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Pairs (X, f)

® X : quasi-proj. variety / field k.
® f:X — Al:regularfnon X.

One finds these pairs e.g. in the following settings:

#® k = C, exponential periods

/ el w, w: alg. n-form, ~: semi-alg. n-chain.
Y

#® Char k = p, exponential sums.

o Mirror symmetry for Fano mflds: Landau-Ginzburg
models.
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Exp. motives (Fresan-Jossen)

o Data [X,Y, f,n,1]:
s X quasi-proj. var. over k C C,
s Y C X closed subvar.,
s n = degree of the cohom.,
s 1. lTate twist.
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Exp. motives (Fresan-Jossen)

Data [ X,Y, f, n,|:

s X quasi-proj. var. over k C C,
s Y C X closed subvar.,

s n = degree of the cohom.,

s 1. lTate twist.

Choice of morphisms ~~ quiver Q*P (k).
p : Q°*P(k) — Vectp,
p([X, Y, fyn,4]) := Hg(X, Y, £)(2).

Mot“*P(k): finite-dim. vect. spaces with an
End(p)-action.

(f 8 f)(x,2") := f(x) + f'(«") ~ tensor structure.
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Exp. motives (Fresan-Jossen)

® TH. (Fresan-Jossen): Mot®*P (k) neutral Tannakian
category.

® [X,Y,0,:] —— classical Nori motives.
® -~ Mot (k) — Mot®P (k) fully faithful.
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Betti real. of exp. motives

e H™(X,Y,f):= H"(X,Y U{Re(f) > 0};Q)

o lf~veH,(X,Y U{Re(f) > 0};Q) (dual vect. sp.),
convergent period integral

/e_fw, w e I'(X, Q%).
~

o Poincaré duality, e.g. X smoothand Y = &:

H]?d,c(Xa .f) ®H3§X_n(Xa _f) - chdX (X) = @
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De Rham real. of exp. motives

® Setting: X smooth, Y = o.

» Twisted de Rham cohomology H, (X,d + df):
Hypercohomology of the alg. de Rham cplx.

0 — Ox d+df>ﬂ§(—> d+df>ﬂc)i(—>0
E.g. X affine:

d
0 — O(X) +df>--- d+df>ﬂd(X)—>O
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De Rham real. of exp. motives

® Setting: X smooth, Y = o.
» Twisted de Rham cohomology Hi, (X,d + df):

Hypercohomology of the alg. de Rham cplx.

d+df d+df

Q}X—> QC)Z(—>O

0 — Ox

E.g. X = C":
0 — Clz] - &, Clx]de; — -+ — @, Clz]dz; — C[z]de — O
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De Rham real. of exp. motives

® Setting: X smooth, Y = o.

» Twisted de Rham cohomology H, (X,d + df):
Hypercohomology of the alg. de Rham cplx.

d+df d+df o4
: > Qb

0 — Ox Q§(—>

E.g. X = C":
0 — Clz] — &, Clx]de; — -+ — @, Clz]dz; — C[z]de — O

g(x)— > (g5, +9f,)dx;

> hid@i | 4 (=1)7 (he)), +hif),) | da
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Logarithmic computation

® Choose f: X — P! sit.
s X smooth projective,
s D:=X-~X=ncd, D=|P|UH,
s P = f*(o0) pole divisor with supp. |P| C D.
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Logarithmic computation

® Choose f: X — Pl sit.

s X smooth projective,

s D:=X~X=ncd, D=|P|UH,

s P = f*(oc0) pole divisor with supp. |P| C D.
» Kontsevich complex (2%-(log D, f),d + df):

» Q% (log D, f) defined as
ker [df 0k v(log D) — Qk+1(log D)(P)/Qk+1(log D)
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Logarithmic computation

® Choose f: X — Pl sit.

s X smooth projective,

s D:=X~X=ncd, D=|P|UH,

s P = f*(oc0) pole divisor with supp. |P| C D.
» Kontsevich complex (2%-(log D, f),d + df):

» Q% (log D, f) defined as
ker [df 0k v(log D) — Qk+1(log D)(P)/Qk+1(log D)

® [H.: Vn,

H"(X, (Q%(log D, f),d + df)) — Hiz(X,d + df)
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Logarithmic computation

# ~~» dR cohom. with cpct supp. (recall D = |P| U H):

Hjp (X,d+df) := H"(X, (2% (log D, f)(—H),d+df))

#® T[H. (Yu): Perfect pairing

Hlg (X, d+df)QHIE ™ (X,d—df) — H™(X,Q%) ~C

#» Compatible with the Poincaré pairing via the
comparison iso

HJg(X,d +df) ~ Hj3(X, f; C)

and compact support analogue.
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Rescaling parameter

# Hodge theory enters with the rescaling parameter

f|—>f/u, u € k*.

® This defines an endofunctor of Mot®*P.

® Extensionto u = 0:

s Betti: ~~ Stokes structure on the local system
de(Xa f/u; Q)uecs.
s De Rham: Brieskorn C[u]-modules

H7p (X, ud+df) == H"(X, ([u] (log D, f), ud+df))

# TH. (Barannikov-Kontsevich):

Hig(X,ud +df) is Clu]-free of finite rk.
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Rescaling parameter

# Yu: Perfect pairing of free C[u]-modules
HYg (X, ud+df)QHIR (X, ud—df) — H™ (X, Q%)[u]

also known as K. Saito’s residue pairing.

® Atu = 0: Serre duality for (£2%-(log D, f),df).
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Irregular Hodge filtration

TH.: dim H"(X, (Q2%(log D, f), uod + vodf))
Is iIndependent of u,, v, € C.

Various proofs: Katzarkov-Kontevich-Pantey,
Esnault-CS-Yu, M. Saito, T. Mochizuki.

COR.: Degeneration at E, of the spectr. seq. for the
filtration of (2% (log D, f),d + df) by the stupid
truncation.

~ Irregular Hodge filtration FPH}, (X,d 4 df) s.t.

grh, HIZ (X, d + df) ~ HY(X, Q% (log D, f))
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Irregular Hodge-Tate property

® H (X, f)~ H™(X, f~'(t); Q) for [t| > 0.

® Monodromy T on H™(X, f~1(t); Q).
(= Monodr. of the u-loc. syst. H, (X, f/u; Q)yec+)

o DEF: H™(X, f) is irreg. Hodge-Tate if

s T is unipotent, ~~ monodromy weight filtr.
W.H, (X, f) centered at n,

s Vp, dimgry, Hig (X, f) = dimgry) H4(X, f)
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Irregular Hodge-Tate property

» CONJ. (Katzarkov-Kontsevich-Pantev):
If (X, f) arises as a tame Landau-Ginzburg model of

a smooth projective Fano variety then Hx (X, f) is
irreqular Hodge- Tate.

# Various partial results in small dim.
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Irregular Hodge-Tate property

CONJ. (Katzarkov-Kontsevich-Pantev):
If (X, f) arises as a tame Landau-Ginzburg model of

a smooth projective Fano variety then Hx (X, f) is
irreqular Hodge- Tate.

Various partial results in small dim.

TH. (CS): The conj. holds for Landau-Ginzburg
models arising from toric Fano manifolds.

Uses Batyrev’s classification of toric Fano mflds M
by reflexive polytopes. Then X ~ (C*)¢ and

f => x™ where m is a vertex of the polytope. Then
f «—— c1(T' M) and satisfies Hard Lefschetz on
H*(M).
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Sym. Kloosterman connections

# Kloosterman connection: C analogue of Kloosterman
sheaf
G2, Kl := prod,sum™*(0,d 4+ dy)
prod sum k2 vect. bdle on Gy,,, with conn.
/ \ ~ Sym” Kl :
G, AL

rk k + 1 vect. bdle with conn.

® PROP. (Fresan-CS-Yu): H}y (G, Sym” Klz) is the
dR real. of an exp. motive H*T1(GF 1, f1.)Sx.

k k
fk(wlaﬂ'awkaz) Zsz+z21/$z
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Sym. Kloosterman connections

» Recall Mot (k) — Mot®*P (k) fully faithful.

#» PROP. (Fresan-CS-Yu):
The exp. motive H*+1(GE¥1, )" is classical.

» Defined from H*~1(.7),

k k
anD%: Zazi+21/wi20.
1=1 1=1
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Sym. Kloosterman connections

—> H!. (Gm, Sym® Kly) underlies a MHS, with
Hodge filtr. = irreg. Hodge filtr.

TH. (Fresan-CS-Yu):
Hodge nbrs of H} (Gy,, Sym® Kly) are 0 or 1
(explicit formula).

Proof by easier comput. of irreg. Hodge filtr. (by
applying the toric method of Adolphson & Sperber).

~ Arithmetic consequences for symmetric power
moments of Kloosterman sums: functional equation
for the corresponding L-function.
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Rigid irred. connections on P!

SETTING:
® U: Zar.openinP!, (V, V) bdle with connect. on U.

# Assumptions on (V, V):
s Irreducible,
s rigid, i.e.,vY(V’, V') irred.,

(V',.V)s~ (V,V)z Ve e P'\U = (V,),V')~(V,V)
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Rigid irred. connections on P!

SETTING:
® U: Zar.openinP!, (V, V) bdle with connect. on U.
# Assumptions on (V, V):

s irreducible,

s rigid, i.e.,vY(V’, V') irred.,

V',V ~(V,V)z Ve e P'\U =— (V,), V)~ (V,V)

MANY INTERESTING EXAMPLES:
#® Hypergeometrics,
® Frenkel-Gross examples,

o Examples with diff. Galois group G-
(Dettweiler-Reiter-Katz, K. Jakob)

® But Sym* Kl rigid iff k = 1, 2.
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Rigid irred. connections on P!

SETTING:
® U: Zar.openinP!, (V, V) bdle with connect. on U.

# Assumptions on (V, V):
s Irreducible,
s rigid, i.e.,vY(V’, V') irred.,

V',V ~(V,V)z Ve e P'\U =— (V,), V)~ (V,V)

RESULTS (Katz-Arinkin-Deligne algorithm): Any rigid
irred. (V, V) on P! can be obtained from the trivial bdle
(COy, d) by applying successively elementary operations:

# tensor product by a rk-one (L, V),
# Middle convolution by a rk-one (L, V),
# Fourier transform.
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Tame rigid irred. connections on P!

RESULTS (Katz algorithm): Any tame rigid irred. (V, V)

on P! can be obtained from the trivial bdle (¢, d) by
applying successively elementary operations:

# tensor product by a rk-one (L, V),
# Middle convolution by a rk-one (L, V),
o Fourier transform.

Hodae aspects of exnonential motives — . 18/19



Tame rigid irred. connections on P!

RESULTS (Katz algorithm): Any tame rigid irred. (V, V)

on P! can be obtained from the trivial bdle (¢, d) by
applying successively elementary operations:

# tensor product by a rk-one (L, V),
# Middle convolution by a rk-one (L, V),
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Tame rigid irred. connections on P!

RESULTS (Katz algorithm): Any tame rigid irred. (V, V)

on P! can be obtained from the trivial bdle (¢, d) by
applying successively elementary operations:

# tensor product by a rk-one (L, V),
# Middle convolution by a rk-one (L, V),

CONSEQUENCE (Katz): Assume eigenvalues of local
monodromies at each = € P! \ U are roots of unity.

® -~ Geometric expression of (V, V) as a subquotient
of a Gauss-Manin connection.

® ~ pVHS on (V, V) (ess. unique, cf. Deligne).

#® ~ Comput. of Hodge nbrs through the algorithm
(Dettweiler-CS).
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Wild rigid irred. connections on P!

RESULTS (Deligne-Arinkin algorithm): Any wild rigid
irred. (V, V) on P! can be obtained from the trivial bdle
(Cy, d) by applying successively elementary operations:

# tensor product by a rk-one (L, V),
# Middle convolution by a rk-one (L, V),
o Fourier transform.
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Wild rigid irred. connections on P!

RESULTS (Deligne-Arinkin algorithm): Any wild rigid
irred. (V, V) on P! can be obtained from the trivial bdle
(Cy, d) by applying successively elementary operations:

# tensor product by a rk-one (L, V),
o Fourier transform.
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Wild rigid irred. connections on P!

RESULTS (Deligne-Arinkin algorithm): Any wild rigid
irred. (V, V) on P! can be obtained from the trivial bdle
(Cy, d) by applying successively elementary operations:

# tensor product by a rk-one (L, V),
o Fourier transform.

CONSEQUENCE: Assume eigenvalues of local formal
monodromies at each x € P! \ U are roots of unity.

® -~ Geometric expression of (V, V) as a subquotient
of a Gauss-Manin connection twisted by some e’ .

® -~ var. of irreg. HS on (V, V) (ess. unique).

#® ~~ Examples of comput. of irreg. Hodge nbrs
(Castano Dominguez-Sevenheck, Yu-CS).
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