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Relative regular Riemann—Hilbert correspondence

Luisa Fiorot, Teresa Monteiro Fernandes and Claude Sabbah

ABSTRACT

On the product of a complex manifold X by a complex curve S considered as a param-
eter space, we show a Riemann—Hilbert correspondence between regular holonomic relative
D-modules (respectively, complexes) on the one hand and relative perverse complexes (respec-
tively, S-C-constructible complexes) on the other hand.
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Introduction

Let X and T' be complex manifolds. Relative D-modules are modules over the sheaf Dx 7,1 of
differential operators relative to the projection px : X x T' — T'. Holonomic D yr/r-modules
encode holomorphic families of holonomic D x-modules parametrized by T whose characteristic
variety is contained in a fixed Lagrangian subset A C 7" X. This is a strong condition avoiding
confluence phenomena. It describes nevertheless the generic behaviour of a deformation of a
holonomic Dy-module. From this point of view, it is natural to emphasize those Dx 1/7-
modules that are p;(l(’)T-ﬂat, which we call strict.

There exists a solution functor from the category of holonomic Dx 7 r-modules to that
of perverse C-constructible complexes of p;(l(OT—modules, objects defined in [15]. Strictness
(that is, flatness) on the Dx x7/r-module side corresponds to the property that the Verdier
dual of a perverse complex (as a complex of p)_(1 Op-modules) is also perverse.

In their previous work [17], Monteiro Fernandes and Sabbah have introduced the notion
of relative regular holonomic Dy 7 /r-modules. For example, if T'= C*, a Dx x7/r-module
underlying a regular mixed twistor D-module (cf. [13]) is regular holonomic in this sense.

CONVENTION AND NOTATION. In this article, we mainly consider the case where the
parameter space 1" has dimension one, and we emphasize this assumption by denoting it by S.
Therefore, throughout this article, S will denote a complex curve. On the other hand, we will
set dx = dim X.
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Our main result is a Riemann-Hilbert correspondence for regular holonomic Dx s/ s-
modules in the following form. We let D% (Dxx s/s) denote the full subcategory
of Db(DXX s/s) consisting of complexes having regular holonomic cohomology modules

(cf. Section 1.4 for details) and D . (px'Os) the category of C-constructible complexes of
px Os-modules (cf. Section 1.2 and [15]).

THEOREM 1. The functors
PSolx : Dpyol(Pxxs/s) — Dee(px Os)

RHi : D((b:—c(p;(los) — DEhol(DXXS/S)

are quasi-inverse equivalences of categories.

The functor PSolx is the solution functor shifted by the dimension of X (cf. [15, §3.3]
and Section 1.3), and RHY is the relative Riemann-Hilbert functor (cf. [17, §3.4] and
Section 2). One direction of the correspondence, namely Id — PSolx o RH}Q(, was proved in
[17, Theorem 3], and a particular case of this correspondence was obtained as Theorem 5 in
loc. cit., namely, if M underlies a regular mixed twistor D-module, then M can be recovered
from PSolx (M) up to isomorphism by the formula M ~ RHY (°Solx (M)).

The methods used in the present paper rely on the previous works [15, 17] as well as [3,
14 19]. The main tools in the proof given in [17] are the good functorial properties satisfied
by holonomic D-modules underlying mixed twistor D-modules, which include stability under
pullback, localization along an hypersurface and direct image by projective morphisms.

The main problem to extend these results to more general situations is the bad behaviour of
Dx x 5/s-holonomicity by pullback in general [16, Example 2.4]. We realized, however, that we
can avoid these general arguments for regular holonomic Dx y g/s-modules. We replace them
by proving that regular holonomiciy behaves well with respect to pullback:

THEOREM 2. Let M € DEhol(DXXS/S) and let f:Y — X be a morphism of complex
manifolds, then ,f*M € Do (Dy xs/5)-

Let us indicate the main points in the proof of Theorem 1 in Section 3. The first tool is [17,
Theorem 3] which asserts that there exists a natural transformation

o S
IdDE_C(p}—(lOS) — PSolx o RH%
providing a functorial isomorphism

F -2, 8ol (RHS (F))

for any F € DE_C(p;(l(’)S). We are then reduced to proving that there exists a natural
transformation

B

Idpy — RH5. oPSoly

Phot (Px xs/5)
such that, for any M € DEhOI(Dxxs/S), denoting by

B : M —s RHS (PSolx (M))
the unique morphism such that PSolx (Ba1) © argoly (M) = Idesory (1), We have

MM RHY (PSoly (M)).

~
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The proof of the existence of such a (8 is reduced to that of the following result, which is
equivalent to Theorem 1 by an argument already used in [17, §4.3]:

THEOREM 3. For any M € DEhol(DXXS/S) and for any F € D (px'Os) the complex
RHomp, ,,.(M,RHS (F)) belongs to DZ_.(px' Os).

The proof of Theorem 3 follows the ideas of [11, Lemma 4.1.4] (see also Kashiwara’s proof
[5, §8.3] in the absolute case).

Although we directly prove Theorem 1 in the torsion-free (strict) case and in the torsion case
separately, the general case needs Theorem 3 in order to apply induction on the dimension of
the support. The proof of Theorem 3 uses the torsion-free case of Theorem 1 for the induction
step and proceeds by considering the case of Dy, g/s-modules of D-type (normal crossing case).

We know (cf. [15, §3]) that the functor PSolx transforms duality on D} (Dxxs/s) to
Poincaré—Verdier duality on D(}é_c(p}los). A consequence of the Riemann—Hilbert correspon-
dence of Theorem 1 and the full faithfulness of RHY, is the good behaviour of the functor RHS,
with respect to Poincaré-Verdier duality on the one hand, and duality for Dy g/s-modules
on the other hand.

COROLLARY 4. For any F € Dg_(py' Os), there exists an isomorphism in D?hol(DXXS/S)
D(RH3 (F)) ~ RH5.(DF)

which is functorial in F'.

1. Review on the relative holonomic Dx w1 p-modules and constructible complexes

In this section, we review the main definitions and properties of the objects entering the relative
Riemann—Hilbert correspondence. We refer to [15—17] for details. We also give supplementary
properties that will happen to be useful in the proof of the main results of this article.

1.1.  Holonomic Dy 1 /r-modules
We denote by Dy 7,7 the subsheaf of Dx 1 of relative differential operators with respect to
the projection

px : X xT —T,

that we simply denote by p when there is no ambiguity. This is a Noetherian sheaf of rings.
A coherent Dx ,p/p-module M is said to be holonomic if Char(M) C A x T' for some closed
conic Lagrangian complex analytic subset A of T*X (see [3, Lemma 2.10] for a more precise
description of the characteristic variety).

EXAMPLE 1.1. Let fq,..., f, : X — C be holomorphic functions. We let here 7" = CP with

coordinates sy, ..., s, and we consider the partially algebraic version Dx[s1, ..., sp] of Dx 77
Let M be a holonomic Dx-module and let m be a local section of M. Extending [4] (which is the
case p = 1), one considers the Dx|[s1, ..., s,]-submodule M = Dx|[s1,...,8,] -m- fi' - fp" of

MI(TT,; i) "lls1,--.,sp]. It is proved in [12, Proposition 13] that M is relatively holonomic.

EXAMPLE 1.2. Set S = C* with coordinate z. Any mixed twistor D-module, in the sense of
[13], which consists of data parametrized by P!, gives rise, when restricting the parameter to
S = C*, to a holonomic Dy, g/s-module (this is by definition, cf. [18, Chapter 1]).
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We denote by DP.;(Dx 1 /) the full subcategory of DL (Dxxr /1) whose complexes have
holonomic cohomologies.
Given t, € T, let i;, denote the inclusion X x {t,} < X x T'. Following [15], we denote by

Li:{, : DEOI(DXXT/T) — DEOI(DX)

the derived functor

P Or/mi,) 6, 10, (4), (1)

where m;, is the maximal ideal of functions vanishing at ¢,. Thanks to the variant of Nakayama’s
lemma [17, Proposition 1.9, Corollary 1.10], the family of functors Li; on DEOI(DXXT/T), for
t, € T, is a conservative family, that is, if ¢ : M — N is a morphism in DEOI(DXXT/T) such
that Li; ¢ is an isomorphism in DEOl(DX) for each t, € T, then ¢ is an isomorphism (or,
equivalently, using the mapping cone: if M € Dﬁol(’DXxT/T) is such that Li; M = 0 for each
to, € T then M = 0).

Recall (cf. [15]) that a coherent Dy, 7/7-module is said to be strict if it is p)_(1 Op-flat. If M
is strict, Li; M consists of a single coherent Dx-module iy M (in degree zero). For example,
(recall that dim S = 1) a coherent Dx  5/5-module M is strict if and only if it has no p}l Os-
torsion. If M is possibly not strict, we shall denote by ¢(M) its (coherent) submodule consisting
of germs of sections which are torsion elements for the py' Og-action, and f(M) := M /t(M)
is called its strict (or torsion-free) quotient. Therefore, the Dy g/g-module M is strict if and
only if M ~ f(M).

Given M € DEOI(DXXT/T), the functor

D(M) = RHomDXXT/T (MaDXXT/T ROxxr Q?}XT/T)[CZX]

provides a duality in DEOI(DXXT/T) but, contrary to the absolute case (that is, dim 7T = 0),
this functor is not t-exact. For example, when the parameter space has dimension one, the
lack of exactness of the dual functor on D}, (Dy g /s) is due to the fact that the dual of a
torsion holonomic Dy g/g-module M is not concentrated in degree zero: if M ~ t(M), we
have D(M) ~ H'(D(M))[—1]. On the other hand, if N is a strict holonomic D 7 /7r-module,
then D(N) ~ H°(D(N)) and H°(D(N)) is strict (see [17, Proposition 2]), that is, A is also
dual holonomic: recall that a complex A in D}, (Dx 1 s7) is called dual holonomic if it is in
the heart of the t-structure II (see [3, §2]) which, by definition, is the ¢-structure dual to the
canonical ¢-structure.

The following Lemma will be used in the next Theorem 1.4 which plays an important role
in Section 3.2.

LEMMA 1.3. Let M be a coherent (respectively, holonomic) Dx 7 p-module and let Z be
a closed analytic subset of X. Then I' 77 M is Dx . p-coherent (respectively, holonomic).

Proof. The question is local. Let F, M be a good filtration of M. According, for example, to
[20, Proposition 1.9], I'z 7 F, M is Ox x r-coherent for each k, and thus Dx . r1 - T zx 7 Fp M is
a Dx wr/r-coherent submodule of M. Since I'z 7 M =, Dx x1/7 - T zx7FM, we conclude
that Iz x7M is Dx ,p/r-coherent since Dx 7 7 is Noetherian. The statement for holonomic
modules obviously follows, since the characteristic variety of 'z M is contained in that

of M. O

THEOREM 1.4. Let M, N be strict holonomic Dx ys/s-modules. Then the p;(l(’)s—module
Homp, o s (M, N) s is finitely generated for any point (r,s) € X x S.
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Proof. We adapt the proof of [6, Theorem 4.45]. Let (X,)aca be a p-stratification of X
compatible with M and N, let U be the union of strata of maximal dimension on which M
and N are not identically zero and let Z denotes its closure in X. Then Z is a closed analytic
subset of X. We argue by induction on the dimension of Z. Set Z’ = Z \ U. This is a closed
analytic subset of Z of dimension < dim Z. Let i : U < X’ := X \ Z’ denote the inclusion. By
Kashiwara’s equivalence theorem in the relative setting (cf. [17, Theorem 1.5]), we have

HomDX/ (M‘X,XS7MX,XS) = Z’>’<,7L[0,rnDU><5/5:(Di*j\/tp(’><Sa Di*MX’XS)'

xS/S

Moreover, for any open subset Uin X suchthat U N Z = U, the restriction /\/1“7 g is holonomic

and its characteristic variety is contained in the union of the sets 7'y U x S for any stratum X,
in U, hence pi* M| x/x s, pi MX/XS are Oy« g-coherent, and thus of the form Ouxs ® g Os F
and Op g ®p5105 G for some p;; 1O g-coherent S-local systems F,G on U x S, according to 1,
Theorem 1.2.23(iii)]. Kashiwara’s equivalence implies

HomDUXs/s (Di*M|X’><Sv Di*MX’XS) =~ Hompalos (f7 g),
which is thus also a pglOS—coherent local system. Therefore,

Mixrxs, Nixixs) = ixHom,, 10 (F,G)

Home' xS/S (

is S-C-constructible. Let j:X'< X denote the open inclusion. According to [15, Corol-
lary 2.8, Proposition 2.20], the sheaf j,Homp,, M‘Xlxs,,/\/]xlxs) is S-C-constructible.
By considering the exact sequence

XS/S(

0— HomDXXS/S(M7FZ/XsJ\/') — Hompxxs/s(/\/l,/\f) — j*j_l’HomDXXS/S(M,N),

we are reduced to proving the result in the case where A is replaced with N7 :=Tz/ s/,
which is holonomic by Lemma 1.3. Thus N is strict if A/ is so. Since M is strict holonomic,
DM is also strict holonomic (cf. [17, Corollary 1.12]), hence so is 'z s DM, as well as
M’ := DT 7/ DM. On the other hand, since N/’ is strict holonomic, DN’ satisfies the same
properties, and the natural morphism

%mexs/s(Dlerz/xSDM) — %mDXxS/S(DN/7 D./\/l)

is an isomorphism. Since N” and 'z, s DM are Dy g/s-coherent, they satisfy the biduality
isomorphism and by [15, (3)] we conclude

HomDXXS/S (M, N) — HomDXXS/S (M, N).
Now the induction hypothesis applies to the pair (M’, N’) with corresponding set Z’. [

We recall the following result in [3, Lemma 2.10]:

PROPOSITION 1.5. For any holonomic Dx 1 p-module M, we have
Char(./\/l) = U Az X Tz
iel
for some closed C*-conic irreducible Lagrangian subsets A; of T*X and some closed analytic

subsets T; of T', and, locally on X, the set I is finite. Moreover, px (Supp(M)) = {J,¢; T;, hence
it is an analytic subset of T', and

dim Char(M) = dim X +¢, where t = dim px (Supp(M)) = supdim 7.

iel
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1.2. Relative constructible and perverse complexes

1.2.1. Relative local systems. Following [15] we say that a sheaf p}lOT—module F is
T-locally constant coherent if, for each point (xg,t,) € X x T there exists a neighbourhood
U =V,, xT;, and a coherent sheaf G(#0:to) of Or,, -modules such that Fjy = p‘_/ml0 (G@osto)),
We refer to [17, Appendix] for basic properties.

By definition, Dy, .., (px Or) is the full subcategory of D" (px'Or) whose complexes have
T-locally constant coherent cohomologies (note that, for such an F', Fjg, 1 x7r € DL (Or)). We
refer to [15, §2] for more properties.

1.2.2. Relative R-constructibility. In the following, we will have to consider derived cate-
gories D* with x = b or « = —. We denote by D} .(px' Or) the full subcategory of D*(p' Or)
whose objects F' admit a p-stratification (X,) of X such that i !(F) € D}, Coh(p)_(i Or) for
any «. We refer to [15, §2] for details.

Objects of Dy, (p)_(lOT) can be given a simple representative. Let us denote by S the full
additive subcategory of Modg_. (p;(1 Or) whose objects are sheaves which can be expressed as
locally finite direct sums of terms of the form Co X Oy := p;(l Or ® Coxy for some relatively
compact open subanalytic subsets 2 in X and V in T. A morphism ¢ : Cq X Oy — Cq K Oy
is easily described: setting Q" =QNQ and V" =V NV’, ¢ is the extension by zero of its
restriction ()O\Q”XV” : p)_(loT‘Q//Xv// — p)_{loTlguxvu, which is the multiplication by a section
of p;(l O~ on each connected component of Q" x V.

Following the terminology of [8, Appendix A], we say that an object F of Mod(py'Or) is
S-coherent if there exist L € S and an epimorphism L — F, and if, for any morphism L' — F
with L’ in S, there exist L” in S and a morphism L” — L’ such that L” — L' — F' is exact.
It follows from [17, Proposition 3.5] that the category of S-coherent objects of I\/Iod(p;(1 Or) is
equal to Modg_.(p%'Or) and the category Dy .., (Mod(py'Or)) is nothing but Dy (p% O7).
On the other hand, one defines the category D_ , (S) as in [8, p. 63], with the identification
A = Mod(px'Or) and P = S (the functor L of loc. cit. is here the inclusion, H is the restriction
of HomMod(p;OT) to S x Mod (p)_(1 Or) and « is the identity). In the present situation, we have

D_.,(S) =D (S).

coh

PROPOSITION 1.6 (cf. [8, Theorem A.5]). The natural functor

L:D (S) — Dy .(px'Or)

is an equivalence of categories.

Proof. We only need to check that the conditions for applying [8, Theorem A.5] are fulfilled,
that is, that the pair (Mod(py'Or), S) satisfies the properties (A.1)~(A.4) for (A, P) in loc. cit.,
and only (A.3) is not obvious. It is proved in the lemma below. 0

LEmMMA 1.7. Let F and G be objects of Mod(p;{lOT), let ¢ : ' — G be an epimorphism,
let T €S8 and let g: T — G be given. Then there exist an object T' € S, an epimorphism
W' :T' — T and a morphism ¢’ : T' — F such that ¢g' = gi'.

Proof. By p;(lOT—linearity we may reduce to the case T = p}lOT ® Caxyv, for some
relatively compact open subanalytic subsets 2, V', respectively, in X and T

Let e be the section 1€I'(Q2xV,T). By the assumption on ¢, we can cover (2
(respectively, V) by a locally finite family of relatively compact open subanalytic sets
Q; C X (respectively, V; CT), i=1,...,m, and find sections f; € T'(; x V;, F) such that
Yla,xv, (fi) = g(e)|a,xv;- The morphism Cq v, xv, = Flo,xv, extends in a unique way as a
morphism Cgq, xv; — F and, by p;(l Orp-linearity, as a morphism p;(l Or ® Cq,xv, = F.
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Setting 7" := @, px'Or @ Co,xv;, we obtain in this way a py'Or-linear morphism
¢ :T' — F. On the other hand, by the covering property, the natural morphism Cgq, v, —
Caxv which extends Id : Co, v, 10, xv; = Caxv|a,xv; induces an epimorphism @, Ca.xv, —
Caxyv and, by p}lOT—linearity, an epimorphism %’ : 7' — T, which clearly satisfies g’ =
g’ O

We note the following, to be used in the course of the proof of Lemma 2.5:

REMARK 1.8. Let ®, V¥ be two triangulated functors from Dy (p)_(1 Or) to a triangulated
category C. Any morphism of functors s : &5 — ¥Us (with s =P o L, ¥s = Vo L) can be
extended to a morphism of functors n: ® — W.

1.2.3. Relative C-constructibility. By definition (cf. [15, Definition 2.19]), the full subcat-
egory D2 (px'Or) consists of objects of DR .(px' Or) whose microsupport is C*-conic. We
call these objects T-C-constructible complexes.

For any t, € T, there is a functor

Li; :D"(py'Or) — D"(Cx)

also defined by (1). It sends Dy .(px Or) to Dp_.(Cx) and D . (px' Or) to DR (Cx).

Recall (cf. [15, Proposition 2.2]) that a variant of Nakayama’s lemma holds for complexes F
in Db(p;(l(’)T) whose cohomology objects H7F have fibres H’ F(,s) of finite type over Or g
for any (z,s) € X x T. As a consequence, the family of functors (Li; );,er on DR (px'Or)

(respectively, Dg . (p5'Or)) is a conservative family (in particular, if F€DP (py' Or) satisfies
Liy F' =0 for each t, € T, then I = 0).

1.2.4. Perversity. The category DE_C (p;(1 Or) is endowed with a perverse t-structure
defined in [15, §2.7] as the relative analogue to the middle perverse ¢-structure in the absolute
case where dim7T" = 0:

. pDéOC(p;(lOT) is the full subcategory of objects F' of D¢ . (px'Or) such that there exists
an adapted p-stratification (X, ) of X for which i, ' F € Dfo;dX“ (Or) for any = € X, and
any a.

. ng_?:(p;(lOT) is the full subcategory of objects F' of D@ (px' Or) such that there exists
an adapted p-stratification (X,) of X for which 4\ F € Di(flx“ (Or) for any = € X, and
any a.

The heart of this ¢t-structure is the abelian category of relative perverse sheaves denoted by
perv(py' Or). We often omit the word ‘relative’.

In analogy with the Dy, g/s-module counterpart (S is a curve), following [3, Proposi-
tion 3.12], we say that a perverse sheaf is torsion if it belongs to the subcategory perv(p)_(1 Os)t
of perv(py'Os) whose objects F satisfy codim p(Supp F) > 1 (cf. [3, Corollary 3.1] for this
condition), while a perverse sheaf is called strictly perverse if it belongs to the full subcategory
perv(py' Og)t of perv(py' Og) whose objects F satisfy Li*F € perv(Cx) for all s € S. The
category perv(py' Ogs); is a full thick abelian subcategory of the category perv(py'Os).

We denote by Dg.(px'Os): the thick subcategory of DP.(pyx'Os) whose objects have
support in X x T, where T is a subset of S with dimT" = 0 or, equivalently, whose perverse
cohomologies belong to perv(py' Os)s.

Civen an object F of D¢ .(px' Os), the functor D defined by

D(F) = RHom,, 1, (F, px Os)[2dx]
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provides a duality in Dg_c (10;(1 Og), which is, however, not t-exact with respect to the perverse
t-structure. For example, if F is a torsion perverse sheaf, then D(F) ~ PH!(D(F))[-1] (it is a
perverse sheaf shifted in degree 1), while if F is a strictly perverse sheaf, D(F) ~PH°(D(F))
is perverse too.

Let us recall that an object F' of D}E_C(p;{l Og) is called dual perverse if it is in the heart of the
t-structure 7, which by definition is the ¢-structure dual to the perverse t-structure introduced
in [15, §2.7]. By [17, Lemma 1.4], a complex F € DE_C(p)_(l(’)s) is perverse and dual perverse
if and only if it is strictly perverse.

1.3. The relative solution functor

The solution functor for a coherent D , 7 ,r-module or an object of DEOh(D xx7/7) is defined
by

PSolx : Dsoh(DXxT/T) — D"(px'Or)
M — RHDmeXT/T(Mv(QXXT)[dX]

By [15, Theorem 3.7], when restricted to DEOI(DXXT/T) the solution functor PSolyx takes
values in DP_(px' Or) and by [3, Corollary 4.3], is t-exact with respect to the t-structure IT in
DEOl(DXXT/T) and the perverse one p in D . (px Or).

1.4, Regular holonomic complexes of Dy 5/s-modules

In this section, we review the notion of relative regularity as introduced in [17, §2.1] and recall
the fundamental example of relative Dy 5/5-modules of D-type.

DEFINITION 1.9 (Regularity, [17, Definition 2.1]). A holonomic Dx  g/s-module M is said to
be regular if, for any s, € S, the object Li; M of D}, (Dx) has regular holonomic cohomologies.

EXAMPLE 1.10. (a) In Example 1.1, let us assume that M is regular. Then the Dy g/s-
module generated by M is regular.

(b) In Example 1.2, assume that the mixed twistor D-module is regular in the sense of [18,
Definition 4.1.2]. Then the underlying holonomic Dy y g/s-module M is regular.

According to [17, §2.1], we say that an object M € DEOI(DXXS/S) is regular if each of its
cohomology modules is regular.

REMARK 1.11. An object M of DEOI(DXXS/S) is regular if and only if, for each s, € S, the

object Lii M of DEOI(DX) has regular holonomic cohomology. Indeed, we argue by induction
on the amplitude of the complex M. Without loss of generality, we may assume that M €
Dfool (Dxxs/s) and we consider the following distinguished triangle

HOM — M — 72 m L,
(where 721 is the truncation functor with respect to the natural ¢-structure on DEOI(DXXS/S)).

We deduce H ' Li} HO(M) ~ H ' Li% (M) and an exact sequence
0 — HOLii HOM — HOLiZ M — H Lit 72" M — 0.

(Note that H"Li; HO(M) =0 for k#0,—1.) The assertion follows from the induction
hypothesis and the property that the category of regular holonomic Dx-modules is closed
under sub-quotients in the category Modeon(Dx ).
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We recall the following result in [17]:

PROPOSITION 1.12 (cf. [17, Corollary 2.4]). Let f:Y — X be a morphism of complex
manifolds and let us assume that f is projective. Then, for each M € thol(Dst/s), the

pushforward ., f,M is an object of D]fhol(DXXS/s).

1.4.1. Proof of Theorem 2 for a smooth morphism. Let f:Y — X be a smooth morphism
and let M be an object of Dl?hol(D X xS/ 5)- Due to the locality of the regular holonomic property,
we may assume that f is a projection Y = Z x X — X. In that case, D(y _; x)x s is f‘lDXXS/S—
flat, so HIp f*M ~ , f*HIM for every j, and we can assume that M = H°M. As in the
absolute case one checks that Char(,f*M) =T;Z x Char(M), so ,f*M € DEOI(DYXS/S).
Moreover, the commutativity of

YLYXS

Il J/
XLXXS

implies that Li’, f*(M) ~ , f*Li*M, and the latter is known to be regular holonomic on Y.
Therefore, Theorem 2 is proved for f smooth.

1.4.2. Dxygs/s-modules of D-type. They are the fundamental examples of regular holo-
nomic Dy, g/s-modules, so we recall their definition. Let D be a normal crossing divisor
in X and let j: X*:= X\ D < X denote the inclusion (we will also denote by j the
morphism j x Idg). Let F be a coherent S-locally constant sheaf on X* xS and let
(V,V) = (Ox+xs Q0. F dx/s) be the associated coherent Ox- s-module with flat relative
connection. There exists a coherent Og-module G such that, if U is any contractible open set
of X, then Fjyyg ~ palG.

Let w: X — X denote the real oriented blowing up of X along the components of D.
Denote by 7: X* < X the inclusion, so that j =wo 7. Let 2° € D, 2° € w (2°) and let
s° € S. Choose local coordinates (21, ...,x,) at ° such that D = {x1 --- 2, = 0} and consider
the associated polar coordinates (p,0,2’) := (p1,01,...,pe,00,%o41,...,2,) so that Z° has
coordinates p° =0, 8°, '° = 0.

A local section v of (7.V)(ze s0) is said to have moderate growth if for some system of
generator of G40, and some neighbourhood

Ue :={llpll <& llz'l| <&, [0 — 6°]| <&}

(e small enough) on which it is defined, its coefficients on the chosen generators of G (these
are sections of O(UZ x U(s?)) for a small enough neighbourhood U(s°) of s° in S, and U :=
U-\{p1--- pe = 0}) are bounded by Cp~", for some C, N > 0. A local section v of (j. V) (zo so)
is said to have moderate growth if for each ° in ™' (z°), the corresponding germ in (7. V) zo so)
has moderate growth.

On the other hand (cf. [17, Definition 2.10]), a coherent Dy g/ s-module £ is said to be
of D-type with singularities along a normal crossing divisor D C X if it satisfies the following
conditions.

(a) Char(L) C (m~Y(D) x S)U (T X x S).
(b) L is regular holonomic and strict.

(¢) L~ L(x(D x29)).
The following result is proved in [17, Theorem 2.6, Corollary 2.8, Proposition 2.11]:
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THEOREM 1.13. (a) The subsheaf V of j«V consisting of local sections having moderate
growth is stable by V and it is Oxyg(*D)-coherent. Moreover, V is a regular holonomic
Dx x5/s-module with characteristic variety contained in A x S, where A is the union of the
conormal spaces of the natural stratification of (X, D).

(b) A coherent Dx , g/g-module L is of D-type on (X, D) if and only if it is isomorphic to

some V as in (a).

2. The relative Riemann—Hilbert functor RH”

In this section, we recall the definition of the relative Riemann-Hilbert functor RH” (o)
introduced in [17] and state some supplementary results needed in the sequel.

2.1. Relative subanalytic sites and relative subanalytic sheaves

For details on this subject, we refer to [14] and [2]. We also refer to [9] as a foundational paper
and to [10] for a detailed exposition on the general theory of sheaves on sites.

Let X and T be real or complex analytic manifolds. One denotes by Op(X x T') the family
of open subsets of X x T, by Op((X X T)sa) C Op(X x T) the family of open subanalytic
sets; T := Op°((X X T)sa) denotes the family of relatively compact open subanalytic subsets
of X x T'and T’ C T denotes the family of finite unions of relatively compact open subanalytic
sets of the form U x V.

The product X x T is both a T- as well as a T’-space. The associated sites (X x T)7
and (X x T are, respectively, the subanalytic site (X x T')s,, for which the coverings of an
element € Op((X x T)sa) are the locally finite coverings with elements in 7, and the site
denoted by X, X Ty, for which the coverings of Q2 € T are the coverings with elements in T’
which admit a finite subcovering.

We shall denote by pr the natural functor of sites pr : X x T — (X x T, associated to the
inclusion Op,, (X x T') C Op(X x T). Accordingly, we shall consider the associated functors
PTs Pr s P

We shall also denote by pfrn: X x T — Xg, X Ty, the functor of sites associated to the
inclusion 77 C Op(X x T). Following [10] we have functors p/, and pf, from Mod(Cxxr)
to Mod(Cx_, x1..). We simply denote by p, respectively, p’, the previous morphism when there
is no ambiguity.

Subanalytic sheaves are defined on the subanalytic site of a real analytic manifold, and
relative subanalytic sheaves are defined on the subanalytic site X, x Ty,. We refer to [14]
for the detailed construction of the relative subanalytic sheaves @bg’(j;T (where X and T

are real analytic) and O}Z;T in the complex framework (denoted @b}j;uT and (’);j;gf
in [14]).

They are both p|Dx xp-modules (either in the real or the complex case) as well as a p/,py' Op-
modules when T is complex.

If Db’ denotes the subanalytic sheaf of tempered distributions introduced by Kashiwara—
Schapira in [9], we have, for U € Op(Xs,) and V € Op(Ts,)

T(U x V;DbY, ) = lim T(U x W; Dbl 1)
wev

~T(X x V;p ' Tyxr Dbl 1)
~T(X x V; THom(Cyx,DbxxT)).

Moreover, when X is also complex, considering the complex conjugate structure X on X

(respectively, T" on T') and the underlying real analytic structure Xgr (respectively, Tgr),
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we have
t,T 't T
Oxur = RHOmp{Dyﬁ(P!OXxTvDXxT)a

where we omit the reference to the real structures.

2.2. The functors TH® and RH®

2.2.1. The functor TH®. When X is a real analytic manifold and S is a complex curve,
we define the triangulated functor

TH}% : Dﬁ_c(pglos)Op — D+(DX><SR/S)
given by
_ t,S
F— THX(F) == p'~' RHom,, 1 (0. F. D05 )

where Dy g, /s denotes the sheaf of linear differential operators with real analytic coefficients

on X x Sg which commute with p;(l Os.
Recall that, as a consequence of [14, Proposition 4.7], we have

THY (px' Os @ Crrxv) = RHom(Cx v, THom(Crrxs, Dbxs))
~ Rl x v THom(Crys,Dbxys) ([7, (2.6.9)])

for any relatively compact locally closed, respectively, open, subanalytic subsets H of X,
respectively, V of S. If H = Z is closed, we have THom(Czxs,Dbxxs) =TzxsDbxxs by
definition. We conclude:

THY (px'Os @ Czyv) = Tyzyy Dbxys . (2)
On the other hand, if H = Q is open, since THom(Cqxs,Dbxxs) is a c-soft sheaf, we obtain

THY (px'Os @ Caxv) =~ 'y v THom(Coxs, Dbxxs). (3)

2.2.2. The functor RH®. If X is a complex manifold and S is a complex curve, RH; :
DD%_C(p;clOS)OP — Db(DXXS/S) is given by the assignment
— S
F — RHX(F) = /"' RHom 160 (pLF, OF 5)[dx] @
= RHomDyxg(OYx§’ TH?((F))[dX]a

the last isomorphism being called here ‘realification procedure’ for short (cf. [17, (3.16)]).
We collect below some results in [17] which will be useful in the sequel. The first gives the
behaviour of Li} with respect to RH®.

PROPOSITION 2.1 (cf. [17, Proposition 3.29]). For each s € S there is an isomorphism of
functors on DR . (py' Os)

Li; RHY [~dx](:) = THom(Li:(+), Ox),
where X is identified to X X {s} and Xj, is identified to Xg, x {s}.

THEOREM 2.2 (cf. [17, Theorem 3]). Let F' € D¢_(py' Os). Then RHY (F) € D}, o1(Dx xs/5)
and we have an isomorphism F ~ PSolx (RH% (F)) which is functorial in D¢ (py' Os).

Let us fix a normal crossing divisor D.
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THEOREM 2.3 (cf. [17, Proposition 2.11, Lemma 4.2]). The category of holonomic Dx  5/5-
modules L of D-type with singularities along D is equivalent to the category of locally free
p;(l* Og-modules with X* := X \ D under the correspondence

ﬁ»—)HODRx(ﬁ)‘X*Xs, FHRHi(j!D(F[dX])) =L.

2.3. Some functorial properties

Let f:Y — X be a morphism of real or complex analytic manifolds. We denote simi-
larly the morphism f xId:Y xS — X x S. We consider in this section the corresponding
pullback functor.

2.3.1. Pullback with respect to X for TH”.

PROPOSITION 2.4. For any morphism f:Y — X of real analytic manifolds, there exists a
morphism of functors from Dy _, (10)_(1 Og)°P to D+(DXst/s)-'

ofi THY(f7'e) — THX (o). ()

Proof. We first define the desired morphism functorially on the category S introduced
in Section 1.2.2. We deduce from (3) that the objects of S are acyclic for TH3(s) and for
THy (f~14).

LEMMA 2.5. For any morphism f : Y — X of real analytic manifolds, there exist functors
o fi THY (f 1) 00+ 8P — CT(Dx x5, /5)
THS (+)js00 : S — CT(Dxws0/5)s
and there exists a canonical morphism of functors
o fiTHY (f ") 500 — THS (o) 500

inducing the morphism (5).

Proof. Let (), respectively, V, be a relatively compact open subanalytic set in X,
respectively, S (here, we consider the real analytic structures in X and S, also usually
identified by —g). We set Z = X \ 2 and we start by considering the sheaf G = p)_(1 Os®@Cyzxy.
According to (2), we have THY (G) = Izxy Dbx x5, regarded as a Dy, x 55 /s-module.

On the other hand, the integration of distributions induces a morphism

/ FfiDby xs @Ay, sWyxs/s) — Dbxxs @Ay, sWxxS/S-
f

One then mimics [8, Proposition 4.3] by replacing the transfer module Dy s xxs
for the morphism Y xS — X xS in the absolute sense by the relative one

Diysx)xs/s = Ayxs @p-144,.5 [ 'Dxxsy/s- Let us set Dby, ¢ = Dby x5 DAy, sWyxs/s
and let Sp,(D(y_ x)xs/s) denote the Spencer resolution of D¢y _, x)xs/s (wWe recall that,
for k € N, Sp,.(Dy—x)xs/s) are locally free over Dy g, /5). The terms of the complex in

CH(Dy xsa/5)
Cr-1zxv = (Ly-12xv Dby 5) @Dy 5, /s SP.(P(y - x)x5/5)

=T12xv (D074 5 @Dy, 5 ,5SP (Dy 5 x)x5/5))
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are thus c-soft sheaves. Hence, the object p, fy TH (p;,l(’)g ® Cs-174v) is represented by the
complex

fiCi-1zxv ~Tzyv fi(DbY g ®DYXSWSSP.(D(Y—>X)><S/S))

in C*(Dxxg,/s)- As in loc. cit., we get a morphism in C*(Dx g, /s):

PYzxV - f!cf*1Z><V — Izxy Dbxxs = TH?{(G)
We now consider the object L = p)_(lOs ® Caxy of S. From the short exact sequence
0 — Coxv — Cxxyv — Czxy — 0,

we define fiCsr-1(qxv) as the cokernel of the natural morphism fiCr-17.y — fiCf-1xxy in
CH(Dxxsu/s)-

Therefore, on the one hand, the complex fiC¢-1qxy) is a representative of , f, THxs/(fflL)
and THY (L) is the cokernel in Mod(Dx 5, /s) of

THY (px'Os @ Czxy) = THY (px' Os @ Cxxv).
On the other hand, by completing the commutative diagram

0———= /iCs-1z0y ———— fiCp-1xxv — fiCs-1(axv) — 0

LPZXV\L %XXV\L

0 — THY (px' Os @ Czxv) — THY (px*Os @ Cx xy) — THY (L) — 0

we define a morphism oy : fiCr-—1qxv) — TH%(L) in C"(Dxxs,/s). Functoriality with
respect to S follows from the description of the morphisms in S (cf. Section 1.2.2). O

We can now end the proof of Proposition 2.4. According to Remark 1.8, it is enough to extend
the morphism obtained in Lemma 2.5 as a morphism of functors from D™ (S) to D™ (Dxxsp/s)-
Functoriality above leads to the definition of a morphism of functors from C~(S) to the category
of double complexes indexed by N? of Mod(Dx v s, /s), and we obtain the desired morphism of
functors by passing to the associated simple complexes. ([

2.3.2. Behaviour of RH® by localization and pullback with respect to X.

PROPOSITION 2.6. Let Y be a complex hypersurface of X. Then, for any I’ € DE_C (p;(1 Og),
there is a natural isomorphism

RHS (F)(+(Y x §)) = RH% (F ® C(x\v)xs)- (6)
In particular, if F € Dg_c(p}los),

(a) RHY (F)(+(Y x S)) belongs to D}, ,(Dxxs/s)-

(b) There is a natural isomorphism RHSY(F ® Cyys) ~RIyxs) (RHS(F)) and so
RTy 5 (RHY (F)) also belongs to D}y, 1(Dxxs/s)-

(c) If the natural morphism RHY (F) — RHY (F)(x(Y x S)) is an isomorphism, then so is
the natural morphism F @ C(x\y)xs — F'.

Proof. Let f = 0 be alocal defining equation of Y. Since this is a local problem we may start
by assuming that F' = p;(l Os ® Cqx s for a relatively compact open subanalytic subset €2 of X.
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Noting that f is invertible on T"Hom(Cq\y)xs,®bx«s), according to [5, Proposition 3.23],
the natural restriction morphism

T’HOWL((CQXs,QBXXs)(*(Y X S)) — THOm((C(Q\Y)XS7©bX><S)

is an isomorphism. Thus, applying Proposition 1.6, the natural Dy g-linear morphism
THS (F)(*(Y x S)) = TH (F ® C(x\y)xs) is an isomorphism for any F' € DR .(px'Os). The
existence of the morphism (6) and the fact that it is an isomorphism then follow by (4)
and functoriality.

The remaining statements (a) and (b) follow straightforwardly (see also [17, Example 3.20]),
while (c) is obtained by applying PSolx to the isomorphism (6), and by using Theorem 2.2. O

COROLLARY 2.7. For any FEDE_C(p;(l(’)S) and for any closed submanifold Y of X,
RTy g (RH;S( (F)) is a complex with regular holonomic Dx  g/s-cohomologies.

Proof. The statement being local, we may assume that Y is an intersection of smooth
hypersurfaces of X and then conclude by Proposition 2.6(b) that RI'[y S](RHS (F)) ~

RH(F ® Cy xg) which concludes the proof. O

PROPOSITION 2.8. Let f : Y — X be a smooth morphism of complex manifolds. Then there
exists a natural isomorphism in Db(f_l’DXXS/S), functorial in F € Dy .(px' Os):

RHomp, o, (Diyx)xs/5, RHY (f ' F)) = 7 RHX (F)[dy — dx].

The proof is performed by mimicking the proof of [8, Theorem 5.8 (5.14)] using Proposi-
tion 2.4.

The following result is the relative version of [8, Proposition 5.9 (5.20)] from which we adapt
the proof.

PROPOSITION 2.9. For any F € DD%_C(p)_(l(’)S) and for any morphism f:Y — X of complex
manifolds, there exists a natural morphism in Db(DyX s/8):

o RS (F)[dy — dx] — RHJ (/7' F). (7)

Moreover, when F € D@ (px'Os), this morphism is an isomorphism.
Proof. We start by decomposing f as the graph embedding Y — Y x X followed by
the projection ¥ x X — X, reducing to the case of (i) a closed immersion and (ii) a

projection morphism.
Let us treat (i). We shall prove that

of*RHY (F)[dy — dx] ~ RHY (f'F)
by a natural isomorphism in Db(DyX s/s) functorially in F'. We start by noticing that
o/ RHZ (F ® C(x\y)xs) = 0. (3)

To check this local statement we may assume, by induction on codim Y, that Y is smooth
of codimension one, and (8) follows from Proposition 2.6. Hence we conclude that

o f*REX (F)[dy —dx] ~ »f* RHY (F @ Cy xs)[dy — dx]
~ o f o fs RHY (f1F)[dy — dx] by Proposition 2.6(b)

~ RHy (f7'F) since "5 fuldy — dx] ~Tdpu(p,, .-
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Let us now treat (ii). Let f:Y — X be a projection of Y = X x Z on X. Recall that in
that case we have a natural transformation of functors on D (Dy xs/s)

Dy x)x5/8 ®f-1Dx 5,5 BHomD, o o (Diyx)xs/s,") — 1d.

Then by Proposition 2.8, we obtain the canonical morphism (7).

Let us now assume that F € DE_C(p;(l(’)S). Since the result is true when f is a closed
embedding, it remains to consider the case where f is a smooth morphism. Then f is a
non-characteristic morphism for any M € D”, (Dx) in the sense of [7, Definition 11.2.11],
hence, according to Theorem 11.3.5 of loc. cit., we have a functorial isomorphism f~! Sol(M) ~
Sol(p f*M). If M € D}, ,(Dx) and F = Sol(M), according to the Riemann-Hilbert correspon-
dence in the absolute case (here denoted by RH), we have M ~ RH(F) and we conclude an

isomorphism 1, f*M ~ RH(f~'F). As a consequence,
Li* o f* RHY (F) =~  f*Li* RHY (F) ~  f* THom(Li*F, Ox)[dx]

Y THom(f ' Li* F,Oy)[dx] ~ Li* RES(f ' F)[dx — dy],

where (x) holds by the absolute case recalled above and the compatibility of our constructions
with the similar ones in the absolute case. By applying the variant of Nakayama’s Lemma
(see 1.1) to the morphism (7) in D]fhol(DyXS/S), we obtain that (7) is an isomorphism for any
smooth morphism, and thus for any morphism. O

Recall that, for F' € D¢ .(px' Os), RHY (F) is a strict regular holonomic module if and only
if F' is strictly perverse [17, Proposition 2].

LEMMA 2.10. Let F,G € D2 (px' Os) and let us assume that G is perverse and F is strictly
perverse. Then the p)_(1 Og-module

Ho w100 (F,G) == H RHom, 1, _(F.G)

mperv

is strict.

Proof. Let us consider a morphism ®: F — G of perverse sheaves such that, for
some s, € S and some local coordinate s vanishing at s,, s"® = 0. Then ® is the zero morphism
away from s,, so RH5 (®) : RHY (G) — RHY (F) is also zero away from s,. This means that
the image of RHY (®) is a torsion submodule of the strict module RHS (F), so it is zero,
hence @ is zero since PSol x RH§( ~ Id. g

2.4. Behaviour of RH® under finite ramification over S

Let sg € S, let N be a natural number and let d : (57, s;) — (S, sp) be the ramification of centre
so of degree N (that is, there exist a local chart on S centred in sy and a local chart centred
in s{, such that 6(s') = s'V). For simplicity we shall keep the notation § also to denote the
morphism Idy xd : X x §' — X x §.

For a Dy g/5-module M, respectively, an object F' € DD%_C(p;(l(’)s), the pullback is defined
by

00" M :=Oxxs R5-10x x5 §IM resp. 07 F := pilosl Qp-15-104 SR

We remark that if ,d. denotes the direct image in the sense of Dxg/s-modules, then
p0x = d4, S0 we simply denote 6%, 0, by 0%, d.. We also remark that Oxg is flat over
5 1Ox « g hence we have

0,0 M > 6,0x x5 @0y, s M resp. 6,0 F := 06,05 Rpy F,
so that M, respectively, I, is a direct summand in 0,0* M, respectively, in 0,6*F.
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The first pullback induces a well-defined exact functor from DY, (Dxys /s) to
DEOh(D xxs//s'), as already used in [17] in a particular situation (proof of Corollary 2.8, where §

is denoted by p), and the second one a well-defined functor Dy .(px' Os) — Dp_.(p~'Os/). The
following results benefited from useful discussions with Luca Prelli.

LEMMA 2.11. There is a well-defined morphism in Db(pg*é_lDXXS/s)

_1nt,S 5
0 1O;(XS — OE(XS" )

Proof. 1t is sufficient to prove the existence of such a morphism when replacing Og’fxs

with C’;Ci’gs. In that case, it is obtained by the composition of functions with 6 — this does
not interfere with the growth conditions — yielding a 6 Dy s/s-linear morphism since the
operators in Dy 5/s do not involve derivations along S. O

PROPOSITION 2.12.  With the notation as above, for any F € D} (py'Os), there exists a
morphism, functorial in F, in Db(DXXS//S/)
Up @ 6" RHS (F) — RHY (6% F),

which is an isomorphism if F is an object of D¢ . (px' Os).

Proof. Following the definition of the relative Riemann—Hilbert functor, we have to construct
a natural morphism:

-1 /-1 / t,S
Oxxs @s-10x,50 P RHOmpfs*p;(los(Ps*Fa Ox%s)

— s RHom,, 10, (Ps.0"F, O?{i&)' (10)
ST

We have a natural isomorphism of functors on sites § p’S_1 ~ p’S_,lcS ~! which yields a natural
isomorphism in D” (6~ 1Dy /)

11 i, 1 ‘.S
0 1Pi9 R’Homp%*pyos(pfg*F,(’)XXs):p'S,ld 1R%m/)fg*p;(los(pfs*F’OXXS)' (11)

Recall that, for a morphism g : Z/ — Z of manifolds and A a sheaf of rings on Z, we have a
natural morphism of bifunctors on D”(A) (cf. [7, (2.6.27)]):

f  RHom a(e, o) — RHom - 4(F71 (o), £71(6)). (12)

Since we are working with sheaves on Grothendieck topologies (see [2] and [9]), we have
the analogous of (12), that is, in the present situation, we have a natural morphism in

D" (0510 'Dxxs/s)

671RH0mP's*P}1OS (P I Oé’fiS) — RHom;_., (5710/5*F75710§<st),

, —1
s+Px Os

hence a natural morphism in Db((S_lDXXs/S)

—1¢—1 t,S
) R’Homp,S*p;los(pg*F,OXXs)

- pfs_’l R%méflpfg*p;lOs (671p{S*Fa 6710?(5%5’)' (13)
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According to the morphism (9) in Db(é_lDXXS/S), combining with (13) and the commuta-
tion d 1 ply, ~ pl,, 67 we derive a functorial chain of morphisms in Db(é’lDXXS/S)

—1¢—1 t,S
Pt RHom,, 16 (05, F. 0% 5)

/—1 -1 7 t,S’
%ps/ RHOméflpfg*p;(los((s pS*F7OX><S')

—1 roe—1 t,S’
— pg RHomp,S*é,lp;(los (P50 F, 0% /)
/—1 / * t,S’
— P R?—Lomprs/*pfl(;*os(psl*é F,0%,.¢),

where the last term results by applying Og ®s-104 (-). We also remark that the last term
(which we will name £ for simplicity) is the right term of the desired morphism (10) and is
already an object of Db(DXXS/). Hence, by applying to (11) the functor Ox s ®s-104, 5 (-)

we derive a chain of natural morphisms in D (Dxxsr/s)-
-1 /-1 / t,S
OXXS/ ®5710X><S 6 pS' RHompg,*p;(l(DS(pS*F) OXxS) OXXS’ ®6’10x><5 ‘C £

whose composition gives the desired morphism U p.
Assume now that F' € D¢ (px'Og) and let us prove that ¥y is an isomorphism.
Since in that case RH (F) is an object of Dl?hol(DXXS/S), it is clear that 6* RH3 (F) is

an object of DY, (D s/5)- The same holds true with RH5 (6*F) since 6*F is an object of

rhol

DL (px' Os).
It is then sufficient to apply L¢¥, to both sides of the morphism ¥ and apply Proposition 2.1,
noting that Li% §* = Li%, where s=4§(s’). This way, both members become, by reduction to

CRl

the absolute case, isomorphic to THom(Li*F, Ox)[dx]. O

We shall now come back to the situation described at the beginning of this section, and we
keep the same notations.

PROPOSITION 2.13. Let M,N be Dx xs/s-modules and assume that M is coherent.
If the complex RHomp, . (6*M,5*N) belongs to DE_C(p}lOs/), then the complex
RMomp, (M, N) also belongs to DZ_.(px' Os).

Proof. Since N is a direct summand of §,,6* N, it suffices to deduce from the assumption that
RHomp, . s(M,;0.0*"N) is an object of D2 .(px'Os). Thanks to the adjunction morphism
we have in D"(p' Os)

RHomp, ., (M,8.6°N) ~ 6, RHoms—p, (67" M,6"N)

~ 6, RHomp, _, (5" M,5"N).

/s’

The result is then a consequence of the assumption and the properness of §. O

The following result will be used in Section 3. Recall (cf. [17, (3.17)]) that, for
F € DR (px'Os), there exists a natural morphism

RHS (F) — RHom, 1 (F,Oxxs)ldx].
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LEMMA 2.14. Let L be a Dx » g/s-module of D-type and let I be an object of DH%_C (p)}l(?s)
be such that F' ~ F @ C(x\p)xs- Then the morphism

Be.r : RHomp, (L, RHX (F)) — RHomp, . (L, RHom, 1 (F,Oxxs)ldx])

is an isomorphism.

Proof. The case where £ = Ox g was proved in [17, Lemma 3.19]. We aim at reducing
to this case. The statement has a local nature so we choose local coordinates z1,...,z, in X
such that D = {x € X | 21 ---z¢ = 0}, and we assume that S is a disc of small enough radius
with coordinate s. Let 6 : S’ — S be a finite morphism ramified at s = 0 only. According to
Propositions 2.12 and 2.13, the assertion of the lemma holds for (£, F') if it holds for (6*L, §*F').
By Theorem 1.13(b) and the same argument as in the proof of [17, Corollary 2.8], there exists ¢
such that 6*£ is isomorphic to

DXxs//S'/ (2521 Dix xsr/s(€i0p, — i) + 3041y DXXS’/S/azi)

for some holomorphic functions «;, ¢ =1,...,¢, on S’. We will therefore assume that
L is already of this form. We can replace F' with a resolution as given by Proposi-
tion 1.6 and, since the result is local, we may reduce to the case F' :p;(lOg ® Cia\p)xs
(since F'~ F'® C(x\p)xs) for some relatively compact open subanalytic subset 2 of X. We
have

RHY(F) ~ THom(C(o) pyxs: Ox xs)|dx]
and

R?‘[Omp;(1os (F7 OXXS)[dX] >~ RHOm(C(Q\D)XS, OXXS)[dX]-
Let us consider the automorphism & induced on THom(Cio\pyxs,Dbxxs) and on
RHom(C o\ pyx s, Dbxxs) = '\ p)xs(Dbx «s) by multiplication by the real analytic function
|21 |21 () |z [22(5) . |2 22¢(5), Then, in D"(px' Os), ® induces isomorphisms
(I)l : R,HOIm‘DXxs/s (ﬁ, THom(C(Q\D)XS, QbXXS))
— RHomp, .. (Oxxs, THom(C\pyxs, Dbxxs))
and

®y - RHomp, o, (L, T(0\D)xs(Dbxxs)) — RHomp, o, (Oxxs,To\p)xs(@bxxs)).

We derive a morphism in D"(py' Os)

Pop®y " : RHomp, o (Ox x5, THom(Cio\ pyxs: Dbxxs))

— RHomp,  ¢,s(Oxxs, Lia\p)xs(Dbxxs))

which coincides with the natural one. By the realification procedure (cf. Section 2.2.2), we are
thus reduced to the case £L = Ox«g, as wanted. O

3. Relative Riemann—Hilbert correspondence

Proving Theorem 1 is equivalent to proving Theorem 3. Indeed, in one direction, let us recall
the method introduced in [17, §4.3] to deduce Theorem 1 from Theorem 3. According to [17,
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(3.17)], there exists a natural morphism of bifunctors from D5, (Dx xs/5)°P % DR (px Os) to
D"(px'Os):

RHom'Dxxs/s (M, RH?( (£))
— RHomDXxS/S (M7 R%mp;(los (F’ OXXS[dX]))

~ RHom,, 1o (F,"Solx(M)), (14)

where the last isomorphism is an application of [7, (2.6.7)]. Note that the right-hand side of (14)
is an object of DE_C (p;(1 Og) provided that F € D(lé_c(p;(l(Os). In that case, by Theorem 3, the
left-hand side is also an object of D¢ (px' Os). In particular, RHomp, . (M, RH}S((F))(LS)
has Og s-finitely generated cohomologies for any (x,s) € X x S. By the variant of Nakayama’s
lemma recalled in Section 1.2.3, and since Li} (14) is an isomorphism for any s, € S (this is
the absolute case, where the result is known (cf. [5, Corollary 8.6]), we conclude that (14) is
an isomorphism. Replacing F' with PSol x M, we deduce an isomorphism of functors

B

Idgs — RHY oPSoly,

hot (Px xs/5)

concluding Theorem 1 as explained in the introduction.
Conversely, Theorem 1 implies Theorem 3 since the former implies full faithfulness of PSol,
so we have a natural isomorphism

RMomp, (M, RHS (F)) ~ RHom,, 16 (F,PSolx M)

and the right-hand side belongs to DP (px' Os).

3.1. Proof of Theorems 1 and 3 in the torsion case

Recall that, according to Proposition 1.5 a holonomic Dy , g/s-module M is torsion if and only
if Supp(M) C X x T with dimT = 0. In that case, we have the following result.

PrOPOSITION 3.1.  Let M € Modyol(Pxxs/s) be a torsion Dx g g-module. Then
M :=Dxxs ®Dxys/s M is a regular holonomic Dx « s-module.

Proof. The statement being local, we may assume that Char(M) = A x {s,}, where A is
a Lagrangian C*-conic closed analytic subset in 7" X, and, taking a local coordinates s on S
vanishing at s,, there exists n € N such that s” M = 0. Since we are dealing with triangulated
categories, by an easy argument by induction on n we may assume that n = 1. In that case,
we have M ~ My K Og/Ogs, where, by the assumption of relative regularity, M, is a regular
holonomic Dx-module satisfying Char(M;,) = A. By construction M ~ My R Dg/Dgs and
Char(M) = A x T8 =: A.

Therefore M is a regular holonomic Dy x s-module since the category of regular holonomic
Dx «s-modules is closed under external tensor product. O

We denote by D?hm(DXxS/S)t the thick subcategory of D]roh01(DXxs/s) whose objects have
support in X x T with dim7T = 0.

PROPOSITION 3.2. The solution functor PSol restricted to D}r)hol(’DXXS/S)t is an equivalence
of categories

PSolx : DPor(Pxxs/s)e — De(px Os)s

with quasi-inverse the restriction of the functor RH% to D}é_c (p;(1 Og)t.
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Proof. Tt is sufficient to prove that the restriction of RHY to Dg_.(px' Os); is fully faithful.
Indeed PSol is essentially surjective since, according to Theorem 2.2, for any F € DE_C (p;(1 Og)
we have F =~ PSolx RHY(F), and in the case of a torsion object F' in D¢ (px'Os): we have
RHS, (F) € D} (Dx s/

For the full faithfulness it is enough to prove that the morphism:

RHomp, . .(M,RHX(G)) — RHomp, (M, RHom,, 1, (G,Oxxs)ldx])

is an isomorphism for any M e DI}?hol(DXXS/S)t and for any G €D _.(px Os).

The cohomologies of M are regular holonomic Dy, 5/s-modules and, according to Proposi-
tion 3.1, Dxxs ®py, 5,5 M is a complex whose cohomologies are regular holonomic.

Thanks to Proposition 1.6, we may assume that Gzp;(1 0Os ® Cqxs for some open
subanalytic subset Q of X, hence

RHY (G) = THom(Caxs, Oxxs)ldx],
which is a complex with Dx x s-modules as cohomologies and we get a chain of isomorphisms

RHomDXxS/S (M7 RH?( (G)) = RHomDXXS (DXXS ®Dx><s/s M, RH?( (G))

()
~ RHomp, ,.(Dxxs QDxxs/s M, RHom(Caxs, Ox xs5)dx])

~ RHomp, /s (M, RHom(Cqxs,Oxxs)ldx])
~ R’H,O?nDXxS/S (M, R/Hzomp;(los (G, Oxxs)ldx]),

where isomorphism (%) follows by [5, Corollary 8.6]. O

3.2. Proof of Theorem 1 in the strict case
PROPOSITION 3.3. Let M, N be regular holonomic Dy s;s-modules, N' being strict. Then
the natural morphism

Brmw s Homp o, s (M, N) — Hom PSolx N, PSolx M)

perv(px'0s) (
is an isomorphism. In particular, if M is strict, taking N := RH% (°SolxM), there exists an

isomorphism B 2 M — RHi(pSOb(./\/l) which is compatible with Kashiwara’s morphism in
the absolute case.

Proof. Since N is holonomic and strict, PSol x AV is strictly perverse, after [17, Proposition 2],
and by Lemma 2.10 the target of S a7, which is S-C-constructible, is strict. By an argument
similar to that of Lemma 2.10, the source of S s is also strict, and its fibres at any (x,s) €
X x S are Og, s modules of finite type according to Theorem 1.4. Hence, in particular, for each
s € S we have

Lizﬂom’DXXS/S (M7N) = i:HomDXXS/S(M7N)
and

Li%(Hom ) (PSolx NV, PSolx M)) = i;Hom ) (PSolx NV, PSolxy M).

pelrv(p;(1 Os pelrv(p;(1 Og
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Since i (Sm.n7) is an isomorphism according to the regularity assumption and the absolute
case, the first statement follows by the variants of Nakayama’s lemma (see Sections 1.1 and
1.2.3).

For the second statement, we use the isomorphism ap recalled in the introduction for
F =PSolx (M), so that, for N'= RH% (°Solx.M), we find PSolx A" ~ PSolx M. Note that F'
is strictly perverse, according to [17, Proposition 2], and therefore N is also strict (cf. [17,
Corollary 4]). We have thus obtained an isomorphism

Homp, ;s (M, RH3 (PSolxM)) — Hom PSolx M, PSolx M),

perv(py' Os) (
and we define [Buy as being the unique morphism corresponding to
Id € Homperv(p;(los)(I’SolX/\/l7 PSolx M). Tt is an isomorphism by checking the reduction to
each s, € S. O

COROLLARY 3.4. For any strict regular holonomic Dx yg/s-module M, the complexes
RI'y « 51 (M) and M(x(Y x S)) belong to thol(DXXS/S).

Proof.  Since M is strict we have a natural isomorphism M =~ RH? (PSolx M) by
Proposition 3.3. Thus M(x(Y x §)) ~ RH5 (°Solx (M) ® Cix\v)xs) and RI[y g (M)~
RHS, (PSolx (M) @ Cy xs) by Proposition 2.6 which concludes the proof. O

A special case of Corollary 4 can now be obtained (the general case is proved in Section 3.5).

COROLLARY 3.5. For each F € D('E_C(p)_(los) which is strictly perverse, there exists a
functorial (when restricting to this quasi-abelian category) isomorphism which is compatible
with the canonical morphism in the absolute case:

D(RH3.(F)) ~ RHS (DF),

where in the left-hand side D stands for the duality functor in Di,,(Dx s/s) while in the
right-hand side stands for the duality functor on Dg_.(px' Os).

Proof. We consider the isomorphism Ban in the case of M := DRHY(F) and
N :=RH% (DF). Since PSolx (M) ~ PSolx(N) ~ DF, the desired morphism will be the
unique one corresponding to the identity of DF'. The fact that it is an isomorphism is again a
consequence of the reduction to the absolute case for each s, in S. O

3.3. End of the proof of Theorem 2

We can argue by induction on the length of M and then reduce to the cases of a projection
and of a closed embedding. The first case was proved in Section 1.4.1. Let us now consider
a closed embedding i : Y < X. The strict case is a consequence of Corollary 3.4. It remains
to treat the torsion case. If M = t(M), then (Proposition 3.2) there exists F € DR .(px' Os)

such that M = RH3 (F), hence (Proposition 2.9) ,i*M ~ RH5 (i"'F) and the latter object
belongs to Dyj,o1 (Dy xs/s)-
3.4. End of the proof of Theorem 3

We refer to [11, Lemma 4.1.4] which contains the guidelines for the proof of Theorem 3. In
what follows, for a complex manifold X and M € D%, (Dx« s/s), we consider the statement

Px(M):  RHomp, ., (M, RHX(F)) € D2 (py'Os) VF € Dg(px'Os),

in other words, M satisfies Theorem 3.
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LEMMA 3.6. The statement P satisfies the following properties.
(a) For any manifold X and any open covering (U;);cr of X,
Px(M) <= Py,(My,)Viel.

(b) Px(M) = Px(M]n]) Vn € Z.
(¢c) For any distinguished triangle M’ — M — M” =% in Dhot(Dxxs/s)

Px(./\/l/) N Px(MN) = Px(./\/l)
(d) For any regular relative holonomic Dx y s/s-modules M and M’,
Px(M e M) = Px(M).

(e) For any projective morphism f: X — Y and any good regular holonomic Dx ys/s-
module M,

Px(M) = Py (pf-M).
(f) If M =H°(M) is torsion, then Px (M) is true.

Proof. 1t is clear that Px(.) satisfies Properties 3.6(a)—(d). Then Property (e) follows by
adjunction, Proposition 2.9 and by the stability of S-C-constructibility under proper direct
image. Finally, Property (f) has been seen in Section 3.1. O

End of the proof of Theorem 3 (and hence that of Theorem 1). We wish to prove
that Px (M) is true for any X and M € thol(DXXS/S). As recalled in the introduction of
Section 3, it is enough to show that, for any F € DE_C(p;(lOS), the cohomology modules of
RHomp, o (M, RHf((F))(w) are finitely generated Og ,-modules for any (z,s) € X x S.

Let us set

Char(M) := |JChar(H' M) = J A x T;
J icl
(see Proposition 1.5), Supp(M) = {J,c; Yi x T; and Zx := |J,c; Yi- We proceed by induction
on the dimension of Z . If dim Zy; < 0, we have Supp(M) = &, which implies M = 0 and
hence, by 3.6(f), Px(0) holds true.

Let us suppose Px (N) true for any N € D}y, (Dxxs/s) such that dim Zy < k (with & > 0)
and let us prove the truth of Px (M) for M € DEho1(DXxS/S> with dim Zy = k.

By 3.6(b) and (c), we are reduced to proving Px(M) in the case where M is a regular
holonomic Dy, 5/s-module with dim Z, = k.

Following the notation of Section 1.1, let (M) (respectively, f(M)) be the torsion part
(respectively, the strict quotient) of M. According to 3.6(c) (applied to the distinguished

triangle t(M) - M — f(M) +—1>) and to 3.6(f), we are reduced to proving Px(f(M)). Note
that dim Z (v < k since Zppqy) € Zaq. If dim Zppq) < k, Px(f(M)) holds true by induction.
Hence, we are reduced to proving Px (M) in the case where M is a strict regular holonomic
Dx « 5/s-module such that dim Zx = k.

In this case, locally (recall that Px(M) is a local statement by 3.6(a)), there exists a
hypersurface Y in X such that YN Z, is of dimension < k and Y \'Y N Z,, is smooth.

We can now apply 3.6(c) to the triangle RI'jy . g(M) = M — M(*(Y x 5)) RN (which is
a distinguished triangle in D%, (Dx« s/s) by Corollary 3.4). By the induction hypothesis,
Px (RT[y x51(M)) holds true. We are thus reduced to proving Py (M) for M ~ M(x(Y x S)).

On the other hand, it is enough to check the property Px (M) for those F € DE_C (p}l(’)s)
such that F' = F @ C(x\y)xs- Indeed, let us check that it holds for those F such that
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F=F®Cyyxs. Forany F € DE_C(p)zl(’)s), we have
RHomp, . o (M,RTy s (RHY(F)))

~ RHomp, , s,s (M, RU((ynz,)x 5] (RHZ(F)))

= RHomDXxs/s (DRF[(YQZM)XS] (RHf((F))v DM)a

where the first isomorphism holds true because Supp(M) C Zq x S and the second one follows
by [15, (3)]. According to Proposition 2.6(b)

N = DRF[(YﬂZM)XS](RHi(F))

belongs to thol(DXXS/S). Thus, by the induction hypothesis, since A is supported on
(Y NZy) xS while D(M) ~ RHS(DPSolM) (by Proposition 3.3 and Corollary 3.5),
HI RHomDXXS/S(N,D(M))(%S), and thus H/ RHomp, (M, Ry xg (RHi(F)))(Iys), is
of finite type over Ogs for all j€Z and (x,s) € X xS. We now notice that, if
F=F®Cyyg, then RHS(F)= RIy x g (RH3.(F)), so the same property holds for
RHomp, o (M, RH3 (F)), which is enough, as noticed at the beginning of the proof.

We thus assume that M = M(*(Y x 5)) is strict, and F' = F'® C(x\y)xg. There exists a
commutative diagram

Xyl x

= |
™
AV NG S ¢
where 7 is a projective morphism, X’ is smooth, Y’ is a normal crossing hypersurface,
Z3 = Zm \ Y and 7} is biholomorphic. Note that the assumption on F' entails that
T F=1'"F®Cxny)xs and w7 'F=F,

while ,7*M|[dx, — dx] is concentrated in degree zero and is of D-type along Y’. Moreover,
M >~ o M[dx — dx]. According to Proposition 2.9 and Lemma 2.14,

Rr. RHomop , . (o7 M, pm* RHY(F)) ~ RMomp, . (M, RH3 (F))

xS/8

is an object of DE_C (p)_(1 Og), which ends the proof of Theorem 3. O

3.5. Proof of Corollary 4
For any F € D2 (px' Os), we have functorial isomorphisms

PSoly D(RHS,(F)) ~ DPSolx (RHY (F)) ~ DF ~ PSolx RHY,(DF).
Corollary 4 then follows by the full faithfulness of the functor PSolx.
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