
Introduction

Joint work with Antoine Douai (Nice)

• w0, . . . , wn (n > 1): positive integers such thatgcd(w0, . . . , wn) = 1.

• f(u0, . . . , un) = w0u0+· · ·+wnun restricted to thetorusU ⊂ Cn+1:

uw0
0 · · · uwn

n = 1.

• µ = w0 + · · · + wn, f hasµ simple critical points.

• Critical values:µe2iπk/µ (k = 0, . . . , µ − 1).

• If t ∈ C is not a critical value,

dim Hk(U, f−1(t), Q) =







0 for k 6= dim U = n,

µ for k = n.

• HQ
def
= “limit”

t→∞
Hn(U, f−1(t), Q), T∞ : HQ → HQ: monodromy at

infinity .

• Mixed Hodge structure(Elzein, Steenbrink-Zucker, M. Saito).
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• The interest in such a polynomialf on U is that the data “at infinity” look

very much like theorbifold cohomologyof the weighted projective space

P(w0, . . . , wn).

• One can associate to any universal unfolding off a canonicalstructure of

Frobenius manifoldon the germ(Cµ, 0) of the parameter space.

• On the other hand, thequantum orbifold cohomology, defined by Chen and

Ruan, allows one to associate the structure of a Frobenius manifold on the

germ(H∗
orb(P(w0, . . . , wn)), 0). It is then natural to expect a“mirror

symmetry phenomenon”, i.e., that both Frobenius structures coincide.

• Whenwi = 1 for all i, so thatP(w0, . . . , wn) is the ordinary projective

spacePn, such a result has been guessed by A. Givental and proved by

S. Barannikov.
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The Gauss-Manin system: general results

• f : any regular function on anaffine manifoldU , satisfying some

nonsingularity condition at infinity.

• Ωn(U): the space of algebraic differential forms of maximal degree onU .

• τ : a new variable.θ = τ−1

• Gauss-Manin system:G =
Ωn(U)[τ, τ−1]

(d − τdf∧)Ωn−1(U)[τ, τ−1]
with

(d − τdf∧)
∑

k ηkτ
k =

∑

k(dηk − df ∧ ηk−1)τ
k.

• Connection:







∀ ω ∈ Ωn(U), ∂τ [ω] = [fω],

∀ p ∈ Z, ∂τ(τ
p[ω]) = pτ p−1[ω] + τ p[fω].
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Lattices

• TheBriekorn lattice (chartθ):

• G0 = image(Ωn(U)[θ] → G) =
Ωn(U)[θ]

(θd − df∧)Ωn−1(U)[θ]
• freeC[θ]-module of rankµ = dim Ωn(U)/df ∧ Ωn−1(U),

• stable by the action of∂τ , hence acted on by∂θ = −
1

θ2
∂τ with a pole

of order2.

• Malgrange-Kashiwara lattices(α ∈ [0, 1[, chartτ ):

• Vα(G): set of[ω] in G such that
∏

β6α(τ∂τ+β)νβ[ω] = τP (τ, τ∂τ)[ω].

• freeC[τ ]-module of rankµ, stable by the action ofτ∂τ .

• Hα = Vα(G)/V<α(G), N induced by−(τ∂τ + α),

T = exp(2iπα Id +N).

• F p(Hα) = τn−pG0Hα.
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Theorem

The space⊕α∈[0,1[Hα with its endomorphismT is naturally isomorphic to

(HC, T ). Moreover, the filtration⊕α∈[0,1[F
pHα is thelimit Hodge filtration

onHC.

A basic isomorphism

F n−p ∩ Vα

F n−p+1 ∩ Vα + F n−p ∩ V<α

= grn−p
F (Hα)

· θp

Vα+p ∩ G0

Vα+p ∩ θG0 + V<α+p ∩ G0

= grV
α+p(G0/θG0)

· τ p

Spectrum at infinityof f : {(β, νβ) | β ∈ Q, νβ = dim grV
β (G0/θG0)}.
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A nice presentation of the Gauss-Manin system

• Sw
def
=

∐n
i=0{ℓ/wi | ℓ = 0, . . . , wi − 1} −→ Q.

Fors ∈ Q, m(s) = number of preimagesof s in Sw.

• Sw = {s(0) 6 s(1) 6 · · · 6 s(µ − 1)}

σw(k) = k − µs(k), k = 0, . . . , µ − 1.

• ω0 =

du0
u0

∧ · · · ∧ dun
un

d
(
∏

i u
wi
i

)

∣

∣

∣
∏

i u
wi
i =1

, [ωk+1] = −
1

µτ
(τ∂τ +σw(k))[ωk].

• [ω0∧] : O(U)
/

(

Jac(f)
) ∼

−→ G0/θG0

=⇒ ring structureonG0/θG0.

• [ωµ] = [ω0] and [ωk] = [ua(k)ω0] for some multi-indexa(k) with

|a(k)| = k.
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• Spectral polynomial

∏

β

(X+β)νβ =







∏µ−1
k=0(X + σw(k))

∏

s∈Q

∏m(s)−1
j=0

(

X + n − (j + {sw0} + · · · + {swn})
)

• The classes[ω] form aC[θ]-basisG0 and aC[τ, τ−1]-basis ofG.

• Connection in this basis:

− ∂τ [ω] = [ω] ·
[

A0 +
1

τ
A∞

]

, or ∂θ[ω] = [ω] ·
[ 1

θ2
A0 +

1

θ
A∞

]

with

A0 = µ



















0 0 · · · · · · 1

1 0 · · · · · · 0

0 1 0 · · · 0
... . . . . . . . . . ...

0 · · · 0 1 0



















, A∞ = diag
(

σw(0), . . . , σw(µ−1)
)

.
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• The “sesquilinear”pairing S : G ⊗C[τ,τ−1] Ga → C[τ, τ−1] defined by

S([ωk], [ωℓ]) =







1 if k + ℓ ≡ n mod µ

0 otherwise

is, up to a constant, the pairing coming fromPoincaré dualityon the fibres

of f . It is compatible with the connection.

• The graded algebra⊕β∈Q grV
β (G0/θG0), with its nondegenerate pairing,

looks very much like the orbifold cohomology algebra

⊕β H
2(n−β)
orb (P(w0, . . . , wn))

with its Poincaré duality pairing.



9

Corollary (Simplification of the structure)

• TheV -order of [ωk] is equal toσw(k) and [ω] induces aC-basis{ω} of

⊕β grV
β (G0/θG0).

• The graded space⊕β∈Q grV
β (G0/θG0) is a (rationally) graded space

equipped with agraded commutative product∪ such that

{ωk}∪{ωℓ} =







{ωk+ℓ mod µ} if σw(k + ℓ mod µ) = σw(k) + σw(ℓ),

0 otherwise.

and a nondegenerate pairing induced byS. Both induce asymmetric

trilinear form

S({ωj}, {ωk}∪{ωℓ}) =



















1 if







j + k + ℓ ≡ n mod µ and

σw(j) + σw(k) + σw(ℓ) = n,

0 otherwise.
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Frobenius structure (Dubrovin) or flat structure (K. Saito)

Data:

(0) M : complex manifold of dimensionµ

(1) ◦: commutative associative productwith unit e on vector fields, depending

holomorphically on the point inM ,

(2) g: nondegenerate bilinear formon vector fields, depending holomorphi-

cally on the point inM .

(3) E: homogeneity (Euler) holomorphic vector field onM ,

Constraints:

• Symmetryof the 4-tensor(ξ1, ξ2, ξ3, ξ4) 7−→ ▽ξ1g(ξ2 ◦ ξ3, ξ4);

• ▽ (torsionlessconnection associated tog) is flat and▽e = 0;

• LEe = −e, LE(◦) = ◦, LE(g) = Dg for someD ∈ C.
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Theorem

let f be any Laurent polynomial on a torusU = (C∗)n, which isconvenient

and nondegeneratewith respect to its Newton polyhedron; in particular,

µ
def
= dim C[v1, v−1

1 , . . . , vn, v−1
n ]/(v1∂f/∂v1, . . . , vn∂f/∂vn) < +∞.

Choose a familyϕ0 = 1, ϕ1, . . . , ϕµ−1 inducing a basis of this vector space.

Then there exists acanonical Frobenius structurelocally on the space of pa-

rametersx0, . . . , xµ−1 of the unfoldingF = f +
∑

xiϕi, for which

• ∂xi
◦ ∂xj

= δij∂xi
,

• E =
∑

i xi∂xi
.
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Theorem(Generation of a semisimple Frobenius structure, B. Dubrovin)

Given(A0, A∞, ω0), where

• A0, A∞ areµ × µ complex matrices,A0 regular semisimple,

A∞ + tA∞ = w Id for somew ∈ Z,

• ω0 is aneigenvectorof A∞, with eigenvalueα, with no component equal

to 0 on the basis of eigenvectors ofA0,

there exists aunique Frobenius structureon some neighbourhood ofxo =

Spec A0 in M = Cµ
r diagonals such that, in the canonical basis

∂x1, . . . , ∂xn of M ,

• A0 is the matrix ofξ 7→ E ◦ ξ at xo,

• A∞ is the matrix ofξ 7→ ▽ξE at xo,

• ω0 is the vector of components of theunit field e at xo,

• 2α + 2 − w is the homogeneity constantD.
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f = w0u0 + · · · + wnun onU = {
∏

i u
wi
i = 1}.

Theorem

The data

A0 = µ



















0 0 · · · · · · 1

1 0 · · · · · · 0

0 1 0 · · · 0
... . . . . . . . . . ...

0 · · · 0 1 0



















, A∞ = diag
(

σw(0), . . . , σw(µ−1)
)

,

ω0 =

du0
u0

∧ · · · ∧ dun
un

d
(
∏

i u
wi
i

)

∣

∣

∣
∏

i u
wi
i =1

generate thecanonical Frobenius structureattached to any universal unfold-

ing off onU .


