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Abstract. Broadhurst and Roberts computed experimentally Hodge numbers related
to some symmetric powers of Bessel differential equations and conjectured a general
formula for these numbers. One of the main question was to construct a pure motive
that would produce these numbers. We will explain how the exponential Hodge
theory of Kontsevich and Soibelman makes easier such a computation and how it
can be adapted to the case of symmetric powers of Airy differential equations, where
irregular Hodge numbers appear. (Joint work with J. Fresan and J.-D. Yu.)

1. Exponential mixed Hodge structures (after Kontsevich-Soibelman)

1l.a. The category EMHS. The notion of exponential mixed Hodge structure
(EMHS) introduced by Kontsevich and Soibelman happens to be a convenient
framework for computing usual Hodge numbers in our situation. I will first explains
some general results in this direction.

Let MHM(A!) be the Saito category of Q-mixed Hodge modules on the
affine line A! (with coordinate 6, say), whose objects consist of tuples M =
(M, FE, M), (Fg, W,Fg), comp). The full subcategory EMHS of MHM(A!) consists of
those objects for which the global cohomology of the underlying perverse sheaf F is
zero. I recall the fundamental properties of this category. Let j : AL\ {0} = G, — Al
denote the open inclusion and s : A! x Al — A! denote the sum map. The convolution
M, x My = s,(M; X M) of two objects of MHM(A!) takes in general values in
DP(MHM(A!)). However, if we consider the case M, = jgpQém, we have

(M) := M %' Q_ € EMHS and TI(M)= M it M € EMHS.

The functor IT is exact and kills any subquotient of M whose associated perverse
sheaf is constant on Al. There is a Betti fiber functor and a de Rham fiber functor.
The latter is defined as M +— Hig (AL, M ® &%), with M ® €% is M equipped with the
connection V + df.

Proposition. The category EMHS is an abelian category and each morphism is strict
with respect to the filtration WEMES(M) = (W, M) for M € EMHS. Furthermore,
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the convolution product makes it a neutral Tannakian category with (faithful) fiber
functor being the de Rham fiber functor.

1.b. The categories MHS and MHS” as subcategories of EMHS. The category
MHS := MHM(pt) is equivalent to the full subcategory EMHS®" of EMHS whose
objects M satisfy the following property: the restriction F|g,, is constant. This is
equivalent to asking that M|g, is isomorphic to the constant Hodge module (pQ(H;m)T
of some rank r. The equivalence is obtained via the following functors:

EMHS®" 5 M +—— ¢9 1 M € MHS, MHS > H — TI(i. H), i:{0} — AL

This equivalence preserves the tensor structure.

It is natural to consider the larger full subcategory EM HS# consisting of objects of
EMHS whose objects M satisfy the following property: the restriction F|g,_, becomes
constant after some finite cyclic morphism G, — G,. It is equivalent to the category
MHS(iz) of mixed Hodge structures equipped with an automorphism of finite order
(i.e., an action of Z/mZ for some m). However, this equivalence is not compatible with
the tensor structure. The objects of MHS” take the form (Hq, T), FiHc, WEHg),
where T is of finite order on Hg and

o Ho = Hg,1 ® Hg,+1 and He = Gageltm Hes

. Flljf]{c = 694 FEJ{C is an exhaustive decreasing filtration indexed by p € Q, and
for each ¢ = exp(—27ia) with a € (—1,0] N Q, the filtration FEJ{C jumps at most at
7 — a;

o WiHo=WFEH;®WEH; is an exhaustive increasing filtration indexed by Z,
satisfying the following property (Scherk-Steenbrink): setting

FPHe= P Fg_a}fc, p EZ,
(1.1) C€hm ~

W[HQ = Wéuj'fl D Wﬁ_lj’f;éh
we impose that (Hg, F*Hc, W,Hg) is a (graded polarizable) mixed Hodge structure.
Morphisms are the natural ones. With the induced automorphism 7', the latter be-
comes an object of MHS([i).

Then the functor

¢>’97 = ((bg,l,%ﬁ,#l)

EMHS# MHS#

(M, F* M, W.M) Do (M, F*, W) @ g1 (M, F*, W)

I

¢g,1(M7F.7WO) @wg;él(NL F.7Wo)

is an equivalence of categories compatible with the tensor structure.
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1.c. Examples of exponential mixed Hodge structures. Let f: U — C be a
regular function on a smooth complex quasi-projective variety U of dimension d. Let
P

Q) be the constant pure Hodge module (of weight d) on U. Then for each r > 0 we
define

H"(U, f),H.(U, f) € EMHS and H],,(U, f) :=image[H. (U, f) — H"(U, f)]
by
H'(U,f) =TICL7QY) and HI(U, f) = HECA Q).
The de Rham fiber of these objects of EMHS are respectively
H"(U, (Q,d+df)) and HI(U,(Q,d+df)).

Theorem. Assume that U = Ay x V and f(t,y) = t™g(y) for some reqular function
g:V—=Candm>1. Then H" (U, f) and HZ (U, f) belong to EMHS" and

e are identified respectively with the mized Hodge structures H;,I(O)(V) and
HI2(g710)(=1) f m=1,

o and if m > 2, decomposing H; as (Hj)1 & (Hj)x1, the component (Hj)q is as
above, and the component (Hj)x1 is identified with

Hm -
[Hl(Al, m)) ® H;*l(vn:)} € EMHST,,
where V% is defined by the Cartesian diagram (with V* =V ~ {0})

Vg —— V™

ng{ . Jg

Gpn —— Gy

and [m] is the degree m cyclic covering.

Idea of proof. 1 will give the idea in the case m = 1. The proof essentially relies to
the following simple case. Assume V = Al with coordinate 7, that ¢ is the identity
T — 7, so that f(¢,7) = t7. Let M be a holonomic Dy _-module and consider the
Dt x g-module (Op, ®M(x0),V + d(t7)). Then it is a matter of proving that its
global de Rham cohomology vanishes. By integrating first along Al;, this is the global
de Rham cohomology of the Fourier transform of M(*0), equivalently the complex of
C[r]-modules M (x0) - M (x0) with M = T'(A', M), so the result is clear. O

2. The irregular Hodge filtration

For a pair (U, f), the de Rham fiber Hlj »(U, f) = H7 (U, (f;,d+df)) is equipped
with a filtration F},. indexed by Q, called the irregular Hodge filtration, and defined
e.g. by means of the Kontsevich-Yu complex. Let us fix a compactification f : X — P!
of f: U — Al such that D = X \ U is a ncd. Let P denote the (non-reduced) divisor

f*(00) with support Peq. For any a € Q, we can consider the integral part |aP|,



4 C. SABBAH

that is, if P = )", m;P; with P; reduced, we set [aP] = ). |am;]P;. The family
of divisors |aP| with a € Q is increasing, and there exists a finite set A of rational
numbers in [0,1) such that the jumps occur at most for a € A + Z (since the jumps
occur at most when the denominator of a divides some m;). Multiplication by f
sends Ox (|aP]) to Ox(|(a+ 1)P]). On noting that df = f-df/f and that both d
and df/f preserve logarithmic poles along D, we can consider for each o € A the
subsheaf of Q% (log D)(|(aP)):

0 (10g D, /) = ker[d] : @ (log D) (| (P]) 95+ (+D) /04" (log D) ([P )]
and consider the filtered Kontsevich-Yu complex (Q°(log D, f,«a),d + df) with
FP(Q*(log D, f,«),d + df) given by:

{O = =0—=>PlogD, f,a) == Q" (log D, f,a) — 0}.

We omit « in the notation if @ = 0.

Theorem.

(1) For each a € A, the inclusion
(@ (log D, f),d+df) — (2 (log D, f,),d + df)
s a quasi-isomorphism, leading to an identification
H*(X, (2 (log D, f),d+df)) = H*(X, (Q*(log D, f,@),d + df)).
(2) Furthermore, for each a € A, p 2 0 and k > 0, the natural morphism
H* (X, FP(Q (log D, f,),d +df)) — Hig (U, f)

is injective, with image defining the decreasing filtration E.rr,aHgR(U’ f). For each k,
we have a decomposition

HgR(U’ f) = @ gri“irrﬂHc}ivR(U»f) = @ Hq<X’ QP(IOgDaf7a)>'

p=0 ptq=k

(3) A similar result holds for the Kontsevich-Yu complex “with compact support”
(Q.(logD7 f7a)(_D)7d + df)

Complement. The irregular Hodge filtration can also be defined from the meromorphic
de Rham complex. In such a way, by looking at the order of the poles, one finds an
inclusion, for «, 8 € [0,1):

p—a>q—f = FP

irr,a

HR (U, f) C Fizr,ﬁH§R<Ua ).

One can thus consider the irregular Hodge filtration as indexed by p € —A + Z: if
p = p — a, then one sets Fiy, Hig (U, f) = F,. (Hig (U, f).
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3. Computation of the Hodge filtration with
the irregular Hodge filtration

In case f = t"g(y), Hir (U, f) comes equipped with a priori two distinct filtrations
(and similarly for compact support):

o The Hodge filtration of H;"_l(o)(V) (m = 1) or, if m > 2, the filtration obtained as
tensor product of the Hodge filtration of H"~1(V*) with the irregular Hodge filtration
of HY(A', [m]) (and taking invariants by p,,).

o The irregular Hodge filtration defined by the Kontsevich-Yu complex.

Theorem. Both filtrations coincide.

Idea of proof. Tt consists in few steps.

The first step prepares to a reduction of the problem to dimension one. One con-
structs, for each smooth algebraic variety X a category IrrMHM(X) (it is enough to
consider as subcategory denoted by EMHM(X)) so that each object has an underly-

ing holonomic D x-module equipped with a filtration F};, called its irregular Hodge

filtration. The construction is done so that EMHS = EMHM(pt) C IrrMHM(pt). Tt
is a subcategory of the category of mixed twistor D-modules of T. Mochizuki. One
shows that the pushforward functor with respect to projective morphisms exists in
this category and that the irregular Hodge filtration behaves well with respect to this
functor (i.e., degeneration at F; occurs).

In the second step, we consider an object M of EMHS, and we let (M, F};

irr

) be the
associated filtered holonomic D g -module.

Lemma. Assume that M is an object of EMHS”. Then there exists an isomorphism
of filtered vector spaces

(MdR7 Fi;r) = (Hl(A17 (Q;&1 ) d+ de))v F;:r) — (¢9M7 F,l%)

(This could also be obtained by using a result of Takahiro Saito, since M is mon-
odromic.) We will apply this result to H(J{T_df*p(@{‘]) and H(}Cr_dfgp(@?,).

One shows that there exists an object denoted T//# in IrrMHM(X) whose underly-
ing holonomic D x-module is 8§( = (Ox(xD),d + df) such that its irregular Hodge
filtration F;, Ox(xD) satisfies the property that, for each a € [0,1) and each p € Z,

FP*DR(Ox (xD),d +df) ~ FP(Q% (log D, f,a),d + df).
From the compatibility of F}; with projective pushforward, one deduces that
Fy Hig(U, f) = Foo(I(H~ £ Qp)))
and similarly with compact support. One has
Frgp(L(I £ Q) = Froe(3 . Qp)

and one uses compatibility with pushforward in MHM to deduce the result. O
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4. Application to the Kloosterman and Airy moments

For Kloosterman, we consider the function g : G,, — Al defined as y — y + 1/y
and its k-fold Thom-Sebastiani sum g, : G¥, — Al. For Airy, we consider the function
g+ A" — A defined as y — 3y — y and k-fold Thom-Sebastiani sum g : A¥ — Al
We have an identification of

My, (K1) € MHS  with  H*tL (GEFL tg,)Ss>H2X ¢ EMHS®™ ~ MHS,

H,mid
and of
My (Ai) € MHS  with  H*L (G, x AR, 13g,)Sr*H2X ¢ EMHSH ~ MHS .

Furthermore, the underlying de Rham fibers are isomorphic respectively to
H} (G, SymF Kly) and HL, (A, Sym* Ai).

The latter cohomologies are simpler to understand, and in particular one can make
explicit a candidate filtration G* on them that should be the irregular Hodge filtration
via these identifications. The corresponding “Hodge” numbers are as stated in the
theorem, so the point is to prove the identification G* = Fj,.

The inclusion G* C F;,, can be checked by analyzing an embedded resolution of the
hypersurface g, '(0). When £ is odd (Kloosterman) or k # 0 mod 3 (Airy), a duality
argument leads to the reverse inclusion. However, in the other cases, more tricky
arguments are needed, relying on general properties of the irregular Hodge filtration

by Fourier transformation.
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