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Abstract. We give the transformation rule for the Stokes data of the Laplace trans-
form of a differential system of pure Gaussian type.
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Introduction

Computing the behaviour of the Stokes structure of a differential equation in one
complex variable by the Laplace transformation leads in general to difficult combinato-
rial problems. In this article we make explicit the topological Laplace transformation
in a simple case, that of differential systems of pure Gaussian type. It is well-known
that the function t — exp(ct?/2) has a simple behaviour by the Fourier transfor-
mation of the real variable t. Differential systems of pure Gaussian type are those
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systems of the complex variable ¢ whose solutions asymptotically behave like sums
of terms t*(logt)* exp(ct?/2) when t — oo, and which have no other singularities.
Their Laplace transform satisfy the same property, and the question we address is
the computation of the Stokes data at infinity of the Laplace transform of such a
system, in terms of the Stokes data at infinity of the original one.

To begin with, we relate various ways to encode the Stokes phenomenon of such
a system. The sheaf-theoretic way (filtered local systems in the sense of Deligne
[Del07]) is suitable for the computation involving higher dimensional underlying
spaces (i.e., the computation of the Laplace transform by an integral formula). How-
ever, it is more common to express the Stokes phenomenon by linear algebra objects,
like Stokes matrices. Here we find convenient to express it by a family of pairwise
opposite filtrations of a vector space.

The computation is not too difficult, and the result easy to formulate, in the case
when all nonzero complex numbers ¢ occurring in the asymptotic expansions of the
solutions have the same argument. This is explained in Section [4] which could be
regarded as a supplementary exercise in [Mal91] illustrating the computation of the
topological Laplace transformation. However, in general, the way this subset C is
embedded in C* introduces complicated combinatorial problems. In such a case, we
reduce the question to the determination of the behaviour of the Stokes data when
the subset C' varies in C*. However, we do not give a precise answer to this latter
question.

Our aim is to develop a topological approach for the computation of Stokes data
of the Laplace transform of a system of linear differential equations in one variable,
following the general method of [Sab13]. Other techniques are classically developed,
mainly analytic ones (see e.g. [Mal91], in particular Chap.XII, and the references
therein), but our method gives rationality results in a straightforward way (if the
Stokes data of the original system can be defined over Q, then so are the Stokes
data of the Laplace transformed system). A more complicated example is analyzed
in [HS14]. Our approach relies on a fundamental theorem by T. Mochizuki [Moc14]
(see Theorem , who has also developed a slightly different method for such com-
putations [Mocl0]. Lastly, let us mention a completely different method, still of
a topological nature, following from the general Riemann-Hilbert correspondence of
d’Agnolo and Kashiwara [DK13].

Acknowledgements. 1 thank Marco Hien and Takuro Mochizuki for stimulating dis-
cussions on this subject.

1. Differential systems of pure Gaussian type

l.a. Setting an notation. We consider the Riemann sphere P! as covered by two
affine charts Al with coordinate ¢ and Al, with coordinate ¢’ such that ¢’ = 1/t on the
intersection of the two charts. We denote by C[t](0;) the ring of differential operators
with coefficients in C[t]. All C[t](J;)-modules will be left modules, that we identify
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with C[t]-modules with connection. Holonomic C[t]{d;)-modules (i.e., torsion modules
over C[t](d:)) can be extended as holonomic modules over the sheaf Zp: of algebraic
differential operators on P!, in such a way that in the chart ¢, multiplication by ¢’ is
invertible.

Given ¢ € C[t], a basic example of a C[t](d;)-module is E¥") := (C[t],d + dp).
We will also use this notation in two variables ¢, 7, with ¢ € C[t,7]. The extension
of E#(1) to P!, when restricted to the chart ', denoted then E‘p(l/t/), is nothing but
(CIt',t'~1],d+dep(1/t)). By extending scalars from C[t/,¢'~1] to C((#')) := C[¢'][t'~!],
we get E90/Y) = C(¥) @epr ) EXU) = (C(E), d + dp(1/1).

Given any morphism f between complex manifolds or smooth algebraic varieties,
we denote by f* the pull-back functor of left Z-modules. This is nothing but f* for
the underlying &-modules, together with the pull-back connection.

Definition 1.1. Let C be a finite subset of C*. A differential system of pure Gaussian
type C is a free C[t]-module M of finite rank r equipped with a connection V =
d + A(t)dt, where

« A(t) is a r x r matrix with entries in CJ[¢],

« setting M’ = C[t,t™!] ®cpy M, then (C(t')) ®cypr,p—1) M’, V) is isomorphic to a
direct sum EBC‘EC(@“’*C/%/2 ®R.), where £¢/2"” = (C((t")),d+¢/t'3) and R, is a finite
dimensional C((t'))-vector space with regular singular connection.

We will say that M has pure Gaussian type if there exists C' such that M has pure
Gaussian type C.

Note that, by our assumption, a differential system of pure Gaussian type C' is
purely irregular at infinity, of slope 2 and irregularity 2r. We can regard M as a
C[t](0¢)-module: using a Cl[t]-basis m, the action of 9; is given by dym = m - A(t).

Proposition 1.2. Any sub or quotient C[t](0;)-module of a differential system of pure
Gaussian type C has also pure Gaussian type C. The full subcategory of the category
of holonomic Clt](0:)-modules consisting of objects of pure Gaussian type C' is abelian.

Proof. Let M be of pure Gaussian type C' and let N C M be a C[t](d;)-submodule.
The characteristic variety of N and M/N is reduced to the zero section on Al hence
both are CJt]-locally free of finite rank, hence free of finite rank. It remains to check
their behaviour at infinity, and the statement reduces to proving that any C((¢'))-
subspace or quotient space with connection of a direct sum @, (& —e/2t” @ R.)
takes the same form, a result which is easy by noticing that there is no nonzero
morphism (£-/2" @ R,) = (6=/"" @ Ry) if ¢ # ¢. The last statement of the
proposition is then clear. O

Remark 1.3 (Non rigidity). A C[t](0;)-module M of pure Gaussian type is rigid (i.e.,
its index of rigidity rig(M) is equal to 2) if and only if » = 1. Indeed, the index of
rigidity is computed as (see [Aril0])

rig(M) = 2r? — irro (End M) — 1% + 1
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with 7 = dim Ker 9y acting on the regular part of C((¢')) ® (End M). We have > #C.
On the other hand, irro, (End M) = 2 ZC?&C, rerer, with . = rk R.. Therefore,

rig(M) =n+ > 12> #C+ Y 12> 2#C).

ceC ceC

1.b. Behaviour by Laplace transformation. We consider the behaviour of differ-
ential systems of pure Gaussian type by the Laplace transformation. We will consider
the transformation with kernel exp(—t7), that is, we will set 7 = 9; and 9, = —t,
and we denote by M the C-vector space M regarded as a C[7](0,)-module through
this correspondence. The transformed differential system remains of pure Gaussian
type, and the formal behaviour at infinity is made precise in the proof of the following
lemma.

Lemma 1.4. Let M be a C[t){0;)-module of pure Gaussian type C. Then its Laplace
transform M has pure Gaussian type C := —1/C = {—=1/c | c € C} and rtkej;) M =
rk(C[t] M =r.

Proof. Firstly, the formal stationary phase formula implies that M has singulari-
ties at most at 7 = oo and 7 = 0, the latter being regular. The decomposition of
C(1") ®cpr,r—1 M is obtained through [Sab08], (5.10)], which shows (as well-known)
that the local Laplace transform of (@@_C/Qtlz ® R.) is isomorphic to &2 @ R,
for ¢ # 0. This implies that the formal decomposition of the irregular part of M at
T = 00 is @660(51/2”12 ® R.), where R, is now regarded as a C((7))-vector space
with regular singular connection by simply renaming the variable ¢’ to 7. The reg-
ular part of M at 7 = oo has rank equal to the dimension of vanishing cycles of the
analytic de Rham complex DR*" M at ¢ = 0. Our assumption implies that this rank
is zero. We conclude that Clr, 77| @¢( M is a free C[r, 7~ 1]-module of rank 7.

It remains to show that M is non singular at 7 = 0. Since the moderate nearby
cycles of M at t = oo are zero, the moderate vanishing cycles of M at 7 = 0 also
vanish, according to the standard correspondence shown in [Sab06, Prop.4.1(iv)].
Therefore, since the singularity of Matr=0is regular, M has no singularity at
T=0. O

Remark 1.5. The inverse Laplace transformation is the transformation defined by the
correspondence 7 = —0y, 0 = t. For M of pure Gaussian type, both Laplace and
inverse Laplace transformed objects have isomorphic formal models at infinity, but
the Stokes structures may be non-isomorphic (see Remark .

2. Stokes data of Gaussian type and
the Riemann-Hilbert correspondence

In this section we recall the notion of Stokes filtration as defined in [Del07] (see also
[Mal83], [BV89], [Mal91]) in the particular case of Stokes filtrations which are of
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Gaussian type. We make explicit the correspondence with the more classical approach
via Stokes data.

2.a. Stokes filtration. Let k be a field (e.g. Q or C). Let .Z be a local system of
finite dimensional k-vector spaces on the circle S with coordinate ' (it should be
noted here that, with respect to our original problem, we set § = argt’ = —argt).
We will usually set 7 = rk.Z. A Stokes filtration of .Z of Gaussian type is a family
of subsheaves Z¢. C £, with ¢ € C, satisfying the following properties:

(1) For each 6 € R/27Z, let <, be the partial order on C which is compatible with
addition and satisfies

¢<,0 <= c=0or argc—20 € (7/2,37/2) mod 2.

(This means that exp(ct?/2) = exp(c/2t'?) has moderate growth in the neighbourhood
of the point (|#/| = 0,argt’ = 6) in the real blow-up space P} of P} at t = co. We will
regard S! as the circle S., = ]IT’}‘OO.) We also set ¢ <, 0iff ¢ # 0 and ¢ <, 0. One
requires that, for each 6, the germs Z¢.p form an exhaustive increasing filtration
of £ with respect to <,.

(2) Because the order <, is open with respect to 6, the germs Z..g
Do <, Z<o o glue as a subsheaf £, of Z. One requires that the graded sheaves
gr, & = Lc./ L. are locally constant sheaves on S?.

(3) Near any e € S!, one requires that there are local isomorphisms (.Z,.%,) ~
(grZ, (grZ).), where the Stokes filtration on gr.Z := @ .o gr.Z is the natural
one, that is, (gr.Z)<co = @c,<90 gr, Zp. In particular, gr, . = 0 except for ¢ in a
finite set C' C C, called the set of exponential factors of the Stokes filtration (£, .%,).

We will say that the Stokes filtration is of pure Gaussian type if it satisfies moreover:

(4) The local system .& is constant and C C C ~ {0}
Remarks 2.1.

(1) The general definition of a Stokes filtration is somewhat more complicated,
taking into account ramification, which does not occur in the present setting. In
particular, the Stokes filtrations of Gaussian type are non ramified and their set ® of
exponential factors takes the form C/2¢'? near at the origin of the chart Al,. Such
a Stokes filtration may have a “regular component”, while a Stokes filtration of pure
Gaussian type does not.

(2) It is easy to check from the local grading property above that the family
(Z<c)cec can be recovered from the family (Z«.)ccc by the formula:

Leeo= () Lewp, 0S5
c< e
In such a way, we could as well define a Stokes filtration of Gaussian type as a family
of subsheaves (ZL«<.)cec of £ such that, defining £, by the formula above, the
corresponding family (Z<.)cec satisfies Properties f above. It will be simpler,
when computing Laplace transforms of Stokes-filtered local systems, to adopt this
point of view, due to Lemma [A7T]
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()

c,c!

(3) For each pair ¢ # ¢ € C, there are exactly four values of # mod 27, say 6

(v € Z/4AZ), such that ¢ and ¢’ are not comparable at §. We have ngjl) = Héuc), +7/2.
These values are called the Stokes directions of the pair (¢, ). For any 9 in one
component of R/27Z {HEDC), | v € Z/AZ}, we have ¢ <, ¢, and the reverse inequality
for any 6 in the next component. We denote the images of these intervals in S' via
6 — el by St and S} respectively. If ¢ = ¢/, we set Sl =S

(4) For each pair ¢, ¢, € C, the inclusion j.<., : S}

e<cy S!is open. We will denote

by Bege, the functor jece, jc_glcu, consisting in restricting a sheaf to this open set and
extending its restriction by 0 to get a new sheaf on S'. The filtration condition
above implies that, for each pair ¢, ¢,, there is a natural monomorphism Sege, L<c <
Lo,

(5) Let .Z* be the constant sheaf on Al of rank r and let . = 7,.%*, if j denotes
the open inclusion Al < ]?”tl complementary to SL — ﬁ’% Set & = F|51 . A Stokes
filtration %, of . determines a family of subsheaves .#, of .% by gluing .%* with .%,.
It will be convenient to set #Z, = " and FZ;, = 0, so that F¢( restricts to .7~
on Al while .7 is supported on S . We call (%, .Z7,) a Stokes-filtered sheaf.

A morphism A : (£, Z,) = (£, L)) of Stokes-filtered local systems is a morphism
of local systems satisfying A\(ZL<.) C Z¢,. for each c € C.

By a C-good closed interval I C R/27Z, we mean a closed interval containing
exactly one Stokes direction for each pair ¢ # ¢’ in C, and such that each such Stokes
direction belongs to the interior of I. Below, we will only use C-good closed intervals
which are the image in R/277Z of an interval [0,,0, + 7/2], where 0, is not a Stokes
direction for any pair ¢ # ¢’ in C.

Proposition 2.2 (see [HS11, Prop. 2.2]).

(1) On any C-good closed interval I C R/27Z, there exists a unique splitting £y ~
D.gr. L1 compatible with the Stokes filtrations. With respect to this splitting, we
have XQCO\I = @cec ﬂcgco gre "%1-

(2) Let X : (L, %)) — (£, %)) be a morphism of Stokes-filtered local systems of
type C. Then, for any C-good closed interval I C R/2nZ, the morphism \; is graded
with respect to the splittings in .

(See also [Sab13l Chap. 3] for the arguments.)

Remark 2.3. On any C-good closed interval I C R/27Z, we have I'(I, Be<c, gr. Z|r) =0
if ¢ # ¢co. If ¢ = ¢,, we have Beg., gr. L1 = gr. Z{;. We conclude from Proposition

that I'(1, Z<.,) = T'(I, gr., Z1)-

Proposition 2.4. The category of Stokes-filtered local systems (£, Z.,) of Gaussian
type, and the full sub-category of Stokes-filtered local systems of pure Gaussian type,
are abelian. O
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2.b. Stokes data. These are linear data which provide a description of a Stokes-
filtered local system of Gaussian type. Let C be a non-empty finite subset of C. We say
that 6, € R/27Z is generic with respect to C if it is not a Stokes direction (see Remark
) for any pair ¢ # ¢ € C. Once 6, generic with respect to C' is chosen, there is a
unique numbering of the set C' in such a way that ¢; <, ca <, -+ <, ¢,. We will set

(2.5) 0 =0, +vr/2 (veZ/AT).

), 9(()V+1)], the order between ¢ and ¢’

v+1)

When 6 varies in the good closed interval [95,”

changes exactly once for each pair ¢ # ¢, so the order on C at 95 is exactly

2

reversed with respect to the order at 6, . In the following, we will use the reference

order of C' at 6, = 9(()0).

Definition 2.6 (First definition). Let C be a non-empty finite subset of C and let 6, €
R/27Z be generic with respect to C.

« The category of Stokes data of Gaussian type C totally ordered by 6, (we also say
of Gaussian type (C,6,)) has objects consisting of four families of finite dimensional
k-vector spaces (Gﬁ”))cec (v € Z/AZ) and a diagram of morphisms

S(1,0)
@CEC Ggl) A ®cec GgO)
(2.6 %) 5(2,1{ TS(O:;)
2 3
Doco G Doco G

S3:2)

such that, for the numbering C' = {cy,...,c,} defined by 6,, S“»~1) = (Si(;’y_l))i’j:lw

is block-upper triangular for v = 0,2 (resp. block-lower triangular for v = 1, 3), i.e.,
S(V,llfl) . G(lffl

ij G
(so dim Gg_l) = dim Gg), and S*¥~1 itself is invertible).
« We say that it is of pure Gaussian type if C C C \ {0} and the monodromy
T := §0:3)53:2) 521 5(1.0) is equal to the identity.
o The formal monodromy on the c-component is the isomorphism

T, = S£Oé3)5v£3€,2)5((:26,1)5((21é0) : GﬁO) AN GE;O)

) Gg) is zero unless i < j (resp. i > j), and Sf;””fl) is invertible

« A morphism of Stokes data of type (C,6,) consists of a family of morphisms of
k-vector spaces A&”) : GE”) — G'C(V), c € C, v e ZJAZ, which are compatible with the
corresponding diagrams ([2.6 ).

One checks that for such a morphism, one has in particular,

S((:uc,l/—l)AgV—l) — )\((:V)S((:uc,l/—l).

The category of Stokes data of (pure) Gaussian type (C,0,) is clearly abelian.
Fixing bases in the spaces G&”), c € C, v € Z/4Z, allows one to present Stokes
data by matrices (Z(”’”_l))yez/4z where 2(»¥—1) = (21(_;,V71))i,j:17‘.-’n is block-upper

(resp. -lower) triangular for v = 0,2 (resp. v = 1,3) and each """ is invertible.
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A set (E’(""”l))yez/m is equivalent to a set (E(V’”’l))yez/m if there exist invertible
block-diagonal matrices (A(V))UEZ/4Z such that, for each pair (4, j),

Hv,w—1) A (V) (rr—1) 4 (v—1)y—1
S AW (A D) V€ Z/4Z.

ij
In particular, up to equivalence, we may assume that E;EV’IFD =Idforalli=1,...,n
and v = 1,2,3. We then have E;EO’S) = T; (matrix of the “formal” monodromy
of GE?)). This leads to a variant of the first definition.

Definition 2.7 (Variant of the first definition). Let C' be a non-empty finite subset of C
and let 6, € R/27Z be generic with respect to C. The category of Stokes data of
Gaussian type C totally ordered by 6, has objects consisting of a family of finite
dimensional k-vector spaces (G¢)ccc, an automorphism T, of G, for each ¢ € C, and
a diagram of morphisms

S(1,0)
@CGC Ge— @cec Ge

(27 *) S(le)l TS(O’S)

D.cc Ge W D .cc Ge

such that, for the numbering C' = {¢1,..., ¢, } defined by 6,,

(1) 8%V =1d for each i € {1,...,n} and v € Z/4Z,

(2) Stwr=1) = (Si(‘;jﬂ/_l))i’j:l’._,n is block-upper triangular for v = 0, 2 (resp. block-
lower triangular for v = 1,3), i.e., Si(;’”_l) : Gg_l) — Gg) is zero unless ¢ < j
(resp. i > j),

(3) In the case of pure Gaussian type, we moreover ask that 0 ¢ C and that the
monodromy T = diag(Ty,...,T,) - S©3) §(:2)§(21) §(1.0) is equal to the identity.

As we have seen at the matrix level, each Stokes data as in Definition [2.6|is isomor-
phic to one with all G identified to the same G, and 5"~ =1d for v = 1,2, 3.
In order to get Stokes data as in Definition I we then set T; = Si(? %) and the new
S©0:3) is diag(Ty,...,T,) "' - S©3),

A morphism of Stokes data as in Definition consists of a family (,\£”>) which is
compatible with the diagrams and such that TC,\S”) = )\EO)TC for each c € C.

In the case where we assume that the monodromy is equal to the identity (but
maybe 0 € C'), we can present the definition in another way.

Definition 2.8 (Second definition). The category of Stokes data of Gaussian type
(C,0,,T = 1d) has objects consisting of a finite dimensional k-vector space L and,
for each v, of an exhaustive filtration L . indexed by {1,...,n} equipped with the
order <, (order defined by 6, if v is even and reverse order at 6, if v is odd) which
satisfy:

« for each v € Z/4Z, the filtrations L « and Lgyﬂ. are opposite, that is,
(28 *) Yv e Z/4Z, L= @ Lé,,i n Lg

v41?”
1=1,...,n
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A morphism between Stokes data of type (C,0,,T = Id) is a morphism between the
corresponding vector spaces which is compatible with all filtrations.

In this definition, exhaustive means that L max, = L, where max, = n for v even
and 1 for v odd. If we denote by L. ; = ZKJ» i L<,j, then we set Lo min, = 0 by
using the convention that the sum over the empty set is zero.

Comparison of Definitions and 2.8 The correspondence with Definition [2.6] goes
as follows. For each v, the opposite filtrations define a grading €, Gg”) with GEV) =
L¢iNLg,, i, together with a canonical isomorphism ¢, G} =5 L. The morphism
S(»=1) is the morphism induced by Id;, through the two consecutive isomorphisms
at the levels v — 1 and v. The morphism S®*~1 is compatible, by definition, with
the filtrations induced by L¢ . on both sides. If v is even (resp. odd), this filtration is
increasing (resp. decreasing), which means that S®*~1) is block-upper (resp. -lower)
triangular. The product of the morphisms S®*~1 is conjugate to Id;,, hence is equal
to the identity. It remains to check that S**~1 is a strict isomorphism (with respect
to the filtration L¢ o). This is clear because Idy, is obviously strict, and by definition
the isomorphism L ~ &, GEV) is strict with respect to both filtrations L¢ . and
Lgyﬂ. for each v.

Conversely, given Stokes data of type (C,0,) as in Definition with the sup-
plementary assumption 7' = Id, we set 9((,0) = 60, and we define L as @i:l,...,n GEO).
The natural increasing (resp. decreasing) filtration on L induced by this gradation
is denoted by L¢ o with v = 0 (resp. v = 1). The increasing (resp. decreasing) fil-
tration Lg o with v = 2 (vesp. v = 3) is the filtration induced by the increasing
(resp. decreasing) filtration attached to the grading @,_; G§2) through any of the

isomorphisms (S(21)§(1:0))=1 " §(0:3) §(3:2) from Dii..n GZ(-Q) to L.

Example 2.9 (Trivial Stokes data). Let ¢, € C and let L be a finite dimensional k-vector
space. Then the trivial Stokes data of Gaussian type ({c,},0,,T = Id) and of expo-
nent ¢, are the Stokes data defined by

L<c:

v

L ife, <, c,
0 ife<,co.

Example 2.10 (Adding trivial Stokes data). Let (L, (Lg,+)yez/4z be Stokes data of
Gaussian type (C,0,,T = Id). Let ¢g € C \ C be such that ¢y <, ¢ for all ¢ € C
and for v even, while ¢ <, ¢y for all ¢ € C and v odd. We will then set C" :=
CU{eco} ={co,c1,-..,cn} with respect to the ordering at 6,. For example, if C C R
and cos26, > 0, one can choose ¢y € R such that ¢g < ¢ for all ¢ € C. Let L,
be a finite dimensional k-vector space. One obtains Stokes data of Gaussian type
(C",0,,T =1d) in the following way:

« the vector space is L @ Ly,

o for v even,

(L @ LO)S,,CO =0&® Lo, (L @ L0)<V01 = LSVQ ® Lo, ..., (L @ LO)S,,cn = LSVCH & Lo,
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« and for v odd,
(L®Lo)<,co=L®Lo, (LB Lo)<,e, =L, ®0,....,(L®Lo)< e, = L, ®O.
We have an exact sequence
(2.10 %) 0— (L,Lge) — (L® Lo, (L® Lo)< o) — (Lo, Lo,<0) — 0,

where (Lo, Lo,< ») are the trivial Stokes data of Gaussian type ({co},0,,T = Id).
2.c. Stokes data attached to a Stokes-filtered local system. We will now
define a functor (depending on 6,) from the category of Stokes-filtered constant local
systems of pure Gaussian type C' to the category of Stokes data of pure Gaussian
type (C,0,), and we will show that it is an equivalence.

Let us also fix intervals 1) = [9((7”),9((3"“)] of length 7/2 on R/27Z so that the
intersection 7" N 1"+ consists of the point ngﬂ), which is not a Stokes direction
for any pair ¢ # ¢ € C (recall that 65 is defined by (2.5)).

To a constant local system .Z on S!' we attach the following “monodromy data’:

(1) a vector space L = I'(S!, &),

(2) vector spaces L") = T (I, £) (v € Z.JAZ),

(3) vector spaces L ) =TT(I* D NI¥, L)~ L Y

( ) (u)7 1(ju+1)7 b(y),

ol
4) a diagram of natural restriction isomorphisms a

(2.11)

We will use the following description: (L("),S(”’V*U)Vez/élz, with isomorphisms
Swwv=1) . [v=1) =y L) and monodromy T =1Id : L(® = L) where

glrv=1) _ (a,(f'))*laiy_)l, 70) — (0.3) §(3,2) g(2,1) g(1,0)_
Assume now that (.Z,.%,) is a Stokes-filtered local system with associated graded
local system gr.¥ = @, gr,. £.

Definition 2.12 (Stokes data attached to (£, .%,)). The filtration .,2” o) of the germ

Ly

equipped with a filtration L ..

vy induces a filtration on Le(“> which is ng)—increasing. Through b(l’)7 L comes
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Let us check that the pair of filtrations L¢ « and L<V+1. are opposite. It is enough
to check this on L®) :=T'(I"), #) ~ L, which is similarly equipped with filtrations
LY, and LY . We identify LY, NLY)  with D(IV), Z.,), and Remark
identifies this space with T'(1*), gr., ). We thus obtain Stokes data of type (C,6,)
as in Definition 2.8

In such a way, we have defined the desired functor (to check the compatibility with
morphisms, use Proposition )

As a consequence of the previous discussion we can state the following classical
result (the bijection at the level of Hom follows from Proposition [2.2|(2)):

Proposition 2.13. The previous functor is an equivalence between the category of con-
stant Stokes-filtered local systems of pure Gaussian type C' and the category of Stokes
data of pure Gaussian type (C,0,). O

2.d. A quasi-inverse functor: the sheaves Z¢. in terms of Stokes data

Let us fix ¢, € C. We will make explicit the description of the subsheaves .Z-.,
and Z¢., of £ in terms of Stokes data.

Let us start with Stokes data of type (C,6,) as in Definition The (constant)
sheaf .Z is obtained by the following gluing procedure, with respect to the cover-
ing (I(V))ueZMZ- We set

L = CGEBC (Cm) ®c Gg”))7

and we define the gluing isomorphisms

(v,v—1) . AN
g : Lrw-n |I(,,,1)ﬁj<y) Lo |I(V*1)ﬂI(V>

as IdCI(V*I)mI(V) ®S<V’D_1)'
With this presentation, the subsheaf Z¢., is defined by the data of the subsheaves

L) <e, = D ((»Bcsco@ﬂw) ®c Gﬁ”))»
ceC
and the gluing isomorphisms induced by ¢~ (and similarly for Z<., by replacing
< with <). The only point to check is that the gluing isomorphisms preserve these
subsheaves. We will check this for each (¢, ¢')-component of gv=h,

« If ¢ €, ¢/, we have the implication ¢’ <, ¢, = ¢ <, ¢, and the identity morphism
IdC,(WUN(V) sends Be<e, Crormre—1 10 Bege, Cronnrw—1), since either both sheaves
are equal to Cyoynro-1) if ¢ <, ¢, or the first one is zero otherwise.

o Otherwise, we have glrr=b)

c,c!

= 0, and thus the (c,¢’)-component of =1 is
zZero.

Proposition 2.14.

(1) For each c, €C, we have H*(S', £ )=0 fork#1 and dim H* (S, . )=2r.
(2) Forc, ¢ C, we also have H*(S, L. ) = H*(S, Z..,) for each k.
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(3) Forc, € C, we have H*(S', Z<.,) =0 for k > 2 and
—x(S*, Z<.,) = 2r + dim Coker(T,, — Id) — dim Ker(7T,, — 1d),

and the dimension of the space of global sections H(S', %<..) is equal to the dimen-
sion of the subspace of GES) defined as
N Ker S9N N Ker S&YSE0 A N Ker §82) 521 g(1.0)
e, oo L L1 o Deorco 11 L1 1o P CosC0"Cosco
1 KerSOPSEHSEN L,
e, 1Co €101 CosCo 0 Cosco
that is, the intersection of the kernels of the Séf/c’:_l) (¢ # co, v € Z/AZ) when regarded
in a natural way in the same Gf}j).

Up to equivalence, we can assume that S¢’% ") = Id for each ¢, € C and v = 1,2, 3,
so that for ¢ fixed the spaces el (v € Z/AZ) are all canonically identified to a space
that we denote by G.. We the regard S{2* ") as a morphism G., — G.. With such
a representative, we have

dim HO(S", Zc.,) =dim ) () Ker S Y.
VEL[AL cF#co
Proof. We will assume for the sake of simplicity that 6, is generic with respect to
CU{c,}, that is, 0, is not a Stokes direction for any pair ¢ # ¢ in CU{¢,}. We then
have

Lo, y1nre-n = B (Cﬂvmm—n ®c Gg”)'
ceC

c<,Co
The closed covering (I (V))UGZ /47, is a Leray covering for L., or £, since
«on I™, H’“(I(”),ﬁcgco(C) =0 for all k£ if ¢ # ¢, and for all k > 1 if ¢ = ¢,; simi-
larly, H* (I(”)7 Be<e,C) = 0 for all k; this is because there is exactly one Stokes direc-
tion for (¢, c,) in I™) if ¢ # ¢, and, if ¢ = ¢,, because Be<e,C =0 and fege,C = Cro;
« on I»=DNT®) the corresponding H* are zero for k > 1 because Leo, and L.,
are sheaves.

We can compute the cohomology by using the Cech complex relative to this covering
[God64, Cor. of Th. 5.2.4, p. 209]. Except for L., with ¢, € C, this complex reduces
to @, TV NIV, Z,) placed in degree one, with %, = L., (any c,) or L.,
(co ¢ C). Since C'U {c,} is totally ordered on each I*~1 N ) and since the order
is reversed when we change v to v + 1, the sum of the dimensions of two consecutive
terms in this direct sum is equal to r.
Assume now that ¢, € C. Then the Cech complex for Z<., has two terms:

(2.15) DG — PG

c,v

where the component Ggfl) — EBC)U, G,(:V/) of the differential takes values in ngfl) &)
D.< ., G and is equal to Id & Bec . S,
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This implies that H?(S!, Z<.,) = 0 and, by using the exact sequence

0— HYS', ZLc.,) — HY(S', gr,, &) — H'(S", Z.,)
— HY(S', ZL<.,) — H'(S',gr,, &) — 0

we find the desired formula for x(S?, Z<.,). Let us now compute the kernel of (2.15).
If (z,) € B, Gg) belongs to the kernel then, considering the component of the image
on P, Gg’:), we find z, = ngjZU_l)(xl,_l) and, since T' = Id, the kernel is isomorphic
(0)

to the subspace of G¢,’ defined in the last point of the proposition. O

2.e. The Riemann-Hilbert correspondence for differential systems of pure
Gaussian type. Let M be of pure Gaussian type. The analytic de Rham com-
plex DR™ M on A} can be extended as a complex on P! by considering the rapid
decay de Rham complex DR M obtained by replacing (in the definition of DR)
holomorphic forms on Al with holomorphic forms having rapid decay at infinity.

The Riemann-Hilbert-Deligne correspondence associates to M the (constant) sheaf
F* = #°DR™ M on Al and the subsheaves 2. := #° DR™ > (M ® ECt2/2)|SC1>O of
£ = Fs1_ (see Remarks and (). From [Del07] (see also [Mal83], [BV89],
[Mal91]), we get:

Proposition 2.16. There is an equivalence between the category of differential systems
on AL of pure Gaussian type at t = oo, and the category of C-Stokes-filtered sheaves
of pure Gaussian type on P;. O

We also have the following theorem (recall the notation in §I.al).

Theorem 2.17. Let (X,x,) be a pointed simply connected complex manifold and let
C = (e1y...,6n) + X — (C*)™ < diagonals be a holomorphic map. Let M, be a
differential system of pure Gaussian type with formal decomposition at infinity given
by @?:1(607&(%)/%/2 ® Re,(z,))- Then there exists a unique locally free Ox[t]-module
(A, V) with flat connection such that, denoting by i, the inclusion {z} — X,

(1) if (A, V) is a C[t](D¢)-module of Gaussian type with formal decomposition
at infinity given by @?:l(g’ci(z)/%/z ® Re,(z,)) (in particular, the R. () remain
constant),

(2) i, (A,V) = M,

Proof. The formal Ox ((#'))-module @, (&~ (x)/2t” @R, (z,)), together with its con-
nection V, is a formal meromorphic flat bundle which is good since ¢;(x) # ¢;(x) for
each i # j and each z € X. From [Sab07, Cor.II.6.4] we deduce the existence and
uniqueness of a meromorphic flat bundle (.Z,, V) in an analytic neighbourhood of
X x 0o C X x P! Similarly, the local system it induces on X x Sl is constant, and
this allows us to glue (A, V) with (ﬁ;‘ﬁ%an, d). Lastly, by choosing a lattice, one

can use a GAGA argument to make the construction algebraic with respect to ¢t. [
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Remark 2.18. One proves in a similar way that any morphism ¢, : M, — N, be-
tween differential systems of pure Gaussian type C(z,) extends in a unique way as a
morphism ¢ : (A#,V) — (AN, V).

Corollary 2.19. Let X be a simply connected open subset of (C*)™ \ diagonals and let
C,C" be two points of X. Then X defines an equivalence of categories between the
category of differential systems of pure Gaussian type C and that of pure Gaussian
type C'.

Proof. We apply the above theorem and remark to the inclusion map X — (C*)™ \
diagonals, and both categories considered in the corollary are equivalent, via the
restriction functor, to the category of flat holomorphic families parametrized by X of
differential systems of pure Gaussian type X. O

3. Topological Laplace transformation

3.a. The theorem of Mochizuki. Our objective is to compute the Stokes data
of M at 7 = oo in terms of the Stokes data of M at ¢ = co. More precisely, we look
for a purely topological computation.

In other words we want to express F* = DR™M and, for any v € C*
(and particularly for v € —1/C), the rapid decay de Rham complex .,2/”;7 =
DR™(M ® E"/?)s1 uniquely in terms of the Stokes-filtered sheaf (Z,.Z.)
attached to M. We consider the natural embedding of diagrams of projections

Al x AL P! x PL

Ay AL P! P!

where P! (resp. P1) is the circle completion of AL (resp. AL), that is, the real oriented
blow-up of P} at oo (resp. PL at o0). We set

Dy := {00} x P}, Dg:=P; x {c5}.

The sheaves of holomorphic functions with moderate growth and rapid decay are thus
well-defined on the space P} x PL

T

and there are corresponding moderate and rapid
decay de Rham complexes. We will use the following notation. Let X be a complex
manifold and let D be a divisor with normal crossings in X. We denote by X (D)
or simply X the real oriented blow-up of X along the irreducible components of D.
On this space are defined the sheaves of holomorphic forms on X ~\ D having rapid
decay (resp. moderate growth) along the pull-back of D in X. Correspondingly, one
defines the de Rham complex with rapid decay (resp. moderate growth) along D for
a Zx-module, that we denote by DR™?” (resp. DR™4P). These are complexes of
sheaves on X (see [Sab13, Chap.8]). The main tool for our purpose is the following
theorem.
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Theorem 3.1 (Mochizuki [Moc14, Cor.4.51]). Let e : X — P} x PL be a sequence of
point blowing-ups above (00,50) and set Dx = e (Do U Ds5). Let X be the real
blow-up space of X along the irreducible components of Dx, and let € : X — ]T”tl X ]IT&
be the corresponding map. Then, for each v € C* we have

Zey = R(po@), DR™PX et (p" M @ B0 /%) 1 1],

Remark 3.2. The use of this analytic theorem could be avoided in the present article,
in order to obtain Theorem [3.7] below. However, in more complicated cases, this
theorem allows a general definition of the topological Laplace transformation, and its
use simplifies the presentation (see [HHS14]). Note that this theorem implies that, for
each € C, the complex R(po &), DR PX et (pt M @ E~7+77°/2) has cohomology
in degree one at most. Let us consider the open inclusion 7: X N\ Dx < X. Then the
natural morphism from this complex to R7.7 ! of itself (which also has cohomology
in degree one at most) is injective at the cohomology level.

This theorem, with X = P} x P, D = D, U Dg, and e = Id, reduces the
initial problem to expressing DR™? (p+ M ® E_t7+772/2) in terms of (#,.%,). It is
not too difficult to express 50 of this complexes in terms of (%, .Z,), as shown in
Proposition below. However, one cannot apply Majima’s asymptotic analysis to
obtain the vanishing of the sheaves 7%, k > 1, since p* M @ E~t7+77°/2 is not good
along D at (00,50), in the sense of [Sab00]. We will thus apply Theorem to a
suitable modification X.

We continue to use the notation as in Theorem [3.I] and we set ¢ = p o e. We also
use the notation of Remark [2.1)(5).

Proposition 3.3. Let e : X — P} x PL be as in Theorem . We set, for ~v € C,
Gy = 0 DR Px eT(ptM ® E—tr+'y7'2/2)
that we regard as a subsheaf of
G =7, °DR™ et (ptM @ E7'7)
in a natural way (7: X ~ Dx < X ). Then
(3.3%) TG =79 =71 "<« and 9=7.7"'7"'F<o.
Moreover, for each T € )~(|671(DOAO), setting 0 := 5(%), we have

{ﬁzt if y/2m* —t/7 <0,

if t .= q(z) € AL,
0 otherwise, d 1@ ‘

(3.3 %x) Genz =
= S L if 0= (7)€ 5L,
C

ce
7/27"2—1/t’7"—c/2t/2<(67§)0

where the sum is taken in %p.
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Proof. This is a straightforward computation from the definition of horizontal sections
of a flat meromorphic connection. Let us only indicate why 7719 = 771¢-1.Z0.
We thus forget about . The twist by E~*7 consists in changing the set of expo-
nential factors {ct?/2|c € C} to {(c+27t)t?/2 | c€ C}. We then have 77 '¥9 =
DoceC, et? jatir<o L<c above Sl and 7719 = Z* above Al. Near any point of
SL = {|t| = oo} and for 7 near 7, € AL, we have t7 + ct?/2 = ct?(1 + 2t'7/c)/2
and (1+2t'7/c) ~ 1. Therefore, at any 6 € SL , we have t7+ct?/2 <, 0 iff ct?/2 <, 0,
and we conclude that j7'¢ = p~1.Z . O

3.b. Choice of the blow-up space. We denote by ¢ : Z — P} x P! the blowing-
up map with center (00,0), by E the exceptional divisor and by D the divisor
EU Do U Dg, with Do := ({00} x PL) and Dg := (P} x {0}). We will also set
E*"=E~((DoNE)U(DxNE), D% =Ds\(DgsNE), Di =D~ (DoNE).
We notice that A} x PL and P} x AL are naturally included in Z as open subsets,
whose complementary sets are respectively Do, U E and Dz U E in Z (see Figure .

By definition, the pull-back of the affine chart AL, x Al, of P} x PL centered at
(00, 30) consists of two affine charts, with coordinates denoted by (u,u’) and (v,v’),
such that the projection is given by

e t/ = u, 7 = wu’ in the first chart,

« ' = v/, 7 = v’ in the second chart.

t Dy
T/ u u/
)
v’ \
Dy
T " " T

F1GURE 1. The space Z

Lemma 3.4. The meromorphic bundle with flat connection e*(p™ M @ E~t7+17°/2) g
pseudo-good, in the sense that it is good on Dz minus a finite set in E*, where the
exponential factors which are not good behave like v/u® or v?/u®.

Proof. The possible exponential factors of et (pt M @ E-t7+77"/ 2) are the following
rational functions (c € C)
v —2u —c

2u?
whose numerator has only simple zeros if v ¢ C = —1 /Corify=7¢,:=-1/c, and
¢ # ¢,, and has a double zero at v = —c¢, if ¥ = C,. O

5*(77’2/2 —tT—ct2/2) =
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Corollary 3.5. For each v € C, the complex DR*PZ e+ (pt M @ E~17+77°/2) has co-
homology in degree zero at most.

Proof. Away from the zeros of yv? — 2v — ¢ (¢ € C) regarded as points on E, the
meromorphic flat bundle et (p* M @ E~'7+77°/2) is good, and even very good in
the sense of [Sab93| §7], hence one can apply Majima’s theorem [Maj84] (see also
[Sab93l §7]). On the other hand, at the remaining points one can apply Lemma
according to Lemma O

Definition 3.6 (Topological Laplace transformation). Let (%, .%,) be a Stokes-filtered
sheaf on IF’% of Gaussian type C. Define ¢ and ¥, by and with the
blow-up € : Z — P} x PL. Set ¢ = poe and ¢ = poe. The topological Laplace
transform (ﬁ Z. ) of (F,.%,) is the Stokes-filtered sheaf defined by the data

T =RQJ'Y, Zoy=H"RiY< (v€C)

and the gluing morphism °?<v — Q where . is the constant sheaf of rank r regarded
as the restriction to S%a of the push-forward of the constant sheaf .#*, is induced by
the push-forward of the natural morphism 4., — ¥.

As a direct consequence of Theorem together with Proposition [3.3] we obtain:

Theorem 3.7. The definition above produces a Stokes-filtered sheaf of Gaussian type C
which is isomorphic to the Stokes-filtered sheaf attached to M.

Remark 3.8. 1t is not obvious, a priori, that the objects considered in Definition [3.6]
form a Stokes-filtered sheaf. It could be proved in a purely topological way in the
present setting, without referring to the analytic Theorem

3.c. Topological Laplace transformation on Al. In this section we make a little
more explicit the topological expression of the restriction F* to Al of the Laplace
transform of .Z. In particular the blowing-up Z will not be used here. We consider
the pull-back p~1(.Z,.Z,) on the open subset P! x AL of P! x PL.

We then have Z* = Rli G7'9) = Rl;%* (77 'p~'Z<0). Therefore, F* is the
constant sheaf with fibre H(P},.#<(), which has dimension r (rank of .Z*), as follows

from the lemma below. Let us check directly the vanishing of all other Rki (G 19).

Lemma 3.9. For a filtered local system of pure Gaussian type (F,.Z,), we have
HI(P}, F<o) =0 for j #1 and dim H* (P}, F<) = .

Proof. We consider the closed covering (@} wnez/az of Iﬁ’% consisting of points ¢ with
argt € IW. In Cy ,,, P is the constant sheaf. We first prove that (IAP;%)M)%ZMZ is a
Leray covering for .#<o and that H O(IF’%, u» F<0) = 0 for each p.

On each ]1~3’t17#, we have an isomorphism between (#,.%#,) and (gr.%,gr, %), so
we can assume that (.%,.7,) is graded, and we are easily reduced to the case where
(#,7.) ha52 exactly one exponential factor ¢ € C. Note now that, on I*) c S | the
ct®/2

function e changes its asymptotic behaviour (from exponential growth to rapid
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decay) exactly once, and this occurs in the interior of I(*). Therefore, when restricted
to I(#), F <o is zero on some nonempty closed interval and is the maximal extension
of ﬁ]cw on the complementary nonempty open interval. It follows that .F¢g is acyclic
on @ -

The two-by-two (or more) intersections of the covering are either segments or the
origin, and it is easy to check that either .Z¢ is acyclic on such a segment, or is the
constant sheaf on such a segment, hence has no H* with k& > 1. This ends the proof
of our assertion.

Next, we prove that H2(P!,.%,) = 0. This is obtained by Poincaré-Verdier dual-
ity, by checking that the Verdier dual of F¢g is a sheaf up to a shift, which satisfies
properties similar to that of .#¢o (see the proof of Lemma 4.16 in [Sab13]).

Lastly, the rank of H 1(1@%, F<o) is obtained by a simple Euler characteristic com-
putation. L]

3.d. The topological space for computing the Laplace transform on ]}vpi

We now make more explicit the computation of ¢ and 9., (y € C). We denote
by Z the real blow-up space of the components of D in Z, so that the map ¢ lifts as
£ Z— ]TVD% X ]f”i We notice that Al x Iﬁ’i and Iﬁ’} x AL are naturally included in Z
as open subsets, which complement respectively 8Z| DouE and 62‘ DUE- We will
mainly consider the complementary inclusions

(3.10) 0Zpr — Z «2= P! x AL
The restriction 8Z|E is described in this way:

025 ~ SL x SL % [0,00]
~ St x SL % [0,00]u,

~ St x S x [0, 00,
where the isomorphisms on the arguments are given by

(argu,argu’) — (argt’ = argu,arg 7’ = argu + argu’)

(argu, argu’) — (argu,argv = —argu’)

and on the absolute values by |v| = 1/|u/|. The restriction 8Z| g+ is obtained by
replacing [0, 00] with (0,00) in the formulas above. On the other hand, GZ‘D@
(resp. 82‘Dm) is identified to the space Iﬁ’% x S1, (resp. S}, x fﬁ’l), and the gluing with
87, is obtained by identifying 9P} x S1, with S} x SL, x {|u/| = 0} (resp. S} x OPL
to S}, x SL x {|u/| = oco}). Notice that we will also use the notation S. for OP}
and SL for OPL, and it will be clear from the context whether we use argt or arg ¢’
(resp. arg T or arg7’) as a coordinate.
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We will use the following diagrams:

Z Z
| d
(3.11) P} x P} P! x P!
B S B!

Lemma 3.12. The space Z is homeomorphic to a product of two closed discs.

Proof. Firstly, £ induces a diffeomorphism &1 (}IND} x ALY ~ @ x Al | which is a product
of a closed disc by an open disc. We will now identify 8Z|D@U]5 with a product of a
closed disc with S%,.

We regard BZ‘E as the product S x [0, 00],s x S1,. Recall that 8Z|D:AQ is naturally
identified with A} x S!,. We now identify A} U (S} x [0,00],/) with the closed disc
having coordinate w (Jw| < o0) in the following way:

t .
o for |w| < 1, we have w = ﬁelarga
AR
* fOI' |w| 2 17 we have w = (1 -+ |ul|)e—1argu.
We will then set 9Zp_up ~ A, x S, where A, =~ C,,. O

3.e. Behaviour of the function exp((c/2)t> +tr — (v/2)7%) on dZ. For the sake
of simplicity, we will denote by 8Z the restriction of Z above {t =0}UDxUE (so we
do not take into account the restriction over DJ).

Let us fix an nonzero complex number ¢ € C* and let us consider the pull-back of
the function exp((c/2)t* + t7 — (7/2)7?) to Z and Z, where v € C* is regarded as a
parameter that we vary.

Definition 3.13 (of A.: (0, ¢, )). For § € S, fixed, we define

B (@, ¢,9) C By x {0} C By x S, = 07

T

as the subset consisting of points in the neighbourhood of which the function
exp((c/2)t* + t7 — (v/2)72) has rapid decay.

Determination of ij (@, ¢,y) in 82‘D&. Since v # 0, the behaviour for ¢ finite
and 7 — oo of the function exp((c/2)t? + t7 — (7/2)7?) is governed by the sign
of Re(—(v/2)72). We find that

ASH if0 <7,

(3.14) A0, ¢,9)N0Z)p. =
& 7 <, 0.
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Determination of fo (5, ¢,y) in 6ZIE' Let us first work with the coordinate w’ =
w—1 = |u|e"i¥8% with |u/| € (0,4+0oc] (since we already know the behaviour at
|#’| = 0 by the previous computation). Using the expression

cu'? +2u' —

in the chart (u,u’), which becomes (cu'? +2u’ —7)6*215/2 when we restrict to arg 7’ =

argu + argu’ = 6, and since u’ = e~ %w’, we have

ZS @,c,7)N 3Z|E = {w’ | Re(cw™ + 910y — 767215) < 0},
that is,
A6, ¢,7) N 07 = {w' | Re (c(w’ — ¢ 778)% — (v — 8)e~2%) < 0}.

The argument (in the coordinate w’) of the center ’c\(g) .= ¢~ of the real hyperbola
having equation Re (c(w’ — e79¢)? — (v; — 2)e~4%) = 0 is equal to arg¢(f) =7 — 0 —
argc.

and [3} the black dot is the center 3(5), the middle circle is the

J— d ~
circle |w| = 1 and the external circle is the circle [w| = co. The regions A, (8, ¢, )
are the colored regions and the boundaries are excluded if they are red. The disc AS!

. —rd ~ . > . . .
Pictures of AZJ (0,¢,v) in OZ. For these pictures, we assume that ¢ is real and posi-
tive. On the pictures

is also indicated on the picture.

0 y#£¢C c<;v<,0 c<;0<,y

FIGURE 2. Zf 0,c,7) if¢<,0

0<,v<,¢ y==¢C 0<,c<,v

FIGURE 3. AL ,c,7) if 0 <,¢C

It will be useful to remark the following:
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Lemma 3.16.
(1) For any c and é\ﬁxed, we have
—rd ~ —rd ,~
v <y =4, (0,¢,7") C A, (0,¢,7).

(2) We have ¢() € Z:;i (8, ¢,7) if and only if ¢ <,7-
(3) Let us fix two positive numbers ¢ < c'.

~ ~ —d ~

. Assume cos20 > 0. Then ’c\'(é\) € Zi(@,c’,v) a(0) e A,0,¢c7).
« Assume cos20 < 0. Then ¢(0) € Zi(g, c,y) = E(A) € Zi(é\, ). O

3.f. The sheaves ¥ and 9., (v € C). We now make more explicit the expression
of the sheaves ¢4 and ¥..,. Recall (see Lemma and its proof) that we identify
8Z|D&LJE with the product A,, x S1,.

Let p : [0,00] — [0,1] be a decreasing homeomorphism such that p(0) = 0 and
p(co) = 1. It induces a homeomorphism, still denoted by p : w + p(|jw|)el¥&v,
from A,, onto AS!, which sends A,, homeomorphically onto AS! = A} and {|w| = oo}
onto AP

(1) The sheaf ,.Z<o on A, is the pull-back of the sheaf Z<y by the map
p: A, = ﬁtl It is a subsheaf of the constant sheaf ,,.%, pull-back of .%.

(2) The sheaf 4 on 6Z|DOAOUE ~ A, xS}, is the pull-back of ,,.Z<( by the projection
Ay X Si, — A,. It is a subsheaf of the constant sheaf ¢/, pull-back of ,.%.

Note that the quotient sheaf ¥’/¥ is supported on {|w| = oo} x S, and ¥ is
constant in the interior of A,, x SI.

Lemma 3.17. The push-forward of 4 by the projection Ay, x SL, — S1, is the constant
local system of rank r on S1,.

Proof. Identical to that of Lemma [3.9] since there is no topological difference be-
tween F<o on P} and , F<o on A,,. O

The sheaves 9., on 8Z|D@ ~ {|lw|] <1} x S%,. Let jo<, denote the open inclusion
(8Z|DOAC)0<7 =P} x {argy — 2arg 7’ € (—7/2,7/2) mod 21} — P} x SL,.

(Above Al this is the domain of rapid decay, equivalently of moderate growth, of the
function exp((c/2)t? +t7 — (v/2)7?) for ¢ remaining at finite distance). As in Remark

, we denote by By<~ the functor j0<77!j0_<17.
On 82“3@, the first item of (3.3 ) amounts to (recall that ¢ = ¢’ is the constant
sheaf of rank r on 0Z)p_ ):

Gy = Po<r Y-
We have a natural inclusion

Gy — 9.
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The sheaves Y~ on 62‘ - In order to understand the computation below, we will
regard for a moment 8Z| g as the product E* x S! with the identification S} = S}, and
E* = Sl x [0,00], (while E* = C = S! x (0,00),). In these coordinates the limit
of the expression (¢/2)t? + tT — (v/2)72 is (c + 2v — bv?)e~ 212784 /2 (this expression
holds on E* x S, and one should replace v with (Jv|,e'#8?) to extend it to E* x S1).
Above E*, we regard ¥, as the family, parametrized by v € E*, of the sheaves
$<C’Y(U) with

(3.18) ey (v) = bv? — 2v.

For v = v, fixed, these sheaves have been analyzed in §2.dl Their definition needs the
use of the functor B.<., (v,). For v varying, we will similarly consider the open subset
(8Z| E)e<e, (v) Of a7, |z~ The corresponding open inclusion will be denoted by je<c. (v),
with associated functor Be<c. (v) = Je<e, (v).! j;;cw(v). The definition of the sheaves

Zec. (v,) from the Stokes data also uses the given covering S, = Uuez/az It (8,), for
some choice of 6, generic with respect to C' (see §2.b)). We will therefore have to use
the corresponding covering

Zp= U E- xIW@O,)= U (0Z)"W.
WEZ]AT WET /AT

However, we will present ¥., on 82‘ g by regarding now 8Z| g as the prod-
uct {1 < |w| < oo} x S1, which will be better suited to the computation of the
push-forward by the projection map to S!,. We will work with the coordinates
(Ju/|, e~ a8 u elarg ") and we set w’ = |u/|e 148 % if [u/| # 0, 00. The set (8’ZV‘E)C<CW(U)

is then defined as

(3.19) (aZ\E)c<c.y(v) — {(w/,eiarg-,—/) | Re(cle + 2w/e—iargr’ . 'ye_QiargT/) < 0}.
Strictly speaking, this definition holds on |w’| € (0, 00), and we implicitly understand
that (0Z)g)c<c. (v) 18 the closure of the subset defined by this relation, that is,

([3-19]a) the restriction of (8Z|E)C<CW(U) to |w’| = oo is defined by Re(ce™2a8%) < (),
so is identified with the product (S})c<o x SL,

([3-19]b) the restriction of (8Z|E)C<cw(,u) to |w'| =0 is defined by Re(—ye~2#187") <0,
i.e., coincides there with the restriction of the subset (62 D= )o<~ considered above.
We will also use the closed covering 8Z|E = UMGZ/M(‘?ZIE)(M)v where (GZ‘E)(“) is
defined by e-iarsw’ .= glargu ¢ J(1)(g,),

Lemma 3.20. On OZ‘E, the constant sheaf 4’ can be obtained by gluing the sheaves

@'(1) — E%C(aZ‘E)w Rc Gg“)
ce

with gluing morphisms g1 = Idc @8 Hn=1),

(82|E)(H)m(62‘E)(#*1)

Proof. This follows from the similar property for .# on SL , which is equivalent to the
property that the product of the Stokes matrices is equal to the identity. O
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Lemma 3.21. On 82‘]5 the subsheaves Y C 4’ are obtained by gluing the subsheaves

GY) = @ (Bece,)Cloz,,ym) OGP = @ 9L,
ceC ceC

with the isomorphisms induced by gtHr=1).

Proof. This is straightforward from the pointwise definition of ¥ given by the second
item of (3.3x#|). Omne can check the preservation of the subsheaves by the gluing
isomorphisms by using the same argument as that given in §2.d O

Lemma 3.22. For each v € C*, 9 is a subsheaf of 4, and coincides with the previ-
ously defined 9., on {|w| =1} x SL,.

Proof. This is immediate from Properties (3.19/a]) and (3.19\b) above. O

Remark 3.23 (Restriction of ¢, to a fiber of ). We will denote (with some abuse) by
%i%@\ etc. the restriction of Y., etc. to the fiber g~'(0), where g is the projection
0Z\p_uE — S1,. Tt follows then from Lemma || that for ' <_~ we have natural
morphisms gfﬁlﬁ — {4<%§ — 9. -

If we fix @ in S., the restriction Y_, g to the fibre [1,00], x SLox {6} =
[0, 00, % S, x {6} is described as follows:

(1) We first consider the subsets (3.19)5 for argr’ = 6 and ¢ varying in C (com-
pleted with the corresponding (3.19a)); and (3.19\b)5). They look like those on Fig-
ures [2 and

(2) We may use the simplified version of the Stokes data of (Z,.Z,) where
S(Ef‘c’“_l) = Id for all ¢ and p = 1,2,3, so that o — G, for all ¢. On the subset

3.19)); indexed by ¢ we consider the constant sheaf with fibre G, extended by zero.
B-19; y : y
(3) We use the covering ((8Z|E)(“))#EZ/4Z and the gluing morphisms ¢(*#=1) to

replace the direct sum of the previous sheaves to a new sheaf 4 B

4. Computation of topological Laplace transforms

Our aim in this section is to express the Stokes data attached to the topological
Laplace transform (;‘\, ;:,) in terms of those attached to (%,.%,). According to
Theorem this is equivalent to the computation of the Stokes data attached to M
in terms of those attached to M.

We start with a Stokes-filtered sheaf (&, %,) of type C C C*. We will make the
computation with the following simplifying assumption: arg c is independent of ¢ € C.
We will denote by arg C' the corresponding value. Note that C=-1 /C satisfies then
the same property and we have arg C=r-— arg C.

Remark 4.1. Corollary can be used to reduce the computation to the case where
this assumption is fulfilled, in a non explicit way however, hence this is of no use for
an explicit computation of Stokes data.
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Indeed, if C' does not satisfy the previous assumption, we can find C’ C C* defining
a point in (C*)™ \ diagonals with arg ¢’ constant for ¢’ € C’, and a simply connected
open subset X of (C*)™ \ diagonals containing C' and C’: choose nonintersecting
paths from each ¢ € C to distinct points of RY, defining thus a path from C to C’
in (C*)™ \ diagonals, and take for X a simply connected open neighbourhood of this
path in (C*)™ \ diagonals.

Then the equivalence of Corollary [2.19| Laplace-transforms into an equivalence with
respect to X = —1 /X and if we know the transformation rule of Stokes data for the
pair (C’, c' ), we can use this equivalence to obtain the transformation rule for (C, 6)
Unfortunately, the equivalence of Corollary given by X is not explicit in terms
of Stokes data.

We will express the Stokes data (as in Definition of type (6, 50) attached to
(é:, ﬁ\\,) in terms of those of type (C, 6,) attached to (.Z,.%#,). A suitable choice of 6,
and @\O will simplify the computation.

Let us fix a choice of %arg C. Then the Stokes directions attached to C' are
%argC + kn/4 mod 27, with k = 1,3,5,7. We can therefore choose 6, = %arg C.
The order on C at 6, is then the order ¢ <, ¢’ <= |¢| < |¢/|. The numbering
c1,...,Cy is by increasing absolute values. Recall that we set 0&”) =0, +vm/2, so
that the order on C at 9(()”) is the usual order between the absolute values if v is even,
and the reverse order if v is odd.

We also choose

~ 1 PN 1
90:77/2+§argC:7r—§argC:7r—90

and we set 5(()”) = @\O + v7/2. The order on 5 at 5((,”) is by the absolute values of the
elements of C if v is odd, and the reverse order if v is even. Note that the numbering
¢1,...,Cn of C at 6, is thus equal to the numbering induced by that of C at 6,.

~

In the coordinate w’, the centers ¢(6) of the hyperbolas corresponding to a fibre
at 6 are defined by w’ = €e~1?, hence satisfy

arg,, ¢(f) =7 —argc— 0 =1 — 26, — 6.
It follows that, for each v € Z/4Z, we have
arg,,, 2(0)7) = 0"
(recall that arg,,, = —arg, and we use arg, to parametrize S}, = dA,,). Our aim is
to compute the filtrations Egy. at the points (’9?,”) for each v € Z/4Z.

Theorem 4.2. Under the previous assumptions, let (L, L< ) be the Stokes data of pure
Gaussian type (C,0,) attached to (F,.#,). Then the Stokes data (Z7E<V.) of pure
Gaussian type (5’, 50) attached to (é:, ﬁ) are equal to (L, L< ).

We will now fix v € Z/47 and v € C, and we set k € {1,...,n} in such a way that

Ck <, <u8k+1 (V even),
o1 <, v <, 0 (v odd).
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We first describe a Leray covering of A, X {5(0”)} suited for such a computation.

Each domain ij (5: o5, ¢;,7y) takes the form of one of the domains in Figure
if v is even (resp. Figure 3| if v is odd), depending whether j7 < k or j > k. In

Figures 4| and [5, we focus on the real half-line containing the centers ¢;(v) :=¢; (%y)).

If v is odd, we get the pictures of Figure || for the domain ij (@()V), ¢;,7), according
to Lemma If v is even, we get the pictures of Figure 5]

rd

ij (é\(ou),cner) Z’LU (é\gu)y Ck+17,7) Z:;i (5{()’1)7@“7) Z'Lu (é\(oy)7 6177)

FIGURE 4. v odd, e.g. v = 3, 6, € (0,7/8), cos 205" < 0

We notice that the covering (A, ,.)uez/4z is @ Leray covering for the sheaves ¥,
when v is odd, but not when v is even. On the pictures of Figure [4 and Figure
it is induced by the four quadrants centered at the origin and one of the corre-
sponding edges is the half-line drawn in these pictures. As soon as some domain
Ay, HOZZ? (é\((,'/), ck,7) has two red boundary components, this produces a non-zero H'!
for ¢¥..,. This occurs in pictures like Zf (%y), ¢,y) (7=1,...,k)in Figure How-
ever, for v (and thus k) fixed as above, we will consider a slightly different closed
covering 5",(:), as Figure @ Since ¢ is constant in the interior of A,,, we can as well

recover gg(()v) and ¥ < B by formulas like in Lemmas and

Proof of Theorem[£.2] Let us start by analyzing the sheaf 50, following Remark

The disc A, x {(?5”)} is represented on Figure @ together with its closed Leray
covering (FW) /47 (here k and v are fixed and we forget them in the notation). On

(w) i i i
each F'\*, %@y) is decomposed as the direct sum @Cec E?C%%V), with %C# o) constant

)

on A, N F®™ and the non-dashed boundary, and zero on the dashed boundary. The
gluing maps are as in Lemma It is then clear that the covering (F(“)) is Leray
for Y5, and that, for each p, I’(F(“),géxw) = 0, so that the corresponding Cech

complex starts in degree one. Let us denote by [70((,”)] the half-line containing the
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Z:jl (é:()l/), C1, ’Y) Ziud (é\gll)’ Ck; 7)
we could also have ¢ (v) inside

the domain, but not ¢x11(v)

K:}i (51(7,})7 Ck+1, ’Y) Z:/i (é:()l'), Cn, ’Y)
FIGURE 5. v even, e.g. v =0, 0, € (0,7/8), cos 208" >0

7 —p® 1 —®

_p@ & @ 73
o) o)
) “ o
70
—o —o
v even (e.g. v =0) vodd (e.g. v =3)

FIGURE 6. The covering 7\ by closed subsets F\""") (i € Z/4Z)

centers of the hyperbolas, regarded as the intersection of two closed subsets of the
covering (F().
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Lemma 4.3. The following morphism of complezxes is a quasi-isomorphism:

J
O%%l(F(')’gﬁ”) %%Q(F(')’%M) —

! |

0 —— T([~05"], G500 0

Proof. We already know that the upper complex has cohomology in degree one only,

as a consequence of Theorem but it can be proved by direct arguments similar

to those given below. We are thus reduced to proving that the projection Kerd; —
I([— o) l, gA(u)) is an isomorphism.

Assume that v is odd, e.g. ¥ = 3 as in Figure |§| the case v even is similar). In the
Cech complex, we 1dent1fy ‘Kl(F( ) %A( y) with Ly & Ly ©LOL (we keep the
notation of Diagram (2.11))) and %2(}7( % y) with L& L@ L& L. Let us write an
element a of the former as a(01) @ «(23) ® a(13) «(02), and an element  of the
latter as 5(012) & 5(123) & £(230) ¢ 5(301). We then have

1(a)(012) = —a(02) + M~ (a(01))
51(2)(123) = b~ (a(23)) - a(13)
61(0)(230) = —a<2o> + 71 (a(23))
81(a)(301) = b~ (a(01)) — a(13).
Therefore, the map o — «@(23) induces an isomorphism from Kerd; to £, as
wanted. O

It follows that .Zy.) = H'(A,, %) is identified with T([~05"], %)), which is
nothing but fg(y) ~ L.

238

i<k
FIGURE 7. Zf (5, ¢j,y) if vis odd, eg. v =3

For each v € C, we have f LB = 1(Zw,€€<7 §(y>), that we compute with the
corresponding Cech complex. Accordmg to the description of Lemma which
is more convenient to use with a single G, for each ¢, as in Definition and to
Figuresand we have €°(F(*), g<m@§“)) = 0. We note also that the c¢;-component
(j=1,...,kforvodd and j = k+1,...,n for v even) of each €*(F(*), ¥ ) is

<y
Z€ero (see Flgures I 7| and ' and we have a descrlptlon of the complex similar to that in
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= & &

i>k i=k J<k

FIGURE 8. Zf (g, ¢j,y) if v is even, e.g. v =0

the proof of Lemma The map Hl(zw,%<7 a) = H'(Ay,%5) is isomorphic

to the map by the projection F(H)é”)], {4<7 5) — r([fof,”)], 95 ), which is nothing

but the inclusion L. , < L. O

Remark 4.4. The formulation of Theorem M makgs clear the property M~ M ,

where ¢ denotes here the involution t +— —t, since C=cC. Similarly, considering the
Laplace transformation exp(¢7) (see Remark amounts to changing —t7 to +t7
in the formulas. The centers of the hyperbolas are now defined by w’ = —¢(f), and

5(01'))) = —95,”“). It is then clear that the composition of both

we have arg,, (—¢(
Laplace transformations is equal to Id, since the rotation by —m/2 for the first one is

annihilated by the rotation by +7/2 for the second one.

Appendix. Topological computation of moderate and rapid decay
de Rham complexes

Let R be a free C[u, u~!, v]-module of finite rank with a flat connection (hence with
poles along the divisor D := {u = 0}) having regular singularities along u = 0. Recall
that Ev/*" = (Clu, u™!, v]d + d(v/u?)) and BV = (Clu, u™", v]d + d(v?/u?)). We
will mainly interested in the behaviour at ©w = v = 0, and we will denote by the same
letters the corresponding meromorphic germs at the origin, over the ring &, ,[1/u].
We thus consider a germ at © = v = 0 of the form EY" @ R or EV/*" @ R.

2
(u,v)

X =X (D) — X denote the real blowing up map of X along D. The boundary
X (D) of X(D) is identified with D x S, with coordinates v on D and 0 := argu
on S.. Let .Z denote the local system determined by R on D x S..

Let jo : D ~ {0} = D denote the inclusion, and let jo : (D~ {0}) x S} < D x S}
denote the corresponding inclusion. Let ig : {0} < D resp. g : {0} x SL < D x S}
denote the complementary inclusions.

We denote by D the real blow-up space of D at the origin v = 0, so that we can
identify D with [0,£)xSL. We can fill the hole by gluing a disc along the boundary aD.

We thus get a space D, with a map wp, : D — D, which contracts the closure of the

Geometry. Let X denote a neighbourhood of the origin in C and let w = wy :
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filling disc to the origin in D. The restriction wp to D is the real blowing up map,
which contracts the boundary dD to the origin.

On D x Sk, we denote by ELJF (resp. EH) the open subset defined by Re(v/u?) > 0
(resp. Re(v?/u?) > 0), that is, argv — 20 € (—7/2,7/2) mod 27 (resp. argv — 0 €
(—m/4,7/4) mod m). We also denote by L; ; their restriction to (D ~ {0}) x S} and
by 7; : EH «s D x S (i = 1,2) the open inclusion. We will also consider the
subspaces £i7+ in D x Sl defined as the union of the two sets EH and (é\ D) x St
and the corresponding open inclusion Z We will then denote by Ei the functor Z 'Zl,
etc. )

The sets EH_, L . are topological fibrations over Sl. We illustrate below a typical
fibre of this fibration (contained in D and é), and the fibration is obtained by rotating
the picture around the center of the (empty or full) disc. The map wp (resp. wp)
contracts the boundary circle (resp. the disc) to the origin.

,_______
>
4 | O

FIGURE 9. Restriction to argu = 6, of L1, and £1,+

[ —

poooooa

\

FI1GURE 10. Restriction to argu = 6, of L2 4+ and ;27+

Analysis. The space X (D) is equipped with the sheaves

. %;(‘E)D of holomorphic functions on X* := X \ D having moderate growth along

X (D),

. ,Q%)E(‘}g) of holomorphic functions on X* := X \ D having rapid decay along
X (D).
We will be mainly interested to their restriction to 9X (D) = D x S..

Moderate and rapid decay de Rham complexes. Given a free Ox (xD)-module .# with
flat connection, we consider the corresponding de Rham complexes DR™° P (.#) and
DR™P(.#) on X (D). These are complexes on X (D) which are both equal to the
holomorphic de Rham complex DR(.#) when restricted to X*.
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Lemma A.1. We have
(A.1%) DR™ P (E"/** @ R) = DR™P(EY/* @ R) = jo.f1.%,
and

DerD(Evz/u2 ®R) = RWD,*BQ-X = 70,1022,

(A1) 4D et fug? ~

As a consequence, the germ at {0} x S of the complexes in (A.1%) and in the first
line of (|A.1l %% are identically zero. On the other hand,

(A2) #°DR™IP(E"/“ @ R)=0 and #'DR™IP(E"/" ©R) ~ L)xsn.

Remark A.3. In both examples, we observe that DR P commutes with the restriction
to v = 0, while DR™4? does not: indeed, the restriction to v = 0 of EY/%" @ R or of
EV /" ®@Ris equal to the restriction of R to v = 0, hence is regular; thus its moderate
de Rham complex is a locally constant sheaf, while its rapid decay de Rham complex
is zero.

Proof of . Let us first prove the result with E/* instead of Ev/Y Ttis enough
to check the result at the origin of D, since it is clear away from the origin. We blow up
the origin e : X’ — X, so that X’ comes equipped with two charts with coordinates
(u',v") and (u”,v”) such that v = w'v', v = v and v = v”, v = w”’v”. The pull-
back e~1(D) consists of the strict transform D’ = {v = 0} of D and the exceptional
divisor E = {v' = 0} U {«/ = 0}. We have a map between the real blow-up spaces
¢:X'(D'UE) — X(D).

The reason for using such a complex blowing up and the associated real blowing
up is that the moderate or rapid decay de Rham complexes we are interested in can
be computed as the push-forward by ¢ of the corresponding complexes on X ' and
that, on X’ , these complexes have cohomology in degree zero at most, and their s#°
is easily computed (see e.g. [Sab13l Chap. 8]).

Chart (u”,v"). Above this chart, we identify dX’ with AL, x Sl by identifying
0" = argu” with § = argu. The pull-back et (E"/* ® R) has regular singulari-
ties along E = {u” = 0}, so DR*Z(¢*(E/* @ R)) = 0 on X’ in this chart, and
DR™4E (et (EY/* @ R)) is the pull-back sheaf 17512 by the map € : (6”,0v")
(9//7 U//eié”) — (9, v).

Chart (uv/,v'). In this chart, we identify X’ with (Ry)% x (S!)? with coordinates
(Jv'], ||, argv’, arg u’) and € is given by

iargv’

(Io'], Ju'], arg of arg o) —> (o] argof + arg).

Since we already computed the de Rham complexes away from the strict transform
of D, let us restrict above the strict transform v’ = 0, and thus, above the origin
v = v = 0, which is equal to S!, x S},. In the neighbourhood of v’ = v/ = 0, the
pull-back of E¥/* @ R is equal to EY/* @ eTR.
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Let us identify S}, x S}, with S! x S} by the isomorphism (argv’,argu’)
(argv’,argv’ +argu/). Then, the restriction of DR* (®YPY) (¢*(Ev/* @ R)) to this set
is zero since e~/ does not have rapid decay at points above E ~ (D’ N E). That
of DR™4(BUD) (ot (Ev/u R)) is clearly identified with the restriction of 51.% to
Shx St

At this point, we can conclude that

DR™P(E** @ R) = 0.7y ' DR™P(EY* ® R) = jo./1.Z.

Gluing the two charts. Let us identify topologically Alv,/ with an open disc B,» with
coordinate v” (of radius 1, say). We have a homeomorphism B, x S1 — B,, x S}
by sending (v”,argu) to (w=1v"e!*8% argu). We regard B, as the filling disc in D.
Indeed, on dB,,, we have argw = argv. We also identify (R ), x S x S!, with
(Ry), x St x Sl via €, sending ([v'],argv’,argu’) to (|v'|,argv’, argu’ + arge’) as
above.

Then DR™4 (PP (e+ (/4 @ R)) is identified with 3., and DR™P(E*/* @ R)
with R@D’*gléﬂ

It remains to check that the latter complex is zero when restricted to any point
(0,6) of D x S.. At such a point, the germ of DR™P(Ev/* @ R) has cohomology
equal to the cohomology with compact support of the union of an open disc and an
open interval in its boundary, which is easily seen to be equal to zero.

By choosing a square root of the monodromy of ., one expresses E¥/ v @ R as
the pull-back by the ramification u — u? of a meromorphic connection E¥/* @ R’
Similarly, DR™ P (Ev/ u’ ®R) and DR™ P (Ev/ u? ®R) are the corresponding pull-back
complexes. Then follows.

For we do not need to use a covering with respect to v and we can argue
with v?/u? as we did with v/u. The proof is similar, except the conclusion on the
vanishing of the germ of DR™ 4P (E?/“® R) at (0,0) € D x S, since the cohomology
is now equal to the cohomology with compact support of the union of an open disc
and two disjoint open intervals in its boundary. Such a cohomology vanishes in degree
# 1, and has rank one in degree one. O

Let now .# be a locally free Ox (xD)-module with flat connection, which satisfies,
locally on X (D),

!Q{)%nodD Qw165 M~ @ ‘!Z{)L(HOdD Ow-16 (EAv/uz o R)\),
AEA

where A is a finite subset of C*.

Corollary A.4. With these assumptions, the natural morphism
DerD(///) — DRmOdD(///)
i a quasi-isomorphism.

Proof. We can argue locally on 0X (D) and, according to the assumption on .#, we
can replace .# with @/\eA(E’\“/uz ® R)), so that we can apply (A.1 ). O
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