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of vector bundles is unavoidable for the rigorous analysis
of the inverse monodromy problem and isomonodromy
deformations in the case of general linear systems.

At the same time, for specific linear systems related to
the Painlevé equations, it is possible to perform a
rigorous study of the inverse problem on the basis of
analytic considerations only.”

A. A. BOLIBRUKH, A. R. ITs & A. A. KAPAEV —“On the
Riemann-Hilbert-Birkhoff inverse monodromy problem and the
Painlevé equations”, Algebra i Analiz 16 (2004), no. 1,
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Main themes

# Isomonodromy and integrability.

# Possible general form of an isomonodromic
deformation of a Fuchsian system.

#® The Schlesinger system and the Painlevé property.

» Equation for the “Theta divisor”.

» Bounds for the order of the pole of the solutions
along the “Theta divisor”.
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Main themes— continuation

® [somonodromic confluences.

s Preservation of regularity at the confluence point.

» Any vector bundle with logarithmic connection on
the Riemann sphere can be obtained from
Fuchsian systems by confluence
(a dynamical version of the adjunction of an
apparent singularity).

# |somonodromy and irregular singularities
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Fuchsian system

n

r — a; (t")

1=1

AO d X d constant matrices
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Equations

Matrix of 1-forms

Ny, T n_ go
QO o ¢ . de‘
\ﬂ' z:zl r — a; (to)
to i 1 A¢: d X d constant matrices

Isomonodromic deformation parametrized by T

—  A;(t)
) = zzzl z — a(1) dw—l—; Qj (x,t) dtj,

The work of Andrev Bolibrukh —

D. 6/



Equations

Matrix of 1-forms

— g - - dx
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A¢: d X d constant matrices
Isomonaodromic deformatlon parametrized by T

n z't
Q=> (?) d—I—ZQJ(m t)dt;, dQ+QAQ =0
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to i 1 A¢: d X d constant matrices

Isomonodromic deformation parametrized by T

At

Q=> (.) dz+) Qj(z,t)dt;, dQ+QAQ=0
— r=a;(t) -

A;(t°) = A? A;(t) holomorphic
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Matrix of 1-forms

A¢: d X d constant matrices
Isomonodromic deformatlon parametrized by T

n z't
Q=> (?) d—I—ZQJ(m t)dt;, dQ+QAQ =0

zzlw_a"’( )

A;(t°) = A? A;(t) holomorphic
Q;(x,t) Is meromorphic with poles along Y
(regular deformation)
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Equations

Matrix of 1-forms

A¢: d X d constant matrices
Isomonodromic deformatlon parametrized by T

n z't
Q=> (?) d—I—ZQJ(w t)dt;, dQ+QAQ =0

zzlm_aﬂ"( )

A;(t°) = A? A;(t) holomorphic
Q;(z,t) is holomorphic (logarithmic deformation)
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Isomonodromic deformation parametrized by T
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Vector bundles

E° holomorphic vector bundle on P!
VO : E° — Qf,(logY?) ® E°
Integrable meromorphic connection
with logarithmic poles along Y°

T
Isomonodromic deformation parametrized by T

t° t

V:E— Q. (xY)®E, VoV=0, Vg =V°

iIntegrable meromorphic connection with regular
singularities along Y and each V; on E; has
logarithmic poles along Y;
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Vector bundles

E° holomorphic vector bundle on P!
VO : E° — Qf,(logY?) ® E°
Integrable meromorphic connection
with logarithmic poles along Y°

T
Isomonodromic deformation parametrized by T

t° t

V:FE >Q§((logY)®E, VoV =0, V|go=V°

Integrable meromorphic connection with logarithmic
poles along Y
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The Schlesinger system

» a finite set of distinct points a® = {a{,...,a2} on

Pl < {oo},
du N A?
# asystem o= > i1 v — a? cu, Y A? =0.

<—> a logarithmic connection V° on the trivial
bundle E° of rank d on P!, with poles at a®.

# T': universal cover of (P1)™ \ diagonals, with base
point a®.

Theorem (Malgrange). There exists a unique vector bundle E on

P! x T equipped with an integrable logarithmic connection V
having poles along the hypersurfaces Y;, and with an identification

(Ea V)|IP’1><{60} — (an Vo)'
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® Divisor ® = {a € T | E; is not trivial },

# The matrix of V in a basis of E(x®) extending that
of E° Is:

> Ay(a)
i=1

d(x — az)
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The Schlesinger system— continuatior

® Divisor ® = {a € T | E; is not trivial },

# The matrix of V in a basis of E(x®) extending that
of E° Is:
n d — a;
ZAi( ) (z — ai) ZBz(az)daz
i=1

(®—ai)

#® On can choose the basis such that B; = 0.
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The Schlesinger system— continuatior

® Divisor ® = {a € T | E; is not trivial },
# The matrix of V in a basis of E(x®) extending that
of E° Is:

zn: A;(@) d(z — ai)
i=1 (z —a;)

#® On can choose the basis such that B; = 0.
# The Schlesinger system (integrability condition):
d(a; — aj)

(a; —aj)

dA; =) [A;, Aj]
j#i

:1,...,71/.
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Corollary. The solutions of the Schlesinger system with initial value
A? at a® are meromorphic on T" with poles along ® at most.

Behaviour of the solutions to the Schlesinger system
near the polar set ®?

Andrey has given a method to produce examples and
describe in concrete terms this behaviour.
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Local equation for ©®

Initial data a°, A? ~ (E,V)onP! xT,© C T.
Take a* € ©. Hence E,- ~ ®7_; O(—k;), with

ki <---<kganddeg E,« = —(k1 +---+ kq) = 0.
Typical example: E,« ~ O(1) & O(—1)
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Initial data a®, A ~ (E,V)onP! x T, © C T.

Take a* € ©. Hence E,- ~ ®7_; O(—k;), with
k1 <--- <kganddeg Ege = — (k1 + -+ + kq) = 0.
Hence 3¢, m € {1,...,d} suchthat k, — k,,, > 2.

There exists a holomorphic subbundle Egp of the
meromorphic bundle E,-[+xoo] which is trivial and on
which the connection V has only logarithmic poles.

(0) (s
B

*
X a,i

Matrix of the connection: > " T
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Local equation for ®

Initial data a®, A ~ (E,V)onP! x T, © C T.

Take a* € ©. Hence E,- ~ ®7_; O(—k;), with
k1 <--- <kganddeg Ege = — (k1 + -+ + kq) = 0.
Hence 3¢, m € {1,...,d} suchthat k, — k,,, > 2.

There exists a holomorphic subbundle EC(L(Z) of the
meromorphic bundle E,-[+xoo] which is trivial and on
which the connection V has only logarithmic poles.

(0) (s
B

Matrix of the connection: 3 ", -

xIr

oo = apparent singularity and
Zz’ BZ(O) ((1,*) — diag(kl, c oo kd) et K(O)
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Local equation for ®— continuation
Malgrange’s theorem applied to Ec(,ff) near a*
w (E©), V) trivial on P! x nb(a*),

matrix of V:

ZB(‘”( )( —W Y B = KO

r—a z)

1

and the B,L.(O)(a) satisfy the Schilesinger system.
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Local equation for ®— continuation
Malgrange’s theorem applied to E(O) near a*
w (E©), V) trivial on P! x nb(a*),

matrix of V:

ZB(‘”( )( —W Y B = KO

r—a z)

and the B,L.(O)(a) satisfy the Schilesinger system.

Lemma 1. There exists £, m € {1,...,d} such that
km — ke > 2andt € {1,...,n} such thatthe (£, m)-entry

5O

;.¢m (@) does not vanish identically.
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Local equation for ®— continuation

Lemma 2. Fix€,m € {1,...,d} suchthat k,,, — kg > 2 and
B (a) Z 0.
Put 7@ (a) =3, B'Y (a)a; and ©© = {7 = o},

1,dm



Local equation for ®— continuation

Lemma?2. Fix€,m € {1,...,d} suchthat k,,, — k¢ > 2 and
0

Bz'(,e)m(a) = 0.

put () (a) = 32, Biy), (a)a; and ©©) = {r(®) = o}.

Then there exists an extension E(1 [«©(0)] of

E[x(co x T) U ©(9] such that, out of @),
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put () (a) = 32, Biy), (a)a; and ©©) = {r(®) = o}.

Then there exists an extension E(1) [*@(0)] of
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Local equation for ®— continuation

Lemma 2. Fix€,m € {1,...,d} suchthat k,,, — kg > 2 and
B (a) Z 0.
put () (a) = 32, Biy), (a)a; and ©©) = {r(®) = o}.

Then there exists an extension E(1 [«©(0)] of
E[x(co x T) U ©(9] such that, out of @),
® foranya € T ~ O9 the bundie EM [«©(0)],, is trivial,

® the connection V is logarithmic on EM) [x@(9)] with poles on
YiU---UY, U (co X T) and its residue along oo X T is

—K® = _diag(&{", ..., k") with
S (52 < T (k)2 — 2
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o If KO =0, then EM [0 =E[*0()] and © C B,.
d(x — a;)
(x —a;)
5. B (a) = KM and the B! (a) satisfy the
Schlesinger system.

o If K1) £ 0, the matrix of V: 3, B,fl)(a,)
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Local equation for ®— continuation

o If KO =0, then EM [0 =E[*0()] and © C B,.
d(x — a;)
(x —a;)
5. B (a) = KM and the B! (a) satisfy the
Schlesinger system.

s Apply Lemma 1.

o If K1) £ 0, the matrix of V: 3, B,fl)(a,)

Lemma 1. There exists £, m € {1,...,d} such that
kG —kél) >2and? € {1,...,n} such that the (£, m)-entry
B

: ¢r. (@) does not vanish identically.
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Local equation for ®— continuation

o If KO =0, then EM [0 =E[*0()] and © C B,.
d(x — a;)
(x —a;)
5. B (a) = KM and the B! (a) satisfy the
Schlesinger system.

s Apply Lemma 1.

s Getr(M) and @) 5 6,

o If K1) £ 0, the matrix of V: 3, B,fl)(a,)
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Local equation for ®— continuation

o If KO =0, then EM [0 =E[*0()] and © C B,.
d(x — a;)
(x —a;)
3. B (a) = KM and the B{"(a) satisfy the
Schlesinger system.

s Apply Lemma 1.

s Getr(M) and @) 5 6,

s Apply Lemma 2 and get E®)[«@M)] and K(?),

o If K1) £ 0, the matrix of V: 3, B,fl)(a,)
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Local equation for ®— continuation

o If KO =0, then EM [0 =E[*0()] and © C B,.
d(x — a;)
(x —a;)
3. B (a) = KM and the B{"(a) satisfy the
Schlesinger system.
s Apply Lemma 1.
s Getr(M) and @) 5 6,
s Apply Lemma 2 and get E®)[«@M)] and K(?),
® etc. Get ), %) 5 1) Er+Dxe)],
Kw+1) — 0o

o If K1) £ 0, the matrix of V: 3, B,fl)(a,)
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Local equation for ®— continuation

o If KO =0, then EM [0 =E[*0()] and © C B,.
d(x — a;)
(x —a;)
3. B (a) = KM and the B{"(a) satisfy the
Schlesinger system.
s Apply Lemma 1.
s Getr(M) and @) 5 6,
s Apply Lemma 2 and get E®)[«@M)] and K(?),
® etc. Get ), %) 5 1) Er+Dxe)],
Kw+1) — 0o

o Then E¢tV[+0W)] = E[+x0™)]and ® C W),

o If K1) £ 0, the matrix of V: 3, B,fl)(a,)
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A picture illustrating the method

E(0)

I/w'i/




A picture illustrating the method

EW [0 O)]




A picture illustrating the method

E?)[=0M] ]

]P>1




A picture illustrating the method

E[+0W)]
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Theorem. SetT = 7(0) . +(1) ... (),
Then T is a local equation for ©.

Sketch of the proof.

1 d(a; — aj)
_ () () g J
wh) = 5 Z-E#j tr(B; (a)B; (a)) (@i —a;)
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Theorem. SetT = 7(0) . +(1) ... (),
Then T is a local equation for ©.

Sketch of the proof.

L 1 3" tr(BH) (a)BY (a) d(a; — aj)
2 i3] (a; — aj)

d
» w® =" withe = {T = 0} (Theorem of Miwa).
T
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Then T is a local equation for ©.

Sketch of the proof.

1 d(a; — aj)
_ () () g J
wh) = 5 gﬁj tr(B; (a)B; (a)) (@i —a;)

d
» w® =" withe = {T = 0} (Theorem of Miwa).
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» w9 js holomorphic and closed (Schlesinger).
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Theorem. SetT = 7(0) . +(1) ... (),
Then T is a local equation for ©.

Sketch of the proof.

1 d(a; — aj)
_ () () g J
wh) = 5 gﬁj tr(B; (a)B; (a)) (@i —a;)

d
» w® =" withe = {T = 0} (Theorem of Miwa).
T

» w9 js holomorphic and closed (Schlesinger).

(p—1)
o wr) — Hp-1) — dr’"

T(N_l) .
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