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Ring DX(U): subring of HomC(OU ,OU ) generated by

multiplication by holomorphic functions on U ,

derivation by holomorphic vector fields on U .

Sheaf DX : Γ(U,DX) = DX(U) ∀U ⊂ X.

DEFINITION 1.1.2 (Filtration of DX by the order):
Increasing family of subsheaves FkDX ⊂ DX defined
inductively:

FkDX = 0 if k 6 −1,

F0DX = OX ,

P local section of Fk+1DX ⇐⇒ [P,ϕ] local section
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SOME PROPERTIES (Ex. E.1.2):

PQ = 0 in D(U)⇒ P = 0 or Q = 0.

FkDX is a locally free OX -module of finite rank.

The filtration F
•
DX is exhaustive (DX =

⋃
k FkDX )

and
FkDX · FℓDX = Fk+ℓDX .
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1.1. The sheaf of holom. diff. operators
SOME PROPERTIES (Ex. E.1.2 & E.1.3):

[•, •] : FkDX ⊗C FℓDX → Fk+ℓ−1DX .

⇒ the graded ring grFDX is commutative.

grFDX :=
⊕
p grFp DX =Sym ΘX (functs on T ∗X).

I ⊂ DX two-sided ideal⇒ I = 0 or DX :

x ∈ X, 0 6= P ∈ Ix, ordxP > 1⇒ ∃ f ∈ OX,x

s.t. [P, f ] 6= 0,
(induction on ordx(P ))⇒ ∃ 0 6= g ∈ Ix ∩ OX,x,
⇒ ∀ i, [∂xi

, g] = ∂g/∂xi ∈ Ix,
⇒ all iterated deriv. of g belong to Ix,
⇒ ∃h ∈ Ix s.t. h(x) 6= 0,⇒ Ix = Dx.

⇒ No interesting two-sided DX -mod.
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DEFINITION 1.1.3 (Integrable connection):
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∇(fm) = df ⊗m+ f∇m, ∀m ∈M and ∀ f ∈ OX .

∇ is integrable ⇐⇒ curvature R∇ ≡ 0, R∇ := ∇◦∇.

EXAMPLE (EX. E.1.4):
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X ⊗ΘX loc. defined as∑
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.
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1.1. The sheaf of holom. diff. operators

DEFINITION 1.1.3 (Integrable connection):
M : a OX -module.
A holomorphic connection: a C-linear morphism
∇ : M → Ω1

X ⊗M which satisfies the Leibniz rule :
∇(fm) = df ⊗m+ f∇m, ∀m ∈M and ∀ f ∈ OX .

∇ is integrable ⇐⇒ curvature R∇ ≡ 0, R∇ := ∇◦∇.

EXAMPLE (EX. E.1.4):
∃ a global section∇(1) of Ω1

X ⊗ΘX loc. defined as∑
i dxi ⊗ ∂xi

.
⇒ ∃∇ : DX → Ω1

X ⊗ DX integrable,

P 7−→ ∇(1) · P
loc.
=

∑

i

dxi ⊗ (∂xi
· P ).
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1.1. The sheaf of holom. diff. operators

PROPOSITION 1.1.4:
Giving a left DX -module M ⇐⇒
giving a OX -module M with integrable connection∇.

PROOF: M : left DX -module.
M → DX ⊗M → Ω1

X ⊗ DX ⊗M → Ω1
X ⊗M

m 7→ 1⊗m 7→ ∇(1)⊗m 7→ ∇(1) ·m
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X ⊗ DX ⊗M → Ω1
X ⊗M
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1.1. The sheaf of holom. diff. operators

PROPOSITION 1.1.4:
Giving a left DX -module M ⇐⇒
giving a OX -module M with integrable connection∇.

PROOF: M : left DX -module.
M → DX ⊗M → Ω1

X ⊗ DX ⊗M → Ω1
X ⊗M

m 7→ 1⊗m 7→ ∇(1)⊗m 7→ ∇(1) ·m

Conversely: Given (M ,∇). Define ξ ·m := ∇ξm.

EXAMPLE:
A holom. vector bdle with integrable holom. connect.
(V,∇) is a left DX -module.
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1.2. Left and right

LEMMA 1.2.1 (Generating left DX -modules):
M : a OX -module.
ϕ : ΘX ⊗CX

M →M : a C-linear morphism s.t.,
∀ f ∈ OX , ∀ ξ, η ∈ ΘX and ∀m ∈M ,
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1.2. Left and right

LEMMA 1.2.1 (Generating left DX -modules):
M : a OX -module.
ϕ : ΘX ⊗CX

M →M : a C-linear morphism s.t.,
∀ f ∈ OX , ∀ ξ, η ∈ ΘX and ∀m ∈M ,

1. fϕ(ξ ⊗m) = ϕ(fξ ⊗m) = ϕ(ξ ⊗ fm)− ξ(f)m,
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1.2. Left and right

LEMMA 1.2.1 (Generating left DX -modules):
M : a OX -module.
ϕ : ΘX ⊗CX

M →M : a C-linear morphism s.t.,
∀ f ∈ OX , ∀ ξ, η ∈ ΘX and ∀m ∈M ,

1. fϕ(ξ ⊗m) = ϕ(fξ ⊗m) = ϕ(ξ ⊗ fm)− ξ(f)m,

2. ϕ([ξ, η]⊗m) = ϕ(ξ⊗ϕ(η⊗m))−ϕ(η⊗ϕ(ξ⊗m)).
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1.2. Left and right

LEMMA 1.2.1 (Generating left DX -modules):
M : a OX -module.
ϕ : ΘX ⊗CX

M →M : a C-linear morphism s.t.,
∀ f ∈ OX , ∀ ξ, η ∈ ΘX and ∀m ∈M ,

1. fϕ(ξ ⊗m) = ϕ(fξ ⊗m) = ϕ(ξ ⊗ fm)− ξ(f)m,

2. ϕ([ξ, η]⊗m) = ϕ(ξ⊗ϕ(η⊗m))−ϕ(η⊗ϕ(ξ⊗m)).

Then ∃ unique struct. of left DX -mod. on M s.t.
ξm = ϕ(ξ ⊗m) ∀ ξ,m.
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1.2. Left and right

LEMMA 1.2.1 (Generating left DX -modules):
M : a OX -module.
ϕ : ΘX ⊗CX

M →M : a C-linear morphism s.t.,
∀ f ∈ OX , ∀ ξ, η ∈ ΘX and ∀m ∈M ,

1. fϕ(ξ ⊗m) = ϕ(fξ ⊗m) = ϕ(ξ ⊗ fm)− ξ(f)m,

2. ϕ([ξ, η]⊗m) = ϕ(ξ⊗ϕ(η⊗m))−ϕ(η⊗ϕ(ξ⊗m)).

Then ∃ unique struct. of left DX -mod. on M s.t.
ξm = ϕ(ξ ⊗m) ∀ ξ,m.

E.g., (M ,∇), ϕ(ξ,m) = ∇ξm.
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1.2. Left and right

LEMMA 1.2.2 (Generating right DX -modules):
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1.2. Left and right

LEMMA 1.2.2 (Generating right DX -modules):
N : a OX -module (OX -action written on the right).
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1.2. Left and right

LEMMA 1.2.2 (Generating right DX -modules):
N : a OX -module (OX -action written on the right).
ψ : N ⊗CX

ΘX → N : a C-linear morph. s.t., ∀ f ∈ OX ,
∀ ξ, η ∈ ΘX and ∀n ∈ N ,
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1.2. Left and right

LEMMA 1.2.2 (Generating right DX -modules):
N : a OX -module (OX -action written on the right).
ψ : N ⊗CX

ΘX → N : a C-linear morph. s.t., ∀ f ∈ OX ,
∀ ξ, η ∈ ΘX and ∀n ∈ N ,

1. ψ(nf ⊗ ξ) = ψ(n⊗ fξ) = ψ(n⊗ ξ)f − n · ξ(f),
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1.2. Left and right

LEMMA 1.2.2 (Generating right DX -modules):
N : a OX -module (OX -action written on the right).
ψ : N ⊗CX

ΘX → N : a C-linear morph. s.t., ∀ f ∈ OX ,
∀ ξ, η ∈ ΘX and ∀n ∈ N ,

1. ψ(nf ⊗ ξ) = ψ(n⊗ fξ) = ψ(n⊗ ξ)f − n · ξ(f),

2. ψ(n⊗ [ξ, η]) = ψ(ψ(n⊗ ξ)⊗η)−ψ(ψ(n⊗η)⊗ ξ).
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1.2. Left and right

LEMMA 1.2.2 (Generating right DX -modules):
N : a OX -module (OX -action written on the right).
ψ : N ⊗CX

ΘX → N : a C-linear morph. s.t., ∀ f ∈ OX ,
∀ ξ, η ∈ ΘX and ∀n ∈ N ,

1. ψ(nf ⊗ ξ) = ψ(n⊗ fξ) = ψ(n⊗ ξ)f − n · ξ(f),

2. ψ(n⊗ [ξ, η]) = ψ(ψ(n⊗ ξ)⊗η)−ψ(ψ(n⊗η)⊗ ξ).

Then ∃ unique struct. of right DX -mod. on N s.t;
n · ξ = ψ(n⊗ ξ) ∀ ξ, n.
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EXAMPLE 1.2.3 (Most basic examples):

DX : left and right DX -module.

OX : left DX -module.
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1.2. Left and right
EXAMPLE 1.2.3 (Most basic examples):

DX : left and right DX -module.

OX : left DX -module.

ωX := ΩdimX
X : right DX -module.

Introduction to the theory of D-modules – p. 11/67



1.2. Left and right
EXAMPLE 1.2.3 (Most basic examples):

DX : left and right DX -module.

OX : left DX -module.

ωX := ΩdimX
X : right DX -module.

PROPOSITION (Ex. E.1.10 and E.1.11):
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1.2. Left and right
EXAMPLE 1.2.3 (Most basic examples):

DX : left and right DX -module.

OX : left DX -module.

ωX := ΩdimX
X : right DX -module.

PROPOSITION (Ex. E.1.10 and E.1.11):

M a left DX -module, N a right DX -module.
Then N ⊗OX

M is a right DX -module:
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1.2. Left and right
EXAMPLE 1.2.3 (Most basic examples):

DX : left and right DX -module.

OX : left DX -module.

ωX := ΩdimX
X : right DX -module.

PROPOSITION (Ex. E.1.10 and E.1.11):

M a left DX -module, N a right DX -module.
Then N ⊗OX

M is a right DX -module:

(n⊗m) · ξ := (n · ξ)⊗m− n⊗ (ξ ·m)
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1.2. Left and right
EXAMPLE 1.2.3 (Most basic examples):

DX : left and right DX -module.

OX : left DX -module.

ωX := ΩdimX
X : right DX -module.

PROPOSITION (Ex. E.1.10 and E.1.11):

M a left DX -module, N a right DX -module.
Then N ⊗OX

M is a right DX -module:

(n⊗m) · ξ := (n · ξ)⊗m− n⊗ (ξ ·m)

M , N right DX -modules.
Then Hom OX

(M ,N ) is a left DX -module:
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1.2. Left and right
EXAMPLE 1.2.3 (Most basic examples):

DX : left and right DX -module.

OX : left DX -module.

ωX := ΩdimX
X : right DX -module.

PROPOSITION (Ex. E.1.10 and E.1.11):

M a left DX -module, N a right DX -module.
Then N ⊗OX

M is a right DX -module:

(n⊗m) · ξ := (n · ξ)⊗m− n⊗ (ξ ·m)

M , N right DX -modules.
Then Hom OX

(M ,N ) is a left DX -module:

(ξ · ϕ)(m) = ϕ(m · ξ)− ϕ(m) · ξ
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1.2. Left and right
DEFINITION 1.2.4 (right↔left transformation):
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1.2. Left and right
DEFINITION 1.2.4 (right↔left transformation):

M a left DX -module. Then ωX ⊗OX
M is a right

DX -module.
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1.2. Left and right
DEFINITION 1.2.4 (right↔left transformation):

M a left DX -module. Then ωX ⊗OX
M is a right

DX -module.

N a right DX -module. Then Hom OX
(ωX ,N ) is a

left DX -module.
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1.2. Left and right
DEFINITION 1.2.4 (right↔left transformation):

M a left DX -module. Then ωX ⊗OX
M is a right

DX -module.

N a right DX -module. Then Hom OX
(ωX ,N ) is a

left DX -module.

left→ right→ left = Id, right→ left→ right = Id.
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1.2. Left and right
DEFINITION 1.2.4 (right↔left transformation):

M a left DX -module. Then ωX ⊗OX
M is a right

DX -module.

N a right DX -module. Then Hom OX
(ωX ,N ) is a

left DX -module.

left→ right→ left = Id, right→ left→ right = Id.

EXAMPLE (Ex. E.1.13):
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1.2. Left and right
DEFINITION 1.2.4 (right↔left transformation):

M a left DX -module. Then ωX ⊗OX
M is a right

DX -module.

N a right DX -module. Then Hom OX
(ωX ,N ) is a

left DX -module.

left→ right→ left = Id, right→ left→ right = Id.

EXAMPLE (Ex. E.1.13):
N a right DX -module. Then N ⊗OX

DX has two
commuting right DX -module structures.
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1.2. Left and right
DEFINITION 1.2.4 (right↔left transformation):

M a left DX -module. Then ωX ⊗OX
M is a right

DX -module.

N a right DX -module. Then Hom OX
(ωX ,N ) is a

left DX -module.

left→ right→ left = Id, right→ left→ right = Id.

EXAMPLE (Ex. E.1.13):
N a right DX -module. Then N ⊗OX

DX has two
commuting right DX -module structures.

LEMMA: Both are isomorphic.
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1.3. Examples ofDX-modules

X = Cn, Pj =
∑
α aj,α(x)∂α, aj,α ∈ O(Cn).

Left ideal I =
∑
j DX · Pj  left DX -mod. DX/I .
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X = Cn, Pj =
∑
α aj,α(x)∂α, aj,α ∈ O(Cn).

Left ideal I =
∑
j DX · Pj  left DX -mod. DX/I .

L : a OX -mod. Then DX ⊗OX
L is a left DX -mod.
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1.3. Examples ofDX-modules

X = Cn, Pj =
∑
α aj,α(x)∂α, aj,α ∈ O(Cn).

Left ideal I =
∑
j DX · Pj  left DX -mod. DX/I .

L : a OX -mod. Then DX ⊗OX
L is a left DX -mod.

D: a divisor in X. OX(∗D): merom. functs with
poles along D.
Then OX(∗D) is a left DX -mod.
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1.3. Examples ofDX-modules

X = Cn, Pj =
∑
α aj,α(x)∂α, aj,α ∈ O(Cn).

Left ideal I =
∑
j DX · Pj  left DX -mod. DX/I .

L : a OX -mod. Then DX ⊗OX
L is a left DX -mod.

D: a divisor in X. OX(∗D): merom. functs with
poles along D.
Then OX(∗D) is a left DX -mod.

M a locally free OX(∗D)-module with integrable
connection∇ : M → Ω1

X ⊗OX
M is a left DX -mod.
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1.3. Examples ofDX-modules

X = Cn, Pj =
∑
α aj,α(x)∂α, aj,α ∈ O(Cn).

Left ideal I =
∑
j DX · Pj  left DX -mod. DX/I .

L : a OX -mod. Then DX ⊗OX
L is a left DX -mod.

D: a divisor in X. OX(∗D): merom. functs with
poles along D.
Then OX(∗D) is a left DX -mod.

M a locally free OX(∗D)-module with integrable
connection∇ : M → Ω1

X ⊗OX
M is a left DX -mod.

Twist of the previous: ω a closed merom. 1-form.
Then (M ,∇+ ω ⊗ Id) is a left DX -module.
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1.3. Examples ofDX-modules

X = Cn, Pj =
∑
α aj,α(x)∂α, aj,α ∈ O(Cn).

Left ideal I =
∑
j DX · Pj  left DX -mod. DX/I .

L : a OX -mod. Then DX ⊗OX
L is a left DX -mod.

D: a divisor in X. OX(∗D): merom. functs with
poles along D.
Then OX(∗D) is a left DX -mod.

M a locally free OX(∗D)-module with integrable
connection∇ : M → Ω1

X ⊗OX
M is a left DX -mod.

Twist of the previous: ω a closed merom. 1-form.
Then (M ,∇+ ω ⊗ Id) is a left DX -module.

DbX : sheaf of distributions on X. This is a left
DX -module and a left DX -module.
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1.3.g. Solutions ofDX-modules

DEFINITION 1.3.1: M ,N left DX -mod.
Solutions of M in N : sheaf Hom DX

(M ,N ) .
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1.3.g. Solutions ofDX-modules

DEFINITION 1.3.1: M ,N left DX -mod.
Solutions of M in N : sheaf Hom DX

(M ,N ) .

REMARK 1.3.2:

Hom DX
(M ,N ) only a sheaf of C-vect. spaces.
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1.3.g. Solutions ofDX-modules

DEFINITION 1.3.1: M ,N left DX -mod.
Solutions of M in N : sheaf Hom DX

(M ,N ) .

REMARK 1.3.2:

Hom DX
(M ,N ) only a sheaf of C-vect. spaces.

∇ = integr. connect. on Hom OX
(M ,N ):

(∇ϕ)(m) := ∇(ϕ(m))− ϕ(∇m).
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1.3.g. Solutions ofDX-modules

DEFINITION 1.3.1: M ,N left DX -mod.
Solutions of M in N : sheaf Hom DX

(M ,N ) .

REMARK 1.3.2:

Hom DX
(M ,N ) only a sheaf of C-vect. spaces.

∇ = integr. connect. on Hom OX
(M ,N ):

(∇ϕ)(m) := ∇(ϕ(m))− ϕ(∇m). ⇒

Hom DX
(M ,N ) = Ker[Hom OX

(M ,N )
∇
−→Hom OX

(M ,N )]
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1.3.g. Solutions ofDX-modules
EXAMPLE 1.3.3:
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1.3.g. Solutions ofDX-modules
EXAMPLE 1.3.3: U ⊂ X: coord. chart, P ∈ DX(U),
I = DU · P , M = DU/I .
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1.3.g. Solutions ofDX-modules
EXAMPLE 1.3.3: U ⊂ X: coord. chart, P ∈ DX(U),
I = DU · P , M = DU/I .

Hom DU
(M ,N ) ≃ Ker[N

P ·
−→ N ]
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1.3.g. Solutions ofDX-modules
EXAMPLE 1.3.3: U ⊂ X: coord. chart, P ∈ DX(U),
I = DU · P , M = DU/I .

Hom DU
(M ,N ) ≃ Ker[N

P ·
−→ N ]:

ϕ : M → N ⇐⇒ ϕ̃ : DU → N s.t. ϕ̃(P ) = 0
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1.3.g. Solutions ofDX-modules
EXAMPLE 1.3.3: U ⊂ X: coord. chart, P ∈ DX(U),
I = DU · P , M = DU/I .

Hom DU
(M ,N ) ≃ Ker[N

P ·
−→ N ]:

ϕ : M → N ⇐⇒ ϕ̃ : DU → N s.t. ϕ̃(P ) = 0

⇐⇒ ϕ̃(1) ∈ N s.t. ϕ̃(P ) = Pϕ̃(1) = 0

Introduction to the theory of D-modules – p. 15/67



1.3.g. Solutions ofDX-modules
EXAMPLE 1.3.3: U ⊂ X: coord. chart, P ∈ DX(U),
I = DU · P , M = DU/I .

Hom DU
(M ,N ) ≃ Ker[N

P ·
−→ N ]:

ϕ : M → N ⇐⇒ ϕ̃ : DU → N s.t. ϕ̃(P ) = 0

⇐⇒ ϕ̃(1) ∈ N s.t. ϕ̃(P ) = Pϕ̃(1) = 0

⇐⇒ ϕ̃(1) ∈ Ker[N
P ·
−→ N ]
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1.3.g. Solutions ofDX-modules
EXAMPLE 1.3.3: U ⊂ X: coord. chart, P ∈ DX(U),
I = DU · P , M = DU/I .

Hom DU
(M ,N ) ≃ Ker[N

P ·
−→ N ]

E.g., Hom DX
(M ,OX): local holom. sols of P .
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1.3.g. Solutions ofDX-modules
EXAMPLE 1.3.3: U ⊂ X: coord. chart, P ∈ DX(U),
I = DU · P , M = DU/I .

Hom DU
(M ,N ) ≃ Ker[N

P ·
−→ N ]

E.g., Hom DX
(M ,OX): local holom. sols of P .

E.g., Hom DX
(M ,DX) = 0⇒ consider

Ext
k
DX

(M ,DX).
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1.3.g. Solutions ofDX-modules
EXAMPLE 1.3.3: U ⊂ X: coord. chart, P ∈ DX(U),
I = DU · P , M = DU/I .

Hom DU
(M ,N ) ≃ Ker[N

P ·
−→ N ]

E.g., Hom DX
(M ,OX): local holom. sols of P .

E.g., Hom DX
(M ,DX) = 0⇒ consider

Ext
k
DX

(M ,DX).

Ext
1
DX

(M ,N ) = Coker[N
P ·
−→ N ]: obstruction to

local solvability (given n ∈ N , solve Pm = n).
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1.3.g. Solutions ofDX-modules
EXAMPLE 1.3.3: U ⊂ X: coord. chart, P ∈ DX(U),
I = DU · P , M = DU/I .

Hom DU
(M ,N ) ≃ Ker[N

P ·
−→ N ]

E.g., Hom DX
(M ,OX): local holom. sols of P .

E.g., Hom DX
(M ,DX) = 0⇒ consider

Ext
k
DX

(M ,DX).

Ext
1
DX

(M ,N ) = Coker[N
P ·
−→ N ]: obstruction to

local solvability (given n ∈ N , solve Pm = n).

SUPPLEMENTARY STRUCTURES:
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EXAMPLE 1.3.3: U ⊂ X: coord. chart, P ∈ DX(U),
I = DU · P , M = DU/I .

Hom DU
(M ,N ) ≃ Ker[N

P ·
−→ N ]

E.g., Hom DX
(M ,OX): local holom. sols of P .

E.g., Hom DX
(M ,DX) = 0⇒ consider

Ext
k
DX

(M ,DX).

Ext
1
DX

(M ,N ) = Coker[N
P ·
−→ N ]: obstruction to

local solvability (given n ∈ N , solve Pm = n).

SUPPLEMENTARY STRUCTURES:

Hom DX
(M ,DX), Ext k

DX
(M ,DX) are right

DX -mod.
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1.3.g. Solutions ofDX-modules
EXAMPLE 1.3.3: U ⊂ X: coord. chart, P ∈ DX(U),
I = DU · P , M = DU/I .

Hom DU
(M ,N ) ≃ Ker[N

P ·
−→ N ]

E.g., Hom DX
(M ,OX): local holom. sols of P .

E.g., Hom DX
(M ,DX) = 0⇒ consider

Ext
k
DX

(M ,DX).

Ext
1
DX

(M ,N ) = Coker[N
P ·
−→ N ]: obstruction to

local solvability (given n ∈ N , solve Pm = n).

SUPPLEMENTARY STRUCTURES:

Hom DX
(M ,DX), Ext k

DX
(M ,DX) are right

DX -mod.

Hom DX
(M ,DbX), Ext k

DX
(M ,DbX) are left

DX -mod.
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1.4. De Rham and Spencer complexes
M a left DX -mod. ↔ OX -mod. M + integr. conn. ∇

DR(M ) : {0→M
∇
−−→ Ω1

X⊗M
∇
−−→ · · ·Ωn

X ⊗M
•

→ 0}

Introduction to the theory of D-modules – p. 16/67



1.4. De Rham and Spencer complexes
M a left DX -mod. ↔ OX -mod. M + integr. conn. ∇

DR(M ) : {0→M
∇
−−→ Ω1

X⊗M
∇
−−→ · · ·Ωn

X ⊗M
•

→ 0}

N a right DX -module.

Introduction to the theory of D-modules – p. 16/67



1.4. De Rham and Spencer complexes
M a left DX -mod. ↔ OX -mod. M + integr. conn. ∇

DR(M ) : {0→M
∇
−−→ Ω1

X⊗M
∇
−−→ · · ·Ωn

X ⊗M
•

→ 0}

N a right DX -module.

Sp(N ) = {0→ N ⊗∧nΘX
δ
−−→ · · ·N ⊗ΘX → N

•
→ 0}
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1.4. De Rham and Spencer complexes
M a left DX -mod. ↔ OX -mod. M + integr. conn. ∇

DR(M ) : {0→M
∇
−−→ Ω1

X⊗M
∇
−−→ · · ·Ωn

X ⊗M
•

→ 0}

N a right DX -module.

Sp(N ) = {0→ N ⊗∧nΘX
δ
−−→ · · ·N ⊗ΘX → N

•
→ 0}

n⊗ ξ1 ∧ · · · ∧ ξkyδ
k∑

i=1

(−1)i−1(nξi)⊗ ξ1 ∧ · · · ∧ ξ̂i ∧ · · · ∧ ξk

+
∑

i<j

(−1)i+jn⊗ [ξi, ξj ] ∧ ξ1 ∧ · · · ∧ ξ̂i ∧ · · · ∧ ξ̂j ∧ · · · ∧ ξk.
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1.4. De Rham and Spencer complexes
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1.5. Filtrations

DEFINITION 1.5.1 (of a filtered DX -module):
Filtration F

•
N of a right DX -module N :

increasing filtration satisfying

FℓN · FkDX ⊂ Fk+ℓN ∀ k, ℓ ∈ Z.

Usually: FℓN = 0 for ℓ≪ 0 and F
•
N exhaustive,

i.e.,
⋃
ℓ FℓN = N .

DEFINITION 1.5.2 (right):
F

•
N : filtered right DX -module.

Sp M filtered by sub-complexes Fp Sp M :

Fp Sp(N ) := · · ·
δ
−−→ Fp−kN ⊗ ∧

kΘX

δ
−−→ Fp−k+1N ⊗ ∧

k−1ΘX
δ
−−→ · · ·
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(left and right) module over itself

LEMMA: Assume A coherent. F : A -module. Then
F is A -coh. ⇐⇒ F locally of finite presentation :
∀x ∈ X, ∃Vx, ∃ p, q, ∃ exact sequence
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|Vx
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THEOREM (Cartan-Oka): OX is coherent.
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D
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...
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∑
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Good filtr: Fk(DU/I ) = Fk(DU )/Fk(DU ) ∩ I .

OX is DX -coherent: loc., I =
∑n
i=1 DU∂xi
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Good filtr.: FkOX = 0 if k < 0, FkOX = OX if k > 0.
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PROOF: X: open in Cn, coord. x1, . . . , xn,
Y = {xn = 0}. M : coh. DX -mod.
Set M ′ := Ker[xn : M →M ].
Main step: each loc. section m of M uniquely written as∑
j ∂

j
xn
m′j , some local sections m′j of M ′.

Locally, ∃ ℓ, xℓ+1
n m = 0. Then

0 = ∂xn
(xℓ+1
n m) = (ℓ+ 1)xℓnm+ xℓ+1

n ∂xn
m

= xℓn
(
(ℓ+ 1) + xn∂xn

)
m

= xℓn(ℓ+ ∂xn
xn)m

Set: m1 = (ℓ+ ∂xn
xn)m/ℓ, m2 = −xnm/ℓ,

⇒ m = m1 + ∂xn
m2 with xℓnm1 = xℓnm2 = 0.

Introduction to the theory of D-modules – p. 27/67



2.4. Characteristic variety

Introduction to the theory of D-modules – p. 28/67



2.4. Characteristic variety
LEMMA 2.4.1: Given a local good filtr. F

•
M|U , the sheaf
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globally as a coherent sheaf I (M ) of ideals of grFDX .
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Introduction to the theory of D-modules – p. 28/67



2.4. Characteristic variety
LEMMA 2.4.1: Given a local good filtr. F

•
M|U , the sheaf

of ideals Rad anngrFDU
grFM|U ⊂ grFDU is coherent

and independent of the chosen good filtr. It glues
globally as a coherent sheaf I (M ) of ideals of grFDX .

Rad anngrFDX,x
grFMx = {ϕ ∈ grFDX,x | ∃ ℓ, ϕ

ℓ grFMx = 0}.

Homog. ideal: ϕ ∈ grFDX,x, ϕ =
∑
ϕj , ϕj ∈ grFjDX,x

ϕ ∈ Rad(. . . )⇒ each ϕj ∈ Rad(. . . )

PROOF: F
•
M , G

•
M two good filtr. on U .

Shrinking U , ∃ ko, GkM ⊂ Fk+ko
M ⊂ Gk+2ko

M , ∀ k.
ϕ∈Rad anngrFDX,x

grFMx.

Introduction to the theory of D-modules – p. 28/67



2.4. Characteristic variety
LEMMA 2.4.1: Given a local good filtr. F

•
M|U , the sheaf

of ideals Rad anngrFDU
grFM|U ⊂ grFDU is coherent

and independent of the chosen good filtr. It glues
globally as a coherent sheaf I (M ) of ideals of grFDX .

Rad anngrFDX,x
grFMx = {ϕ ∈ grFDX,x | ∃ ℓ, ϕ

ℓ grFMx = 0}.

Homog. ideal: ϕ ∈ grFDX,x, ϕ =
∑
ϕj , ϕj ∈ grFjDX,x

ϕ ∈ Rad(. . . )⇒ each ϕj ∈ Rad(. . . )

PROOF: F
•
M , G

•
M two good filtr. on U .

Shrinking U , ∃ ko, GkM ⊂ Fk+ko
M ⊂ Gk+2ko

M , ∀ k.
ϕ∈Rad anngrFDX,x

grFMx. Can assume ϕ=ϕj=[ϕ̃].
⇒ ∃ ℓ, ϕ̃ℓFkM ⊂ Fk+jℓ−1M .

Introduction to the theory of D-modules – p. 28/67



2.4. Characteristic variety
LEMMA 2.4.1: Given a local good filtr. F

•
M|U , the sheaf

of ideals Rad anngrFDU
grFM|U ⊂ grFDU is coherent

and independent of the chosen good filtr. It glues
globally as a coherent sheaf I (M ) of ideals of grFDX .

Rad anngrFDX,x
grFMx = {ϕ ∈ grFDX,x | ∃ ℓ, ϕ

ℓ grFMx = 0}.

Homog. ideal: ϕ ∈ grFDX,x, ϕ =
∑
ϕj , ϕj ∈ grFjDX,x

ϕ ∈ Rad(. . . )⇒ each ϕj ∈ Rad(. . . )

PROOF: F
•
M , G

•
M two good filtr. on U .

Shrinking U , ∃ ko, GkM ⊂ Fk+ko
M ⊂ Gk+2ko

M , ∀ k.
ϕ∈Rad anngrFDX,x

grFMx. Can assume ϕ=ϕj=[ϕ̃].
⇒ ∃ ℓ, ϕ̃ℓFkM ⊂ Fk+jℓ−1M .
⇒ ∀ p, ϕ̃(p+1)ℓFkM ⊂ Fk+j(p+1)ℓ−p−1M .

Introduction to the theory of D-modules – p. 28/67



2.4. Characteristic variety
PROOF: F

•
M , G

•
M two good filtr. on U .

Shrinking U , ∃ ko, GkM ⊂ Fk+ko
M ⊂ Gk+2ko

M , ∀ k.
ϕ ∈ Rad anngrFDX,x

grFMx. Can assume ϕ=ϕj=[ϕ̃].
⇒ ∃ ℓ, ϕ̃ℓFkM ⊂ Fk+jℓ−1M .
⇒ ∀ p, ϕ̃(p+1)ℓFkM ⊂ Fk+j(p+1)ℓ−p−1M .

Introduction to the theory of D-modules – p. 29/67



2.4. Characteristic variety
PROOF: F

•
M , G

•
M two good filtr. on U .

Shrinking U , ∃ ko, GkM ⊂ Fk+ko
M ⊂ Gk+2ko

M , ∀ k.
ϕ ∈ Rad anngrFDX,x

grFMx. Can assume ϕ=ϕj=[ϕ̃].
⇒ ∃ ℓ, ϕ̃ℓFkM ⊂ Fk+jℓ−1M .
⇒ ∀ p, ϕ̃(p+1)ℓFkM ⊂ Fk+j(p+1)ℓ−p−1M .

ϕ̃(2k0+1)ℓGkM ⊂ ϕ̃
(2k0+1)ℓFk+k0

M

Introduction to the theory of D-modules – p. 29/67



2.4. Characteristic variety
PROOF: F

•
M , G

•
M two good filtr. on U .

Shrinking U , ∃ ko, GkM ⊂ Fk+ko
M ⊂ Gk+2ko

M , ∀ k.
ϕ ∈ Rad anngrFDX,x

grFMx. Can assume ϕ=ϕj=[ϕ̃].
⇒ ∃ ℓ, ϕ̃ℓFkM ⊂ Fk+jℓ−1M .
⇒ ∀ p, ϕ̃(p+1)ℓFkM ⊂ Fk+j(p+1)ℓ−p−1M .

ϕ̃(2k0+1)ℓGkM ⊂ ϕ̃
(2k0+1)ℓFk+k0

M

⊂ Fk+k0+j(2k0+1)ℓ−2k0−1M

Introduction to the theory of D-modules – p. 29/67



2.4. Characteristic variety
PROOF: F

•
M , G

•
M two good filtr. on U .

Shrinking U , ∃ ko, GkM ⊂ Fk+ko
M ⊂ Gk+2ko

M , ∀ k.
ϕ ∈ Rad anngrFDX,x

grFMx. Can assume ϕ=ϕj=[ϕ̃].
⇒ ∃ ℓ, ϕ̃ℓFkM ⊂ Fk+jℓ−1M .
⇒ ∀ p, ϕ̃(p+1)ℓFkM ⊂ Fk+j(p+1)ℓ−p−1M .

ϕ̃(2k0+1)ℓGkM ⊂ ϕ̃
(2k0+1)ℓFk+k0

M

⊂ Fk+k0+j(2k0+1)ℓ−2k0−1M

⊂ Gk+2k0+j(2k0+1)ℓ−2k0−1M

Introduction to the theory of D-modules – p. 29/67



2.4. Characteristic variety
PROOF: F

•
M , G

•
M two good filtr. on U .

Shrinking U , ∃ ko, GkM ⊂ Fk+ko
M ⊂ Gk+2ko

M , ∀ k.
ϕ ∈ Rad anngrFDX,x

grFMx. Can assume ϕ=ϕj=[ϕ̃].
⇒ ∃ ℓ, ϕ̃ℓFkM ⊂ Fk+jℓ−1M .
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ϕ̃(2k0+1)ℓGkM ⊂ ϕ̃
(2k0+1)ℓFk+k0

M

⊂ Fk+k0+j(2k0+1)ℓ−2k0−1M

⊂ Gk+2k0+j(2k0+1)ℓ−2k0−1M

= Gk+j(2k0+1)ℓ−1M .
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2.4. Characteristic variety
DEFINITION 2.4.2: Characteristic variety Char M :
the subset of T ∗X defined by the ideal I (M )

= Supp grFDX/I (M ).
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Introduction to the theory of D-modules – p. 30/67



2.4. Characteristic variety
DEFINITION 2.4.2: Characteristic variety Char M :
the subset of T ∗X defined by the ideal I (M )

= Supp grFDX/I (M ).

Char M homogeneous⇒
Supp M = π(Char M ) = Char M ∩ T ∗XX,
π : T ∗X → X, T ∗XX = zero section of T ∗X.

EXAMPLES:

Introduction to the theory of D-modules – p. 30/67



2.4. Characteristic variety
DEFINITION 2.4.2: Characteristic variety Char M :
the subset of T ∗X defined by the ideal I (M )

= Supp grFDX/I (M ).

Char M homogeneous⇒
Supp M = π(Char M ) = Char M ∩ T ∗XX,
π : T ∗X → X, T ∗XX = zero section of T ∗X.

EXAMPLES:

Char DX = T ∗X.

Introduction to the theory of D-modules – p. 30/67



2.4. Characteristic variety
DEFINITION 2.4.2: Characteristic variety Char M :
the subset of T ∗X defined by the ideal I (M )

= Supp grFDX/I (M ).

Char M homogeneous⇒
Supp M = π(Char M ) = Char M ∩ T ∗XX,
π : T ∗X → X, T ∗XX = zero section of T ∗X.

EXAMPLES:

Char DX = T ∗X.

Char OX = CharωX = T ∗XX.

Introduction to the theory of D-modules – p. 30/67



2.4. Characteristic variety
DEFINITION 2.4.2: Characteristic variety Char M :
the subset of T ∗X defined by the ideal I (M )

= Supp grFDX/I (M ).

Char M homogeneous⇒
Supp M = π(Char M ) = Char M ∩ T ∗XX,
π : T ∗X → X, T ∗XX = zero section of T ∗X.

EXAMPLES:

Char DX = T ∗X.

Char OX = CharωX = T ∗XX.

P =
∑

α

aα(x)∂α. σ(P ) =
∑

|α|=ordP

aα(x)ξα.

Introduction to the theory of D-modules – p. 30/67



2.4. Characteristic variety
DEFINITION 2.4.2: Characteristic variety Char M :
the subset of T ∗X defined by the ideal I (M )

= Supp grFDX/I (M ).

Char M homogeneous⇒
Supp M = π(Char M ) = Char M ∩ T ∗XX,
π : T ∗X → X, T ∗XX = zero section of T ∗X.

EXAMPLES:

Char DX = T ∗X.

Char OX = CharωX = T ∗XX.

P =
∑

α

aα(x)∂α. σ(P ) =
∑

|α|=ordP

aα(x)ξα.

Char(DX/DX · P ) = {σ(P ) = 0}.

Introduction to the theory of D-modules – p. 30/67



2.5. Involutiveness of the char. variety

Introduction to the theory of D-modules – p. 31/67



2.5. Involutiveness of the char. variety
PROPOSITION 2.5.1:

Introduction to the theory of D-modules – p. 31/67



2.5. Involutiveness of the char. variety
PROPOSITION 2.5.1: M : coh. DX -mod. Then ∀x ∈ X,

dim(x,0) Char M > dimxX

Introduction to the theory of D-modules – p. 31/67



2.5. Involutiveness of the char. variety
PROPOSITION 2.5.1: M : coh. DX -mod. Then ∀x ∈ X,

dim(x,0) Char M > dimxX

PROOF:

Introduction to the theory of D-modules – p. 31/67



2.5. Involutiveness of the char. variety
PROPOSITION 2.5.1: M : coh. DX -mod. Then ∀x ∈ X,

dim(x,0) Char M > dimxX

PROOF: Assume X = Cn. Induction on dimX.

Introduction to the theory of D-modules – p. 31/67



2.5. Involutiveness of the char. variety
PROPOSITION 2.5.1: M : coh. DX -mod. Then ∀x ∈ X,

dim(x,0) Char M > dimxX

PROOF: Assume X = Cn. Induction on dimX.

If dim Supp M = dimX ⇒ OK.

Introduction to the theory of D-modules – p. 31/67



2.5. Involutiveness of the char. variety
PROPOSITION 2.5.1: M : coh. DX -mod. Then ∀x ∈ X,

dim(x,0) Char M > dimxX

PROOF: Assume X = Cn. Induction on dimX.

If dim Supp M = dimX ⇒ OK.

If dim Supp M < dimX, Supp M closed anal.,
enough to assume x ∈ (Supp M )smooth.

Introduction to the theory of D-modules – p. 31/67



2.5. Involutiveness of the char. variety
PROPOSITION 2.5.1: M : coh. DX -mod. Then ∀x ∈ X,

dim(x,0) Char M > dimxX

PROOF: Assume X = Cn. Induction on dimX.

If dim Supp M = dimX ⇒ OK.

If dim Supp M < dimX, Supp M closed anal.,
enough to assume x ∈ (Supp M )smooth.

Kashiwara’s equiv. ⇒ reduce to N DY -coh.,
codimX Y = k > 1.

Introduction to the theory of D-modules – p. 31/67



2.5. Involutiveness of the char. variety
PROPOSITION 2.5.1: M : coh. DX -mod. Then ∀x ∈ X,

dim(x,0) Char M > dimxX

PROOF: Assume X = Cn. Induction on dimX.

If dim Supp M = dimX ⇒ OK.

If dim Supp M < dimX, Supp M closed anal.,
enough to assume x ∈ (Supp M )smooth.

Kashiwara’s equiv. ⇒ reduce to N DY -coh.,
codimX Y = k > 1.

Conclude by induct.:

Introduction to the theory of D-modules – p. 31/67



2.5. Involutiveness of the char. variety
PROPOSITION 2.5.1: M : coh. DX -mod. Then ∀x ∈ X,

dim(x,0) Char M > dimxX

PROOF: Assume X = Cn. Induction on dimX.

If dim Supp M = dimX ⇒ OK.

If dim Supp M < dimX, Supp M closed anal.,
enough to assume x ∈ (Supp M )smooth.

Kashiwara’s equiv. ⇒ reduce to N DY -coh.,
codimX Y = k > 1.

Conclude by induct.: loc. M = N [∂xn−k+1
, . . . , ∂xn

],
Char M = Char N × Ck,

Introduction to the theory of D-modules – p. 31/67



2.5. Involutiveness of the char. variety
PROPOSITION 2.5.1: M : coh. DX -mod. Then ∀x ∈ X,

dim(x,0) Char M > dimxX

PROOF: Assume X = Cn. Induction on dimX.

If dim Supp M = dimX ⇒ OK.

If dim Supp M < dimX, Supp M closed anal.,
enough to assume x ∈ (Supp M )smooth.

Kashiwara’s equiv. ⇒ reduce to N DY -coh.,
codimX Y = k > 1.

Conclude by induct.: loc. M = N [∂xn−k+1
, . . . , ∂xn

],
Char M = Char N × Ck,

dim(x,0) Char M = dim(x,0) Char N + k

> dimx Y + k = dimxX
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T ∗X: sympl. mfld. ω: sympl. 2-form, ω =

∑
i dξi ∧ dxi.
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∗X): ω-orthogonal of E ⊂ T(x,ξ)(T
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V0: smooth part.
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(T(x,ξ)V )⊥ ⊂ T(x,ξ)V ,

V isotropic ⇐⇒ ∀ (x, ξ) ∈ V0,
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V Lagrangean ⇐⇒ ∀ (x, ξ) ∈ V0,
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RMK: V invol. ⇒ ∀ (x, ξ) ∈ V, dim(x,ξ) V > dimxX.
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Char M : involutive closed anal. set in T ∗X.
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2.5. Involutiveness of the char. variety
THEOREM 2.5.2: M : a nonzero coh. DX -mod. Then
Char M : involutive closed anal. set in T ∗X.

Homological theory of dimension⇒

COROLLARY (Prop. 2.5.3):

Ext
i
DX

(M ,DX) = 0 for i > n+ 1
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THEOREM 2.5.2: M : a nonzero coh. DX -mod. Then
Char M : involutive closed anal. set in T ∗X.

Homological theory of dimension⇒

COROLLARY (Prop. 2.5.3):
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i
DX

(M ,DX)): i-th dual of M .

Introduction to the theory of D-modules – p. 33/67



2.6. Non-characteristic restriction

Introduction to the theory of D-modules – p. 34/67



2.6. Non-characteristic restriction
Let i : Y →֒ X closed submfld.

Introduction to the theory of D-modules – p. 34/67



2.6. Non-characteristic restriction
Let i : Y →֒ X closed submfld.

i−1ΘX : sheaf-theoretic pull-back of ΘX .

Introduction to the theory of D-modules – p. 34/67



2.6. Non-characteristic restriction
Let i : Y →֒ X closed submfld.

i−1ΘX : sheaf-theoretic pull-back of ΘX .

ΘX |Y ⊂ i
−1ΘX : vect. fields tgt to Y .

Introduction to the theory of D-modules – p. 34/67



2.6. Non-characteristic restriction
Let i : Y →֒ X closed submfld.

i−1ΘX : sheaf-theoretic pull-back of ΘX .

ΘX |Y ⊂ i
−1ΘX : vect. fields tgt to Y .

ΘY = i∗ΘX |Y := OY ⊗i−1OX
ΘX |Y ⊂ i

∗ΘX .

Introduction to the theory of D-modules – p. 34/67



2.6. Non-characteristic restriction
Let i : Y →֒ X closed submfld.

i−1ΘX : sheaf-theoretic pull-back of ΘX .

ΘX |Y ⊂ i
−1ΘX : vect. fields tgt to Y .

ΘY = i∗ΘX |Y := OY ⊗i−1OX
ΘX |Y ⊂ i

∗ΘX .

M : left DX -module. ⇒ i−1M acted on by ΘX |Y

⇒ i∗M acted on by ΘY .

Introduction to the theory of D-modules – p. 34/67



2.6. Non-characteristic restriction
Let i : Y →֒ X closed submfld.

i−1ΘX : sheaf-theoretic pull-back of ΘX .

ΘX |Y ⊂ i
−1ΘX : vect. fields tgt to Y .

ΘY = i∗ΘX |Y := OY ⊗i−1OX
ΘX |Y ⊂ i

∗ΘX .

M : left DX -module. ⇒ i−1M acted on by ΘX |Y

⇒ i∗M acted on by ΘY .

LEMMA: i∗M + action of ΘY → left DY -module: i+M .

Introduction to the theory of D-modules – p. 34/67



2.6. Non-characteristic restriction
Let i : Y →֒ X closed submfld.

i−1ΘX : sheaf-theoretic pull-back of ΘX .

ΘX |Y ⊂ i
−1ΘX : vect. fields tgt to Y .

ΘY = i∗ΘX |Y := OY ⊗i−1OX
ΘX |Y ⊂ i

∗ΘX .

M : left DX -module. ⇒ i−1M acted on by ΘX |Y

⇒ i∗M acted on by ΘY .

LEMMA: i∗M + action of ΘY → left DY -module: i+M .

RMK: M is DX -coh. 6⇒ i+M is DY -coh. in general.

Introduction to the theory of D-modules – p. 34/67



2.6. Non-characteristic restriction
Let i : Y →֒ X closed submfld.

i−1ΘX : sheaf-theoretic pull-back of ΘX .

ΘX |Y ⊂ i
−1ΘX : vect. fields tgt to Y .

ΘY = i∗ΘX |Y := OY ⊗i−1OX
ΘX |Y ⊂ i

∗ΘX .

M : left DX -module. ⇒ i−1M acted on by ΘX |Y

⇒ i∗M acted on by ΘY .

LEMMA: i∗M + action of ΘY → left DY -module: i+M .

RMK: M is DX -coh. 6⇒ i+M is DY -coh. in general.

i+DX not DY -coh. if codimY > 1.

Introduction to the theory of D-modules – p. 34/67



2.6. Non-characteristic restriction
Let i : Y →֒ X closed submfld.

i−1ΘX : sheaf-theoretic pull-back of ΘX .

ΘX |Y ⊂ i
−1ΘX : vect. fields tgt to Y .

ΘY = i∗ΘX |Y := OY ⊗i−1OX
ΘX |Y ⊂ i

∗ΘX .

M : left DX -module. ⇒ i−1M acted on by ΘX |Y

⇒ i∗M acted on by ΘY .

LEMMA: i∗M + action of ΘY → left DY -module: i+M .

RMK: M is DX -coh. 6⇒ i+M is DY -coh. in general.

i+DX not DY -coh. if codimY > 1.

i+OX = OY is DY -coh.

Introduction to the theory of D-modules – p. 34/67



2.6. Non-characteristic restriction
Let i : Y →֒ X closed submfld.

i−1ΘX : sheaf-theoretic pull-back of ΘX .

ΘX |Y ⊂ i
−1ΘX : vect. fields tgt to Y .

ΘY = i∗ΘX |Y := OY ⊗i−1OX
ΘX |Y ⊂ i

∗ΘX .

M : left DX -module. ⇒ i−1M acted on by ΘX |Y
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RMK: M is DX -coh. 6⇒ i+M is DY -coh. in general.

i+DX not DY -coh. if codimY > 1.

i+OX = OY is DY -coh.
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grFi∗M : quotient of i∗ grFM ,
⇒ Supp grFi∗M ⊂Char M|Y .

Remmert’s Theorem⇒ grF i∗M : coh. grFDY -mod.

⇒ F
•
i∗M : good filtr. of i+M w.r.t. F

•
DY .

⇒ i+M is DY -coherent.

With this good filtr., Char i+M ⊂ ̟(Char M|Y ).
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Lecture 3

Direct images ofD-modules
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∑
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i+1, t·(
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(fηi−(i+1)ηi+1)τ
i
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THEOREM 3.1.5 (Bernstein): Each non-zero elem. of
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Introduction to the theory of D-modules – p. 39/67



3.1. Comput. of a Gauss-Manin diff. eq.
LEMMA 3.1.4: GMk(f) := Hk(Ω•[τ ], d− τdf∧):
k-th Gauss-Manin syst. of f has a C[t]〈∂t〉-action:

∂t·(
∑
ηiτ

i) =
∑
ηiτ

i+1, t·(
∑
ηiτ

i) =
∑

(fηi−(i+1)ηi+1)τ
i

THEOREM 3.1.5 (Bernstein): Each non-zero elem. of
GMk(f) is annihil. by a non-zero elem. of C[t]〈∂t〉.

PROPOSITION 3.1.6:
Let 0 6=p(t, ∂t)∈C[t]〈∂t〉 s.t. p(t, ∂t) · [ω]=0∈GMn(f).

Introduction to the theory of D-modules – p. 39/67



3.1. Comput. of a Gauss-Manin diff. eq.
LEMMA 3.1.4: GMk(f) := Hk(Ω•[τ ], d− τdf∧):
k-th Gauss-Manin syst. of f has a C[t]〈∂t〉-action:

∂t·(
∑
ηiτ

i) =
∑
ηiτ

i+1, t·(
∑
ηiτ

i) =
∑

(fηi−(i+1)ηi+1)τ
i

THEOREM 3.1.5 (Bernstein): Each non-zero elem. of
GMk(f) is annihil. by a non-zero elem. of C[t]〈∂t〉.

PROPOSITION 3.1.6:
Let 0 6=p(t, ∂t)∈C[t]〈∂t〉 s.t. p(t, ∂t) · [ω]=0∈GMn(f).
Then ∃N > 0 s.t. ∂Nt p(t, ∂t)I(t) = 0.

Introduction to the theory of D-modules – p. 39/67



3.1. Comput. of a Gauss-Manin diff. eq.
LEMMA 3.1.4: GMk(f) := Hk(Ω•[τ ], d− τdf∧):
k-th Gauss-Manin syst. of f has a C[t]〈∂t〉-action:

∂t·(
∑
ηiτ

i) =
∑
ηiτ

i+1, t·(
∑
ηiτ

i) =
∑

(fηi−(i+1)ηi+1)τ
i

THEOREM 3.1.5 (Bernstein): Each non-zero elem. of
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Let 0 6=p(t, ∂t)∈C[t]〈∂t〉 s.t. p(t, ∂t) · [ω]=0∈GMn(f).
Then ∃N > 0 s.t. ∂Nt p(t, ∂t)I(t) = 0.

PROOF: p =
∑d
i=1 ∂

i
tai(t).
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3.1. Comput. of a Gauss-Manin diff. eq.
LEMMA 3.1.4: GMk(f) := Hk(Ω•[τ ], d− τdf∧):
k-th Gauss-Manin syst. of f has a C[t]〈∂t〉-action:

∂t·(
∑
ηiτ

i) =
∑
ηiτ

i+1, t·(
∑
ηiτ

i) =
∑

(fηi−(i+1)ηi+1)τ
i

THEOREM 3.1.5 (Bernstein): Each non-zero elem. of
GMk(f) is annihil. by a non-zero elem. of C[t]〈∂t〉.

PROPOSITION 3.1.6:
Let 0 6=p(t, ∂t)∈C[t]〈∂t〉 s.t. p(t, ∂t) · [ω]=0∈GMn(f).
Then ∃N > 0 s.t. ∂Nt p(t, ∂t)I(t) = 0.

PROOF: p =
∑d
i=1 ∂

i
tai(t). p · [ω] = 0 ⇐⇒

∃ η =

d+k∑

j=0

ηjτ
j ∈ Ωn−1[τ ],

∑

i

(ai◦f)ωτ i = (d−τdf∧)η.
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3.1. Comput. of a Gauss-Manin diff. eq.

0 = − df ∧ ηd+k

0 = dηd+k − df ∧ ηd+k−1
...

0 = dηd+1 − df ∧ ηd
ad ◦ f · ω = dηd − df ∧ ηd−1

...
a0 ◦ f · ω = dη0.
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3.1. Comput. of a Gauss-Manin diff. eq.

0 = − df ∧ ηd+k

0 = dηd+k − df ∧ ηd+k−1
...

0 = dηd+1 − df ∧ ηd
ad ◦ f · ω = dηd − df ∧ ηd−1

...
a0 ◦ f · ω = dη0.

STOKES FORMULA:
∫

Tn

d
( ηj

(f − t)ℓ

)
= 0, ∀ j, ℓ
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ad ◦ f · ω = dηd − df ∧ ηd−1

...
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STOKES FORMULA:
∫

Tn

dηj

(f − t)ℓ
= ℓ

∫

Tn

df ∧ ηj

(f − t)ℓ+1
, ∀ j, ℓ.
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∫
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dηd

(f − t)
=

∫

Tn

df ∧ ηd
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=

∫

Tn
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(f − t)2
= · · ·= 0.
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3.1. Comput. of a Gauss-Manin diff. eq.

a(t)∈C[t].
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3.1. Comput. of a Gauss-Manin diff. eq.

a(t)∈C[t].
a(t)− a ◦ f

(f − t)
∈C[x±1

1 , . . . , x±1
n ][t] =⇒
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3.1. Comput. of a Gauss-Manin diff. eq.

a(t)∈C[t].
a(t)− a ◦ f

(f − t)
∈C[x±1

1 , . . . , x±1
n ][t] =⇒

a(t)

∫

Tn

ω

(f − t)
≡

∫

Tn

a ◦ f · ω

(f − t)
mod C[t]
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3.1. Comput. of a Gauss-Manin diff. eq.

a(t)∈C[t].
a(t)− a ◦ f

(f − t)
∈C[x±1

1 , . . . , x±1
n ][t] =⇒

a(t)

∫

Tn

ω

(f − t)
≡

∫

Tn

a ◦ f · ω

(f − t)
mod C[t]
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3.1. Comput. of a Gauss-Manin diff. eq.

a(t)∈C[t].
a(t)− a ◦ f

(f − t)
∈C[x±1

1 , . . . , x±1
n ][t] =⇒

a(t)

∫

Tn

ω

(f − t)
≡

∫

Tn

a ◦ f · ω

(f − t)
mod C[t]

d

dt
ad(t)

∫

Tn

ω

f − t

Introduction to the theory of D-modules – p. 41/67



3.1. Comput. of a Gauss-Manin diff. eq.

a(t)∈C[t].
a(t)− a ◦ f

(f − t)
∈C[x±1

1 , . . . , x±1
n ][t] =⇒

a(t)

∫

Tn

ω

(f − t)
≡

∫

Tn

a ◦ f · ω

(f − t)
mod C[t]

d

dt
ad(t)

∫

Tn

ω

f − t
≡

d

dt

∫

Tn

ad ◦ f · ω

f − t
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3.1. Comput. of a Gauss-Manin diff. eq.

a(t)∈C[t].
a(t)− a ◦ f

(f − t)
∈C[x±1

1 , . . . , x±1
n ][t] =⇒

a(t)

∫

Tn

ω

(f − t)
≡

∫

Tn

a ◦ f · ω

(f − t)
mod C[t]

d

dt
ad(t)

∫

Tn

ω

f − t
≡

d

dt

∫

Tn

ad ◦ f · ω

f − t
≡

d

dt

∫

Tn

−
df ∧ ηd−1

f − t
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3.1. Comput. of a Gauss-Manin diff. eq.

a(t)∈C[t].
a(t)− a ◦ f

(f − t)
∈C[x±1

1 , . . . , x±1
n ][t] =⇒

a(t)

∫

Tn

ω

(f − t)
≡

∫

Tn

a ◦ f · ω

(f − t)
mod C[t]

d

dt
ad(t)

∫

Tn

ω

f − t
≡

d

dt

∫

Tn

ad ◦ f · ω

f − t
≡

d

dt

∫

Tn

−
df ∧ ηd−1

f − t

= −

∫

Tn

df ∧ ηd−1

(f − t)2
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3.1. Comput. of a Gauss-Manin diff. eq.

a(t)∈C[t].
a(t)− a ◦ f

(f − t)
∈C[x±1

1 , . . . , x±1
n ][t] =⇒

a(t)

∫

Tn

ω

(f − t)
≡

∫

Tn

a ◦ f · ω

(f − t)
mod C[t]

d

dt
ad(t)

∫

Tn

ω

f − t
≡

d

dt

∫

Tn

ad ◦ f · ω

f − t
≡

d

dt

∫

Tn

−
df ∧ ηd−1

f − t

= −

∫

Tn

df ∧ ηd−1

(f − t)2

Stokes ⇒ ≡ −

∫

Tn

dηd−1

f − t
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3.1. Comput. of a Gauss-Manin diff. eq.

a(t)∈C[t].
a(t)− a ◦ f

(f − t)
∈C[x±1

1 , . . . , x±1
n ][t] =⇒

a(t)

∫

Tn

ω

(f − t)
≡

∫

Tn

a ◦ f · ω

(f − t)
mod C[t]

d

dt
ad(t)

∫

Tn

ω

f − t
≡

d

dt

∫

Tn

ad ◦ f · ω

f − t
≡

d

dt

∫

Tn

−
df ∧ ηd−1

f − t

= −

∫

Tn

df ∧ ηd−1

(f − t)2

Stokes ⇒ ≡ −

∫

Tn

dηd−1

f − t

ad−1 ◦ f · ω

=

dηd−1 − df ∧ ηd−2




⇒≡ −ad−1(t)

∫

Tn

ω

f − t
−

∫

Tn

df ∧ ηd−2

f − t
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3.1. Comput. of a Gauss-Manin diff. eq.

=⇒ (∂tad(t) + ad−1(t))

∫

Tn

ω

f − t
≡ −

∫

Tn

df ∧ ηd−2

f − t
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3.1. Comput. of a Gauss-Manin diff. eq.

=⇒ (∂tad(t) + ad−1(t))

∫

Tn

ω

f − t
≡ −

∫

Tn

df ∧ ηd−2

f − t

and iterate... to get p(t, ∂t)

∫

Tn

ω

f − t
∈ C[t].
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3.1. Comput. of a Gauss-Manin diff. eq.

=⇒ (∂tad(t) + ad−1(t))

∫

Tn

ω

f − t
≡ −

∫

Tn

df ∧ ηd−2

f − t

and iterate... to get p(t, ∂t)

∫

Tn

ω

f − t
∈ C[t].

=⇒ ∃N, ∂Nt p(t, ∂t)

∫

Tn

ω

f − t
= 0.
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f : X → Y be a hol. map, ξ: local hol. vect. field on X.
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3.2. Transfer modules
f : X → Y be a hol. map, ξ: local hol. vect. field on X.
⇒ Tf(ξ): local sect. of OX ⊗f−1OY

f−1ΘY = f∗ΘY .

Tf : ΘX −→ OX ⊗f−1OY
f−1ΘY .

Given: MX a left DX -mod., MY a left DY -mod.
Then MX ⊗f−1OY

f−1MY : left DX -mod.:
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3.2. Transfer modules
f : X → Y be a hol. map, ξ: local hol. vect. field on X.
⇒ Tf(ξ): local sect. of OX ⊗f−1OY

f−1ΘY = f∗ΘY .

Tf : ΘX −→ OX ⊗f−1OY
f−1ΘY .

Given: MX a left DX -mod., MY a left DY -mod.
Then MX ⊗f−1OY

f−1MY : left DX -mod.:

ξ · (m⊗ n) = (ξm)⊗ n+m⊗ Tf(ξ)n, ∀ ξ ∈ ΘX .
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3.2. Transfer modules
f : X → Y be a hol. map, ξ: local hol. vect. field on X.
⇒ Tf(ξ): local sect. of OX ⊗f−1OY

f−1ΘY = f∗ΘY .

Tf : ΘX −→ OX ⊗f−1OY
f−1ΘY .

Given: MX a left DX -mod., MY a left DY -mod.
Then MX ⊗f−1OY

f−1MY : left DX -mod.:

ξ · (m⊗ n) = (ξm)⊗ n+m⊗ Tf(ξ)n, ∀ ξ ∈ ΘX .

DEFINITION 3.2.1: DX→Y := OX ⊗f−1OY
f−1DY :

left DX -mod. and right f−1DY -mod.
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3.2. Transfer modules
f : X → Y be a hol. map, ξ: local hol. vect. field on X.
⇒ Tf(ξ): local sect. of OX ⊗f−1OY

f−1ΘY = f∗ΘY .

Tf : ΘX −→ OX ⊗f−1OY
f−1ΘY .

Given: MX a left DX -mod., MY a left DY -mod.
Then MX ⊗f−1OY

f−1MY : left DX -mod.:

ξ · (m⊗ n) = (ξm)⊗ n+m⊗ Tf(ξ)n, ∀ ξ ∈ ΘX .

DEFINITION 3.2.1: DX→Y := OX ⊗f−1OY
f−1DY :

left DX -mod. and right f−1DY -mod.

EXAMPLE 3.2.2: f : X → C, t: coord. on C. Then

DX→C = OX [∂t]. ∂xi
· 1 =

∂f

∂xi
, 1 · g(t) = g(f).
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3.3. Direct images
N : a right DX -mod. “Basic” direct image by f :

f∗(N ⊗DX
DX→Y ) : right DY -mod.

Extend cohomologically in 2 ways:
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3.3. Direct images
N : a right DX -mod. “Basic” direct image by f :

f∗(N ⊗DX
DX→Y ) : right DY -mod.

Extend cohomologically in 2 ways:

In general, DX→Y not locally free as a left DX -mod.
(ok as a OX -module)⇒ need of TorDX
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3.3. Direct images
N : a right DX -mod. “Basic” direct image by f :

f∗(N ⊗DX
DX→Y ) : right DY -mod.

Extend cohomologically in 2 ways:

In general, DX→Y not locally free as a left DX -mod.
(ok as a OX -module)⇒ need of TorDX

The higher direct images Rkf∗ to be considered.
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3.3. Direct images
N : a right DX -mod. “Basic” direct image by f :

f∗(N ⊗DX
DX→Y ) : right DY -mod.

Extend cohomologically in 2 ways:

In general, DX→Y not locally free as a left DX -mod.
(ok as a OX -module)⇒ need of TorDX

The higher direct images Rkf∗ to be considered.

LEMMA 3.3.1: The complex

Sp
•

X→Y (DX) := Sp(DX)⊗OX
DX→Y

is a resolution of DX→Y as a bimodule by locally free left
DX -modules.
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3.3. Direct images
N : a right DX -mod. “Basic” direct image by f :

f∗(N ⊗DX
DX→Y ) : right DY -mod.

Extend cohomologically in 2 ways:

In general, DX→Y not locally free as a left DX -mod.
(ok as a OX -module)⇒ need of TorDX

The higher direct images Rkf∗ to be considered.

LEMMA 3.3.1: The complex

Sp
•

X→Y (DX) := Sp(DX)⊗OX
DX→Y

is a resolution of DX→Y as a bimodule by locally free left
DX -modules.
Sp(DX) = {0→ DX⊗∧

nΘX
δ
−−→ · · ·DX⊗ΘX → DX → 0}
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3.3. Direct images
DEFINITION 3.3.3:
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3.3. Direct images
DEFINITION 3.3.3:

N : right DX -module. Direct image :

f+N = Rf∗

(
N ⊗DX

Sp
•

X→Y (DX)
)
.

It is a complex of right DY -modules.
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3.3. Direct images
DEFINITION 3.3.3:

N : right DX -module. Direct image :

f+N = Rf∗

(
N ⊗DX

Sp
•

X→Y (DX)
)
.

It is a complex of right DY -modules.

M : left DX -module. f+M := (f+M r)ℓ.
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3.3. Direct images
DEFINITION 3.3.3:

N : right DX -module. Direct image :

f+N = Rf∗

(
N ⊗DX

Sp
•

X→Y (DX)
)
.

It is a complex of right DY -modules.

M : left DX -module. f+M := (f+M r)ℓ.

EXAMPLE: In the alg. setting,
(C∗)n = Spec C[x±1

1 , . . . , x±1
n ], f : (C∗)n → C.

f+O(C∗)n = (Ω•

X [∂t], d− ∂t · df∧)
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3.4. Coherence of direct images
X,Y cplx mfld, f : X → Y hol. map. N : right DX -mod.

DEFINITION: N is f -good ⇐⇒ ∀K ⊂ Y compact,
∃ good filtr. of N|f−1(K).
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THEOREM 3.4.1: Assume
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3.4. Coherence of direct images
X,Y cplx mfld, f : X → Y hol. map. N : right DX -mod.

DEFINITION: N is f -good ⇐⇒ ∀K ⊂ Y compact,
∃ good filtr. of N|f−1(K).

THEOREM 3.4.1: Assume

N : f -good,

f proper on Supp N .

Then f+N has DY -coherent cohomology sheaves.

EXAMPLE:
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3.4. Coherence of direct images
X,Y cplx mfld, f : X → Y hol. map. N : right DX -mod.

DEFINITION: N is f -good ⇐⇒ ∀K ⊂ Y compact,
∃ good filtr. of N|f−1(K).

THEOREM 3.4.1: Assume

N : f -good,

f proper on Supp N .

Then f+N has DY -coherent cohomology sheaves.

EXAMPLE:

M holonomic (see later)⇒ N f -good for any f .
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3.4. Coherence of direct images
PROOF:
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3.4. Coherence of direct images
PROOF:

Coherence is local on Y ⇒ can assume N has a
good filtr. ⇒ To prove: H jf+N has a good filtr.
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3.4. Coherence of direct images
PROOF:

Coherence is local on Y ⇒ can assume N has a
good filtr. ⇒ To prove: H jf+N has a good filtr.

1rst step: N = L ⊗ DX , with L coh. OX -mod. and
f proper on Supp L . H jf+N =(Rjf∗L )⊗OY

DY .
Grauert’s thm⇒ OK.
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3.4. Coherence of direct images
PROOF:

Coherence is local on Y ⇒ can assume N has a
good filtr. ⇒ To prove: H jf+N has a good filtr.

1rst step: N = L ⊗ DX , with L coh. OX -mod. and
f proper on Supp L . H jf+N =(Rjf∗L )⊗OY

DY .
Grauert’s thm⇒ OK.

2nd step: N
•
= L

•
⊗ DX finite complex and f

proper on Supp Lk ∀ k. ⇒H jf+N
•

has a good filtr.
OK by induction on length of N

•
.
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3.4. Coherence of direct images
PROOF:

Coherence is local on Y ⇒ can assume N has a
good filtr. ⇒ To prove: H jf+N has a good filtr.

1rst step: N = L ⊗ DX , with L coh. OX -mod. and
f proper on Supp L . H jf+N =(Rjf∗L )⊗OY

DY .
Grauert’s thm⇒ OK.

2nd step: N
•
= L

•
⊗ DX finite complex and f

proper on Supp Lk ∀ k. ⇒H jf+N
•

has a good filtr.
OK by induction on length of N

•
.

3rd step: Fix K⊂Y cpct, work on f−1(K)∩Supp N
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3.4. Coherence of direct images
PROOF:

Coherence is local on Y ⇒ can assume N has a
good filtr. ⇒ To prove: H jf+N has a good filtr.

1rst step: N = L ⊗ DX , with L coh. OX -mod. and
f proper on Supp L . H jf+N =(Rjf∗L )⊗OY

DY .
Grauert’s thm⇒ OK.

2nd step: N
•
= L

•
⊗ DX finite complex and f

proper on Supp Lk ∀ k. ⇒H jf+N
•

has a good filtr.
OK by induction on length of N

•
.

3rd step: Fix K⊂Y cpct, work on f−1(K)∩Supp N

Choose good filtr. F
•
N .
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3.4. Coherence of direct images
PROOF:

Coherence is local on Y ⇒ can assume N has a
good filtr. ⇒ To prove: H jf+N has a good filtr.

1rst step: N = L ⊗ DX , with L coh. OX -mod. and
f proper on Supp L . H jf+N =(Rjf∗L )⊗OY

DY .
Grauert’s thm⇒ OK.

2nd step: N
•
= L

•
⊗ DX finite complex and f

proper on Supp Lk ∀ k. ⇒H jf+N
•

has a good filtr.
OK by induction on length of N

•
.

3rd step: Fix K⊂Y cpct, work on f−1(K)∩Supp N

Choose good filtr. F
•
N .

∃ k s.t. L0 := FkN generates N ,
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3.4. Coherence of direct images
PROOF:

Coherence is local on Y ⇒ can assume N has a
good filtr. ⇒ To prove: H jf+N has a good filtr.

1rst step: N = L ⊗ DX , with L coh. OX -mod. and
f proper on Supp L . H jf+N =(Rjf∗L )⊗OY

DY .
Grauert’s thm⇒ OK.

2nd step: N
•
= L

•
⊗ DX finite complex and f

proper on Supp Lk ∀ k. ⇒H jf+N
•

has a good filtr.
OK by induction on length of N

•
.

3rd step: Fix K⊂Y cpct, work on f−1(K)∩Supp N

Choose good filtr. F
•
N .

∃ k s.t. L0 := FkN generates N ,
i.e. ∃L0 coh. OX -mod. s.t. L0 ⊗ DX → N → 0.
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3.4. Coherence of direct images
PROOF:

Coherence is local on Y ⇒ can assume N has a
good filtr. ⇒ To prove: H jf+N has a good filtr.

1rst step: N = L ⊗ DX , with L coh. OX -mod. and
f proper on Supp L . H jf+N =(Rjf∗L )⊗OY

DY .
Grauert’s thm⇒ OK.

2nd step: N
•
= L

•
⊗ DX finite complex and f

proper on Supp Lk ∀ k. ⇒H jf+N
•

has a good filtr.
OK by induction on length of N

•
.

3rd step: Fix K⊂Y cpct, work on f−1(K)∩Supp N

Choose good filtr. F
•
N .

∃ k s.t. L0 := FkN generates N ,
i.e. ∃L0 coh. OX -mod. s.t. L0 ⊗ DX → N → 0.
Artin-Rees⇒ can continue⇒ infinite resol.
L

•
⊗ DX → N → 0.
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3.4. Coherence of direct images
PROOF (continued):
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3.4. Coherence of direct images
PROOF (continued):

Rmk: H jf+N = 0 if j /∈ [−n, 2n] (n = dimX).
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3.4. Coherence of direct images
PROOF (continued):

Rmk: H jf+N = 0 if j /∈ [−n, 2n] (n = dimX).
Choose ℓ≫ 0 s.t. j + ℓ, j + ℓ+ 1 6∈ [−n, 2n]
∀ j ∈ [−n, 2n].
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3.4. Coherence of direct images
PROOF (continued):

Rmk: H jf+N = 0 if j /∈ [−n, 2n] (n = dimX).
Choose ℓ≫ 0 s.t. j + ℓ, j + ℓ+ 1 6∈ [−n, 2n]
∀ j ∈ [−n, 2n].
Stop resol. at −ℓ cplx. N

•
.

Introduction to the theory of D-modules – p. 48/67



3.4. Coherence of direct images
PROOF (continued):

Rmk: H jf+N = 0 if j /∈ [−n, 2n] (n = dimX).
Choose ℓ≫ 0 s.t. j + ℓ, j + ℓ+ 1 6∈ [−n, 2n]
∀ j ∈ [−n, 2n].
Stop resol. at −ℓ cplx. N

•
.

Set N ′ = Ker[L−ℓ ⊗ DX → L−ℓ+1 ⊗ DX ].
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3.4. Coherence of direct images
PROOF (continued):

Rmk: H jf+N = 0 if j /∈ [−n, 2n] (n = dimX).
Choose ℓ≫ 0 s.t. j + ℓ, j + ℓ+ 1 6∈ [−n, 2n]
∀ j ∈ [−n, 2n].
Stop resol. at −ℓ cplx. N

•
.

Set N ′ = Ker[L−ℓ ⊗ DX → L−ℓ+1 ⊗ DX ].
⇒ long exact seq.

· · · → H j+ℓ(f+N ′)→ H j(f+N
•
)→ H j(f+N )

→ H j+ℓ+1(f+N ′)→ · · ·
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3.4. Coherence of direct images
PROOF (continued):

Rmk: H jf+N = 0 if j /∈ [−n, 2n] (n = dimX).
Choose ℓ≫ 0 s.t. j + ℓ, j + ℓ+ 1 6∈ [−n, 2n]
∀ j ∈ [−n, 2n].
Stop resol. at −ℓ cplx. N

•
.

Set N ′ = Ker[L−ℓ ⊗ DX → L−ℓ+1 ⊗ DX ].
⇒ long exact seq.

· · · → H j+ℓ(f+N ′)→ H j(f+N
•
)→ H j(f+N )

→ H j+ℓ+1(f+N ′)→ · · ·

H j(f+N ) 6= 0⇒ H j(f+N
•
)
∼
−→ H j(f+N ).
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3.4. Coherence of direct images
PROOF (continued):

Rmk: H jf+N = 0 if j /∈ [−n, 2n] (n = dimX).
Choose ℓ≫ 0 s.t. j + ℓ, j + ℓ+ 1 6∈ [−n, 2n]
∀ j ∈ [−n, 2n].
Stop resol. at −ℓ cplx. N

•
.

Set N ′ = Ker[L−ℓ ⊗ DX → L−ℓ+1 ⊗ DX ].
⇒ long exact seq.

· · · → H j+ℓ(f+N ′)→ H j(f+N
•
)→ H j(f+N )

→ H j+ℓ+1(f+N ′)→ · · ·

H j(f+N ) 6= 0⇒ H j(f+N
•
)
∼
−→ H j(f+N ).

Apply Step 2.
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3.5. Direct images and char. varieties
X,Y cplx mfld, f : X → Y holom. map. M : f -good
DX -mod., f proper on Supp M .
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3.5. Direct images and char. varieties
X,Y cplx mfld, f : X → Y holom. map. M : f -good
DX -mod., f proper on Supp M .

PROBLEM: To compute (or estimate) Char H j(f+M )
from Char M .
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3.5. Direct images and char. varieties
X,Y cplx mfld, f : X → Y holom. map. M : f -good
DX -mod., f proper on Supp M .

PROBLEM: To compute (or estimate) Char H j(f+M )
from Char M .

Basic diagram: T ∗X
T ∗f
←−−−− f∗T ∗Y

f̃
−−→ T ∗Y .
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3.5. Direct images and char. varieties
X,Y cplx mfld, f : X → Y holom. map. M : f -good
DX -mod., f proper on Supp M .

PROBLEM: To compute (or estimate) Char H j(f+M )
from Char M .

Basic diagram: T ∗X
T ∗f
←−−−− f∗T ∗Y

f̃
−−→ T ∗Y .

THEOREM 3.5.1 (Kashiwara’s estimate):

∀ j, Char H j(f+M ) ⊂ f̃
(
(T ∗f)−1(Char M )

)
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3.5. Direct images and char. varieties
X,Y cplx mfld, f : X → Y holom. map. M : f -good
DX -mod., f proper on Supp M .

PROBLEM: To compute (or estimate) Char H j(f+M )
from Char M .

Basic diagram: T ∗X
T ∗f
←−−−− f∗T ∗Y

f̃
−−→ T ∗Y .

THEOREM 3.5.1 (Kashiwara’s estimate):

∀ j, Char H j(f+M ) ⊂ f̃
(
(T ∗f)−1(Char M )

)

PROOF:
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3.5. Direct images and char. varieties
X,Y cplx mfld, f : X → Y holom. map. M : f -good
DX -mod., f proper on Supp M .

PROBLEM: To compute (or estimate) Char H j(f+M )
from Char M .

Basic diagram: T ∗X
T ∗f
←−−−− f∗T ∗Y

f̃
−−→ T ∗Y .

THEOREM 3.5.1 (Kashiwara’s estimate):

∀ j, Char H j(f+M ) ⊂ f̃
(
(T ∗f)−1(Char M )

)

PROOF:

Can assume ∃F
•
M good filtr.
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3.5. Direct images and char. varieties
X,Y cplx mfld, f : X → Y holom. map. M : f -good
DX -mod., f proper on Supp M .

PROBLEM: To compute (or estimate) Char H j(f+M )
from Char M .

Basic diagram: T ∗X
T ∗f
←−−−− f∗T ∗Y

f̃
−−→ T ∗Y .

THEOREM 3.5.1 (Kashiwara’s estimate):

∀ j, Char H j(f+M ) ⊂ f̃
(
(T ∗f)−1(Char M )

)

PROOF:

Can assume ∃F
•
M good filtr.

Define f+ for grFDX -mod.: f+(•)=Rf̃∗(L(T ∗f)∗(•))
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3.5. Direct images and char. varieties
X,Y cplx mfld, f : X → Y holom. map. M : f -good
DX -mod., f proper on Supp M .

PROBLEM: To compute (or estimate) Char H j(f+M )
from Char M .

Basic diagram: T ∗X
T ∗f
←−−−− f∗T ∗Y

f̃
−−→ T ∗Y .

THEOREM 3.5.1 (Kashiwara’s estimate):

∀ j, Char H j(f+M ) ⊂ f̃
(
(T ∗f)−1(Char M )

)

PROOF:

Can assume ∃F
•
M good filtr.

Define f+ for grFDX -mod.: f+(•)=Rf̃∗(L(T ∗f)∗(•))

⇒ Supp H jf+ grFM ⊂ f̃
(
(T ∗f)−1(Supp grFM )

)

= f̃
(
(T ∗f)−1(Char M )

)
.
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3.5. Direct images and char. varieties
PROBLEM: Compare grFH j(f+M ) and H j(f+ grFM ).
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3.5. Direct images and char. varieties
PROBLEM: Compare grFH j(f+M ) and H j(f+ grFM ).

Fix a good filtr. F
•
M ⇒ natural way to define a good

filtr. F
•
H j(f+M ).
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3.5. Direct images and char. varieties
PROBLEM: Compare grFH j(f+M ) and H j(f+ grFM ).

Fix a good filtr. F
•
M ⇒ natural way to define a good

filtr. F
•
H j(f+M ).

Set grF[ℓ] :=
⊕
k Fk/Fk−ℓ.
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3.5. Direct images and char. varieties
PROBLEM: Compare grFH j(f+M ) and H j(f+ grFM ).

Fix a good filtr. F
•
M ⇒ natural way to define a good

filtr. F
•
H j(f+M ).

Set grF[ℓ] :=
⊕
k Fk/Fk−ℓ.

Show that ∃ ℓ≫ 0 s.t. grF[ℓ] H
j(f+M ) is a quotient

of a submodule of H j(f+ grF[ℓ] M ).
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3.5. Direct images and char. varieties
PROBLEM: Compare grFH j(f+M ) and H j(f+ grFM ).

Fix a good filtr. F
•
M ⇒ natural way to define a good

filtr. F
•
H j(f+M ).

Set grF[ℓ] :=
⊕
k Fk/Fk−ℓ.

Show that ∃ ℓ≫ 0 s.t. grF[ℓ] H
j(f+M ) is a quotient

of a submodule of H j(f+ grF[ℓ] M ).

⇒ Supp grF[ℓ] H
j(f+M ) ⊂ Supp H j(f+ grF[ℓ] M ).
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3.5. Direct images and char. varieties
PROBLEM: Compare grFH j(f+M ) and H j(f+ grFM ).

Fix a good filtr. F
•
M ⇒ natural way to define a good

filtr. F
•
H j(f+M ).

Set grF[ℓ] :=
⊕
k Fk/Fk−ℓ.

Show that ∃ ℓ≫ 0 s.t. grF[ℓ] H
j(f+M ) is a quotient

of a submodule of H j(f+ grF[ℓ] M ).

⇒ Supp grF[ℓ] H
j(f+M ) ⊂ Supp H j(f+ grF[ℓ] M ).

Supp grF[ℓ] H
j(f+M ) = Supp grFH j(f+M ) =

Char H j(f+M ),
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3.5. Direct images and char. varieties
PROBLEM: Compare grFH j(f+M ) and H j(f+ grFM ).

Fix a good filtr. F
•
M ⇒ natural way to define a good

filtr. F
•
H j(f+M ).

Set grF[ℓ] :=
⊕
k Fk/Fk−ℓ.

Show that ∃ ℓ≫ 0 s.t. grF[ℓ] H
j(f+M ) is a quotient

of a submodule of H j(f+ grF[ℓ] M ).

⇒ Supp grF[ℓ] H
j(f+M ) ⊂ Supp H j(f+ grF[ℓ] M ).

Supp grF[ℓ] H
j(f+M ) = Supp grFH j(f+M ) =

Char H j(f+M ),
Supp H j(f+ grF[ℓ] M ) = Supp H j(f+ grFM ) ⊂

f̃((T ∗f)−1 Char M ).
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3.5. Direct images and char. varieties
PROBLEM: Compare grFH j(f+M ) and H j(f+ grFM ).

Fix a good filtr. F
•
M ⇒ natural way to define a good

filtr. F
•
H j(f+M ).

Set grF[ℓ] :=
⊕
k Fk/Fk−ℓ.

Show that ∃ ℓ≫ 0 s.t. grF[ℓ] H
j(f+M ) is a quotient

of a submodule of H j(f+ grF[ℓ] M ).

⇒ Supp grF[ℓ] H
j(f+M ) ⊂ Supp H j(f+ grF[ℓ] M ).

Supp grF[ℓ] H
j(f+M ) = Supp grFH j(f+M ) =

Char H j(f+M ),
Supp H j(f+ grF[ℓ] M ) = Supp H j(f+ grFM ) ⊂

f̃((T ∗f)−1 Char M ).
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Lecture 4

Holonomic D-modules
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4.1. Motivation: division of distributions
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4.1. Motivation: division of distributions
f ∈ C[x1, . . . , xn]: non-zero polynomial. In general
1/f not locally integrable, hence not a distrib. on Cn.
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4.1. Motivation: division of distributions
f ∈ C[x1, . . . , xn]: non-zero polynomial. In general
1/f not locally integrable, hence not a distrib. on Cn.

QUESTION: ∃? T distrib. on Cn s.t. fT = 1
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4.1. Motivation: division of distributions
f ∈ C[x1, . . . , xn]: non-zero polynomial. In general
1/f not locally integrable, hence not a distrib. on Cn.

QUESTION: ∃? T distrib. on Cn s.t. fT = 1
SOLUTION (BERNSTEIN):
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4.1. Motivation: division of distributions
f ∈ C[x1, . . . , xn]: non-zero polynomial. In general
1/f not locally integrable, hence not a distrib. on Cn.

QUESTION: ∃? T distrib. on Cn s.t. fT = 1
SOLUTION (BERNSTEIN):

Fix s∈C s.t. Re s > 0.
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4.1. Motivation: division of distributions
f ∈ C[x1, . . . , xn]: non-zero polynomial. In general
1/f not locally integrable, hence not a distrib. on Cn.

QUESTION: ∃? T distrib. on Cn s.t. fT = 1
SOLUTION (BERNSTEIN):

Fix s∈C s.t. Re s > 0. map x 7→ |f(x)|2s is cont. ⇒

is a distrib. Ts : An,nc ∋ ϕ 7→ Ts(ϕ) =

∫
|f |2sϕ.
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4.1. Motivation: division of distributions
f ∈ C[x1, . . . , xn]: non-zero polynomial. In general
1/f not locally integrable, hence not a distrib. on Cn.

QUESTION: ∃? T distrib. on Cn s.t. fT = 1
SOLUTION (BERNSTEIN):

Fix s∈C s.t. Re s > 0. map x 7→ |f(x)|2s is cont. ⇒

is a distrib. Ts : An,nc ∋ ϕ 7→ Ts(ϕ) =

∫
|f |2sϕ.

Assume: ∀ϕ, s 7→ Ts(ϕ) (holom. on {Re s > 0})
extends as a merom. funct. on C.
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4.1. Motivation: division of distributions
f ∈ C[x1, . . . , xn]: non-zero polynomial. In general
1/f not locally integrable, hence not a distrib. on Cn.

QUESTION: ∃? T distrib. on Cn s.t. fT = 1
SOLUTION (BERNSTEIN):

Fix s∈C s.t. Re s > 0. map x 7→ |f(x)|2s is cont. ⇒

is a distrib. Ts : An,nc ∋ ϕ 7→ Ts(ϕ) =

∫
|f |2sϕ.

Assume: ∀ϕ, s 7→ Ts(ϕ) (holom. on {Re s > 0})
extends as a merom. funct. on C.
S(ϕ) := const. term in the Laurent exp. of Ts(ϕ)
at s = −1.
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4.1. Motivation: division of distributions
f ∈ C[x1, . . . , xn]: non-zero polynomial. In general
1/f not locally integrable, hence not a distrib. on Cn.

QUESTION: ∃? T distrib. on Cn s.t. fT = 1
SOLUTION (BERNSTEIN):

Fix s∈C s.t. Re s > 0. map x 7→ |f(x)|2s is cont. ⇒

is a distrib. Ts : An,nc ∋ ϕ 7→ Ts(ϕ) =

∫
|f |2sϕ.

Assume: ∀ϕ, s 7→ Ts(ϕ) (holom. on {Re s > 0})
extends as a merom. funct. on C.
S(ϕ) := const. term in the Laurent exp. of Ts(ϕ)
at s = −1.
Check: ϕ 7→ S(ϕ) is a distribution.
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4.1. Motivation: division of distributions
f ∈ C[x1, . . . , xn]: non-zero polynomial. In general
1/f not locally integrable, hence not a distrib. on Cn.

QUESTION: ∃? T distrib. on Cn s.t. fT = 1
SOLUTION (BERNSTEIN):

Fix s∈C s.t. Re s > 0. map x 7→ |f(x)|2s is cont. ⇒

is a distrib. Ts : An,nc ∋ ϕ 7→ Ts(ϕ) =

∫
|f |2sϕ.

Assume: ∀ϕ, s 7→ Ts(ϕ) (holom. on {Re s > 0})
extends as a merom. funct. on C.
S(ϕ) := const. term in the Laurent exp. of Ts(ϕ)
at s = −1.
Check: ϕ 7→ S(ϕ) is a distribution.

Easy check: |f |2S(ϕ) = S(|f |2ϕ) = const. term
of the Laurent expansion of Ts(ϕ) at s = 0.
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4.1. Motivation: division of distributions
f ∈ C[x1, . . . , xn]: non-zero polynomial. In general
1/f not locally integrable, hence not a distrib. on Cn.

QUESTION: ∃? T distrib. on Cn s.t. fT = 1
SOLUTION (BERNSTEIN):

Fix s∈C s.t. Re s > 0. map x 7→ |f(x)|2s is cont. ⇒

is a distrib. Ts : An,nc ∋ ϕ 7→ Ts(ϕ) =

∫
|f |2sϕ.

Assume: ∀ϕ, s 7→ Ts(ϕ) (holom. on {Re s > 0})
extends as a merom. funct. on C.
S(ϕ) := const. term in the Laurent exp. of Ts(ϕ)
at s = −1.
Check: ϕ 7→ S(ϕ) is a distribution.

Easy check: |f |2S(ϕ) = S(|f |2ϕ) = const. term
of the Laurent expansion of Ts(ϕ) at s = 0.

⇒ |f |2S(ϕ) =
∫
ϕ, i.e., |f |2S = 1.
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4.1. Motivation: division of distributions
f ∈ C[x1, . . . , xn]: non-zero polynomial. In general
1/f not locally integrable, hence not a distrib. on Cn.

QUESTION: ∃? T distrib. on Cn s.t. fT = 1
SOLUTION (BERNSTEIN):

Fix s∈C s.t. Re s > 0. map x 7→ |f(x)|2s is cont. ⇒

is a distrib. Ts : An,nc ∋ ϕ 7→ Ts(ϕ) =

∫
|f |2sϕ.

Assume: ∀ϕ, s 7→ Ts(ϕ) (holom. on {Re s > 0})
extends as a merom. funct. on C.
S(ϕ) := const. term in the Laurent exp. of Ts(ϕ)
at s = −1.
Check: ϕ 7→ S(ϕ) is a distribution.

Easy check: |f |2S(ϕ) = S(|f |2ϕ) = const. term
of the Laurent expansion of Ts(ϕ) at s = 0.

⇒ |f |2S(ϕ) =
∫
ϕ, i.e., |f |2S = 1. T := fS OK.
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4.1. Motivation: division of distributions
SOLUTION (continued): Merom. ext. of s 7→ Ts(ϕ)?
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4.1. Motivation: division of distributions
SOLUTION (continued): Merom. ext. of s 7→ Ts(ϕ)?

Assume: ∃P ∈ C[s][x]〈∂x〉, Q ∈ C[s][x]〈∂x〉,
∃ b′(s), b′′(s) ∈ C[s] r {0} s.t.:

b′(s)|f |2s = P · (|f |2sf) b′′(s)|f |2s = Q · (|f |2sf)

Introduction to the theory of D-modules – p. 53/67



4.1. Motivation: division of distributions
SOLUTION (continued): Merom. ext. of s 7→ Ts(ϕ)?

Assume: ∃P ∈ C[s][x]〈∂x〉, Q ∈ C[s][x]〈∂x〉,
∃ b′(s), b′′(s) ∈ C[s] r {0} s.t.:

b′(s)|f |2s = P · (|f |2sf) b′′(s)|f |2s = Q · (|f |2sf)

⇒ for Re s > 0, (P ∗ := adjoint diff. operator),

b′(s)

∫
|f |2sϕ =

∫
(P |f |2sf)ϕ =

∫
|f |2sfP ∗ϕ
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4.1. Motivation: division of distributions
SOLUTION (continued): Merom. ext. of s 7→ Ts(ϕ)?

Assume: ∃P ∈ C[s][x]〈∂x〉, Q ∈ C[s][x]〈∂x〉,
∃ b′(s), b′′(s) ∈ C[s] r {0} s.t.:

b′(s)|f |2s = P · (|f |2sf) b′′(s)|f |2s = Q · (|f |2sf)

⇒ for Re s > 0, (P ∗ := adjoint diff. operator),

b′(s)

∫
|f |2sϕ =

∫
(P |f |2sf)ϕ =

∫
|f |2sfP ∗ϕ

(Set ψ = Q∗P ∗ϕ)⇒

b′′(s)b′(s)

∫
|f |2sϕ= b′′(s)

∫
|f |2sfP ∗ϕ

=

∫
(Q|f |2sf)fP ∗ϕ =

∫
|f |2(s+1)ψ
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4.1. Motivation: division of distributions
SOLUTION (continued): Merom. ext. of s 7→ Ts(ϕ)?

Assume: ∃P ∈ C[s][x]〈∂x〉, Q ∈ C[s][x]〈∂x〉,
∃ b′(s), b′′(s) ∈ C[s] r {0} s.t.:

b′(s)|f |2s = P · (|f |2sf) b′′(s)|f |2s = Q · (|f |2sf)

∫
|f |2(s+1)ψ holom. on Re s > −1⇒
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4.1. Motivation: division of distributions
SOLUTION (continued): Merom. ext. of s 7→ Ts(ϕ)?

Assume: ∃P ∈ C[s][x]〈∂x〉, Q ∈ C[s][x]〈∂x〉,
∃ b′(s), b′′(s) ∈ C[s] r {0} s.t.:

b′(s)|f |2s = P · (|f |2sf) b′′(s)|f |2s = Q · (|f |2sf)

∫
|f |2(s+1)ψ holom. on Re s > −1⇒

1

b′(s)b′′(s)

∫
|f |2(s+1)ψ





merom. funct. on {Re s > −1},
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4.1. Motivation: division of distributions
SOLUTION (continued): Merom. ext. of s 7→ Ts(ϕ)?

Assume: ∃P ∈ C[s][x]〈∂x〉, Q ∈ C[s][x]〈∂x〉,
∃ b′(s), b′′(s) ∈ C[s] r {0} s.t.:

b′(s)|f |2s = P · (|f |2sf) b′′(s)|f |2s = Q · (|f |2sf)

∫
|f |2(s+1)ψ holom. on Re s > −1⇒

1

b′(s)b′′(s)

∫
|f |2(s+1)ψ





merom. funct. on {Re s > −1},

≡

∫
|f |2sϕ on {Re s > 0}.
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4.1. Motivation: division of distributions
SOLUTION (continued): Merom. ext. of s 7→ Ts(ϕ)?

Assume: ∃P ∈ C[s][x]〈∂x〉, Q ∈ C[s][x]〈∂x〉,
∃ b′(s), b′′(s) ∈ C[s] r {0} s.t.:

b′(s)|f |2s = P · (|f |2sf) b′′(s)|f |2s = Q · (|f |2sf)

∫
|f |2(s+1)ψ holom. on Re s > −1⇒

1

b′(s)b′′(s)

∫
|f |2(s+1)ψ





merom. funct. on {Re s > −1},

≡

∫
|f |2sϕ on {Re s > 0}.

Iterate this process⇒ merom. ext.
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4.1. Motivation: division of distributions
SOLUTION (contd): ∃P, b′ s.t. b′(s)|f |2s = P (|f |2sf)?
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4.1. Motivation: division of distributions
SOLUTION (contd): ∃P, b′ s.t. b′(s)|f |2s = P (|f |2sf)?

i.e., ∃ P̃ ∈ C(s)[x]〈∂x〉 s.t. |f |2s = P̃ · (|f |2sf)?
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4.1. Motivation: division of distributions
SOLUTION (contd): ∃P, b′ s.t. b′(s)|f |2s = P (|f |2sf)?

i.e., ∃ P̃ ∈ C(s)[x]〈∂x〉 s.t. |f |2s = P̃ · (|f |2sf)?

C(s)[x, 1/f ] · |f |2s: left C(s)[x]〈∂x〉-mod.
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4.1. Motivation: division of distributions
SOLUTION (contd): ∃P, b′ s.t. b′(s)|f |2s = P (|f |2sf)?

i.e., ∃ P̃ ∈ C(s)[x]〈∂x〉 s.t. |f |2s = P̃ · (|f |2sf)?

C(s)[x, 1/f ] · |f |2s: left C(s)[x]〈∂x〉-mod.

C(s)[x, 1/f ] · |f |2s has finite length .
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4.1. Motivation: division of distributions
SOLUTION (contd): ∃P, b′ s.t. b′(s)|f |2s = P (|f |2sf)?

i.e., ∃ P̃ ∈ C(s)[x]〈∂x〉 s.t. |f |2s = P̃ · (|f |2sf)?

C(s)[x, 1/f ] · |f |2s: left C(s)[x]〈∂x〉-mod.

C(s)[x, 1/f ] · |f |2s has finite length .

decreasing. sequence

Mj := C(s)[x]〈∂x〉 ·f
j |f |2s ⊂ C(s)[x, 1/f ] · |f |2s
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4.1. Motivation: division of distributions
SOLUTION (contd): ∃P, b′ s.t. b′(s)|f |2s = P (|f |2sf)?

i.e., ∃ P̃ ∈ C(s)[x]〈∂x〉 s.t. |f |2s = P̃ · (|f |2sf)?

C(s)[x, 1/f ] · |f |2s: left C(s)[x]〈∂x〉-mod.

C(s)[x, 1/f ] · |f |2s has finite length .

decreasing. sequence

Mj := C(s)[x]〈∂x〉 ·f
j |f |2s ⊂ C(s)[x, 1/f ] · |f |2s

⇒ ∃ k > 1 s.t. fk|f |2s ∈Mk+1
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4.1. Motivation: division of distributions
SOLUTION (contd): ∃P, b′ s.t. b′(s)|f |2s = P (|f |2sf)?

i.e., ∃ P̃ ∈ C(s)[x]〈∂x〉 s.t. |f |2s = P̃ · (|f |2sf)?

C(s)[x, 1/f ] · |f |2s: left C(s)[x]〈∂x〉-mod.

C(s)[x, 1/f ] · |f |2s has finite length .

decreasing. sequence

Mj := C(s)[x]〈∂x〉 ·f
j |f |2s ⊂ C(s)[x, 1/f ] · |f |2s

⇒ ∃ k > 1 s.t. fk|f |2s ∈Mk+1

⇒ ∃ P̃k∈C(s)[x]〈∂x〉 s.t. fk|f |2s=P̃kfk+1|f |2s.
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4.1. Motivation: division of distributions
SOLUTION (contd): ∃P, b′ s.t. b′(s)|f |2s = P (|f |2sf)?

i.e., ∃ P̃ ∈ C(s)[x]〈∂x〉 s.t. |f |2s = P̃ · (|f |2sf)?

C(s)[x, 1/f ] · |f |2s: left C(s)[x]〈∂x〉-mod.

C(s)[x, 1/f ] · |f |2s has finite length .

decreasing. sequence

Mj := C(s)[x]〈∂x〉 ·f
j |f |2s ⊂ C(s)[x, 1/f ] · |f |2s

⇒ ∃ k > 1 s.t. fk|f |2s ∈Mk+1

⇒ ∃ P̃k∈C(s)[x]〈∂x〉 s.t. fk|f |2s=P̃kfk+1|f |2s.

Multiply by fk ⇒ |f |2(s+k) = P̃k(f |f |
2(s+k)).
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4.1. Motivation: division of distributions
SOLUTION (contd): ∃P, b′ s.t. b′(s)|f |2s = P (|f |2sf)?

i.e., ∃ P̃ ∈ C(s)[x]〈∂x〉 s.t. |f |2s = P̃ · (|f |2sf)?

C(s)[x, 1/f ] · |f |2s: left C(s)[x]〈∂x〉-mod.

C(s)[x, 1/f ] · |f |2s has finite length .

decreasing. sequence

Mj := C(s)[x]〈∂x〉 ·f
j |f |2s ⊂ C(s)[x, 1/f ] · |f |2s

⇒ ∃ k > 1 s.t. fk|f |2s ∈Mk+1

⇒ ∃ P̃k∈C(s)[x]〈∂x〉 s.t. fk|f |2s=P̃kfk+1|f |2s.

Multiply by fk ⇒ |f |2(s+k) = P̃k(f |f |
2(s+k)).

Change the variable s to s− k.
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4.1. Motivation: division of distributions
SOLUTION (contd): ∃P, b′ s.t. b′(s)|f |2s = P (|f |2sf)?

i.e., ∃ P̃ ∈ C(s)[x]〈∂x〉 s.t. |f |2s = P̃ · (|f |2sf)?

C(s)[x, 1/f ] · |f |2s: left C(s)[x]〈∂x〉-mod.

C(s)[x, 1/f ] · |f |2s has finite length .

decreasing. sequence

Mj := C(s)[x]〈∂x〉 ·f
j |f |2s ⊂ C(s)[x, 1/f ] · |f |2s

⇒ ∃ k > 1 s.t. fk|f |2s ∈Mk+1

⇒ ∃ P̃k∈C(s)[x]〈∂x〉 s.t. fk|f |2s=P̃kfk+1|f |2s.

Multiply by fk ⇒ |f |2(s+k) = P̃k(f |f |
2(s+k)).

Change the variable s to s− k.

Holonomy related to finite length .
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4.2. HolonomicDX-modules
X = cplx mfld, dimX = n.
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4.2. HolonomicDX-modules
X = cplx mfld, dimX = n.

DEFINITION 4.2.1: M : coh. DX -mod. is holonomic if
dim Char M = n, i.e., if Char M is Lagrangean.
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4.2. HolonomicDX-modules
X = cplx mfld, dimX = n.

DEFINITION 4.2.1: M : coh. DX -mod. is holonomic if
dim Char M = n, i.e., if Char M is Lagrangean.

Y o ⊂ X sub-mfld. Conormal bundle :

T ∗Y oX = {v ∈ T ∗X | p = π(v) ∈ Y o and v annihilates TpY }
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4.2. HolonomicDX-modules
X = cplx mfld, dimX = n.

DEFINITION 4.2.1: M : coh. DX -mod. is holonomic if
dim Char M = n, i.e., if Char M is Lagrangean.

Y o ⊂ X sub-mfld. Conormal bundle :

T ∗Y oX = {v ∈ T ∗X | p = π(v) ∈ Y o and v annihilates TpY }

Y ⊂ X: closed anal. subset, Y o ⊂ Y : smooth part.

T ∗YX := closure of T ∗Y oX in T ∗X (conormal space) .
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4.2. HolonomicDX-modules
X = cplx mfld, dimX = n.

DEFINITION 4.2.1: M : coh. DX -mod. is holonomic if
dim Char M = n, i.e., if Char M is Lagrangean.

Y o ⊂ X sub-mfld. Conormal bundle :

T ∗Y oX = {v ∈ T ∗X | p = π(v) ∈ Y o and v annihilates TpY }

Y ⊂ X: closed anal. subset, Y o ⊂ Y : smooth part.

T ∗YX := closure of T ∗Y oX in T ∗X (conormal space) .

M holonomic⇒ ∃ (Yα)α∈A closed analytic in X,

Char M =
⋃

α∈A

T ∗Yα
X.
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4.2. HolonomicDX-modules
EXAMPLES 4.2.3:
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4.2. HolonomicDX-modules
EXAMPLES 4.2.3:

OX : a holonomic DX -mod. and Char OX = T ∗XX.
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4.2. HolonomicDX-modules
EXAMPLES 4.2.3:

OX : a holonomic DX -mod. and Char OX = T ∗XX.

H: smooth hypersurf. of X ⇒ OX(∗H) holonomic,
Char OX(∗H) = T ∗XX ∪ T

∗
YX.
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4.2. HolonomicDX-modules
EXAMPLES 4.2.3:

OX : a holonomic DX -mod. and Char OX = T ∗XX.

H: smooth hypersurf. of X ⇒ OX(∗H) holonomic,
Char OX(∗H) = T ∗XX ∪ T

∗
YX.

Exact seq.: 0→ OX → OX(∗H)→ OX(∗H)/OX → 0
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4.2. HolonomicDX-modules
EXAMPLES 4.2.3:

OX : a holonomic DX -mod. and Char OX = T ∗XX.

H: smooth hypersurf. of X ⇒ OX(∗H) holonomic,
Char OX(∗H) = T ∗XX ∪ T

∗
YX.

Exact seq.: 0→ OX → OX(∗H)→ OX(∗H)/OX → 0
Loc. coord.: H = {x1 = 0}.
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4.2. HolonomicDX-modules
EXAMPLES 4.2.3:

OX : a holonomic DX -mod. and Char OX = T ∗XX.

H: smooth hypersurf. of X ⇒ OX(∗H) holonomic,
Char OX(∗H) = T ∗XX ∪ T

∗
YX.

Exact seq.: 0→ OX → OX(∗H)→ OX(∗H)/OX → 0
Loc. coord.: H = {x1 = 0}.

OX(∗H)/OX = DX ·[1/x1] = DX/(x1, ∂x2
, . . . , ∂xn

)
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4.2. HolonomicDX-modules
EXAMPLES 4.2.3:

OX : a holonomic DX -mod. and Char OX = T ∗XX.

H: smooth hypersurf. of X ⇒ OX(∗H) holonomic,
Char OX(∗H) = T ∗XX ∪ T

∗
YX.

Exact seq.: 0→ OX → OX(∗H)→ OX(∗H)/OX → 0
Loc. coord.: H = {x1 = 0}.

OX(∗H)/OX = DX ·[1/x1] = DX/(x1, ∂x2
, . . . , ∂xn

)

⇒ Char(OX(∗H)/OX) ⊂ {x1 = ξ2 = · · · = ξn = 0} = T ∗HX.
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4.2. HolonomicDX-modules
EXAMPLES 4.2.3:

OX : a holonomic DX -mod. and Char OX = T ∗XX.

H: smooth hypersurf. of X ⇒ OX(∗H) holonomic,
Char OX(∗H) = T ∗XX ∪ T

∗
YX.

Exact seq.: 0→ OX → OX(∗H)→ OX(∗H)/OX → 0
Loc. coord.: H = {x1 = 0}.

OX(∗H)/OX = DX ·[1/x1] = DX/(x1, ∂x2
, . . . , ∂xn

)

⇒ Char(OX(∗H)/OX) = {x1 = ξ2 = · · · = ξn = 0} = T ∗HX.
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4.2. HolonomicDX-modules
EXAMPLES 4.2.3:

OX : a holonomic DX -mod. and Char OX = T ∗XX.

H: smooth hypersurf. of X ⇒ OX(∗H) holonomic,
Char OX(∗H) = T ∗XX ∪ T

∗
YX.

Exact seq.: 0→ OX → OX(∗H)→ OX(∗H)/OX → 0
Loc. coord.: H = {x1 = 0}.

OX(∗H)/OX = DX ·[1/x1] = DX/(x1, ∂x2
, . . . , ∂xn

)

⇒ Char(OX(∗H)/OX) = {x1 = ξ2 = · · · = ξn = 0} = T ∗HX.

M holon.
n=1
⇐⇒ ∀m ∈M , ∃P

6=0
∈ DX , Pm = 0.
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4.2. HolonomicDX-modules
EXAMPLES 4.2.3:

OX : a holonomic DX -mod. and Char OX = T ∗XX.

H: smooth hypersurf. of X ⇒ OX(∗H) holonomic,
Char OX(∗H) = T ∗XX ∪ T

∗
YX.

Exact seq.: 0→ OX → OX(∗H)→ OX(∗H)/OX → 0
Loc. coord.: H = {x1 = 0}.

OX(∗H)/OX = DX ·[1/x1] = DX/(x1, ∂x2
, . . . , ∂xn

)

⇒ Char(OX(∗H)/OX) = {x1 = ξ2 = · · · = ξn = 0} = T ∗HX.

M holon.
n=1
⇐⇒ ∀m ∈M , ∃P

6=0
∈ DX , Pm = 0.

n > 2, P ∈ DX ⇒ DX/DXP not holon.:
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4.2. HolonomicDX-modules
EXAMPLES 4.2.3:

OX : a holonomic DX -mod. and Char OX = T ∗XX.

H: smooth hypersurf. of X ⇒ OX(∗H) holonomic,
Char OX(∗H) = T ∗XX ∪ T

∗
YX.

Exact seq.: 0→ OX → OX(∗H)→ OX(∗H)/OX → 0
Loc. coord.: H = {x1 = 0}.

OX(∗H)/OX = DX ·[1/x1] = DX/(x1, ∂x2
, . . . , ∂xn

)

⇒ Char(OX(∗H)/OX) = {x1 = ξ2 = · · · = ξn = 0} = T ∗HX.

M holon.
n=1
⇐⇒ ∀m ∈M , ∃P

6=0
∈ DX , Pm = 0.

n > 2, P ∈ DX ⇒ DX/DXP not holon.:
Char M = {σ(P ) = 0}, so codim Char M = 1.
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4.2. HolonomicDX-modules
PROPOSITION (Cor. 4.2.4):
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4.2. HolonomicDX-modules
PROPOSITION (Cor. 4.2.4): Exact seq. of coh. DX -mod.:

0 −→M
′ −→M −→M

′′ −→ 0
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4.2. HolonomicDX-modules
PROPOSITION (Cor. 4.2.4): Exact seq. of coh. DX -mod.:

0 −→M
′ −→M −→M

′′ −→ 0

⇒ M holon. ⇐⇒ M
′ and M

′′ holon.
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4.2. HolonomicDX-modules
PROPOSITION (Cor. 4.2.4): Exact seq. of coh. DX -mod.:

0 −→M
′ −→M −→M

′′ −→ 0

⇒ M holon. ⇐⇒ M
′ and M

′′ holon.

PROOF: Loc. good filtr. F
•
M .
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4.2. HolonomicDX-modules
PROPOSITION (Cor. 4.2.4): Exact seq. of coh. DX -mod.:

0 −→M
′ −→M −→M

′′ −→ 0

⇒ M holon. ⇐⇒ M
′ and M

′′ holon.

PROOF: Loc. good filtr. F
•
M . Induces good filtr.

F
•
M ′, F

•
M ′′
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4.2. HolonomicDX-modules
PROPOSITION (Cor. 4.2.4): Exact seq. of coh. DX -mod.:

0 −→M
′ −→M −→M

′′ −→ 0

⇒ M holon. ⇐⇒ M
′ and M

′′ holon.

PROOF: Loc. good filtr. F
•
M . Induces good filtr.

F
•
M ′, F

•
M ′′ ⇒ Exact. seq.

0 −→ grFM ′ −→ grFM −→ grFM ′′ −→ 0
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4.2. HolonomicDX-modules
PROPOSITION (Cor. 4.2.4): Exact seq. of coh. DX -mod.:

0 −→M
′ −→M −→M

′′ −→ 0

⇒ M holon. ⇐⇒ M
′ and M

′′ holon.

PROOF: Loc. good filtr. F
•
M . Induces good filtr.

F
•
M ′, F

•
M ′′ ⇒ Exact. seq.

0 −→ grFM ′ −→ grFM −→ grFM ′′ −→ 0

=⇒ Char M = Char M
′ ∪ Char M
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=⇒ Char M = Char M
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RMK: Can define char. cycle : CChar M =
∑
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∗
Yα
X.

=⇒ CChar M = CChar M
′ + CChar M

′′.

COROLLARY 4.2.6: Decreasing seq. M1 ⊃M2 ⊃ · · · of
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D ⊂ X, codimD = 1. ∇ : E → Ω1
X(∗D)⊗ E merom.

integr. conn. ⇒ (E (∗D),∇) left DX -mod.
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D ⊂ X, codimD = 1. ∇ : E → Ω1
X(∗D)⊗ E merom.

integr. conn. ⇒ (E (∗D),∇) left DX -mod.

PROBLEM: Is (E (∗D),∇) coh.? holon.? Char. variety?

RECALL: OK if D non-singular.
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E : locally free OX -mod., finite rank r,
+ integrable connect. ∇ : E → Ω1

X ⊗OX
E (∇2 = 0).

LEMMA 4.3.1 (Cauchy-Kowalevski): ∀x ∈ X, ∃ nb(x)
and local basis e1, . . . , er ∈ E (nb(x)) s.t. ∇(ei) = 0:

(E ,∇)|nb(x) ≃ (OX , d)
r
|nb(x)

⇒ Char(E ,∇) = T ∗XX ⇒ (E ,∇) holon.
Converse : M coh. and Char M = T ∗XX ⇒M = (E ,∇).

D ⊂ X, codimD = 1. ∇ : E → Ω1
X(∗D)⊗ E merom.

integr. conn. ⇒ (E (∗D),∇) left DX -mod.

PROBLEM: Is (E (∗D),∇) coh.? holon.? Char. variety?

THEOREM 4.3.2: M : coherent DX -mod.

M|XrD holon.⇒M (∗D) holon. (hence DX -coh.)
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Thm 4.3.2 ⇒M (∗D) holonomic

E ⊂M ⊂ E (∗D)⇒M (∗D) = E (∗D).

CONVERSE (Th. 4.3.4): M : holon. DX -mod.

Char M|XrD = T ∗XrD(X rD)⇒

∃ (E ,∇) coh. OX -mod. s.t. M (∗D) = (E (∗D),∇).
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COROLLARY 4.3.3: (E (∗D),∇) is holonomic.

PROOF: E ⊂ E (∗D).
M := DX · E ⊂ E (∗D) with filtr. FkM = FkDX · E .
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M good

⇒M coh. DX -mod.

M|XrD = (E|XrD,∇) holonomic.

Thm 4.3.2 ⇒M (∗D) holonomic

E ⊂M ⊂ E (∗D)⇒M (∗D) = E (∗D).

CONVERSE (Th. 4.3.4): M : holon. DX -mod.

Char M|XrD = T ∗XrD(X rD)⇒

∃ (E ,∇) coh. OX -mod. s.t. M (∗D) = (E (∗D),∇).

In general, M has a globally defined good filtration.
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⇒ each irred. compon. of Char(H j(f+M ))
isotropic.

⇒ dim Char(H j(f+M )) 6 n (hence = n).
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4.4. Direct images of holon.DX-mod.
LEMMA 4.4.2: Z ⊂ X: closed anal. set, Λ := T ∗ZX.
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Λ′ ⊂ Λ closed anal. in T ∗X.
Λ isotropic⇒ Λ′ isotropic (Whitney’s thm).

Basic diagram:

T ∗Z
T ∗p =: ρ
←−−−−−−−֓ X × T ∗Y

p̃
−−→ T ∗Y

ωZ ρ∗ωZ = p̃∗ωY ωY
ωZ|Λo = 0⇒ ωZ = 0 on (Λ ∩ f∗T ∗Y )o

⇒ p̃∗ωY = ρ∗ωZ = 0 on (Λ ∩ f∗T ∗Y )o
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֒
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Lemma for f = inclusion: easy. Consider f = p.

Λ′ ⊂ Λ closed anal. in T ∗X.
Λ isotropic⇒ Λ′ isotropic (Whitney’s thm).

Basic diagram:

T ∗Z
T ∗p =: ρ
←−−−−−−−֓ X × T ∗Y

p̃
−−→ T ∗Y

ωZ ρ∗ωZ = p̃∗ωY ωY
ωZ|Λo = 0⇒ ωZ = 0 on (Λ ∩ f∗T ∗Y )o
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4.4. Direct images of holon.DX-mod.
THEOREM 3.1.5 (Bernstein): Each non-zero elem. of
GMk(f) is annihil. by a non-zero elem. of C[t]〈∂t〉.
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GMk(f) is annihil. by a non-zero elem. of C[t]〈∂t〉.
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Uses algebraic analogues of the previous results.

GMk(f) = H k(f+O(C∗)n), f : (C∗)n → C not
proper⇒ cannot apply Th. 4.4.1.

Choose X = (C∗)n ∪D quasi-proj. smooth,
codimX D=1, and g : X→C proj. s.t. g|(C∗)n=f .

H k(f+O(C∗)n) = H k(g+OX(∗D))

OX(∗D) holon. (Cor. 4.3.3) + Th. 4.4.1 for g
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THEOREM 3.1.5 (Bernstein): Each non-zero elem. of
GMk(f) is annihil. by a non-zero elem. of C[t]〈∂t〉.

PROOF:
Uses algebraic analogues of the previous results.

GMk(f) = H k(f+O(C∗)n), f : (C∗)n → C not
proper⇒ cannot apply Th. 4.4.1.

Choose X = (C∗)n ∪D quasi-proj. smooth,
codimX D=1, and g : X→C proj. s.t. g|(C∗)n=f .

H k(f+O(C∗)n) = H k(g+OX(∗D))

OX(∗D) holon. (Cor. 4.3.3) + Th. 4.4.1 for g
⇒H k(f+O(C∗)n) = GMk(f) holonomic

dim C=1⇒ ∀m∈GMk(f), ∃ P
6=0
∈C[t]〈∂t〉, Pm=0.
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near a pole.
If dimX = 1: Classical results, 3 steps:
1. ∃ local formal normal form for∇.
2. ∃ asymptotic liftings in sectors at the pole.
3. Comparison between various liftings Stokes

phenomenon .
If dimX > 2,

Step 2 OK if Step one is solved (Majima 1984,
C.S. 1993).
Step 1 recently solved in two different ways:

Mochizuki uses reduction to char. p +
p-curvature (dimX=2) and diff. geom. (Higgs
bdles , harmonic metrics ) if dimX>3.
Kedlaya uses techniques from p-adic diff. eqns
and Berkovich spaces .
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Local normal form of an integr. merom. connect.
near a pole.
If dimX = 1: Classical results, 3 steps:
1. ∃ local formal normal form for∇.
2. ∃ asymptotic liftings in sectors at the pole.
3. Comparison between various liftings Stokes

phenomenon .
If dimX > 2,

Step 3 generalized to arbitrary dim. by Mochizuki
and C.S. Stokes filtration (due to Deligne).
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4.5. Recent advances
Local normal form of an integr. merom. connect.
near a pole.
If dimX = 1: Classical results, 3 steps:
1. ∃ local formal normal form for∇.
2. ∃ asymptotic liftings in sectors at the pole.
3. Comparison between various liftings Stokes

phenomenon .
If dimX > 2,

Step 3 generalized to arbitrary dim. by Mochizuki
and C.S. Stokes filtration (due to Deligne).
⇒ a general Riemann-Hilbert correspondence .
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A conjecture of Kashiwara (Proofs: Kashiwara,
Mochizuki, C.S.).

Theorem 4.5.1: M : holonomic DX -mod. ⇒
Hom DX

(M ,DbX) holonomic DX -mod.
and Ext

i
DX

(M ,DbX) = 0, ∀ i > 0.

Corollary: Any holon. M loc. ⊂ DbX .
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4.5. Recent advances

Wild Hodge Theory.
M. Saito: Hodge D-modules Hodge theory for
singular alg. varieties.
Analogy: Hodge D-modules↔ Pure ℓ-adic
perverse sheaves with tame ramif. .
Extend this analogy to wild ramif. ?
 Wild pure twistor D-modules (Mochizuki, C.S.).

Introduction to the theory of D-modules – p. 67/67
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