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the decomposition is S-orthogonal ,

h := (−1)pi−wS on Hp,w−p is a positive
definite Hermitian form ,
and (Griffiths’transversality relations )

F pH :=
⊕

p′>p
Hp′,w−p′

,

D′′F pH ⊂ Ω1
X ⊗ F pH, D′(F pH) ⊂ Ω1

X ⊗ F p−1H
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V local system on X which underlies a PVHS ,
(H,⊕pHp,w−p, D, S) PVHS, V = ker D,
then HLT holds for H∗(X, V ):

∀k > 1, Lk
ω : Hn−k(X, V )

∼
−→ Hn+k(X, V ).

Example: f : Y −→ X smooth projective,
V = R`f∗CY

Application to the Leray spectral sequence of

Y
f
−→ X −→ pt.

Generalized Hodge Theory – p. 4/20



Hard Lefschetz Theorem

Generalized Hodge Theory – p. 5/20



Hard Lefschetz Theorem

Beilinson, Bernstein, Deligne, Gabber (1981):

Generalized Hodge Theory – p. 5/20



Hard Lefschetz Theorem

Beilinson, Bernstein, Deligne, Gabber (1981):
X projective (possibly singular), ω = ample line
bundle,

Generalized Hodge Theory – p. 5/20



Hard Lefschetz Theorem

Beilinson, Bernstein, Deligne, Gabber (1981):
X projective (possibly singular), ω = ample line
bundle,
CX0

constant sheaf on X0 ⊂ X smooth
quasiprojective,

Generalized Hodge Theory – p. 5/20



Hard Lefschetz Theorem

Beilinson, Bernstein, Deligne, Gabber (1981):
X projective (possibly singular), ω = ample line
bundle,
CX0

constant sheaf on X0 ⊂ X smooth
quasiprojective,
then HLT holds for IH∗(X, C):

Generalized Hodge Theory – p. 5/20



Hard Lefschetz Theorem

Beilinson, Bernstein, Deligne, Gabber (1981):
X projective (possibly singular), ω = ample line
bundle,
CX0

constant sheaf on X0 ⊂ X smooth
quasiprojective,
then HLT holds for IH∗(X, C):

∀k > 1, Lk
ω : IHn−k(X, C)

∼
−→ IHn+k(X, C)

Generalized Hodge Theory – p. 5/20



Hard Lefschetz Theorem

Beilinson, Bernstein, Deligne, Gabber (1981):
X projective (possibly singular), ω = ample line
bundle,
CX0

constant sheaf on X0 ⊂ X smooth
quasiprojective,
then HLT holds for IH∗(X, C):

∀k > 1, Lk
ω : IHn−k(X, C)

∼
−→ IHn+k(X, C)

Analytic proof (Hodge theory) by M. Saito (1989).

Generalized Hodge Theory – p. 5/20



Hard Lefschetz Theorem

Beilinson, Bernstein, Deligne, Gabber (1981):
X projective (possibly singular), ω = ample line
bundle,
CX0

constant sheaf on X0 ⊂ X smooth
quasiprojective,
then HLT holds for IH∗(X, C):

∀k > 1, Lk
ω : IHn−k(X, C)

∼
−→ IHn+k(X, C)

Analytic proof (Hodge theory) by M. Saito (1989).
More geometric proof: de Cataldo & Migliorini (2005)

Generalized Hodge Theory – p. 5/20



Hard Lefschetz Theorem

Beilinson, Bernstein, Deligne, Gabber (1981):
X projective (possibly singular), ω = ample line
bundle,
CX0

constant sheaf on X0 ⊂ X smooth
quasiprojective,
then HLT holds for IH∗(X, C):

∀k > 1, Lk
ω : IHn−k(X, C)

∼
−→ IHn+k(X, C)

Analytic proof (Hodge theory) by M. Saito (1989).
More geometric proof: de Cataldo & Migliorini (2005)

The proof of M. Saito applies to V on X0 underlying
a PVHS.
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Corlette (1988) & Simpson (1992):
X smooth compact Kähler, ω = Kähler form,
V semisimple local system on X,
then HLT holds for H∗(X, V ):

∀k > 1, Lk
ω : Hn−k(X, V )

∼
−→ Hn+k(X, V ).

The proof uses the existence of a harmonic
metric on the associated flat bundle (H, D).
Equivalently: V underlies a polarized variation
of twistor structure of weight 0.
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Vector space H (w = 0) Γ(P1, H )
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h : H ' H∗ Γ(P1, S ) :

Γ(P1, H ) ' Γ(P1, H )∗

Positivity of h Positivity of Γ(P1, S )

Tate twist (k), k ∈ Z ⊗ OP1(−2k) (k ∈ 1
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Variation of twistor structures
(C. Simpson)

X: complex manifold, X = X × P1.

Twistor conjugation: ordinary conjugation on X and
twistor conjugation on P1.

H : C∞ vect. bdle on X , holom. w.r.t. P1,

Relative connections D
′, D
′′:

D
′ : H −→ Ω1

X /P1(1 · {z=0})⊗H ,

D
′′ : H −→ Ω1

X /P1(1 · {z=∞})⊗H ,

Flatness: D
2 = (D′ + D

′′)2 = 0.
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Purity (w = 0): H = π∗H

Nondeg. sesquilinear flat pairing:
S : (H , D)

∼
−→ (H , D)∗.

Polarization in weight 0: h := π∗S is a Hermitian
metric on H.

C. Simpson: Variations of pol. twistor struct. of weight 0
z=1
←→ holom. vector bundle on X with flat connection∇
and Hermitian metric h which is harmonic
z=0
←→ holom. vector bundle on X with a Higgs field θ, and
Hermitian metric h which is harmonic .
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quasiprojective,
then HLT holds for IH∗(X, V ):

∀k > 1, Lk
ω : IHn−k(X, V )

∼
−→ IHn+k(X, V )

Answers a Conjecture (1997) of Kashiwara (weak
form).
The analytic proof uses tame harmonic metrics
on X0 (cf. works of Simpson, Biquard, Jost-Zuo)
and regular twistor D-modules .
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(H, D, F •H, S) a var. of polarized Hodge
structure on a smooth quasi-projective X0.
The extension of V := ker D′′ by the moderate
growth condition on the norm of sections is
algebraic.
In this extension,∇ := D′|V is algebraic and has

regular singularities at infinity.

Question: What kind of Hodge theory can one
develop in presence of irregular singularities ?
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First attempt:

Deligne’s irregular Hodge theory (1984).

Motivation: Analogy with pure `-adic sheaves.

Deligne explains:
Expect a Hodge filtration indexed by real
numbers.
Lamentation: Do not expect a usual Hodge
decomposition for this filtration.

Second attempt:
C.S. (2007), T. Mochizuki (2007): Wild Twistor Theory .
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∀k > 1, Lk
ω : IHn−k

DR (X, (V,∇))
∼
−→ IHn+k

DR (X, (V,∇)).

Answers a Conjecture (1997) of Kashiwara
(strong form).
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(V,∇) semisimple algebraic flat bundle on
X0 ⊂ X smooth quasiprojective, possibly
irregular singularities ,
M = minimal extension of (V,∇), (holonomic
DZ -module supported on X)
HLT for H∗(X, DR M )=:IH∗DR(X, (V,∇)):

∀k > 1, Lk
ω : IHn−k

DR (X, (V,∇))
∼
−→ IHn+k

DR (X, (V,∇)).

The proof uses wild harmonic metrics on X0

and wild twistor D-modules .
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→ gluing of H ′∨ and H
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D′, D′′→D̃
′, D̃
′′

D′′F pH ⊂ Ω1
X ⊗ F pH, D′(F pH) ⊂ Ω1

X ⊗ F p−1H

D̃
′ : H −→ Ω1

X
(1 log{z=0})⊗H

D̃
′′ : H −→ Ω1

X
(1 log{z=∞})⊗H
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pH)z−p: loc. free OX [z]-mod. (Rees)

S→C : H ′ ⊗C[z,z−1] H
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D′′F pH ⊂ Ω1
X ⊗ F pH, D′(F pH) ⊂ Ω1

X ⊗ F p−1H

D̃
′ : H −→ Ω1

X
(1 log{z=0})⊗H

D̃
′′ : H −→ Ω1

X
(1 log{z=∞})⊗H

Flatness :

D̃
2 = (D̃′ + D̃

′′)2 = 0.

→ The pol. var. of twistor str. attached to a PVHS
satisfies the Integrability property .
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Hodge as twistor

RIGIDITY THM (C.S. 05, Hertling-Sevenheck 08):
An integrable pol. var. twistor structure on X0

smooth quasiprojective, which is tame at infinity is
Tw(H, D, F •H, S).
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Integrability condition→ selfadjoint Q : H −→ H.

Q: new supersymmetric index of Cecotti-Vafa (1991),
Hertling (2003).

Eigenspace decomposition of Q:
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Wild Hodge Theory

Among wild twistor D-modules, subclass of
wild Hodge D-modules? Take integrable ones.

Motivation: find numerical invariants.

(H , D, S ) var. pol. twistor str., w = 0, z=1
←→

(H, D|z=1, h) flat harmonic bundle
Integrability condition→ selfadjoint Q : H −→ H.

Q: new supersymmetric index of Cecotti-Vafa (1991),
Hertling (2003).

Eigenspace decomposition of Q:
‘Hodge’ decomposition

Example: for a PVHS, Q = −p Id on Hp,w−p.

Spectrum of Q→ ‘Hodge’ numbers.
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Gauss-Manin connection on⋃
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γt

ω

df
, ω ∈ Ωn(U), γt ∈ Hn−1(f
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Bundle of rank
∑

µx(f)

with flat connection on {τ 6= 0}.
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Example

THEOREM (C.S. 2008):
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Example

THEOREM (C.S. 2008):
The local system corresponding to oscillatory
integrals underlies a wild Hodge D-module .
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Varchenko-
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spectrum
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at f = ∞
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