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Quadratic relations for periods: the classical case
∙ X connected smooth complex projective mfld of dim. n.

∙ (i)i: basis of Hm(Xan,ℚ), (!j)j: basis of Hm
dR(X).

∙ Period matrix Pm = (Pm;ij), with

Pm;ij ∶= ∫i !j.
∙ De Rham duality pairing

Qm ∶ Hm
dR(X)⊗H2n−m

dR (X)⟶ H2n
dR(X)

∫X
←←←←←←←←←←→∼ ℂ.

∙ Betti intersection pairing

Bm ∶ Hm(Xan,ℚ)⊗H2n−m(Xan,ℚ)⟶ H0(Xan,ℚ) ≃ ℚ.

∙ Quadratic relations for the associated matrices, e.g. m = n:

(−1)n Bn = Pn ⋅ (Qn)−1 ⋅ tPn

∙ Set Sm ∶= (2�i)−nQm, ∀m.

(−2�i)n Bn = Pn ⋅ (Sn)−1 ⋅ tPn

Example: the case of a curve.
∙ X: curve of genus g ⩾ 1.

∙ Pairing S:
∙ !1,…!g basis of H0(X,Ω1X),

∙ f1,… , fg ∈ H1(X,OX),

∙ Ȟ1(X,OX)⊗ Ȟ0(X,Ω1X)→ Ȟ1(X,Ω1X)
Res
≃ ℂ.

∙ S(fi, !j) = −S(!j, fi) = [fi!j] ∈ H1(X,Ω1X) = ℂ.

∙ Can also represent H1(X,OX) by (0, 1) forms �i and

S(�i, !j) = −S(!j, �i) =
1
2�i ∫X �i ∧ !j.

∙ Pairing B:
∙ (�i, �g+i)i=1,…,g symplectic basis of H1(X,ℤ).

∙⟿ Bi,g+i = −Bg+i,i = 1 and Bk,l = 0 otherwise.

∙⟿ Bilinear relations.



Sketch of proof.

Hn
dR(X

an)⊗Hn
dR(X

an)
Qn

//

Pn ≀
��

ℂ

Hn(Xan)⊗Hn
dR(X

an)
Pn

//

Pn≀
��

ℂ

Hn(Xan)⊗Hn(Xan)
Bn

// ℂ

∙ Pn ∶= Poincaré isomorphism.
∙ Compatibility proved by de Rham by realizing Hn(Xan) as

currents.
∙ In term of matrices (e.g. Qn(!,!′) = t! ⋅ Qn ⋅ !′):

tPn ⋅ Pn = Qn, Bn ⋅ Pn = Pn.

⟹
Bn = Pn ⋅ (Pn)−1 = Pn ⋅ (tQn)−1 ⋅ tPn.

∙ Use tQn = (−1)nQn. �

Quadratic relations for periods of vector bundles
with log connection

Vector bundles with log connection.
∙ X connected smooth quasi-projective, (V ,∇): alg. vect. bdle

on X with flat connection having reg. sing. at ∞ on X.

∙Hk
dR(X, (V ,∇)), H

k
dR,c(X, (V ,∇)):

∙ Choose (X,D) smooth proj. D = ncd, X = X ∖D.

∙ Deligne’s canonical extension (V0,∇):
∗ V0: vect. bdle on X extending V :

∗ ∇ ∶ V0 → Ω1
X
(logD)⊗ V0 extending ∇

∗ eigenvalues of resDi∇ have real part in [0, 1).

∙Hk
dR(X, (V ,∇)) ≃ Hk(X, (Ω∙

X
(logD)⊗ V0,∇)),

∙Hk
dR,c(X, (V ,∇)) ≃ Hk(X, (Ω∙

X
(logD)⊗ V0(−D),∇)).

∙ Assume given pairing ⟨∙ , ∙⟩ ∶ V ⊗ V → OX s.t.
∙ nondegener. i.e., induces V

∼
⟶ V ∨,

∙ ±-symmetric, i.e., ⟨w, v⟩ = ±⟨v,w⟩,
∙ compatible with ∇, i.e., d⟨v,w⟩ = ⟨∇v,w⟩ + ⟨v,∇w⟩.

∙⟿
Sm ∶ Hm

dR,c(X, (V ,∇))⊗H
2n−m
dR (X, (V ,∇))⟶ H2n

dR,c(X, (OX, d))
Tr
≃ ℂ



Intersection pairings between flat sections.
∙ V = V an,∇ loc. cst. sheaf of horiz. sections.

∙⟿ ±-sym. nondeg. pairing ⟨∙ , ∙⟩ ∶ V ⊗V → ℂX .

∙ Assume defined over ℚ:
∙ V = ℂ⊗ℚ Vℚ,
∙ ⟨∙ , ∙⟩ ∶ Vℚ⊗Vℚ → ℚX.

∙⟿Hm(Xan,Vℚ), HBM
m (Xan,Vℚ),

∙⟿ Bm ∶ Hm(Xan,Vℚ)⊗HBM
2n−m(X

an,Vℚ)→ ℚ.

Period pairings.
∙ Two period pairings (by using ⟨∙ , ∙⟩):

Pm ∶ Hm(Xan,Vℚ)⊗H2n−m
dR (X, (V ,∇))⟶ ℂ

PBMm ∶ HBM
m (Xan,Vℚ)⊗H2n−m

dR,c (X, (V ,∇))⟶ ℂ

Theorem (Matsumoto & al., 1994).
∙ Pm and PBMm are nondeg.

∙ “Quadratic relations” e.g. for m = n:

±(−2�i)nBn = Pn ⋅ (Sn)−1 ⋅ tPBMn .

Middle quadratic relations.
∙Hm

dR,mid(X, (V ,∇)) ∶= im
[
Hm
dR,c(X, (V ,∇))→ Hm

dR(X, (V ,∇))
]
,

∙Hmid
m (Xan,Vℚ) ∶= im

[
Hm(Xan,Vℚ)→ HBM

m (Xan,Vℚ)
]

∙⟿ Nondeg. ±-sym. pairings, e.g. for m = n:

Smid ∶ Hn
dR,mid(X, (V ,∇))⊗Hn

dR,mid(X, (V ,∇))⟶ ℂ,

Bmid ∶ Hmid
n (Xan,Vℚ)⊗Hmid

n (Xan,Vℚ)⟶ ℚ,

Pmid ∶ Hmid
n (Xan,Vℚ)⊗Hn

dR,mid(X, (V ,∇))⟶ ℂ.

Corollary (Quadratic relations).

±(−2�i)nBmid = Pmid ⋅ (Smid)−1 ⋅ tPmid

Example (Matsumoto, 1994).

∙ Quadratic relations for generalized hypergeometric functions
(Appell, Lauricella...).



A conjecture of Broadhurst and Roberts
Bessel moments and Bernoulli matrices.
∙ Bessel moments:
∙ Special values of some Feynman integrals expressed as pe-

riod of Laurent polynomials. E.g.

f (x, y, z) = (1 + x + y + z)(1 + x−1 + y−1 + z−1).

∙ These periods are also expressed as k-moments of the “mod-
ified Bessel functions” I0(t), K0(t) (e.g. k = odd integer):

BMk(i, j) = ⋆∫
∞

0
I i0(t)K

k−i
0 (t) ⋅ t2j dt

t
.

∙ Bernoulli matrix (Bn ∶= nth Bernoulli nbr):

Bk(i, j) = (−1)k−i
(k − i)!(k − j)!)

k!
⋅

Bk−i−j−1
(k − i − j − 1)!

.

Conjecture (B-R, by computation, e.g. k odd). Set k′ = (k−1)∕2.

Consider the k′ × k′ matrices

BMk = (BMk(i, j))1⩽i,j⩽k′ and Bk = (Bk(i, j))1⩽i,j⩽k′.

There exists Dk ∈ GLk′(ℚ) defined by an explicit algorithm s.t.

(−2�i)k+1Bk = BMk ⋅Dk ⋅
tBMk .

¿ Interpret the conj. in terms of quadratic relations for periods ?

Generalization of the quadratic relations (F-S-Y).
∙ Since I0, K0 are sols of a diff. eq. with irreg. sing. need to

extend quadratic relations to this case.

∙⟿ Consider (Kl2,∇) rk 2 vect. bdle on Gm ⟷ “modified
Bessel diff. eq.” and (SymkKl2,∇).

∙⟿ Nondegen. de Rham pairing

Sk ∶ H1
dR,c(Gm,Sym

kKl2)⊗H1
dR(Gm,Sym

kKl2)⟶ ℂ.

∙⟿ Rapid decay and moderate twisted homology and

Hmid
1 (Gm,Sym

kKl2) ∶= im
[
H rd
1 (Gm,Sym

kKl2)→ Hmod
1 (… )

]
.

∙⟿ Nondegen. Betti intersection pairing:

Bk ∶ H rd
1 (Gm,Sym

kKl2)⊗Hmod
1 (Gm,Sym

kKl2)⟶ ℚ.

∙⟿ Nondegen. Period pairings

Prd,modk ∶ H rd
1 (Gm,Sym

kKl2)⊗H1
dR(Gm,Sym

kKl2)⟶ ℂ

Pmod,rdk ∶ Hmod
1 (Gm,Sym

kKl2)⊗H1
dR,c(Gm,Sym

kKl2)⟶ ℂ.

∙⟿ Middle quadratic relations:

(−2�i)k+1Bmidk = Pmidk ⋅ (Smidk )−1 ⋅ tPmidk



Theorem (Fresán-S-Yu, 2020).
∙ There exists an explicit basis ofHmid

1 (Gm,Sym
kKl2) such that

Bmidk = Bk.

∙ There exists an explicit basis of H1
dR,mid(Gm,Sym

kKl2) s.t.

Pmidk = BMk .

∙ The de Rham matrix Smidk ∈ GLk′(ℚ) has an algorithmic com-

putation (the matrix (Smidk )−1 checked to agree with the matrix

Dk suggested by Broadhurst-Roberts for k ⩽ 22).

∙ (Smidk ,Bmidk , Pmidk ) also enter in a quadratic relation for a motive

(hence the Bessel moments are periods).

In other words, the period structure

(H1
dR,mid(Gm,Sym

kKl2),Hmid
1 (Gm,Sym

kKl2), Pmidk )

coincides with the period structure of a Nori motive.

Motivic interpretation.
∙ (Kl2,∇) is the Gauss-Manin conn. of

(
OG2m

, d + d(x + z∕x)
)

by the proj. Gm × Gm → Gm (x, z)↦ z.
∙
(⨂kKl2,∇

)
: G-M conn. of

(
OGm×Gkm

, d + d(fk)
)

fk(x1,… , xk, z) =
∑
i(xi + z∕xi)

∙ Set K̃l2 = [2]∗Kl2, [2] ∶ t↦ t2. Set yi = xi∕t.
∙ Then

(⨂k K̃l2,∇
)
: G-M conn. ofEt⋅gk ∶=

(
OGm×Gkm

, d + d(t ⋅ gk)
)

gk(y1,… , yk) =
∑
i(yi + 1∕yi) ∶ Gk

m → A1.

∙ H1
dR(Gm,Sym

kKl2) ≃ H1
dR(Gm,

⨂k K̃l2)Sk×�2

≃ Hk+1
dR (Gm × Gk

m, t ⋅ gk)
Sk×�2

∙ General fact (Fresán-Jossen, Yu, F-S-Y): U smooth quasi-
proj., g ∶ U → A1 regular, Hn

dR(Gm × U, t ⋅ g) underlies a
Nori motive, hence endowed with a canonical MHS.
∙ Analogue of Fourier inversion formula for ℎ ∶ ℝ → ℝ:

ℎ(0) = ⋆∫ℝ
ℎ̂(t) dt = ⋆∫ℝ2

e2�i t⋅ℎ(x)dt dx.

∙ Set K = g−1k (0) ⊂ Gk
m. Variant of what we want:

Hk+1(A1 × Gk
m, t ⋅ gk) ≃ H

k−1
c (K )∨(−k).



Quadratic relations for irregular periods
Irreg. singularities.
∙ X smooth quasi-proj., (V ,∇) on X with possibly irreg. sing.

at ∞ on X
∙ ⟹ ∄(V0,∇) log. connection on (X,D) extending (V ,∇).

∙ But (Kedlaya-Mochizuki, 2011): ∃ (X,D), D = strict ncd
and ∃ (V0,∇) good Deligne-Malgrange lattice:
∗ ∀x ∈ D, ∃Φ ⊂ OX,x(∗D) finite,

∗ ∀' ∈ Φ, ∃ (R',∇) with reg. sing. on (nb(x), D),

∗ (Ox̂⊗ V0,∇) ≃
⨁

'∈Φ

[
(Ox̂, d + d')⊗ (R',0,∇)

]
.

∙ j ∶ X → X,

∙ ∀i ⩾ 1, Vi ∶= Vi−1 + ΘX(− logD) ⋅ Vi−1 ⊂ j∗V .

∙⟿ ∇ ∶ Vi−1 → Ω1
X
(logD)⊗ Vi

De Rham cohomologies (T. Mochizuki, Esnault-S).
Hk
dR(X, (V ,∇)) ≃ Hk(X, (Ω∙

X
(logD)⊗ V∙,∇)

)

Hk
dR,c(X, (V ,∇)) ≃ Hk(X, (Ω∙

X
(logD)⊗ V∙(−D),∇)

)

Rapid decay and moderate homologies.
∙$ ∶ X̃ ⟶ X real oriented blow up of the components of D.

∙ |̃ ∶ Xan ⟶ X̃

∙ V = ker ∇ loc. cst. sheaf on Xan, e.g. defined over ℚ.

∙ V rd ⊂ V mod ⊂ |̃∗V : ℝ-constructible sheaves on X̃.

∙H rd
m (X

an,V ) ∶= Hm(X̃,V rd), Hmod
m (Xan,V ) ∶= Hm(X̃,V mod)

Pairings. ⟨∙ , ∙⟩: nondeg. ±-sym. pairing on (V ,∇).
∙⟿ Nondeg. pairings, e.g. for m = n:

S ∶ Hn
dR,c(X, (V ,∇))⊗Hn

dR(X, (V ,∇))⟶ ℂ,

B ∶ H rd
n (X

an,Vℚ)⊗Hmod
n (Xan,Vℚ)⟶ ℚ,

Prd,mod ∶ H rd
n (X

an,Vℚ)⊗Hn
dR(X, (V ,∇))⟶ ℂ,

Pmod,rd ∶ Hmod
n (Xan,Vℚ)⊗Hn

dR,c(X, (V ,∇))⟶ ℂ.

∙⟿ Nondeg. ±-sym. pairings

Smid ∶ Hn
dR,mid(X, (V ,∇))⊗Hn

dR,mid(X, (V ,∇))⟶ ℂ,

Bmid ∶ Hmid
n (Xan,Vℚ)⊗Hmid

n (Xan,Vℚ)⟶ ℚ,

Pmid ∶ Hmid
n (Xan,Vℚ)⊗Hn

dR,mid(X, (V ,∇))⟶ ℂ.

Corollary (Middle quadratic relations).

±(−2�i)nBmid = Pmid ⋅ (Smid)−1 ⋅ tPmid


