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The Riemann existence theorem

d d \k
» P(z,0.) = Zak(z)(a) , ar €C[z], ag 20
0

® S ={z]aq(z) = 0} sing. set (assumed # &)
® Associated linear system

up uy
=A(2) | : |,

Uq Uqd

d

() —

e A(z) € End(C(2)9)

® ~ Monodromy representation of the solution vectors
by analytic continuation

p:m(C NS, 2,) — GLa(C)
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The Riemann existence theorem * Rigid irreducible representations ‘
® Assume pis irreducible :
8 p < (T, € GLy(C and To := ([[, Ts) " : _ .
P ( a(€))ses ( (T %) ‘cannot put all T in a upper block-triang. form S|multaneously|
» Conversely , any p (any finite S) comes from a and rigid :
system (x) s.t.,, Vs € S U oo, 3 formal merom. gauge
transf. — at most simple pole (i.e., reg. sing. ): ‘if T/ ~T,Vs € SUoo, thenp ~ p‘
s IM(z—s) € GLg (C((z — 9))) sit.
# and assume Vs € S U oo,
(z—s)- [M'AM +M~'M!] € End(C[z — s]). i
VA eigenvalue of Ty, |A| = 1]
» Proof: Near s € S, this amounts to finding ) )
C, € End(C?) s.t. T, = e~27Cs. Then #® = More structure on the solution to the Riemann
A(z) := C,/(z — s) has monodromy T, around s. existence th.
Globalization: non-explicit procedure.
Variations of pol. Hodge structure  ° Variations of pol. Hodge structure ¢
THEOREM (Deligne 1987, Simpson 1990): THEOREM (Deligne 1987, Simpson 1990):
|3t var. of polarized Hodge structure (wt. = 0) adapted to p| |3t var. of polarized Hodge structure (wt. = 0) adapted to p|
® G,: pos. def. Herm. d x d matrix, C*>° w.r.t. z€ C~\.S ® = Numbers fP = rk FP H, attached to p.
# Hodge decomp. Vz € C\S:
1 _ ® Moreover (Griffiths),
c'=@,H?, H;?=H
Clz, (2 — s)s_els]d =0(C~ S)d(;‘-mod.grovvth'
® z— HP: C*> & possibly not hol. but
z+— FPH, := @,,., H? holomorphic and
d
(5= +4)-FrH. C PP,
B ~ dz
® G.s.t. Gygr := (—1)PG|g», then
8.G, - G =U(z).
7 8

Hypergeom. differential eqns

. 0o <~ <ag <1, .
» Given ; i .
{0<61< <Pa<1, NTPITEI
d d d d
P(z,0.,) := il;[1 (za — ai) — zjl;ll (za - ,Bj)

S =4{0,1}.

® Beukers & Heckman: p is irreducible rigid , with
A = e~ 2mia gr 2718,

® Setl; =#{i|a; <Bj} —J

THEOREM (R. Fedorov, 2015):
[P =#{i 14 > p}]

s mixed: F! =0, F* = ¢(C ~. S)¢ = unitary conn.
s unmixed: 0 = F¢ C --- C F = 0(C \ S)<.
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Confluent hypergeom. diff. eqns

d’ d d

P(z,8.) := '1:11 (za _

with d’ < d = S = 0 and 0 is an irreg. sing.
(co = reg. sing).

»® Riemann existence th. breaks down for irreg. sing.

» Need Stokes data to reconstruct the differential eqn
from sols.

»® ~ Riemann-Hilbert-Birkhoff correspondence.
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Confluent hypergeom. diff. eqns  °

d

P(z,0;) := ] (zdi — ai) —z f[ (zi — ﬂj)

i=1 z j=1 dz

with d’ < d.
® Same condition on «a, 8’s = irreducible and rigid :
s irreducible : Cannot split
P(z,08,) = Pi(z,8,) - P2(z,8,) in C(2)(8) with
deg P;,deg P> > 1.
s rigid : Any other linear diff. syst. (sings at S U oo)
which is gauge-equiv. over C((z — s)) at each
s € S U oo to the given system is gauge-equiv.
over C(z) to the given system.
# But: Cannot find a var. of pol. Hodge struct. s.t. the
sol. to R-H-B exist. th. given by &(C ~ S)¢ 04 growtn-
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Harmonic metrics

Given:

» adiff. system % + A(z), A(z) € End(C(2)?),
poleset =S C C.

® G.: any pos. def. Herm. mtrx, C*° w.r.t. z € C\.S.

® Then 3! A’Gz, A’c’:, dx d,C>® w.rt. z, s.t.

0.G. =y -G. + G- A}
9.G. =" -G.+G.- AL
—A’éz =(A-— A'Gz)*.
4 /
92 02
® G is harmonic w.rt. A if

(compatibility with G)

\529; + 100,07 = 0\
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Harmonic metrics u The irregular Hodge filtration 12
THEOREM (Simpson 1990, CS 1998, Biquard-Boalch Deligne (2007):
2004, T. Mochizuki 2011): “The analogy between vector bundles with integrable
» If Aisirreducible , 3! harmonic metric G w.r.t. A s.t. connection having irregular singularities at infinity on a
» Coefs of Char 8" have mod. growth at .S U oo, complex algebraic variety U and ¢-adic sheaves with wild
s Clz, ((z — 8) Yses]? = (0(C ~ 8)?) G-mod. growth- ramification at infinity on an algebraic variety of
characteristic p, leads one to ask how such a vector bundle
) with integrable connection can be part of a system of
. :Eslgértr?]irﬂ(?(\j/\?retn:ﬁglfegf Z‘rﬁgt C%?:thdge structure realizations analogous to what furnishes a family of
o o e T motives parametrized by U'...
# If Aisirreg., what aboutrigid irreducible A? In the ‘motivic’ case, any de Rham cohomology group has
® Answer in the last slide of the talk. a natural Hodge filtration. Can we hope for one on
Hi, (U, V) for some classes of (V, V) with irregular
singularities?”
The irregular Hodge filtration 13 The irregular Hodge filtration 1
“The reader may ask for the usefulness of a “Hodge ® Ex:U=C* fizr— —2, V=d+df + adz/z
filtration” not giving rise to a Hodge structure. | hope that it
forces bounds to p-adic valuations of Frobenius Clz, z_l] L Clz,z71] - % - H(}R(U, V)
eigenvalues. That the cohomology of ‘e 7?2z (0 < a < 1) z
has Hodge degree 1 — « is anlogous to formulas giving e~ %221 zwezz—a i
the p-adic valuation of Gauss sums.” d
z
Clz, z e 222 LMC[Z, z7 1. e %2 ———C- {e_zza—]
z z
o0
. d
period: / ez = I'(a)
J0O z
= [e7%2%dz /2] € F'~*H; (U, V).
The Hodge filtration in dim > 1 15 Twisted de Rham cohomology 16

# Setting:
s U: smooth cplx quasi-proj. var. (e.g. U = (C*)™).
s Choose (according to Hironaka) any X such that

s X: smooth cplx proj. variety,

s D: reduced divisor with normal crossings in X
locally, D = {x1---z, = 0}

s U=X~D.

® THEOREM (Deligne 1972):
H*U,C) ~ H*(X, (9% (log D), d))
and Vp, (E;-degeneration )
H*(X,07°?(Q% (log D),d)) — H"*(X, (2% (log D), d))

is injective , its image defining the Hodge filtration FP H* (U, C).
s ~ Mixed Hodge structure on H*(U, C).
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» Setting:
s U: smth cplx quasi-proj. var., f : U — C alg. fnct.

» Twisted de Rham cohomology ~ Hkg (U, d + df):
Cohomology of the alg. de Rham cplx. E.g. U = C™:

0 — Clz] —» @, Clz]dz; — -+ — P, Clz]dz; — Clz]de — 0

g(x)— > (g, + gf;,)dz;

S had@i | (=1 (B}, +hif;,) da
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Good compactification 1 The Kontsevich complex 18

# Choose (according to Hironaka) any X such that ® Fora€0,1)NQ,
s X: smooth cplx proj. variety, s Q% (log D)([aP)): forms with log pole along
s D: reduced divisor with normal crossings in X D — P and pole at most “log + [« P]” along
locally, D = {x1---x, = 0} f1(c0). (e.g. df = f-df/f € Q& (log D)(P).)
s U=XD.

» Define Q% () as

s.t. f extends as an hol. ma
P {w € % (og D) ([aP]) | df Aw € Q5 (log D) ([aP)) }

°

f: X — Pl =CUoco, fl(co)CD. P:=f*(c0).
» Significant a’s: £/m, m = mult. of a component
of P, £=0,...,m —1.

» -~ Kontsevich complex (2%(c),d + df).

. ‘H’“(X, (2(e),d +df)) ~ Hip (U, d + df)‘
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The irreg. Hodge filtration indim > 1 * History of the result, dim. one 20

( ) I » Deligne (1984, IHES seminar notes).
THEOREM (Kontsevich, Esnault-CS-Yu 2014, . . .
M. Saito 2014, T. Mochizuki 2015): ;‘ EE g(I;Sl(CD(;i)ge"g"g‘ e (S;‘”g W c)’” S U oo, and unitary .
® Vp, (E1-degeneration )

d+A+df _
H*(X, 077 (2} (), d+df)) — H*(X, (2} (a), d+df)) FAC[z, (2—8)ses]? —————— F*"'Clz, (2—5)ses]?dz

is injective , its image defining the irregular Hodge an proves E,-degeneration.

filtration FP—“HC’;R(U, d + df). » Deligne (2006). Adds more explanations and
AS publication in the volume “Correspondance
*A>peQ= Deligne-Malgrange-Ramis” (SMF 2007).
F Hp(U,d +df) C F*HiR(U,d + df) ‘ ® CS (2008). Same as Deligne, with A underlying a
pol. var. of Hodge structure . Uses harmonic
® Jumps atmostat A =¢£/m +p,p € Z, metrics through the theory of var. of twistor
£=0,...,m— 1, m = mult. component of P. structures (Simpson, Mochizuki, CS).
History of the result, dim > 1 2 Rigid irreducible diff. eqns 2
) . . d
# J.-D. Yu (2012): defines F*H% (U, d + df) + many » Given diff. operator P A(z), A(z) € End(C(z)%),
z

properties and E;-degeneration in some cases. pole set= S C C
® Esnault-CS-Yu (2013): E,-degeneration by reducing # Assume itis irreducible and rigid

to (CS, 2008) (push-forward by f).

» Kontsevich (2012), letters to Katzarkov and Pantev,
arXiv 2014: defines the Kontsevich complex and
proves E;-degeneration if P = P,q, by the method
of Deligne & lllusie (reduction to char. p). Does not

» Assume eigenvalues A of T; (s € S U co) s.t.
A= 1.

THEOREM (CS 2015): 3 canonical filtration

extend if P # P,eq. Motivated by mirror symmetry of A -1 d R
Fano manifolds. Clz, ((z — 5) )ses]® (AER)

# M. Saito (2013): E;-degeneration by comparing with by free C[z, ((z — s)~!)ses]-modules attached to A(z),
limit mixed Hodge structure of f at co. S.t. d

® T. Mochizuki (2015): E;-degeneration by using the <£ + A(z))F’\ c FA 1,

theory of mixed twistor Z-modules.
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Rigid irreducible diff. eqgns 2

» Needs the construction of a category of Irregular
mixed Hodge modules between the category of
mixed Hodge modules (M. Saito) and that of mixed
twistor 2-modules (T. Mochizuki). Use of the
Arinkin-Deligne’s algorithm similar to Katz' algorithm.

® QUESTION: For confluent hypergeom. eqgns, how to
compute the jumping indices and the rank of the
Hodge bundles?

» Recent work of Castafio Dominguez and Sevenheck
on some confluent hypergeometric diff. egns.

» Other interesting examples: rigid irregular
connections of Gross-Frenkel.
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