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Abstract. We correct the proof of [SY15, (5.3)]. The mistake is in the formula for
the filtration V s

′
α (i+M′) on the top of Page 21 of loc. cit. The new proof is a minor

modification of the published one. We thank Takahiro Saito for noticing the mistake.

It is enough to check

(5.3) i+
(
M⊗ Et, FDel

α+•(M⊗ Et)
)
=
(
(i+M)⊗ Es, FDel

α+•((i+M)⊗ Es)
)
,

and the question is non obvious in the charts t′ = 1/t and s′ = 1/s. Let us set
δ = δ(s′ − t′). Let us first recall that, by definition,

i+M
′ =

⊕
k>0

i∗M
′ ⊗ ∂ks′δ,

Fp(i+M
′) =

⊕
k>0

i∗Fp−k−1M
′ ⊗ ∂ks′δ,(5.4)

(the shift by one comes from the left-to-right transformation on RFD-modules) and,
concerning the V -filtration, one checks that(1)

V s
′

α (i+M
′) =

∑
k>0

∂kt′(V
t′

α M′ ⊗ δ).

We set Gp(i+M′) =
⊕

06k6p i∗M
′ ⊗ ∂ks′δ. Let

∑`
k=0 ∂

k
t′(mα,k ⊗ δ) ∈ V s

′

α (i+M
′).

Then this term is contained in G`(i+M′), and its image in G`(i+M′)/G`−1(i+M′) is
the class of mα,` ⊗ ∂`s′δ, hence it is nonzero if and only if mα,` 6= 0. In particular,
V s
′

α (i+M
′) ∩G0(i+M

′) = V t
′

α M′ ⊗ δ.
We recall (see [ESY17, (3.1.1)]):

FDel
α+p(M

′ ⊗ E1/t′) =
∑
k>0

∂kt′t
′−1[(Fp−kM′ ∩ V t′α M′)⊗ E1/t′

]
,

and, by the analogue of (5.4),

i+
(
FDel
α+•(M

′ ⊗ E1/t′)
)
p
= FDel

α+p−1(M
′ ⊗ E1/t′)⊗ δ + ∂s′

[
i+
(
FDel
α+•(M

′ ⊗ E1/t′)
)
p−1

]
.

(1)The formula in the published version is not correct.
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On the other hand,

FDel
α+p

(
(i+M

′)⊗ E1/s′
)
=
∑
k>0

∂ks′s
′−1[(Fp−k(i+M′) ∩ V s′α (i+M

′))⊗ E1/s′
]

= s′−1
(
Fp(i+M

′) ∩ V s
′

α (i+M
′)
)
⊗ e1/s

′

+ ∂s′F
Del
α+p−1

(
(i+M

′)⊗ E1/s′
)
.

We prove (5.3) by induction on p. Let po be such that Fpo−2M′ = 0. Then
Fpo(i+M

′) = Fpo−1M
′ ⊗ δ ⊂ G0(i+M

′), FDel
α+po−1

(
(i+M

′)⊗ E1/s′
)
= 0 and

FDel
α+po

(
(i+M

′)⊗ E1/s′
)
= s′−1

(
Fpo(i+M

′) ∩ V s
′

α (i+M
′)
)
⊗ e1/s

′

= s′−1
(
Fpo−1M

′ ∩ V t
′

α M′
)
⊗ (δ ⊗ e1/s

′
)

=
(
t′−1(Fpo−1M

′ ∩ V t
′

α M′)⊗ e1/t
′)
⊗ δ

= i+
(
FDel
α+•(M

′ ⊗ E1/t′)
)
po
.

We now assume that (5.3) holds for p− 1. Let us first show that

i+
(
FDel
α+•(M

′ ⊗ E1/t′)
)
p
⊂ FDel

α+p

(
(i+M

′)⊗ E1/s′
)
.

By induction and the above formula for i+
(
FDel
α+•(M

′ ⊗ E1/t′)
)
p
, it is enough to check

i∗F
Del
α+p−1(M

′ ⊗ E1/t′)⊗ δ ⊂ FDel
α+p

(
(i+M

′)⊗ E1/s′
)
.

We have

FDel
α+p−1(M

′ ⊗ E1/t′) = t′−1(Fp−1M
′ ∩ V t

′

α M′)⊗ e1/t
′
+ ∂t′

(
FDel
α+p−2(M

′ ⊗ E1/t′)
)
.

Then on the one hand, by induction,

i∗∂t′
(
FDel
α+p−2(M

′ ⊗ E1/t′)
)
⊗ δ ⊂ ∂t′

[
i∗
(
FDel
α+p−2(M

′ ⊗ E1/t′)
)
⊗ δ
]

+ ∂s′
[
i∗
(
FDel
α+p−2(M

′ ⊗ E1/t′)
)
⊗ δ
]

⊂ ∂t′FDel
α+p−1

(
(i+M

′)⊗ E1/s′
)
+ ∂s′F

Del
α+p−1

(
(i+M

′)⊗ E1/s′
)

⊂ FDel
α+p

(
(i+M

′)⊗ E1/s′
)
.

On the other hand, i∗
[
t′−1(Fp−1M

′ ∩ V t′α M′) ⊗ e1/t
′] ⊗ δ is the degree zero term

(w.r.t. G•) in FDel
α+p

(
(i+M

′)⊗ E1/s′
)
.

Let us now prove the reverse inclusion

FDel
α+p

(
(i+M

′)⊗ E1/s′
)
⊂ i+

(
FDel
α+•(M

′ ⊗ E1/t′)
)
p
.

By induction and the above formula for FDel
α+p

(
(i+M

′)⊗ E1/s′
)
, it is enough to prove

(∗) s′−1
(
Fp(i+M

′) ∩ V s
′

α (i+M
′)
)
⊗ e1/s

′
⊂ i+

(
FDel
α+•(M

′ ⊗ E1/t′)
)
p
.

Let m =
∑`
j=0 ∂

j
t′(mα,j ⊗ δ) be in Fp(i+M

′) ∩ V s′α (i+M
′). We wish to prove

that it belongs to the right-hand side of (∗). Assume mα,` 6= 0, so that mα,` ∈
Fp−1−`M

′ ∩ V t′α (M′). Then mα,` ⊗ δ ∈ Fp−`(i+M′) ∩ V s
′

α (i+M
′) and ∂`t′(mα,j ⊗ δ) ∈

Fp(i+M
′) ∩ V s′α (i+M

′). It follows that each nonzero term in the sum expressing m
also belongs to Fp(i+M′)∩V s

′

α (i+M
′), and it is enough to prove the desired inclusion

for m = ∂`t′(mα,` ⊗ δ), that is,

(∗∗) ∂`t′t
′−1(mα,` ⊗ δ ⊗ e1/s

′
) ∈ i+

(
FDel
α+•(M

′ ⊗ E1/t′)
)
p
.
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The left-hand side of (∗∗) reads ∂`t′t′−1
[
(mα,` ⊗ e1/t

′
)⊗ δ

]
and is a sum of terms[

∂`−jt′ t′−1(mα,` ⊗ e1/t
′
)
]
⊗ ∂js′δ, j = 0, . . . , `.

We have

∂`−jt′ t′−1(mα,`⊗ e1/t
′
) ∈ ∂`−jt′ t′−1(Fp−1−`M

′∩V t
′

α M′)⊗ e1/t
′
⊂ FDel

α+p−1−j(M
′⊗E1/t′),

and thus[
∂`−jt′ t′−1(mα,`⊗e1/t

′
)
]
⊗∂js′δ ∈ F

Del
α+p−1−j(M

′⊗E1/t′)⊗∂js′δ ⊂ i+
(
FDel
α+•(M

′⊗E1/t′)
)
p
,

as wanted.
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