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Laplace transformation

P =
∑

j aj(t)∂
j
t : diff. oper. with coeff. in C[t].

Laplace transformation (kernel e−tτ ):

t↔ −∂τ ∂t ↔ τ C[t]〈∂t〉 ≃ C[τ ]〈∂τ 〉.

P̂ =
∑

j aj(−∂τ )τ j =
∑

k bk(τ )∂k
τ .

M : left C[t]〈∂t〉-mod.↔ M̂ := C[τ ]〈∂τ 〉 ⊗
C[t]〈∂t〉

M .

Problem: Given the monodromy + Stokes data for M ,
to compute the monodromy + Stokes data for M̂ ,
i.e., to define a topological Laplace transformation
e.g., {monodr. + Stokes}(M) defined over Q,
=⇒ {monodr. + Stokes}(M̂) defined over Q
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Formal stationary phase formula

Easier Problem: Given the formal struct. of M at each
sing. pt. to compute the formal struct. of M̂ at each
sing. pt .

∃ a complete answer: Local formal Laplace
transforms F (s,bs) (s = sing. of M , ŝ = sing. of M̂ )

Similar answer for the Fourier transform of ℓ-adic
sheaves on A1

Fq
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Stokes-perv. sheaves on P1
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Work of T. Mochizuki giving an explicit family of path
of integration for computing Laplace integrals.
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Previous works on Stokes and Laplace

Many computations of Stokes matrices of Laplace
integrals of sols of diff. eqns

Malgrange’s book.

C[t]〈∂t〉-mod.
Laplace

RH

C[τ ]〈∂τ 〉-mod.

RH

Stokes-perv. sheaves on P1
ttop. Laplace?

Stokes-perv. sheaves on P1
τ

Work of T. Mochizuki giving an explicit family of path
of integration for computing Laplace integrals.

Goal: To understand these computations in the
framework of complex and real algebraic geometry
by using Asympt. Analysis in C-dim. two .

Differential systemsof Gaussian type – p. 4/32



Differ. systems of Gaussian type

Differential systemsof Gaussian type – p. 5/32



Differ. systems of Gaussian type
M = C[t]r, connection∇ with matrix A(t)dt, entries
in C[t] (no sing. at finite distance).

Differential systemsof Gaussian type – p. 5/32



Differ. systems of Gaussian type
M = C[t]r, connection∇ with matrix A(t)dt, entries
in C[t] (no sing. at finite distance).

C ⊂ C∗: finite subset.

Differential systemsof Gaussian type – p. 5/32



Differ. systems of Gaussian type
M = C[t]r, connection∇ with matrix A(t)dt, entries
in C[t] (no sing. at finite distance).

C ⊂ C∗: finite subset.

Gaussian type C at t =∞:

C((1/t))⊗M ≃
⊕

c∈C
C((1/t))⊗ (E−ct2/2 ⊗Rc)

E−ct2/2 := (C[t], d−c tdt), Rc = (C((1/t))rc ,∇c):
reg. sing.
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Differ. systems of Gaussian type
M = C[t]r, connection∇ with matrix A(t)dt, entries
in C[t] (no sing. at finite distance).

C ⊂ C∗: finite subset.

Gaussian type C at t =∞:

C((1/t))⊗M ≃
⊕

c∈C
C((1/t))⊗ (E−ct2/2 ⊗Rc)

E−ct2/2 := (C[t], d−c tdt), Rc = (C((1/t))rc ,∇c):
reg. sing.

Formal stationary phase =⇒

M̂ of Gaussian type Ĉ

Ĉ = {ĉ := −1/c | c ∈ C}

Rbc = Rc.
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RH Corresp. for Gaussian type
M of Gaussian type C −→ (L , L

•
) Stokes-filt. loc. syst.
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RH Corresp. for Gaussian type
M of Gaussian type C −→ (L , L

•
) Stokes-filt. loc. syst.

L : Loc. syst. of horiz. sect. of M on P̃1
t := A1

t ∪ S1
∞

=⇒ Cst loc. syst. on P̃1
t

∀c ∈ C, L6c subsheaf of L|S1
∞

. Germ L6c,θ:

Loc. syst. of horiz. sect. m of M such that e−c/2t2m

has moderate growth near θ ∈ S1
∞.

∀c ∈ C, L<c subsheaf of L|S1
∞

. Germ L<c,θ:

Loc. syst. of horiz. sect. m of M such that e−c/2t2m

has rapid decay near θ ∈ S1
∞.

Grading condition of type C:

grc L := L6c/L<c =

{
0 if c /∈ C,

Hor. sect. of Rc if c ∈ C.
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Stokes-filtered loc. syst. of Gaussian type
DEFINITION (Stokes filt. loc. syst. Gaussian type C):
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Stokes-filtered loc. syst. of Gaussian type
DEFINITION (Stokes filt. loc. syst. Gaussian type C):
Data (L , L

•
)

(Cst) loc. syst. L of k-vect. spaces on P̃1 = A1 ∪ S1,

∀c ∈ C, L6c ⊂ L|S1 s.t. ∀θ ∈ S1, L6•,θ exhaustive
filtr. of Lθ w.r.t. growth order at θ:
c′ 6θ c ⇐⇒ exp(c′ − c)t2/2 mod. growth in nbd(θ),

c′ <θ c ⇐⇒ exp(c′ − c)t2/2 rapid decay in nbd(θ)

⇐⇒ c′ 6θ c and c′ 6= c.
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Stokes-filtered loc. syst. of Gaussian type
DEFINITION (Stokes filt. loc. syst. Gaussian type C):
Data (L , L

•
)

(Cst) loc. syst. L of k-vect. spaces on P̃1 = A1 ∪ S1,

∀c ∈ C, L6c ⊂ L|S1 s.t. ∀θ ∈ S1, L6•,θ exhaustive
filtr. of Lθ w.r.t. growth order at θ:
c′ 6θ c ⇐⇒ exp(c′ − c)t2/2 mod. growth in nbd(θ),

c′ <θ c ⇐⇒ exp(c′ − c)t2/2 rapid decay in nbd(θ)

⇐⇒ c′ 6θ c and c′ 6= c.

Define then ∀θ, L<c,θ :=
∑

c′<θc L6c′,θ (⇒ subsheaf L<c)

Differential systemsof Gaussian type – p. 7/32



Stokes-filtered loc. syst. of Gaussian type
DEFINITION (Stokes filt. loc. syst. Gaussian type C):
Data (L , L

•
)

(Cst) loc. syst. L of k-vect. spaces on P̃1 = A1 ∪ S1,

∀c ∈ C, L6c ⊂ L|S1 s.t. ∀θ ∈ S1, L6•,θ exhaustive
filtr. of Lθ w.r.t. growth order at θ:
c′ 6θ c ⇐⇒ exp(c′ − c)t2/2 mod. growth in nbd(θ),

c′ <θ c ⇐⇒ exp(c′ − c)t2/2 rapid decay in nbd(θ)

⇐⇒ c′ 6θ c and c′ 6= c.

Define then ∀θ, L<c,θ :=
∑

c′<θc L6c′,θ (⇒ subsheaf L<c)
Grading condition of type C:

grc L := L6c/L<c = loc. syst. on S1, 0 if c /∈ C

∀θ, Lθ
filtered
≃

⊕
c∈C grc Lθ
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Stokes-filtered loc. syst. of Gaussian type
REMARKS:
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Stokes-filtered loc. syst. of Gaussian type
REMARKS:

May start from (L<c)c∈C and define

L6c,θ =
⋂

c′

c<θc′

L<c′,θ
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Stokes-filtered loc. syst. of Gaussian type
REMARKS:

May start from (L<c)c∈C and define

L6c,θ =
⋂

c′

c<θc′

L<c′,θ

Set S1
c′6c = {θ | c′ 6θ c}, S1

c′<θc{θ | c
′ <θ c}.
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Stokes-filtered loc. syst. of Gaussian type
REMARKS:

May start from (L<c)c∈C and define

L6c,θ =
⋂

c′

c<θc′

L<c′,θ

Set S1
c′6c = {θ | c′ 6θ c}, S1

c′<θc{θ | c
′ <θ c}.

S1
c′6c = S1

c′<θc if c′ 6= c, S1
c6c = S1, S1

c<c = ∅
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Stokes-filtered loc. syst. of Gaussian type
REMARKS:

May start from (L<c)c∈C and define

L6c,θ =
⋂

c′

c<θc′

L<c′,θ

Set S1
c′6c = {θ | c′ 6θ c}, S1

c′<θc{θ | c
′ <θ c}.

S1
c′6c = S1

c′<θc if c′ 6= c, S1
c6c = S1, S1

c<c = ∅

Sheaf-th. operations (inside L ):

L<c =
∑

c′

jc′<c,! j∗c′<cL6c′ , L6c =
⋂

c′

jc6c′,! j∗c6c′L<c′
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Stokes-filtered loc. syst. of Gaussian type
REMARKS:

May start from (L<c)c∈C and define

L6c,θ =
⋂

c′

c<θc′

L<c′,θ

Set S1
c′6c = {θ | c′ 6θ c}, S1

c′<θc{θ | c
′ <θ c}.

S1
c′6c = S1

c′<θc if c′ 6= c, S1
c6c = S1, S1

c<c = ∅

Sheaf-th. operations (inside L ):

L<c =
∑

c′

jc′<c,! j∗c′<cL6c′ , L6c =
⋂

c′

jc6c′,! j∗c6c′L<c′

THEOREM (Deligne, Malgrange): Equiv. of categories

M Gaussian type C ←→ (L , L
•
)C Gaussian type C
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Stokes data for Gaussian type
Stokes data of type (C, θo):
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Stokes data for Gaussian type
Stokes data of type (C, θo):

θo not a Stokes dir. for C ⇒ C ={c1 < · · ·<cn}θo
.
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Stokes data for Gaussian type
Stokes data of type (C, θo):

θo not a Stokes dir. for C ⇒ C ={c1 < · · ·<cn}θo
.

θ
(ν)
o = θo + νπ/2 (ν ∈ Z/4Z),
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Stokes data for Gaussian type
Stokes data of type (C, θo):

θo not a Stokes dir. for C ⇒ C ={c1 < · · ·<cn}θo
.

⇒ C ={c1 < · · ·<cn}θo+νπ/2 (ν even)
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Stokes data for Gaussian type
Stokes data of type (C, θo):

θo not a Stokes dir. for C ⇒ C ={c1 < · · ·<cn}θo
.

⇒ C ={cn < · · ·<c1}θo+νπ/2 (ν odd)
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Stokes data for Gaussian type
Stokes data of type (C, θo):

θo not a Stokes dir. for C ⇒ C ={c1 < · · ·<cn}θo
.

θ
(ν)
o = θo + νπ/2 (ν ∈ Z/4Z),

L: k-vect. space, glob. sect. of L
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Stokes data for Gaussian type
Stokes data of type (C, θo):

θo not a Stokes dir. for C ⇒ C ={c1 < · · ·<cn}θo
.

θ
(ν)
o = θo + νπ/2 (ν ∈ Z/4Z),

L: k-vect. space, glob. sect. of L

(L
(ν)
i )i=1,...,n =

{
increasing (ν even)
decreasing (ν odd)

filtr. of L
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Stokes data for Gaussian type
Stokes data of type (C, θo):

θo not a Stokes dir. for C ⇒ C ={c1 < · · ·<cn}θo
.

θ
(ν)
o = θo + νπ/2 (ν ∈ Z/4Z),

L: k-vect. space, glob. sect. of L

(L
(ν)
i )i=1,...,n =

{
increasing (ν even)
decreasing (ν odd)

filtr. of L

Grading condition . ∀ν ∈ Z/4Z, oppositeness :

L =
n⊕

i=1

(
L

(ν)
i ∩ L

(ν+1)
i

)
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Stokes data for Gaussian type
Stokes data of type (C, θo):

θo not a Stokes dir. for C ⇒ C ={c1 < · · ·<cn}θo
.

θ
(ν)
o = θo + νπ/2 (ν ∈ Z/4Z),

L: k-vect. space, glob. sect. of L

(L
(ν)
i )i=1,...,n =

{
increasing (ν even)
decreasing (ν odd)

filtr. of L

Grading condition . ∀ν ∈ Z/4Z, oppositeness :

L =
n⊕

i=1

(
L

(ν)
i ∩ L

(ν+1)
i

)

(L , L
•
)←→

{
L = Γ(P̃1, L ) = L

θ
(ν)
o
∀ν,

L
(ν)
i = L

6ci,θ
(ν)
o
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Laplace transf. for Gaussian type

M Gauss. type C
Laplace

≀

M̂ Gauss. type Ĉ

≀

(
C, θo, (L, L(ν)

•
, ν ∈ Z/4Z)

) ?
(
Ĉ, θ̂o,

π−θo

(L̂, L̂(ν)
•

, ν ∈ Z/4Z)
)
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Laplace transf. for Gaussian type

M Gauss. type C
Laplace

≀

M̂ Gauss. type Ĉ

≀

(
C, θo, (L, L(ν)

•
, ν ∈ Z/4Z)

) ?
(
Ĉ, θ̂o,

π−θo

(L̂, L̂(ν)
•

, ν ∈ Z/4Z)
)

Difficult in general:

order of C at θo
?
←→ order of Ĉ at θ̂o
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Laplace transf. for Gaussian type

M Gauss. type C
Laplace

≀

M̂ Gauss. type Ĉ

≀

(
C, θo, (L, L(ν)

•
, ν ∈ Z/4Z)

) ?
(
Ĉ, θ̂o,

π−θo

(L̂, L̂(ν)
•

, ν ∈ Z/4Z)
)

Difficult in general:

order of C at θo
?
←→ order of Ĉ at θ̂o

ĉi − ĉj = −
1

ci
−

(
−

1

cj

)
=

ci − cj

cicj
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Laplace transf. for Gaussian type

M Gauss. type C
Laplace

≀

M̂ Gauss. type Ĉ

≀

(
C, θo, (L, L(ν)

•
, ν ∈ Z/4Z)

) ?
(
Ĉ, θ̂o,

π−θo

(L̂, L̂(ν)
•

, ν ∈ Z/4Z)
)

Difficult in general:

order of C at θo
?
←→ order of Ĉ at θ̂o

ĉi − ĉj = −
1

ci
−

(
−

1

cj

)
=

ci − cj

cicj

=⇒ Assume arg ci = arg cj ∀i, j , e.g. ci > 0 ∀i.
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Laplace transf. for Gaussian type

M Gauss. type C
Laplace

≀

M̂ Gauss. type Ĉ

≀

(
C, θo, (L, L(ν)

•
, ν ∈ Z/4Z)

) ?
(
Ĉ, θ̂o,

π−θo

(L̂, L̂(ν)
•

, ν ∈ Z/4Z)
)

Difficult in general:

order of C at θo
?
←→ order of Ĉ at θ̂o

ĉi − ĉj = −
1

ci
−

(
−

1

cj

)
=

ci − cj

cicj

=⇒ Assume arg ci = arg cj ∀i, j , e.g. ci > 0 ∀i.

REMARK: ∃ Braid group action on Gaussian type C.
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Laplace transf. for Gaussian type

M Gauss. type C
Laplace

≀

M̂ Gauss. type Ĉ

≀

(
C, θo, (L, L(ν)

•
, ν ∈ Z/4Z)

) Thm
(
Ĉ, θ̂o, (L, L(ν)

•
, ν ∈ Z/4Z)

)
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Sheaf-theoretic Laplace transf.
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Sheaf-theoretic Laplace transf.

A1
t × A1

τ
p p̂

A1
t A1

τ

M̂ = p̂+(p+M ⊗ E−tτ )
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Sheaf-theoretic Laplace transf.

A1
t × A1

τ
p p̂

A1
t A1

τ

M̂ = p̂+(p+M ⊗ E−tτ )

L̂<γ = H 0 DRrdc∞(M̂ ⊗ Eγτ 2/2)
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Sheaf-theoretic Laplace transf.

A1
t × P̃1

τ
p ˜̂p

A1
t P̃1

τ

M̂ = p̂+(p+M ⊗ E−tτ )

L̂<γ = H 0 DRrdc∞(M̂ ⊗ Eγτ 2/2)
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Sheaf-theoretic Laplace transf.

P1
t × P̃1

τ
p ˜̂p

P1
t P̃1

τ

M̂ = p̂+(p+M ⊗ E−tτ )

L̂<γ = H 0 DRrdc∞(M̂ ⊗ Eγτ 2/2)
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Sheaf-theoretic Laplace transf.

P1
t × P̃1

τ
p ˜̂p

P1
t P̃1

τ

M̂ = p̂+(p+M ⊗ E−tτ )

L̂<γ = H 0 DRrdc∞(M̂ ⊗ Eγτ 2/2)

THEOREM (Mochizuki 2013):

L̂<γ = R1˜̂p∗DRrdDc∞(p+
M⊗ E−tτ+γτ 2/2)

Dc∞ = P1
t × ∞̂ ⊂ P1

t × P1
τ .
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Sheaf-theoretic Laplace transf.

P1
t × P̃1

τ
p ˜̂p

P1
t P̃1

τ

M̂ = p̂+(p+M ⊗ E−tτ )

L̂<γ = H 0 DRrdc∞(M̂ ⊗ Eγτ 2/2)

THEOREM (Mochizuki 2013):

L̂<γ = R1˜̂p∗DRrdDc∞(p+
M⊗ E−tτ+γτ 2/2)

Dc∞ = P1
t × ∞̂ ⊂ P1

t × P1
τ .

Formally at (∞, ∞̂):

C((1/t, 1/τ ))⊗ (p+M ⊗ E−tτ+γτ 2/2)

≃
⊕

c∈C C((1/t, 1/τ ))⊗ (E−tτ+γτ 2/2−ct2/2 ⊗ p+Rc)
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Sheaf-theoretic Laplace transf.
Goal: To remove indeterminacies at (∞, ∞̂)
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Sheaf-theoretic Laplace transf.
Goal: To remove indeterminacies at (∞, ∞̂)

t′ = 1/t, τ ′ = 1/τ, t′ → 0, τ ′ → 0
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Sheaf-theoretic Laplace transf.
Goal: To remove indeterminacies at (∞, ∞̂)

t′ = 1/t, τ ′ = 1/τ, t′ → 0, τ ′ → 0

γτ 2/2− tτ − ct2/2 =
γt′2 − 2t′τ ′ − cτ ′2

2t′2τ ′2
≃

0

0
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Sheaf-theoretic Laplace transf.
Goal: To remove indeterminacies at (∞, ∞̂)

t′ = 1/t, τ ′ = 1/τ, t′ → 0, τ ′ → 0

γτ 2/2− tτ − ct2/2 =
γt′2 − 2t′τ ′ − cτ ′2

2t′2τ ′2
≃

0

0

Pole divisor: D∞ ∪Dc∞ = {t′τ ′ = 0}.
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Sheaf-theoretic Laplace transf.
Goal: To remove indeterminacies at (∞, ∞̂)

t′ = 1/t, τ ′ = 1/τ, t′ → 0, τ ′ → 0

γτ 2/2− tτ − ct2/2 =
γt′2 − 2t′τ ′ − cτ ′2

2t′2τ ′2
≃

0

0

Pole divisor: D∞ ∪Dc∞ = {t′τ ′ = 0}.

X
ε
−→ P1

t × P1
τ , t′ = uv, τ ′ = v,

γu2 − 2u− c

2u2v2
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Sheaf-theoretic Laplace transf.
Goal: To remove indeterminacies at (∞, ∞̂)

t′ = 1/t, τ ′ = 1/τ, t′ → 0, τ ′ → 0

γτ 2/2− tτ − ct2/2 =
γt′2 − 2t′τ ′ − cτ ′2

2t′2τ ′2
≃

0

0

Pole divisor: D∞ ∪Dc∞ = {t′τ ′ = 0}.

X
ε
−→ P1

t × P1
τ , t′ = uv, τ ′ = v,

γu2 − 2u− c

2u2v2

Pole div.: D = D∞ ∪Dc∞ ∪ E,
Zero div.: Zγ,c = {γu2 − 2u− c = 0}
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Sheaf-theoretic Laplace transf.
Goal: To remove indeterminacies at (∞, ∞̂)

t′ = 1/t, τ ′ = 1/τ, t′ → 0, τ ′ → 0

γτ 2/2− tτ − ct2/2 =
γt′2 − 2t′τ ′ − cτ ′2

2t′2τ ′2
≃

0

0

Pole divisor: D∞ ∪Dc∞ = {t′τ ′ = 0}.

X
ε
−→ P1

t × P1
τ , t′ = uv, τ ′ = v,

γu2 − 2u− c

2u2v2

Pole div.: D = D∞ ∪Dc∞ ∪ E,
Zero div.: Zγ,c = {γu2 − 2u− c = 0}

Local form at a zero: unit/v2 or w/v2 or w2/v2
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Sheaf-theoretic Laplace transf.

D∞

D∞

E

t

τ

∞

∞

ε

D∞

D∞

t

τ

∞

∞

X P1
t × P1

τ
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Sheaf-theoretic Laplace transf.

D∞

D∞

E

t

τ

∞

∞

ε

D∞

D∞

t

τ

∞

∞

X P1
t × P1

τ

X̃
ε̃
−→ P1

t × P̃1
τ

X̃: real oriented blow-up of X along the compon. of D
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Sheaf-theoretic Laplace transf.

D∞

D∞

E

t

τ

∞

∞

ε

D∞

D∞

t

τ

∞

∞

X P1
t × P1

τ

X̃
ε̃
−→ P1

t × P̃1
τ

X̃: real oriented blow-up of X along the compon. of D

THEOREM (Majima,...):
H j DRrdD ε+(p+

M⊗ E−tτ+γτ 2/2) = 0 for j 6= 0.
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Sheaf-theoretic Laplace transf.

D∞

D∞

E

t

τ

∞

∞

ε

D∞

D∞

t

τ

∞

∞

X P1
t × P1

τ

X̃
ε̃
−→ P1

t × P̃1
τ

X̃: real oriented blow-up of X along the compon. of D

THEOREM (Majima,...):
H j DRrdD ε+(p+

M⊗ E−tτ+γτ 2/2) = 0 for j 6= 0.

H 0 easy to compute sheaf-theor. in term of (L , L
•
)
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Sheaf-theoretic Laplace transf.
˜̂q := ˜̂p ◦ ε̃ : X̃ −→ P1

t × P̃1
τ −→ P̃1

τ
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Sheaf-theoretic Laplace transf.
˜̂q := ˜̂p ◦ ε̃ : X̃ −→ P1

t × P̃1
τ −→ P̃1

τ

Recall:

L̂<γ = R1˜̂p∗DRrdDc∞(p+
M⊗ E−tτ+γτ 2/2)
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Sheaf-theoretic Laplace transf.
˜̂q := ˜̂p ◦ ε̃ : X̃ −→ P1

t × P̃1
τ −→ P̃1

τ

Recall:

L̂<γ = R1˜̂p∗DRrdDc∞(p+
M⊗ E−tτ+γτ 2/2)

COROLLARY (of Mochizuki’s thm):

L̂<γ = R1˜̂q∗H 0 DRrdD ε+(p+
M⊗ E−tτ+γτ 2/2)
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Sheaf-theoretic Laplace transf.
˜̂q := ˜̂p ◦ ε̃ : X̃ −→ P1

t × P̃1
τ −→ P̃1

τ

Recall:

L̂<γ = R1˜̂p∗DRrdDc∞(p+
M⊗ E−tτ+γτ 2/2)

COROLLARY (of Mochizuki’s thm):

L̂<γ = R1˜̂q∗H 0 DRrdD ε+(p+
M⊗ E−tτ+γτ 2/2)

︸ ︷︷ ︸
Sheaf-th. operation from (L , L•)
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Sheaf-theoretic Laplace transf.
˜̂q := ˜̂p ◦ ε̃ : X̃ −→ P1

t × P̃1
τ −→ P̃1

τ

Recall:

L̂<γ = R1˜̂p∗DRrdDc∞(p+
M⊗ E−tτ+γτ 2/2)

COROLLARY (of Mochizuki’s thm):

L̂<γ = R1˜̂q∗H 0 DRrdD ε+(p+
M⊗ E−tτ+γτ 2/2)

︸ ︷︷ ︸
Sheaf-th. operation from (L , L•)

Same procedure may be applied in general to define
the top. Laplace transf.
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Computation of L̂
Assumption: 0 < c1 < · · · < cn, θ̂

(ν)
o = π− θo + νπ/2
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Computation of L̂
Assumption: 0 < c1 < · · · < cn, θ̂

(ν)
o = π− θo + νπ/2

X̃
˜̂q
−→ P̃1

τ

D∞

D∞

E

t

τ

∞

∞ ˜ S
1

θ̂
(ν)
o

∞
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Computation of L̂
Assumption: 0 < c1 < · · · < cn, θ̂

(ν)
o = π− θo + νπ/2

X̃
˜̂q
−→ P̃1

τ

Fibre ˜̂q
−1

(θ̂
(ν)
o ) = ∆(θ̂

(ν)
o ):
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Computation of L̂
Assumption: 0 < c1 < · · · < cn, θ̂

(ν)
o = π− θo + νπ/2

X̃
˜̂q
−→ P̃1

τ

Fibre ˜̂q
−1

(θ̂
(ν)
o ) = ∆(θ̂

(ν)
o ):

∆(θ(ν)
o

) like P
1
t

∂∆(θ(ν)
o

) S
1
∞
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Computation of L̂
Assumption: 0 < c1 < · · · < cn, θ̂

(ν)
o = π− θo + νπ/2

X̃
˜̂q
−→ P̃1

τ

Fibre ˜̂q
−1

(θ̂
(ν)
o ) = ∆(θ̂

(ν)
o ):

∆(θ(ν)
o

) like P
1
t

∂∆(θ(ν)
o

) S
1
∞
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Computation of L̂
Assumption: 0 < c1 < · · · < cn, θ̂

(ν)
o = π− θo + νπ/2

X̃
˜̂q
−→ P̃1

τ

Fibre ˜̂q
−1

(θ̂
(ν)
o ) = ∆(θ̂

(ν)
o ):

∆(θ(ν)
o

) like P
1
t

∂∆(θ(ν)
o

) S
1
∞ τo 6= 0 with arg(1/τ ) = θ̂

(ν)
o
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Computation of L̂
Assumption: 0 < c1 < · · · < cn, θ̂

(ν)
o = π− θo + νπ/2

X̃
˜̂q
−→ P̃1

τ

Fibre ˜̂q
−1

(θ̂
(ν)
o ) = ∆(θ̂

(ν)
o ):

∆(θ(ν)
o

) like P
1
t

∂∆(θ(ν)
o

) S
1
∞ τo 6= 0 with arg(1/τ ) = θ̂

(ν)
o

L̂bθ
(ν)
o

= H1
(
P1

t , DR(M ⊗ E−tτo)
)
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Computation of L̂
Assumption: 0 < c1 < · · · < cn, θ̂

(ν)
o = π− θo + νπ/2

X̃
˜̂q
−→ P̃1

τ

Fibre ˜̂q
−1

(θ̂
(ν)
o ) = ∆(θ̂

(ν)
o ):

∆(θ(ν)
o

) like P
1
t

∂∆(θ(ν)
o

) S
1
∞ τo 6= 0 with arg(1/τ ) = θ̂

(ν)
o

L̂bθ
(ν)
o

= H1
(
P1

t , DR(M ⊗ E−tτo)
)

= H1
(
P̃1

t , DRmod∞(M⊗ E−tτo)
)
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Computation of L̂
Assumption: 0 < c1 < · · · < cn, θ̂

(ν)
o = π− θo + νπ/2

X̃
˜̂q
−→ P̃1

τ

Fibre ˜̂q
−1

(θ̂
(ν)
o ) = ∆(θ̂

(ν)
o ):

∆(θ(ν)
o

) like P
1
t

∂∆(θ(ν)
o

) S
1
∞ τo 6= 0 with arg(1/τ ) = θ̂

(ν)
o

L̂bθ
(ν)
o

= H1
(
P1

t , DR(M ⊗ E−tτo)
)

= H1
(
P̃1

t , DRmod∞(M⊗ E−tτo)
)

= H1(∆(θ̂
(ν)
o ), L60)

(ct2/2+ tτo ∼ ct2/2 if t→∞)
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Computation of L̂

•

•

•

•

F
(0)

F
(1)

F
(3)

F
(2)

−θ
(0)
o

−θ
(1)
o

−θ
(2)
o

−θ
(3)
o

On each F (µ)

L60 =
⊕

c∈C
jc60,! j∗c60 grc L
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Computation of L̂

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

On each F (µ)

jcn60,! j∗cn60 grcn
L⊕

...

⊕

jc260,! j∗c260 grc2
L⊕

jc160,! j∗c160 grc1
L
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Leray covering

•

•

•

•

F
(0)

F
(1)

F
(3)

F
(2)

−θ
(0)
o

−θ
(1)
o

−θ
(2)
o

−θ
(3)
o

F (µ) Leray for L60

because

Differential systemsof Gaussian type – p. 19/32



Leray covering

Hj
c = 0 ∀j

hence C 0(F (•), L60) = 0
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Leray covering

Hj
c = 0 ∀j > 1
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Leray covering

Hj
c = 0 ∀j
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Leray covering

•

Hj
c = 0 ∀j > 1
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Leray covering

=⇒

L̂ = L̂bθ
(ν)
o

= H1
(
∆(θ̂

(ν)
o ), L60

)

≃
⊕

c∈C H0
(

, grc L

)

=
⊕

c∈C grc L
θ
(ν)
o

= L
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Computation of L̂
<γ,θ̂

(ν)
o
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Computation of L̂
<γ,θ̂

(ν)
o

Assumption: ν odd,

ĉn <ν · · · < ĉk+1 <ν γ 6ν ĉk <ν · · · <ν ĉ1

Differential systemsof Gaussian type – p. 25/32



Computation of L̂
<γ,θ̂

(ν)
o

Assumption: ν odd,

ĉn <ν · · · < ĉk+1 <ν γ 6ν ĉk <ν · · · <ν ĉ1

L̂<γ = R1˜̂q∗H 0 DRrdD ε+(p+
M⊗ E−tτ+γτ 2/2)

︸ ︷︷ ︸
G<γ
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Computation of L̂
<γ,θ̂

(ν)
o

Assumption: ν odd,

ĉn <ν · · · < ĉk+1 <ν γ 6ν ĉk <ν · · · <ν ĉ1

L̂<γ = R1˜̂q∗H 0 DRrdD ε+(p+
M⊗ E−tτ+γτ 2/2)

︸ ︷︷ ︸
G<γ

L̂
<γ,bθ

(ν)
o

= H1
(
∆(θ̂(ν)

o ), G
<γ,bθ

(ν)
o

)
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Computation of L̂
<γ,θ̂

(ν)
o

Assumption: ν odd,

ĉn <ν · · · < ĉk+1 <ν γ 6ν ĉk <ν · · · <ν ĉ1

L̂<γ = R1˜̂q∗H 0 DRrdD ε+(p+
M⊗ E−tτ+γτ 2/2)

︸ ︷︷ ︸
G<γ

L̂
<γ,bθ

(ν)
o

= H1
(
∆(θ̂(ν)

o ), G
<γ,bθ

(ν)
o

)

On each F (µ),

G
<γ,bθ

(ν)
o

=
⊕

c∈C
G

<γ,c,bθ
(ν)
o
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Computation of L̂
<γ,θ̂

(ν)
o

On each F (µ)

G
<γ,c,bθ

(ν)
o

= j!j
∗ grc L

Case ĉ <ν γ
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Computation of L̂
<γ,θ̂

(ν)
o

On each F (µ)

G
<γ,c,bθ

(ν)
o

= j!j
∗ grc L

Case ĉ <ν γ
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Computation of L̂
<γ,θ̂

(ν)
o

On each F (µ)

G
<γ,c,bθ

(ν)
o

= j!j
∗ grc L

Case γ <ν ĉ
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Computation of L̂
<γ,θ̂

(ν)
o

On each F (µ)

G
<γ,c,bθ

(ν)
o

= j!j
∗ grc L

Case γ <ν ĉ
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Computation of L̂
<γ,θ̂

(ν)
o

On each F (µ)

G
<γ,c,bθ

(ν)
o

= j!j
∗ grc L

Case γ <ν ĉ
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Computation of L̂
<γ,θ̂

(ν)
o

On each F (µ)

G
<γ,cn ,bθ

(ν)
o⊕

...

⊕

G
<γ,c2,bθ

(ν)
o⊕

G
<γ,c1,bθ

(ν)
o
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Leray covering

ĉn <ν · · · < ĉk+1 <ν γ 6ν ĉk <ν · · · <ν ĉ1

=⇒

L̂
(ν)
<k = L̂

<γ,bθ
(ν)
o

= H1
(
∆(θ̂

(ν)
o ), G

<γ,bθ
(ν)
o

)

≃
⊕n

j=k+1 H0
(

, grcj
L

)

=
⊕n

j=k+1 grcj
L

θ
(ν)
o

= L
(ν)
<k
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