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X': smooth proj. /C
A left Zx-module with a good filtr. F, #

= DR .# filtered by
F?P DR(%/) = {F_p%/ — Q}X(X)F_Z,_FL// —> e }

d Spectral sequence
EY? = HIP (X, grh. DR .#) = HPT9(X,DR .%).

(A, F,.#) underlies a mixed Hodge module (MHM)
= degeneration at F; (M. Saito).

Simplest example: # = Ox, Fo.# = O,
F 1.7 = 0.
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s i, 4+ (A, F,«): well-defined as a filtered Z-mod.
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® (A, F, #)underlies a MHM =- Good behaviour
between F,.# and any local V -filtration.

s : 02" C X — C hol. funct.

® i, : (22— Q3 x C: graph of ¢

s i, 4+ (A, F,«): well-defined as a filtered Z-mod.
s V* (i, 4+.): VAiltr. along Q22" x {0}.

= Vo, F,(ip,+#) N V*(ip1.2) good filtr. of
V(i) as a Doxc/c-mod.

® = ./ reg. hol. Zx-mod.
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#» Exponentially twisted 2-mod.:
s f: X -Pl, UCXst f:U— A,
D=X\U=PeaUH, Peq=f"1(c0),
A a hol. ¥x-mod.,
MRQES = ( M,V +df),irreg. on Preg
V +df “=" exp(—f) 0 V o exp(f)
s e.9., & = (Ox(¥Preq),d + df).
#® General question: If (#, F,.#) underlies a MHM, to

define an irregular Hodge filtration ~ FPel(7 @ &7),
and to prove that the correspond. spectral sequence

HPT(X,grh. DR(#®67)) = HPTI(X,DR(ARET))
degenerates at Fj.

e o o o
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#» Example:
s U=A' f:t— —t? 4 = 0.
s dim Hin (U,d — d(t?)) = 1,

s period: / Pt = 7l/2,

s (Deligne):= FP'&~  withp € 1/2 + Z.

» Ingen., should expect FP° (.7 ® &7) with
pEA+7Z ACQfinite.

» Motivation for FP¢!: estimates for p-adic exp. sums
In terms of the irregular Hodge polygon
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® U =curve, (.#,V)« unitary loc. syst. on U.
o OnU?": Fo//?" = #*", F_1.47" =0

® OnD := X ~U: F,.#« = filtr. by the order of the
pole.

o f:U — Al

THEOREM (Deligne 1984): 3 canonic. defined FPe(.7 @ &71),
and degeneration at Ej.

» Proof: Def. of FPel(_# @ &7) by inspecting periods,
o pf of E;-degeneration by hand.
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C.S. (2010):

® U =curve, (.#,V)« polar. var. of cplx Hodge
str. on U,

8 (/,F, #) underlies a cplx pol. Hodge Zx-mod.
o f:U — Al

THEOREM (C.S. 2010): 3 canonic. defined FP° (.7 @ £7), and
degeneration at E;.

» Proof: Def. of FPel(_#7 @ &7) by using twistor
2-modules, Laplace transform and V -filtration.

# pf of E;-degeneration by using sol. of a Birkhoff pb
as obtained by M. Saito from Hodge theory.
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C.S. (2010), sketch of Def. of FPel(7 @ &7):

o U=A, f=1Idy : t —t,

e (#,F,#,V) alg. cplx Hodge Z-mod on Al.
® Rees module Rp.# = @, Fy.# - z*.

# Add a new variable = and pull-back:
Rp /1| := Rp.# Q¢ C[1].

o Twist: Rp.Z[1] ® &t7/%.
Get a twistor 2-mod., but not Rees(filtered Z-mod.)
® 3 Viltr. along T = 0: VY(Rp.#[T] ® &7/7)

VX (RpM[T] ® E7/7)
T — R Del % éat .
(r = Ve R Alr] @ a0/ o@D

°
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J.-D. Yu (2012):
® f: X —-P, UCXst f:U— Al

® D=X\U=PF4qUH, Pred:f_l(oo);
D =ncd.

® ./ = Ox(xD), F,0x(xD) = filtr. by the pole order.
e &7 (xH) = (Ox(+xD),d + df).

THEOREM (Yu 2012): 3 canonic. defined F}! (&7 (xH)),
(a € [0,1)) and degeneration at E; In some cases .

» Proof: Def. of FY%(&7 (xH)) very simple,

o pf of E;-degeneration in case U = (C*)™ by using
results of Adolphson-Sperber.
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Results

J.-D. Yu (2012), Def. of FX¥(&¥ (xH)):
# |ocal analytic coord. near a pt of D: (x,y, z) S.t.

e

flz,y,z) =x°.
> FpﬁX(*Pred) — Z|p|<p ﬁw,y,zag(l/wl Tt wﬁ),
9 Fqﬁx(*H) = Z|q|<q ﬁw,y,zag(l/yl T ym)'
® a€[0,1),

FY2 (67) = (Fy0x (*Prea)) ([(ex + p) P))

FYu (&7 (+H) = 3 F,0x(xH) - FX" (&7)

g+q’'<p
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Proof:
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H. Esnault, C.S., J.-D. Yu (2012):

THEOREM (E-S-Y 2012):
Degeneration at E; for F)} (&7 (xH)) Vo € [0, 1).

Proof:
#® Consider the graph inclusion
1
X x xp
\\ l
Pl

#® Replace (Ox(xD), F,0x (xD)) with
(%, F,%) = ’L.f’_|_(ﬁx(*D),F,ﬁx(*D))

» Identify if  (FYu&S (xH)) with FPe(.7 @ &1).
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H. Esnault, C.S., J.-D. Yu (2012):

THEOREM (E-S-Y 2012): V(. , F,.#) underlying a MHM
on X x P!

» I canonic. defined good filtr. FPe(.7 ® &°)

® Any ¢ : .#1 — .#2in MHM induces a strict
morphism (for FPel)

e RIdgt : M Q E* — Mo R &L

» Degeneration at E; for F2 (4 @ %) Va € [0,1).

Proof: Same as C.S. (2010).
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Results

ESY (2012), sketch of Def. of FPel(L# @ &Y):

® Rees module Rp.# = @, Fy.# - z*.

# Add a new variable = and pull-back:
Rp /1| := Rp.# Qc C[1].

® Twist: Rp.Z[1] ® &7/%.
# Get a twistor Z-mod., but not Rees(filtered 2-mod.)
® 3 Viltr. along 7 = 0: VY(Rp.#[T] ® &7/7)

VX (RpM[T] ® E7/7)
u —=: Rypa (A éat .
(r— Ve e A @ans )
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Results

ESY (2012), sketch of Def. of FPel(L# @ &Y):

o

9

°

Rees module Rp.# = @, Fyp.# - 2".

Add a new variable = and pull-back:
Rp /1| := Rp.# Qc C[1].

Twist: Rp.Z[7] @ &17/%,
Get a twistor 2-mod., but not Rees(filtered Z-mod.)
3 Viltr. along 7 = 0: VY¥(Rp.#[7T] @ &17/%)

VX (RpM[T] ® E7/7)
T —. R Del % Cg)t .
(r— Vel @) @D

New: strictness for the push-forward X x P! — P,
<= good behaviour of the V-filtr. w.r.t. projective
push-forward. ]
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M. Kontsevich (2012):
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Kontsevich complex

M. Kontsevich (2012):
® f: X —-P, UCXst f:U— Al

® D=X\U=PF4qUH, Pred:f_l(oo);
D =ncd.

» OF ={we Qf(logD) |df Aw € QK (log D)}.
o Complexes (2%, ud + vdf), Vu,v € C.

THEOREM (Kontsevich 2012): Vk, dim H* (X, (2%, ud 4+ vdf))
indept. of u,v € C, equal to H%, (U, d + df). In partic.

EYY = HY(X, Q%) = HPVI(X, (Q2%,d)) degen. at E;
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Proofs

ud + vd f

# Proof as an application of E-S-Y:

01 @ 1,1 P 0
E-S-le/

(0,0)
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Proofs

ud + vd f

# Proof as an application of E-S-Y:

Q) (b)

(0,1) (1,1) (1,0)
E-S-le/
(0,0)
# Proof by the method of Kontsevich:
0,12 1,1~ ® 1,0
(c)
(d)

(0,0)
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Proofs
ud + vd f
(a) (b)

(1,1)
E-S-Y12 /

(0,0)

(0,1) (1,0)
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Proofs
ud + vd f
(a) (b)

(0,1) (1,1) (1,0)
E-S-Y12 /

(0,0)

# (a). Kontsevich-Barannikov (C.S. and
Ogus-Vologodski)
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Proofs
ud + vd f
(a) (b)

(0,1) (1,1) (1,0)
E-S-Y12 /

(0,0)
# (a). Kontsevich-Barannikov (C.S. and
Ogus-Vologodski)
» E-S-Y12:
(Q}, d 4 df, stupid filtr.) ~ (Q% (xD),d 4 df, Fy,,)-
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Proofs
ud + vd f

0,1) & 1,1y

(1,0)
E-S-Y12 /

(0,0)

# (a). Kontsevich-Barannikov (C.S. and
Ogus-Vologodski)

® E-S-Y12:
(2%, d + df, stupid filtr.) =~ (Q% (+D),d + df, Fy,).

® [(1,1)“="(0,0)] =(b): Semi-continuity argument.

On the irreaular Hodae filtration — p. 16/18



Proofs
ud + vd f
(b)
()
0,0)

@ (1,0)

(0,1) (1,1)

(d)
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Proofs

ud + vd f
(b)

()

(0,0)

# (b): Work on the real blow-up space Y(D) and use a
log. DR complex on it.
This does not use Hodge Theory

(@)

(0,1) (1,1) (1,0)

(d)
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Proofs
ud + vd f
(b)

() @)

(@)

(0,1) (1,1) (1,0)

(0,0)

# (b): Work on the real blow-up space Y(D) and use a
log. DR complex on it.
This does not use Hodge Theory

#® (c) (Kontsevich): if P is reduced , can use a method
of Deligne-lllusie through char. p.
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Proofs
ud + vd f
(b)

() @)

(@)

(0,1) (1,1) (1,0)

(0,0)

# (b): Work on the real blow-up space Y(D) and use a
log. DR complex on it.
This does not use Hodge Theory

#® (c) (Kontsevich): if P is reduced , can use a method
of Deligne-lllusie through char. p.

® (d) (M. Saito): Consider (2% (log D) /Q%,d)

supported on P,.q. Apply results of Steenbrink
(1976-77) for the Hodge structure on the nearby

cycles of f along f~1(o0).
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Open guestion

To define a sub-category of the category of wild twistor
2-modules (C.S., T. Mochizuki) for which the associated holo-

nomic Z-module has a good filtration like FP¢!, with strictness
properties (morphisms, projective push-forward).

On the irreaular Hodae filtration — p. 18/18
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