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E-degeneration of
the irregular Hodge filtration

By Héléne Esnault at Berlin, Claude Sabbah at Palaiseau and Jeng-Daw Yu at Taipei
With an appendix by Morihiko Saito at Kyoto

Abstract. For a regular function f on a smooth complex quasi-projective variety,
J.-D. Yu introduced in [35] a filtration (the irregular Hodge filtration) on the de Rham complex
with twisted differential d 4+ d f, extending a definition of Deligne in the case of curves. In this
article, we show the degeneration at £ of the spectral sequence attached to the irregular Hodge
filtration, by using the method of [26]. We also make explicit the relation with a complex intro-
duced by M. Kontsevich and give details on his proof of the corresponding E;-degeneration,
by reduction to characteristic p, when the pole divisor of the function is reduced with normal
crossings. In Appendix E, M. Saito gives a different proof of the E-degeneration.
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172 Esnault, Sabbah and Yu, E1-degeneration of the irregular Hodge filtration

Introduction

Let U be a smooth complex algebraic curve and let X be a smooth projectivization of it.
Let f : X — P! be a rational function which is regular on U and let (V,"V) be an alge-
braic bundle with connection on U such that V'V has a regular singularity at each point of the
divisor D = X ~ U. Assuming that the monodromy of (V,"V) is unitary, Deligne defines
in [6] a filtration on the twisted de Rham cohomology Hj; (U, V), where V := YV +df1dy.
He shows various properties of it, among which E;-degeneration of the associated spectral
sequence. This is the first occurrence of a filtration having some kind of Hodge properties in
the realm of connections with irregular singularities.

Taking the opportunity of the recently defined notion of polarized twistor £-module, the
second author has extended in [26] the construction of Deligne, and shown the E;-degeneration
property correspondingly, for the case where (V, ¥'V) underlies a variation of polarized complex
Hodge structure on the curve U.

On the other hand, the third author has extended in [35] the construction of such a filtra-
tion in higher dimensions for (V,"V) = (Oy.d) and any regular function f : U — Al, by
using a projectivization of U with a normal crossing divisor D at infinity. He succeeded to
prove the degeneration at £ in various special cases.

It is then a natural question to ask whether or not the generalized Deligne filtration as
defined by Yu has the property that the induced spectral sequence on the hypercohomology of
the twisted de Rham complex degenerates in Ej.

This question has a positive answer. This is our main theorem (Theorem 1.2.2).

Approximately at the same time the preprint [35] was made public, and independently
of Deligne’s construction, but in the setting of a function f : X — P!, Kontsevich introduced
in letters to Katzarkov and Pantev [13] a family of complexes (Q}, ud +vdf), (u,v) € C2,
and sketched a proof of the independence of the hypercohomology with respect to u, v, giving
rise in particular to the E{-degeneration property (see also the recent preprint [11]). We give
details on the proof sketched by Kontsevich in Section 1.5 and Appendix D. However the
method suggested by Kontsevich requests the pole divisor P = f~!(c0) to be reduced, an
annoyance, as this property is not stable under blow up along the divisor, while the result
is. In Section 1.3, we give details on the relation between two kinds of filtered complexes,
namely (%, d + d f) with the stupid filtration, and (2% (log D)(* P), d + d f) equipped with
the filtration introduced by the third author in [35]. In particular, due to the results in [35], our
Theorem 1.2.2 implies the E-degeneration property for (Q}, d+ df). The E;-degeneration
for other values u, v follows by already known arguments. On the other hand, the degeneration
property for the Kontsevich complex (Q}, d 4+ d f) would implies the E-degeneration of our
Theorem 1.2.2 for integral values of the filtration introduced in [35]. (Cf. Section 1.5.)

More recently, M. Saito proposed a new proof of the E-degeneration for (Q}, d) which
relies on older results of Steenbrink [32,33]. His proof gives a new proof of our Theorem 1.2.2
for integral values of the filtration introduced in [35]. Moreover, when P is reduced, he is also
able to give an interpretation of the hypercohomology of this complex in term of the Beilinson
functor applied to the complex R j«Cy, j : U — X. This is explained in Appendix E by
M. Saito.

In conclusion, the methods of Kontsevich and Saito focus first on the complex (Q}, d),
for which they extend known properties in Hodge theory. These methods give then results for
the complex (Q}, d + df) by applying standard techniques not relying on Hodge theory, as
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explained in Appendix C. On the other hand, by applying Theorem 1.2.2, the proof of which
relies on the Fourier—Laplace transformation and twistor £D-modules, one treats the complex
(Q%.d +df) first, and specializes to the complex (Q7%, d).

Let us quote P. Deligne [6, Note, p. 175]: “Le lecteur peut se demander a quoi peut servir
une filtration ‘de Hodge’ ne donnant pas lieu a une structure de Hodge.”

Deligne suggests that this Hodge filtration could control p-adic valuations of Frobenius
eigenvalues. This is related to the work of Adolphson and Sperber [1] bounding from below
the L-polygon of a convenient non-degenerate polynomial defined over Z by a Hodge polygon
attach to it, that they expect to be related to the limiting mixed Hodge structure at infinity of
the polynomial. Appendix E should give the relation between the expectation of Deligne and
that of Adolphson and Sperber.

In [12], Kontsevich defines the category of extended motivic-exponential D-modules on
smooth algebraic varieties over a field k of characteristic zero as the minimal class which con-
tains all Dy -modules of the type (Ox,d 4+ d f) for f € O(X) and is closed under extensions,
sub-quotients, push-forwards and pull-backs. When k = C, the natural question is to define
a Hodge filtration. Our work may be seen as a first step towards it.

For some Fano manifolds (or orbifolds), one looks for the mirror object as regular func-
tion f : X — P! (Landau—-Ginzburg potential). Kontsevich [13] conjectures that the Hodge
numbers of the mirror Fano manifold (or orbifold) can be read on some “Hodge filtration” of
the cohomology H G{‘R (X,d 4+ df). This filtration should be nothing but the irregular Hodge
filtration.

1. The irregular Hodge filtration in the normal crossing case

1.1. Setup and notation. Let X be a smooth complex projective variety with its Zariski
topology and let f : X — P! be a morphism. We will denote by Alt (resp. Alt,) an affine chart
of P! with coordinate ¢ (resp. t') so that t/ = 1/t in the intersection of the two charts. Let U
be a nonempty Zariski open set of X such that

* f induces a regular function fjyy : U — Al,
e D := X ~ U is anormal crossing divisor.

Let us denote by P the pole divisor f~1(co). Then the associated reduced divisor Prq has
normal crossings and is the union of some of the components of D. The union of the remaining
components of D is denoted by H (“horizontal” components). We have a commutative diagram

W s

Al Pl
For each k = 0, we will denote by Q§ the sheaf of differential k-forms on X, by Qf,c( (log D)
that of differential k-forms with logarithmic poles along D and by Qé‘( (* D) that of differential
k-forms with arbitrary poles along D. Given any real number «, [¢P] will denote the divisor
supported on Pq having multiplicity [ae;] on the component P; of Pigq, if ¢; denotes the
corresponding multiplicity of P. We will then set

QX (log D)([aP]) := Ox ([¢P]) ®p, Q% (log D).
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174 Esnault, Sabbah and Yu, E1-degeneration of the irregular Hodge filtration

When considering the various de Rham complexes on X, we will use the analytic topol-
ogy and allow local analytic computations as indicated below. However, all filtered complexes
are already defined in the Zariski topology, and standard GAGA results (cf. [3, Section I1.6.6])
allow one to compare both kinds of hypercohomology on the projective variety X, so the
results we obtain concerning hypercohomology also hold in the Zariski topology. We will not
be more explicit on this point later.

Given any complex point of f~!(c0), there exist

* an analytic neighborhood AL x A™ x AP of this point with coordinates
(x,9,2) = (X1, ..., X0, V1o oo, Yms Z1 -+ -5 Zp)s
s e=(e1,....e0) € (Z=o)t,
with the following properties:
Sy =xme =Tl 6
* D =Uisitxi = 00 UUL () = 0} Prea = Ujey i = 0).

In this local analytic setting, we will set g(x, y,z) = 1/f(x,y,z) = x¢. The divisor H
has equation

Finally, we set n = dim X.

Set @ = C{x,y,z} and D = O(0x, dy, 9;) to be the ring of linear differential operators
with coefficients in (@, together with its standard increasing filtration F,d by the total order
with respect to Oy, 0y, 0;:

(1.1.1) Ro= Y  oxba,
lal-+IBI+lyI<p

where we use the standard multi-index notation with @ € N¥, etc. Similarly we will denote
by O[t'] the ring of polynomials in ¢ with coefficients in ) and by D[¢'](d;/) the corresponding
ring of differential operators.

Consider the left D-modules

O (% Prea) = O[x '],
O(xH) = 0[y7"],
O(xD) = O,y
with their standard left £-module structure. They are generated respectively by 1/ ]_[f=1 Xi,

1/T1j2, y; and 1/ ]_[f:1 xi [172; y;j as D-modules. We will consider on these D-modules
the increasing filtration F, defined as the action of F,& on the generator:

FpO(xPeg) = Y co.a;‘(l/]_[f:lxi) =Y ox,

lel<p lal<p

FotH) = Y 0.3 (1/T]_, v)= D oy
IBl<p IBl<p

F,O(xD) = Z o -a;'gaf (1/Hf=l X H;n:l yj) = Z Ox~0 1ty =F1,
le|+1Bl<p le|+1BI<p
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so that Fj, = 0 for p < 0. These are the “filtrations by the order of the pole” in [3, (3.12.1),
p. 80], taken in an increasing way. Regarding @ (x H) as a D-submodule of O (x D), we have

F,O(xH) = F,O(xD) N O(xH)
and similarly for @ (x Peq). On the other hand it clearly follows from the formulas above that
(1.1.2) F,0(xD) = Y FyO(xH) - FyO (% Preg).
q+q'<p
where the product is taken in O (x D).

1.2. The irregular Hodge filtration. Our main object is the twisted meromorphic
de Rham complex

Q4 (+D). V) = {Ox (+D) > QL (D) > ... 5 QL(+D)}. V=d+df.

This complex is equipped with the irregular Hodge filtration defined in [35]: this is the decreas-
ing filtration indexed by R (with possible jumps only at rational numbers) defined by the
formula

(12.1)  FW4Qy(xD),V) = FA(V)

= {0x(=2PD) 1 = 2k (log D)([(1 - )P+
s D @ (og DY — 1) PD+ .
where, for u € R,

Qk (log D)([uP]) if u =0,

Q% (log D)([P)) 4 = {0 otherwise

We will also consider the associated increasing filtration
F(QY (D), V) := F** Q% (xD), V),

and, for each « € [0, 1), the decreasing (resp. increasing) Z-filtration FY"* (resp. ng.) de-
fined by

FYUP(Qy (%D), V) := FY™ ™ P(Q% (xD). V) = F) ,(Qx (D), V)

(resp. FJ}L p(Q;( (xD), V)). The filtration exhausts the subcomplex

(2 (log D) (* Prea). V) = (2% (xD). V).

The quotient complex is quasi-isomorphic to zero, according to [35, Corollary 1.4]. We refer
to [35, Corollary 1.4] for a detailed study of this filtered complex and its hypercohomology.
Let us only recall that, setting gr I{E = F*/F>* the graded Ox-complex gr}{iYu (V) is supported
on P4 for A € Z and is quasi-isomorphic to 0 for A < 0 (cf. [35, Corollary 1.4]). Our main
objective is to prove in general (cf. Section 3.4) the conjecture made in [35], and already proved
there in various particular cases.
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176 Esnault, Sabbah and Yu, E1-degeneration of the irregular Hodge filtration

Theorem 1.2.2. For each o € [0, 1), the spectral sequence of hypercohomology of
the filtered complex FJ”’I’(QS((*D), V) (p € Z) degenerates at E1, that is, for each A € R
and k € N, the morphism

H* (X, FY (V) — H*(X.(Q% (D). V)) =: Hf; (U. V)
is injective.
The image of this morphism is denoted by FY“*H G{‘R(U, V) and does not depend on

the choice of the projective morphism f : X — P! extending fv U — Al satisfying the
properties of the setup above (cf. [35, Theorem 1.8]). We thus have

(1.2.3) griv HE (U, V) = HF (X, gty (V)),

and FXAHK (U, V) = HE (U, V) for A < 0.

Let us recall that this filtration was introduced (and the corresponding E-degeneration
was proved) by Deligne [6], in the case where U is a curve and where the twisted de Rham
complex is also twisted by a unitary local system. The generalization to the case of a variation
of a polarized Hodge structure on a curve was considered in [26].

1.3. The Kontsevich complex. M. Kontsevich has considered in [13] the complexes
(Q%,ud + vdf) foru,v € C, where
= {0 € Q& (log D) | df Aw e Qb (log D)}

= ker{Q2 (log D) Y, QP (log D)(P)/ Q28 (log D)}.
Note that we have
Q) = Ox(—P), Q} = Q% (logD),
and
Qf = ker{Q{ (log D) Y, Q2 (log D)(P)/ 25 (log D)},
since deé (log D) C Q§+1 (log D), hence
)4 p+1
V(Qf) - Qf .

Moreover, in the local analytic setting of Section 1.1, using that d f = f - dlog f and setting
= (x2,...,Xy), one checks that

dx€ p—1(dx’ dy
1.3.1 QL =Clx,y.z})- — A —, —=.d
(1.3.1) F=Clry.zh— A\ {x, ; z}
p(dx’ dy
v et N5 L)

so in particular Q}’ is Oy -locally free of finite rank.
The following result was conjectured by M. Kontsevich [13]:

Theorem 1.3.2. For each k = 0, the dimension of H* (X, (Qf, ud + vdf)) is inde-
pendent of u,v € C and is equal to dim H R(U V). In particular

(1.3.2 %) the spectral sequence EY"? = HY(X, Qp) = HPTI(X, (Q%,d))

degenerates at E1.
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The finite dimensionality of H?(X, lef ) for each pair p, ¢ implies that (1.3.2 %) is equiv-
alent to
dim H* (X, (Q5%.d)) = dim H* (X, (Q2}.0)) for each k.

We will explain two kinds of proofs of this theorem in Section 1.5.

* The argument sketched by Kontsevich in [13, 14] starts by reducing the proof to (1.3.2 %)
(cf. Proposition 1.5.3 whose proof is detailed in Appendix C). Then, when P = P, the
method of Deligne—Illusie [7] is used for proving (1.3.2 x) (cf. Appendix D for details on
this proof).

* In Appendix E, Morihiko Saito provides a direct proof of (1.3.2 x) without the restricting
assumption P = Prq.

* On the other hand, we will apply Theorem 1.2.2 (with @ = 0 but without the restricting
assumption P = Pyeq) in order to get the £-degeneration for the differential V = d+d f.
We then apply Proposition 1.5.1.

Remark 1.3.3. A consequence of Theorem 1.2.2 for @ = 0, or equivalently of Theo-
rem 1.3.2, is the equality

dim H* (X, (5 (+ Prea). df)) = dim Hl& (U. V).

which is due to Barannikov and Kontsevich (cf. [23, Corollary 0.6] and [19, Corollary 4.27]).

1.4. Comparison of the filtered twisted meromorphic de Rham complex and the
filtered Kontsevich complex. For any coherent sheaf ¥ and for u € R, we will use the
notation ¥ ([uP]) for Ox ([uP]) ® F . We define then

(141) 2w := ker(2 (log D) (1P
s Qe (tog D) + 1) P)/ 4+ (0 D)([P)) )
= ker( ) (log D) ([P))
> Q&+ (log D)([( + 1) P])/ 4 (log D) (1 P)).
where the second equality follows from

d(2% (log D) ([ P))) € Q&T ! (log D)([uP)).

Since V(Qj’i (n)) C leﬁ"'l (i), we can also consider the complex

. v \%
(Q5(10). V) = (Q% (1) —> () —> )
together with its stupid filtration
P(O° . p V. oprtl v
o (Qp (). V) = (Qp(n) — Q57 (1) — ---)[-p].
For u < p’ we thus have natural morphisms of filtered complexes

(QF (). V.0?) — (). V.0?).
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178 Esnault, Sabbah and Yu, E1-degeneration of the irregular Hodge filtration

For any A € R, define
(F*2). V) = (0x(=AP)) > 2 (og D)([(1 = 1) P))
—> -+ —> Q (log D)([(k = A)P]) —> -+ ).
Then for any A < A’ the natural inclusion
(FV), V) — (F°(1), V)

is a quasi-isomorphism ([35, Proposition 1.3]).

Proposition 1.4.2. Fix 1 € R. Consider the filtration ©P on F°(—u) defined by

FO(—p) ifp <0,
(Q% (log D)([uP]) BN Q& (log D)([(1 + w)P]) — -+ )[-p] ifp=0.

? =

Then the natural inclusion
Q¥(w).V.0?) — (F(=w),.V.1?) (p e )

is a filtered quasi-isomorphism. The same holds true if one replaces the connection V by the
left multiplication with d f in both complexes.

Proof. Since both filtrations satisfy o7, t? = 0 for p > dim X and are constant for
p <0, it is enough to prove the isomorphism at the graded level, that is, to prove that the
vertical morphism of complexes below is a quasi-isomorphism:

o—>szj,’(u) 0

| |

0— Q2 (log D)([uP]) — Q21 (log D) ([(1 + 1) P])/ Q5T (log D) ([uP]) — ---.

According to (1.4.1), this amounts to showing that the second row has zero cohomology in
degrees = p + 1. This follows from [35, Proposition 1.3], which implies that the complex

- —> Qg (log D)([uP])/ Q% (log D)([(x — 1) P])
s QP (og DY([(1 + 1) P])/ QLT (log D)([uP]) —> -+

is quasi-isomorphic to zero.
Since V = d f on the graded objects grf and gr?, the second assertion can be proved by
the same argument. D

Corollary 1.4.3. The two inclusions
Q5. V) — Q5 (+Prea). V) and (Q5.df) —> (Q}(+ Pra). df)
are quasi-isomorphisms of complexes on X, as well as the inclusion

(2% (xPrea), V) —> (Qx (D). V).
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Proof. Forgetting the filtrations in Proposition 1.4.2, one obtains the vertical quasi-
isomorphisms in the commutative diagram

(QF, %) —— (QF(mP), %)
| |
(F%(0), ) —— (F%(—m), *).

Here the arrows are natural inclusions, x = V or d f, and m is any non-negative integer. Since

Qf (xPrea) = | Q5 (mP),
m

the first assertion follows. The second assertion is proved as in [23, Section 3.2], since
QY ( Preg) = Q (log H) (+ Preg).
as follows from the expression (1.3.1). O
Remark 1.4.4. We have
H*(X,Q5%(xD),V) = HE (U, V).
Let us recall (cf. [23, Remark 04]) that, if we set
Y = fTHA) = X N Prea,

then dim H, ({‘R(U , V) is equal to the dimension of the (k — 1)-st hypercohomology of the van-
ishing cycles of fly : ¥ — Al with coefficients in the complex RixCy, where 1 : U < Y
denotes the inclusion.

On the other hand, in Theorem E.3 of Appendix E, M. Saito gives, when P = P,
an identification of the complex (Q}, d) with the Beilinson complex attached to R j+Cy, and
therefore with the nearby cycle complex V¢ R j«Cy (recall that g = 1/f) of f along f~!(c0).

Corollary 1.4.5. For any « € [0, 1), the natural inclusions
(QF (@), V,0?) — (FO(V), FJ) — F*P(Q°(xD),V) (p € Z)
are quasi-isomorphisms of filtered complexes on X. Here (cf. (1.2.1))

FO(V) ifp <0,

FP(FO(V)) = {F—a+p(v) ifp=1.

Proof. That the second arrow is a quasi-isomorphism is the statement of [35, Corol-

lary 1.4]. The first one follows from Proposition 1.4.2. Indeed in this case we have

s JFO(=a) < FO(V) if p <0,
T =
Fy ifp=1,

as desired. O
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180 Esnault, Sabbah and Yu, E1-degeneration of the irregular Hodge filtration

Corollary 1.4.6. For o € [0, 1), the hypercohomology H k (X, (Q} (), V)) does not
depend on the choice of the smooth compactification X of U such that X ~ U has normal
crossings.

Proof. Forgetting the filtration in Corollary 1.4.5, we have
H*(X,(Q% (@), V) ~ H (X, F**~%(V))
and the assertion follows from [35, Theorem 1.8]. D

Remark 1.4.7. The statement of Corollary 1.4.6 is also a consequence of Proposi-
tion 3.2.3 below, through the various identifications that we make in Sections 1.5-1.7.

From the properties of the filtration F Y (cf. Section 1.2) we obtain, as a consequence of
Theorem 1.2.2:

Corollary 1.4.8 (of Theorem 1.2.2). Fora € [0, 1) fixed, and for p,q = 0, we have

+ +
&P grpv Hig 1(U.V) = gl HR™(U.V) ~ H1(X.Qf (@)
A€[—a+p,—a+p+1)

and therefore a decomposition HG{‘R(U, V) >~ @p_,_q:k HY(X, Q})(a)).

Proof. Observe that the right-hand term is the £1-term in the spectral sequence attached
to (Q} (a), V,0?), hence that of the spectral sequence attached to F,y*? (Q2*(x D), V), accord-
ing to Corollary 1.4.5, which is equal to the middle term, according to Theorem 1.2.2. m]

Remark 1.4.9. It is a natural question to ask for a geometric interpretation of the
cohomology H?(X, Q ; («)). When @ = 0 and P = Prq, such an interpretation is furnished
by Theorem E.3 in Appendix E. On the other hand, when D = Py, it is natural to expect that
the complex (27,d + d f') is quasi-isomorphic to the L? complex on X ~ P4 with the same
differential and relative to a complete metric on X ~ D which is equivalent to the Poincaré
metric near each point of D. The corresponding Hodge decomposition should be proved as
in [9] (we owe this L2 interpretation to T. Mochizuki).

1.5. Relation between Theorem 1.2.2 for « = 0 and Theorem 1.3.2.
Proof that Theorem 1.2.2 for o = 0 implies Theorem 1.3.2.

Proposition 1.5.1.  Ifdim H* (X, (Q] s d+d(ef)) = dim H*(X. (@ 7+ 0)) for all k
and any ¢ € C*, then the conclusion of Theorem 1.3.2 holds.

Proof. Foru,v # 0, we have Qk = Q];f/u’ and thus

dim H* (X, (Q}. ud + vd f)) = dim H*(X, (2} /. d + d(vf/u)))
= dim H* (X, (Q:)f/u’ 0)) (assumption for vf/u)
= dim H*(X. (Q%.0)).
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We will now treat the case v = 0, u # 0, that is, we will prove the equality
dim H*(X. (Q}.d)) = dim H* (X, (Q5.0)).

The case v # 0, u = 0 is obtained similarly. We will use a standard semi-continuity argument.
On the one hand, H* (X, (Q}, d)) being the abutment of the spectral sequence attached
to the filtered complex o? (Q}, d), we have

(1.5.2) dim H* (X, (Q.d)) < dim H* (X, (Q%.0)) forall k,

the latter term being equal to dim H k (X, (Q}, V)), according to the assumption for f. Let us

show the equality by considering the complex (Q} [t],dxy + tdf), where T is a new variable

and dy differentiates with respect to X only. Since each Qj’f is Ox-coherent (even locally free),

each
HY(X,Q7[t]) = Clt] ®c H!(X,QF)

is a free C[r]-module of finite type, and thus each
HY = H*(X. () [c]. dx + df))
is a C[r]-module of finite type, by a spectral sequence argument with respect to the stupid
filtration 0. We claim first:
« dimc(y) C(7) ®cpr) HY = dim H* (X, (Q%. V).
Indeed, since Q} [t] is C[r]-free and since H Irc has finite type over C|[z], we have
Clel/(x —v) ®cpn HY = HY(X.(QF.d + vdf))

for v general enough. We know that the dimension of the latter space is independent of v # 0
and equal to H* (X, (R%.,V)) by the first part of the proof, hence the assertion.
Let us now consider the long exact sequence

o HY 5 HE s HR (X (Q5,d) — -

We will prove for all k:
(1) “t at the level = k is injective”,
@ H¥(X.(Q}.d) = HY/<HE,
3)k dim H¥ (X, (Q%.d)) = dim H* (X, (Q%.V)),
by showing (1)1 = 2)x = (3)xr = (1)x. Note that (3) is the desired equality.
The assertion (1)g4; implies that H ]lf — H¥ (X, (Q}, d)) is onto, and thus (2); holds,

SO
dim H*(X, (Q%.d)) = dimc () C (1) ®cpe HY = dim H* (X, (5. V).

where the latter equality holds by the claim above. Hence (1.5.2) implies (3); and thus, local-
izing at T = 0, C[t](9) Rc[y H]r‘ is C[t](g)-free, so (1) holds.
Since (1), holds for k large, it holds for all k, as well as (3). |

In order to obtain Theorem 1.3.2 from Theorem 1.2.2 for o = 0, it remains to apply
Corollary 1.4.8 with @ = 0 (which uses Theorem 1.2.2), together with Corollary 1.4.3, to cf
for any ¢ € C*. o
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Proof that (1.3.2 x) implies Theorem 1.3.2 and Theorem 1.2.2 for o = Q.

Proposition 1.5.3 (Kontsevich [13]). For all k we have
dim H* (X, (5. d)) = dim H (U, V).

The proof of Proposition 1.5.3 is postponed to Appendix C. It does not use any Hodge-
theoretic argument. If we assume condition (1.3.2 %) for f, it holds for ¢/ for all ¢ € C*
since Q; r= Q} Then, according to Proposition 1.5.3 and Corollary 1.4.3, we obtain

dim H¥ (X, (Q} ;. d + d(c/f))) = dim H*(X. (2 ,.0)).

which is equivalent to Theorem 1.2.2 for @ = 0, according to Corollary 1.4.5, and on the other
hand implies the other statements of Theorem 1.3.2 according to Proposition 1.5.1. O

1.6. Deligne’s filtration: The 9-module approach. In this subsection, the results will
be of a local nature, and we will make use of the local setting of Section 1.1.

First construction. Let us denote by E!/& the O-module (% Prq) with the twisted
D-module structure, so that the corresponding flat connection is V =d 4 d(1/g). We will
denote by el/¢ the generator 1, in order to make clear the twist of the connection on the
(9-module O (* Preq). The behavior of the connection with respect to the filtration Fy (* Preq)
(defined in Section 1.1) is as follows:

V(FpO (% Preq)) C Q)lc,y,z(log Pred) ® (FpO (% Prea))(P) C Q)lc,y,z ® (Fp+10 (% Prea)) (P).

For each o € [0, 1) and all p € N, we consider the increasing filtration by coherent
(9-submodules indexed by N defined as

(1.6.1) Fatp(EYE) := FyO(xPrea)([(@ + p)P]) @ eV/8,

where [(@ + p) P] is the integral part of (o« + p) P, that is, locally defined by

xle@ip)] _ (lealgp

and we set
Fyip(EYVE) =0 for p € Z<o.

We therefore get a filtration F, (E 1/2) indexed by R, with F w(E 1/8) = 0 for 1 < 0 and jumps
for u € Qx¢ at most.

We will mainly work with E'/&(xH), which is equal to @(xD) as an @-module. Its
filtration is defined, in a way analogous to (1.1.2), by

(1.6.2) Fouyp(EVE(xH)) := Y FyO(xH) - Forq(EV®),
q+q’'sp

where the product is taken in @ (x D).

In both cases, these filtrations satisfy the Griffiths transversality property with respect to
the connection V on E/¢ or on E'/&(xH), that is, they are F-filtrations with respect to the
standard order filtration on D.
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Second construction, step one: Adjunction of a variable. We shall denote by M’ the
D-module-theoretic push-forward of (@ (xH),d) by the graph inclusion of g. If 7 denotes
the new coordinate produced by this inclusion, M” is a left D[t'](d;/)-module. Let us make it
explicit. We consider a new variable 7/, and we have by definition

M’ =C{x,y,z}[y !, 7/] asaC{x,y,z}-module.

It will be convenient to denote by § the element 1/ ]_[;7;1 yj of M'. The remaining part of the
left action of D[t'](d;/) is defined as follows on § (and extended to M’ by using Leibniz rule):

0,8 =18,
1§ = g8 = x°86,
_ ag e e—1; 1
(1.6.3) Ox,0 = _a_xi T8 = —e;x '8,

1

0y,0 = —— 3§,

Yj yj

azk8 - 0

We note that (Q(xH),d), as a left H-module, is recovered as the cokernel of the injective
morphism of left H-modules 0, : M’ — M’ with the induced £D-module structure.
Denote by E !/ the left D[1'](0;)-module C{x, y, z,#'}[t'~']e!/?" whose generator e'/*’
satisfies
at,el/t’ — —(l/t/z)el/t/.

The twisted D[t'](d;)-module M’ @ E/ is the left D[t'](d;/)-module
M ® EV' = Cix,y, z}[x "y L) ®e'/) asaC{x,y,z}-module.
We have used here that, with respect to the C[t']-action on M’ defined above, we have
Clt' " @cp M’ = M'[1/g] = Clx.y. 2}y 7).

The remaining part of the left action of D[t'](d;/) is defined as follows on the generator
§ ® e/t (and extended to M’ ® E'/!" by using Leibniz rule):

0/ (6 ® el/t/) =T -gHE® el/t’) — (T —x2)E® el/t/),
Z/(a ®el/t’) — g(8 ®el/t/) _ xe (8 ®el/t/)’

4 a ’ ’
aXi(S ®el/l‘) — _% ‘[/(8 ®el/l ) — —€jxe_1ifl(8 ®el/l )’
1

/ 1 ,
3y, @'y =—— (@B e
Yj

0, S ®e'/")y=0.
Due to the previous formulas, the decomposition

M @ EV =P oDk @)
k=0

(1.6.4)

can be transformed to a decomposition
M' @ EV' = P oDk e,
k=0

which shows that M’ ® E/*' is a free O (x D)[04]-module of rank one with generator § e/t
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Let ¢ denote the inclusion associated to the graph of g. The D[t'](d;/)-module

L EVE(xH) .= (D EVE(xH) ® 0,8
k

is also a free 9 (xD)[0;/]-module of rank one with generator (1 ® e!/€ ® §).
The unique O (*D)[0;]-linear isomorphism

L EYE(xH) = M' @ EVY

sending (1 ® ¢'/¢ @ §) to § ® e/t is in fact D[t'](d;)-linear. Let us check for instance that
it is Oy, -linear:

ax'(1®el/g®8):_M®el/8®8_a_g®el/g®at,8
' g2 0x;
a a [ / a / a / ’
_ g/ xl8®el/t _at/ _g8®el/t :_r/_g(g@el/t :axi(8®el/t)’
g2 ox; ox;

according to (1.6.4).
It is then clear that, on the other hand, one recovers E!/8 (xH) from M' ® E U as its
push-forward by the projection 7 along the ¢’ variable. So we find

(1.6.5) M' ® EV" ~ 1 EV&(xH),
(1.6.6) EV8(xH)=n (M ® EY") = coker[d, : M' ® EV" — M’ @ EV/].

Second construction, step two: The Deligne filtration. For the sake of simplicity, the
filtrations will be taken increasing. One can consider them as decreasing by changing the sign
of the indices.

Let F, M’ be the filtration F,D[t'](0y) -8 on M’. It is the filtration by deg, + ordg,
where ordgy is the order of the pole along H such that ordg § = 0. Let V, M’ be the Kashiwara—
Malgrange V -filtration with respect to the function ¢’ (see, e.g., [28, Section 3.1] or Section 2.2
below). We will only consider the steps Vo, M’ for a € [0, 1) (the jumps possibly occur at most
at a € [0,1) N Q). The normalization condition is that 0,7 + « is nilpotent when induced
ongry M'.

The natural generalization of the $-module-theoretic Deligne filtration defined in
[26, Section 6.b] is (in the increasing setting), for each & € [0, 1), and any p € Z:

p
(1.6.7) F(?_T_lp(M’ ® El/l") = Z al{gt/—l((Fp_kM/ VM) ® el/t’).
k=0

We have F 7 (M’ ® EY"y = 0ifa + p < 0. Note also that

FI(M' @ EV)y = "N (FoM' N V(M) @ e'/7).

For each « € [0, 1), it is easily checked that the filtration F(l)—T—lp(M "® EV) (p € Z) is an
F-filtration for D[t'](dy), i.e., satisfies

FyDIt')(0) - FL2,(M' @ EV'y c F2? (M’ ® EVT),
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where Fy;D[t'](0;) consists of operators of total order < ¢ (with respect to 0y, 0y, 9z, ;). The
jumps possibly occur at most at @ + p € Q=9 and we have

(1.6.8) Fye (M'@EV") =0 Fys (M @EY") +1" " (FyM' N VoMY @e'/".

a+p
Indeed by definition,
d FY, (M @ EM'y =3 okt T (Fpmy kM N Vg M) @ V1)
k=0
=Y kT (Fpoi M N VM) @M.
k=1

Proposition 1.6.9. The filtration FP(M’' ® EY') is exhaustive, and the injective
D-linear morphism dy - M’ ® EMY — M’ ® EV" strictly shifts the Deligne filtration (1.6.7)
by one, that is, for all o € [0, 1) and all p € Z,

Fpei(M' @ EV) oy (M’ ® EVY) = 0y s, (M @ EVT).

Proof.  For the first point, let us denote by V,M’[t'~!] the Kashiwara—Malgrange filtra-
tion of M'[t'~1] (without twist) with respect to the function ¢’. For i < 1 we have

V.M =v,M,
while for u = 1 we have
VMl =My, M

For each ., 07 — t'~% sends V,,M'[1'~'] to V, 12 M'['~"] and the graded morphism is also that
induced by —t'~2, hence is an isomorphism. It follows that any m € M’[¢t'~!] can be written
as a finite sum 3", (8 — ')k t'~ Ly, with my, € Vo M, and o, € [0, 1). Set @ = maxy o
and replace each oy with «. Since the filtration F, M’ is exhaustive, there exists some p such
that my € Fp,_x M’ N VoM’ for each k. Therefore,

m®e/" e F) (M’ EV').

For the strictness assertion, according to (1.6.8) and forgetting the EYY factor, it is
enough to prove that, for all @ € [0, 1) and all p € Z,

Nyt M' O VMY N @y — ") (M'[t™1]) € @ — 12" W (FyM' 0 VM),
or, by using the standard commutation rule, that
(FpaM' N VeM) N @y =t ="Mt ) € @ — /7 =172 (FpM' N VM.
We will check separately that

em' € VyM andm’ = 0y —t'™! — t'"2)m implies m € Vy_»(M') C Vo M’,

e m' € FppyM' and m’ = (0 —t'~! — t'=2)m implies m € F,M’.

On the one hand, the operator 9, — t'~! — ¢"~2 induces for each p an isomorphism

gl (M) —> gt (M),

so the first assertion is clear.
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On the other hand, using the identification M'[t""1] = C{x, y,z}x"1, y~1, ¢/]1/y as
aleft C{x, y, z}-module, with the F-filtration induced by “degree in t/ + pole order in y”, the
— 1'~2 sends a term @ (x, y, z)T’* (k = 0) to

e (990 (o))

j<k £=0

operator 0y, — t'~!

for some coefficients ¢; ; € N (due to the commutation rule between ¢/ —1and 9;/). If

q
m = ngkf/k c M/[t/—l]
k=0

is such that

q+1
m =@y -t —1""Hm = Z go,’cr/k
k=0

belongs to Fp+1 M/, then ¢, = ‘/’(/1+1 belongs to C{x, y,z}[y~!] and its pole order relative
toyis<(p+1)—(¢g+1)=p—q,sogst? € F,M'. By decreasing induction on ¢, one
concludes that m € F, M. O

Definition 1.6.10 (of FP\(E1/&(xH))). The Deligne filtration FP!(E'/& (xH)) (in-
dexed by R) on EY/&(xH) is the image filtration of FP{(M’ @ E'/!") by (1.6.6).

Here are some properties of F /IBCI(E /g (xH)):
e We have
FRNEYE(xH)) =0 forp <0
and the jumps possibly occur at most at ;& € Qxg.
 Forafixeda € [0,1) and p € N, FP¢! (EY/¢(xH)) is an F,D-filtration, i.c.,

a+p
FgD - F(EV8 (xH)) C F5, ., (EVE (< H)).
e By (1.6.6),
F(EVE (xH)) = image(t'™ (F,M' 0 Vo M') ® &'/).

Indeed, this directly follows from (1.6.8).

On the other hand, the push-forward ¢ E''/& (% H) comes naturally equipped with a push-
forward filtration

(1.6.11) Foyp(y EVE(xH)) := @) Fos pi (EV/E (xH)) ® 38
k=0

with F,(EY/8(xH)) defined by (1.6.2). This defines a filtration F,(M’ ® E/*") according
to (1.6.5).
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Comparison of both filtrations on M’ ® E'/*" and E/2 («H).

Proposition 1.6.12. For each « € [0, 1) and each p € Z, we have

Fatp(M' @ EV')y = F23 (M’ ® EV) ¢f (1.6.11) and (1.6.7),
Foip(EVE(xH)) = Fo?fp(El/g(*H)) cf. (1.6.2) and Definition 1.6.10.

Proof.  'We will prove the first equality, since the second one obviously follows. We need
here an explicit expression of F, M’ N Vo M’. We will recall the computation already made
in [20] for the pure case (H = &) and recalled and generalized to the mixed case in [22, Pro-
position 4.19], where the notation 6’ is used for the present notation §. It would also be possible
to use [31, Proposition 3.5], but the computation is written there for right £-modules, so one
should first express this computation for left modules. Note also that it is enough to consider
p € N, since both filtrations are identically zero if p < —1.

We will use the notation

b=(bi.....bp) € Z*, |b]y =) max{0.b;}.
i

c=(c1,....cm) €Z™, |c|4 = Zmax{O,c]-}.
J

Then, by (1.6.2), we have

(16.13)  Fayp(EVEsH) = Y yeTly bl lealgmptieli . g,
[bl++lel+<p
On the other hand, fora = (ai,...,ay) € Ze, let us set

L a;
Pya(s) = caa 1_[ 1_[ (s +k/ei), withcgq € C suchthat Py q(—a) =1,
i=lk=[e;a]+1

taking into account the convention that a product indexed by the empty set is equal to 1. Let us
also set (recall that [8] := —[—f])

Io(@) ={i |a; = [eja]} C{l,....r}, J(e)={j|c; =0}.

Then, by embedding M’ in M’[x~'], an element of V, M’ can be written in a unique way as
the result of the action of some polynomials in /0, on some elements of M’[x~!] as follows:

Z Z Z(Z/at’ + 0‘)6 Pa,a—l(t/at’)ha,c,ﬁ (XIy(@): YJ(e)- z)y xS,

a=[ea] c=0(=0

with X7, @) = (Xi)iely @) Vi) = (V)jet(c)> Na,e.t € O only depends on the indicated vari-
ables.! The filtration F,M’ N V, M’ is the filtration by the degree in ¢'d,/ plus the pole order
in y. In other words, an element of Vo M’ written as above belongs to F, M’ N VM if and
only if

hgeo #0 = €+ ||+ + deg Pya—1 < p,

" A condition on hq c.¢ is mistakenly added in [22]; it is irrelevant.
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that is, if we set b; = a; — 1 — [ej ],
C4lel+ +1bl+ < p

Note also that the condition a; > [e;«| implies a; = [e;a] = 0. By using the standard com-
mutation relations, an element of #/~1(F, M’ N VyM') can thus be written in a unique way as

(1.6.14) > >3 @t + ) Paa—10r1Vha e (X1, (@) V() 7)Y XS,
a=lea] c=0(=0

with the same conditions on a, ¢ and hg ¢ 4.

We will use the following identity in Dx[t’, t'~1](0;):

(1.6.15) @t = af (' -+ @ — 12 TR (o)

oot @ =1 (1),

for some polynomials aj(k)(t’ ) € CJ[t'], with a(k) 0) =1. ThlS identity can be checked easily.
Then a similar identity, with coefﬁments still denoted by a (t’ ), holds for any polynomial of

degree k in 0,/t’, and moreover a(() (0) # 0.
Let us first prove the inclusion

U F,M N VeM) @ et C Fyrp(M' & EVY),
According to (1.6.15) we have

(@t y e x sl @e! ! =Y a(9)g Fyx @ e!/E @38,

If such a term occurs in (1.6.14), we have k + |¢|4+ < p,hence j —k = —(p — j) + |c|+ and,
recalling that § = y~!, we conclude that the j-th coefficient belongs to Fy p—i E /g (xH),
after (1.6.13), hence the desired inclusion, according to (1.6.11).

Conversely, let us prove that

For pEVE(xH)Y® 8 C 1" W (FyM' N VyM') @/ + 8y Fyy p 1 (M’ ® EVY).

Set b = a—1— [ea] as above. Then Fa+pE1/g(>|<H) ® & is generated by elements of the
form

m=y Cx@gPrleltel/e g g
with |b|4+ + |¢|+ < p. Setting £ = p — (|b|+ + |c|+), formula (1.6.15) applied to the poly-
nomial (3,t' 4 a)¢ Py q—1(0,1t") of degree p — |c|+ gives

m®e'/" = c[@t' + ) Poa1@rt)y x5 @ e"" mod 0y oy p1 (M’ ® EMN'),

for some nonzero constant c. O

1.7. Comparison of Yu’s filtration and Deligne’s filtration on the twisted de Rham
complex. We will introduce three definitions (1.7.1), (1.7.2) and (1.7.3) of a filtered twisted
meromorphic de Rham complex. Corollary 1.7.6 will show that they give filtered quasi-iso-
morphic complexes, by using Propositions 1.7.4 and 1.6.9.
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The filtered twisted logarithmic de Rham complex [35]. Let (25 , ,(log D),d) be

X,y.2
the logarithmic de Rham complex (logarithmic with respect to D), so that in particular

Qg’yaz(log D) =0.
We set, forany « € [0,1) and p € Z,

(1.7.1) F% ,DR(EY(xH)) := {0 — Q2 , . (log D)([(@ + p) P])+

= Q. y - (log D)([(@ + p+ D P+ Yo

(this is the increasing version of (1.2.1)).

The filtered twisted meromorphic de Rham complex. Let us consider the usual
twisted de Rham complex
v v v
(0— EYe(H) — QL ,, @ EVE(«H) — .- — Q" ® EV&(xH) — 0}.

The filtration naturally induced by F ECI(E 1/8 (x H)) (as defined by (1.6.2) or equivalently by
Definition 1.6.10, according to Proposition 1.6.12) is by definition

(1.7.2) F'(DR(EYE(xH))) := {0 — FPUEV& (xH)
— QL ® FL EVE (xH)

X,Y,Z
— e — QL ® FX EYE(xH) — 0},
The filtered twisted meromorphic de Rham complex with a variable added. We
define the filtration F2*' DR(M' ® E /1"y on the twisted de Rham complex DR(M' @ E'/*")
by a formula analogous to (1.7.2), by using basically FEBI(M/ ® El/’/) as defined by (1.6.7):

(1.7.3) FPIDRWM' @ EV")) 1= {0 — FP(M' @ EVT)
— Q! ® F (M @ EV') — ...},

X,y,Z,t’
Comparison of the filtered complexes. Notice first that, for all three complexes, we
have F;, DR = 0 for u < —n (where n is the dimension of the underlying space), so that in the
decreasing setting, F ADR = 0 for A > n.

Proposition 1.7.4. For each a € [0, 1) and each p, € Z, the natural inclusion of com-
plexes
F4 , DR(EVE(xH)) < F}?, DR(E'8(xH))

is a quasi-isomorphism.

Sketch of proof. The question is local, and we can use the local setting of Section 1.1.
According to Proposition 1.6.12, we can use (1.6.2) to compute F2¢\ DR(E!/8 (xH)), that
we will then simply denote by Fy4, DR(E Ve (xH )). By expressing both filtered complexes
as the external tensor product of complexes with respect to the variables x on the one hand
and y, z on the other hand, we are reduced to consider both cases separately. Moreover, the
v, z-case is that considered by Deligne [3, Proposition 11.3.13], so we will focus on the x-case,
assuming that there are no y, z variables. We are therefore led to proving that the following
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morphism of complexes is a quasi-isomorphism:

Q0 (10g Prea)([(@ + po) P]) 4 ————++- QK (log Pea) ([(@ + po + k) P]) 4 -+

l l

(Fpy Ox (% Prea)) Q2([(@ + po) P]) —— -+ (Fp, 4 £ Ox (% Prea)) K ([( + po + k) P]) -+~

By multiplying the k-th degree term of each complex by xl(@+Po+k)el the differential V from
the k-th to the (k + 1)-st degree is replaced by

8k (po) = x¢d + dlog x~¢ + x€dlog x[@+Potkle]

and we are reduced to showing the quasi-isomorphism when p = p,:

8 o 8 —_ 0 8 (2]
5>P (Qg(log Pred) oPo)  8k—1(Po) Q];(log Pred) k(po) )
le
80(po) Sx—1(po) Sk (po)
FpOy (+Prog) ——— +++ =5 Fp g QK (5 Preg) ———

where we now use the standard (increasing) pole order filtration on Q3 ( Preq), and 0>* denotes
the stupid filtration. We will show the quasi-isomorphism for all p, and for that purpose it will
be enough to show that the graded complexes are quasi-isomorphic. For the upper complex, the
graded differential is zero, while for the lower complex, it is equal to dlog x~¢. We can then
argue as in the proof of [3, Proposition I1.3.13] (second reduction) to reduce to the case £ = 1,
where the graded quasi-isomorphism is easy to check. O

Remark 1.7.5. Moreover, one can consider the sub-complex F(}{“ DR(EY&(xH)) with
the induced filtration (cf. [35, Corollary 1.4]). Then the natural inclusion
FY . o DR(EVE(xH)) — FY"DR(E'/¢(xH))

is a quasi-isomorphism for each u € Q. This reduces to considering F Ju DR(EY&(xH))
with o < 0, that is, F*(V) with A > 0.

The identification of the Koszul complex K*(E /g (xH), 0y, 0y,0;) as the cokernel of
the termwise injective morphism
oyt K*(M' ® EV" 9,,0,.0,) — K*(M' ® EV" 0,.,0,.0.)
gives a quasi-isomorphism
DR(M' ® EV")y ~ K*(M' ® EV" 0,,0,.0,,0,/)
— K*(EY&(xH),0x,0y.0,)[—1] ~ DR(E & (xH))[-1].
Given a filtered complex F,C*, we denote by (F,C *)[k] the filtered complex F,_;C*t¥.
From Propositions 1.7.4 and 1.6.9 we get:
Corollary 1.7.6. We have
FY'DR(E'Y8(xH)) ~ FP'DR(E'8(xH)) ~ (FP* DR(M’ ® EY/"))[1]. O
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2. Preliminaries to a generalization of Deligne’s filtration
2.1. Filtered D-modules and R g H-modules.

Filtered HD-modules. Let Y be a complex manifold and let F, Dy denote the filtration
of Dy by the order of differential operators. Let (M, F,M) be a filtered holonomic Dy -module,
that is, a holonomic Dy -module M equipped with a good filtration, i.e.,

Fki)prM C Fk+pM

with equality for p sufficiently large (locally on Y') and any k. Let z denote a new variable and
let
RrDy = @ Fpi)yzp
peN
denote the Rees ring of the filtered ring (Dy, F.Dy). This is a sheaf of Oy [z]-algebras gener-
ated by z®y . In any coordinate chart, the coordinate vector fields zdy will be denoted by 8.
Given a Dy -module M equipped with an F, Dy -filtration F,M, the Rees module

RpM:= P F,M - 27
p
is a graded Rf Dy-module. The filtration F,M is said to be good if and only if RFM is
R F Dy -coherent. Conversely, given a coherent R Dy-module, it is of the form RrM for
some coherent Dy-module equipped with a good filtration (M, F,M) if and only if it is
a graded R Dy -module and it has no C|[z]-torsion (the latter property is called strictness).
If we regard a Dy -module as a Oy -module equipped with an integrable connection V, we can
regard an R Dy-module as a Oy [z]-module equipped with an integrable z-connection zV.

Exponential twist. In the following, X will be a complex manifold and we will con-
sider holonomic D-modules M on Y = X x P!, For example, given a holomorphic function
f X — P! and a holonomic Dy -module N, we will consider the push-forward M = i £ N
of N by the graph inclusion iy : X < X x P!. As in Section 1.1, we will consider P! as
covered by two charts Al and Alt, in such a way that oo = {t’ = 0}.

We denote by

g: X xP! — P!
the projection and we will simply denote by oo the divisor X x {occ}in X x P!, Let us consider

the localization _
M= OXX]P’I(*OO) ®o M

xxpl
of M, which is a holonomic Dy, p1-module by a theorem of Kashiwara. We also regard it as an
Oxxp1(*x00)-module with integrable connection V. Let M®E4 be the Oy, p1 (x00)-module M
equipped with the integrable connection V + dg (cf. Section 1.6 for the similar notation £ /gy,
It is also a holonomic Dy, p1-module.
Let us now consider these constructions for a filtered Dy ,p1-module (M, F,)M). We set

ij\\//[ = OXXPI(*OO) ®o FPM

Xxpl

(this is not Oy, p1-coherent). We then have

RF]V[ = (9X><]P’1(*OO)[Z] ®(9X><IP’1[Z] RrM =: (RFM)(*x00).
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We consider the Oy, p1[z]-module Oy, p1 (*00)[z] equipped with the integrable z-con-
nection zd + zdg, that we still denote by €7 (although it is equal to £7[z]). We then define
RrM ® &4 as R M equipped with the integrable z-connection zV + zdg.

2.2. Strict specializability along a hypersurface. The notion of V -filtration will play
an important role for the construction of the Deligne filtration. We will distinguish two notions
for a filtered Dy ,p1-module M: the notion of strict specializability of (M, F,M) as a filtered
Dy wp1-module [28], and that of strict specializability of RrM as an R g Dy p1-module [24].
If one uses the definition as stated in [28, Section 3.2] for (M, F,M), one does not recover
exactly that given in [24, Definition 3.3.8] for R M. This is why we will strengthen that of
[28, Section 3.2], and we will show that mixed Hodge modules in the sense of [31] also satisfy
the strengthened condition.

Specialization of a filtered Dy ,p1-module. Let X be a complex manifold and let
(M, F.M) be a filtered holonomic $H-module on X X PL. Since M is holonomic, it admits
a Kashiwara—Malgrange filtration V,M along X X {oo} indexed by A + Z, for some finite
set A C C equipped with some total order. We will not care about the choice of such an order
by assuming that A C R, and equipped with the induced order. This assumption will be enough
for our purpose. We can extend in a trivial way the filtration as a filtration indexed by R, with
only possible jumps at A + Z at most. The normalization we use for the Kashiwara—Malgrange
filtration is that t'0;s + « is nilpotent on gr}x/ M= VeM/VegM, foreacha € A + Z (so there
will be a shift with the convention in [28] and [24]).

Definition 2.2.1 (cf. [28, equation (3.2.1)]). Let (M, F,M) be a filtered holonomic
Dy wp1-module. We say that (M, F,M) is strictly specializable and regular along X x {oo} if
the following hold:

(i) Compatibility conditions in [28, Section 3.2.1]:

(a) foreach @ < 1 and each p,
t' 0 F, M N VM —> M N Vg M,
(b) foreach a > 0,
0y ¢ Fpary M = Fpi1 grgH M.

(i) For each @ € R, the filtration F,M induces on each grg M a good filtration (with respect
to FC:I)XX{OO})'

We refer to [28, Section 3.2] for the consequences of (i). By definition, for a polariz-
able Hodge module [28] or more generally a (graded-polarizable) mixed Hodge module [31],
(M, F.M) is strictly specializable and regular along X x {co} in the sense of Definition 2.2.1.

Specialization of an Ry Oy ,pi1-module. Let us consider the increasing filtration
Vo(RF Dy p1) indexed by Z, which is constant equal to Rr Dy 1 in the chart with coordi-
nate 7, and for which, in the chart with coordinate ¢’, the function ¢’ has degree —1, the vector
field 8, has degree 1, and Ox[z] and zOx have degree zero.
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Definition 2.2.2 (cf. [24, Definition 3.3.8]). Let M be a coherent R Dy ,p1-module
(e.g., M = RpM as above).

(1) We say that M is strictly specializable along X x {oo} if there exists a finite set A C R
and a good V -filtration of M (good with respect to V,(Rfr Dy xp1)) indexed by A + Z,
such that

(a) each graded module gr), M is strict, i.e., it has no C|[z]-torsion,
(b) oneach grg M, the operator '8, +za = z(t'0y +«) is nilpotent (the normalization
is shifted by one with respect to [24], for later convenience),
(c) themap ¢’ : VyM — Vy—1M is an isomorphism for a < 1,
(d) the map 0, : grg M — grg 41 M is an isomorphism for « > 0.
(i1) We then say (cf. [24, Section 3.1.d]) that M is regular along X x {oo} if, for any o € R,

the restriction of VM to some neighborhood of X x {oo} is coherent over Rp Dy yp1/p1
(and not only over Rr VoDyxp1 = VoRF Dy xp1)-

Remarks 2.2.3. (i) This definition gives a subcategory of that considered in [24, Sec-
tion 3.3] (cf. also [17, Chapter 14], [18, Chapter 22]), as we implicitly assume that t'3,/ acting
on grg M has the only eigenvalue zo with @ € R, so that we will in fact implicitly assume that
a e Rif gr}x/ M # 0. However, this subcategory is enough for our purpose.

(i1) Such a filtration is unique (cf. [24, Lemma 3.3.4]).

(iii) Conditions (i) (c) and (i) (d) from Definition 2.2.2 are not the conditions given in
[24, Definition 3.3.8 (1b, ¢)], but are equivalent to them, according to [24, Remark 3.3.9 (2)].

Proposition 2.2.4. Assume that (M, F, M) underlies a polarizable Hodge module [28)]
or more generally a (graded-polarizable) mixed Hodge module [31]. Then R M is strictly spe-
cializable and regular along X x {00} in the sense of Definition 2.2.2. Moreover, the V -filtration
Voe(REM) of RFM as an R Dy xp1-module is equal to R V.M, where we have set

R VoM = @D F,M N V)27
p

Proof. 'We first note that, according to [28, Corollary 3.4.7], if (M, F,M) is as in Defi-
nition 2.2.1, then it also satisfies

(ii) for each o € R, the filtration F,)M induces in the neighborhood of X x {oo} on each
VoM a good filtration with respect to Fo Dy »p1/p1-

For each o € R, let us set Uy RFM := Rp (Vo) with F, VoM := F, M N VoM. This
is a Vfiltration since Rr VoDy xp1 = Vo(RF Dy «p1). Moreover, we have

grg RrM = Rp grg M,

hence grg R M is strict, i.e., has no C[z]-torsion. So Definition 2.2.2 (i) (a) is fulfilled.

Note that R V,M is left invariant by z¢'0; =: t'd;/, and that 1’3, + az is nilpotent
on Rp grg M since 1’0y + « is so on grg M. Therefore, we get Definition 2.2.2 (i) (b).

We also note that (ii)” implies that each Uy RpM is Vo (R F Dy xp1)-coherent. Moreover,
Definition 2.2.1 (i) implies Definition 2.2.2 (i) (¢)—(i) (d) which, together with the coherence
of Uy RrpM, implies the goodness property of this V-filtration. By the uniqueness of the
V -filtration, we conclude that UuRpM = V,Rg M.

Unauthenticated
Download Date | 7/30/17 8:53 AM



194 Esnault, Sabbah and Yu, E1-degeneration of the irregular Hodge filtration

Lastly, (ii) means that the restriction of Vo RFM to a neighborhood of X x {oo} is
RF Dy xp1/p1-coherent for each o, which is the regularity property in Definition 2.2.2 (ii). ©

2.3. Partial Laplace exponential twist of Ry Oy, pi1-modules. Let (M, F,M) be
a filtered Dy ,p1-module. We will usually denote by (M, F, M) its restriction to X x Al, that
we regard as a filtered Dy [¢](0;)-module, and by (M, F,M") its restriction to X x Alt,, that
we regard as a filtered Dy [t'](9;/)-module. The Laplace exponential twist M of RpM that
we define below is an intermediate step to define the partial Laplace transform of Rp M, but
we will not need to introduce the latter.

We consider the affine line A! with coordinate 7. The varieties

XxP! and Z =X xP!xAl

are equipped with a divisor (still denoted by) co. We denote by p the projection Z — X x P L
Let M be a left R Dy p1-module, e.g., M = RrM. We denote by M the localized
module Rp Dy, p1(¥00) QR M, e.g.,

Dy xpl
M = RFM
as defined in Section 2.1. Then p+;\7( is a left Rp Dz (*o00)-module. _

Denote by pt M ® &17/7 or, for short, by ¥M, the R O 7 (x00)-module p+ M equipped
with the twisted action of Rr Dz described by the exponential factor: the Rp Dx-action is
unchanged, and, for any local section m of M,

s on X x Al x Al

(2.3.1) 8:(m @ E'7/7) = [(8; + 1)m] ® &7/7,
6-5(7’11 ® 8[1’/2) =tm ® gt‘r/z’

. onXxAlt/xAl,

(2.3.2) 8y(m &) = [0y —t/t")m]| @ &'7/7,
6-[(77’1 ® 81“[/2) — m/l/ ® 8”:/2.

Lemma 2.3.3. The left multiplication by t — z is injective on M and the cokernel is
identified with M @ &' (that is, M ®@, 2] &!z] equipped with its natural z-connection or,
equivalently, M equipped with the twisted z-connection).

Proof. We can realize p+;\7( algebraically as C[t] ®c M as an Ox|z, t]-module, with
the twisted 0, 8;/, 0;-action as above. Then the first statement is obvious by considering the
filtration with respect to the degree in 7, and the second statement is obtained by replacing ©
with z in (2.3.1) and (2.3.2). D

2.4. Partial Laplace exponential twist and specialization of R Dy ,p1-modules.
Let (M, F,M) be a filtered holonomic Dy ,p1-module which underlies a mixed Hodge module
and let M be the R Dy ,p1-module defined as M = Rp M. Then M is a strictly specializable
and regular along X x{co} in the sense of Definition 2.2.2, according to Proposition 2.2.4. It fol-
lows from [25, Proposition 4.1 (ii)] that M is strictly specializable and regular along 7 = 0.
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We will denote by ijfM the corresponding V -filtration. Let us recall the main steps for
proving the strict specializability and the regularity in the present setting, which is simpler
than the general one considered in loc. cit., since the eigenvalues of the monodromy at infinity
have absolute value equal to one (and more precisely, are roots of unity).

On the one hand, for o € (0, 1], one identifies grg “FM (an Rp Dy ypi-module) with
the push-forward, by the inclusion ixo : X x {o0} <> X x P!, of gr(‘x/_1 REM (cf. proof of
[25, Proposition 4.1 (ii) (6) and (ii) (7)]), whose strictness follows from the first part of our
Proposition 2.2.4.

On the other hand, let us denote by M,;, the minimal extension of M along X x {oo}.
This is also a mixed Hodge module: if j : X x Al < X x P! denotes the inclusion, we
have My = image[ /) j*M — j«j*M] in the category of mixed Hodge modules (cf. [31]).
Moreover, R g My, corresponds to the minimal extension of Ry M, in the sense of [24, Defi-
nition 3.4.7]. Then the proof of [25, Proposition 4.1 (ii) (8)] identifies grg “FM to a successive
extension of the objects gr}/r M, R FMuin, ico,+ ker Ny and oo, + coker N/, where Ny is the
nilpotent part of the monodromy on gr(‘)/ REMuin = grg RFM, and all these components are
known to be strict, by the discussion of first part for the first one, and by the very definition of
mixed Hodge modules for the rest.

Let us emphasize at this point that, according to the previous result and the second part of
Proposition 2.2.4, for each o € (0, 1], grg “FM is identified with the Rees module of a filtered
D-module underlying, up to a shift of the filtration, a direct summand of a mixed Hodge mod-
ule (recall that, for (M, F,M) underlying a mixed Hodge module, EBae(o,u (gr}x/ M, F, grg M)
also underlies a mixed Hodge module). The same property holds if o = 0, as explained in
Appendix B.

Lastly, the V-filtration of ¥M along t = 0 is given by an explicit formula from the
V filtration of M along " = 0 (see the proof of [25, Proposition 4.1 (ii)]). For our purpose,
we have the formula already used in the proof of [26, Proposition 6.10], when considering the
chart Alt,:

Va (MO ypt i = 2 (1 ® 200 —t @) (Cltl ®c ' RpVY M), @ €[0.1).
k=0

where we have indicated as an exponent the variable with respect to which the 1 -filtration is
taken. In the chart AL, we simply have

V;(?M)WA][ M a€l0,1).

xAl = | X xALxAl

We note that, according to Lemma 2.3.3, left multiplication by t — z is injective on V} M).

3. A generalization of Deligne’s filtration
We keep the notation as in Section 2.1. Our purpose in this section is to prove:

Theorem 3.0.1. For each filtered holonomic Dy yp1-module (M, F.M) one can define
canonically and functorially an F,Dy yp1-filtration FP?(M ® £9).

() If the module (M, F,M) underlies a mixed Hodge module, then FP? (M ® &%) is a good
F, Dy xp1 -filtration.
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(ii) For each morphism ¢ : (My, F,My) — (Ma, FoMy) underlying a morphism of mixed
Hodge modules, the corresponding morphism

@7 (M ® €9, FPI (M, ® €9)) — (M ® &9, FPI (M, ® £9))

is strictly filtered.

(iii) For (M, F,M) underlying a mixed Hodge module, the spectral sequence attached to the
hypercohomology of the filtered de Rham complex FP¥ DR(M ® £9) degenerates at Ej.

3.1. Definition of Deligne’s filtration. Assume that (M, F,M) is a filtered holonomic
Dy «p1-module. We recall that M ® €9 = M as an Ox «p1-module. We will implicitly use
the description of (M, F,)M) as a pair consisting of a filtered Dy [¢](0d;)-module (M, F,M)
and a filtered Dy [t'](0;/)-module (M’, F,M’) with the standard identification. We define, for
ael0,1)and p € Z,

(3.1.1) FX, (M ® €9) xept = FpMxopr = FpM,

F M@ D)y = > ok (Fpee M N Ve M) ® VT,
k=0

and the last term is included in F,M’(x00): recall from the general properties of the
Kashiwara—Malgrange filtration (cf., e.g., [20, 28]) that, for @ € [0, 1), the restriction of the
localization morphism M’ — M’(x00) to VoM’ is injective. We can therefore regard each
Fp_xM'NVyM' (k = 0) as being contained in F,,_; M’ (*00), hence its image by the operator
on its left is contained in F, M'(x00).

The Deligne filtration satisfies properties similar to those of its special case (1.6.7). It is
an F,Dy p1-filtration (this is clear on X x Alt and this is proved as for (1.6.7) on X x Alt,).
Similarly, formula (1.6.8) holds on X x Alt,. Note also that, since F, M "= 0for p < 0, each
Fl, (M ® &7) is Oy p1-coherent.

If we set

FRPIM@ ety = Y FXM® )
n<p
and

FDel q\ _ rDel ; Del
gru, (M®8)_FMC/F<Z’

then grﬁDel (M ® &£7) is supported on X x {oo} if u & Z.

Proposition 3.1.2. Assume that (M, F,M) underlies a mixed Hodge module. Then, for
each a € [0, 1), the Rees module R FX, (M ® &£9) is obtained (up to forgetting the grading) by
the formula

REps, (M ® &%) = Vi (FM)/(x — )V (TM).

(Recall that we denote by M the Rees module R M and by #M its Laplace exponential
twist, cf. Section 2.3.)

Proof. We will use the expression of V; (¥M) given in Section 2.4. The equality is easy
in the chart X x Alt x Al and we will consider the chart X x Alt/ x Al. Then it follows from
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the expression of V; (FM) that

VM [(r = 2) "M VETM =Y @y — 12k R R V) M
k=0
= Rpps (M ® EY).

It remains to show that V”TM Nt—z)"M= (- Z)Vt‘TM This is a consequence of the
strictness of ng FM for any y, as recalled in Section 2.4. Indeed, assume that m € V”TM is
such that (7 — z)m € V”TM If y > « and the class of m in ng FM is not zero, then the class
of (t — z)m is zero in ng FM, and this is nothing but the class of —zm. By strictness, the
multiplication by z is injective on ng F M, which leads to a contradiction. O

Remark 3.1.3. The natural inclusion
Rpps (M ® E9) = ViTM/[(x — 2)"M 0 VETM) — M/ (x — )"

can be understood as follows. Recall that FM /(t — z)%M is identified with R j\v/[N(forgetting
its grading) with twisted action of 8;, 8, (Lemma 2.3.3), where the filtration F,M is defined
as (FpM)(x00). We then remark that, if € [0, 1) is fixed, we have a natural inclusion

Fo?fpjvt C (FpM)(x00),

since both coincide on X X Alt. This is the natural inclusion above.

Proof of Theorem 3.0.1 (i). As mentioned in Section 2.4, M is strictly specializable
and regular along v = 0. This implies that V;} FMis Rp Dz JAl-coherent. By Proposition 3.1.2,
RFEP:, M ® &9) is then RFpDz/A1/(t — z) RF Dz Al -coherent. In order to conclude, it re-
mains to identify the latter quotient with R Dy ,p1, which is straightforward. ]

Proof of Theorem 3.0.1 (ii). Let us denote by X, J, € the kernel, image and cokernel
of ¢, with the induced filtration F,, which underlie mixed Hodge modules, according to [31]
(due to the strictness of ¢, both natural filtrations on J coincide). By the strictness of ¢,
RrX, RrJ, RFC are the kernel, image and cokernel of Rf¢. On the other hand, ¢ is strictly
compatible with the filtration V! "It is therefore compatible with the filtrations F(Rf_l., and for
each @ € [0, 1) we get sequences of graded R Dy p1-modules

(3.14)  0— Rpps (K ®EY) — Rppa (My ® €7) — Rppa (J® E7) — 0,
0— RFa?i.(J ® &) — RFa?il.(Mz ® el — Rpo?i.(e ® &%) — 0,

that we will prove to be exact, in order to get the following desired exact sequence of graded
R Dy «p1-modules

0— Rppd (K®ET) — Rppel (M1 ®ET) —> Rppa (Ma®ET) —> Rppet (CR®ET) —> 0.

In order to prove exactness, we can now forget the grading and express the R p Dy »p1-module
R Fo]?-eﬁ.Mi as in Proposition 3.1.2.
For each « € [0, 1], the morphism

’

e o el Oy, FMG) — gl (Mo, FVG)
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is strict, since it underlies a morphism of mixed Hodge modules, according to [31]. Using
[25, Proposition 4.1], we find that ¢ induces a strictly specializable morphism (in the sense of
[24, Definition 3.3.8 (2)]) ¢ : #M; — FM,. Applying [24, Lemma 3.3.10], we obtain that %o
is V-strict.

Since the construction # (pull-back p™ followed by the twist &’ /) is exact, the mod-
ules K , s, d, FK are the kernel, image and cokernel of * ®.

Then, by the V -strictness of Fo, we get exact sequences for each o € [0, 1),

0— ViTK — ViTMy — Vi1 — o0,
0— V¥ — VM, — VITK — 0.

Since t — z is injective on each term, we can apply Proposition 3.1.2 to get the desired exact-
ness of (3.1.4). m]

3.2. Behavior with respect to push-forward. Let 4 : X — Y be a projective mor-
phism. Let us also denote by % the projective morphism z x Id : X x P! — Y x P! and by r
the projection ¥ x P! — P!, so that ¢ =roh. Let (M, F,M) be a filtered holonomic
Dy xp1-module which underlies a mixed Hodge module [31]. Its push-forward 4 (M, F, M)
is then strict (see Appendix A), that is,

(3.2.1) H'hyRpM = RpH/ hyM forall j,

which is equivalent to asking that the left-hand term has no C|[z]-torsion. Moreover, each
(H7hyM, F, 07 h M) underlies a mixed Hodge module. If (M, F,M) is pure (and polar-
izable), then each (H/ h M, F,#/h+M) is also pure (and polarizable).

On the other hand, we clearly have 14+ (M ® £9) = (h4+M) ® E". Therefore,

Hh,MQE)=H hy (M) ®E.

Similarly, considering the twisted objects by &’ /Z (cf. Section 2.3) and according to (3.2.1),
we have, with obvious notation,

(3.2.2) HIh IM =T (RpH/ heM) forall j.

Proposition 3.2.3. If (M, F,M) underlies a mixed Hodge module, then, for each
a € [0, 1), we have strictness of the push-forward of the Deligne filtration:

H7 (h REp: (M ® 7)) = REpe H/hi (M) @ € forall j.

Proof.  As we have seen in Section 2.4, ¥M is strictly specializable along T = 0 and each
gr}x/ “FM is a direct summand of the Rees module of a mixed Hodge module (up to a shift of
the filtration). It follows from [31] that A grg “FM is strict for each such « (cf. Appendix A).
According to [24, Theorem 3.1.8], each 7 h (¥M) is strictly specializable along t = 0 and
we have

HI (e VEIM) = VEHIhy (FM).
According to (3.2.2), we can apply the results of Section 2.4 to #/ (h,¥M). Therefore, for
each j, v —z is then injective on J€jh+(Va’$<M) since it is injective on VJijth(feM).
Arguing by decreasing induction on j, we find that for each j the sequence

0 — HIhy (VIIM) == 3Ty (VEIM) — KT hy (VEIM ) (x = 2)VETM) — 0
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is exact and is identified with the sequence
0 —> VEHIhy (M) == VEHI by (FM)
—— VIHI b M)/ [(x — 2)VEHT by (M) — 0.
The proposition now follows from Proposition 3.1.2 that we apply to both M and #7/h M,

according to (3.2.2). O

3.3. Ej-degeneration. We keep the setting as in Section 3.2, and we consider the
twisted de Rham complex DR(M ® €9). For each « € [0, 1), the filtration F‘?jl. M ET)
is an Fo Dy ,p1-filtration, hence the twisted de Rham complex is filtered by

FX DRIM ® €7) = {0 — FX, (M ® &9) N QL ® FD, (M ® &) —> -},

Theorem 3.3.1.  For o € [0, 1), the filtered complex RT'(X x P!, F2¥, DR(M ® £9))

is strict.

Remark 3.3.2. From [4, Proposition (1.3.2)] we deduce that the corresponding spectral
sequence degenerates at £, hence Theorem 3.0.1 (iii).

Lemma 3.3.3. The theorem holds if (M, F,M) is a mixed Hodge module on P, that is,
if we assume X = {pt} in the theorem.

Proof. According to [26, Theorem 6.1], the theorem holds if X = {pt} and (M, F,M)
is a polarizable Hodge module. Let ap1 : P! — pt denote the constant map. More precisely, it
follows from the proof of [26, Proposition 6.10] that

(3.3.4) H'apy 4 (Rpps (M ® €9) =0 fori # 0,
and
(3.3.5) Hpi1 ( (RF2y, (M ® &%) = Rppy Hlapi (M ® &7).

Let us prove by induction on the length of the weight filtration that (3.3.4) and (3.3.5) hold for
a mixed Hodge module. If the length is > 1, we find a short exact sequence of mixed Hodge
modules whose underlying filtered exact sequence is

00— (Ml, F.Ml) —> (M, F.M) —> (Mz, F.Mz) —> O,
and (3.3.4) and (3.3.5) hold for the extreme terms. Theorem 3.0.1 (ii) gives an exact sequence
0 — Rppd (Mg ® &) —> Rppd (M ® E7) — Rppe (M ® €9) — 0.

Then the long exact sequence for H*ap1  shows that (3.3.4) holds for the middle term and
we have an exact sequence

0 —> Hap1 {(RFpe (M ® €9)) — Hap1 4 (Rpps, (M ® £9))
— HOaP1,+(RFO?i. M, ® €9)) —> 0.

According to (3.3.5), the extreme terms have no C|[z]-torsion, that is, “R FPd_ commutes
with H ap: + - Then the same property holds for the middle term. |
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Proof of Theorem 3.3.1.  We regard RT'(X x P!, RFDs, DR(M ® £7)) as the complex
ay Rpgi. (M ® &9) up to a shift, where a : X x P! — pt is the constant map. The theorem is
a consequence of the strictness (i.e., no C[z]-torsion) of this complex. Let us seta = api o F.
Then, according to Lemma 3.3.3, (3.3.4) and (3.3.5) hold for RF(?i.%jF_}_(M ® &%) for
each j. Using now the strictness given by Proposition 3.2.3, we have for each j

HY(a RFp (M ® €7) = HOp1 4 (REpe K/ Fr (M ® 7)),
and therefore
H(a+Rpps (M® €9) = Rppy Hap1 4 (H/ F4 (M ® £9))
= Rpps H’ (a4 (M ® e?y),

which is the desired result. O

3.4. Proof of Theorem 1.2.2. It follows from [31] that the filtered Dx-module
(Ox (xD), F,Ox (xD)) underlies a mixed Hodge module. We first remark that Corollary 1.7.6,
which is proved for (Ox (¥ D), F,Ox (* D)) in the chart X x Alt,, also holds in the chart X x Alt
in a standard way. Therefore, in the statement of Theorem 1.2.2, we can replace F Y"*(V) with
F le DR(&/ (xH)), due to the first isomorphism in Corollary 1.7.6.

Using now the second quasi-isomorphism in Corollary 1.7.6, we are reduced to proving

the injectivity of
H?(X xP', F>' DR(is1Ox(xD) ® £7)) — HY(X x P!, DR(if4Ox (*D) ® £9))

foreach g, i.e., the strictness of RT'(X x P!, FPY'DR(is 4 Ox (D) ® £7)). This follows from
Theorem 3.3.1 applied to iz, Ox (x D). O

A. Ej-degeneration and strictness

Let X be a complex manifold and let (M, F,M) be a coherent Dy -module equipped with
a good filtration. It defines a coherent graded R Dy-module RrM and this correspondence
induces an equivalence of categories consisting of the corresponding objects.

In [28, Section 2] (cf. also [15]) is constructed the bounded derived category DYF (Dx)
of filtered complexes of Dx-modules together with an equivalence Rr with the bounded
derived category D®(gr-R  Dy) of graded R p Dy -modules. The subcategory Dl’th (Dy) is

by definition R;l of the subcategory DEOh (gr-RF Dx) (graded R g Dy -coherent cohomology).
We have a commutative diagram of functors:

b forget b

gr
Db (grf Dx) +—— Db, F(Dx) —— D2, (Dx)
14
LiZ_, l Li_,

DP, (gr-RF Dx)

A bounded complex (K°, F,) of filtered Dx-modules is said to be strict if for each j and
each p, the morphism ¢/ (FpK*) — H# J (Fp4+1K*) is injective (this corresponds to the def-
inition given in [28, Section 1.2.1, p. 865, line —5] with #I = 1). Equivalently, #/ (Rr K*)
has no z-torsion for all j and, since this is a graded module, this is equivalent to #/ (Rr K*)
having no C|z]-torsion (i.e., being C[z]-flat) for all ;.
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For an object (K°, F,) of D, F(Dx), strictness implies that J¢/(Rr K*) is graded
R r Dx -coherent and without C|[z]-torsion, hence takes the form Rg 7/ (K*) for some good

filtration on J#/ (K*). This filtration is nothing but the filtration
Fp 7/ (K®) = image[#/ (F,K*) — H7 (K")].
Leth : X — Y be a proper morphism. The direct image functor
hi : D&, F(Dx) —> Doy, F(Dy)

(we use right D-modules here) is constructed in [28] by using the equivalence of categories
with induced filtered -modules. Through the R functor, it corresponds to the direct image

hi : DY (gr-Rp Dx) —> DXy (er-Rp Dy)

constructed by using the equivalence of categories with induced graded R Dx-modules. On
the other hand, a functor /4 : Di’oh(gr—R rFDx) — Dfoh(gr—R FPDy) can be defined directly
as Rh«(s ® R, 0y RF(Dx—y)) and both coincide since & is proper (cf. [29] for the analogue
for H-modules).

As a consequence, given a coherent Dy -module with good filtration (M, F,M), the push-
forward i (M, F,M) is strict if and only if J/h (RpM) is strict (i.e., has no C|[z]-torsion)

for any j, and in such a case
Hhy (REN) = Rp K hy (M),
where F,J0/h, (M) is the filtration defined as image(#/ F,ho M — H/h M), and these
morphisms are injective because, / being proper,
J — 1 J
H hieM = 117n)1=7€ Fph M.

It also follows that the corresponding spectral sequence degenerates at E.

B. A complement to [25]

We keep the notation of Section 2.4. Since the construction of ¥M only depends on the
filtered module j, j* (M, F,)M), we may assume that

(M, FM) = juj* (M, FM).

Then M is the RF Dy xp1-submodule of M generated by VOI/(. Using the notation of [25] up
to the shift already indicated in Section 2.2, we have an exact sequence

(B.1) 0— gtV " IM S gl "ITM — M — 0,

which is essentially the horizontal line of [25, (4.7)], by using the identification Uy /tU; >~ M
(notation of loc. cit.), identification which is obtained through the equality Uy N t¥M = tU;
proved exactly in the same way as [25, (4.12)]. In the exact sequence above, we have an iden-
tification of the extreme terms as the Rees modules of filtered Dy ,p1-modules underlying
mixed Hodge modules (up to a shift of the filtration), but we have to make precise why the
intermediate term is of the same kind, as stated in Section 2.4.
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202 Esnault, Sabbah and Yu, E1-degeneration of the irregular Hodge filtration

Let us introduce a new factor P1, with coordinates 1, t{ and let us consider the diagonal
inclusion i : X x P! < X x P! x P! sending (x, ) to (x,¢,¢), and similarly in the chart ’.
Denote by

j1: X xPx A}« X xP! x P!

the open inclusion, and by
p1: X xPx P! — X x P!

the projection on the first two factors. Set (M, FoM1) = ix(M, F.M) (push-forward in the
sense of mixed Hodge modules). Then there exists a mixed Hodge module (M}, F,M) such
that:

o M, FMY) = jijy (WG, FM),
° pl,*(Mll, F.M/l) - 07
* there is an exact sequence of mixed Hodge modules

0— jl,*jfpik(M’ FM) — (M/ s FQM/I) — My, FF M) — 0.

Such an object is classically obtained by the convolution operation of (M, F,M;) with
the mixed Hodge module on P! obtained by extending the constant mixed Hodge module
on P! < {0, co} by the functors joo « and jo 1, with

jo : P1~{0,00} = P!\ {oo}
and
Jjoo : P~ {0, 00} = P!~ {0}.
From the exact sequence

00— Jf_lio,+i(;+_(9Al —)jO,!j(;k(DAl —> OAI —> 0

of D 41-modules and the corresponding sequence of mixed Hodge modules (see [28, (3.5.8.1)])
we deduce the exact sequence above, and a corresponding exact sequence of associated Rees
modules

0— M{ — M} — My — 0.

We consider the partial Laplace transformation with respect to the variables 71, T, and we get
an exact sequence
0— M) — My — "My — 0

of strictly specializable modules along v = 0, according to [25, Proposition 4.1] and, by the
uniqueness of the V' -filtration, the following sequence is also exact for any o:

(B.2) 0 — grl "IM] — @l IM) — oV TIM — 0.
That grg “FM is the Rees module of a filtered D-module underlying a mixed Hodge

module (up to a shift of the filtration) now follows from the following lemma.

Lemma B.3. The following statements hold.
(i) Foreach o € [0, 1], we have an identification grgr IM = HOpy + grgt M.
(ii) Fora € [0,1) and any j we have 37 py 4 gr};r 3’:/\/(’1/ =0.
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Indeed, from the lemma and the exact sequence (B.2) we obtain

IO pr ot gry My —> arg M
According to (B.1) for % M and the vanishing of py M/, we obtain that t induces an isomor-
phism

KO 1+ gr] MY — IO pr v gy M,

hence we have an isomorphism

HOpr 4 g MG = e T
The argument of [25, Proposition 4.1] now applies to gr}/r 7, M, which is shown to underlie

a mixed Hodge module (up to a shift of the filtration), and therefore #°p; 4+ gr{/r 5 M) also,
by [31], hence grg “FM too, as wanted. |

Sketch of proof of the lemma. For the first point one checks that, similarly to (1.6.5), we
have the equality
IMy =it TM
(with an obvious extension of the meaning of 7) and also

grgrfeMl =iy gr},”%{ for each «,

so the result follows by using p; oi = Id.

For the second point, we can regard M as the external product of M with the Rees
module j; « RFO Al so that the operation & only concerns the latter, and the assertion relies on
the property that the Fourier transform of 04! as a &4! -module is supportedon 7 = 0. O

C. Proof of Proposition 1.5.3

Letwy : X — X (tesp. @ : P! — P!) be the real oriented blowing up of the irreducible
components of D (resp. of co). It induces an isomorphism

X~wg!(D)— X~D=U.

Recall that one can construct X by gluing local charts as follows. Let X, be charts of X in
which D is equal to a union of hyperplane coordinates.
In the local setting of Section 1.1, we set
xi=piexp(i9,-), i=1,...,¢,
yi =njexp(it;), j=1,...,m.
Then

(C.1) Xo = (SHE x Rs0)! x A™ x AP, where A™ = (S1)" x (Rs0)™.

Any holomorphic gluing between Xy and X g which is compatible with D induces a holomor-
phic gluing between Xy ~ D and Xg ~ D which extends in a unique way as a real analytic
gluing between Xy and X, - It satisfies therefore the cocycle condition, from which we obtain
the real oriented blow-up map wy.
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In a similar way one checks that the morphism f : X — P! induces a map ]7: X —» P!,
Set SL = @w!(c0) and Xoo = ]‘N_l(Sgo). In the neighborhood of Pq we will replace X
with the inverse image X’ of a disk A C P! centered at oo, with coordinate ¢'. We then denote
by g : X’ — A the map induced by 1/f, so that P = (g). This map g can be lifted as a map
Z: X' — A, where A has coordinates (expi argt’, p/). In the local setting of Section 1.1,
we have

L

Xoo = (81 x {l_[pi :o} x A x AP,
i=1

and if g = x€, then |g] = p® and argg = Zf=1 e; ;. It follows that

is a topological fibration (since the natural stratification of Xoo is obviously Whitney and '§| i
is smooth on each stratum, and proper).

Denote by Z C Xoo the closed subset whose complement consists of points in the neigh-
borhood of which e¢!/& has moderate growth (i.e., in the neighborhood of which Re(g) < 0)
and let Z°% C Z be the closed subset g1 (Rxq) N Xoo. We have

Z = Xoo N{argZ € [-/2,7/2]} and Z° = Xy N {argT = 0}.

Since '§| T is a topological fibration, Z° is a deformation retract of Z. We consider the inclu-
sions

vee ¥zt . ¥ b7

L]

U X ~ 20 P ¥ 570

and the exact sequences
0— F =paxCy — Cg=(Boa)sCy — Cz —0,
0— F' =pfafCy — Cg = (" 0ca™)xCy — Czo — 0.
In these exact sequences, it can be seen that the * push-forwards are equal to the corresponding

derived push-forward, that is, for example, R¥ oxCy = 0fork > 0.

Lemma C.2. There is a natural quasi-isomorphism

(Q%(*D),V:=d+df) ~ Rw+F.

Sketch of proof. We can argue in two ways. Either we use the theorems of multi-variable
asymptotic analysis of Majima [16] as in [ 10, Proposition 1], or we factorize @ through the real
blow-up space @ : X — X of the single divisor Preq. Let us sketch the latter method. Using
notation as above for X, [21, Theorem 5.1] gives a quasi-isomorphism

(Qy(xD).V) ~ RD.RB RGA+R jCy.

where j denotes here the inclusion U < X ~ Preg. Let p X — X denote the natural map, so
thatwo j = poaand B o p = p o B. It follows that the right-hand term above is isomorphic
to RwsF . O
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As a consequence,
HE (U, V) ~ HK(X, 7).

Since Z retracts to Z°, the natural map

H*(z,C) — H*(Z° C)
is an isomorphism, and therefore so is the map

HYX.5) — HYX, %)

for each k. The proof of the lemma now reduces to finding a morphism (Q2%,d) — Rw.F’
(in the derived category D?(Cyx)) and to proving that it is an isomorphism. Equivalently, we
should find a morphism
(Q% (log D)/Q}, d) — Rw.Co
which should be an isomorphism, and should make the following diagram commutative:
(2 (log D), d) ——— (2 (log D)/ Q5. d)
[
(C.3) Zl 1?

$
Rj«Cy = Ro«Cy ——— RwxCypo.

The question is now local around Pyeq and we can work with g : X’ — A already con-
sidered above. We will also denote by (Q;, d) the complex (Q}’an, d)|x. We can describe it as
follows. Working on A, we denote

(3. d) = {{'Oa —> QL (log0)}.

Then
Qy = g°Q} ® Q/(log D),

according to (1.3.1), and the quotient complex Q%,(log D)/ Q;, can be obtained from the rela-
tive logarithmic de Rham complex Q3%, /A (log D) by the formula

Qy/(log D)/ Qp = Q;(,/A(log D)/gQ;(,/A(log D)

(cf. Appendix E). Recall that Q%, /A (log D) was defined by Steenbrink in [32]:

4
Q% alog D) = \"(Q) (log D)/g*Q (10g0))
d _
= Q2 (log D)/—g A QP (log D).
g

The proof now decomposes in three steps, in order to treat the case of a non-reduced
divisor P. We first analyze the behavior of the various objects by a ramification of the value
of g, following [33]. We then treat the case when the pole divisor is reduced but within the
framework of V-manifolds. We finally treat the general case by pushing forward along the
ramification morphism and taking invariants with respect to the corresponding group action.

Step one: Ramification. Inspired by the approach of M. Saito in Appendix E, we will
argue as in [33]. Let e be a common multiple of the numbers e; (e; is the multiplicity of
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the i-th component of P) and let us consider the commutative diagram

eX'

e8| X' XA eA—— 5 X/

A——F A

where A has coordinate u, ¢ is defined by e(u) = u®, and v : ¢ X’ — X' xa (A is the nor-
malization morphism. Then , P = (.g) is a reduced divisor with V' -normal crossings in the
V -manifold . X'. Set
X =X N P.

Then ¢ : ¢ X'* — X’* is a covering of group G = Z/eZ, which also acts on X’ above the
corresponding action on A. Recall that D = P4 U H. Then D :=.,P U ¢ 1H is also
a reduced divisor with V'-normal crossings.

We have the following local description of (¢ X', . P) (cf. [33, proof of Lemma 2.2]).
We keep the notation of Section 1.1. Set

. /
d = gcd(ey,....ep), e = 2, e, = Z—l, ¢ = eii :Z_,{ i=1,...,0).

Then X’ is the disjoint union of d copies of the space Y’ obtained as the quotient of the
space Y having coordinates ((x/);=1,. ¢.(¥j)j=1,...m (Zx)k=1,..,p) by the subgroup G’ of
G" :=7/c\Z X --- x Z/cyZ consisting of the elements &« = (o1, ..., ay) such that

L
. QG
ex 2ni— | =1,
P(Z i Ci)
i=1
acting as
(C4) o (' y.z) = (TGN D).
Each component Y is identified with the normalization of the space {u¢ = ]_[f=1 xf ™} and
the composed map v o  from Y to the latter is given by x; = xfi (i =1,...,0). Lastly, the

composed map

hy 2y <5 A
isgivenbyu = h(x’,y,z) = ]_[f=1 x/ and, by definition, the action of G’ preserves the fibres
of h. We visualize this in the following diagram.
(x',y,z) « Y ud Y’
\ v
(@x.y.z u = 1)

e8

[Tx] A

([Tx}.x".y.2)
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As a consequence, the pull-back of the local component P; of P4 defined by x; is, in each
local connected component Y’ of ,X’, the V-smooth component , P; which is the quotient
of {x] = 0} by the induced action of G'.

Lemma C.5. The natural morphisms of complexes

(2% (log D),d) — (Q;(,/A(log D), d)
—> (2%, a(log D)/ gy, 5 (log D), d) = (2. (log D)/ Q. d)

can be obtained by taking G -invariants of the morphisms of complexes

ex(Q2 x/(loge D), d) — 8*(Q;X//6A(logeD),d)
— ex(Q 1/, 7(10geD)/egR x1/ A(l0ge D), d) = ex(Q2] x/(loge D)/ 2 4., d).

Proof. According to [33, Remark 2.3], €40, x’ is Ox’ locally free of rank e and the
G-action is induced by the natural action u +— u - exp(2wik/e), so that Oy, = (8*(9€X/)G.
This action is compatible with the G-action on £xOxx , ,A and the induced action on

ex(Ox/x 7 A/ UOX x5 A) = Ox//8O0x
is trivial. The same holds then for

ex(0,x /u0,x1) = ex(v(OQ,x//u0,x))
= ex(v:0,x' /uv«0,x7))
= 8*((9X’XAeA/U(9X’XAeA)'

The sheaves Q]; x/(log e D) (resp. Q]: X//oA (loge D)) are O, x-locally free and are locally
identified with
g* Qﬁ,(log D) (resp. &* Q;,/A(log D)),

cf. [33, Remark 2.5], so that we have natural identifications

(Q% (log D).d) = [4(Q"y (log D). d)]°,
(Q%//allog D),d) = [e4(Q° ) A (logeD),d)]°. O

Let us consider the real blow-up space Y of Y along the components of the divisor
(]_[f=l X! ]_[;”:1 ¥;). The action (C.4) of G’ on Y extends to an action on Y (in the presen-
tation like (C.1), G’ Enly acts on the arguments 6/) and the quotient space is by definition the
real blow-up space Y’ of Y’ along the components of the pull-back D of D in Y’, which
is a divisor with V-normal crossings. By the gluing procedure described above one defines
a global map w, x : ¢ X' — ¢X'. Note that the map 7 : ¥ — Y’ is a covering with group G’,
and so the local charts Y’ can also be described by a formula like (C.1).

Themap ¢ : . X' — X'liftsasamap : e}/ — X/, whichis a covering map of degree e
with group G, and g lifts as a map g : e}/ — e~A giving rise to an obvious commutative
diagram. It induces therefore a homeomorphism

e Z% = ;g7 Nargu = 0, u| = 0) — Z°.
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More precisely, Y has the form (C.1) with coordinates ((arg x7);, (|x/]);) on the first
two factors, and the map & is given by argx; = ¢; argx;] (a govering map of group G”) and
|x;| = |x/|¢ (a homeomorphism). The factorization through Y’ consists in taking the quotient
by G’ first, and then by G” /G’ on the arguments.

Step two: The case of a reduced divisor with V' -normal crossings. In order to sim-

phfy notation we will denote by X', g, Z%, S the obJects previously denoted by X', . 8>

¢Z°% .D. Let 8 denote the sheaf of C® functions on X’ (well defined in each chart Y Y’

as above due to the local form (C 1)). Since G’ acts on Y through the only factor (S )e the
functions p; = |x;| descend to Y’, and we have

€5 = @e)Y,
where 7 : Y — Y’ is the quotient map (covering map with group G'). Recall also that the
action of G’ preserves the fibres of the map 7 : ¥ — A.
Let ‘6;7? (log D) be the subsheaf of j. €. locally generated by ‘6?,, logp; (i =1,....0)

andlogn; (j = 1,...,m) in the local settlng above. The logarithmic 1-forms Al (log D) are
the linear comblnatlon with coefficients in €5, 5 (log D) of the forms

dp’ dn;
Wige W g 4 a
P; nj
and we set »
We therefore get a logarithmic de Rham complex (A;?/ (log D), d). We have
(A%, (log D). d) = (Fuch(log D), d)%’

(where we still denote by D the pull-back of D C Y in Y).
Lemma C.6. The complex (:A);?, (log D), d) is a resolution of C,

Proof.  One first shows the result in the charts like Y, where it is proved in a standard
way, and then one takes the G’-invariants. O

The sheaf

A%, 7olog D)

of logarithmic p-forms vanishing on Z? is the subsheaf of AIL/ (log D) locally defined as

(log D) := (|g].log [g]. (exp(27i argg) — 1)) A%, (log D)

+ ﬁ A A%Tl(log D)+ dargg A A;’(;l(log D).

X’ AL

We will therefore set
A’ZJO(log D) = A% (log D)/’A)I';?’,ZO (log D).
Given a chart Y/ as above, let us set

79, =70y’ and Z9 =712, cor.
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Since G’ preserves the fibres of E it induces a covering Z g - Z 10,,. As a consequence, if we
define the sheaf
by the same formula as above, where we only replace X’ with Y and ¢ with fi;, we have

(log D),d) = (FeA% _, (log D),d)?".

L]
(AF, 70 x Ay o
VAl Y.,Z9

Defining ’A’.ZO (log D) similarly, we then also have
Y
(A% (log D).d) = (Fush,, (log D). d)%".
Y’ Y

Lemma C.7. The exact sequence of complexes
0— (A;?,,Zo(log D),d) — (A;?,(log D),d) —> (AZo(log D),d) — 0
is a resolution of the exact sequence of sheaves
0—F — Cg — Czo—0.
Proof. In view of Lemma C.6, it is enough to prove that (4,0 (log D), d) is a resolution

of Czo, and by the same argument as above, it is enough to show the result in charts like Y.
On each octant p; =0 (G =1,...,£) of p} ,02 = 0, one identifies Z° with

(SHE X (Rz0)™! x A™ x AP

with coordinates 27 0#i ,o#l on the first two factors, and the restriction of (A%o(log D), d)
to this subset is equal to the complex defined as above for Y with the corresponding variables.
We can then apply Lemma C.6. |

We have a natural morphism of complexes 7 ! (Q%/ (log D),d)— (A;?/ (log D), d).
Lemma C.8. The image of w ™! (%, d) is contained in (A',i/ 20 (log D), d).
Proof. This follows immediately by expressing (1.3.1) in polar coordinates. |

We conclude that we have a commutative diagram:

w1(Q%,(log D), d) —— w~1(Q5,(log D)/ Q5. d)

| l

(A% (log D), d) —————— (AZo(log D). d)

-1

and by using the adjunction Id — ws@ ™", we get the desired commutative diagram:

(2, (log D). d) —— (2, (log D)/ 2. d)

| |

(C.9) @ (A% (log D), d) —— (Ao (log D), d)
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That the right vertical morphism is a quasi-isomorphism can now be checked fiberwise
at points of P.q. We will thus check this at the center of each chart Y'. Since the variables z
do not play any role, we will simply forget them. Moreover, we can work in the corresponding
chart Y with the function /4, and we take G’-invariants to obtain the desired isomorphism in
the chart Y.

We have w~1(0) = (S1)¢ x (S1)™ and Zg := Z%N @w~1(0) is the fiber of the map

./ . n/ . . . ’
(e‘el,...,eleli,e”‘,...,e”’") s el Zi b

above 1. If we represent H?(w~1(0),C) as AP(df,dr) (where () denotes the C-vector
space generated by ), then the map H?(w~1(0),C) — HP(Z9,C) is represented by the
quotient map

N 10" ) — N a0'dv) /(3 aer) a N (a0, dr).

Let us now denote by Q2°(log D), Q;l the germs at the origin of the corresponding com-
plexes. Then (Q°(log D), d) is quasi-isomorphic to the complex (/\"(dx’/x’,dy/y).0) and the
identification H?(Q2*(log D),d) ~ H?(w~1(0), C) is by the isomorphism dx’/x’ > id6’,
dy/y + idt. We can now conclude thanks to the following lemma:

Lemma C.10. For each p we have

HP (@' (log D)/ @) = \"(dx'/x".dy/y) [ (3 dxi/x]) A N dx /! dy /).

Proof. For w € Q27 (log D) such that dw € QZJFI, let us write @ as a power series:

w = Zwa,bx'“yb with wg p € /\p(dx’/x’,dy/y).
ab

According to (1.3.1), we can restrict the sumtoa # (1,..., 1). Then the condition dw € QZ+1
reads
d(x'®yb d([T; x! —1dx’ d
(x/—yb) a)u’beM/\/\p <i/,—y> foralla # (1,...,1) and all b.
x"y [T x; x' Ty

Since d(x"@y?)/x"® y? and 3, dx//x] are C-linearly independent in (dx’/x’,dy/y) whenever
(a.b) # (0,0)anda # (1,...,1), we also have wg p € (3, dx]/x]) A AP~Ndx'/x! dy/y).
As a consequence, @ — wo,o belongs to the image of d. Since

/\”<d—xl d%) NdQ? (log D) = 0

o
and

VL g 40 (2
we obtain the desired identification of H7(2*(log D)/, ,d) with H?(Z 9.0). m]
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Step three: End of the proof We now go back to the notation of the beginning of the
proof. The group G acts on g4 % ,(log ¢ D) in the following way. Let

VieX — X'

be induced by u + Cu for some ¢ with £¢ =1 and let y be the corresponding lifting on X',
Then, for a local section ¢ of gy % ,(log¢ D), the correspondence ¢ — ¢ oy induces an
isomorphism ‘

yr 5% (IOgeD)—>8*V* 5% ,(log D).

Since’€ oy =g, we get an action of G on'gx A % ,(log eD) which satisfies

@’ y/aogeD))G = A%, (log D).
This action induces an action of G on
WY/ xEx A % ,(logeD) =exw, x/, *A % ,(logeD),

and this action is compatible with the action of G on & Q; x/(log e D) through the natural
morphism considered in the previous step.
The diagram (C.9) of the previous step gives rise to a commutative diagram

Q2 y/(logeD) ————£4(2 y,(loge D)/ 27 )

zJ le

e*wex/,*fs‘y/(log eD) —— &y weX/’*.A:ZO (log. D).

Since
‘A’:ZO (log D) = A%0(log D),

the right vertical morphism gives an isomorphism
(Qy (log D)/ Q) — wx/,xA%o(log D) ~ Rwy +C z0.

On the other hand, restricting the left vertical isomorphism to G -invariants induces an isomor-
phism
QY (log D) —> wy',« A%, (log D) > Rwy «Cg,

We thus have completed the diagram (C.3). O

D. Proof of (1.3.2 %), after M. Kontsevich

Under a restricted condition, we proceed the Deligne—Illusie approach as in [8] for the
Kontsevich complex (Q}, d) by listing the necessary modification. We shall follow closely the
notations therein.

Let « be a perfect field of characteristic p > 0. Fix f : U — A! over x and a compactifi-
cation f : X — P! suchthat D := X ~ U is a normal crossing divisor and the pole divisor P
of f on X has multiplicity one (i.e., P = Prq). We consider the sheaves Q} C Q°(log D)
on X defined as before.
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D.1. The Cartier isomorphism. Consider the commutative diagram with Cartesian
square

F_ x X

N

Spec k — Speck

X

defining the relative Frobenius F. Here the lower arrow is the Frobenius of the ground field «.
We have the Cartier isomorphism

(D.1.1) C: @ g (log D) — EP H*(Fu(Q (log D). d))

of Ox-algebras. If x is a local section of Oy, then
(D.1.2) C'ix' — x?, dx’ —> xP ldx.

Here x' = 1 ® x is the pull-back in Oy’ = k ®, Ox.

Lemma D.1.3.  The inclusion (Qy y,d) — (R (log D), d) induces an inclusion
HO(Fu(Qy ) —> H*(Fu(Qy (log D), d)).

Proof. We need to show that

(D.1.4) dQ% (log D) N sz;t} = dQg ;.

Let Z be the singular locus of the divisor D and j : X ~ Z — X the inclusion. Since €2
is locally free and Z is of codimension at least two, we have

j*j*(Qa ) — Qa+1

a+1
X.f

Thus one only needs to prove (D.1.4) on X ~ Z and hence we may assume that D is smooth.
Let {x; }7_, be local coordinates and assume that f* = xl_l. Any element w € Q2% (log D)
can be written as
dx 1
w=—a+p
X1
with @ € 523‘(_1, B € Q%. To see the divisibility of B by x1, we may pass to the completion
along x; and write
B=y+x1é
where y is not divisible by x1. Now if dw € Q;’(J“fl, then
d
( xl) dB € Q%2 (log D).
X

The latter implies that dy = 0. We obtain dw = dn with n = (dx1/x1)a + x18 € Q% Y5 D

Proposition D.1.5. The Cartier isomorphism (D.1.1) sends 2%, frto HE(Fx (Q},f, d))
and induces an isomorphism

cPeg , — PHUFAQx 5. D)
a a
of Ox-algebras.
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Proof. Locally we have an explicit lifting
C': Q% (log D) — Z*(Qy (log D). d)

of (D.1.1) given by formula (D.1.2) at the chain level. Here Z¢ (2} (log D).d) denotes the
Ox -module of cocycles. It is then clear that C ~! sends Q% s VAL(%5'S £-d). As by Lem-
ma D.1.3, the natural map

H(Fu(Qx, 5. d) —> H(Fu(Qx (log D), d))

is injective, C ~! restricts to a well-defined map Q% = H(Fx (Q}(’f, d)), so one has the
commutative diagram

(D.1.6) Q% /¢ Q4 (log D')

| i

HO(Fo(Qy s d)—— H(Fu(Qy (log D). d)).

Therefore the problem reduces to showing that the left vertical arrow is surjective.
We regard the involved sheaves as coherent Ox -modules. The statement is local, so we
may assume that there exists a Cartesian diagram

x—f  x

|, ]

with étale vertical morphisms such that f = 7*(x ---xy) ! for some £ < n. Also notice that

Q?(,f == ﬂ*Qa

A" (xqxe) 7!

and
Q4 (log D) = 7*Q4, (log(x1 -+ x¢)).

Thus to prove the statement, we may assume X = A” and work with global sections of the
sheaves. Moreover, by the Kiinneth formula for the complex (Q}, d) and the classical Cartier
isomorphism for (22°(log D), d), we only need to consider the case where £ = n, that is,
f=1-xp) and D = (x1 -+ xp).

The sheaf Jf"(F*(Q},f,d)) is equal to the image of Z¢ (Q}(’f,d) into the sheaf in
the lower right of the diagram (D.1.6). Via the isomorphism in the right side of (D.1.6), the
Ox-module H¢(Fy(Q, #»d)) corresponds to the intersection of k [x?]-modules

df pa—1(dx; dx,) 1 raf(dx; dx, a(dxy dx,
N I TAN - T B S L

where the left and right modules correspond to 2% I and Q¢ (log D'), respectively. Since the
pole orders of f are equal to one, the intersection equals

LN ) 8 )

and this completes the proof. |
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D.2. The lifting and the splitting. Let W, be the ring of Witt vectors of length two
of k. We now make the assumption that (U C X, f) has alifting (U C X, f) to W>. Again
X', f,... will denote the base-change of X, f, ... under the absolute Frobenius W, — W5.

Proposition D.2.1. Locally in the Zariski topology there is a lifting F:X > X of the
relative Frobenius F such that

F*0%/(-D') = Og(~pD) and F*(f') = f7.

Proof. This is shown in the proof of [8, Proposition 9.7]. Indeed locally there is an étale
morphism
7T:X — A" = Spec Wh[11,....1,]
with X; := 7*7; such that

1 ~ ~ ~
f==——= and D= (X1-Xm)
xl"'xf

for some ¢ <m < n. The morphism F : X — X’ defined by F* (X!) =7 then has the
desired property. O

Theorem D.2.2. Fix a positive integer i with i < p. The lifting (17 cX, ]?,) defines
a splitting

P H(Fu(Qk, . d)[—a] — 1<i (Fu(Q 7. d)
a=0

of the i-th truncation of Fi (Q}( £»d) in the derived category of Ox’-modules.

By the standard thickening and base change arguments (cf. [8, Corollary 10.23]), we
obtain the following.

Corollary D.2.3. Let U be a smooth quasi-projective variety defined over a field of
characteristic zero and [ € Oy (U). Suppose that U has a compactification X such that
X ~U is a normal crossing divisor and f extends to f : X — P! with only simple poles
on X. Then the spectral sequence

EP? = HY(X, Q7)) = HPTI(X,(Q%.d))

degenerates at E1.

In the rest, we prove the above theorem by showing that with the choice of local liftings
of the Frobenius given by Proposition D.2.1, the splitting

4
(D-2.4) D #° (Fu(Qx (log D). d))[~a] — =i (F+(Q (log D). d))
a=0
constructed in [8, Section 10] actually induces the desired splitting.
We thus fix a collection { X, Fy} where {X¢} is a covering of X and Fy : Xo — X[ is
a lifting of the relative Frobenius such that
(D.2.5) FX(ffy=fP on each X, with Xo N P # @,

F:@Ya (—5&) = Qfa(—pﬁa) on each Xy with Dy := Xq N D # @.
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Attached to the covering { Xy}, let

7€) C €/ (15 Fu(Qy (log D),d)),  Z€) C €/ (1< Fu(Q 7))

be the corresponding sheaves of ‘(V?ech cocycles contained in the sheaves of Cech cochains at
degree j. We trivially have Z‘(f; = 7€/ N€/ (1< Fy (Q},f, d)). Let ©; be the symmetric
group of j letters. For j < p consider the Ox-linear map

57 : Q4 (log D'y —> (k. (log D')®,
1 .
OLA - Awj > — Z sign(o) - (1) ® -+ @ Wg(j)-
J 0EB;
J

One defines a map (¢, ¥)®/ (recalled below) sitting in the factorization of C ~!

. ® .
(QL,(log D')®F — @V zei

8§/ T lnatural quotient

Q,(log D'y — S 39 (F (23 (log D). d)).

The splitting (D.2.4) is then given by the collection

0:={(#. )% o8/ o Cli,.
We now show that (¢, )®/ o §/ sends Qj(/ 0z ‘6} and thus 6 induces the desired splitting
for 7<; Fx(QY 7, d).
The map (¢, ¥)®? is just the pull-back F*; while (¢, ¥)®! is given by the pair

(¢aB,Wa)
QY. (log D) ——= EP(FiOx)ap & D (F«Qy (log D))q

defined as follows. Take a system of local coordinates {X71,...,X,} on X such that
~ 1 ~
(D.2.6) f==———=— and D =(x1-Xm)
X1+ x£

for some £ < m < n, and write
Fa(xj)—xj t PVa,j

for some vq,; € Oy, . The second equation in (D.2.5) says that there exists a unit v on fa such

that .
(Uy)_vnx,

=1

which implies that
i#]

(v—l)l_[x —vaaj 1_[ xl..

1<i<m
Reducing modulo p and computlng in the domaln Oy, implies that v = 1 4+ pv’ for some
element v’ € Oy,,. Thus the above identity reduces to
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on X, (cf. [8 Section 8.7]). Since X, is smooth and the x; forms local coordinates, one con-
cludes that x divides vy, ; for 1 < j < m. We obtain that, for all «,

(7 = ')Z'f(l—i-pua,j) forl <j <m,
a Fff—i-pua,j form < j <n,
for some uy,; € Ox,. Then the pair (¢og, Vo) is defined by
dxj,' dx dx;
¢aﬂ(_,):ua,j_uﬂ,ja W(x( )—_+du(x],
xf j x]
bap(dxy) =ugp —ugr,  Valdxy) = xk dxk + dug k.

for1 < j <m <k <n,anditlands in Z€1.
On the other hand, conditions (D.2.5) and (D.2.6) imply that, for all «,

r
Zua,j =O.
J=1

With this equation and the explicit description of the generators, a direct computation reveals
that (¢, ¥)®! indeed sends Q x/. fr 0 Z ‘6}

In general, (¢, ¥)®/ is constructed as a product of (¢, ¥)®! using the product structure
on Py 7€k (see [8, p.116]). In pamcular (¢, ¥)®/ is a sum of certain j-term products
of ¢4 and Y, which send Ql X/ fr to Fye QO X.f and F,Q1 X.f respectively. On the other hand,
notice that §/ sends 7 X fr to the subspace

Z{a)l ®- Q|0 €y 4} C (Qx,(log D))®/.
a=1

Since for any k the exterior product
(2} (log D)®* — Q¥ (log D)

sends both
Q% ;- (Qx (log D)®*  and sz;(,f ® () (log D))®k—1

to Q§ > one obtains that (¢, ¥)®/ o §/ maps Q7 x/ 1o Z E’}{ , which completes the proof. O

D.3. The case dim X = p.
Theorem D.3.1. If dim X = p, the splitting of Theorem D.2.2 extends toi = p.
Proof. Letn = dim X. We set D = P + H, where H is the horizontal divisor of f.
Recall that P is assumed to be reduced. The wedge product of forms
FuQY 7} ®o,, FxQy ,(—H) — F.Q%

followed by the projection to the cohomology sheaf and then the Cartier operator

C
FiQ% — FuQ%/dQ% 1 — QF,

induces a perfect duality (see the proof of [8, Lemma 9.20], which adapts word by word to the
sheaves here).
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For 0 < j < p we constructed Ox--linear maps

Q7

X', f - €J (TSj (F*(Q;(’f’ d)))’

which dualize to
Tonj FeQy (= H)n — j] — € QY. (= H")
and induce a quasi-isomorphism
n .
(D.3.2) npt1 FaQy p(-H) — (P €@y o (-H)I-i]
i=n—p+1

(see [8, p. 119]). We now use n = p to conclude that the kernel of the Ox--linear surjective
map

(D.3.3) FiQy p(—H) — w1 F QY (—H)

is the single Ox/-coherent cohomology sheaf #° concentrated in degree 0. Thus, by cohomo-
logical dimension of coherent sheaves, (D.3.3) induces a surjection

HP(X', F,Qy ;(~H) ®0,, M) — HP (X', 11 FxQy_;(~H) ®0,, M)
for any coherent sheaf M on X’. Therefore by (D.3.2) a surjection
H? (X', FQ} f(_H) ®0,, M) — HO(X', Q)I;,(log P) ®@,, M).

Taking for M the Ox/-dual of the last cohomology sheaf #7 of Fi Q}p( f(—H ) yields the
Cartier operator C as a non-vanishing global section of Qfé,(log P) ®0,, (HP)". Hence
any lifting

C e H (X', F.Q% ;(—H) ®,, (#7)")

of C defines then a splitting of the natural Qx--linear surjection

FuQy p(—H) — HP[-pl. o

E. On the Kontsevich-de Rham complexes and Beilinson’s maximal extensions
By Morihiko Saito at Kyoto™

We will use the same notation as in the main part of the article.

Let f: X — S be a proper morphism of smooth complex algebraic varieties with
S = P! Let U be a Zariski open subset of X such that D := X ~ U is a divisor with simple
normal crossings which contains P := X,. Here X5 := f~!(s) for s € S. M. Kontsevich
defined a subcomplex (Q}, d) of the logarithmic de Rham complex (2} (log D), d) by
sz} = ker(df A : 24 (log D) — Q4 (xP)/ 2§ (log D)),
") This work is partially supported by Kakenhi 24540039.
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where f is identified with a meromorphic function on X. (In this paper, we denote by
Q;( (log D) the analytic sheaf on the associated analytic space. The reader can also use the
algebraic sheaf in the main theorems by GAGA.) Kontsevich considered more generally the
differentials ud + vd f A for u,v € C, although we consider only the case v = 0 in this
Appendix. This is the reason for which we call (Q%,d) the Kontsevich-de Rham complex
(instead of the Kontsevich complex). Note that Q% coincides with Q% (log D) on the comple-
ment of P, and we have d f = —dg/g? by setting g := f*t' = 1/f, which is holomorphic
on a neighborhood of P, where ¢’ := 1/t with ¢ the affine coordinate of C C P!,

Kontsevich showed that the filtered complex RI"(X, (Q}, F)) is strict by using a method
of Deligne-Illusie [7] in case P is reduced (with v = 0), where the Hodge filtration F? is
defined by o> as in [4]. In Appendix E, we prove this assertion without assuming P reduced
by using the theory of relative logarithmic de Rham complexes in [32-34]. (This is quite dif-
ferent from the method in the main part of this paper.)

Set

§3(/S(10g D) = Q;(/S(log D)/g Q;(/S(log D)lp,
where Q;( /s (log D) is the relative logarithmic de Rham complex, see [32,34].Let j : U — X
be the canonical inclusion. We have the following.

Theorem E.1. There is a short exact sequence of filtered complexes
(E.1) 0 —> (%, F) — (2 (log D). F) > (X5 (log D). F) —> 0,

where the filtration F? is defined by o= p as above. Moreover, there is a decreasing filtration V
on 53( /s (log D) indexed discretely by Q N [0, 1] such that the Hodge filtration of the mixed
Hodge complex calculating the nearby cycle sheaf ¢ j«Qu is given by

P e @y, s(og D). F),
«€[0,1)

where gry; 53(/5 (log D) corresponds to Vg 3 j«Qu with A := exp(=2mia).

Here ¥, ; denotes the A-eigenspace of the monodromy on the nearby cycle functor ¥/,
see [5]. A variant of the second assertion of Theorem E.1 is noted in [27, Proposition 2.1].
The proof uses as in loc. cit. the normalization of the unipotent base change together with the
theory of logarithmic forms on V-manifolds in [33], and the relation between the V -filtration
and the multiplier ideals is not used here.

Theorem E.2. After taking the cohomology over X or P, the filtration V in Theo-
rem E.1 splits by the action of t'0; on the relative logarithmic de Rham cohomology groups
forgetting the filtration F, and the image of the morphism p; between the j-th cohomology
groups induced by p is contained in the unipotent monodromy part so that p; is identified with
the natural morphism H7(U,C) — ¥y 1 R/ (fu)«Cy where fy : U — S is the restriction

of ftoU.

This implies the following.

Corollary E.1. The Hodge filtration F on RU (X, (SZ}, F)) is strict.

Unauthenticated
Download Date | 7/30/17 8:53 AM



Esnault, Sabbah and Yu, E1-degeneration of the irregular Hodge filtration 219

We denote by Qj, ¢7[n] the pure Hodge module of weight n whose underlying perverse
sheaf is Qu[n], where n := dim X. Let B¢ (j,Qp y[n]) be Beilinson’s maximal extension [2]
as a mixed Hodge module. This is defined by generalizing the definition in loc. cit., so that we
have a short exact sequence of mixed Hodge modules

(E.2) 0— Wg,lj*@h,U[” 1] — Eg(ji@h,U[n]) — j*Qh,U[n] — 0,

where j':U <> X ~ P is the canonical inclusion. (In this paper, ¢ for mixed Hodge
modules is compatible with the one for the underlying perverse sheaves without any shift of
complex; hence ¢ [—1] preserves perverse sheaves and also mixed Hodge modules.)

Theorem E.3. Assume P is reduced so that Yg1j«Qpu = Vg j+«Qpu, and V in
Theorem E.1 is trivial. By the filtered de Rham functor DRy, the short exact sequence (E.2)
corresponds to the associated distinguished triangle of the short exact sequence (E.1) up to
a shift of triangles. More precisely,

Ve 1jxQuuln—11.  Eg(/xQuulnl). jxQpnuln]

in (E.2) respectively correspond to

Qys(log D)[n — 1], (Qf, F)[n]. (2 (og D). F)[n].

so that the extension class of the short exact sequence (E.2) corresponds to p in (E.1).

We have the inverse functor DR)}1 which associates a complex of filtered D-module to
a filtered differential complex (see [28]). By this functor, the surjective morphism p between
the filtered differential complexes in (E.1) corresponds to an extension class between the
corresponding filtered £D-modules or mixed Hodge modules in (E.2) so that the kernel of p
corresponds to an extension of filtered -modules or mixed Hodge modules (because of the
difference in ¢-structures).

We thank C. Sabbah for useful discussions about the Kontsevich—de Rham complexes.

In Section E.1 we recall some basic facts from the theory of relative logarithmic de Rham
complexes and Beilinson’s maximal extension. In Section E.2 we give the proofs of the main
theorems and their corollary.

E.1. Relative logarithmic de Rham complexes. In this subsection, we recall some
basic facts from the theory of relative logarithmic de Rham complexes and Beilinson’s maximal
extension.

E.1.1. Kontsevich—de Rham complexes. With the notation of the introduction, set
Q} (D) := Qf(log D). Q4(D) 1= 24(D)/g 2 (D).
The Kontsevich—de Rham complex is defined by

o/

7= ker(dg/g?A : Q4 (D) — QT (D)(+P)/ 24 (D))

= ker(dg/gn : Q)];,(D) — Qg(“(D)).
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As for the morphism in the last term, we have
(E.1.1.1) Im(dg/gA : Q4 (D) — Q§1(D))
= coker(dg/g A : ﬁ{{l(D) — §§(D)).

Indeed, (2% (D), dg/gA)|p is acyclic, and so is (ﬁ;(( D),dg/g N).
We denote the right-hand side of the isomorphism (E.1.1.1) by Q x/s{D). Then

(E.1.1.2) QX/S(D> = Qx/s(DVg QX/S<D)|P,

where Q{(/S(D) := coker(dg/g A : Qi,_l(D) — Q§(D)) as in [32, 34]. Indeed, (E.1.1.2)
follows from the diagram of the snake lemma by applying it to the action of dg/gA on the
short exact sequences

. . .
0 — Q4 (D)|p —> Q4 (D)|p —> Qx (D) —> 0.

So we get the short exact sequence of complexes (E.1) by (E.1.1.1)~(E.1.1.2).

E.1.2. Unipotent base change. Let P; be the irreducible components of P with e; the
multiplicity of P along P;. Set e := LCM{e; }. Let A be a sufficiently small open disk around
0o € P!.Letr : A — A be the e-fold ramified covering such that 7*¢ = 7¢, Wheret =1/t
with ¢ the affine coordinate of C C P!, and 7 is an appropriate coordinate of A. Let X be the
normalization of the base change X xg A, with D C X the pull-back of D C X by the natural
morphism 7 & - X — X. Set

Q;?(D) = Q}Z(log D), Q~/Z< D) := Q~ ~(10g D).
These are the logarithmic de Rham complex and the relative logarithmic de Rham complex
defined in [33]. Let X’ C X be the inverse image of A C P!, and G be the covering transfor-
mation group of my’ : X — X' which is isomorphic to Z/eZ. Then

(E12.1) ((x)+QFHDNT = Q4 (D)lx.  (1x)+Q% 5(DNC = Q55 (D).

This can be shown by taking a local coordinate system (x1,. .., X, ) of a unit polydisk A” in X’
such that g is locally written as

c 1_[ x;" withc € C*, ¢; = 1, £ € [1,n],

and then taking a finite ramified covering A” — A" such that the pull-back of x; is x?/ K

j
if j < {, and x; otherwise.

E.1.3. Koszul complexes. Assume g = ]_[:-;1 xf  with local coordinates xi, ..., X.,
where e; = 1 forany i. The logarithmic de Rham complex (23 (D). d)o at 0 € X is isomorphic
to the Koszul complex associated with x;0/0x; (i € [1,n]) acting on C{xy,...,x,}. This is
quasi-isomorphic to the subcomplex associated with the zero actions on C C C{xq, ..., xp}.

Setting 6; := dx; /x;, this Koszul complex has a basis defined by §; := /\;c; d; for
J C[1,n]. The relative logarithmic de Rham complex (2} / g{D),d) is a quotient complex
defined by the relation (see [32])

Z e 5,‘ =0.
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This is quasi-isomorphic to a subcomplex associated to the zero actions on the subspace

C{z} = {chx” ‘ cy =0ifejv; #ejv; forsomei,j} C C{x1,...,xn},
Vv

where z =[]/, xl.ei/d with d := GCD{e; }, see [32].

E.1.4. External products. Let D; be a divisor with simple normal crossings on a com-
plex manifold X; (i = 1,2). Set X := X; x X, D := D1 x X5 U X7 X D;. Then
(E.1.4.1) Qy(log D) = QY (log D1) ¥ QY (log D2).

Let g1 be a (possible non-reduced) defining equation of D;. Let g be the pull-back of g;
by the projection. These can be viewed as morphisms to S = C. So we have the relative loga-
rithmic de Rham complexes Q;ﬁ /s(og D1), Qy ,s(log D), and

(E.1.4.2) Q;(/S(log D) = Q;(I/S(log D1) K QY (log D3).

These can be shown by using a basis as in (E.1.3).

E.1.5. Beilinson’s maximal extension. For a,b € Z with a <b, let E,; be the
variation of mixed Q-Hodge structure of rank b —a + 1 on S’ := C* having an irreducible
monodromy and such that

Qs (=i) ifi €[a,b],
grg Ea,b = .
0 otherwise.
There are natural inclusions
Esp— Egp (a<b< b,

and {E, 5 }p>4 is an inductive system for each fixed a.

Let g : X — S be a function on a complex algebraic variety, where S = C in this sub-
section. Set X’ := X ~ g~ 1(0) with j : X/ < X the natural inclusion. Let g’ : X’ — S’ be
the morphism induced by g. For a mixed Hodge module M’ on X', it is known that

(E.1.5.1) Pyg 1M =ker(ji(M' ® g*Egp) — jx(M' ® g'"*Eqp)) fordb >0,

where PYrg 1M’ := g 1 M'[—1] (:= Vg1 j+M'[—1]), which is a mixed Hodge module on X .
More precisely, the kernels for b > 0 form a constant inductive system, and the images of the
morphisms form an inductive system {/;} whose inductive limit vanishes, i.e., the image of 1},
in I3 vanishes for b’ >> b, see the proof of [30, Proposition 1.5].

Beilinson’s maximal extension functor Eg (see [2]) can be defined for mixed Hodge
modules M’ on X’ by

(E.1.52) EgM':=ker(ji(M' ® g'*Eop) — j«(M' ® g"*E1p)) forb > 0,
so that there is a short exact sequence of mixed Hodge modules on X

(E.1.5.3) 0—> Yg M —> EgM —> juM' —> 0.
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In fact, the kernel of the morphism in the right-hand side of (E.1.5.2) is the same as H ! of
the mapping cone of this morphism, and is identified with the kernel of the morphism

JHM'Q g Egp) ® jsM' —> ju(M'® g"*Eo ).

So we get (E.1.5.3) by using the diagram of the snake lemma, except for the surjectivity of
the last morphism. The latter is shown by passing to the underlying Q-complexes, where the
inductive limit £, o exists and the kernel in (E.1.5.1)—(E.1.5.2) can be replaced by the map-
ping cone with b = 400 as in [2]. This argument implies that the extension class defined by
(E.1.5.3) is induced by the natural inclusion

E.154)  juM' — C(HM' ® g Eop) —> j«(M' ® g Eop)) (b 0).

E.2. Proof of the main theorems. In this subsection, we give the proofs of the main
theorems and their corollary.

E.2.1. Proof of Theorem E.1. By (E.1.1.1)—(E.1.1.2) we get the short exact sequence
of complexes (E.1), which implies the strict compatibility with the filtration F¥ = 0>, (i.e.,
we get short exact sequences after taking grf;). So the first assertion follows.

The second assertion follows from (E.1.2.1) by using [33]. Here the filtration V' is induced
by the 7-adic filtration on (J'rX/),.:S\ZJ;7 /Z<5 ), see also [27, Proposition 2.1]. This finishes the
proof of Theorem E.1. m)

E.2.2. Proof of Theorem E.2. The first assertion follows from the splitting of the
V -filtration in the case n = 1 by using a coordinate. So it remains to show that the compo-
sition )
p:Qy (D) — Qy/5(D) — g Qx/5(D)
represents the canonical morphism
Rj.Cy — Y, Rj«Cy inD2(X,C).
We have the short exact sequence of differential complexes

(E2.2.1) 0 —> Q% (D)(=Prea) —> Qx (D) — Q% (D)p

red 0 ’

where
QY (D)(—Pred) := Q% (D) ®0y P, Q% (D)p., := Q% (D) 0y, Op.,
the ideal of P4. Note that
gy Qx5 (D) = Qy/5(D) b

Locally the three complexes in (E.2.2.1) are the Koszul complexes of the action of x;0/0x;
ondp,,, Ox, Ox/dp,,. if D = J7_;{xi = 0} with x1,..., x, local coordinates of X.
It is well known that (E.2.2.1) represents the distinguished triangle

with J p

red

i RjiCu — Rj:Cy — i*Rj:«Cy i DZ(X.C),

wherei : P <> X, j': U <> X ~ P, j” : X ~ P < X denote the inclusions so that
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Set 7 :=log g. Let Q% (D)[r] be the tensor product of Q3 (D) with C[z] over C, where
the differential of the complex is given by

d(a)tk) = (da))rk + k(dg/g) A wtk1 (k = 0),

and Q% (D)[r] can be identified with a double complex whose differentials are given by d
and dg/gA. (This construction corresponds to the tensor product of the corresponding Q-com-
plex with Eg, 4 in Section E.1.5.) We can define Q% (D) (—Prea)[z], Q2 (D) p,,[] similarly,
and get the quasi-isomorphism

(E2.2.2) 0 C(Qy (DY (—Prea)[t] —> Qx(D)[]) — Q% (D) p.,l7]

AN Q%/5(D)Prys

where the last morphism sends } ;- w;T' to the class of wg. In fact, the last morphism is
a morphism of complexes by the double complex structure explained above. It is a quasi-
isomorphism in case D = P by [32, Section 2.6] (see also [5]). The general case is reduced
to this case by using the compatibility with the external product as in Section E.1.4. Note also
that the compatibility of nearby cycles with external products implies that

(E.2.2.3) Wg,le*CU = R(jX\H)*j)}k\H(ngj*CU)’

where H is the closure of D ~ P in X with jy. g : X ~ H — X the natural inclusion.
By the argument in Section E.1.5 the extension class given by formula (E.1.5.4) for
M’ = j.Qu/|n] corresponds to the natural inclusion

(E2.2.4) L Qy (D) —> C(Q;((D)(—Pred)[r] — Q¥ (D)[]).
and the composition of (E.2.2.4) with (E.2.2.2) coincides with the canonical morphism
p: Q;('(D) - Q;(/S<D>Pred’

i.e., we have the commutative diagram

(E.2.2.5) Q% (D) — C(Q% (D)(—Pra)[t] = Q% (D)[z])
| |
[ ] p L[]
Qx(D) QX/S<D>Pred'
So the assertion follows. This finishes the proof of Theorem E.2. m|

E.2.3. Proof of Corollary E.1. By [32-34], we have the filtered relative logarithmic
de Rham cohomology sheaves

H7 fx(Q,s(D), F),

which are locally free sheaves forgetting F. Moreover, the graded quotients grf of the Hodge
filtration /' commute with the cohomological direct images #/ (i.e., F' is strict), and give also
locally free sheaves. (Indeed, these can be reduced to the unipotent monodromy case by using
a unipotent base change together with logarithmic forms on V-manifolds as in [33].) These
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imply the strictness of the Hodge filtration F on RT(P, (Q;}

X/S(D), F)), by using the short
exact sequence of filtered complexes

L] g L]  ®
0— (QX/S(D>, F) — (Qx/s(D>, F) — (Qx/s(D), F) —0.
Moreover, we have the strictness of RT"(P, gr?, (5;( /s (D), F)), and

HY (P, g}, (Qy/5(D). F))

gives the Hodge filtration on the unipotent monodromy part of the limit mixed Hodge structure
of the variation of mixed Hodge structure

K f(Qy5(D), F)ls,

where S’ is the Zariski-open subset of S over which #/ f,Cy is a local system. Hence the
induced morphism p; in Theorem E.2 is strictly compatible with F'.

Corollary E.1 then follows from the assertion that the filtration on a mapping cone of fil-
tered complexes C((K, F) — (K', F)) is strictif (K, F), (K’, F) are strict and the morphisms
H!(K,F) — H!(K', F) are strict. (This is a special case of a result of Deligne for bifiltered
complexes [4], since the mapping cone has a filtration G such that gr(c); =K, gré = K’ and the
associated spectral sequence degenerates at E£5.) This finishes the proof of Corollary E.1. O

E.2.4. Proof of Theorem E.3. Since (SZ}, F) is defined by the mapping cone of p, it is
enough to show that the extension class defined by (E.2) corresponds to the morphism p by
the de Rham functor DR, i.e., the commutative diagram (E.2.2.5) is compatible with F in an
appropriate sense. (Here we cannot define the filtration F on each term of (E.2.2.5) since the
condition Fj, = 0 for p <« 0 cannot be satisfied.) Note, however, that the isomorphism between
the mapping cones may be non-unique.

We will use the inverse functor DR™! of DR which gives an equivalence of categories
(see [28, Proposition 2.2.10]):

(E.2.4.1) DR~ : D?F(0Ux,Diff) = D’ F(Dy),

where the left-hand side is the bounded derived category of filtered differential complexes
in the sense of [28], and the right-hand side is that of filtered left $-modules (by using the
transformation between left and right -modules).

For the proof of the assertion we may assume D = P by the compatibility with the
external product as in Section E.1.4. In fact, the direct image of filtered regular holonomic
&D-modules for the open inclusion of the complement of each irreducible component of the
closure of D ~ P can be defined by the argument as in [31, Proposition 2.8]. We apply this
to each term of the short exact sequences associated with the given extension classes by using
the exactness of the direct image functor in this case. Here the argument is much simpler than
in [31, Proposition 2.8], since we can show that the direct image in this case is analytic-locally
isomorphic to an external product with the open direct image of a constant sheaf.

Set

(Cp. F) := C((Q(DY=P)[]¥*, F) — (% (D)[7]F, F)) (k> 0),
where [t]SF means the tensor product over C with C[t]S¥ which is the subspace spanned by

monomials of degree < k, and the Hodge filtration ' on C [r]Sk is defined in a compatible way
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with F on Ej  in Section E.1.5. By the same argument as in Section E.2.2 there are canonical
morphisms

(E.2.4.2) ik (Cp, F) —> (Qy,5(D)p, F),
together the commutative diagram

(E.2.4.3) (Q3 (D), F) —*— (C}, F)

| I

(Q3 (D), F) == (2 5(D)p, F).

By the argument in Section E.1.5, the morphism 7, induces a morphism of filtered regular
holonomic Dy -modules

(E244)  H"'DR™' ) - v (Ox, F) — DR Q% 5 (D)p, F)ln — 1],

where the source denotes the underlying filtered Dy -module of V¢ 1Qp x[n — 1] (and it will
be shown soon that the target is a filtered regular holonomic Dy -module). By Sections E.1.5
and E.2.2, it is enough to show that (E.2.4.4) is a filtered isomorphism. In fact, this implies that
the Hodge filtration on Q;( /s (D) p is the correct one. Moreover, we have the vanishing of

F" (DR 1) : DR™Y(QY (D), F)[n] — H"DR™Y(Cy, F) (k> 0),

by the compatibility with the transition morphism of the inductive system {(Cy, F)}r>0-
Hence DR™! ;. defines an extension class of filtered regular holonomic D-modules in

Ext'(DR™Y(Q% (D), F)[n], #¥" ' DR™Y(Cy, F)),

where DR™! (2% (D), F)[n] is isomorphic to the underlying filtered £D-modules of j«Qp i/ [1]
as is well known. So the assertion follows from the commutativity of the diagram (E.2.4.3)
if (E.2.4.4) is a filtered isomorphism.

By the argument in Section E.2.2, (E.2.4.4) is an isomorphism if F is forgotten. So the
source and the target of (E.2.4.4) have the common Q-structure V¢ 1Qx[n — 1]. Let W be
the monodromy filtration on ¥¢ 1Qx[n — 1] shifted by n — 1. The source of (E.2.4.4) with
this Q-structure and this weight filtration is the mixed Hodge module ¢ 1Qj x[n — 1] by
definition. By the construction in [32], the target with this Q-structure and this weight filtra-
tion belongs to MHW (X)) where the latter category consists of successive extensions of pure
Hodge modules without assuming any conditions on the extensions. Then (E.2.4.4) is a filtered
isomorphism by [28, Proposition 5.1.14]. So Theorem E.3 follows. |

E.2.5. Example. Assume
U=UxUyCX =P xP!,

with Uy, U, Zariski-open subsets of C C P!, and f : X — S = P! the second projection.
Let j; : Uy — P, Jj2 iUy — P! be the natural inclusions. We assume U, = C since the
assertion is only on a neighborhood of P = X x {oo}. We have

Rj«Cy = R(j1)+Cy, K R(j2)+Cp,, VYgRjxCy = R(j1)+Cy, W Cixy,

and hence
E¢Rj.Cul2] = R(j1)«Cy, [1] K E¢~Cyp,[1].
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Here g” is a local coordinate of P! at oo, and there is a non-splitting short exact sequence of
perverse sheaves on P!

0— (C{oo} — Eg//(CUZ[I] —_— R(jz)*(CUz[l] — 0.
In this case, we have

Ext! (R j«Cy[2], ¥¢ R jxCy[1]) = Hom(R (j1)+Cy, ® R(j1)«Cu,[~1], R(j1)«Cy,)
= H°(U,,C) @ H' (U1, C),

and one cannot prove the main theorems of Appendix E by using this extension group.
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