Some cohomological properties
of semismple representations of



TheHard Lefschetz Theorem

e X acompact Kahler manifoldbf dimensionn, with Kahler formw.
e L: alocal system of coefficientsf rankd on X
< alinear representationmy (X) — GL4(C)
< alocally constant sheabf rankd C-vector spaces
< aholomorphic vector bundlé/ of rankd on X
with aflat holomorphic connectionV.

L=KerV:V —YV.



Hard Lefschetz Theorem

WA T HV (X, L) = H"M(X,L) Vk=1,...,n.

The Hard Lefschetz Theorem is known to be true if

e L is the constant system of coefficients (Harmonic theory,d49d
e L is aunitary representation of; (X) (same proof).
e L underlies avariation of polarized Hodge structures
(Deligne).
e L is asemisimpldocal system onX (Simpson)



Variations of polarized Hodge structures

(V, V) a flat holomorphic vector bundle.
H=C¥XRXYV

Dy = DQ, + DQ}
the flat connection on th€'*° bundle H obtained fromV, so that
(V, V) = (Ker Dy, Dy,).



One says that this Is @ariation of polarized complex Hodge structures of
weightw If
H is a vector bundle equipped with@>*°-decomposition

H = & HPY™P (’LU - Z),
PEZ

and with a nondegenerate Hermitian foknsuch that

e the decomposition i&-orthogonal,
oh & (—1)P2~"k on HP""~P is positive definite
e and (Griffithstransversality relationy
D}, (HP) C (Hp,q D Hp—l,q+1) R g§(1>0)

D;(Hp’q) C (Hp,q D Hp+1,q—1) R g§?>1)



Perver se sheaves and the Decomposition Theorem

e Z: anirreducible projective variety.
e Z°: asmooth Zariski open set i4.
e L: an irreducible local system a#°.

Irreducible perverse sheabn Z
<
Intersection compleXdCz (L) (Goreski-MacPherson).
Example
If Z = S is a compact Riemann surface? AN S,
ICs(L) = j.L



Theorem(Cattani-K aplan-Schmid, Kashiwar a-K awal,

M. Saito)

The Hard Lefschetz Theorem holds 1&1*(Z, £) if £ underlies avariation
of polarized Hodge structures



Decomposition TheoreniCattani-K aplan-Schmid,
Kashiwara-Kawai, M. Saito)
Let f : Z — Y be a morphism between projective varieties, then the direct

Image complex
decomposes as a finite direct sumrofducible perverse sheaves
D ICy; (Li)[ni]

If £ underlies avariation of polarized Hodge structures

(complex analogue of the arithmetic Decomposition TheomfnBeilinson-
Bernstein-Deligne-Gabber).



2 stepsin the proof:

(1) To construct a category gfolarizable HodgeD-modules(pure objects),
such that the decomposition theorem holds in this category.

(2) To show that, for an irreducible perverse shBaf; (L) on an irreducible
projective varietyZ, such thatC underlies a variation of Hodge structures,
the perverse sheaf can be lifted to a polarizable HA@¢gmodule.



A conjectureby M. Kashiwar a

Conjecture
The properties of polarizable Hodg2-modules which do not explicitly involve

the Hodge filtration remain valid when one replacgslarizable HodgeD-
module” with “semisimple holonomicD-module”.



Main Theorem

e X: a smooth projective manifold,

e S: a compact Riemann surface,

e L: a semisimpldocally constant sheaf oX,

e f: X — S aholomorphic map.
Then, the direct image compldkf.L decomposes, in the derived category, in
a direct sum of irreducible perverse sheaves (with shiftisy o



Harmonic metrics and Higgs bundles

Theorem(K. Corlette 1988)

Let (V, V) be a holomorphic vector bundle equipped with a flat connaatio
a compact Kahler manifolX'. Then,(V, V) has aharmonic metrich if and
only if the locally constant shed? of its horizontal sections isemisimple



Let h be any metric orH.
One may then find a unique connection

Dy =D, + D7 on H
which is a metric connection foth such that, if
0y = Dy, — Dy, 8 = Dy — Dy,
the (0, 1)-form 6% with values inEnd (H ) is theh-adjoint of the (1, 0)-form
0%



Definition
The metrich is harmonicrelatively to the flat holomorphic bund(@/, V) if
(D} + 03)* = 0
that is,
D? =0, D%, =0, 6,A60,=0.



E=KerD},:H — H
E is a holomorphic bundle equipped witll gorm 6% with values inEnd(E),
which satisfies
0L, N0, =0
0% is aHiggs fieldfor E.

The flatness oDy, also imposes relations as
Dg = 0, D;E(Hsz) = 0, DZ?(H;;?) = 0.



Consequently, for alt, € C, the operator
D7, + z,0%
IS a complex structure oHf.
The associated holomorphic bundle
V., = Ker(D7, + z,0%)

IS equipped, iz, # 0, with aflat holomorphic connection

1

V., = Dy + —0%.

Zo

Forz, = 1 one recovergV, V).



If h is harmonic, the identities of Kahler geometry apply to theaud operators
Do = Dy + 0%, Do = Dy + 0%
Dy = Dy, + Do
Ap, = 2Ap_ = 2A0p,.

Simpson deduces from them thard Lefschetz Theorem

Example
The case of variations of Hodge structures.



Family of flat bundlegV,_, V.. ) for z, # 0.

One also has operators which satisfy the identities of Kademetry:
D., = (zoD% + 0%) + (D% + 200%) = 20D + Do
A., = (1+ |2*)Ap,.
—> all locally constant sheaves, , z, # 0, have the same cohomology.



Variations of polarized twistor structures

C. Simpson presents this notion by stating the

Meta theorem(C. Simpson)

If the words*“Hodge structure” are replaced witHtwistor structure” in the
assumptions and conclusions of any theorem in Hodge theaogystill gets a
true statement, the proof of which is analogous to that ahitslel.



The notion of a twistor structure is a
“deshomogeneization”
of that of a Hodge structure, which has a notiomafight

The Hodge graduation on a bundle &nis replaced with the extension of this
bundle as a bundle oX x P!.

The conjugationH %P = HP-4 is replaced with a geometric conjugation.



Polarizable twistor D x-modules

One may define the notion offlarizable twistorD x-module

The category opolarizable twistorD x-moduleson a smooth projective man-
ifold X is abelianandsemisimple

Theorem

If f: X — Y Is amorphism between smooth projective manifolds, thedire
Image of apolarizable twistorD x-module decomposes idirect sumof its
cohomology modules, which apglarizable twistorDy-modules(the weight

IS obtained in the usual way).



Conjecture

If X is smooth projective, the restriction functor 0= 1 is an equivalence
between the category pblarizable twistorD x-modulesof weightO and that
of semisimpleperverse sheaves oX.

According to C. Simpson’s work, this conjecture is true ia fbllowing cases:

e Locally constant sheaves.
e X isacompact Riemann surface.

This implies theMain Theorem



Geometric conjugation

Let f(x) be a holomorphic function on an open setf Its conjugate
def

f(x) = f(=)

is a holomorphic function on theomplex conjugate manifoldX.

Let g(z) be a holomorphic function on an open gébof P1. Its “conjugate”
def

g(z) = g(—1/z)
is a holomorphic function on tieomplex conjugate set’U.
Mix these two notions to defing(x, z).

If Fis aOxxy-module, thenF is aO«, -module.



Variations of polarized twistor structures

P! = U, U UL, z is the coordinate oV,
A isanopenannulug < |z| < 1/p, with0 < p < 1.

e Two locally free O x xy,-modulesH’, H" of rank d equipped with dlat
connection )
ViH —-H ® - Q—lXon

OXXUO =z

e and a nondegenerafsy (O (A))-bilinear pairing ¢lueing)

C:maH ® waH' — CE(O(A))
O(A)

compatible with the connection.



One gets a bundf( on P! by glueingH’* andH".

~

H is C*° with respect to variables aX and holomorphic with respect to the
variable ofP!.

Twistor condition of weightw:
the restriction to anf{x} x Plis ~ Op (w)?.



Polarization:
an isomorphisntcompatible with the connections

Y

S:H' — H
which satisfies @ositivity condition
If H is the bundler,H(—w), the polarization defines
ahermitian metrich on H.

The bundleH’__, is a holomorphic subbundle & equipped with dlat holo-

|z=1
morphic connection

The bundle’l-qzzo IS a holomorphic subbundle d equipped with aHiggs
field.



Weil operator:T = (H/, H”, (iz)~“C) has weighD.
Tate twist: T (k) = (H', H"”, (iz)~2*C).
Hermitian duality:
T = (H',H,C*) with C*(z,7y) = C(y,T).

w(T") = —w(7T),
w(7T (k) = w(7T) — 2k,
T (k)* = T*(—k).



Theorem(C. Simpson)
Such a metric iklarmonic. Conversely, any harmonic metric @ is obtained
In this way.

Hodge-Simpson Theorem
If X is compact KahlerL the Lefschetz operator, and if

T=(H,H"C)
IS a variation of polarized twistor structure of weight on X, then for any

k > 0, the primitive part of thé&th de Rham cohomology is a polarized twistor
structure of weightv + k.



