Introduction

Joint work with Antoine Douai (Nice)

® wy, ..., w, (n > 1): positive integers such thgtd (wq, ..., w,) = 1.

o f(ugy...,u,) = woug—+- - -+wy,u, restricted to théorusU C C™*1:
ug? - uln = 1.

o = wy + -+ + wy, f hasy simple critical points.

e Critical values:ue?™*/# (k. = 0,...,u — 1).

o If t € Cis not a critical value,

. L 1 0 fork #dimU = n,
dim H*(U, f~(¢), Q) =
pn fork = n.

e Hg det “Iimit” H™"(U, f~%(t),Q), Tw : Hy — Hg: monodromy at
Infinity .
e Mixed Hodge structurgElzein, Steenbrink-Zucker, M. Saito).



e The interest in such a polynomiglon U is that the data “at infinity” look
very much like theorbifold cohomologyof the weighted projective space
P(wgy ..., w,).

e One can associate to any universal unfoldingf af canonical structure of
Frobenius manifoldon the germ(C*#, 0) of the parameter space.

e On the other hand, thuantum orbifold cohomologydefined by Chen and
Ruan, allows one to associate the structure of a Frobeningatthon the
germ(H*, (P(wo,...,wy)),0). Itis then natural to expect ‘anirror
symmetry phenomenon’i.e., that both Frobenius structures coincide.

e Whenw; = 1 for all ¢, so thatP (wy, . .., w,) is the ordinary projective
spaceP™, such a result has been guessed by A. Givental and proved by
S. Barannikov.



The Gauss-Manin system: general results

e f: any regular function on aaffine manifoldU , satisfying some
nonsingularity condition at infinity:.
e Q™(U): the space of algebraic differential forms of maximal degralU .

e 7. anew variable@ = 71
Q" (U)[r, 7]

e Gauss-Manin system:G =
g (d — rdf NY—1(U) 7, 7]

with

(d—7dfA\) > et = 3, (dmy, — df A 1) T

Vwe Q"U), 0-|lw]=[fuw],

e Connection:
{Vp €Z, 8 (r°[w]) = prPlw] + TP[fw].



Lattices
e TheBriekorn lattice (chart8): Q"(U)[6]
+ Go = image(QU)0] = &) = (0 e\ an—1(0) 6]
- free C[0]-module of ranky = dim Q™(U) /df A Q"~1(U),

« Sstable by the action a¥,., hence acted on b§y = —@67 with a pole
of order2.

e Malgrange-Kashiwara latticega € [0, 1[, chartr):
« Vo(G): setoflw] in G suchthaf [ 5, (70-+0)"?|w] = TP(7, 70;)|w].
. free C[7]-module of ranku, stable by the action af 9.
«H, =V,(G)/V.o(G), N induced by— (70 + o),
T = exp(2irald +NN).
e FP(H,) = ™" PGyH,.



Theorem

The spaceDqcjo,1[Ha With its endomorphisn” is naturally isomorphic to
(Hc, T). Moreover, the filtration® ¢ 0,1 FP H,, is thelimit Hodge filtration
on He.

A basic isomorphism
F"PNYV,

— o™ P(H
oAV, L Frave, 8 (He)
. TP . 6P
Vaip NG
P 0 gry, (Go/0G)y)

VaipNOGy+ Veqipy NGy

Spectrum atinfinityof f:  {(B,v3) | B € Q, v = dim grg(GO/OGO)}.



A nice presentation of the Gauss-Manin system

0 Sy C " {t/wi|£=0,...,w; — 1} — Q.

Fors € Q, m(s) = number of preimage®f s in S,
° S, = {s(0) < s(1) < --- < s(u — 1)}

ow(lk) =k —ps(k),k=0,...,u— 1.

dug A ... A dUn
’LLO Un

A(TLuf) Mo
o [woA] : O(U) / (Jac(f)) == Go/0G,
—> ring structureon Gy /0G.

® Wy =

] = —— (70, + o (k) o).
Tk

o [w,] = [wo] and [wi] = [u*®w] for some multi-indexa (k) with
la(k)| = k.



e Spectral polynomial

[TE20 (X + ow(k))
(X+8)"s = 1
1;[ {HSEQ [T (X +n— (G + {swo} + -+ + {swn}))

e The classe&w] form aC|0]-basisG, and aC[r, 7~ !]-basis ofG.
e Connection in this basis

0wl = [l [0+ ~A], or Bplu] = ]+ [ A0+ S A]
with

(0 O oo on- 1\

1 0 +ev - 0
Ap=p|0 1 0 --- 0], Ay = diag (04,(0),...,04,(p—1)).




The “sesquilinearpairing S : G Q.11 G* — C[1, 7~'] defined by

1 ifk+££=nmodpu
S([wk], [we]) = _
0 otherwise

IS, up to a constant, the pairing coming frétaincare dualityon the fibres
of f. It is compatible with the connection.

The graded algebr@®scq grg(GO/HGO), with its nondegenerate pairing,
looks very much like the orbifold cohomology algebra

D H" P (P(wo, ..., wy))

orb

with its Poincaré duality pairing.



Corollary (Simplification of the structure)
e TheV-order of |wy] is equal too,, (k) and [w] induces aC-basis{w} of

Ds grg(Go/OGo).
e The graded spacebsecq grg(Go/HGo) Is a (rationally) graded space

equipped with ayraded commutative producdt such that

mo if 0 (k + £mod p) = oy (k w(0),
ot} — {{ww i Wou(le + Lmod ) = au(k) +ou(®)
otherwise

and a nondegenerate pairing induced By Both induce asymmetric
trilinear form
. 7+k+£=nmodp and
|
O"w(j) + O"w(k) + O'w(ﬁ) — n,

\ 0 otherwise

S({w;j}, {wr}u{we}) = <
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Frobenius structure (Dubrovin) or flat structure (K. Saito)

Data:

(0) M : complex manifold of dimensiop

(1) o: commutative associative produwaiith unit e on vector fields, depending
holomorphically on the point id,

(2) g: nondegenerate bilinear fornon vector fields, depending holomorphi-
cally on the point inM .

(3) &: homogeneity (Euler) holomorphic vector field a4,
Constraints

e Symmetryof the 4-tensof&1, &2, €3, &4) —— Ve, 9(&2 © €3, &4);
e v/ (torsionlessconnection associated ¢ is flat and<xye = 0;
o Lece = —e, Lg(o) =0, Lg(g) = DgforsomeD € C.
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Theorem
let f be any Laurent polynomial on a tord$ = (C*)", which isconvenient
and nondegeneratwith respect to its Newton polyhedron; in particular,

' dim Clvy, vty e ooy vn, v /(110 f/Ov1, . . ., v, OF /OV,) < +o00.
Choose a familypg = 1, o1, ..., 9,1 Inducing a basis of this vector space.
Then there exists aanonical Frobenius structurdocally on the space of pa-
rameterscy, . . . , ,—1 Of the unfoldingF’ = f + > x;¢;, for which

o 633 O 833 = 57;]'6;,;.,
1 i 1
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Theorem(Generation of a semisimple Frobenius structure, B. Dubroin)
Given(Ag, Aso, wo), Where
o Ay, Ay are u X p complex matricesd regular semisimple
A + A = wld for somew € Z,
® wq IS aneigenvectonf A, with eigenvaluex, with no component equal
to 0 on the basis of eigenvectors 4f,

there exists auinique Frobenius structureon some neighbourhood af° =
Spec Ap In M = CH ~ diagonals such that, in the canonical basis
Opys+ -y Oy, OF M,

e Ajis the matrix oft — & o £ at x°,

o A Isthe matrix o — 7€ atz°,

® wy Is the vector of components of theit field e at x°,

e 2a + 2 — w Is the homogeneity constail.
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Theorem
The data
(0 O ¢+ «co 1\
1 0 ¢¢¢ oo 0
Ag=pl0 1 0 --- 0], A, = diag (aw(O),...,aw(u—l)),

dug A ... A Un
uo Un,

d([f;w;") Maw=1
generate theanonical Frobenius structureattached to any universal unfold-
ing of f onU.

W =




