Gauss-Manin diff. ed.

LEMMA 3.1.4: GM*(f) := H*(Q*[7],d — Tdf N):
k-th Gauss-Manin syst. of f has a C[t](9;)-action:

8t‘(z77i7'i) — Znﬂ'i_l-l, t'(ZniTi) — Z(fni—(i+1)?7i+1)7i

THEOREM 3.1.5 (Bernstein): Each non-zero elem. of
GMP” (f) is annihil. by a non-zero elem. of C[t](8;).

PROPOSITION 3.1.6:
Let 0£p(t, 8;) € C[t](0¢) S.t. p(t,0:) - [w]=0€ GM"(f).
Then3I N > 0s.t. 9N p(t,0)I(t) = 0.

PROOF: p = 5% . 8la;(t). p-lw] =0 <—

d+k

An =Y nm € Q" ], ) (ajof)wr’ = (d—Tdf A)n.
7=0 i
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3.1. Comput. of a Gauss-Manin diff. ed.

0= — df N\ Nayk
0=dngir — df AnNgik—1

0=dng+1 — df A ng
aqgo f-w=dng—df Nng-1

ag o f - w = dnyg.

STOKES EORMULA: / il

Tn d((f —t)e) =0Vt
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3.1. Comput. of a Gauss-Manin diff. ed.

0= — df N\ Nayk
0=dngir — df AnNgik—1

0=dng+1 — df A ng
aqgo f-w=dng—df Nng-1

ag o f - w = dnyg.

dn; p df N\ mnj;

STOKES FORMULA: —
 (f — t)  (f — t)t+1’

V4, 2.
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0= — df N\ Nayk
0=dngir — df AnNgik—1

0=dng+1 — df A ng
aqgo f-w=dng—df Nng-1

ag o f - w = dnyg.
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3.1. Comput. of a Gauss-Manin diff. ed.

0= — df N\ Nayk
0 =dngir — df AnNgik—1

0=dng+1 — df Ang
aqg o f-w=dng =df \ng_1

ag o f - w = dnyg.

dn; df N\ n;
STOKES FORMULA: Wi _y A, AN
o (f =) S (f — )
d df N d
. 1d f Nna Md+1 1y

m (F—t) Jom (F—8)2 Jm (F—1)2
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3.1. Comput. of a Gauss-Manin diff. ed.

a(t) €C[t]. a(t()f__a;)ofEC[mlil,...,:v,,fl][t] —
w aof- w
o [ o=l oy medcH
iad(t) L
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3.1. Comput. of a Gauss-Manin diff. ed.
a(t) —aof
(f — )

w aof- w
a(t) - (f—t)_/ﬂrn T -0 mod C[t]

a(t) eClt]. eClzfh, ...,z [t =

w d ago f - w
™ f—t dt )t f—t

d
= a(t
724
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3.1. Comput. of a Gauss-Manin diff. ed.

a(t) €C[t]. a(t()f__cl)ofEC[mlil,...,m,,fl][t] —
w aof- w
= mod C
alt) ™ (f—1) /Tn (f — 1) od Ll
d w d agof-w d df N\ ng—1
Ead(t) mf—t dt g f—t _dt/]‘n— f—t

:_/ df N\ nda—1
e (f —1)°

dnq_
Stokes = = — / Hd—1
T'n,




3.1. Comput. of a Gauss-Manin diff. ed.
a(t) —ao f

a(t) €C[t]. F=6 eClzfh, ...,z [t =
w aof- w
- d C
o [ o=l oy medcH
d w d agof-w d df N\ ng—1
Ead(t) mf—t dt g f—t _dt/]‘n— f—t
:_/ df N\ nda—1
e (f —1)°
Stokes = = — 4141
T f—t
ajg_10f - -w )
d _
— > = = —agq—1(t) nﬁ_/n J"‘f/\_m:5 2
dng—1 — df Nna—2 :
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w __/ df N\ 1ng—2
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3.1. Comput. of a Gauss-Manin diff. ed.

W __/ df N ngq—2

— (8tad(t) + ad—l(t)) Tn f —t f — 1

. W
and iterate... to get p(t, O¢) r e Clt].
T J —



3.1. Comput. of a Gauss-Manin diff. ed.

W df N ng—2
—> (Oaq(t _1(t = —
(Oraq(t) + aqg—1(t)) S /n F—t
and iterate... to get p(t, O¢) Lt e Clt].
T J —
N W
—> 3N, 0; p(t,0:) — = 0.

™ f—t
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= T f(&): local sect. of Ox Q¢-14, 1Oy = f*Oy.
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f : X — Y be ahol. map, &: local hol. vect. field on X.
= T f(&): local sect. of Ox Q¢-14, 1Oy = f*Oy.

Tf:0x — Ox Qp-14, f ' Oy.

Given: #x aleft ¥x-mod., #y a left Zy-mod.
Then #x Qf-14, [~ My left Zx-mod.:
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3.2. Transfer modules

f : X — Y be ahol. map, &: local hol. vect. field on X.
= T f(&): local sect. of Ox Q¢-14, 1Oy = f*Oy.

Tf:0x — Ox Qp-14, f ' Oy.

Given: #x aleft ¥x-mod., #y a left Zy-mod.
Then #x Qf-14, [~ My left Zx-mod.:

E-(m@n)=(EM)Qn+mOTf(&)n, Ve Ox.
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3.2. Transfer modules

f : X — Y be ahol. map, &: local hol. vect. field on X.
= T f(&): local sect. of Ox Q¢-14, 1Oy = f*Oy.

Tf:0x — Ox Qp-14, f ' Oy.

Given: #x aleft ¥x-mod., #y a left Zy-mod.
Then #x Qf-14, [~ My left Zx-mod.:

E-(m@n)=(EM)Qn+mOTf(&)n, Ve Ox.

DEFINITION 3.2.1: Ix_y := Ox Qf-14, f Dy
left Zx-mod. and right =1 %y--mod.
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3.2. Transfer modules

f : X — Y be ahol. map, &: local hol. vect. field on X.
= T f(&): local sect. of Ox Q¢-14, 1Oy = f*Oy.

Tf:0x — Ox Qp-14, f ' Oy.

Given: #x aleft ¥x-mod., #y a left Zy-mod.
Then #x Qf-14, [~ My left Zx-mod.:

E-(mn)=(EM)QIn+mOQTf(&)n, VEE Ox.

DEFINITION 3.2.1: Ix_y := Ox Qf-14, f Dy
left Zx-mod. and right =1 %y--mod.

EXAMPLE 3.2.2: f : X — C, t: coord. on C. Then

0
Txo= Ox[0). Be1= 7, 1-g(t) = g()

Ly

Introduction to the theorv of &2-modul

es —n. 43/67
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fe(N Qo Px_y) ¢ right Zy-mod.

Extend cohomologically in 2 ways:
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3.3. Direct images
A aright 2x-mod. “Basic” direct image by f:
fe(N Qo Px_y) ¢ right Zy-mod.

Extend cohomologically in 2 ways:

#® In general, Zx_,y not locally free as a left Zx-mod.
(ok as a 0x-module) = need of Jory,

# The higher direct images R f, to be considered.
LEMMA 3.3.1: The complex

Spy_.v(Zx) := Sp(Zx) Qox Ix—v

IS a resolution of Zx_,y as a bimodule by locally free left
9x-modules.
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3.3. Direct images
A aright 2x-mod. “Basic” direct image by f:
fe(N Qo Px_y) ¢ right Zy-mod.

Extend cohomologically in 2 ways:

#® In general, Zx_,y not locally free as a left Zx-mod.
(ok as a 0x-module) = need of Jory,

# The higher direct images R f, to be considered.
LEMMA 3.3.1: The complex

Spy_.v(Zx) := Sp(Zx) Qox Ix—v

IS a resolution of Zx_,y as a bimodule by locally free left
9x-modules. 5

Sp(@)() = {O — IxRQN"Oxy — - IxROx — Ix — O}
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3.3. Direct images

DEFINITION 3.3.3:
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3.3. Direct images

DEFINITION 3.3.3:
& /. right 9x-module. Direct image

f+ A = Rf.(N ®ox SPx_y (7))

It is @ complex of right Zy--modules.
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3.3. Direct images

DEFINITION 3.3.3:
& /. right 9x-module. Direct image

f+ A = Rf.(N ®ox SPx_y (7))

It is @ complex of right Zy--modules.
o ./ left Ix-module. fi .4 = (fr.#")".
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3.3. Direct images

DEFINITION 3.3.3:
& /. right 9x-module. Direct image

f+ A = Rf.(N ®ox SPx_y (7))

It is @ complex of right Zy--modules.
o ./ left Ix-module. fi .4 = (fr.#")".

EXAMPLE: In the alg. setting,
(C*)™ = Spec C[zT, ..., zE, f: (C*)" — C.

f.'.ﬁ(@*)n = (Q:X [0¢],d — O - df N)

Introduction to

the theorv of &2-modules — p. 45/67
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DEFINITION: A" IS f-good <= V K C Y compact,
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3.4. Coherence of direct images
X,Y cplx mfld, f : X — Y hol. map. .+ right Zx-mod.

DEFINITION: A" IS f-good <= V K C Y compact,
3 good filtr. of A{-1 (k-

THEOREM 3.4.1: Assume

& V. f-good,

® f proper on Supp .+

Then f. .+ has Zy-coherent cohomology sheaves.
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X,Y cplx mfld, f : X — Y hol. map. .+ right Zx-mod.

DEFINITION: A" IS f-good <= V K C Y compact,
3 good filtr. of A{-1 (k-

THEOREM 3.4.1: Assume

& V. f-good,

® f proper on Supp .+

Then f. .+ has Zy-coherent cohomology sheaves.

EXAMPLE:
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3.4. Coherence of direct images
X,Y cplx mfld, f : X — Y hol. map. .+ right Zx-mod.

DEFINITION: A" IS f-good <= V K C Y compact,
3 good filtr. of A{-1 (k-

THEOREM 3.4.1: Assume

& V. f-good,

® f proper on Supp .+

Then f. .+ has Zy-coherent cohomology sheaves.

EXAMPLE:
#® 7/ holonomic (see later) = .4 f-good for any f.
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3.4. Coherence of direct images

PROOF:

® CoherenceislocalonY = can assume A has a
good filtr. = To prove: J#7 f. .4 has a good filtr.
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3.4. Coherence of direct images

PROOF:

® CoherenceislocalonY = can assume A has a
good filtr. = To prove: J#7 f. .4 has a good filtr.

® 1rststep: 4/ = £ Q Px, with £ coh. &x-mod. and
f proper on Supp .. S fiL N = (R f.8) Qoy, Py .
Grauert’s thm = OK.
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3.4. Coherence of direct images

PROOF:

® CoherenceislocalonY = can assume A has a
good filtr. = To prove: J#7 f. .4 has a good filtr.

® 1rststep: 4/ = £ Q Px, with £ coh. &x-mod. and
f proper on Supp .. S fiL N = (R f.8) Qoy, Py .
Grauert’s thm = OK.

#® 2nd step: 4, = %, ® Yx finite complex and f

proper on Supp %, V k. = J#7 f. .4, has a good filtr.
OK by induction on length of _#;.
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3.4. Coherence of direct images

PROOF:

® CoherenceislocalonY = can assume A has a
good filtr. = To prove: J#7 f. .4 has a good filtr.

® 1rststep: 4/ = £ Q Px, with £ coh. &x-mod. and
f proper on Supp .. S fiL N = (R f.8) Qoy, Py .
Grauert’s thm = OK.

#® 2nd step: 4, = %, ® Yx finite complex and f
proper on Supp %, V k. = J#7 f. .4, has a good filtr.
OK by induction on length of _#;.

# 3rd step: Fix K CY cpct, work on f~1(K)NSupp A
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3.4. Coherence of direct images

PROOF:

® CoherenceislocalonY = can assume A has a
good filtr. = To prove: J#7 f. .4 has a good filtr.

® 1rststep: 4/ = £ Q Px, with £ coh. &x-mod. and
f proper on Supp .. S fiL N = (R f.8) Qoy, Py .
Grauert’s thm = OK.

#® 2nd step: 4, = %, ® Yx finite complex and f

proper on Supp %, V k. = J#7 f. .4, has a good filtr.
OK by induction on length of _#;.

# 3rd step: Fix K CY cpct, work on f~1(K)NSupp A
Choose good filtr. F,. 1.
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3.4. Coherence of direct images

PROOF:

® CoherenceislocalonY = can assume A has a
good filtr. = To prove: J#7 f. .4 has a good filtr.

® 1rststep: 4/ = £ Q Px, with £ coh. &x-mod. and
f proper on Supp .. S fiL N = (R f.8) Qoy, Py .
Grauert’s thm = OK.

#® 2nd step: 4, = %, ® Yx finite complex and f

proper on Supp %, V k. = J#7 f. .4, has a good filtr.
OK by induction on length of _#;.

# 3rd step: Fix K CY cpct, work on f~1(K)NSupp A
Choose good filtr. F,. 1.
dk s.t. % := Fi../ generates ./,
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3.4. Coherence of direct images

PROOF:

® CoherenceislocalonY = can assume A has a
good filtr. = To prove: J#7 f. .4 has a good filtr.

® 1rststep: 4/ = £ Q Px, with £ coh. &x-mod. and
f proper on Supp .. S fiL N = (R f.8) Qoy, Py .
Grauert’s thm = OK.

#® 2nd step: 4, = %, ® Yx finite complex and f

proper on Supp %, V k. = J#7 f. .4, has a good filtr.
OK by induction on length of _#;.

# 3rd step: Fix K CY cpct, work on f~1(K)NSupp A
Choose good filtr. F,. 1.
dk s.t. % := Fi../ generates ./,
l.e. 3 % coh. ﬁx-mOd. s.t. %9 R Yx — AN — 0.
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3.4. Coherence of direct images

PROOF:

® CoherenceislocalonY = can assume A has a
good filtr. = To prove: J#7 f. .4 has a good filtr.

® 1rststep: 4/ = £ Q Px, with £ coh. &x-mod. and
f proper on Supp .. S fiL N = (R f.8) Qoy, Py .
Grauert’s thm = OK.

#® 2nd step: 4, = %, ® Yx finite complex and f
proper on Supp %, V k. = J#7 f. .4, has a good filtr.
OK by induction on length of _#;.

# 3rd step: Fix K CY cpct, work on f~1(K)NSupp A
Choose good filtr. F,. 1.
dk s.t. % := Fi../ generates ./,
l.e. 3 % coh. ﬁx-mOd. s.t. %9 R Yx — AN — 0.
Artin-Rees => can continue = infinite resol.
L RQ9x — N — 0.
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PROOF (continued):
® Rmk: 7 f  V =0ifj & [—n,2n] (n = dim X).



3.4. Coherence of direct images

PROOF (continued):

® Rmk: #If, ¥/ =0ifj & [—n,2n] (n = dim X).
s Choosel >0st. j4+4,5+2+1&[—n,2n]
Vi€ |[—n,2n)|.



3.4. Coherence of direct images

PROOF (continued):

® Rmk: #If, ¥/ =0ifj & [—n,2n] (n = dim X).
s Choosel >0st. j4+4,5+2+1&[—n,2n]
Vi€ |[—n,2n)|.
s Stop resol. at —£ ~ cplx. ;.
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3.4. Coherence of direct images

PROOF (continued):

® Rmk: #If, ¥/ =0ifj & [—n,2n] (n = dim X).
s Choose?l >0st. j+£4,9+£2+1¢&[—n,2n]
Vi€ |[—n,2n)|.
s Stop resol. at —£ ~ cplx. ;.
s Set V' =Ker[Z s+ Q Ix — Z 111 Q Dx].
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3.4. Coherence of direct images

PROOF (continued):

® Rmk: #If, ¥/ =0ifj & [—n,2n] (n = dim X).

s Choose?l >0st. j+£4,9+£2+1¢&[—n,2n]
Vi€ |[—n,2n)|.

s Stop resol. at —£ ~ cplx. ;.
s Set /" =Ker[Z ¢+ Q@ Ix — L v11Q Px].
s = long exact seq.

= HOITE(fr V) = HOI(fpN) — A7 (fN)
— %j+€+1(f+//) — e
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3.4. Coherence of direct images

PROOF (continued):

® Rmk: #If, ¥/ =0ifj & [—n,2n] (n = dim X).

s Choose?l >0st. j+£4,9+£2+1¢&[—n,2n]
Vi€ |[—n,2n)|.

s Stop resol. at —£ ~ cplx. ;.
s Set /" =Ker[Z ¢+ Q@ Ix — L v11Q Px].
s = long exact seq.

= HOITE(fr V) = HOI(fpN) — A7 (fN)
— %j+€+1(f+//) — e

o HI(fN) # 0= HI(f1N) — K (f4N).
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3.4. Coherence of direct images

PROOF (continued):

® Rmk: #If, ¥/ =0ifj & [—n,2n] (n = dim X).

s Choose?l >0st. j+£4,9+£2+1¢&[—n,2n]
Vi€ |[—n,2n)|.

s Stop resol. at —£ ~ cplx. ;.
s Set /" =Ker[Z ¢+ Q@ Ix — L v11Q Px].
s = long exact seq.

= HOITE(fr V) = HOI(fpN) — A7 (fN)
— %j+€+1(f+//) — e

o HI(fN) # 0= HI(f1N) — K (f4N).
s Apply Step 2. []

Introduction to the theorv of &7-modules — p. 48/67
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3.5. Direct images and char. varieties

X,Y cplx mfld, f : X — Y holom. map. .#: f-good
9x-mod., f proper on Supp .# .



3.5. Direct images and char. varieties

X,Y cplx mfld, f : X — Y holom. map. .#: f-good
9x-mod., f proper on Supp .# .

PROBLEM: To compute (or estimate) Char 77 (f.#)
from Char .Z .
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3.5. Direct images and char. varieties

X,Y cplx mfld, f : X — Y holom. map. .#: f-good
9x-mod., f proper on Supp .# .

PROBLEM: To compute (or estimate) Char 77 (f.#)
from Char .Z .

~

T*
J F*T*Y Iy

Basic diagram: T7*X «
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3.5. Direct images and char. varieties

X,Y cplx mfld, f : X — Y holom. map. .#: f-good
9x-mod., f proper on Supp .# .

PrROBLEM: To compute (or estimate) Char 77 (f.#)
from Char .Z .

~

T*
J £*T*Y Iy

Basic diagram: T7*X «

THEOREM 3.5.1 (Kashiwara’s estimate):

Vj, |Char#9(fy.#) C f((T*f)~*(Char.#))
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3.5. Direct images and char. varieties

X,Y cplx mfld, f : X — Y holom. map. .#: f-good
9x-mod., f proper on Supp .# .

PrROBLEM: To compute (or estimate) Char 77 (f.#)
from Char .Z .

~

f

T*
J F*T*Y 2 T*Y.

Basic diagram: T7*X «

THEOREM 3.5.1 (Kashiwara’s estimate):

Vj, |Char#9(fy.#) C f((T*f)~*(Char.#))

PROOF:
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3.5. Direct images and char. varieties

X,Y cplx mfld, f : X — Y holom. map. .#: f-good
9x-mod., f proper on Supp .# .

PrROBLEM: To compute (or estimate) Char 77 (f.#)
from Char .Z .

~

f

T*
J F*T*Y 2 T*Y.

Basic diagram: T7*X «

THEOREM 3.5.1 (Kashiwara’s estimate):

Vj, |Char#9(fy.#) C f((T*f)~*(Char.#))

PROOF:
# Can assume 3 F,.# good filtr.
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3.5. Direct images and char. varieties

X,Y cplx mfld, f : X — Y holom. map. .#: f-good
9x-mod., f proper on Supp .# .

PrROBLEM: To compute (or estimate) Char 77 (f.#)
from Char .Z .

~

T*
J £*T*Y Iy

Basic diagram: T7*X «

THEOREM 3.5.1 (Kashiwara’s estimate):

Vj, |Char#9(fy.#) C f((T*f)~*(Char.#))

PROOF:
# Can assume 3 F,.# good filtr.

» Define fy for grfZx-mod.: f1(s) = Rf«(L(T*f)*(+))
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3.5. Direct images and char. varieties

X,Y cplx mfld, f : X — Y holom. map. .#: f-good
9x-mod., f proper on Supp .# .

PrROBLEM: To compute (or estimate) Char 77 (f.#)
from Char .Z .

~

T*
J £*T*Y Iy

Basic diagram: T7*X «

THEOREM 3.5.1 (Kashiwara’s estimate):

Vj, |Char#9(fy.#) C f((T*f)~*(Char.#))

PROOF:
# Can assume 3 F,.# good filtr.

» Define fy for grfZx-mod.: f1(s) = Rf«(L(T*f)*(+))

= Supp 7 f grta C f:((T*f)_l(SUPP gria))
— f((T*f)_l(Char//)).
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3.5. Direct images and char. varieties
PrROBLEM: Compare grifoz? (fo.#) and 77 (fy grta).



3.5. Direct images and char. varieties

PROBLEM: Compare griZ? (fo.#) and 27 (£ gt a).

# Fix a good filtr. F,.# =- natural way to define a good
filtr. F.%j(f+%).
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3.5. Direct images and char. varieties

PROBLEM: Compare griZ? (fo.#) and 27 (£ gt a).

# Fix a good filtr. F,.# =- natural way to define a good
filtr. F.%j(f+%).

® Set grfz] = @k Fk/Fk_g.
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3.5. Direct images and char. varieties

PROBLEM: Compare griZ? (fo.#) and 27 (£ gt a).

# Fix a good filtr. F,.# =- natural way to define a good
filtr. F.%j(f+%).

® Set grfz] = @k Fk/Fk_g.

® Showthat 3£ > 0s.t. gry, A1 (fy. /) is a quotient

of a submodule of J#7 (£, grip ).
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3.5. Direct images and char. varieties

PROBLEM: Compare griZ? (fo.#) and 27 (£ gt a).

# Fix a good filtr. F,.# =- natural way to define a good
filtr. F.%j(f+%).

® Set grfz] = @k Fk/Fk_g.

# Showthat 32 > 0 s.t. gr[g] A1 (fy. /) is a quotient
of a submodule of J#7 (£, gr[g] M).

® = Suppgrj, #7 (f1.4) C Supp A7 (f griy ).
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3.5. Direct images and char. varieties
PrROBLEM: Compare grifoz? (fo.#) and 77 (fy grta).

o

Fix a good filtr. F,.# —=- natural way to define a good
filtr. F.%j(f+%).

Set griy := @y, Fi/Fr—e-

Show that 3¢ > 0 s.t. gr[g] A1 (fy. /) is a quotient
of a submodule of J#7 (£, gr[g] M).

= Supp gri, A7 (f+.#) C Supp 7 (fy griy A).

Supp griy H7 (f+.M) = Supp gr*' A7 (fr.M) =

Char 77 (fy.#),
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3.5. Direct images and char. varieties

PROBLEM: Compare griZ? (fo.#) and 27 (£ gt a).

# Fix a good filtr. F,.# =- natural way to define a good
filtr. F.%j(f+%).

o Set grfz] = @k Fk/Fk_g.

# Showthat 32 > 0 s.t. gr[g] A1 (fy. /) is a quotient
of a submodule of J#7 (£, gr[g] M).

® = Suppgrj, #7 (f1.4) C Supp A7 (f griy ).

® Supp grfz] A (fy. M) = Supp grl I (fo ) =
Char %J(ﬁ_%)
Supp 7 (f+ griy A) = Supp A7 (f+ gr' M) C

F((T*f)~1 Char .%).
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3.5. Direct images and char. varieties

PROBLEM: Compare griZ? (fo.#) and 27 (£ gt a).

# Fix a good filtr. F,.# =- natural way to define a good
filtr. F.%j(f+%).

o Set grfz] = @k Fk/Fk_g.

# Showthat 32 > 0 s.t. gr[g] A1 (fy. /) is a quotient
of a submodule of J#7 (£, gr[g] M).

® = Suppgrj, #7 (f1.4) C Supp A7 (f griy ).

® Supp grfz] A (fy. M) = Supp grl I (fo ) =
Char %J(ﬁ_%)
Supp 7 (f+ griy A) = Supp A7 (f+ gr' M) C

F((T*f)~1 Char .%). ]
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Lecture 4
Holonomic ¥-modules
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4.1. Motivation: division of distributions



4.1. Motivation: division of distributions

f € Clxy,...,xy]: non-zero polynomial. In general
1/ f not locally integrable, hence not a distrib. on C™.
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4.1. Motivation: division of distributions

f € Clxy,...,xy]: non-zero polynomial. In general
1/ f not locally integrable, hence not a distrib. on C™.

QUESTION: A7 T distrib. on C" s.t. fT =1
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4.1. Motivation: division of distributions

f € Clxy,...,xy]: non-zero polynomial. In general
1/ f not locally integrable, hence not a distrib. on C™.

QUESTION: A7 T distrib. on C" s.t. fT =1
SOLUTION (BERNSTEIN):
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4.1. Motivation: division of distributions

f € Clxy,...,xy]: non-zero polynomial. In general
1/ f not locally integrable, hence not a distrib. on C™.

QUESTION: A7 T distrib. on C" s.t. fT =1
SOLUTION (BERNSTEIN):
® FixseCs.t. Res > 0.
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4.1. Motivation: division of distributions

f € Clxy,...,xy]: non-zero polynomial. In general
1/ f not locally integrable, hence not a distrib. on C™.

QUESTION: J? T distrib. on C™ s.t. fT =1
SOLUTION (BERNSTEIN):

® Fix seCs.t. Res > 0. map xz — |f(x)|?®is cont. =
is adistrib. Ts : A™™ 3 ¢ +— Ts(p) = / | f1%5 .
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4.1. Motivation: division of distributions

f € Clxy,...,xy]: non-zero polynomial. In general
1/ f not locally integrable, hence not a distrib. on C™.

QUESTION: A7 T distrib. on C" s.t. fT =1
SOLUTION (BERNSTEIN):
® Fix seCs.t. Res > 0. map xz — |f(x)|?®is cont. =

is adistrib. Ts : A™™ 3 ¢ +— Ts(p) = / | f1%5 .

s Assume: V ¢, s — Ts(p) (holom. on {Re s > 0})
extends as a merom. funct. on C.
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4.1. Motivation: division of distributions

f € Clxy,...,xy]: non-zero polynomial. In general
1/ f not locally integrable, hence not a distrib. on C™.

QUESTION: J? T distrib. on C™ s.t. fT =1
SOLUTION (BERNSTEIN):

® Fix seCs.t. Res > 0. map xz — |f(x)|?®is cont. =
is adistrib. Ts : A™™ 3 ¢ +— Ts(p) = / | f1%5 .

s Assume: V ¢, s — Ts(p) (holom. on {Re s > 0})
extends as a merom. funct. on C.

s S(wp) := const. term In the Laurent exp. of Ts(y)
at s = —1.
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4.1. Motivation: division of distributions

f € Clxy,...,xy]: non-zero polynomial. In general
1/ f not locally integrable, hence not a distrib. on C™.

QUESTION: J? T distrib. on C™ s.t. fT =1
SOLUTION (BERNSTEIN):

® FixseCs.t. Res>0. map x — |f(x)|?® is cont. =
is adistrib. Ts : A™™ 3 ¢ +— Ts(p) = / | f1%5 .

s Assume: V ¢, s — Ts(p) (holom. on {Re s > 0})
extends as a merom. funct. on C.

s S(wp) := const. term In the Laurent exp. of Ts(y)
at s = —1.

s Check: ¢ — S(¢) Is a distribution.
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4.1. Motivation: division of distributions

f € Clxy,...,xy]: non-zero polynomial. In general
1/ f not locally integrable, hence not a distrib. on C™.

QUESTION: J? T distrib. on C™ s.t. fT =1
SOLUTION (BERNSTEIN):

® FixseCs.t. Res>0. map x — |f(x)|?® is cont. =
is adistrib. Ts : A™™ 3 ¢ +— Ts(p) = / | f1%5 .
s Assume: V ¢, s — Ts(p) (holom. on {Re s > 0})

extends as a merom. funct. on C.

s S(wp) := const. term In the Laurent exp. of Ts(y)
at s = —1.

s Check: ¢ — S(¢) Is a distribution.

s Easy check: |f|2S(¢) = S(|f|?¢) = const. term
of the Laurent expansion of T5(y) at s = 0.
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4.1. Motivation: division of distributions

f € Clxy,...,xy]: non-zero polynomial. In general
1/ f not locally integrable, hence not a distrib. on C™.

QUESTION: J? T distrib. on C™ s.t. fT =1
SOLUTION (BERNSTEIN):

® FixseCs.t. Res>0. map x — |f(x)|?® is cont. =
is adistrib. Ts : A™™ 3 ¢ +— Ts(p) = / | f1%5 .

s Assume: V ¢, s — Ts(p) (holom. on {Re s > 0})
extends as a merom. funct. on C.

s S(wp) := const. term In the Laurent exp. of Ts(y)
at s = —1.

s Check: ¢ — S(¢) Is a distribution.
s Easy check: |f|2S(¢) = S(|f|?¢) = const. term
of the Laurent expansion of T5(y) at s = 0.

s = |fI*S(p) = [, le, [fI?S =1.
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4.1. Motivation: division of distributions

f € Clxy,...,xy]: non-zero polynomial. In general
1/ f not locally integrable, hence not a distrib. on C™.

QUESTION: J? T distrib. on C™ s.t. fT =1
SOLUTION (BERNSTEIN):

® FixseCs.t. Res>0. map x — |f(x)|?® is cont. =
is adistrib. Ts : A™™ 3 ¢ +— Ts(p) = / | f1%5 .

s Assume: V ¢, s — Ts(p) (holom. on {Re s > 0})
extends as a merom. funct. on C.

s S(wp) := const. term In the Laurent exp. of Ts(y)
at s = —1.

s Check: ¢ — S(¢) Is a distribution.

s Easy check: |f|2S(¢) = S(|f|?¢) = const. term
of the Laurent expansion of T5(y) at s = 0.

s = |fI?S(p) = [, i€, |fI?’S =1.T := fS OK.
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4.1. Motivation: division of distributions

SOLUTION (continued): Merom. ext. of s — Ts(p)?

® Assume: 3P € C[s][z](8:), Q € C[s][x](8z),
3b'(s),b"(s) € C[s] ~ {0} s.t.:

b'(s)|f1* =P - (IF1*F)| ["G)NSFI* = Q- (IfI**F)




4.1. Motivation: division of distributions

SOLUTION (continued): Merom. ext. of s — Ts(p)?

® Assume: 3P € C[s][z](8:), Q € C[s][x](8z),
3b'(s),b"(s) € C[s] ~ {0} s.t.:

o' (s)|f1%° = P-(IfI*°f)| [b"()IfI** =Q-(IfI**f)
s = for Res > 0, (P* := adjoint diff. operator),
v (s) 15170 = [(PlEPne = [ 1171P"




4.1. Motivation: division of distributions

SOLUTION (continued): Merom. ext. of s — Ts(p)?

® Assume: 3P € C[s][z](8:), Q € C[s][x](8z),
3b'(s),b"(s) € C[s] ~ {0} s.t.:

v () fI2 = P-(F120)] [07(s)F1% = Q- (IF127)
s = for Res > 0, (P* := adjoint diff. operator),

v (s) 15170 = [(PlEPne = [ 1171P"
s (Sety = Q*P*yp) =
()6 (s) [ 11120 =b"(s) [ 111717
= [@QIERPe = [ 156y




4.1. Motivation: division of distributions

SOLUTION (continued): Merom. ext. of s — Ts(p)?

® Assume: 3P € C[s][z](8:), Q € C[s][x](8z),
3b'(s),b"(s) € C[s] ~ {0} s.t.:

b'(s)|f1* =P - (IF1*F)| ["G)NSFI* = Q- (IfI**F)

. /|f|2(3+1)¢ holom. on Res > —1 =



4.1. Motivation: division of distributions

SOLUTION (continued): Merom. ext. of s — Ts(p)?
® Assume: I P € C[s][x](0z), Q € C[s][Z]{0=z),

3b'(s),b"(s) € C[s]

~ {0} s.t.:

b'(s)|f1* =P - (IF1*F)| ["G)NSFI* = Q- (IfI**F)

. /|f|2(3+1)¢ holom. on Res > —1 =

1 2(s+1)
i | R

‘merom. funct. on {Res > —1},




4.1. Motivation: division of distributions

SOLUTION (continued): Merom. ext. of s — Ts(p)?
® Assume: I P € C[s][x](0z), Q € C[s][Z]{0=z),

3b'(s),b"(s) € C[s]

~ {0} s.t.:

b'(s)|f1* =P - (IF1*F)| ["G)NSFI* = Q- (IfI**F)

. /|f|2(3+1)¢ holom. on Res > —1 =

1 2(s+1)
i | R

‘merom. funct. on {Res > —1},

\E/|f|2sgo on {Res > 0}.



4.1. Motivation: division of distributions

SOLUTION (continued): Merom. ext. of s — Ts(p)?
® Assume: I P € C[s][x](0z), Q € C[s][Z]{0=z),

3b'(s),b"(s) € C[s]

~ {0} s.t.:

b'(s)|f1* =P - (IF1*F)| ["G)NSFI* = Q- (IfI**F)

. /|f|2(3+1)¢ holom. on Res > —1 =

1 2(s+1)
i | R

‘merom. funct. on {Res > —1},

\E/|f|2sgo on {Res > 0}.

s Iterate this process = merom. ext.
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4.1. Motivation: division of distributions
SOLUTION (contd): 3 P, b’ s.t. b/ (s)|f|?* = P(|f|*f)?
® e, 3P e C(s)[x](8z) s.t. |f|25 = P - (|f|?°f)?
s C(s)[x,1/f] - |F|2%: left C(s)[z](dz)-mod.

»

»

»

»

o

C(s)[z,1/f] - | £|?*® has finite length |.

decreasing. seguence

M; := C(s)[z](8z) - 7| fI** C C(s)[z, 1/ f]-|fI*

= Ik > 1s.t f5|f|?° € My,

= 3 P,eC(s)[x](Dz) s.t. FE[f|>*=Pp fHF1|f]%.
Multiply by f* = | f|2¢TF) = P (f|£2(HR).
s Change the variable sto s — k.

Holonomy related to finite length .
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4.2. HolonomicYx-modules
X = cplx mfld, dim X = n.

DEFINITION 4.2.1: .#: coh. Zx-mod. Is holonomic if
dim Char .#Z = n, I.e., If Char .#Z Is Lagrangean.

® Y?° C X sub-mfld. Conormal bundle :
Ty, X ={veT"X | p==n(v) € Y°and v annihilates T,,Y'}
® Y C X: closed anal. subset, Y° C Y: smooth part.

Ty X := closure of Ty, X in T*X (conormal space) .

® .7 holonomic = 3 (Y,)aca Closed analytic in X,

Char /7 = U T{iaX.
acEA
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EXAMPLES 4.2.3:
® Ox:aholonomic Yx-mod. and Char 0'x = T X.

® H: smooth hypersurf. of X = 0x (xH) holonomic,
Char Ox (xH) = Tx X U Ty X.
Exactseq.:. 0 — O0x — Ox(xH) — Ox(xH)/0Ox — 0
Loc. coord.: H = {x; = 0}.

ﬁx(*H)/ﬁX — @)@[1/331] — @)(/(wl,awz,. . o ,833n)

— Char(ﬁx(*H)/ﬁx) :{ml — fz — e — fn — 0} = T;IX

n=1 20
® 7 holon. <— Vme #,3P € 9x, Pm = 0.

® n>2 Pc 9Ix = Yx/Zx P not holon.:
Char .# = {o(P) = 0}, so codim Char .Z = 1.
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PROPOSITION (Cor. 4.2.4). Exact seq. of coh. Zx-mod.:
0 — M — H — A" —0

= # holon. <— .#’ and .#" holon.

PROOF: Loc. good filtr. F,.#. Induces good filtr.
F,. #',F, 7" = Exact. seq.

0 — gttt — gttt — er* t" — 0
— Char .# = Char .#’ U Char .#".
Rmk: Can define char. cycle : CChar .Z =) | v Ty X.

— CChar .# = CChar .#' + CChar .#" .

COROLLARY 4.2.6: Decreasing seq. .#1 D M2 D --- Of
holon. Zx-mod is locally stationary .
— 3 Jordan-Holder seq. for each holon. .7.
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& locally free 0'x-mod., finite rank r,
+ integrable connect. V: & — Q% Qg & (V2 =0).

LEMMA 4.3.1 (Cauchy-Kowalevski): Vx € X, Inb(x)
and local basis e;,...,e, € &(nb(x)) s.t. V(e;) = 0:

(@@7 V)|1r1b(:13) - (ﬁXﬂ d)rnb(m)

= Char(&,V) =T5xX = (&,V) holon.
Converse : .# coh. and Char # =T3x X = # = (&, V).

D C X,codimD =1.V : & — QL (xD) ® & merom.
integr. conn. = (&(xD), V) left Zx-mod.

PROBLEM: Is (& (xD), V) coh.? holon.? Char. variety?
REcALL: OK if D non-singular.
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4.3. Vector bdles with integr. connection

& locally free 0'x-mod., finite rank r,
+ integrable connect. V: & — Q% Qg & (V2 =0).

LEMMA 4.3.1 (Cauchy-Kowalevski): Vx € X, Inb(x)
and local basis e;,...,e, € &(nb(x)) s.t. V(e;) = 0:

(@@7 V)|1r1b(:13) - (ﬁXﬂ d)rnb(m)

= Char(&,V) =T5xX = (&,V) holon.
Converse : .# coh. and Char # =T3x X = # = (&, V).

D C X,codimD =1.V : & — QL (xD) ® & merom.
integr. conn. = (&(xD), V) left Zx-mod.

PROBLEM: Is (& (xD), V) coh.? holon.? Char. variety?
THEOREM 4.3.2: .# . coherent ¥Zx-mod.

M| x . p holon. = .7 (D) holon. (hence Zx-coh.)
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4.3. Vector bdles with integr. connection

COROLLARY 4.3.3: (&(xD), V) is holonomic.

PROOF: & C &(xD).

® W= PDx & C E=D) with filtr. Fp.#4 = Fr,9x - &.
® F,./ good

® — _/ coh. Yx-mod.
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4.3. Vector bdles with integr. connection

COROLLARY 4.3.3: (&(xD), V) is holonomic.

PROOF: & C &(xD).

® W= PDx & C E=D) with filtr. Fp.#4 = Fr,9x - &.
® F,./ good

® — _/ coh. Yx-mod.

® /Nx.p = (€ x.p,V) holonomic.
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4.3. Vector bdles with integr. connection

COROLLARY 4.3.3: (&(xD), V) is holonomic.

PROOF: & C &(xD).

® W= PDx & C E=D) with filtr. Fp.#4 = Fr,9x - &.
® F,./ good

® — _/ coh. Yx-mod.

® /Nx.p = (€ x.p,V) holonomic.

® Thm 4.3.2 = .Z(xD) holonomic
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4.3. Vector bdles with integr. connection

COROLLARY 4.3.3: (&(xD), V) is holonomic.

PROOF: & C &(xD).

® W= PDx & C E=D) with filtr. Fp.#4 = Fr,9x - &.
® F,./ good

= ./ coh. Zx-mod.

A\ xp = (€ xp, V) holonomic.

Thm 4.3.2 = .# (xD) holonomic

E C MC E*D) = M (xD) = &(xD). []

© o o o
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4.3. Vector bdles with integr. connection

COROLLARY 4.3.3: (&(xD), V) is holonomic.

PROOF: & C &(xD).

M = Dx - & C E(xD) with filtr. Fp. 4 = Fr,Px - &.
F, .7 good

= ./ coh. Zx-mod.

A\ xp = (€ xp, V) holonomic.

Thm 4.3.2 = .# (xD) holonomic

E C MC E*D) = M (xD) = &(xD). []
CONVERSE (Th. 4.3.4): .# holon. Z2x-mod.

© o o o o 0
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4.3. Vector bdles with integr. connection

COROLLARY 4.3.3: (&(xD), V) is holonomic.

PROOF: & C &(xD).

M = Dx - & C E(xD) with filtr. Fp. 4 = Fr,Px - &.
F, .7 good

= ./ coh. Zx-mod.

A\ xp = (€ xp, V) holonomic.

Thm 4.3.2 = .# (xD) holonomic

E C MC E*D) = M (xD) = &(xD). []
CONVERSE (Th. 4.3.4): .# holon. Z2x-mod.

9 Char%X\D = T;(\D(X AN D) —
3(&, V) coh. Ox-mod. s.t. #Z(xD) = (&(xD), V).

© o o o o 0
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4.3. Vector bdles with integr. connection

COROLLARY 4.3.3: (&(xD), V) is holonomic.

PROOF: & C &(xD).

M = Dx - & C E(xD) with filtr. Fp. 4 = Fr,Px - &.
F, .7 good

= ./ coh. Zx-mod.

A\ xp = (€ xp, V) holonomic.

Thm 4.3.2 = .# (xD) holonomic

E C MC E*D) = M (xD) = &(xD). []
CONVERSE (Th. 4.3.4): .# holon. Z2x-mod.

9 Char%X\D = T;(\D(X AN D) —
3(&, V) coh. Ox-mod. s.t. #Z(xD) = (&(xD), V).

# In general, .# has a globally defined good filtration.

© o o o o 0
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THEOREM 4.4.1: X,Y: cplx mflds, f : X — Y proper,
. holonomic = 77 (f..#) holonomic V j.
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4.4. Direct Images of holonZx-mod.

THEOREM 4.4.1: X,Y: cplx mflds, f : X — Y proper,
. holonomic = 77 (f..#) holonomic V j.

PROOF:
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THEOREM 4.4.1: X,Y: cplx mflds, f : X — Y proper,
. holonomic = 77 (f..#) holonomic V j.

PROOF:
# 1 global good filtr. F,.# = .# f-good.
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THEOREM 4.4.1: X,Y: cplx mflds, f : X — Y proper,
. holonomic = 77 (f..#) holonomic V j.

PROOF:
# 1 global good filtr. F,.# = .# f-good.

® = 7 (fy.#) coh. and
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4.4. Direct Images of holonZx-mod.
THEOREM 4.4.1: X,Y: cplx mflds, f : X — Y proper,

. holonomic = 77 (f..#) holonomic V j.

PROOF:

# 1 global good filtr. F,.# = .# f-good.

® = 7 (fy.#) coh. and
Char(#7 (fy.#)) C J/"‘V((T"‘]"’)_1 Char .Z).
® LEMMA 4.4.2: Z C X: closed anal. set, A :=T,X.

Then each irreducible component of f((T*f)~'A) is
Isotropic in T*Y .
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4.4. Direct images of holon.Zx-mod.
THEOREM 4.4.1: X,Y: cplx mflds, f : X — Y proper,
./ holonomic = 77 (f1.4) holonomic V j.
PROOF:
# 1 global good filtr. F,.# = .# f-good.
® = 7 (fy.#) coh. and
Char(#7 (fy.#)) C J/"‘V((T"‘j")_1 Char .Z).
® LEMMA 4.4.2: Z C X: closed anal. set, A :=T,X.

Then each irreducible component of f((T*f)~'A) is
Isotropic in T*Y .

® = eachirred. compon. of Char (7 (fy.#))
Isotropic.

Introduction to the theorv of &7-modules — p. 61/67



4.4. Direct Images of holonZx-mod.
THEOREM 4.4.1: X,Y: cplx mflds, f : X — Y proper,
./ holonomic = 77 (f1.4) holonomic V j.
PROOF:
# 1 global good filtr. F,.# = .# f-good.
® = 7 (fy.#) coh. and
Char(#7 (fy.#)) C J/"‘V((T"‘]"’)_1 Char .Z).
® LEMMA 4.4.2: Z C X: closed anal. set, A :=T,X.

Then each irreducible component of f((T*f)~'A) is
Isotropic in T*Y .

® = eachirred. compon. of Char (7 (fy.#))
Isotropic.

® = dim Char(#7(f+.#)) < n (hence = n). ]
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4.4. Direct images of holon.Zx-mod.

LEMMA 4.4.2: Z C X: closed anal. set, A :=T,X.

Then each irreducible component of f((T*f)~'A) is
Isotropic in T*Y .
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4.4. Direct Images of holonZx-mod.

LEMMA 4.4.2: Z C X: closed anal. set, A :=T,X.

Then each irreducible component of f((T*f)~'A) is
Isotropic in T*Y .
PROOF:
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4.4. Direct Images of holonZx-mod.

LEMMA 4.4.2: Z C X: closed anal. set, A :=T,X.
Then each irreducible component of f((T*f)~'A) is
Isotropic in T*Y .

PROOF: f:X < Z:=XxY 2 Y.
T (x,f(x)) f(x)
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4.4. Direct images of holon.Zx-mod.

LEMMA 4.4.2: Z C X: closed anal. set, A :=T,X.

Then each irreducible component of f((T*f)—lA) IS
Isotropic In T*Y .
PROOF: f: X Z:=XxY -2 Y.
T (x,f(x)) f(x)
Lemma for f = inclusion: easy. Consider f = p.
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T (x,f(x)) f(x)
Lemma for f = inclusion: easy. Consider f = p.
® A’ C Aclosedanal. inT*X.
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4.4. Direct images of holon.Zx-mod.

LEMMA 4.4.2: Z C X: closed anal. set, A :=T,X.

Then each irreducible component of f((T*f)~'A) is
Isotropic In T*Y .
(]
PROOF: f: X Z:=XxY 2 Y.
T (x,f(x)) f(x)
Lemma for f = inclusion: easy. Consider f = p.
® A’ C Aclosedanal. inT*X.
A isotropic = A’ isotropic (Whitney’s thm).
# Basic diagram:
T*p =: D
gy L P=P p

wZ * - Ak
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4.4. Direct images of holon.Zx-mod.

LEMMA 4.4.2: Z C X: closed anal. set, A :=T,X.
Then each irreducible component of f((T*f)~'A) is
Isotropic In T*Y .
(]

PROOF: f: X Z:=XxY 2 Y.

x (z,f (x)) f(z)
Lemma for f = inclusion: easy. Consider f = p.
® A’ C Aclosedanal. inT*X.

A isotropic = A’ isotropic (Whitney’s thm).

# Basic diagram:

T*p =: D
77 — PP, xyrvy Py

Wz prwz = prwy wy

® wzipe =0=wz=00n (AN f*T*Y)°
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4.4. Direct Images of holonZx-mod.

LEMMA 4.4.2: Z C X: closed anal. set, A :=T,X.

Then each irreducible component of f((T*f)~'A) is
Isotropic in T*Y .

PROOF: f:X < Z:=XxY 2 Y.
x (@, f (x)) (@)
Lemma for f = inclusion: easy. Consider f = p.

® A’ C Aclosedanal. inT*X.
A isotropic = A’ isotropic (Whitney’s thm).

# Basic diagram:

T*p —:
77 — PP, xyrvy Py

Wz prwz = prwy wy
® wzipe =0=wz=00n (AN f*T*Y)°
— ﬁ*wy = p*wz — 0 on (A M f*T*Y)O
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4.4. Direct Images of holonZx-mod.

LEMMA 4.4.2: Z C X: closed anal. set, A :=T,X.

Then each irreducible component of f((T*f)~'A) is
Isotropic In T*Y .
(]

PROOF: f: X Z:=XxY 2 Y.

T (x,f(x)) f(x)
Lemma for f = inclusion: easy. Consider f = p.
® A’ C Aclosedanal. inT*X.

A isotropic = A’ isotropic (Whitney’s thm).

# Basic diagram:

T*p =: D
77 — PP, xyrvy Py

prwz = prwy wy

® wzipe =0=wz=00n (AN f*T*Y)°
— ﬁ*wy = p*wz — 0 on (A M f*T*Y)O
= wy = 00n (f(AN f*T*Y))°.

Wz
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4.4. Direct Images of holonZx-mod.

THEOREM 3.1.5 (Bernstein): Each non-zero elem. of
GMP (f) is annihil. by a non-zero elem. of C[t](8;).
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4.4. Direct Images of holonZx-mod.

THEOREM 3.1.5 (Bernstein): Each non-zero elem. of
GMP (f) is annihil. by a non-zero elem. of C[t](8;).

PROOF:
# Uses algebraic analogues of the previous results.
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THEOREM 3.1.5 (Bernstein): Each non-zero elem. of
GMP (f) is annihil. by a non-zero elem. of C[t](8;).

PROOF:
# Uses algebraic analogues of the previous results.

® GM*(f) = H*(f10ceyn), f: (C*)™ — C not
proper = cannot apply Th. 4.4.1.
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4.4. Direct images of holon.Zx-mod.

THEOREM 3.1.5 (Bernstein): Each non-zero elem. of
GMP (f) is annihil. by a non-zero elem. of C[t](8;).

PROOF:
# Uses algebraic analogues of the previous results.

® GM*(f) = H*(f10ceyn), f: (C*)™ — C not
proper = cannot apply Th. 4.4.1.

#® Choose X = (C*)™ U D quasi-proj. smooth,
codimx D=1, and g : X — C proj. s.t. gj(c+)»=F.
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4.4. Direct images of holon.Zx-mod.
THEOREM 3.1.5 (Bernstein): Each non-zero elem. of
GMP”(f) is annihil. by a non-zero elem. of C[t](8;).

PROOF:
# Uses algebraic analogues of the previous results.

® GM*(f) = H*(f10ceyn), f: (C*)™ — C not
proper = cannot apply Th. 4.4.1.

#® Choose X = (C*)™ U D quasi-proj. smooth,
codimx D=1, and g : X — C proj. s.t. gj(c+)»=F.

® A (f1O0ceyn) = H*(g+0x(xD))
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4.4. Direct images of holon.Zx-mod.

THEOREM 3.1.5 (Bernstein): Each non-zero elem. of
GMP (f) is annihil. by a non-zero elem. of C[t](8;).

PROOF:
# Uses algebraic analogues of the previous results.

® GM*(f) = H*(f10ceyn), f: (C*)™ — C not
proper = cannot apply Th. 4.4.1.

#® Choose X = (C*)™ U D quasi-proj. smooth,
codimx D=1, and g : X — C proj. s.t. gj(c+)»=F.

® A (f1O0ceyn) = H*(g+0x(xD))

® Ox(xD) holon. (Cor. 4.3.3) + Th. 4.4.1forg
= H*(f1O0c-yn) = GM*(f) holonomic
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4.4. Direct images of holon.Zx-mod.

THEOREM 3.1.5 (Bernstein): Each non-zero elem. of
GMP (f) is annihil. by a non-zero elem. of C[t](8;).

PROOF:
# Uses algebraic analogues of the previous results.

® GM*(f) = #*(f10c+y»), f: (C*)™ — Cnot
proper = cannot apply Th. 4.4.1.

#® Choose X = (C*)™ U D quasi-proj. smooth,
codimx D=1, and g : X — C proj. s.t. gj(c+)»=F.

® A (f1O0ceyn) = H*(g+0x(xD))

® Ox(xD) holon. (Cor. 4.3.3) + Th. 4.4.1forg
= H*(f1O0c-yn) = GM*(f) holonomic

® dim C=1 = Vme& GMF(f), 3 71£3()E<C[t](8t), Pm=0.
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# Local normal form of an integr. merom. connect.
near a pole.
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1. 3 local formal normal form for V.
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3. Comparison between various liftings ~~ Stokes
phenomenon .
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2. 3 asymptotic liftings in sectors at the pole.

3. Comparison between various liftings ~~ Stokes
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If dim X > 2,
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4.5. Recent advances

# Local normal form of an integr. merom. connect.
near a pole.
If dim X = 1: Classical results, 3 steps:

1. 3 local formal normal form for V.
2. 3 asymptotic liftings in sectors at the pole.

3. Comparison between various liftings ~~ Stokes
phenomenon .

If dim X > 2,

s Step 2 OK if Step one is solved (Majima 1984,
C.S. 1993).
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# Local normal form of an integr. merom. connect.
near a pole.
If dim X = 1: Classical results, 3 steps:

1. 3 local formal normal form for V.
2. 3 asymptotic liftings in sectors at the pole.

3. Comparison between various liftings ~~ Stokes
phenomenon .

If dim X > 2,

s Step 2 OK if Step one is solved (Majima 1984,
C.S. 1993).

s Step 1 recently solved in two different ways:
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4.5. Recent advances

# Local normal form of an integr. merom. connect.
near a pole.
If dim X = 1: Classical results, 3 steps:

1. 3 local formal normal form for V.
2. 3 asymptotic liftings in sectors at the pole.

3. Comparison between various liftings ~~ Stokes
phenomenon .

If dim X > 2,

s Step 2 OK if Step one is solved (Majima 1984,
C.S. 1993).

s Step 1 recently solved in two different ways:
s Mochizuki uses reduction to char. p +
p-curvature (dim X =2) and diff. geom. (Higgs
bdles , harmonic metrics ) if dim X >3.
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4.5. Recent advances

# Local normal form of an integr. merom. connect.
near a pole.

If dim X = 1: Classical results, 3 steps:
1. 3 local formal normal form for V.
2. 3 asymptotic liftings in sectors at the pole.

3. Comparison between various liftings ~~ Stokes
phenomenon .

If dim X > 2,

s Step 2 OK if Step one is solved (Majima 1984,
C.S. 1993).

s Step 1 recently solved in two different ways:
s Mochizuki uses reduction to char. p +
p-curvature (dim X =2) and diff. geom. (Higgs
bdles , harmonic metrics ) if dim X >3.

s Kedlaya uses techniques from p-adic diff. egns
and Berkovich spaces .
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4.5. Recent advances

# Local normal form of an integr. merom. connect.
near a pole.
If dim X = 1: Classical results, 3 steps:

1. 3 local formal normal form for V.
2. 3 asymptotic liftings in sectors at the pole.

3. Comparison between various liftings ~~ Stokes
phenomenon .

If dim X > 2,

s Step 3 generalized to arbitrary dim. by Mochizuki
and C.S. ~» Stokes filtration (due to Deligne).
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4.5. Recent advances

# Local normal form of an integr. merom. connect.
near a pole.
If dim X = 1: Classical results, 3 steps:

1. 3 local formal normal form for V.
2. 3 asymptotic liftings in sectors at the pole.

3. Comparison between various liftings ~~ Stokes
phenomenon .

If dim X > 2,

s Step 3 generalized to arbitrary dim. by Mochizuki
and C.S. ~» Stokes filtration (due to Deligne).
—>- a general Riemann-Hilbert correspondence
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4.5. Recent advances

# A conjecture of Kashiwara (Proofs: Kashiwara,
Mochizuki, C.S.).
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4.5. Recent advances

#® A conjecture of Kashiwara (Proofs: Kashiwara,
Mochizuki, C.S.).

o Theorem 4.5.1: .#: holonomic ¥x-mod. =
Jtom g, (A ,Dbx ) holonomic Zw-mod.
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# A conjecture of Kashiwara (Proofs: Kashiwara,
Mochizuki, C.S.).

s Theorem 4.5.1: .#: holonomic ¥x-mod. =
Jtom g, (A ,Dbx ) holonomic Zw-mod.

and &xt!, (#,Dbx)=0,Vi> 0.
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4.5. Recent advances

# A conjecture of Kashiwara (Proofs: Kashiwara,
Mochizuki, C.S.).

s Theorem 4.5.1: .#: holonomic ¥x-mod. =
Jtom g, (A ,Dbx ) holonomic Zw-mod.

and éxt?, (#,Dbx)=0,Vi> 0.
s Corollary: Any holon. .# loc. C ®bx.
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s M. Saito: Hodge Z-modules ~ Hodge theory for
singular alg. varieties.
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# Wild Hodge Theory.

s M. Saito: Hodge Z-modules ~ Hodge theory for
singular alg. varieties.

s Analogy: Hodge Z-modules < Pure £-adic
perverse sheaves with tame ramif. .
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# Wild Hodge Theory.

s M. Saito: Hodge Z-modules ~ Hodge theory for
singular alg. varieties.

s Analogy: Hodge Z-modules < Pure £-adic
perverse sheaves with tame ramif. .

s Extend this analogy to wild ramif. ?
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4.5. Recent advances

# Wild Hodge Theory.

s M. Saito: Hodge Z-modules ~ Hodge theory for
singular alg. varieties.

s Analogy: Hodge Z-modules < Pure £-adic
perverse sheaves with tame ramif. .

s Extend this analogy to wild ramif. ?
s ~ Wild pure twistor Z-modules (Mochizuki, C.S.).

Introduction to the theorv of &7-modules — p. 67/67
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