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by
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Abstract. — We show that the limit, by rescaling, of the ‘new supersymmetric
index’ attached to the Fourier-Laplace transform of a polarized variation of Hodge
structure on a punctured affine line is equal to the spectral polynomial attached to
the same object. We also extend the definition by Deligne of a Hodge filtration on
the de Rham cohomology of a exponentially twisted polarized variation of complex
Hodge structure and prove a Ej-degeneration property for it.
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Introduction

The purpose of this article, mainly concerned with exhibiting properties of the
Fourier-Laplace transform of a variation of Hodge structure, is twofold.

(1) Let X be a compact Riemann surface, let S be a finite set of points on X.
We will denote by j : U = X ~ S < X the inclusion. Let f : X — P! be a mero-
morphic function on X which is holomorphic on U and let (V,VV) be a holomorphic
bundle on U equipped with a holomorphic connection. We denote by M the locally
free Ox (xS)-module of finite rank with a connection having regular singularities at
each point of S and such that My = (V,YV) (Deligne’s meromorphic extension of
(V,V7)). In [4], P. Deligne defines a Hodge filtration on the de Rham cohomology of
the exponentially twisted connection Hjjp (X, M ® &), i.e., that of the meromorphic
bundle M with the twisted connection VS/ 4 df A, at least when the monodromy of
(V,V</) is unitary (and thus corresponds to a variation of polarized Hodge structure
of type (0,0)).
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This Hodge filtration is indexed by real numbers, and Deligne proves a Fi-
degeneration property for the de Rham complex. It has a good behaviour with
respect to duality.

One is naturally led to the following questions:

« In what sense do we get a Hodge filtration, i.e., what are the underlying
Hodge properties?

« Why are the jumps of this Hodge filtration related to the eigenvalues of the
monodromy of f around f = oo (more precisely, the spectrum of f at infinity
relative to (V,VV))?

« Is there a possible extension of this construction without the unitarity as-
sumption, when (V,VV) is only assumed to underlie a polarized variation of
Hodge structure?

In we extend the construction by Deligne of a filtration on the twisted de Rham
cohomology Hig (X, M®&') when (V, V) underlies a variation of polarized complex
Hodge structure and give an answer to the previous questions. However, for simplicity,
we restrict to the case where X = P! = Al U {co} and f is the coordinate function
on Al

(2) Let H be a complex vector space equipped with a positive definite Hermitian
form h (that we call a Hermitian metric) and two endomorphisms % and 2, where 2
is selfadjoint with respect to h. The other purpose of this article is to give a relation
between polynomials of degree dim H attached to this situation:

« On the one hand, the characteristic polynomial of 2, denoted by
SUSY(H,h,”Z/,Q)(T)'
« On the other hand, the spectral polynomials. The spectral polynomial at
infinity, as defined in §I.a] below, is attached to the holomorphic bundle with
a meromorphic connection having a pole of order two associated to % and 2
(cf. 7 and denoted by SP(y; , 4 9)(T). With a supplementary assumption
called “no ramification”, one can also define the spectral polynomial at the origin
SP?H,h,%,Q) (T) (cf. -
There is a rescaling operator pr, parametrized by 7 € C*, acting on the data
(H, h, % ,2) (more precisely and more accurately, on the associated integrable twistor
structure, cf. Appendix .

The other main result of this article (Theorem is to prove, under some con-
ditions made explicit below (namely, (H,h,%,2) is the de Rham cohomology of
the exponential twist of a variation of polarized Hodge structure on a punctured
line, in particular, the “no ramification” condition holds), a relation conjectured by
C. Hertling:

(0.1) 113%) Susyﬂi(H,hﬁ%,Q) (T) = SP(()?i,h,%,Q) (1),
0.1 .
lim Susy . g4.2 2)(T) = SPly 2 2)(T).

T—>00
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A similar relation was first proved by C. Hertling (cf. [7, Th. 7.20]) when the connec-
tion V has a regular singularity at z = 0.

The relation between the two approaches (1) and above is made explicit in
Remark [7:2] below. Both questions rely on a detailed analysis of the Fourier-Laplace
transform of a variation of polarized complex Hodge structure on the punctured affine
line.

Remark. — In the recent preprint [13], T. Mochizuki extends the limit theorems
and in the higher dimensional case and gives applications to a characterization of
nilpotent orbits.

Acknowledgements. — 1 thank Claus Hertling for useful discussions on this subject
and for his comments on a preliminary version of this article. I thank the referee for
his careful reading of the manuscript and useful comments.

1. Connections with a pole of order two

Let 2 be an open disc centered at the origin of C with coordinate z and let 57
be a Og-locally free sheaf with a meromorphic connection V having a pole of order
two at the origin and no other pole (one can consider a more general situation, but
we will restrict to this setting). We will moreover assume that the eigenvalues of
the monodromy operator and of the formal monodromy operator have absolute value
equal to one (so that the V-filtrations below are indexed by real numbers; here also,
a more general situation could be considered, but we will restrict to this setting).

l.a. Spectrum at infinity. — There exists a unique locally free Op:(x00)-
module 7 equipped with a meromorphic connection V with poles at 0 and co only,
such that oo is a regular singularity, and which coincides with # when restricted
to Q (it is called the meromorphic Deligne extension of (,V) at infinity, cf. [2]).
Let us denote by 2z’ = 1/z the coordinate at infinity on P!. For any v € R, the
~v-Deligne extension of H at infinity is the locally free Op:i-module V7 on which
the connection has a logarithmic pole at infinity with residue having eigenvalues in
[v,7+1). According to the Birkhoff-Grothendieck theorem, VA decomposes as the
direct sum of rank-one locally free Opi-modules VA = Opi(a1) ® -+ B Opr(ark )
with a1 > as > ---. We denote by v, the number of such line bundles which are > 0
and by v, the difference vy — v~.
We can express these numbers a little differently. We have a natural morphism

(1.1) Op @c T(PL V) — VI

whose image is denoted by ¥7. This is a subbundle of V72 in the sense that
VA, / Y7 is also a locally free sheaf of &pi1-modules; more precisely, fixing a Birkhoff-
Grothendieck decomposition as above, we have #7 = Dija,>0 01 (a;) (indeed, for
any line bundle Opi(k), Op @c ['(PL, Opi(k)) — Opi(k) is onto if k > 0 and 0 if
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k < 0) so Y7 is a direct summand of V7. of rank vy. Restricting to €, we get a
decreasing filtration ¥* of J# indexed by R. The graded pieces gry), S = ¥ /Y7
are locally free Og-modules (being isomorphic to the kernel of 37 /¥ >7 — 3 /V7),
and v, = rkgr), J.

Let us recall the definition of the spectral polynomial SP% (cf. [I7] or [14]
§111.2.1)).

Definition 1.2 (Spectrum at infinity). — The spectral polynomial of 7 at infinity is
the polynomial SP3,(T) = [[ (T — )" with (for any z, € Q)

vy =rkgr), S = dimi} gry, A =dim V7 /(Y77 + (2 — 2,) V7).

In the following, we will often use an algebraic version of the previous construction,
which is obtained as follows: set Go = I'(P!, ji;), which is a free C[z]-module of finite
rank; the (decreasing) Deligne V-filtration of G := Cl[z, 2] ®cz) Go at z = o0 is
a filtration V*G of G by C[2']-free submodules; in particular, 2’V7G = V71G and
20, +~ = —2'0. + 7 is nilpotent on gr|, G := V'G/V>7G. Then, F(IP’l,V'Yj?/) =
VIG NGy =: VGy.

When tensored with Op:1 (x00) and after taking global sections, is the inclusion
morphism

(C[Z] . V’YGO — G().
As Clz]- V7@ is a direct summand in Gy, this inclusion induces an inclusion of fibres
at z, for any z, € C, and so

v (GO/(z — zo)Go) =V7Go/[(z — 20)Go NV G]
= [C[2] - V' Go + (2 — 20)Go] /(2 = 2,)Go
has dimension v,. Then we also have
vy (Go) = dimgry,(Go/(2 — 20)Go)

(13) =dim(GoNVG)/[(GoNVZTG) + ((z — 2,)Go NV G)].

Example 1.4. — In [17] (where an increasing version of the V-filtration is used, hence
the change of sign below), this polynomial is denoted by SP, (G, Gy). Correspond-
ingly, the set of pairs (—v,v,) above is called the spectrum (at infinity) of (G, Gy).
When Gy is the Brieskorn lattice attached to a cohomologically tame function on
an affine smooth variety of dimension n 4 1 (cf. loc. cit.), the spectrum at infinity is
symmetric with respect to (n 4+ 1)/2 and the numbers —v belong to [0,n 4+ 1] N Q.

1.b. Spectrum at the origin. — We now make a supplementary assumption on
(A,V). Let us denote by #[1/z] the locally free 0q[1/z]-module Oq[l/z] ®¢,, H,
with its natural meromorphic connection. By the Levelt-Turrittin theorem, the asso-
ciated formal module C[z][1/z] ® g, # can be decomposed, after a suitable ramifica-
tion of z, as the direct sum of meromorphic connections which are tensor product of a
rank-one irregular connection with a regular one. Here, we make the assumption that
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no ramification is needed to get the Levelt- Turrittin decomposition (cf. Appendixfor
the need of such a condition). One can formulate this condition in terms of Laplace
transforms, in the coordinate 2z’ :=1/z:

Lemma 1.5. — The “no ramification” condition is equivalent to saying that the Laplace
transform of the C[2']{0,/)-module G associated with € has only reqular singularities
(included at infinity).

Sketch of proof. — This follows from the slope correspondence in the Fourier-Laplace
transform (cf. [I0, Chap. V]). We will not distinguish between the Laplace transform
and the inverse Laplace transform. Assume that G is the Laplace transform of M.
The formal part of M at the origin produces the formal part of slope < 1 of G at
2" = oo. By assumption, only the slope 0 can appear, so M is regular at the origin.
A similar reasoning can be done at each singular point of M by twisting by a suitable
exponential term, showing that M has only regular singularities at finite distance.
The part of slope < 1 of M at infinity produces the formal part of G at 2z’ = 0,
and as G is regular at 2z’ = 0, only the slope 0 occurs as a slope < 1 for M at
infinity. Slopes equal to 1 for M at infinity would produce singular points of G at
finite distance, and not equal to 2’ = 0. There are none. Lastly, slopes > 1 for M at
infinity would produce slopes > 1 for G at z’ = co. There are none. Hence M has to
be regular (slope 0) at infinity. O

Let us set " = C[z] ®g,, 7. When the “no ramification” condition is fulfilled,
the Levelt-Turrittin decomposition for ' [1/z] already exists for . There exists
then a finite number of pairwise distinct complex numbers ¢; (i € I) and a finite
number of free C{z}-modules 4% with a regular meromorphic connection having a
pole of order at most two, such that
(1.6) A~ P (A @ EV)N,

iel
where &¢/% is C{z} equipped with the connection d — ¢;dz/2z%. Bach 4 is equipped
with a regular meromorphic connection V. The free C{z}[1/z]-module .7%[1/z] has
a canonical decreasing Deligne filtration V*5#[1/z| indexed by real numbers (by our
assumption) so that 20, — ~ is nilpotent on the vector space gr{, 7[1/z].

Definition 1.7 (Spectrum at the origin). — For any i € I, the spectral polynomial of
the regular meromorphic connection %, at the origin is the polynomial SPgﬁ (T) =
HV(T + )i, with
) SN VI 2]
iy = dim ,
FGENVVIHGL) 2] + 26 "NV 2]

and we set SPY, (T') = IL SP% ().

(The choice T + v is done in order to have similar formulas for SP® and SP*.)
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Example 1.8. — When 57 is the analytization of the Brieskorn lattice G of a coho-
mologically tame function on a smooth affine variety (cf. Example 7 then 7, # 0
only if —¢; is a critical value of this function, and %" is the formal (with respect
to 8;' = z) local Brieskorn lattice at this critical value (this follows from [14]
Prop. V.3.6] for instance). The set of pairs (v, ;) is the spectrum at this criti-
cal value (with a shift by one with respect to the definition of [23]): it is symmetric
with respect to (n+1)/2 and the numbers ~ belong to (0,7 + 1). (See also [23], [22]
and [6], Chap.10-11] and the references therein for detailed results in the case of a
singularity germ.)

Remark 1.9. — Assume that V has a pole of order one on . Then SPY, is the
characteristic polynomial of —ResV (residue of the connection at z = 0). We also
have SP%, = SPY, (cf. e.g. [14, Ex. I11.2.6]). We conclude that in an exact sequence
of logarithmic connections, SP5, and SPO% behave multiplicatively.

1.c. Connection with a pole of order two by Laplace transform. — Let us
recall the notion of Laplace transform of a filtered C[t](d;)-module (cf. [14] §V.2.c]
or [19 §1.d]. Let Al be the affine line with coordinate ¢ and let M be a holonomic
C[t](0¢)-module. We set G := M[9; '] = C[t](d, 9; ") ®cpyyo,y M (it is known that G
is also holonomic as a CJt]{(d)-module) and we denote by loc : M — G the natural
morphism (the kernel and cokernel of which are isomorphic to powers of C[t] with
its natural structure of left C[t](J;)-module). For any lattice L of M, i.e., a C[t]-

submodule of finite type such that M = C[9;] - L, we set
(1.10) Gy =307 loc(L).
j=0

This is a C[9; ']-submodule of G. Moreover, because of the relation [t,9; '] = (9; ')?,
it is naturally equipped with an action of C[t]. If M has a regular singularity at infinity,
then GSL) has finite type over C[d; '] (cf. [14} Th. V.2.7]). We have G' = C[d;] - GBL).

Let us now assume that M is equipped with a good filtration F, M. In the following,
in order to keep the correspondence with Hodge theory, we will work with decreasing
filtrations F*M, the correspondence being given by FPM := F_,M. Let py € Z.
We say that F*M is generated by FPoM if, for any ¢ > 0, we have FPo—t)M =
FPoM +--- 40 FPo M. The C[9; *]-module 9/ GBFPO) does not depend on the choice
of the index pg, provided that the generating assumption is satisfied (cf. [19] §1.d]).
We thus define the Brieskorn lattice of the filtration F*M as

(1.11) GéF) = o GéFpo) for some (or any) index py of generation.

If we also set z = O; ', then G((JF) is a free C[z]-module which satisfies G =
Clz, 274 ®c]z] G(()F) and which is stable by the action of 220, := t.
For any p, we have

(1.12) loc(FPM) c PG,
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Indeed, G = 3, 0,77 " P0loc(FPo M); if p > po, we have 80" FPM < FPo M,

hence the desired inclusion after applying loc; if p < pg, we have FPM = FPO + ... 4
OP°"PFPo M | and the result is clear.

1.d. Integrable twistor structures. — Let H be a finite dimensional complex
vector space equipped with a Hermitian metric h and of two endomorphisms % and 2,
with 2 being selfadjoint with respect to h. Let % be the h-adjoint of % . Let Qg be
an open neighbourhood of the closed disc |z] < 1in C and let us set 7' = Oq, ®c H,
equipped with the meromorphic connection V =d + (2 2% — 2712 — % T)d=.

We will denote by .F = (', 7", 6s) the associated twistor structure (as defined
in below, by taking X to be a point).

We will denote by SPZ(T') or by SP(y , %, 2)(T') the spectral polynomial at infinity
SP%,/(T). On the other hand, if V has no ramification at the origin, we will denote
by SP%(T) or by SP?HJL,%’Q)(T) the spectral polynomial at the origin SP%,. (T).

2. A review on integrable twistor Z-modules

In this section and in Section [4] we gather the notation and results needed for the
proofs of the main theorems of this article. We refer to [16, [19], [18] for details.

2.a. Integrable harmonic Higgs bundles. — Let X be a complex manifold and
let E be a holomorphic bundle on X, equipped with a Hermitian metric h. For any
operator P acting linearly on E, we will denote by P its adjoint with respect to h.

Let 6 be a holomorphic Higgs field on FE, that is, an Ox-linear morphism E —
QL @4, F satisfying the “integrability relation” 6 A § = 0. We then say that (E,0)
is a Higgs bundle (cf. [26]).

Let E be a holomorphic bundle with a Hermitian metric h and a holomorphic Higgs
field 6. Let H be the associated C*° bundle, so that £ = Kerd”, let D = D' + D",
with D” = d’, be the Chern connection of h. We say, after [26], that (E,h,6)
is a harmonic Higgs bundle (or that h is Hermite-FEinstein with respect to (E,6))
if YD := D 4 6 + 6" is an integrable connection on H. The holomorphic bundle
V = Ker(d"” + 0) is then equipped with a flat holomorphic connection Y%/, which is
the restriction of VD' := D’ +6 to V.

We say (cf. [T], see also [16], Chap. 7]) that it is integrable if there exist two endo-
morphisms % and 2 of H such that

(2.1) % is holomorphic, i.e., d" (%) = 0,
(2.2) 2" =9,
(2.3) 0, %] =0,
(2.4) D'(w)—10,2]+6 =0,
(2.5) D'(2)+ [0, %" =0.
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Remark 2.6. — Let us note that (% + cld, 2 + A1d) satisfy the same equations for
any ¢ € C and A € R. One way to fix A is to impose a compatibility condition with
a given supplementary real structure. This would impose that 2 is purely imaginary
(cf. [7]). We then denote by 2 this choice, which is the only one among the
24+M1d, A € R, to be purely imaginary. With respect to the symmetric nondegenerate
bilinear form deduced from the Hermitian metric and the real structure, 27et is
skewsymmetric, hence its characteristic polynomial satisfies Susy 7 5, o oner)(=1) =

(_1)dim H Susy(H,h’%ﬁHm) (T)

For any z € X, the Hermitian vector space (Hy,h,) decomposes with respect to
the eigenvalues of 2,. However, these eigenvalues, which are real, may vary with x.

Example 2.7 (Polarized variation of complex Hodge structure). —

If % =0 (or % = clId), then, according to and (2.5)7, D(£2) = 0 and, working
in a local h-orthonormal frame where 2 is diagonal, this implies that the eigen-
values of 2 are constant. Let HP denote the eigen subbundle corresponding to
the eigenvalue p € R. Then D'HP C QY ® HP, D"HP C QlY ® HP and
implies 0H? C QY% ® HP~!. The decreasing filtration (indexed by R) defined by
FPH=@,, H?" is stable by VD", hence induces a filtration F*V of the holomorphic
bundle V := Ker VD" by holomorphic subbundles, which satisfies VWV EFPV C FP~1V,
Moreover, if we choose a sign €, € {£1} in such a way that, for any p € R, ep41 = —¢5,
the nondegenerate sesquilinear form & defined by the properties that the decompo-
sition @pGR HP? is k-orthogonal and kjf» = €phg», is VD-flat. We thus recover the
standard notion of a polarized variation of complex Hodge structure of weight 0, if
we accept filtrations indexed by real numbers, and if we set HP = HP»7P,

2.b. Variations of twistor structures The notion of an integrable variation of
twistor structures (and, more generally, that of an integrable twistor Z-module) is a
convenient way to handle integrable harmonic Higgs bundles. It was introduced in
[27]. The presentation given here follows [16], and the reader can also refer to [11]
Chap. 3].

Notation. — If X is a complex manifold, X will denote the conjugate manifold (with
structure sheaf Ox ), and Xg will denote the underlying real-analytic or C*°-manifold.
We will denote by P! the Riemann sphere, covered by the two affine charts ~ Al with
coordinate z and 1/z, and by p : X x P! — X the projection.

The coordinate z being fixed, we denote by S the circle |z| = 1, by £y an open
neighbourhood of the closed disc Ag := {|z| < 1} and by , an open neighbourhood
of the closed disc A, := {|z| > 1}.

We will denote by o : P! — P! the anti-holomorphic involution z — —1 /Z. We
assume that Q.. = (). We denote by ¢ : P! — P! the holomorphic involution
Z— —z.
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It will be convenient to use the notation 2 for X x €y and 2 for X x Q.. Let us
introduce the notion of twistor conjugation. Let " be a holomorphic vector bundle
on 2. Then J#” is a holomorphic bundle on the conjugate manifold 2~ := X x Qg
and o* " is a holomorphic bundle on 2 = X X Qs (i.e., is an anti-holomorphic
family of holomorphic bundles on Q). We will set 7" := o*#".

By a C*° family of holomorphic vector bundles on P' parametrized by Xz we
will mean the data of a triple (7', 7", 6s) consisting of holomorphic vector bundle
H', 7" on X x Qo and a nondegenerate Ox xs ®ps O, g-linear morphism

. / 1/ c0,an
Cgs . %S ®ﬁs e%fs — %XRXS’

where €y (g is the sheaf of C> functions on Xg x S which are real analytic with
respect to z € S. The nondegeneracy condition means that ég defines a C'°°?*"-gluing
between the dual /" of #' and ", giving rise to a €y, . -locally free sheaf of

finite rank that we denote by A

Variations of twistor structures. — By a C°° variation of twistor structure on X we
mean the data of a triple (', 7", €s) defining a C*° family of holomorphic bundles
on P! as above, such that each of the holomorphic bundles #”, 5" is equipped with
a relative holomorphic connection

1
(238) V(") — < Uy 0, 0 ny 2

which has a pole along z = 0 and is integrable. Moreover, the pairing és has to be
compatible (in the usual sense) with the connections, i.e.,

dCs(m',m") = Cs(Vm',m”) and d"Cs(m',m") = Cs(m',Vm").

Let us note that we can define V as

Sz 1 2
V" — ZQ?/QOQ Qom K.
If we regard 6s as a C'°°?"-linear isomorphism
(2.9) s : %)(;;’2% Qo%,s %’T/S/ — %;;’ig Qoxxs jﬁlsv’

the compatibility with V means that €s is compatible with the connection d’ +V on
the left-hand side and VY + d” on the right-hand side, where d’,d” are the standard
differentials with respect to X only.

« The adjoint (#", #",%s)" is defined as (%”,L%”’,‘KST), with
Ga(m",m’) == Cs(m',m").
With respect to , we can write %ST =%s".
. If k € 1Z, the Tate twist (k) is defined by 7 (k) := (", A", (iz=2)C5).
We say that the variation is
« Hermitian if " = 7' and €s is “Hermitian”, i.e., %ST = %s,

« pure of weight 0 if the restriction to each x € X defines a trivial holomorphic
bundle on P!,
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« polarized and pure of weight 0 if it is pure of weight 0, Hermitian, and the Her-
mitian form on the bundle H := p,.# is positive definite, i.e., is a Hermitian metric.

Lemma 2.10 (C. Simpson [27]). — We have an equivalence between variations of po-
larized pure twistor structures of weight 0 and harmonic Higgs bundles, by taking
P!-global sections. O

Remark 2.11. — There is a natural notion of a (polarized) variation of twistor struc-
ture of weight w € Z (cf. [27]). We say that T = (', ", %s) is pure of weight w
if the restriction to each # € X defines a bundle isomorphic to Op: (w)?. A Hermi-
tian duality is an isomorphism . = (S',8") : .7 — Zt(—w). We say that .7 is a
polarization if the Tate twisted object (.7, .%)(w/2) is polarized (cf. [16] for details,
see also [11]).

2.c. Integrable variations of twistor structures. — A variation of twistor
structure (S, ", €s) is integrable if the relative connection V on 7, 5" comes
from an absolute connection also denoted by V, which has Poincaré rank one (cf. [16],
Chap. 7]). In other words, zV should be an integrable meromorphic z-connection
on ', " with a logarithmic pole along z = 0. We also ask for a supplementary
compatibility property of the absolute connection with the pairing in the following
way:

z%‘fs(m’,m) = %s(zvazm',m) —6s(m',zVy,m").

[Here, we regard €y, g as the sheaf of germs along X x 8 of C* functions which
are holomorphic with respect to z; when considering it as the sheaf of C°° functions

which are real analytic with respect to z € S, one should replace the operator z%
with z & — 22 ]

Lemma [2.10] can be extended to integrable variations:

Lemma 2.12 (C. Hertling [7]], cf. also [16, Cor.7.2.6]). — The equivalence of Lemma
[2:10] specializes to an equivalence between integrable variations of pure polarized twistor
structures of weight 0 and integrable harmonic Higgs bundles, i.e., harmonic Higgs

bundles equipped with endomorphisms % , 2 satisfying (2.1)—(2.5)). O]

Let us indicate one direction of the correspondence. Starting from (H,h,0, %, 2),
we construct an integrable variation of Hermitian twistor structures (', 7", %s)
by setting 5 = p*H on 2, with the d”-operator D), := D" + 267 and we set
H' = KerD'), = . The relative connection is defined as the restriction
of D,, := D' 4+ 2710 to 5. The absolute connection is obtained by adding to the
relative connection V the connection in the z-variable d, + (272% — 2712 — % T)dz
(cf. [7] or [16], §7.2.c] for more details).

Remark 2.13. — Given an integrable variation of twistor structure 7 = (', ", %s),
we will say that the structure obtained by changing the action of 22Vy, on " to
22V, — Az and that on " to 22V, — Az (A € C) is equivalent to the previous
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one. If the variation of twistor structure is Hermitian, the equivalent structure is still
compatible with . iff A € R.

Remark 2.14 (Tate twist and integrability). — The effect of the Tate twist (k) (with
k € 37) on the action of 229, is a shift between #” and " by 2kz. In this article,
it will be convenient to choose a nonsymmetric shift, namely, the action on #" is
unchanged, and that on S#” is changed into 220, — 2kz.

Remark 2.15. — 1In the previous correspondence, we identify the bundle £ on X with
the restriction #"/2¢". Then % is induced by the action of 22Vy, . If Z = 0
(the case of a variation of Hodge structure), then 5" is stable by zVy_, and the
characteristic polynomial of 2 is equal to that of the restriction of —2Vy_ to E.

2.d. The ‘new supersymmetric index’. — We assume in this paragraph that X
is a point, so we work with twistor structures.

Definition 2.16 (cf. [1]] and [7]). — Let T = (', 7', €s) be an integrable polarized
pure twistor structure of weight 0 with polarization . = (Id,Id). Let %, 2 be the
associated endomorphisms of the corresponding finite dimensional complex vector
space with positive definite Hermitian form. The endomorphism 2 is called the ‘new
supersymmetric index’ attached to 7. We denote by Susy 5 (T) its characteristic
polynomial.

It will be convenient to extend to any weight the previous definition.

Definition 2.17. — Let = (', 7" ,%6s) be an integrable pure twistor structure of
weight w with polarization .. We set

Susy o (T') 1= Susy g (4 /2)(T)-
Similarly, we define the spectral polynomials:

Definition 2.18. — Let T = (', ", %6s) be an integrable twistor structure (not
necessarily pure or polarized). We define (if the “no ramification” condition is fulfilled,
for SPY):

SP%(T) = SP%.(T) and SP%(T) = SP%.(T).

According to Definition and to Remark we have, for any k € %Z,
(2.19) Susy 7 = Susy 7, SPZ ) =SP%,  SP% ) = SPY.

2.e. Twistor Z-modules. — In order to allow singularities in variations of twistor
structure, we have introduced in [16] the notion of polarizable twistor Z-module (see
also [I1] for an extension of this notion with parabolic weights). We will briefly recall
this notion.

We first introduce the sheaf Z 4 of differential operators, locally isomorphic to
Oy (0yyy...,0z,), by setting 0,, = 20;,. A left Zg-module is nothing else but a
O 9--module with a flat z-connection.
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The category Z- Triples(X) consists of triples (#', #",%s), where A", . #" are
left Z 4--modules and ¥y : //1"5 ®eos 7 Dby, s/ is & Bor|s D0 B limear
morphism with values in the sheaf Dby, .s/s of distributions on X x S which are

continuous with respect to z € S. There is a natural notion of morphism. This
category has Tate twists by %Z, and a notion of adjunction (cf. [16] §1.6]). Restricting
M or M to z =1 gives left Dx-modules, while restricting them to z = 0 gives Ox-
modules with a Higgs field.

There is a notion of direct image, hence of de Rham cohomology when taking the
direct image by the constant map.

Supplementary properties are introduced in order to define the notion of polarized
twistor Z-module of some weight. We will not recall them here and refer to [16] for
further details.

2.f. Specialization and integrability (the tame case). — In the remaining
part of Section [2| we assume that X is a disc with coordinate x and we denote by
j: X* — X the inclusion of the punctured disc X ~ {0} in X.

Let T = (A', #",%6s) be aregular twistor Z-module of weight w on X polarized
by 7 = (8" = (=1)*5",8") (cf. [16]) with only singularity at = = 0, so that Jx- is
a polarized variation of twistor structures of weight w, which has a tame behaviour
near the singularity, in the sense of [25] (cf. [16], 11]).

For any § € C with Re8 € (—1,0], the nearby cycle functo U8 sends such a
triple 7 to a triple W27 € %- Triples({0}), equipped with a morphism .4 : ¥2.7 ¢
Z- Triples({0}) — V8. 7(~1) € %-Triples({0}). If M, denotes the monodromy fil-
tration, then the graded object grM 5.7 equipped with the morphism gr™, .4, is a
graded Lefschetz twistor Z-module of weight w and type ¢ = —1. Moreover, ¥5.7
induces, by grading, a polarization of this object.

We have a similar result for vanishing cycles: (grM ¢ 1.7, er™, #") is an object of
MLT®) (X,w; —1) and ¢, . induces, by grading, a polarization (this follows from
[16], Cor.4.1.17]).

Let us moreover assume that (7,.) is integrable (cf. [I6, Chap. 7], where one
should modify (7.1.2) by using the operator z9/0z — Z0/0z (standard conjugation)
on the left-hand side, as (7.1.2) was mistakenly written there for distributions which
are holomorphic with respect to z), so that, in particular, the corresponding variation
is integrable on X*. Then from loc. cit. we know that W2.# # 0 only if 3 is real,
so that 3%z = Bz above, there is no difference between the notations ¥2.7 and
V2T of loc. cit., and moreover, using the induced action of 229,, V2.7 remains
integrable. Going then to gr)! VA7 we get an integrable polarized twistor structure
of weight w + ¢ (cf. [L6, Lemma 7.3.8]). The action of 220, on gr)! W2.#" is the
action naturally induced by 220, on .Z". A similar result holds for grj! ¢ 1.7.

(W 1n [16] it is defined with the increasing convention for the V-filtration. Here we use the decreasing
one. The correspondence is \115 =V, o with f = —a—1.
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2.g. Specialization and integrability (the wild case). — We keep the notation
of but we will consider the more general case of a polarized wild twistor Z-module
T = (M, M",Es) of weight w with polarization .7, for which we refer to [20, 12].
We will also assume that the “no ramification” condition is fulfilled, that is, we assume
that [20], Prop. 4.5.4] holds with ramification index ¢ equal to one. Therefore, setting
M =M or A", we have a formal decomposition

(DEC") M= R EF), gy eaT!ClaY.

Let us also notice that, when we restrict to z = 0, the decomposition holds at the
level of //,/v/zj/(cf. [20] Rem. 4.5.5]).

For any ¢ € 2 'C[z~!] and any 8 € C with Re € (—1,0], we set \I/f’ﬁ//?/::
\Iﬂ;(/}f@ &=¢/%). We can then define the objects \I!f’ﬁi/7 equipped with 4" :
\Iff>5§/—> yeh ?(—1). The condition of being a polarized wild twistor Z-module of
weight w at x = 0 means that, for all ¢, 3 as above, (gr™ ‘Ifﬁ’ﬁi gr™, 4, equipped
with the naturally induced sesquilinear duality, is a graded Lefschetz twistor structure
of weight w, in the sense of [16, §2.1.¢]. As a consequence, if ¢ = 0, the vanishing
cycles (grM ¢>g’*1§, gr™, #') are of the same kind.

For any ¢ € z~'Clz~'], the exponentially twisted %4 [z~ !]-module .# ® &/
remains integrable, if M is so, hence, according to [16], Prop. 7.3.1], so are the modules
\Ilfﬁ//? (8 € (—1,0]) and gbg’*l//z Moreover, the formal module .Z” is clearly
integrable.

Lemma 2.20. — Each % entering in the decomposition (DEC") is integrable.

Proof. — Firstly, the irregular part .#2 of 4" (i.e., corresponding in (DEC") to

rr
the sum over the nonzero ¢;) remains integrable, as, near any z, € o, it can be

realized as the intersection [, V(’;n)/// A, where V*.#" is the V-filtration of .#"
(defined near z,), and we know that each step of the V-filtration is integrable ([16]
Prop. 7.4.1]).

Let ¢ € I be such that ¢;, = 0. We claim that QZAO is integrable: because of the

previous remark applied to .2 ®&~%i/* for i # i, (220, + gpi)@ﬁo—hence 2262%2%—
has no component on the regular part of .#Z”" @ &%/, that is, on @ZA, thus @{(\] is

stable by 220,. The same result applies to any @Z/\, by globally twisting .#” by
&~¢i/% hence the lemma. O

By assumption on /ZZ each 1@7{\ is strictly specializable. Applying [16, Lemma
7.3.7], we find that U¢8.# #0 = 3 € R.

3. Specialization of the new supersymmetric index

In this section, X denotes a disc with coordinate x and j denotes the inclusion of
the punctured disc X* := X \ {0} into X.
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3.a. The tame case. — In this subsection, we keep the setting of and we
assume that (7, .7) is integrable.

Theorem 3.1. — We have the following correspondence between Susy polynomials:
ED) i Susy (1) = [ []Susyyr gz, (1)

BE(—1,0]£20
Remark 3.2. — If Jx. consists of a polarized variation of Hodge structures of

weight w, then Susy 5 (T) is constant (cf. Lemma below). In general, however,
the eigenvalues of 2, do vary (see the example in [7), (7.115)] for instance).

Proof of Theorem [3.1] — For simplicity, we will assume w = 0 (this can be obtained
by a Tate twist (w/2)) and that .#' = .#" and .¥ = (Id,Id). Let us fix 8 €
(—1,0]. By assumption, (grM W87 _4) is a graded Lefschetz twistor structure which
is polarized and of weight 0 (cf. [I6, §2.1.e]). It thus corresponds to a Hermitian
vector space H with a SLa(R)-action (cf. [I6, Rem. 2.1.15]), hence a graded vector
space H = @, H, with a nilpotent endomorphism of degree —2. We denote the
standard action of the generators of slo(R) by X,Y, H, so that H, is the eigenspace
of H for the eigenvalue ¢. Then, for £ > 0, a basis €300 of the primitive subspace
PH, defines a global frame of Pf M =P grM WP 4 which is orthonormal for Pf bs
(the sesquilinear form of P grM W#.7) and in which the matrix of 220, takes the form
P3¢ —P2p 02 —WZ/QZZQ. We can assume that P23 4 is diagonal, being selfadjoint with
respect to the positive definite Hermitian form on PH,.

The construction done in [16] §5.4.c] extends this family of frames first to a frame
€s o LEN k=0,...,0)of gr?,, U5 4 and then to a local frame eg of VA.# (the
local construction near each z, done in loc. cit. is not needed here as the V-filtration
is globally defined with respect to z, cf. [16, Rem. 3.3.6(2)]).

The action of 220, leaves the V-filtration invariant (cf. [L6] Prop.7.3.1]), as well
as the lift of the M-filtration on each V# (cf. [16, Lemma 7.3.8]). Therefore, the
matrix B of 228, in the frame e, which is holomorphic, is “triangular” up to powers
of x with respect to M,V*, i.e., can be written as

(3.3) B=¢@ [B,B,ﬂ,o ® Bpp<—19 D Bp,gs
5 BB

with Bgs g/x holomorphic if f° < 3, and where the index j in Bg g ; denotes the
weight with respect to H, so that [H, Bg g ;] = jBg,,;. Moreover, the matrix Bg ¢
can be written as %30 — 28,07 — %g’ﬂ’ozz, and is block-diagonal with respect
to the previous decomposition (¢, k) of the frame eg, and the diagonal (¥, k)-block
of D350 is P2p ¢ + (—k + ¢/2)Id. In particular, the characteristic polynomial of
@Dpe(—1,0 28,80 is the right-hand side in

Let us denote by A(z, z) the matrix g1 g |z|PL(x)1/?, with L(z) := |log|z|?.
By [16, Lemma 5.4.7] there exists on X* x Qg (up to shrinking X and Qo, as

D1n loc. cit., the matrix A is multiplied by e~*%; this is in fact not needed in the argument.
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defined in §1.d) a matrix S(x, z) with lim,_,o S(z, 2) = 0 uniformly with respect to z,
such that the frame

e:=e- Az, 2) ' (Id+S(z, 2))
is an orthonormal frame for 5. The matrix of 220, in this frame will enable us to

compute the left-hand side in the theorem.
This matrix is equal to

(Id4+S)"*ABA™Y(Id +8) 4 (Id +8) ' A2%0.[A~ 1 (1d +9)].

The second term is a multiple of 22 and will not contribute to 2,.
Let us note that the block (ABA™1)g 5 (8" # ) is equal to

(3-4) 2" ~PL(2)"* By sL(x) "7,

and tends to 0 when  — 0 (since, when 5’ < 8 and 3, 5’ € (—1,0], Bg/ g/ is locally
bounded and 1+ 8’ — 8 > 0). Then so does its conjugate by Id +S.

A similar reasoning can be done for ABBg,gyg,lAgl, which gives a decay at least
like L(x)~'/? when z — 0.

Now, Ang’g,oAgl = Bg 0, and the coeflicient of —z is 23 5,0, which is thus
equal to lim, .o 2,. This gives the conclusion. O

3.b. The wild case. — We now consider the setting of §2.g8 We then have the
following generalization of Theorem

Theorem 3.5. — Let T = (M', H#",%s) be a wild twistor D-module of weight w
polarized by &, satisfying the “no ramification” condition. We have the following
correspondence between Susy polynomials:

B3)(+) lim Susy 7 (T) =[] [T IISusygorgess (D).
p€z—1C[z—1] B€(—1,0] £20

Proof. — As in the proof of Theorem we will assume w = 0, .4’ = .#" and
& = (Id,1d). We will make an extensive use of [20] §§5.2& 5.4]. As in the tame
case, we start with a frame e 5, of Pf’ﬁ/// := P er) W% A 4 which is orthonormal
for Pf’ﬁ‘fs, for any ¢, 3, ¢. The matrix of 220, in this frame takes the form P%, 5 —
P, 8.0% — p%;rﬁ’ezz. The constructions of loc. cit. produce a frame € of //?I/X* which
is orthonormal with respect to €s (cf. [20, Cor.5.4.3]), and we wish to compute the
matrix of 220, in this frame. Let us recall the steps going from e to .

(1) We first lift, exactly as in the tame case, each of the frames e? ; to a frame
(€y,,8)p of %’A Argumg as in the tame case, the matrlx B of 228, in the frame e
takes the form €, B”7 where B“ decomposes as in . As remarked in §2.g| (after
(DEC/\)) we can assume that, when restricted to z = O the frame €|, is a frame
of A / ZJ// and is compatible with the corresponding (-decomposition, so B”(:E 0)
is convergent.



FOURIER-LAPLACE TRANSFORM II 17

(2) We then work locally with respect to z, and in small sectors in the variable x.
Let 7 : Y — X be the real oriented blow up of X at the origin, with S* = 7=1(0),
and let us set # =Y x Qy. Let us denote by 7 the sheaf of C* functions on %
which are holomorphic with respect to z and holomorphic on X* x €y. We then lift
the frame € to a @y ¢, , -frame, for any &, € S' and z, € Qo, and we get frames
“el8orz0) = (“eEi”’Z“))i. We can assume that, when restricted to z = 0, the frame
'Q{e‘(f"z’g) comes from a frame of ,//?7 I compatible with the p-decomposition. The
matrix “B(e:%) of 220, satisfies the following properties (according to [20, Lemma

5.2.6]):
(a) if 4,5 € I are distinct, the term “B{s**) is infinitely flat along S x Qg
in a neighbourhood of (&,, 2,) and, for z, = 0, ““Bg"’o)(m, 0)=0,
(b) for any ¢ € I, the term ”"Bi(f"’z") has an asymptotic expansion equal to
Eii when « — 0 near the direction &,, uniformly with respect to z € nb(z,) and,
for z, = 0, ”"Bi(fmo) (x,0) does not depend on &, and is holomorphic with respect
to z (it takes the form at z = 0).
It is then clear (after the tame case) that the limit, when 2 — 0 in the neighbourhood
of the direction &, and z € nb(z,), of the characteristic polynomial of the coefficient
of —z in “B(ée:%) ig equal to the RHS in
(3) We now define the local untwisted C™ frame e(é0:20) = “e(8o20) . A=1(z, 2),
where A = @, A;; and each Aj;; is as in the tame case. Let “B(é:%0) he the matrix
of 220, in this frame. The non-diagonal blocks wBi(f“’z") for 4 # j remain infinitely
flat when z — 0 in the direction &,, as A and A~! have moderate growth. Moreover,
the z-constant term ~B(0)(z,0) of "B (z, 2) still satisfies ~ B9 (z,0);; = 0 if
i # 7, as A is diagonal with respect to the ¢-decomposition. Moreover, as in the tame
case, B9 (x,0);(x,0) has a limit when x — 0. Then the same argument as in
the tame case shows that the limit of the characteristic polynomial of the coefficient
of —z in "B>:%) is the same as for “Bé>-%e) hence is equal to the RHS in
(4) We globalize the construction, by using a partition of unity with respect to &,
and by using the argument of [16] lemma 5.4.6] (cf. [20, Lemma 5.2.11]), to get a
frame €. The base change from any e(¢>:#) to e takes the form Id 4+ R(¢%0)(z, 2), with
R(&o:%0) satisfying lim,_,o L(2)° R(¢>»*) = 0 uniformly with respect to z € nb(z,), for

some ¢ > 0. We also note that we can achieve R(€0-9)(z,0) = 0 in the base change, as
(5070)
0

==

the frame “e

e‘(fo:’g); moreover, the argument of [16] lemma 5.4.6] gives a contribution equal to Id

at z, = 0 for the base change. Therefore, the conclusion of holds for the matrix
"B of 220, in the frame €.

(5) Now, the base change from € to € given by [20, Prop. 5.4.1 and (5.3.2)] takes
the form

is already globally defined with respect to &, and so does the frame

e=¢-(Id+S'(x,2)) " (Id +Us(z)) ! diag(e*? Id),
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where S’(x, z) is continuous and holomorphic with respect to z on X* x nb({z < 1}),
and satisfies S'(z,0) = 0, and Uy(z) is continuous with respect to x € X, Up(0) = 0,
and Uj is diagonal with respect to the p-decomposition. As we are only interested
in the coefficient of —z in the matrix “B of 220, in the frame €, and as the matrix
of the base change is holomorphic with respect to z, it is enough to consider the
corresponding coefficients in the conjugate matrix

diag(e™*% Id)(I1d +Uy(z))(Id +8'(x, z)) - ~B(z, 2)
~(Id+S8' (2, 2)) " (Id +Up(z)) " diag(e*#" 1d).
Let us set “B(x,2) = B (z)—2"BW(z)+--- and §'(z,2) = 28"V (x)+---. On the

one hand, we know that ~B(©) (z) is diagonal with respect to the p-decomposition and
has a limit when x — 0, and the limit when  — 0 of the characteristic polynomial

of "BW is the RHS in [(3.5) (+)|

On the other hand, S’ defines a continuous map X — Maty(L?(S)), and, as such,
S’(0) = 0 (cf. [20, Prop.5.4.1]). Therefore, the (Fourier) coefficient S (x) is a
continuous function of x and has limit 0 when = — 0. We thus have

(I1d +Up(z))Id +5" (2, 2)) - B - (Id+8" (2, 2)) " (Id +Up(z))
= (Id +Up () " BO (Id +Up(x))~?
— 2 (1d+Up(z)) CBW + ["BO, s'W])(1d +Up(2)) ™ + -+
As the z-constant term above is diagonal with respect to the p-decomposition, it

commutes with diag(e*?7 Id) and therefore is not altered by the conjugation by this
matrix. It follows that the coefficient of —z in "B is

(1d+Up(z)) ("BWY + ["B©, ‘0] (1d +Up(z)) L.

As lim, o[ B, 8’M] = 0, the limit, when 2 — 0, of its characteristic polynomial
(that is, the LHS in (3.5 ()], is thus equal to the limit, when z — 0, of the charac-
teristic polynomial of ~B™) (z), which we know to be the RHS in |(3.5) (+)| O

4. A review on exponential twist and Fourier-Laplace transform

In this section, we review some results of [19]. The base manifold X will be P!
with its two affine charts having coordinates ¢ and t'. We will denote by 2! the
corresponding manifold 2~ as in the notation of

4.a. De Rham cohomology with exponential twist for twistor Z-modules

Although we do not gain much by simply attaching a polarized variation of twistor
structure to a polarized variation of Hodge structure, the advantage is clearer when
we apply an exponential twist and integrate.
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De Rham cohomology with exponential twist. — Let M be a ZPpi-module and M=
M(*00). The exponentially twisted de Rham cohomology is the hypercohomology
on P! of the complex
—t ~ V—dt -
DRM®E™") :={0 — M ——— M — 0},
that we denote Hjjg (P, M ® &7%). If we assume M to be Zp1-holonomic, then M :=
['(P*, M) is a holonomic C[t](d;)-module and the previous hypercohomology is the
cohomology of the complex
Oy —1
(4.1) 0— M —>M—0
and has cohomology in degree one only, this cohomology being a finite dimensional
C-vector space. Its dimension is computed in [I0, Prop. 1.5, p. 79]. If M has a regular
singularity at infinity, this dimension is equal to the sum (over the singular points at
finite distance) of the dimension of vanishing cycles of DR M.

Exponential twist of a twistor Z-module. — We will use the notation of Let .4
be a left Zz1-module (#1 = P! x Qy). We denote by M the localized module
K1 (¥00) @z, M. We set Et* = Oz (x00) with z-connection zd — dt. The
exponentially twisted % z1-module Y7 is & /* Q6 1 (x00) ///A/equipped with its nat-
ural z-connection.

It is useful to introduce the category Z%- Triples(P!), whose objects (.#Z”, .#",6s)
consist of Z g1 (x00)-modules with a pairing taking values in the sheaf of distributions
on (P'\.{co}) xS which have moderate growth at {oco} xS (i.e., which can be extended
as distributions on P! x S) and depend continuously on z € S.

If we remark that, for z € S, the C™ function e /% . ¢"/% = ¢#~t/= hag mod-
erate growth as well as all its derivatives with respect to ¢, when t — oo, we
can associate to an object I = (', . M",%s) of %-Triples(P!) the object £7 =
Ea' Ea", e? =765 of Z- Triples(P*).

Let now .7 be a polarized twistor Z-module on P'. Then the previous construc-
tion can be refined to give an object £7 = (L', La", ¥6€s) of %- Triples(P'). The
regularization F%g of e*'~1/?%g is obtained by specializing #€s, whose construction
is recalled in at 7 = 1. Let a be the constant map on P'. The following is proved
in [I5] (and its erratum):

Theorem 4.2 (Exponentially twisted Hodge theorem). — If (7 ,.7) is a polarized regu-
lar twistor 9-module of weight w on P*, then 7#°af'7 is a polarized twistor structure
of weight w. [

4.b. Fourier-Laplace transform (cf. [L6, Appendix]). — We continue to work
with the projective line P! equipped with its two charts having coordinates t and t/,
and we consider another copy of it, denoted by P!, having coordinates 7, 7’. We will
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set oo = {t' = 0} and &0 = {7’ = 0}. We consider the diagram

P! x P!

(4.3) / X

P! P!
Let .# be a good Zgi-module (in the sense of [16 §1.1.c]). We set Z# :=
P (x30) @ E71T/7 (cf. [16] §A.2]). We know (cf. [16, Prop.A.2.7]) that Z# is a
good Z(¥0)-module, where Z = P! x P! and & = Z x Q. Taking direct images,
P77 is a coherent Z z (x59)-module.

Let T = (', #",%6s) be an object of %- Triples(P!), such that .#', .#" are
R p1-good. Then 77 is defined as (24, 70", 7€s), where 24", 74" are as above
and 7% is defined in [16] p. 196] (note that the twist for s needs some care). The
fibre at 7 = 1 (suitably defined as nearby cycles) of %7 is identified with ©7. The
Fourier-Laplace transform 7 of 7 is defined as the direct image of %7 by p.

Let us assume that 7 is integrable. Then (cf. [I6, Rems. A.2.9 & A.2.15)), 7.7 is
also integrable.

Lemma 4.4. — The action of 220, on Z# = p+<//7(*65) ® &1T/% satisfies, for any
local section of M ,

(220, +70.)(m® &7/7) = (220.m) @ &7/

Proof. — This directly follows from the definition of the actions (cf. [16, A.2.2 &

A.2.3)). O
Let us also notice that one gets a similar relation with the coordinate 7/ by using

the relation 70, = —70,.

4.c. Fourier-Laplace transformation of twistor Z-modules. — Let (7,.)

be a polarized regular twistor Z-module of weight w (in the sense of [16] or [11])
on P!. The Fourier-Laplace transform (:9\, 5/’7) is an object of the same kind on the
analytic affine line A! with coordinate 7, after [15] and [I8]. Moreover, it is smooth
on the punctured line Al {r = 0}, and its restriction at 7 = 1 is naturally identified
with #%a f7.

In [18, Cor. 5.20 & Prop. 5.23], we also show an “inverse stationary phase formula”
computing the nearby and vanishing cycles of T at 7 = 0 in terms of the nearby
cycles at t =0 of 7.

Let us moreover assume that (7,.7) is integrable. Recall that a denotes the
constant map P! — pt. The basic comparison result [I8, Cor.5.20 and Prop. 5.23],
together with Lemma [4.4] gives (cf. for the notation):
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Proposition 4.5. — We have natural isomorphisms of integrable polarized pure twistor

structures of weight w+ £ (¢ € Z, B € (—1,0) for the first line):
(g} W1 7,220, + B2) = (gx}! W), 7, 2°0.),

(-5)(+) M —15 .2 M 1,0 2

(gré ¢; y7z az_z) = (gré \I/t/y7z 82)

and we also have

(14.5]) (xx) (P gr)! \Ilgf 220,) ~ (# 0, T, 2%0,).

In Appendix |A| (Theorem , we show that the Fourier-Laplace transform 7 on
A! naturally extends as a wild twistor Z-module (in the sense of [20], cf. also [12])
near 50 € P! and we relate the corresponding nearby cycles with the vanishing cycles
of 7 at its critical points (“stationary phase formula”):

Corollary 4.6 (of Theorem[A.1}, (A.11)) and (A.12)). — For any c € C, we have natural

isomorphisms of integrable polarized pure twistor structures of weight w + ¢ (£ € Z,
B € (—1,0) for the first line):

(@ O T 20, — (B+1)2) = (@) UL,,.7,2%0.),

(gr)! \IIC{T/’Oé\, 220, — z) ~ (gr)' ;.. 7, 220, — z).

T

(4.6) ()

5. Twistor structures and Hodge structures

In this section, we make explicit the functor Tw which associates to any polarized
complex Hodge structure (resp. variation of Hodge structure, resp. polarized complex
mixed Hodge structure) an integrable polarized twistor structure (resp. ...). In this
section, Y will denote a complex manifold, X will denote a disc with coordinate x
and X* will denote the punctured disc X ~\ {0}.

5.a. The integrable variation attached to a polarizable variation of Hodge
structures. — Let (V, V) be a holomorphic vector bundle with an integrable holo-
morphic connection on a complex manifold Y. Let us assume that (V, V%) underlies
a polarized variation of Hodge structures of weight w. The C'"*°-bundle H associated
to V comes equipped with a flat C°° connection D = YV + d” and a decomposition
H = ®,HP" P indexed by integers. There is a D-flat sesquilinear pairing k on H such
that the decomposition is k-orthogonal, and the sesquilinear pairing h such that the
decomposition is h-orthogonal and h = i~ (—1)Pk on HP" P is Hermitian positive
definite. As usual, we set FPV =), H"""".
For any j € %Z, the Tate twist is defined as

(V,Y,F*V, k,w)(j) :== (V, ", F*V,i %k, w — 27).
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We denote by #' = Rpp, )V, " = RpV, the Rees modules associated to

Flw]'V := F*T*V and F*V, that is:
H' = @PFwPz? =@ "TH" 2],
P T

5.1

(5-1) H" =@FPz P =@z "H" "[2].
P T

We denote by Rpk the map naturally induced by k on Rp,)V ®c[,,.-11RrV with val-
ues in 69°[z, 27 1]. We associate to this variation the triple J = (Rppw)V, RFV, Rpk).
We set . = (57,5") with S, 5" : " — ', S” is the multiplication by z* and S’
by (—=2)".

The integrable connection V is defined as Y/ +d’. We note that Rp/V and Rp»V
are stable by 2V, (reflecting the fact that % = 0). In particular, the action of 220,
enables one to recover the grading of RpV, hence the filtration F*V. The following
is easy:

Lemma 5.2. — The object
Tw(V,F*'V,k,w) = (7 = (Rpp,V, RpV, Rpk), .7, 2°0,)
is an integrable polarized variation of twistor structures of weight w. O

Remark 5.3. — According to the convention made in Remark the functor Tw is
compatible with Tate twist (that is, [Tw(V, F*V,k,w)](j) is canonically isomorphic
to Tw[(V, F*V, k,w)(j)].

Lemma 5.4. — Let (7 ,.%) be the integrable polarized twistor structure of weight w at-
tached to a polarized Hodge structure of weight w (in particular, the “no ramification”
condition is fulfilled). Then

SP%(T) = Susy »(T) = SP%(T).

Proof. — According to one can assume w = 0. On the one hand, % = 0, so
2 is conjugate to the opposite of the residue at z = 0 of 0, acting on RpV. As 20,
acts as —pld on F?27P, we find that Susy 5 (T) = [[ (T — p)dimerk,

We now have G = Clz,27!] ®c H and VPG = 27 PC[z7!] ®c H (for the V-
filtration at z = 00). Then shows that (using the notation in Definition
v, = dim H»"? = dimgr’,, hence the first equality. On the other hand, the V-
filtration at z = 0 is given by VPG = 2PC[z] ®c H and G has a regular singularity
at z = 0, so there is no nontrivial exponential term in the decomposition . We
then have (using the notation in Definition to,p = dim H~PP, hence the second
equality. O

5.b. Integrable twistor structure attached to a polarized complex mixed
Hodge structure

Let V, be a complex vector space equipped with a filtration F*V,, a nilpotent
endomorphism N, and a sesquilinear pairing k,. We denote by M, the monodromy
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filtration of V, associated to N,. Let w € Z. We say (cf. [24,[9]) that (V,, F*V,, ko, N,)
is a polarized complex mixed Hodge structure of weight w if the following conditions
are fulfilled:

(1) ko is (—1)*-Hermitian and N, is skew-adjoint with respect to ko,

(2) N, F*V, C F*~1V,,

(3) if we set FPV, = (Fw—r+1V,)L (which also satisfies NFPV, C FP~1V,), then
(F*V,, F*V,,M.) is a mixed Hodge structure of weight w,

(4) the object (Pgri'V,, F*Pgr)! V,, ko(s,N£e)) is a polarized complex Hodge
structure of weight w + /.

Remark 5.5 (cf. 22| Lemma 2.8]). — If (V,, F*V,, k,,N,) is a polarized complex mixed
Hodge structure of weight w, then there exists an increasing filtration ﬁ,Vo which is
opposite to F*V, (i.e., V, decomposes as @p PN f'p) and which satisfies N, F.V, C
ﬁ.,lVo (in particular, ﬁ.VO is stable by N,). Indeed, V, is bigraded by Deligne’s P-4
(cf. [3]) with

P9 = (FP N Wpiq) N (Fq NWpiqg+ 25 FI79 0 Wp+q_j_1),
where Wy := My ¢, and FPV, =D, D, 177, We can set ﬁpVo =D, <, D, v,

Definition 5.6. — For a polarized complex mixed Hodge structure (V,, F*, ko, N,) of
weight w, we set Tw(V,, F*, ko, No) := (7 ,.%, N, 2%0,) with

(1) J = (Rppw) Ve, RrVs, Rrk,) (an object of Z- Triples(pt)),
(2) 7 = ((—2)",2") (a sesquilinear duality of .7 of weight w),
(3) A+ T = T(—1) defined as A = (2N,, —2N,),
(4)

4) 220, is the natural derivation on Ry Vo, REV,.

Lemma 5.7. — If (V,,F*,k,,N,) is a polarized complex mized Hodge structure of
weight w, the monodromy filtration of zN, on RpV, is such that gr?/[(ZN”) RpV, =
Rp gri}/l(NO) V,. Moreover, the object (grtM 7, etM .#) is a graded Lefschetz twistor
structure of weight w (cf. [16l §2.1.e]). Last, we have a canonical isomorphism of
objects of weight w+ ¢ (£ > 0):

P o) Tw(V,, F*, ko, Ny) —= Tw[P gr) (V,, F*, ko, N,)].
Proof. — Let us indicate the proof for the last part. We can reduce to weight 0 by

twisting by w/2, and also to . = (Id,Id). The left-hand side in the formula is by
definition (cf. [16, Example 2.1.14]) given by

Ti = ((2N,)'RpP gr)' V,, RpP g} V,, Rrk,), %1 = ((2N,)", (—2N,)Y),

and the action of 220, is the natural one. According to Lemma the right-hand
side is given by

Ti = (RpgP grd Vo, RpP gt Vi, Rpko(s,N2e)), T = ((—2)", "),
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and the action of 220, is the natural one. If one notices that RpgP grﬁ/I V, =
2RpP grMV,, then one checks that ¢ := ((=N,)*,1d) : (%, %) — (:%/, 57;) is an
isomorphism. O

Let us note that, by definition, for (.7,.%, .4, 220,) as in Deﬁnition the object
(erM 7, arM .7 oM, 4 220,) is a polarized graded Lefschetz twistor structure of
weight w and type —1 (cf. [16, §2.1.e]). For such an object, there is a reduction to
weight 0 and type 0 (cf. loc. cit.) giving rise to a polarized (graded Lefschetz) twistor
structure of weight 0 (and type 0). This structure remains integrable and therefore
comes equipped with a Susy polynomial. We denote it by Susyry(v, ek, n,)(T)-

Lemma 5.8. — Let (V,, F*,ko,N,) be a polarized complex mized Hodge structure of
weight w. Then

SP’%OW(VO,F°,I€G,NO)(T) = SuSYTw(VO,F',kO,NO)(T) = SPOTW(VO,F',kO,NO)(T)'

Proof. — Each gr%/[ Z comes equipped with a polarization ., defined from that on
the various Pgr%fI 7 by using the Lefschetz decomposition, making it a polarized
twistor structure of weight w + ¢ (cf. [16, Rem. 2.1.15]), and one has

SUSYTW(VO,F°,I@D,ND)(T) = H SusyngM Tw(VO,F’,kO,NO)(T)‘
LeZ
On the other hand, because each gr)! RpV, is a free C[z]-module (being equal to
Rp gry!' V,) we have such a product formula for SP? and SP*, according to Remark

Then Lemma applies. O

Definition 5.9 (Vanishing cycles, cf. [9] Prop. 2.1.3]). — Consider a polarized complex
mixed Hodge structure (V,, F*,k,,N,) of weight w. The vanishing cycle polarized
complex mixed Hodge structure (f/{,,ﬁ’,fl;o,ﬁo) of weight w + 1 attached to it is
defined as follow:

Vo=NoVo, F'=NoF*,  ko(Now, Noy) = ko(w,Noy),  No =N,
5.c. Extension of Tw through a singularity. — Let (V,VV) be a holomorphic
bundle with connection on the punctured disc X* underlying a polarized variation of
Hodge structure of weight w. We are in the situation considered in According
to Lemma (7 = (Rpp)V, RrV,Rpk), ) is a polarized variation of twistor
structures of weight w on X*. We will indicate how to extend it as a polarized
twistor Z-module on X.

According to Schmid [24], the @ [z~ !]-submodule M of 4,V consisting of sections
whose h-norm has moderate growth at the origin is locally free and the connection V
extends to it with regular singularities. We denote by M the Zx-submodule of M
generated by local sections v whose h-norm is bounded by C|z|~**¢ for some C > 0
and € > 0. It is known that M is a regular holonomic Zx-module, which coincides with
the minimal extension of J\~/E, so DRM is the intermediate extension (or intersection
complex) of the local system Ker V7 on X*. Moreover, the filtration F*V extends to
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a filtration of M by holomorphic locally free &x-modules, and then to a filtration of
M, which is a good filtration when we consider it as an increasing filtration. Lastly,
the flat sesquilinear form % defined from the metric h extends as a Zx ®¢ Px-linear
pairing k : M ®RcM — Dby.

We can apply the Rees construction Rp to these data.

Proposition 5.10 (cf. [19] §3.g]). — The object
(y = (RppM, RFM, Rpk),y)
is an integrable polarized twistor P-module of weight w on X. O

Definition 5.11. — We will call such an object a polarized complex Hodge Z-module
of weight w.

5.d. Nearby and vanishing cycles. — We will set FPVPM := FPM N VPM. In
particular, for any k > 0, 2* FPVAM c FPVATEM.

Assume that (M, F*M) underlies a polarized complex Hodge Z-module (cf. Definition
[5.11)), then (cf. [21} §3.2] and [19] §3.d])

VB>—-1,VpeZ FPVPM = " FPNVM

(5.12) FPN — Z 81 FPHiy>=1,
7>0

In particular, as a consequence of the first line of (5.12]), we have

(5.13) VB >—1,Vp, Vk >0, 2FFPVAM = FPVATEN.

Moreover, z0; : gr‘B,M — greM strictly shifts the filtration F'* by —1. It is an
isomorphism if 5 # 0.
As a consequence of the results recalled in §2.1] we find:

Corollary 5.14. — If (7 ,.%) is a polarized complex Hodge P-module of weight w then,
for any B € (—1,0],

(1) U5.T = (Rpp)i M, ReyyM, Rpylk),

(2) This equality is compatible with the natural actions of 220, on both terms, and
therefore 20, acts on V2.7,

(3) (VBT WB.7 N, 220,) is a polarized complex mived Hodge structure of
weight w. [

Let us notice that can be regarded as a reformulation of Theorem (6.16)
in [24], and is similar to Corollary 1 of [2I] on a punctured disc. Notice also that,
compared to [21], the choice of the behaviour of weights by taking nearby/vanishing
cycles is not the same here and in [16], as we are working with complex Hodge
structures, and we can use Tate twists by half-integers (see also the vanishing cycles
below, which also has to be compared with Corollary 1 of [21]).

For vanishing cycles (cf. [16], §3.6.b]) we find:
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Corollary 5.15. — For (7,.%) as above, (p;* T, ;1S , N, 220, — z) is a polarized
complex mized Hodge structure of weight w.

Sketch of proof. — According to [16] Cor.4.1.17] (and to an easy consequence of
§4.2 of loc. cit. for the polarization), the object (¢;1.7(—1/2), ¢, .S (—1/2), /) is
isomorphic to the image of A" : J — 7 (—1) and gives rise, after grading with respect
to the monodromy filtration, to a graded Lefschetz twistor structure of weight w + 1.
In order that the morphism %an of [16, Lemma 3.6.21] is compatible with the action
of 20, (giving the grading), we should equip ¢, 17 (—1/2) with the shifted naturally
induced action 20, — 1. Then (¢, 1.7 (~1/2),¢;1.7(~1/2), 4" is isomorphic to Tw
of the vanishing cycles (as defined in of the polarized complex mixed Hodge
structure Tw™H(UP.7 WP #). Applying a Tate twist (1/2) we find, according
to our convention on Tate twist (Remark , that (¢, 1.7, ¢ LS, N, 220, — 2) is
(isomorphic to Tw of) a polarized complex mixed Hodge structure of weight w. [

5.e. Exponential twist of an integrable twistor Z-module. — Starting from
a variation of polarized Hodge structures (V, F*V) on U C Al, Proposition
produces a complex Hodge Z-module J = ((RF[W]M,RFM, Rpk),y). Localizing
away from oo and taking global sections produces a filtered C[t](9;)-module (M, F* M)
with a pairing taking values in tempered distributions on A! depending continuously
on z € S.

As integrability is preserved by direct images (cf. [16, Prop. 7.1.4]), we can apply
Theorem together with Proposition [5.10

Corollary 5.16. — If (7,.7) is a polarized complex Hodge 2-module of weight w on
P!, then s a, Y7 is an integrable polarized twistor structure of weight w. O

Although we did not give the precise definition of the direct image functor a
(cf. [16] §1.6.d] for more details), one can notice that, according to the strictness
property of polarized twistor Z-modules, the restriction to z = 1 commutes with
taking a;. In other words, the vector space corresponding to the polarized pure
twistor structure #°a, f7 is the cokernel of 9, —1: M — M.

Another expression of the exponentially twisted de Rham cohomology. — One can
give a more explicit expression for #%a,£7 considered in Corollary We will
recall it below. For simplicity, we will assume that w = 0.

We can extend the correspondence of to objects with a sesquilinear pairing
as follows. Let (M, F*M) be as in §l.c/ and let us moreover assume that M comes
equipped with a C[t](d;) ®c C[t](0;)-linear pairing k : M ®c M — .#’(A!) with values
in the Schwartz space of temperate distributions on Al. To (M, F*M, k) we associate
a Hermitian twistor structure (¢, #',%s):

. we set ' = GBF)’an (the analytization of the object defined by (1.11)));
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. composing k with the Fourier transform of temperate distributions with kernel
eI Ldt A dt induces, by restriction to S := {|7| = 1} = {|z| = 1}, a sesquilinear
pairing %y : jf"’s ®os jﬁ's — Os.

Moreover, this twistor structure is integrable (by using the action of t = 220,
on G(F))
0 )

Lemma 5.17 (cf. [19) Lemma 2.1 and §2.c]). — The twistor structure (', ', €s) is
the exponentially twisted de Rham cohomology of the object (RpM,RpM, Rpk) of
Z%- Triples(Pt). O

In the case where (M, F* M, k) comes from a polarized variation of Hodge structures
of weight 0 on U as explained at the beginning of this paragraph, we get from Corollary
0. 10l

Corollary 5.18 (cf. [19, Cor. 3.15]). — Under the previous assumption, the integrable
twistor structure (', ', €s) associated to (M,F*M,k) is pure of weight 0 and
polarized. [

Remark 5.19. — The previous description makes it clear how to compute the conju-
gacy class of the endomorphism % of indeed, this is the conjugacy class of the
restriction of 220, to S’ /2. Tt is therefore equal to the conjugacy class of ¢ act-
ing on GBF) / ZGE)F). Its eigenvalues are the singular points of M (at finite distance).
Therefore, in general, it is not a multiple of Id, and the integrable twistor structure
(', A, 6s) does not correspond in the usual way to a polarized Hodge structure.

5.f. Fourier-Laplace transformation of variations of polarized Hodge struc-
tures. — We will make explicit the behaviour of the functor Tw under Laplace
transform. We will work with the associated C[t]{J;)-modules.

Let (M, F*M) be a regular holonomic C[t]{(0;)-module with good filtration. Let
us consider the Rees module RpM, which is a CJ[t, z](d;)-module, and its Laplace
transform R/FJ\\4, which is a C|r, 2](0,)-module. Recall that RpM = RpM as a Clz]-
module and that 7 acts as 0; and 0, as —t. Notice that R/FJ\\J can be obtained as the

cokernel of
Clr] @c ReM =T Clr] @c RpM

by the map 3, ™ @ my — > k>0 d¥my, and the natural action of C[r, 2](d,), as
well as the action of 220,, are obtained by conjugating the usual actions by &~t7/%,
In particular, the action of z0, on m coming from the identification with Rp M
and which gives the grading of this Rees module corresponds to the action denoted
20, ® 1 in Lemma and the natural action of 220, is that given by this lemma.

Let G((JF) be the Brieskorn lattice of the filtration F*M (cf. (L.11))), that we will
denote by Gy for short.
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We will be mainly concerned with mloc = Clr, 771, 2] Qcpr,z m Recall
(cf. [19] Lemma 2.1]) that Er]\\iloc ~ C[r,77 ] ®c Go, where, on the right-hand side,
the C[r, 771, 2](d, )-action is given as follows:

« the C[r, 7~ !]-structure is the natural one,
. the action of z is by 7 ® 9; ',
« the action of 3, isby z- (0, ®1) — 1 ® .

Recall that G := M [0, 1] is a C[0, d; ‘]-module with connection. In the following
we will use the notation 6 = 9;, ¢’ = 9; * (with the identification above, ' = 27’ with
' = 771). We will denote by V, G the V-filtration of G at 9; = 0 and we will set
Yg G = gry, G. Similarly, we denote by VjiG the V-filtration at 0, =0 and we set
@[JS,’VG = gr?,gl G. For any ¢ € C, we also set ¢;//0’,7G = grﬁ(/el(G @&y, As G
has a regular singularity at § = 0, each V;'G is C[f]-free of finite type, while, as the
singularity at 0" = 0 is usually irregular, each V,)G has finite type over C[¢'](6'0y).
If the G{* are the regular formal modules entering in the decomposition analogous to
for G", and if ¢ is the index i such that ¢; = 0, then gr%, G = gr?,el G}

Lemma 5.20. — The C[r,771, 2](3,)-module R/F]\Wloc is strictly specializable at 7 =0
and T = oco. The V -filtration is given by

(¥)oo VIRpMy. = @ 7 ® (Go NV; 7*G) = Ren V) G,
keZ

(*)o VIRpMe = @ 7% @ (Go NV " Q) ~ Rgm VG,
keZ

Proof. — Let us denote by U;YR/F-Z\\LOC the right-hand side in (%). Let us set Gy, =
¢'~*Gy C G. This is an increasing filtration of G by C[f']-submodules. Let us fix
v € R. Then, for k£ < 0, we have G}, N VG = {0} and, for k > 0, G, NV, G =
Gr-1NV)G+ G N V97+1G (the last equality expresses that v, (Go) = 0 for a < 0,
cf. [17]). If we consider G, NV, G as a filtration of the C[#]-module V,'G compatible
with the filtration deg, C[f] by the degree in 6, these two properties are equivalent
to saying that G, N V,'G is a good filtration, or equivalently that the Rees module
Ram V) G = @47 (Gr NV) G)2" is a Ryeg C[0]-module of finite type. According to
the definition of the action of z above, we identify RgesC[0] with C[r, z] and Rgm V,'G
with UY R/F-Z\\f locs hence the finiteness of UY m loc over C[t, z].

Moreover, we get in the same way an identification of gr?JT m loc With the Rees
module Rg(r) gry, G. In particular it is C[z]-free of finite rank, hence the strictness
property.

As tV,'G C 97V G = V) '@, we have

73,(1®[GoNV,'G]) = -7 @ t[Go NV, G] C T® [Go NV, G,

showing that Uﬂmloc is stable by 70,. Similarly, one shows that, for N > 0,
(19, —y2)NUYRp Moo C UZYRp M. This gives (%)s (cf. [16, Lemma 3.3.4]).
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For (*)o, the argument is similar. It is easy to check that RgmV, G is a
C[7’, 2](r'd,+)-module, and that 7/0, — vz is nilpotent on Rq ) gr?,el G, which has
no C[z]-torsion by definition. The only new point is to check that Rgr V) G has
finite type over C[r/, z](7'D.).

Let ko be such that Gi, C V,/G and, for any k > ko, let e be a finite system of
Cl#']-generators of G NV, G. Recalling that 6" acts as 27’ on RV, G, we find
that, for any ki > ko, @y, 2 (Gr NV, G) is contained in the C[7’, z]-submodule of
RV, G generated by the z7e;, j = ko, ..., ki.

On the other hand, the formula for the action of @, given above implies that 79,
acts on RgmVy G by z - (0'9p + k) on 2*(Gy, NV, G). We will show that, for k;
large enough and any k > ki, 2"(Gx NV, G) is contained in the C[r/, z](7'd,/)-module
generated by zFiey, .

We claim that

(a) There exists k1 such that, for any k > ki,
GLNV™G = 009/ (Go NV G) + Gon VTG

Note that this is equivalent to Gy11 NV,/G = 0’9y (G NV, G) + G, NV, G. If
k = k1, such an equality implies z*' (G, 11NV, G) C (C[r', 2]+C[r', 2|70, ) 2*1 ey, .
Iterating the argument gives the desired inclusion.

We will prove Claim @ by working at the formal level. As it is clearly true away
from ¢’ = 0, it is enough to prove @A, that is, (ED after tensoring with C[¢'].

Firstly, by uniqueness of the V), -filtration, we have (V,/G)" = V,/(G"). Moreover,
(Vg G NGy = VyG)" NGy in G" [indeed, use that this is clearly true for +
instead of N and that C[#'] is flat over C[¢#'], and apply this to (V)G + Go)" /G =
(Vg G)"/(Vg/G N Gp)"]. Therefore, it is enough to prove (a])".

Notice now that Claim @ is equivalent to

(b) There exists k; such that, for any k > ki,

0209 = V(G0 /0'Go) — VT (Go /0 Go)
is onto.
Similarly, ()" is equivalent to (b)”. Recall that G" decomposes as G, &G}, and

reg irr

that VG and G decompose correspondingly. It is thus enough to prove (]ED/\ on

each term. On the regular part, there exists k; such that V% (Gleg.0/0' Grego) =0
(because 1/97,+kGrAeg has finite type over C[¢']), hence both terms are 0 in (b)". On
the purely irregular part, V) GA, = Gh, for any v, and 6?9) does not have the
eigenvalue 0 on G{}, ,/0'GY,  (cf. Remark 7 hence it is onto. O

For the remaining of this section, we assume that (M, F* M) is also equipped with
a sesquilinear pairing k such that (M, F'* M, k) comes from a polarized complex Hodge

2-module on PL.

Corollary 5.21. — Tsc (10 [rez SP;y v = SP?&F)(T)-
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Proof. — For g € (—1,0], let G(F)>'1/15G be the filtration naturally induced by G(¥)*.
As a consequence of the identification V) RpM,. with RgumV, G, we get, for any
B S (_170]7

(5.22) VRpM = Rowm V5G.

Note however that the natural action of 220, on the left-hand side differs by 70,
from the action on the right-hand side defined from the z-grading (cf. Lemma .
Nevertheless, by our assumption on (M, F*M), the graded pieces of \IIER/F]\\4 with
respect to the monodromy filtration are strict (i.e., C[z]-free), and at the level of
grM. 220, on the left-hand side differs by 3z from the action on the right-hand side.
Because of freeness and uniqueness of the monodromy filtration, we have

e PR M = Reor grdt 9 G.

On the other hand, as the action of 0, has a simple pole on RGw)ng, we can apply
Remark [1.9] to get

11 SPoy g (T + ) = SPE e via(D) =SPL wia(T).
LEL LEL

Recall that, if we set

vianGgy
" VPanGEr 4 VG N GEIwpHL

we have, as in the proof of Lemma and by Definition and (|1.3)),

SPRG(F)ng(T) =[[@-pyr

Vg,p =di

pEZ
and SPeim (1) = II II@-8-pye-.
Be(—1,0] p€EZ
This gives the desired equality. O

We now consider the specialization at 9; ' = 0. Let G be the formal microlocalized
module attached to M at —c;. Let p; be such that FP*M generates M as a Z-module
near —c;, let G(-FO ") be the saturation by 6’ := 9; " of the image of FPiM in G} (by

tensoring with Zf:ormal microlocal differential operators of order zero), and let us set
ng) = @'~pi ngpi), which is independent of the generating index p; (cf. . Then
it is known (cf. e.g. [I4, Prop. V.3.6]) that the Levelt-Turrittin decomposition
for GéF) has components ., = G%). We have Gl(-F)’°z/Jg,GiA = G<F>"z/)§f/"””G.

Corollary 5.23. — For any i,

| I | I 0 _ 0
Be(~1,0)0 ZSPgrﬁ‘ v/ oem ) = 8P (1)
e(—1, €
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Proof. — We will show the result for ¢; = 0. The same argument applies for any ¢;
after twisting by g=ci/? or &=¢i/*™" We denote by ip the index ¢ such that ¢;, = 0.
From (x)o we get, for any 8 € (—1,0],

\IJ?_’/ﬁR/F]\W = RG(F)'[/)g/’ﬁG = RG(_F)wg,GA
io

i0)

and this equality is compatible with the action of 220, — 7/9,, on the left-hand side
and that of 220, on the right-hand side (cf. Lemma [4.4). By our assumption on
(M, F*M), we know from Appendix |A| that the graded pieces of \I!i’}o /T,”BR/F]\\4 with
respect to the monodromy filtration are strict (i.e., C[z]-free). The same property

holds for the right-hand side above, and going to the graded pieces, we find that the
equality holds with 220, action on the left-hand side shifted by —3z. Arguing as for

Corollary we find

0 _ 0
11 SP_ w0 (T —8) = SPRG(F) vhGh (T).
LEZ io

Setting now

VpGh nGior

i = A0 s o G Ly G 1 G
0’ i i 0’ g 10
we have
SP?% RN AIEN (T) = H(T —p)ftotr
al 6/ ~ig
i PpEZ
and SPYr (T)= [ J[@+8-pHorr,
f0:0 Be(—1,0] pEZ
hence the result. O

6. Deligne’s filtration

In this section, we will be concerned with the first point considered in the introduc-
tion. Let us consider the setting of that is, a holonomic CJ[t](9;)-module equipped
with a good filtration F*M. Recall that M denotes the associated Zp: (*00)-module
with connection and M denotes its minimal extension across co. We will now assume
that M has only regular singularities at finite distance and at infinity.

We will keep the notation of but we will simply denote by G the C[9;']-
module G(()F) defined by . The spectral polynomial SP¢ (7)) is determined as
soon as we determine the number v, (Gy) for any v € R.

In §6.c, we will define Deligne’s filtration F}, (indexed by R) on M ® €, then
on the corresponding de Rham complex, and then on its hypercohomology. The main
result of this section will be:

Theorem 6.1. — Assume that (M,F*M) underlies a polarized complex Hodge 2-
module (cf. Definition . Then,
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(1) the spectral sequence associated to the hypercohomology of the filtered de Rham
complex Fyy DROM ® €7%) on P! degenerates at E;
(2) for any v € R, v4(Gp) = dim H' (P, gr};:l DR(M ® £71)).

Let us remark that the &pi-coherent sheaf gr}De1 (JV[@) &%) is supported at infinity
if v € Z.

6.a. Laplace transform. — We denote by P! the projective line with coordinates
0,0’ (that we do not denote by 7,7 as above at the moment) and by A! its chart with
coordinate 6. Recall that G = C[¢/,0'71] ®cor) Go (0 = o ! as above) is equipped
with a connection having a regular singularity at 6 = 0, defined as the multiplication
by —t. We denote by V,G the corresponding V-filtration, that we assume to be
indexed by R (this assumption is implied by the assumption in Theorem that
(M, F* M) underlies a polarized complex Hodge Z-module).
The exponentially twisted de Rham complex is quasi-isomorphic to

O—)G&G—)O,

which is quasi-isomorphic to
-1
—1
0—G—-——"G—0,
which in turn is quasi-isomorphic to
-1
—1
0— Go ——- Gy — 0.
In other words, the hypercohomology H{g (P',M ® £7%) is identified with the fibre
at 0’ =1 of the free C[#']-module Gy.
The V-filtration V; G enables one to define, in a natural way, a filtration
V*HLR (PL, M ® E7) by setting, for any v € R,
VIHER (PL,M® E7Y) =V (Go/(0' — 1)Gy)
:= image [Go NV, G — Go/(0' — 1)Go].
According to (|1.3]), we have
(6.2) v, (Go) = dimgr], Hhp (P, M ® 7).

Example 6.3. — Let us consider the case where M = CJ[t](9;)/(t0; — «) for some
a € (0,1). We regard M as corresponding to a variation of Hodge structure V' of type
(0,0) on Al \ {0} with filtration F*V given by FOV =V and F'V = 0. Let VM
denote the V-filtration of M at ¢ = 0. Then we set (cf. (5.12)) F'M = V" 'M,
F'M =0and, for £ >0, F*M =V "M + -+ o{V> ' M =V>"" M.

Denoting by [-] the class in M, we have [1] € VM, and F°M = CJ[t] - [0;]. We
also have M = G = C[0](09) /(098 + ) which is free of rank one over C[f,671], and
G(()F) =C[0~'] - [0]. As [0] is in V, *G, we finally get

1 ifvy=—«
(F) Y 9
v (G =

1(Go ) {0 otherwise.
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Let us consider the V-filtration V'm loc (cf. Lemma. Notice that, for any
v € R, the multiplication by 7 — z is injective on VW}TF-]\\/[lOC. Indeed, let us use as
in Lemma the identification V7 RpM loc = Rgum V' G. Then, the localization
with respect to z gives C[z,27!] @c V,'G, where the action of 7 is induced by z ® 6.
In particular, it is C[r, 2,27 !]-free and the multiplication by 7 — 2 is injective on
this module. Therefore, so is the multiplication by 7 — z on the C|r, z]-submodule
Rgm V,' G. We will compute its cokernel V”Wloc/(T — z)V”/R/FJ\\JlOC.

Recall (cf. [Bl, Def. B.1]) that a V-solution to the Birkhoff problem for Gy is a free
C[f]-submodule G of G, which is stable by 69y, which generates G over C[0,071],
and such that, for any v € R,

(6.4) GonNV)G =@ 07 (GonG° NV Ha).

j=0
(Each term in the sum, as well as Gy N G’ and G N V,'G, is a finite dimensional C-
vector space, and the sum is finite, as GOOV(?HG = 0 for j > 0; moreover, G’ C VG
for v < 0.) By definition of a solution to Birkhoff’s problem, a C-basis Go N G is
a C[#']-basis of Gy; therefore, the natural morphism Go NG — Go/(0' — 1)Gy is an
isomorphism.

Lemma 6.5. — If the Birkhoff problem for Gy has a V-solution G'°, then, for any
vy ER, VIRrMo./(T—2)VYRp M, is identified with the Rees module of the filtration
VIt H L (PL, M e E7Y).

Proof. — We note that (%) in Lemma gives (as z =7 ®6¢'):
V’YRF/\MIOC/(T - Z)V’YR/F‘-]\WIOC
— Bt e [(GO NVRG) /(O - 1)(Go NV F G
k

As G is a V-solution, the natural inclusion
(0 —1)(GoN V@) C [(0" — 1)Go] N (Go NV, G)
is an equality for any v € R: indeed, since Go = |J;ez(Go N VG"’_KG), an ele-
ment in the RHS can be written both as a polynomial (¢ —1)3",5,a;6” with
aj € GoNGYn %7_Z+jG for some fixed ¢ € Z, and as a polynomial }_ -, b;0'
with b; € Go NGO N VJH G, according to ; the assertion follows by considering
the term of highest degree with respect to 6’ and by a straightforward induction. As
a consequence,
(GoNV7G)/(0' = 1)(Go N V7™ G)
is equal to the image of Go NV, G in Go/(0' —1)G) for any ~. The result follows. O

The previous proof also shows that the morphism Go N V)G — Gy /(0 — 1)Gy
induces an isomorphism

GoNGNV)G =5 VI (Go/(0) —1)Go) ~ VT Hpr (P, M ® 7).
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As a consequence of the lemma, for any 5 € (—1,0],
(66) VBR/F]\MIOC/(T - z)VﬂR/F]\Mloc = RVB+'H]13R(P17 M ® 8_t>‘

Lemma 6.7. — If (M, F,M) underlies a polarizable complex Hodge 2-module, then
the Birkhoff problem for the Brieskorn lattice of (M, F,M) has a V -solution.

Proof. — We follow the argument of [22] Lemma 2.8]. According to [5l, Prop. B.3(1)],
giving a V-solution to the Brieskorn problem for GéF) is equivalent to giving, for
any § € (—1,0], a filtration of ng which is opposite to G(F)"ng and which is
stable by the nilpotent operator Ny induced by —(69y — 3). According to and
Corollary , GWF )"1/)5 G is the Hodge filtration of a polarized complex mixed
Hodge structure for which the nilpotent endomorphism is a nonzero multiple of Ny.
Remark gives then a convenient opposite filtration. O]

6.b. Deligne’s filtration on the exponentially twisted Zx-module

In this subsection, we denote by X an open disc in C with a coordinate x centered at
its origin. Let M be a regular holonomic Zx-module equipped with a good filtration
F,M. We will make the following assumptions:

(1) M has a singularity at = 0 at most and is the minimal extension of its
localized module M := Ox[l/z] ® e, M.

(2) The eigenvalues of the monodromy of the local system Ker [830 cMxe — M|X*]
have an absolute value equal to 1. (Hence, the decreasing Kashiwara-Malgrange
filtration V*M of M at the origin is indexed by a finite set of real numbers translated
by Z.)

We denote by M ® €~1/% the @x[1/z]-module M equipped with the twisted con-
nection V — d(1/z) (i.e., if e is the generator of the rank one @x[1/z]-module €1/,
we have 0, (e®@m) = e®((0, +2~2)m)). For any v € R, we denote by [] the smallest
integer > ~, so that v — [v] € (—1,0]. Deligne’s filtration is defined for v € R by:

Fl M@ e Ve = Z@ﬁxil(FMH@V“ﬁMM © &1/,
k>0

(The usefulness of the shift by #=1 will appear later.) From now on, we will skip the
term ®&~1/% so we will write
FY M = Z(az T L ety AR Tt AR
k>0

The sum above consists of a finite number of terms since, for § € (—1,0] fixed,
FrVBM = 0 for » > 0. Therefore, each Fg M is a locally free 0'x-module of finite
rank. Moreover, we clearly have the transversality property (9, + z~2)Fg M C

15
F3 M.

Let us show that the filtration is decreasing. Assume that v/ := 8'+p’ > v := 8+p,
with 8,8 € (=1,0] and p,p’ € Z. The inclusion Fge?'p - Fg;p is clear if B/ > 3
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(so p’ > p). It remains to consider the case where 8’ < 8 and p’ > p+ 1 and it is
enough to assume p’ = p + 1. Writing 1 = (9, + 2~ 2)2? — 9,22, we get, for k > 0,

(0z + xiZ)kxlepHJrkVﬁ'M C (0y + zfz)kJrl:z:*leHJrkVﬁ/HM
+ (0 + 272 k9, x FPHHFY A M.

In the right-hand side, the first term is contained in ngp as 3 +2 > 3. For the

second one, we note that 9,z FPTH*yE ¢ prrkys’  p=LpptkyB'+1 g4 the second

term is also contained in Fg;p ,as B/ +1 > 8.

Example 6.8. — Let us assume, as in [4], that (5.12)) holds and that j* F*M has only
one jump at p = 0, so j*F'M = 0 and j*F'M = j*M. Then, for 3 € (—1,0]
and p € Z,

FBAr = {
Indeed, if p = —1 for instance,
Fg;lf/[ = (0, +27 )z WP 27V =2 73VF,

as 220, + 1 is invertible on V#M (as M has a regular singularity at 2 = 0, it is enough
to check this on modules like Ox (0,)/(x0y — a)H).

6.c. Deligne’s filtration on the de Rham complex. — We now consider the
case where (M, F*) is a filtered Z-module on the projective line P!. We denote by ¢
a fixed affine coordinate on the affine line A! = P! \ {co}. We define the Deligne
filtration on M ® €7, with M := Op1(x00) ®g,, M, by the following formulas (for
simplicity, we identify M ® &t with the Op: (x00)-module M with twisted connection
V — dt):

. Away from oo, we set Fg;ﬁpﬁ = FPM for 8 € (—1,0], and p € Z,

. near oo, we set x = 1/t and use the definition of

The de Rham complex DR(J\N/E ® &71) is filtered by setting, for each v € R,

F DR(M @ €71 = {0 — F (Mo &) s 0L, @ Fi3 (M e £7Y) — 0},

a complex which is also written as

(0= FL MY =9 o1 o S S o).

Example 6.9. — Let us consider the case of Example [6.3] Using the computation in
Example we find, on P! \ {t = 0} with the coordinate ¢/,

0 if v >0,
FlaM®e™") =S Cle]r—20(1] if y=—p, peN,
Clt'|t'=@+ V1] ify=—a—p, peN.
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In particular, the complex gr},;z DR(J\N/[ ® &71) reduces to the complex having only
grp (3\7[ ® &71) in degree one, and we get 1) in that case.

Theorem is a consequence of the following proposition, together with Lemma

67 and (52).

Proposition 6.10. — If (M, F*) underlies a polarized complex Hodge Z-module on P*,
then the filtered de Rham complex RTCDR(M @ &, F}.)) is strict, that is, for any
v € R, the natural morphism
H* (P!, £, DROM @ £7)) — H* (P!, DR(M ® £71))

is injective, with image V7~ H' (P, DR(Jv[ ® &) (when x =1).
Proof. — We assume for simplicity that RzM underlies a polarized Hodge Z-module
of weight 0, with polarization (Id,Id), that we denote J = (RpM, RpM, Rpk) =
(A, A4 ,C) (cf. [19]). Let us consider a new copy of the affine line, that we denote
by A! with coordinate 7, and let us denote by p : P! x Al — P! the projection. Let
us set 7T = (Z#, 70 ,7C) with

W= optd
and 7C defined as in [18] §3]. If V*. 4 denotes the V-filtration along t' = 0, we have
Vf M = RFVf M for B > —1. The V-filtration of 7# along 7 = 0 is computed in
[18]. In a chart near (t = co,7 = 0), setting ¢’ = 1/t, it is given by the formula
(if B € (=1,0])

VI = 3 ob RV e 67),

k20
(There is also a formula for VY74 for any v € R, but it will be needed here.) This
can be rewritten as

VI = (1@ 200 + 7@t 2)*(Clr] @c ' T RpVIM).
k>0

Let us now consider the multiplication by 7 — z. It is clearly injective on 7, hence
on each V27 . The cokernel is given by

VI (1 — )VETH = (00 + 172t CREVIM
k>0
that is, for any 8 € (—1,0],
(6.11) VI (7 — )V = Rysoe (M et/
In a chart away from ¢ = co (and near 7 = 0), we have, for 5 € (—1,0],
VAW =n,

and therefore ([6.11)) remains valid in this chart.
Let p: P! x Al — Al denote the projection. Then, according to [16, Th. 3.3.15],
[18, Prop. 4.1(ii) and Cor.5.9] and [16, Th.6.1.1], the filtered complex p, V7 is
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strict, that is, #7p VPIH — A7p,.7# is injective for any j and j, therefore
HIp VI = 0 for for_any j # 0 and any 8, and #°p VP74 is identified with
VEBAD, TN = VERFM = VERpM,,. (because 8> —1).
We thus have an exact sequence
0= D VI T2 P VI — AP Rypse (M2 EH) =0
Del

which is identified with the exact sequence (cf. (6.6))

0= VERpMyye ———25 VERpM e — Rysee HL g (PL,M® €71 =0
The identification of the action of 220,, i.e., the grading with respect to the filtrations
involved, gives

0~ M —t\ _ oyl (pl . M —t
<%0 p+RF£$o(M®8 ) —H (IP) ,Rngl +1 DR(M@S ))
Fixing the power of z shows therefore that, for any p € Z, the morphism
H! (P!, FyiP DRIM @ 1)) — H' (P, DR(M @ &)

induces an isomorphism onto VB+P—1H113R(P1, Mo &™), as was to be proved. O

Remark 6.12. — 1t is possible to define the Deligne filtration as a filtration on G and
not only on its fibre at § = 1. For any v € R, one sets

F3.,G = Cl0,07 '] - (Go N V,)G) C G.
One easily checks that Griffiths transversality holds for this filtration (i.e., t- F{} ;G C

FgellG). Moreover, the limit filtration when 6§ — 0 is the Hodge ﬁltratlon on
6966 (—1,0] grf,e G, that is, for any 8 € (—1,0],

Fpg gy, G = (F3,GNVyG)/(F,G NV, G)
jumps at most at vy =+ p, p € Z, and
FiiPery, G=GParl, G:=(GPNV/G)/(G* NV P q),

where we recall that G = 0’PGq. These properties are checked by using a V-solution
of the Birkhoff problem for Gy, as in Lemma

7. The new supersymmetric index and the spectrum

Let (7,%) be a polarized complex Hodge Z-module of weight w on P!
(cf. Definition . Its exponentially twisted de Rham cohomology #°a %7
is an integrable polarlzed twistor structure of weight w, according to Corollary!
which is identified to the fibre (9 54 )1 of the Fourier-Laplace transform (.7,.7) at
T=1

Recall (cf. Appendix that we have a rescaling action with respect to 7 € C*,
that we denote by p¥, on integrable twistor structures. Applying it to 9} , we get a
family Susyui éj(T ) of polynomials in T" with coefficients depending on 7 € C*.
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Theorem 7.1. — If (7 ,.%) is a polarized complex Hodge Z-module of weight w, then
}ig}) Susyuiﬁ(T) = SPO/;;(T),
. 0
lim SUS}’H:ﬁ(T) = SP§1(T).

T—>00

Remark 7.2. — 1t follows that the eigenvalues of the new supersymmetric index of
ujﬁ interpolate, when 7 varies between 0 and oo, between the spectrum at oo,
which gives, by exponentiating, the eigenvalues of the monodromy of the original
variation of Hodge structure around ¢ = oo, and the spectrum at 0, which gives, by
exponentiating, the eigenvalues of the monodromy of the original variation near the
singular points at finite distance. In particular, in general, Susyui ﬁ(T) is far from
being constant with respect to 7.

As we will indicate below, ,ujﬁ is nothing but the fibre f?: If w =0, </7|\T¢0 is
a variation of polarized pure twistor structure of weight 0, hence corresponds to a
flat bundle with harmonic metric . The flat bundle is nothing else but G®" with
its connection. Now, Susy ﬁ(T) is the characteristic polynomial of the selfadjoint
operator 2 acting on the C'*° bundle associated to G. Therefore, at each 7° € C*,
the fibre G;- has a E—orthogonal decomposition indexed by the eigenvalues of 2.
This decomposition does not give rise to a filtration of G*" indexed by a discrete set
of R, however. On the other hand, Deligne’s filtration introduced in Remark is
a Hodge-type filtration, but does not correspond, in general, to the previous ‘Hodge’
decomposition. Nevertheless, this difference disappears asymptotically when 7 — 0,
according to the theorem.

Example 7.3. — Let f be a cohomologically tame function on an smooth complex
affine variety U as in Examples[I.4)and [I.8 and let Gy be the corresponding Brieskorn
lattice. In [I9, Th.4.10] we have defined (following a conjecture of C.Hertling) a
sesquilinear pairing C on Go and proved that ¢ := (GO,GO,é) is a pure twistor
structure of weight 0 polarized by (Id,Id). It is moreover integrable, and can be
obtained as the direct image by the constant map of the exponential twist of the
minimal extension of a suitable variation of Hodge structure (namely, the intermediate
direct image by f of Oy, with a suitable Tate twist).

In such a case, there is a natural real structure coming from the real structure
on the cohomology HY™U(U, f~1(t)) for a regular value t € C of f, and we can
define 2H°t a5 in Remark whose eigenvalues are symmetric with respect to 0.
According to the symmetry, mentioned in Examples and of the spectrum at
the origin or at infinity with respect to % dim U, Theorem reads:

lim Susy, i (T) = SPE, (T — 3 dimU),

Tim Susy) < (T) = SPg, (T — 3 dimU).

Proof of Theorem[7.1] — It will have three steps.
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Step 1. — According to Proposition in the appendix, uiﬁ is regarded as the
fibre at 7 of the Fourier-Laplace transform .7 of .7, whose definition is recalled in

@0}

Step 2. — According to [19] (cf. , 7 is an integrable polarized regular twistor
Z2-module of weight w on the analytic affine line with coordinate 7, and according to
Theorem [A] of the appendix[A] it is an integrable wild twistor Z-module of weight w
at 7 = oo (this could also be deduced from [12]). We can therefore apply Theorem
at 7 = 0 and Theorem at 7 = 0o to compute the left-hand sides in Theorem
L1l

Step 8 for 1 — 0. — From Corollary applied to the right-hand sides in |(4.5]) (x)|
we conclude from Lemmal5.§ that the Susy polynomials are equal to the corresponding

SP°° polynomials. It follows that such a property holds for the left-hand sides, as
the shift by S is the same for Susy and SP*°. By Corollary and Lemma
HCa T satisfies Susy = SP™, hence so does the left-hand side in [(4.5)) (x+ )| It follows
that (\Ilgi V.7 4, 2%0,) is Tw of a polarized complex mixed Hodge structure of
weight w, hence also satisfies Susy = SP*°. Therefore,

II [I8wvepuss@™= T1 ISP
Y gry T

BE(—1,0] LEZ BE(—1,0] LEZ
= SP%, e (T) after Corollary

= SPO:%(T) by definition.
On the other hand, Theorem [3.1] gives

lig}JSusyy H HSusy M g8 7 =~T). O
Be(—1,0] L€Z

Step 3 for T — co. — We argue similarly at 7 = co. We apply Corollaries [5.14] and

to the right-hand sides in|(4.6]) ()| and get, according to Lemma the equality
between the Susy polynomial and the SPY polynomial. This equality then also holds

for the left-hand side, as the same shift of —(8 + 1) applies to both. We conclude:

H H H Susy M\I/ i/ ﬂ/\(T H H H M q/ji/T/’ﬁﬁ(T)

i Be(—1,01L€Z i Be(—1,0]L€Z

= H SPGE? (T') after Corollary
_ 0 o
= SPL@;(T) by definition.

On the other hand, Theorem gives

7_l/ig()Susyy H H HSusy s/ BA(T) O

i Be(—1,0]L€Z
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Appendix A. Stationary phase formula for polarized twistor Z-modules

Let (7,) be a polarized regular twistor Z-module of weight w (in the sense
of [16] or [11]) on P'. The Fourier-Laplace transform (,/7\,5/”\) is an object of the
same kind on the analytic affine line A! with coordinate 7, after [I5] and [I8]. The
purpose of this appendix [A]is to show that this Fourier-Laplace transform naturally
extends as a wild twistor Z-module (in the sense of [20], cf. also [12]) near & € P!
and to relate the corresponding nearby cycles with the vanishing cycles of (7, %) at
its critical points (stationary phase formula). While the first goal could directly be
obtained from recent work of T. Mochizuki [12], we follow here the method of [18] in
order to get in the same way the stationary phase formula. We will use the notation

introduced in §2.0] and in §4.5]

Theorem A.1. — Let (7,.) be a polarized regular twistor P-module of weight w
on P'. Then its Fourier-Laplace transform (fj\) s a polarized wild twistor 2-
module of weight w on Pl and, for any c € C, we have functorial isomorphisms in
Z- Triples(pt) compatible with the polarizations induced by 7 and S respectively:

(\Pi{T/’Bf ’/VT/) = (\Ilf-i-cga JVIH-C) Zf Reﬁ € <_17 0)7
e 0T T Ml T if §eiR,
() (W OT M) = (S T M)

(%)

Remark A.2. — In [18] and [16, Appendix], the distinction between the two lines in
the analogue of *) was mistakenly forgotten in the corresponding statements (see
Footnote [3| below).

Proof. — According to the results of [I5] and [18], it is enough to prove the conditions
on the wild specialization at o0, that is, () and (xx) with possible ramification at
7 = 0. We will denote by iy the inclusion {0} < P!. We can reduce to the case
w = 0 by Tate twist by (w/2), and assume that .7 = (Id, Id), so I = (Id,Id). The
compatibility with polarizations will then be clear from the proof.

As in [18], Prop. 4.1], we will denote by Dg the divisor 1 -7 if § € iR* and 1-(—i)
if 3 € iR%, and Dg = 0 otherwise. For a #-module .4, the #Z-module .4 (Dg)
is defined as usual as Oq,(Dg) ®¢,, /. We denote the monodromy filtration of a
nilpotent endomorphism by M,.

Lemma A.3. — Let .# be a coherent Z g1 -module which is strictly specializable at
t = 0. Then the Zu(x3)-module TH is strictly specializable along 7 = 0 and we
have natural functorial isomorphisms of X 1 -modules with nilpotent endomorphism

(U2 Tt 7y, Nor) ~ g+ (UF Mpy, Ny) if Re € (—1,0),
e UL Tl ~ o 1 (g WP A (Dp)a,) if B € IR,
(%) (U270 N ) g 4 (67 Ll Ny).
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Recall (cf. [16] §3.6.b]) that ¢, '.# is also denoted 1, *.# (or v o4 if one uses
the increasing notation), but later we will extend the correspondence with sesquilinear
pairings, where the distinction between ¢ and 4 is important. Recall also (cf. [20])
that the notation \112;5 7/ has the same meaning as \I/f,‘% (as used on the right-hand
side), but we mean here that the possible exponential factor is zero, for later use.

Proof. — We will consider the two charts (¢,7') and (¢, 7). Let us first start with
the second one. Let (m;);cr be a finite set of %917(tgyzo)—genera‘cors of Ay .,. Then,
from the formulas (cf. [16] (A.2.5)])

m/t'r @ &7V = 78, (m @ E71T/?)
6t/(m® E—t'r/z) _ (at/m) ® 8—t7‘/z + T/(T/6T,)2(m ® E—t'r/z),

we conclude that, in this chart, Z# is V% s-coherent (where the V-filtration on &
is relative to 7 = 0) and that it is strictly specializable along 7" = 0 with a constant
V-filtration.

Let us now consider the chart (¢,7’) and the corresponding formulas [16] (A.2.4)]

0(m @ E77/%) = (B, — 1/7")m] @ €717/,
Oy (m®&7t/%) =tm/7? @ £717/%,

The proof is very similar to that of [18], Prop. 4.1]. It will be simpler to work with
the algebraic version of Z#, that is, to consider the projection p in the algebraic
sense, SO p“‘/}/?*@) = C[r', 7Y ®&c M. Moreover, as we work in the (analytic)
chart with coordinate ¢, there is no difference between M and 4. We will exhibit
the V-filtration of Z# along 7" = 0. As such a filtration is only locally defined with
respect to z, we fix z, and work with in some neighbourhood of z,. We will forget z,
in the notation of the V-filtration. For any b € R, let us set

Uton = Z5f ZT’_k(Vb"’k% Q&Y o T @ e AT
(>0 kez

where V°*.# is the V-filtration (near z,) of .# along t = 0. The following properties
are easily checked:

« U7/ is a decreasing filtration of Z# by %o [7'](1'8,/)-modules.

e T'UYTH = U7 (so 7' induces grly T4 " er¥T 7).

« From the strict specializability of .# (cf. [16] Def. 3.3.8 & Rem. 3.3.9(2)]) we get,
for b € (=1,0] and k € N, VP+*. g/ = t*Vb.ff and VO 1k = S 0Vl +
OkVO=1 4. 1f we write, according to [16, (A.2.4)],

Uri =Y oY (T (Vi @ e

£>0 k>0 4 Z PRVIR g @ 8—25/27"))
k>0
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and, for k > 0,

T/k(Vb_l_k% ® g—t/ZT’) _ (7/6,5 + 1)k<Vb_1.///® 8—t/z7—/)
k—1
+Y P )V @ e,
§=0
we find that UYZ# is % [7'](7'0,:)-coherent, and locally generated as such by
m; @ E7*7 and /(n; ® E7Y*7'), if m,; (resp. n;) are local € (tD;)-generators
of VPt (resp. VP=L.%).

« If By(s) is the minimal polynomial of td; on gr?, .#, then, for any local section m
of VO, as (18, + 7/, )(m @ E/*7) = (t8;m) @ E7/*7 and as Jyt(m @ E~H/*7') €
UM 74, we find By(7'0, —1)(m® &~1/*7) e U7y

It follows from these properties that V0 Z# = U174 is a good candidate for being
the V-filtration of 7. It remains to check the strict specializability, by computing
the graded modules.

For any b € R, the map (where 7 is a new variable)

Vb — U =V Ty
> mpn? — Y 8 (m, @ €7
P p

induces a mapping

/—1
A4 arl ), t3y) — (gt T, 70, — 1) —— (grb T, 7'5,),
( % U 1%

~

and we have a commutative diagram
gty M ) ——— grl, T

" 5 |-

grl",_l M —— gri’/ 4

Moreover, if we identify in a natural way grl"/ A [n] with i 4 grl{, M, this map is a
morphism of Z g1-modules.

Lemma A.6. — Ifb < 0, (A.4)) is an isomorphism of Z g1 -modules.

Proof. — If b €< 0, we assert that
UPTn = Ut Tn + Y (Vi @ €71,
£20
which implies that the morphism (|A.4)) is onto. Indeed, on the one hand, using the
formulas [16], (A.2.4)] recalled above and iterating the inclusion
7_/—1(‘/b+1‘% ® 8—t/zr') c 8t(Vb+1% ® S—t/ZT’) _ (atvb—&-l% ® 8—t/z7—’)
c U + (VP @ €T,
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we get

S AWt g @ et c (Vi @ €7 UMY

k>0
On the other hand, if b < 0, for any k > 1 we have V*=F.# = 0kVl a + V=%
and

TRV @ €7 C (7B + DE(VI A @ €7+ U

Notice then that, for j > 1, 3! (VP.# @&~/ c U4 and 770)(Vb.lt @ €71/ C
UbtiZy c U>*7x.

The morphism is also injective: one remarks that, given local sections n;
of A, if Zj in; ® &-t/27" is a local section of U*Z#, then the dominant coefficient
with respect to 7/~! belongs to V?.# (by considering the dominant coefficient with
respect to 771 in an expression like >, 00 (my ® &~1/*7")); arguing as in [I8, Proof
of Prop. 4.1, §(ii)(6)], one gets the injectivity. O

At this point, we have proved the strict specializability of Z# along 7/ = 0. We
now prove the existence of the isomorphisms (*) and () of Lemma [A.3]

Let 8 be such that Ref € (—1,0]. The morphism induces, near z,, a
morphism (io,+¢f///,Nt) — (wf,‘%,NT/). One can show that these locally defined
morphisms glue together. Setting ¢, (8) = Re — (Imz,)(Im 5) (cf. [16] p.17]), if
£.,(B) <0, it is an isomorphism near z,, according to the Lemma[A.6|with b = £ _(83).
Let us first show that such remains the case if £, () = 0. In this case, by definition
of strict specializability (cf. [16] Def. 3.3.8(c)], we know that 3y : P 4 — ' A is
an isomorphism near z,, so we conclude using .

Let us now assume that £, () > 0 and let us choose k € N such that £, (8 —k) €
(=1,0]. Near z,, we get from a commutative diagram

o, M ———s 00T

. k _
lo,ﬁil JT’ k

. —k —kg
io s VPR —— Py

where the right vertical map is an isomorphism, by definition, and the choice of k
implies that the lower horizontal map is an isomorphism. On the other hand, by
the strict specializability of .# at t = 0 (cf. [16] Def. 3.3.8(1b) and Rem. 3.3.9(2)])
and the choice of k, the map t* : wffkj/ — 1/),56/// is an isomorphism, and 9Ft* :

O~k st — P F s equal to Hf;é [(B—j)*z+N¢]. We note that (8 —j)*z+N;
is invertible near z, unless (8 — j) * z, = 0. With the conditions z, € Ay, 8 # 0,
Re(B—7)<0,j=0,....,k—1, ¢, (8 —j) > 0, this vanishing only occurs if j = 0,
Ref=0and z, =7if Imf <0, 2z, = —i if Im 8 > 0. Therefore, on the one hand,
the natural morphism induces

(A7) G0, 40) Mng — V2T A, if Ref € (—1,0).
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On the other hand, if § € i{R*, one checks similarly that, grading ﬁrs by the
monodromy filtration in order to kill V¢, (A.4]) induces an isomorphism
(A-8) io,+ gra W Mia, > gr 0L W, (= Dp).

Lastly, if 8 = 0, we consider the isomorphism
/
. - ~ T
(A,Q) 10’+¢t 1'//\A0 — wr’l%Ao T> wg’%Ao'

Notice that, by definition, \Iff,‘% = wf,%. So, at this point, we have obtained
(**) In order to get *), it remains to compare wf///mo with \I!tﬁ///mo. Argu-
ing in a way similar to that of [18, Lemma 4.18], we conclude that, for Re 8 € (—1,0],
the natural inclusion wf M n, = \Iff A\ », is an isomorphism. This gives *)

Finally, the functoriality of the isomorphisms [A.3|(x) and (x*) is clear from the
construction. O

Let I = (', #",6s) be an object of %-Triples(P'), such that .#', %"
are % gpi-coherent and strictly specializable along ¢t = 0. Then 7.7 is defined as
(7', 70", 76s), where Z#', 7" are as above and 7%y is defined in [16] p. 196].

Lemma A.10. — Let .7 be as above. Then the isomorphisms of Lemma extend
as isomorphisms
(WOPTT Ni) ~ i (V0 T, N) if Ref € (—1,0),
g0 P 77~y (@MU T if BeiRY,
(+4) (OO0, Nor) = i 1 (67T, ).

(%)

Proof. — The point is to prove the compatibility of the corresponding sesquilinear
pairings under [A3|(x) and (), up to I-factors that we will analyse, as in [18] Proof
of Prop. 5.8].

Let us fix z, € S and let us work in the neighbourhood of z,. For 5 # 0 with
Rep € (—1,0], let us set « = =8 — 1 and b = £, (5). Let m',m” be local sec-
tion near (t = 0,z,) of VP2’ Vt.#" inducing sections [m'], [m"] of vP.#' P .at"
on grt, ', grt. " (recall that wf,//l|s = \Iltﬁ//l|s, cf. [16, Lemma 3.4.2(2)]). We
regard [m/], [m"] as sections of i L. 4", io 0L .#" (degree 0 with respect to 7).
Following , they correspond to sections [7'~1m’ ® E1/=7'] [7'~1m” @ £~1/=T'] of
\IIS’/B”’@ ' U%P 74" By definition, we have, for any C* form ¢(t) of type (1,1) on P*
with compact support in the chart ¢,

W27 s (7! @ € [ T m" @ E7ET), )

— Ress:a*z/z <ffqgs(m/ ® 8—t/z‘r,,m// ® E_t/ZT/),gO A |T/|2(S_1)5€(T/)id7-l A d?>
= Ress:a*z/z <Cgs (m/7n7)7 ISZ(tv S, Z)(P>7

(3)This grading was forgotten in [18].
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where X is C* with compact support in ]f”l, =1 near 7/ = 0 and = 0 far from 7/ = 0,
and Iy is defined for Res > 0 as in [16} §3.6.b] by

Io(t,s,2) = /ezz/ﬁ_t/”,|T'|2(3_1)§(\(T’)ﬁd7' Adr'.

The last equality above means that <‘€s(m’ ,W),Ig(t,s,z)g@ is holomorphic with
respect to s for Res > 0 and extends as a meromorphic function of s, of which we
take the residue at s = ax z/z.

One first proves, as in [16, Lemma 3.6.6] that <%s(m’,n7),l)?(t,s7z)<p> has poles
on sets s = y*z/z (2 € S) with Rey < Rea or v = a. Moreover, only the first case
occurs if ¢ vanishes along ¢ = 0, and we can thus assume that ¢ = #dt A dt near
t = 0. As the residue at s = ax z/z does not depend on the such a ¢, we can assume
¢ = x?5=dt A dt with x =1 near t = 0. We will compare <‘€s(m’,ﬂ7),fg(t,s,z)x>
and (65 (m/,m"), |t[**x?) before taking their residue.

If we denote by T the distribution x%s(m’ ,W), and by .Z the Fourier transform
with kernel er—tT/ZﬁdT/\d? (cf. [16] Rem. 3.6.17]), these functions are respectively
written as

/ FT(r,2)|7|26TIR(r) bdr AdF  and / FT(r,2) I (1, 8,2)=dr N dT

with I,.(7, s, z) := .Z ~1(|t|2x) (this is analogous to (3.6.25) and (3.6.26) in loc. cit.).
We note that (1—x(7)).ZT (7, z) is C*° with compact support, so its inverse Fourier
transform 7 is in the Schwartz class, and

/ FT(r, )T (ry5,2)(1 — R(7)) fodr A dF

reads [ nx|t|**5=dt A dE, so takes the form I'(s + 1)h(s, z), where h is entire with
respect to s. Using the computation in [18], Lemma 5.14] for fx (replacing t there
with 7 here) and in particular [I8], (5.17)], we finally find, if 8 # 0,
Ml4+axz/z) , =
—_ _ I
F(*Ot* Z/Z) Ress_a*z/z <%S(m , 1M )a x(t7 S, Z>X>

= ReSyquzyz (Cs(m/,m”), [t*x).
Let us write I'(1 + a x 2/2) /T (—a % z/z) = p@ as in [18| Lemma 5.5, and D,, = —Dg.
Using or we find (grading only if 5 € iR*, that is, if D, # @)
(er) (W22 (D,), W7, 7" (D), ip ") = o+ (gr\) (Wt W tt" Gs).
*) follows then from [1I8] Lemma 5.6].

Arguing similarly for 8 = 0, we note that [A.10|(x*) is by definition (cf. [16] (3.6.18)
& Rem. 3.6.20]). 0

Arguing as in [18] by applying [16, §6.3], we get [A.T|(*) and (xx) for ¢ = 0. It is
then not difficult to check that replacing ¢ with ¢ + ¢ corresponds to twisting .7 by
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£¢/=™' and to get () and (x) for any ¢ € C in the same way. One checks that [A.1|(*)
and (#x) hold after ramification by using [20, Rem. 2.3.3]. O

The integrable case. — Let us now assume that (.7, .7) is integrable. We will describe
the compatibility between the actions of 229, in Theorem m Recall that, with this
assumption, the numbers 3 such that \I/f J # 0 are real, and thus so are the numbers 3
such that \Ilf?% 0. In the computation above, we can set b = 8 and do not worry
about the local dependence with respect to z, (cf. [16, Chap. 7]).

The morphism is compatible with the natural action of 220, on i 4 grl 4
on the one hand, and the action of 229, — /.. on gr}/,; Z# on the other hand (where
the action of 220, comes from the natural action of 220, on Z#, cf. Lemma. As
we set 5 = b, we thus have, for § < 0,

(o v) M, 220.) = (W T, 220, — (B+1)z — Ny).

As multiplication by 7/ commutes with 220, and N,, we obtain
W7, 220 — (B+1)z =N if B € (~1,0),
(W27, 2?0, — N.) if 8= —1.
In a way analogous to that of Lemma we conclude
(o 0P 7,220.) = W2 77,220, — (B+1)2 —N,) if B € (~1,0),
(io 107 ' T, 2%0.) = WO, 220, — N,).

(o407 M, 2%8,) {

As wf, commutes with the direct image by p in our context, we get
(W7, 220,) =5 (WP T, 220, — (B+ 1)z —N,) if B € (—1,0),
(6717, 220,) =5 (007, 220, — N,),
and, grading with respect to M, kills N» and gives, for any ¢ € Z,
A1) (@MW 7,220,) s (@Y 0P T2, — (B+1)) i B e (~1,0),
(A12)  (gr) o717, 2%0,) =5 (e w00 7 220,).

Lastly, we get a similar result after translating ¢ by ¢ € C.

Appendix B. Rescaling

In this appendix [B] we recall the notion of rescaling of an integrable twistor struc-
ture considered in [8], Def. 4.1]. We also explain how the “no ramification” condition
is related to a good behaviour of the rescaling.

Let (', 50", %s,V) be an integrable twistor structure (cf. with X reduced
to a point). In order to clarify notation, we will denote by 7 the coordinate denoted
by z before. By integrability, V,z25, acts on ', " in a way compatible with €.
For the sake of simplicity, we will denote by n?d,, this action. The bundles ¢, 7"
are a priori defined on some open neighbourhood of {|n < 1|} but, using the gluing
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defined by %s and its compatibility with V, we can assume that they are defined,
together with the action of n?,, on the whole complex line C,, with coordinate 7 and
that %5 is the restriction to S of a sesquilinear pairing compatible with V

. / 77
% . %@; ®6>C:, %(ny — ﬁ({j;

Let us consider the map p: C» x Qy — C,, defined by u(7’,2) =n =72 (for 7/ # 0,
we will set 7 = 7/7!; this corresponds to the coordinate 7 in . The pull-backs
w* ', u* " are holomorphic bundles on C, x €. When restricted to the open
set 7/ # 0, they are equipped with a flat meromorphic connection having a pole of
Poincaré rank one along z = 0. We have

220,1@m)=7"'1®n*0,m) and 770 (1l@m)=1cn*d,m.
For a fixed 7, € C*, denote by py the composition of p* with the restriction to
7/ =7, This defines pf ", A"
In order to define the rescaling of the sesquilinear pairing, we need to be careful.
Indeed, the rescaling is not compatible with twistor conjugation, as we have uio,%f b =

,u;gl |é*- We therefore need an identification |</c/* ~ H%lﬁ’ﬁ* in order to get
a sesquilinear pairing p} € such that (uy ', s A", p; €) is a twistor structure.
This identification is obtained through the parallel transport with respect to the
holomorphic connection on u* |(’C’* wc~ from 7, x C* to 7,1 x C* along the segment
between 7, and 7, *.

One can rewrite this definition in a way independent of 7, € C*. For that purpose,
let us denote by .2/, 2" the local systems on C;, determined by (¢, V) and (", V).
We get a pairing £ ® O'_lysﬂ — Cg by restricting %s to these local systems. We
remark that, on S, o coincides with the involution ¢ : 7 — —n, and we can extend (by
parallel transport) in a unique way %s as a pairing

¢ Lot Cc;-
Taking the pull-back by 1 commutes with ¢ (with respect to n and to z), and restricting
to CZ, x S gives a pairing
poe N_lgéj,xs ® T ¢, xs = Cez, xs-
Identifying now g and o|g in the z-variable gives the desired sesquilinear pairing

1*%s at the level of local systems, and thus at the level of holomorphic bundles.
Clearly, it is nondegenerate.

Definition B.1 (Rescaling). — Let 7 = (', 5" ,%6s) be an integrable twistor struc-
ture. The rescaling p*.7 is the triple (u* ", u* 7", n*6s) defined as above.

We have the following properties:

« By construction (and because p*%s is nondegenerate), p*.7 is an integrable
variation of twistor structure on C7,.
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« Functoriality: This mainly reduces to showing that, given 7 = (%', 2", €5s)
with 27, 5" defined on some neighbourhood of {n < 1}, the extension of ¢, 7"
to C,, by using the gluing is functorial. This is done as follows. The pairing %5 induces
an isomorphism .’ ~ 7" on some neighbourhood of {5 = 1}, which allows one
to extend ¢ as a bundle on C,. If ¢ : 77 — %5 is a morphism, the previous
isomorphism is compatible with ¢ : #Z — # and @Y : A} — A" by definition.
Therefore, it extends to C,,.

« Compatibility with adjunction: Restricted to local systems on {n = 1}, the
adjoint 6§ of s is 0_1%; where ‘KST is the adjoint with respect to the standard
conjugation. So, working on local systems,

65 = U—lchT = L_l%ﬁlzl
and

WEE =T ) = (T )
— o (TG = (1)
. Compatibility with Tate twist: For k € %Z,
T (k) = (', A", (iz)"*FCs),
SO
W (T (R) = (" A A 72 (02) ).
We therefore have an isomorphism
o (W T)k) = 1 (7 (k)),
with ¢ = (¢, ¢") and ¢’ = 7'72K Id s v, " = 1ds s
Proposition B.2. — If (T ,.7) is the polarized twistor P-module of weight w associated
to a wariation of Hodge structure of weight w as m/\Pmposz’tion then, when

restricted to T # 0,00, the Fourier-Laplace transform 7 is identified with the rescaling
of its fibre at T =1 as defined above.

Sketch of proof. — One first reduces to weight 0, by using the compatibility of rescal-
ing and Fourier-Laplace transform with Tate twist by w/2. One can also assume that
# = (Id,1d). Then the result follows from [19] §2b & 2¢] (in particular, Lemma 2.4
in loc. cit.). O

In the remaining part of this section, we explain why a good behaviour at 7/ = 0
of the rescaled twistor structure imposes the “no ramification” condition of
Instead of working on {7’ # 0}, we now work on the whole line C,/. Let us set
A=A or A" and M = p* 7', If we set X = C,, then .4 is an integrable
R o |7~ 1]-module.

Proposition B.3. — If M is strictly specializable with ramification and exponential
twist at 7" = 0 (in the sense of [16] and [20]), then (H,Vy,) has no ramification.
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Proof. — It will be easier to work in an algebraic framework. One can find a free
C[n]-module H with an algebraic connection having a double pole at 7 = 0 and no
other pole, such that (J#,Vy,) = (Oc, ®cpy H,Va,). Notice then that M is the
analytization of M ~ Clr’,7"~'] ®c H, where the action of z is defined as 7/~ ® 7.

Let us try to find a Bernstein relation (in the sense of [16] or, more generally with
parabolic structure, of [11]) for elements of M at 7/ = 0. Let m € H. The differential
equation of minimal degree satisfied by m can be written as b(nd,)m = nP(n, n0,)m,
where b € C[s] \. {0} and P is an operator in nd, with coefficients in C[n]. Let us set
b(s) = [lsec(s — B8)"?. One deduces

H (79, — B2)"P (1 @m) = 298° . (7/2) - P(7'2, 27 17'8,) (1 @ m).

pec
For such a relation to be a Bernstein relation in the sense of [16], 11] two conditions
must be fulfilled.

(1) The right-hand side should have no pole in z; this is possible if and only if the
smallest positive slope of the Newton polygon of the equation b(nd,) — nP(n,nd,)
is > 1; but we assumed that the order of the pole of the connection is at most
two, hence the biggest slope of the Newton polygon (Katz invariant) is < 1. Both
conditions imply that the Newton polygon has only the slopes 0 and 1.

(2) For any 3 with vg # 0, the function z — Bz should be written as z + v2% +
bz + 7 for some v € C and b € R (cf. [I1]). This implies vy =0 and S € R.

We should apply these conditions to any exponentially twisted module MRE!7,
Condition applied to any .Z ® &=cl=' implies
(3) (H,Vp,) satisfies the “no ramification” condition at n = 0. O
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