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X⊗F−p+1M −→ · · · }.

∃ Spectral sequence

E
p,q
1 = Hq+p(X, gr

p
F DR M ) =⇒ Hp+q(X, DR M ).

(M , F
•
M ) underlies a mixed Hodge module (MHM)

⇒ degeneration at E1 (M. Saito).

Simplest example: M = OX , F0M = OX ,
F−1M = 0.
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between F
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ϕ : Ωan ⊂ X → C hol. funct.
iϕ : Ωan →֒ Ωan × C: graph of ϕ

iϕ,+(M , F
•
M ): well-defined as a filtered D-mod.

V •(iϕ,+M ): V -filtr. along Ωan × {0}.

⇒ ∀α, F
•
(iϕ,+M ) ∩ V α(iϕ,+M ) good filtr. of

V α(iϕ,+M ) as a DΩ×C/C-mod.

⇒ M reg. hol. DX -mod.
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Exponentially twisted D-mod.:
f : X → P1, U ⊂ X s.t. f : U → A1,
D = X r U = Pred ∪ H, Pred = f−1(∞),
M a hol. DX -mod.,
M ⊗ E f := (M , ∇ + df), irreg. on Pred

∇ + df “=” exp(−f) ◦ ∇ ◦ exp(f)

e.g., E f := (OX(∗Pred), d + df).

General question: If (M , F
•
M ) underlies a MHM, to

define an irregular Hodge filtration F Del
•

(M ⊗ E f ),
and to prove that the correspond. spectral sequence

Hp+q(X, grp
FDel

DR(M⊗E
f )) =⇒ Hp+q(X, DR(M⊗E

f ))

degenerates at E1.
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U = A1, f : t 7→ −t2, M = OU .
dim H1

dR
(U, d − d(t2)) = 1,

period:
∫

R

e−t2dt = π1/2,

(Deligne):⇒ F Del
p E −t2 with p ∈ 1/2 + Z.

In gen., should expect F Del
p (M ⊗ E f ) with

p ∈ A + Z, A ⊂ Q finite.

Motivation for F Del
•

: estimates for p-adic exp. sums
in terms of the irregular Hodge polygon .
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On Uan: F0M
an = M an, F−1M

an = 0

On D := X r U : F
•
M = filtr. by the order of the

pole.

f : U → A1.

THEOREM (Deligne 1984): ∃ canonic. defined F Del
•

(M ⊗ E f ),
and degeneration at E1.

Proof: Def. of F Del
•

(M ⊗ E f ) by inspecting periods,

pf of E1-degeneration by hand.

On the irregular Hodge filtration – p. 6/18



Results

C.S. (2010):

On the irregular Hodge filtration – p. 7/18



Results

C.S. (2010):

U = curve, (M , ∇)↔ polar. var. of cplx Hodge
str. on U ,

On the irregular Hodge filtration – p. 7/18



Results

C.S. (2010):

U = curve, (M , ∇)↔ polar. var. of cplx Hodge
str. on U ,

(M , F
•
M ) underlies a cplx pol. Hodge DX -mod.

On the irregular Hodge filtration – p. 7/18



Results

C.S. (2010):

U = curve, (M , ∇)↔ polar. var. of cplx Hodge
str. on U ,

(M , F
•
M ) underlies a cplx pol. Hodge DX -mod.

f : U → A1.

On the irregular Hodge filtration – p. 7/18



Results

C.S. (2010):

U = curve, (M , ∇)↔ polar. var. of cplx Hodge
str. on U ,

(M , F
•
M ) underlies a cplx pol. Hodge DX -mod.

f : U → A1.

THEOREM (C.S. 2010): ∃ canonic. defined F Del
•

(M ⊗E f ), and
degeneration at E1.

On the irregular Hodge filtration – p. 7/18



Results

C.S. (2010):

U = curve, (M , ∇)↔ polar. var. of cplx Hodge
str. on U ,

(M , F
•
M ) underlies a cplx pol. Hodge DX -mod.

f : U → A1.

THEOREM (C.S. 2010): ∃ canonic. defined F Del
•

(M ⊗E f ), and
degeneration at E1.

Proof: Def. of F Del
•

(M ⊗ E f ) by using twistor
D-modules, Laplace transform and V -filtration.

On the irregular Hodge filtration – p. 7/18



Results

C.S. (2010):

U = curve, (M , ∇)↔ polar. var. of cplx Hodge
str. on U ,

(M , F
•
M ) underlies a cplx pol. Hodge DX -mod.

f : U → A1.

THEOREM (C.S. 2010): ∃ canonic. defined F Del
•

(M ⊗E f ), and
degeneration at E1.

Proof: Def. of F Del
•

(M ⊗ E f ) by using twistor
D-modules, Laplace transform and V -filtration.

pf of E1-degeneration by using sol. of a Birkhoff pb
as obtained by M. Saito from Hodge theory.
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U = A1, f = IdA1 : t 7→ t,

(M , F
•
M , ∇) alg. cplx Hodge D-mod on A1.

Rees module RF M =
⊕

k FkM · zk.

Add a new variable τ and pull-back:
RF M [τ ] := RF M ⊗C C[τ ].

Twist: RF M [τ ] ⊗ E tτ /z.

Get a twistor D-mod., but not Rees(filtered D-mod.)

∃ V -filtr. along τ = 0: V α
τ (RF M [τ ] ⊗ E tτ /z)

V α
τ (RF M [τ ] ⊗ E tτ /z)

(τ − z)V α
τ (RF M [τ ] ⊗ E tτ /z)

=: RF Del
α+•

(M ⊗ E t).
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•
OX(∗D) = filtr. by the pole order.

E f (∗H) = (OX(∗D), d + df).

THEOREM (Yu 2012): ∃ canonic. defined F Yu
α+•

(E f (∗H)),
(α ∈ [0, 1)) and degeneration at E1 in some cases .

Proof: Def. of F Yu
•

(E f (∗H)) very simple,

pf of E1-degeneration in case U = (C∗)n by using
results of Adolphson-Sperber.
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x(1/x1 · · · xℓ),
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∑

|q|6q Ox,y,z∂q
y(1/y1 · · · ym).

α ∈ [0, 1),

F Yu
α+p(E

f ) =
(
FpOX(∗Pred)

)(
[(α + p)P ]

)

F Yu
α+p(E

f (∗H)) =
∑

q+q′6p

FqOX(∗H) · F Yu
α+q′(E

f )
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Degeneration at E1 for F Yu

α+•
(E f (∗H)) ∀α ∈ [0, 1).

Proof:
Consider the graph inclusion

X
if

f

X × P1

P1

Replace (OX(∗D), F
•
OX(∗D)) with

(M , F
•
M ) := if,+(OX(∗D), F

•
OX(∗D))
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THEOREM (E-S-Y 2012):
Degeneration at E1 for F Yu

α+•
(E f (∗H)) ∀α ∈ [0, 1).

Proof:
Consider the graph inclusion

X
if

f

X × P1

P1

Replace (OX(∗D), F
•
OX(∗D)) with

(M , F
•
M ) := if,+(OX(∗D), F

•
OX(∗D))

Identify if,+(F Yu
•

E f (∗H)) with F Del
•

(M ⊗ E t).
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M ) underlying a MHM

on X × P1:

∃ canonic. defined good filtr. F Del
•

(M ⊗ E t)

Any ϕ : M1 → M2 in MHM induces a strict
morphism (for F Del

•
)

ϕ ⊗ IdE t : M1 ⊗ E
t −→ M2 ⊗ E

t

Degeneration at E1 for F Del
α+•

(M ⊗ E t) ∀α ∈ [0, 1).
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Results

H. Esnault, C.S., J.-D. Yu (2012):
THEOREM (E-S-Y 2012): ∀(M , F

•
M ) underlying a MHM

on X × P1:

∃ canonic. defined good filtr. F Del
•

(M ⊗ E t)

Any ϕ : M1 → M2 in MHM induces a strict
morphism (for F Del

•
)

ϕ ⊗ IdE t : M1 ⊗ E
t −→ M2 ⊗ E

t

Degeneration at E1 for F Del
α+•

(M ⊗ E t) ∀α ∈ [0, 1).

Proof: Same as C.S. (2010).
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Results
ESY (2012), sketch of Def. of F Del

•
(M ⊗ E t):

Rees module RF M =
⊕

k FkM · zk.

Add a new variable τ and pull-back:
RF M [τ ] := RF M ⊗C C[τ ].

Twist: RF M [τ ] ⊗ E tτ /z.

Get a twistor D-mod., but not Rees(filtered D-mod.)

∃ V -filtr. along τ = 0: V α
τ (RF M [τ ] ⊗ E tτ /z)

V α
τ (RF M [τ ] ⊗ E tτ /z)

(τ − z)V α
τ (RF M [τ ] ⊗ E tτ /z)

=: RF Del
α+•

(M ⊗ E t).
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Results
ESY (2012), sketch of Def. of F Del

•
(M ⊗ E t):

Rees module RF M =
⊕

k FkM · zk.

Add a new variable τ and pull-back:
RF M [τ ] := RF M ⊗C C[τ ].

Twist: RF M [τ ] ⊗ E tτ /z.

Get a twistor D-mod., but not Rees(filtered D-mod.)

∃ V -filtr. along τ = 0: V α
τ (RF M [τ ] ⊗ E tτ /z)

V α
τ (RF M [τ ] ⊗ E tτ /z)

(τ − z)V α
τ (RF M [τ ] ⊗ E tτ /z)

=: RF Del
α+•

(M ⊗ E t).

New: strictness for the push-forward X × P1 → P1.
⇐ good behaviour of the V -filtr. w.r.t. projective
push-forward.
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D = X r U = Pred ∪ H, Pred = f−1(∞),
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Ωp
f = {ω ∈ Ωp

X(log D) | df ∧ ω ∈ Ωp+1

X (log D)}.
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Kontsevich complex

M. Kontsevich (2012):

f : X → P1, U ⊂ X s.t. f : U → A1,

D = X r U = Pred ∪ H, Pred = f−1(∞),
D =ncd .

Ωp
f = {ω ∈ Ωp

X(log D) | df ∧ ω ∈ Ωp+1

X (log D)}.

Complexes (Ω•

f , ud + vdf), ∀u, v ∈ C.

THEOREM (Kontsevich 2012): ∀k, dim Hk
(
X, (Ω•

f , ud+vdf)
)

indept. of u, v ∈ C, equal to Hk
dR

(U, d + df). In partic.

E
p,q
1 = Hq(X, Ω

p
f ) =⇒ Hp+q(X, (Ω•

f , d)) degen. at E1
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Proofs
ud + vdf

Proof as an application of E-S-Y:

(0, 1)
(a)

(1, 1)

E-S-Y12

(b)
(1, 0)

(0, 0)
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Proofs
ud + vdf

Proof as an application of E-S-Y:

(0, 1)
(a)

(1, 1)

E-S-Y12

(b)
(1, 0)

(0, 0)

Proof by the method of Kontsevich:

(0, 1)
(a)

(1, 1)
(b)

(1, 0)

(c)
(d)

(0, 0)
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(a)

(1, 1)

E-S-Y12

(b)
(1, 0)

(0, 0)

(a): Kontsevich-Barannikov (C.S. and
Ogus-Vologodski)
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Proofs
ud + vdf

(0, 1)
(a)

(1, 1)

E-S-Y12

(b)
(1, 0)

(0, 0)

(a): Kontsevich-Barannikov (C.S. and
Ogus-Vologodski)

E-S-Y12:
(Ω•

f , d + df, stupid filtr.) ≃ (Ω•

X(∗D), d + df, F •

Yu).
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Proofs
ud + vdf

(0, 1)
(a)

(1, 1)

E-S-Y12

(b)
(1, 0)

(0, 0)

(a): Kontsevich-Barannikov (C.S. and
Ogus-Vologodski)

E-S-Y12:
(Ω•

f , d + df, stupid filtr.) ≃ (Ω•

X(∗D), d + df, F •

Yu).

[(1, 1) “=” (0, 0)] ⇒(b): Semi-continuity argument.
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Proofs
ud + vdf

(0, 1)
(a)

(1, 1)
(b)

(1, 0)

(c)
(d)

(0, 0)
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Proofs
ud + vdf

(0, 1)
(a)

(1, 1)
(b)

(1, 0)

(c)
(d)

(0, 0)

(b): Work on the real blow-up space X̃(D) and use a
log. DR complex on it.
This does not use Hodge Theory .
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(b): Work on the real blow-up space X̃(D) and use a
log. DR complex on it.
This does not use Hodge Theory .

(c) (Kontsevich): if P is reduced , can use a method
of Deligne-Illusie through char. p.
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Proofs
ud + vdf

(0, 1)
(a)

(1, 1)
(b)

(1, 0)

(c)
(d)

(0, 0)

(b): Work on the real blow-up space X̃(D) and use a
log. DR complex on it.
This does not use Hodge Theory .

(c) (Kontsevich): if P is reduced , can use a method
of Deligne-Illusie through char. p.

(d) (M. Saito): Consider (Ω•

X(log D)/Ω•

f , d)

supported on Pred. Apply results of Steenbrink
(1976-77) for the Hodge structure on the nearby
cycles of f along f−1(∞).
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Open question

To define a sub-category of the category of wild twistor
D-modules (C.S., T. Mochizuki) for which the associated holo-
nomic D-module has a good filtration like F Del

•
, with strictness

properties (morphisms, projective push-forward).

On the irregular Hodge filtration – p. 18/18
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