HODGE PROPERTIES OF AIRY MOMENTS

CLAUDE SABBAH AND JENG-DAW YU

ABSTRACT. We consider the complex analogues of symmetric power moments of cubic expo-
nential sums. These are symmetric powers of the classical Airy differential equation. We show
that their de Rham cohomologies underlie an arithmetic Hodge structure in the sense of
Anderson and we compute their Hodge numbers by means of the irregular Hodge filtration,
which is indexed by rational numbers, on their realizations as exponential mixed Hodge
structures. The main result is that all Hodge numbers are either zero or one.
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1. INTRODUCTION

Families of cubic exponential sums attached to the polynomial 3 + zz in = over finite
fields and their symmetric power moments over z (Airy moments) have been considered in
analogy with moments of Kloosterman sums for example, and much is already known about
the corresponding L functions (see [11, 12| and the references therein). For the analogous
moments of Kloosterman sums, a conjecture of Broadhurst and Roberts, concerning the precise
functional equations satisfied by the corresponding global L functions, has been proved in [7|
(except the exact local information at prime 2 when k is even). In such a case, a pure Nori
motive My, defined over Q is attached to the k-moments. One of the main arguments is to
prove that the associated Galois representation of My is potentially automorphic, which relies
on a theorem of Patrikis and Taylor [19], owing to the property proved in |7], that all nonzero
Hodge numbers of My, are equal to one.

For Airy moments, a strictly similar strategy to understand the Galois theoretic properties
of the corresponding motivic object My, is not possible, basically because My is not a Nori
motive, but an ulterior motive in the sense of Anderson [3|. Nevertheless, Hodge theory can
be developed in this context (arithmetic Hodge structure in the sense of Anderson), with the
caveat that the Hodge numbers A9 may occur for rational exponents p, q subject to p+q € Z.

A similar notion of Hodge structure, that we call a finite monodromic mized Hodge structure
as defined in Section 2, has been considered by Scherk and Steenbrink [34] when analyzing
the join of two mixed Hodge structures equipped with an automorphism of finite order. Al-
ready in [36], Steenbrink attached to the mixed Hodge structure on the nearby cycles and
vanishing cycles of a holomorphic function with an isolated singularity, a Hodge polynomial in
Z[tl/m, t_l/m], where m is the order of the semi-simple part of the monodromy. He conjectured
a behaviour of the Hodge polynomial under Thom-Sebastiani sums as modeled in [34], a con-
jecture which was proved by M. Saito [32] and later received a proof using motivic integration
in [10].

The complex analogue of the Airy k-moment is the k-th symmetric product Sym” Ai of
the Airy differential equation Ai on the affine line AL, defined by the classical Airy operator
02 — z. We regard Ai as a rank-two vector bundle on AL with a connection having oo as
its only singularity, which is irregular of slope 3/2 and has irregularity number equal to 3.
Therefore, Sym® Ai is regarded as a rank (k+1) vector bundle with connection on AL having a
singularity at infinity only. Contrary to the case of the Kloosterman connection, the de Rham
cohomology HéR(Al,Symk Ai) does not naturally underlie a mixed Hodge structure (again
reflecting the fact that My, is not classical). However, it is the de Rham fiber of an exponential
mixed Hodge structure with finite monodromy, hence underlies a finite monodromic mixed
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Hodge structure (see Section 5.c). As indicated above, such structures provide an alternative
approach to the arithmetic Hodge structures of Anderson, and they are more closely related
to exponential mixed Hodge structures defined by Kontsevich and Soibelman [15]. As in [7],
we recover the Q-indexed Hodge filtration of this finite monodromic mixed Hodge structure
as the irregular Hodge filtration on the de Rham fiber H}p (A', Sym* Ai). The main result
of this article is the computation of the corresponding irregular Hodge numbers, opening the
way to applying the results of Patrikis and Taylor on the arithmetic of the underlying ulterior
motive M.

Theorem 1.1. Let k be an integer > 2 and set k' = | (k — 1)/2|. Then the de Rham cohomol-
oqy HéR(Al, Sym” Ai) naturally underlies a finite monodromic mized Hodge structure and the
Hodge numbers hPY = dim gr¥. grmq H(llR(Al, Sym* Ai) are all equal to one for the following
(p,q) and vanish otherwise:

ekodd p+q=Fk+1andp=2%(k+2i), 1<i<k +1,

e 4| (k+2), p+q=Fk+1 and min{p,q} = 3(k+2i), 1 <i<k/2,

« 4| k and either p+q = k + 1 with min{p,q} = 1(k +2i), 1 < i < (K'—1)/2, or

p=a=(k+2)/2.

We are mostly interested in the middle de Rham cohomology, which is by definition the
image im[HéRc(Al, Sym* Ai) — Hig (Al, Sym” Ai)]. We show (Corollaries 5.14 and 5.21) that,
with respect to the finite monodromic mixed Hodge structure on HéR(Al, SymF Ai), it is equal
to the weight (k 4 1) subspace:

HiR mia(A', Sym® Ai) = Wi, Hig (A, Sym” Aj).

As a consequence of Theorem 1.1, the middle de Rham cohomology underlies a finite mon-
odromic pure Hodge structure, and the corresponding Hodge numbers coincide with those of
Hl (A', Sym* Ai) if 4 &, and are obtained by omitting the case p=q = (k +2)/2 if 4 | k.

Organization of the paper. The approach of the present article is much inspired from that
of [7] on moments of Kloosterman connections. Sections 2-5 consist of a review of known
properties of various tools that we use, together with complementary results in presence of an
action of the group i = @m Z/mZ. In Section 5, we emphasize the decomposition of a finite
monodromic exponential mixed Hodge structure (that we call a fi-exponential mixed Hodge
structure for short) into its classical and non-classical parts. While the former can be treated
with the same methods as in [7], the latter shows new Hodge-theoretic phenomena.

The main example of such an object is that attached to a regular function on AL x V' of the
form s™g (m > 2), where g : V — Al is a regular function on a smooth quasi-projective variety.
The corresponding non-classical fi-exponential mixed Hodge structure (Proposition 5.10) can
be expressed by means of the mixed Hodge structure of the covering of V . g~'(0) which is
cyclic of degree m and ramified along g~1(0). While this expression makes clear the ulterior
motivic origin of this finite monodromic mixed Hodge structure, it does not help for computing
Hodge numbers in Theorem 1.1. In order to handle the case of even k in the theorem,
we provide in Section 5.f an expression in terms of additive convolution with Kummer sheaves,
which reduces the computation to a local (monodromic) computation similar to that used for
the classical component modeled on that of |7].
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In Section 6 we provide Hodge-theoretic properties for the moments of the generalized
Airy equation of order n > 2 (the case n = 2 being our main concern), yielding the finite
monodromic mixed Hodge structure on the de Rham cohomologies of their symmetric powers
Sym”* Ai,, and an estimation of their weights. This is a variant of the techniques used in [7].

Once all these preliminaries are settled, the proof of Theorem 1.1 is achieved in Section 7.
As in loc. cit., we play with two expressions of the de Rham cohomology, one computed in
dimension one like H'(A!, SymF Ai) and the other one using the geometry of the function
s3 Zle(%xf’ — ;). The former provides in a simple way a basis of the de Rham cohomology
and an associated filtration which satisfies the conclusion of the theorem, and the latter relates
the computation of Hodge numbers to that of the corresponding irregular Hodge filtration on
a suitable blow-up of P¥*1. While the geometry is simple enough to enable us to conclude
the proof if k is odd by showing that the basis filtration is contained in the irregular Hodge
filtration, we need supplementary arguments to conclude in the case of even k, which occupies
Sections 7.d-7.g. Although the idea is similar to that of [7], we need here to make use of a
Hodge-theoretic inverse stationary phase formula, as we already did in [29], to recover enough
information on the Hodge filtration.

Acknowledgements. We thank Javier Fresan for useful conversations at the beginning of this
project. We thank the referee for useful comments and remarks on the first version of this
article.

2. FINITE MONODROMIC MIXED HODGE STRUCTURES

We review and adapt results of [34, p. 661|. Let u = 1£1m Z /mZ be the profinite completion
of the abelian group Z. Let Vect(Q) be the category of finite-dimensional Q-vector spaces
and let Vectﬁ(Q) denote the category consisting of a finite-dimensional Q-vector space Hq
together with an action of i through a finite quotient Z/mZ for some m. Equivalently, by
setting T' to be the action of the topological generator 1 € fi, an object of Vect?(Q) is a pair
(Hq,T) consisting of the space Hq together with an automorphism 7 of finite order. Each
group ring Q[Z/mZ] has the orthogonal decomposition

Q[Z/mZ] = e1Q[Z/mZ] ® ex1Q[Z/mZ]

where e; = % dez/ng is the projector into the invariant part and ex; = 1 — e, and the
decomposition is compatible with the quotient Z/m'Z — Z/mZ for m | m’. Correspondingly
for a given object (Hq,T') of Vect”(Q), there is a canonical decomposition in Vect"(Q)

(Hq,T) = (Hqa,1d) ® (Hq#1,T),

where T" has no non-trivial invariant in Hq 21. Let p,, C C* be the cyclic subgroup of order
m and gy, = g N {1}. In terms of the eigenvalue decomposition Hc = @c¢,,,, H¢ where
Hc = HQ® C and T = (Id on H¢, one has Hq; ® C = Hy and Hq 41 ® C = @Cemkn He.
Notice that H = H; /¢ under complex conjugation. Finally the category Vectﬁ(Q) is equipped
with its natural tensor structure.
Let MHS be the category of (graded polarizable) mixed Hodge structures (Hq, F*Hc, W.Hq).

We define the category MHS(12) of finite monodromic mized Hodge structures as the category
consisting of objects of MHS equipped with an action of i through the quotient Z/mZ for
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some m (equivalently, with an automorphism 7' of finite order as above). Morphisms are
morphisms of mixed Hodge structures compatible with the group action. In order to express
in a simple way the tensor product in this category, we consider the category MHSH of
fi-mixed Hodge structures. The objects of MHS? take the form ((HQ,T),FlA:HC,WPHQ),
where

« (Hq,T) is an object of Vect”(Q), so that Hq = Hq1 ® Hq,#1 and Hc = D¢, He:

. FEHC = 694 FEHC is an exhaustive decreasing filtration indexed by p € Q, and for

each ( = exp(—2mia) with a € (—1,0]NQ, the filtration FEHC jumps at most at Z —a;

. WPHQ =WEH, @ WﬁHﬂ is an exhaustive increasing filtration indexed by Z,

satisfying the following property: setting
ITPf{C = GD lzg_affc, pEZ,

(2.1) CEpm

WiHq = WI'Hy & W}

e+1H7é17

we impose that (Hq, F*Hc, W,Hq) is a (graded polarizable) mixed Hodge structure. Mor-
phisms are the natural ones. With the induced automorphism 7T, the latter becomes an object
of MHS(12).

Lemma 2.2. The natural functor MHSF — MHS(fi) defined by (2.1) is an equivalence of
categories. Any morphism in MHS* is bi-strict with respect to Fﬁ, WP

Proof. Let ((Hq, F*Hc,W.Hq),T) be an object of MHS(jz). We note that the Hodge filtra-
tion is compatible with the eigenvalue decomposition of Hc with respect to T', being stable
by T, and a similar property for the weight filtration, so that the correspondence given by

FEHC = FP"HcNHe (¢ =exp(—2mia), a € (—-1,0]NQ, p € Z — a),
W/ Hqu=WiHqN Ho1, W/ Hqz =WiiHqN Hoz

defines the desired quasi-inverse functor owing to the condition that (2.1) is a mixed Hodge

(2.3)

structure. The last statement follows from the similar one for MHS(1i). O
The integers ¢ such that gr}’vﬁ Hq # 0 are called the ji-weights of the object of MHSH,

Lemma 2.4 (Hodge symmetry and Hodge decomposition in MHS’A‘). Setting (gr}’vﬁ Hc)PtP=
grpFﬁ et} Hc (p € Q), we have the Hodge decomposition

(2.4 %) g He~ @ (grg‘i‘a Hc)P9.
p,acQ
p+q€Z

Furthermore, via the orthogonal decomposition ey +e1, each object ((Hq,T), Ff:Hc, WPHq)

in MHS# decomposes canonically as
((Hq.T),F;Hc,WI'Hq) = (Hq.T), F;Hc, WI'HQ)1 @ ((Hq,T), FyHe, W HQ) 41,
where the first term belongs to the category MHS.
Proof. Hodge symmetry on each (gr})’ Hq, F* gr}’ Hc) translates to
dimgr%ﬁ grgvﬁ He = dimgrgp grgvﬁ Hy, V(eC* peQ,lcZ.
The proof is then straightforward. O
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Notation 2.5. We denote the corresponding decomposition of MHSH as

MHS? = MHS @ MHsf;l,

and the component of an object on MHS is also called its classical component.

Remark 2.6.

(1) (The spectrum) If T" has order m, the Hodge polynomial

Z (dim gr%ﬁ Hc) - tP
peiz
was considered by Steenbrink [36] for the vanishing cycles of an isolated singularity of
a holomorphic function and, in the case of a quasi-homogeneous isolated singularity,
was compared to the Poincaré polynomial attached to the Newton filtration of the
Jacobian quotient of the singularity.

(2) (Relation with Anderson’s arithmetic Hodge structures) Anderson has defined in |3,

§6.1] the notion of arithmetic Hodge structure. We will omit his condition (6.1.5) for
the moment, which is related to the rational structure of the de Rham component of
the arithmetic Hodge structure. Any such structure is the direct sum of pure structures
of some integral weight. Then the notion of pure arithmetic Hodge structure (without
Condition (6.1.5) of loc. cit.) is related to that of a p-pure Hodge structure. Indeed,
assume that a finite-dimensional Q-vector space Hq with the decomposition

H=HqeC= @ HPI

p,aeQ
p+a=w

is a pure arithmetic Hodge structure of weight w € Z. There exists a minimal finite set
A C (—1,0] such that HP9 # 0 implies p € |J,c4(Z —a). Let us set A* = AN(-1,0).
Hodge symmetry implies A* = —1 — A*. For a € A and ¢ = exp(—2mwia), one can
define H¢ by summing the HP%’s with p € Z — a. Let Hy = @CE‘% H¢. Then, an
arithmetic Hodge structure (without Condition (6.1.5)) is a pure pi-Hodge structure if
and only if the decomposition H = H1® H, is defined over Q: indeed, one defines the
automorphism 7' as being equal to (Id on H¢, and the decomposition being defined
over Q is equivalent to 7" being defined over Q.

We recall the notation for the tensor product of filtrations (indexed by Q and decreasing,

say) (H',G') and (H",G"), see [37]:

(G/ % G//)n(H/ ® H”) — Z G/m (Hl) ® G//n2 (H”).

ni+n2=n

Definition 2.7. The tensor product

((H,T),F;H,WEH) = (H',T'), F;H' \WIH') @ (H",T"), FyH", WI'H")

is defined as usual by the formulas

(H,T)=(H @ H',T'"®T") (action of Z/(m'm")Z),
Ff:H = (FﬁHI*FﬁH")',
WEH = (WRH' « WHRH"),.



HODGE PROPERTIES OF AIRY MOMENTS 7

Proposition 2.8. The tensor product of two objects of MHSH is an object of MHSH, making
MHSH, and hence MHS(1i), an abelian tensor category. The forgetful functor MHS* — Vect!
s a tensor functor.

Proof. To check the first assertion, it is enough to check that the two filtrations F' and W on
the tensor product deduced from Fj; and W correspond to Scherk-Steenbrink’s definition of
the join [34, p.661], and to use the results therein. We have

(2.9) Ho= @ HL®H[, and WiH;= @ > (W/H.,oWFHL),
Cer=¢ Ce=¢ itk
where the sum over 4, j is taken in H/, @ H/).
« If (=1, (2.9) reads
WiHy = Y (WH| @ W;H{) & ® > (WiHL @ WHY,.).
itj=k C#Ligjmk—2
« If ( #1, (2.9) reads
WioiHe = > [(WiH{ @ W;H!) & (W;H, o W;H)] & @& Y. WiHlL @ W;H.
itj=k—1 ¢ FL iy j—k—2
CI(//:C
Therefore, (2.9) reads
WiH = @ > WiHl @ W;H[,,
¢ g
where the summation is taken over all 7, j such that
k if('=1or (" =1,
i+j=Kk—2 if"=1/ #1,
kE—1 if¢’#1,¢" #1,and {'/¢" # 1.
This corresponds to the formula of loc. cit., up to an obvious typo there.! The proof for F* is
similar: the formula of loc. cit. is

FPH = @ > F'Hy® F'He,
¢ ke
¢C=¢
where the sum is taken over pairs k,¢ such that, setting ¢’ = exp(—2mia’) and (" =
exp(—2mia”) with o', a” € (—1,0],
k44 if ' +a" € (—1,0],
p =
k+0+1 ifd+ad" €(-2,-1].
Let us set a € (—1, 0] satisfy
a +ad" if a’ +d"” € (-1,0],
ad+d +1 ifd+d e (-2 -1].
Then we have in any case p —a = (k —a') + (¢ — a”), as wanted. One can also check that the

decomposition (2.4 x) behaves well by tensor product. O

1One should replace the condition a = b = 0 with a or b = 0.
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3. PERVERSE SHEAVES ON THE AFFINE LINE

Notation 3.1. We will often use the following diagram involving the affine line (whose coor-
dinate may take various names):

(0} <5 Al LG

3.a. k-Perverse sheaves. We equip the affine line Al (coordinate 6) with its analytic struc-
ture, which we denote by Al®". However, for the sake of simplicity, we simply denote it by Alg
or Al in this section.

We refer to [14, Chap.2| for details on the next results. Let Vect(k) be the category of
k-vector spaces for some fixed field k, and let Perv(k) be the category of perverse sheaves
on Al of k-vector spaces. The field k being fixed, we simply write Vect, Perv. The additive
convolution product * on Perv does not take values in Perv. However, let Pervy be the full
subcategory of Perv whose objects consist of perverse sheaves with zero global cohomology. It is
equipped with a tensor structure given by x and there is a natural projector II : Perv — Pervg
given by the additive convolution with jikg, . There is a functorial morphism F — II(F) in
Perv whose kernel and cokernel are constant perverse sheaves. For a perverse sheaf F on Ale,
we denote by Py F, resp. PpyF, the space of nearby, resp. vanishing, cycles at 8 = 0, equipped
with its monodromy operator. The functor P¢y decomposes with respect to eigenvalues of the
semi-simple part of the monodromy as ¢y 1 @ Ppg 1 where the second subscripts indicate the
range of the eigenvalues. The two components behave differently when extended to mixed
Hodge modules, and we have P¢g 41 = Pig 1.

The topological Fourier (or Laplace) transformations FT4, for which we refer to [17, §VI.2]
and [25, §1.b|, transform objects of Pervy to perverse sheaves on another copy of Al, with
coordinate 7, say, of the form Rj,£[1] for some local system £ on Gy,,. However, the datum
of the perverse sheaf Rj,L1[1] = FTL(¥F) is in general not enough to recover &, as Stokes
data for Rj.L+[1] at infinity on AL are missing in this description. The case of monodromic
perverse sheaves is simpler, as shown by Lemma 3.2 below, where FT is either the + or the —
Fourier transformation, and FT™! is respectively the — or the 4+ Fourier transformation. For
F1,F2 in Pervg, we have j71 FT(F « Fo)[~1] ~ L1 ® L. Taking the fiber at 1 of (FT F)[—1]

is a fiber functor for the Tannakian category Pervg.

3.b. Monodromic perverse sheaves. Let Pervy'®" be the full subcategory of Pervy consist-
ing of perverse sheaves F in Pervg whose shifted restriction j71F[—1] to Gy, is a local system.
It is a tensor subcategory of Pervy. The following is standard.

Lemma 3.2.
(1) The shifted restriction functor j=1(+)[~1] induces an equivalence of categories

mon

Perv(® — (local systems on Gy, ),

with ji(e)[1] as a quasi-inverse.

(2) The vanishing cycle functor P¢g at @ = 0 induces an equivalence between Pervi® and
the category consisting of pairs (V,T) of a finite-dimensional vector space equipped with
an automorphism. This equivalence respects the tensor structures on both categories.
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(3) The functor 71 o FT(s)[—1] induces an equivalence

Perv(™™™ — (local systems on Gy, ),

with quasi-inverse being given by FT 1 oRj.(+)[1]. By this equivalence, the additive
convolution product corresponds to the tensor product of local systems.

Proof. Let us only indicate the proof of (2). We can equivalently realize the category of pairs
(V,T) as the category of local systems £ of finite-dimensional k-vector spaces on Gp,. Then
we have a diagram of equivalences
j_l (') [_ 1] ~ .
Pervg'®" ——————— (local systems on Gy, ) +—— (pairs (V,T)). O
Ji(+)[1]
"¢o

One can identify non canonically the fiber at 1 of (FT F)[—1] with the vector space under-
lying P¢pF by the following standard lemma (according to the definition of topological Fourier
transformation).

Lemma 3.3. Let F be a perverse sheaf on the neighbourhood of a closed disc A with no
singularity on OA, and let A0 be the union of the open disc A and a nonempty open interval
in its boundary. Then Y dimPgy_g,F = dimHL(A>,F), where the sum is taken over all
singular points 0; of F in A. O

Remark 3.4. For an object F of Pervy®", the canonical morphism can : P9 — PppJ from
the space of nearby cycles is an isomorphism (because of 3.2(1)), so we can replace ¢y with
Php. However, in order to have compatibility with the tensor structures in 3.2(2), the functor
Py is more convenient.

3.c. Constant perverse sheaves. The full subcategory PervS™ of Perv*®® consists of objects

of Pervg that are constant on Gy,. These are the perverse sheaves isomorphic to jikg, [1] for
some 7 > 0. The restricted Fourier transformation j~' o FT sends jikg,_[1] to kg_[1].

Lemma 3.5. The functors
g = Pg1 : Pervg™ — Vect  and Tloi : Vect — Perv(™
are mutually inverse equivalences of tensor categories. O

3.d. Finite monodromic perverse sheaves. Let Pervg denote the full tensor subcategory
of Pervi®® consisting of objects F for which there exists a cyclic covering [m] : A ~— A} of
degree m > 1, written in coordinates as 6, — 0 = (6,,)™, such that the pullback [m]~'F
is an object of Pervi™. An object in Pervg is called a finite monodromic perverse sheaf.

By specializing Lemma 3.2, we obtain the following.

Lemma 3.6. The functor
P : Pervg — Vect”

18 an equivalence of tensor categories.
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Proof. We give details on this proof, as a similar argument will be used for exponential mixed
Hodge structures (see Proposition 5.2). By the equivalence of Lemma 3.2(1), we can replace
Pervg with the category of local systems £ on Gy, with finite monodromy, and by Remark
3.4, the functor to Vect” is given, on a local system £ such that [m]~'L is constant, by
L+ (T(Gy, [m]71L), G), where the action of G = Z/mZ is that of the Galois group of the
covering [m] : Gy, — Gy

Conversely, given (V,G) in Vect” where G = Z/mZ, we define a local system £ with
finite monodromy as follows. Let (V,G) be the constant local system on G, with stalk V'
and the induced G-action. The local system [m].V is equipped with the induced G-action
and the Galois G-action. Then £ is defined as the invariant subsheaf under the action of
{(g7',9) | g € G}. One checks that both functors are quasi-inverse to each other by using the
property that, given (V,G) as above, and equipping k" with the action of G induced by the
cyclic permutation of the standard basis vectors, then if one equips V ® k" with its natural
G x G-action, (V, Q) is isomorphic to (V ® k™) equipped with the induced G-action, where
inv means invariants under the {(¢71, g) | g € G}-action.

One can then express a quasi-inverse functor of the functor ¢y of the lemma as follows.
Given (V, @) in Vect”, one first associates with it the object of Perv®® with G-action defined
by (II(#/V'),G), and then the object F of Pervg defined as ([m].I1(7,V))™, with the same

meaning as above for inv. U
Remark 3.7. Let [m] : Ay, — A! be as above. If F = j,L[1] belongs to Pervy®"(A!), then
[m]~'F = [m) "' L[] = G ([m] L)1)

also belongs to Pervglon(Alem). For an object J in Pervg such that [m]~'F belongs to Perv™,

we can identify P¢ppF with the vector space P¢y,, 1 [m]~'F. The monodromy on the latter space
is the identity, but one recovers the action of the monodromy on P¢eJF by means of the action
of the group of the covering. The drawback with the functor F + Pgg 1 ([m]~1F) is that it
is a priori not compatible with the tensor structures. On the other hand, the drawback with
the functor P¢y of Lemma 3.6 is seen when extending it to mixed Hodge modules. Namely,
the part Pgg 41 shifts the weights and makes P¢y not compatible with tensor product when
considering weights. This is the reason for the definition of Section 2.

4. EXPONENTIAL MIXED HODGE STRUCTURES

In this section, we recall the construction due to Kontsevich and Soibelman [15, §4] of
the exponential mixed Hodge structures HZ (U, f) and H*(U, f) attached to a regular function
f:U — Al on a smooth quasi-projective variety U. We emphasize the weight properties in
Proposition 4.7, together with the pure part H? .. (U, f).

mid
4.a. A review of exponential mixed Hodge structures. By the Riemann-Hilbert corre-
spondence, the definitions of Pervg and of the functor IT can be translated to regular holonomic
PDpi-modules, and, according to [15, §4| both can be lifted in a compatible way to the cat-
egory MHM(Ale) of mixed Hodge modules on Ale. This gives rise to the category EMHS of
exponential mixed Hodge structures, which is a full subcategory of l\/IHl\/I(Ale)7 and there is
a projector II : MHM(AL) — EMHS, which is an exact functor, together with a functo-
rial morphism N — II(N") in MHM(A}) whose kernel and cokernel are constant mixed
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Hodge modules. Each object of EMHS has a perverse realization in Pervy and the projector
IT : MHM(AL) — EMHS realizes as II : Perv — Pervq of Section 3. Each object of EMHS is
equipped with a weight filtration in EMHS, defined from that in MHM(AIQ) by the formula

WMESTI(N) = I(W,N)

for any mixed Hodge module N¥ on A%. The category EMHS is equipped with a tensor
product, induced by the additive convolution on Alg. This product is strictly compatible with
the weight filtration WM, (See loc. cit., or |7, §A.3| for more details.)

The unit in EMHS is IT o 4i;(Q™), which is pure of weight zero as an object of EMHS. Note
that, since pQ(H;mﬂe = ng,g[l} corresponds to the constant variation of Hodge structure of
weight zero on Gy, g, it has weight one as an object of MHM(Gy, ) and therefore IToyi1(Q") =
ijpQEm’g is mixed of weights < 1 in MHM(AL).

Let N™ be an object of MHM(A}) such that its underlying @Ab—module N has semi-simple
monodromy at the origin. The mixed Hodge structure z¢g(N™), as defined by Saito |30, 31],
has a weight filtration W, and a Hodge filtration F'* obtained from that of N as follows (for the
weight filtration, we use that the monodromy is semi-simple). We recall that both ¢ 1N and
g +1 N are obtained by grading N with respect to its Kashiwara-Malgrange filtration, so that
it is meaningful to speak of a filtration (weight or Hodge) on these vector spaces induced by
a filtration (weight or Hodge) on N.

. F'lﬂgﬁglN is induced by F*N and W,(wg’?glN) = 1/)97¢1(W.+1N) = lﬁgﬁél(W.[—l]N),
« F*¢p 1N is induced by F*IN = F*[—1]N and W,(¢g1N) = ¢g1(W.N).

Remark 4.1. Even if N¥ = II(N") belongs to EMHS, the weight filtrations W,N and
WEMHS N may differ, as already seen for g jgpQEm’g. However, they induce the same filtra-
tion on ¢y 1 N and g 1 N. Indeed, for any /, the kernel and cokernel of the natural morphism
WyN — WFMISN are constant on A}, hence their vanishing cycle space P¢g = Py 1 B Py 21

is zero. Therefore, in the definition above, we can replace W, with WEMHS and we regard ¢y
as a functor EMHS — MHS.

4.b. Weight and irregular Hodge filtrations on the de Rham fiber. We recall here
the general framework, for which we refer e.g. to [29, Chap. 3]. We denote by 0 the variable
which is Fourier dual to 6. Let N™ be a mixed Hodge module on AL, with (N, F*N,W,N) as
the underlying bifiltered C[0](0p)-module and (F, W,F) as the underlying filtered Q-perverse
sheaf.

~

Weight filtration. Fourier transformation sends these data to a filtered C[0](0;)-module
(FTo N,W,FTy N), with W,FTy N := FT W,N, corresponding, via the de Rham functor, to
the filtered perverse sheaf (FTy F, W, FT F) on Aléfm already considered in Section 3. Restrict-
ing FTy N, resp. FTy F, to h=1 yields the de Rham fiber H}iR(Ala, N ® E(’), resp. the Betti
fiber (FTy F)1, which is a finite-dimensional vector space over C resp. Q. Moreover, additive
convolution x on C[0](dp)-modules induces tensor product of de Rham fibers. By exactness
of the de Rham fiber functor, which follows from exactness of FTy and the C[é\, 5*1]—freeness
of j7FTy N, the natural morphism

Hig (A, W.N ® E) — Hig (A, N @ E?)
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is injective and its image is a filtration W,H (AL, N ® E?). Moreover, W,N™ and WEMH1S N
have the same de Rham resp. Betti image (same argument as for P¢y in Remark 4.1). We thus
have a tensor product behavior of the W-filtration analogous to that occurring in Defini-
tion 2.7:

W HIR (AL, (N« N") @ E%) ~ W, Hiz (AL, N' @ E%) @ W, Hiz (AL, N @ EY).

Irregular Hodge filtration. On the other hand, the Hodge filtration F*N gives rise to the
Deligne filtration F} (N ® E?) (see [26, §6]), which is indexed by Z — A for some finite subset
A C [0,1) N Q. The natural morphism

H' (A, e DR(N ® E%)) — Hip (A, N ® E?)
is injective (see loc. cit.). Its image is denoted by F Hlp(AL N ® EY). The filtration
e Hlp (AL, N ® E%) behaves like in Definition 2.7 by additive convolution (see 27, Th. 3.39]).

Proposition 4.2 ([7, Prop.A.10]). The functor N* — (Hig(A), N @ E?),F: ., W,) from
MHM(AY) to bifiltered vector spaces factors through Iy and any morphism in MHM(A}) (or in

EMHS ) yields a strictly bifiltered morphism. O

4.c. Object of EMHS associated with a regular function. We start by considering a geo-
metric situation, that we will reduce to a question on mixed Hodge modules on Al by taking
a suitable pushforward. We recall the notation of [7, §A.5].

Let f: U — Alg be a regular function on a smooth complex quasi-projective variety U
of dimension d 4+ 1 and let "Q} denote the constant pure Hodge module of rank one and
weight d + 1 on U, with associated Zp-module (0, d) and associated perverse sheaf "Qp =
Quen[d + 1]. For each r € Z, we consider the mixed Hodge modules in MHM(A})

QL =" AQY, (CQUT = AT T QY
They define objects
(4.3) H'(U, f) =Te(("Qy)%) and  H(U, f) = e(("Qp)T)
of EMHS, and we set
mid(U, f) = 1m[H{(U, f) — H"(U, f)] = im[I(("Qp)T) — Wo(("Qp)%)]-
More generally, let N7 be a mixed Hodge module on U. We define similarly

(4.4) (N = A7 NG, (NB)Y = 74 W fiNE,
and
(4.5) H"(U, Ny, f) = p((Np)i) and  H(U, Ny, f)e = g ((Ngp)i)-

Then we set

mid (U, Ni, f) = im[H (U, f) — H' (U, Nfj, f)] = im[Ig((Ng7)7) — Ha((Ng7)5)]-
Remark 4.6. By definition, the de Rham fiber Hyp (U, N{j, f), resp. Hig (U, NfJ, f), is equal
to Hig (Ay, (Ny)f @ E?), resp. Hig (A}, (Np)L @ E?), and Hig o (U, NiJ, f) is the image of
the former to the latter. Under the isomorphism

Hig 2 (U, N§, f) = Hag o (U, Ny ® EY) (7 = @, ¢, mid),
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the irregular Hodge filtration on the de Rham fiber of H5(U, N, f) € EMHS is identified
with the irregular Hodge filtration Fi;rHQRR(U, Ny @ ET) of the right-hand side, computed by
means of a compactification of f as a map U — P!, and the structure morphism of U (see [28,
Th.1.3(4)] and [7, (A.16) & (A.17)]).

The following weight properties are obtained in a way similar to that of |7, Prop. A.19].

Proposition 4.7. Assume that Nj; is pure of weight w + 1. Then the exponential mized
Hodge structure HI1(U, Ni;, f) is mized of weights < w + 1, H*(U, Nij, f) is mized of
weights > w + 1, and Hﬁ:{(}(U, Nij, f) is pure of weight w + 1. Moreover, if N{; is self-dual,
i.e., DNJj(—w — 1) ~ N}, the following properties are equivalent:
(1) the natural morphism grly, , HFYW(U, N, f) — grlv,  HYY(U, N1, f) is an isomor-
phism,
(2) the equality Hf;irdl(U, N, f) = Wy HPP YU, NE, f) holds. O

5. FINITE MONODROMIC EXPONENTIAL MIXED HODGE STRUCTURES

This section continues Section 4 in the case where U takes the form AL x V and f = s™g
for some m > 1 and some regular function g : V' — Al. We first define the category EMHS# of
finite monodromic exponential mixed Hodge structure. Then, in this particular case, H}(U, f)
(? = ¢, 9, mid) is an object of EMHS". We make explicit in geometric terms its classical and
non-classical components (Proposition 5.10). The case where g is moreover assumed to be
tame is considered in Section 5.e, where the main objective is to provide tools for computing
the irregular Hodge filtration on the corresponding de Rham cohomologies: for the classical
component, Corollary 5.21 enables us to directly use results of |7, App.|, while for the non-
classical component, the main tool is provided by Corollary 5.28.

5.a. Constant exponential mixed Hodge structures. Let EMHS®" be the full subcat-
egory of EMHS consisting of objects whose associated Q-perverse sheaf belongs to Perv§™®.
Since constant mixed Hodge modules on Gy, are exactly those mixed Hodge modules whose
associated perverse sheaf is constant (see [37, Th.4.20]), we can as well define EMHS®" as the
full subcategory of EMHS consisting of objects whose restriction to Gy, is a constant mixed

Hodge module.
Lemma 5.1. The functors
ue1 : EMHS®" — MHS  and T o i) : MHS — EMHS®"

are mutually quasi-inverse equivalences of tensor categories strictly compatible with weight
filtrations.

Proof. It follows from Lemma 3.5 that EMHS®" is the essential image of ITo i). The remaining
statements were already observed in [7, Lem. A.12]. O

5.b. The pure Hodge module E! . Before introducing the category EMHS”, let us con-
sider an example. We keep the notation of Section 3.d. Let m be an integer > 2 and let
[m] :A}gm — Al denote the cyclic ramification of order m defined by 6, — 6 = 7. Let
plee be the pure Hodge module of weight 1 on Alem (equivalently, the constant polarized
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variation of Hodge structure of weight 0 on Al ). The pushforward H[m]*ple decomposes
m Om

as the direct sum
ulml:"Qy  ="Qp G By,

of two pure Hodge modules of weight 1 on Al'. We have E¥ = .7, 4j*EX. Moreover, the
underlying Z-module j*E,, is Og,, -free of rank m—1. The Hodge filtration satisfies gri. E,,, = 0
for p # 0. The Q-local system [m].Q Al decomposes as Q AL © Em. We identify the space
of multi-valued global sections of &,, with the hyperplane of Q™ = [m].Q - (1} defined by
“sum of entries equal to zero”, on which the monodromy 6 — €271
induced by the cyclic permutation of the basis vectors of Q™.

Since no eigenvalue of the monodromy on &,, is equal to 1, the natural morphisms

acts as the automorphism

are isomorphisms. Lastly, the space of nearby cycles y1g 1 E;, is a pure Hodge structure of
rank m — 1 and of weight 0, with grf. e 4 EE =0 if p # 0.

The pure Hodge module E}, decomposes as a direct sum of pure complex Hodge modules K é‘
of rank one, indexed by the m-th roots of unity ¢ distinct from 1, where the monodromy acts
by multiplication by (.

On the other hand, we regard EF, as IT(y[m]. plegm) since H(plee) = 0, and this object is

exponentially pure of weight one.

5.c. Finite monodromic exponential mixed Hodge structures. We denote by EMHS#
the full subcategory of EMHS consisting of objects N¥ such that H(H[m]*NH) belongs to
EMHS®* for some finite ramified cyclic covering [m] : Alem — A}g. Equivalently, the pullback
by [m] : G p,, = Gm,e of the flat bundle j*NV is constant on Gy, g,

On EMHS#, the functor ntbe 41 takes values in MHS(jz) by its very definition (see [31]),
where the notation MHS(i) is explained in Section 2. Composing ytg 1 with the equivalence
defined by (2.3) gives rise to a functor

wtlly 4y« EMHSF —s MHSE

For example, for m > 2, EF, has pure (exponential) weight one and H?j)g #1E,‘§L has also pure
p-weight equal to one.
The vanishing cycle functor ¢y 1 is not affected by this modification in the presence of the

p-action, and the sum of both is denoted by H(;Sg
Proposition 5.2. The functor
w = (1o & wdf 4) : EMHS? — MHSP
1s an equivalence of tensor categories which is strictly compatible with weights.

As a consequence, there is a decomposition EMHS# = EMHS®! ¢ EM HS’;fél corresponding
to the decomposition of Notation 2.5.

Definition 5.3 (Classical component). For an object N¥ of EI\/IHSﬁ, its classical component
N € EMHS®" corresponds to the mixed Hodge structure y¢g 1 N™. It is a direct summand
of N¥ in EMHS*.
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Proof of Proposition 5.2. We mimic the definition in the proof of Lemma 3.6 to construct a
quasi-inverse functor. Let (VH,G) be an object of MHS(11), with G = Z/mZ. We associate
with it the object

() (T V1)) ™,

where inv means the invariant submodule with respect to the action of G~ x G’. The proof
of the equivalence property is then similar to that of loc. cit. That Hqﬁg is compatible with the
tensor product of each category is similar to [34, Th. (8.11)],? and can also be deduced from
the more general result [18, Th.1.2]. O

Remark 5.4. For an object N¥ of EMHS’;Q1 (i.e., having a classical component equal to zero),
we have WPMISNH — W NH since the underlying C[0](Jg)-module N does not have any
constant sub-quotient. Together with Remark 4.1, we conclude that the same property holds
for objects of EMHS”. From Propositions 2.8 and 5.2 we conclude that the weight filtration
satisfies

WK(N/H *NIIH) _ Z WiN/H % Wg,iNHH, N/H7 N™ ¢ EMHSﬁ.
%

In particular, if N, N are pure of respective weights w’, w”, then their convolution product
is pure of weight w’ + w”.

Proposition 5.5. Let N¥ be an object of EMHSH and let (gbg(N), F;:, WP) denote the bifiltered
vector space underlying the associated ji-mized Hodge structure Hqﬁg(NH). Then there exists a

functorial bifiltered isomorphism

(6 (N), F, WE) =~ (Hig(Ah, N ® E?), Fy,, W)

1rr?
compatible with tensor products.
Proof. Compatibility with tensor products follows from Propositions 4.2 and 5.2. In order to
prove the existence of a bifiltered isomorphism, we can decompose N as N & Nil. The case
of N has been explained in [7, Prop. B.5]. We only consider the case of N;‘l. By grading with
respect to W,, we can assume it is pure and we are left with comparing the Hodge filtrations.
We apply the results explained in [29, §5]. Since the monodromy of Nx; around 6 = 0 does

not have eigenvalue one, and since N is monodromic, the same property holds at 6 = oo,
and Formula (7) in loc. cit. shows that, for a € (0,1) and ¢’ = exp(—2mia), we have

dim grf"* Hip (A, N ® E°) = dim grf, ¢y g,/ N.
Let us set ( = ¢'~! = exp(—2mia) with @ = —a € (—1,0). Since N7, is monodromic, we have
dim grly, ¥y /9, N = dim gry, g ¢ N,
according to the computation of [33, Th.2.2|. The right-hand side equals dim gr%;a o, cN,

according to (2.1), that is, dim gr%;a Vg, cN, as was to be proved. O

2We can apply loc. cit. since the monodromy is finite, hence semi-simple, see [4, Rem. 6.6(ii)].
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Remark 5.6 (Hodge symmetry in EM HSﬁ). According to Remark 2.4 and Proposition 5.5,
we have, for N € EMHS#,
gWHIR(A), N® B ~ @ [erV Hig (AL, N © E%)P9,

P.9€Q
p+q€Z

dim[gr" Hip (Ah, N ® E?)P9 = dim[gr" Higp (A, N @ E?)|*?, p,qeQ, p+qeZ

5.d. Object of EMHS” associated with the function s™g. In this section, we assume
U = AL x V with dimV = d and f = s™g for some regular function g : V — Al and some
m > 1. We furthermore assume that Njj = Q] X M} for some mixed Hodge module My
on V. We prove a property analogous to that of f7, Th. A.24].

Proposition 5.7. Under these assumptions, for 7 = &, c,mid and for every r, the exponential
miazed Hodge structure H5(U, N{j, s™g) as defined by (4.5) is an object of EMHSH.

Proof. 1t is a matter of proving that (N{;)} and (Nj){ of (4.4), when restricted to Gy, g,
have no singular point and have finite monodromy. By factoring f as (s"7) o (Id xg) and
taking first pushforward by Id x g, we are reduced to the case where V = Al g = Id and we
replace N{; with a mixed Hodge module N" = pleg X M*™ for some mixed Hodge module M™
on Al. In such a way, we are reduced to proving that the underlying .@Ale -modules N and
N]" have no singular point and finite monodromy on Gy, 9. A duality argument also shows
that it is enough to consider N]. Moreover, by factoring through s — ¢t = s, we are reduced
to considering the pushforward by f = t7 of K¢ X M, where K is the rank-one C[t](0;)-
module corresponding to the Kummer sheaf with eigenvalue ( satisfying (" = 1, and M is
any regular holonomic C[t](d;)-module on Al. Note that, if M is supported at 7 = 0, the
pushforward is supported at # = 0 and the assertion is trivially satisfied. We can thus assume
that M = j, it M.

If ¢ =1, so that K¢ = Oy, the assertion has been obtained in the proof of [7, Th. A.24(1)].
If ¢ # 1, we are reduced to proving that the multiplicative convolution of j* K¢ with j+*M has
no singular point on Gy, g and has finite monodromy. We identify G, ¢ X Gy » with Gy, 9 X G 7
by the change of variable 6 = ¢7, so that the map f is the first projection. Then j* KX j+tM
is identified with j*K¢ X (j7KY ® j©M) and its r-th pushforward by the first projection is
equal to (K¢)%, with d, = dim Hyg (G, j T KY © 5+ M). O
Remark 5.8. If one replaces Al with Gm,s in Proposition 5.7, ie., U = Gp,s x V,

then, by [7, Th.A.24(2)] for ¢ = 1 and the same argument for ( # 1, one obtains that
H}(Gm,s x V. N{, f) belongs to EMHS.

According to the decomposition EM HS# = EMHS® ¢ EM HS’;I, we have a decomposition,
for 7 = @, ¢, mid and for every r € N,
Hy(U, N7, s™g) = Hy (U, Nij, s™g)a @ Hy (U, Ni7, s g) 21

We will make more explicit the terms of this decomposition. We start with a preliminary
result. We set (there should be no confusion with Notation 3.1)

o =g H0), i:/—V and j:V*=Vo—V

and we denote similarly the corresponding inclusions from D := AL x & to U = AL x V.
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Lemma 5.9. Assume that My is supported on <. Then, for all r,
H5(U, N7, s™g) = Hy(U, N{j, 8™ g) el =~ H’;(A& X V,pQA% X M) in MHS ~ EMHS®".
In particular, these objects are independent of m.

Proof. The assumption implies that My} = yi, M, for some object MY, of MHM(.e7), according

to the equivalence [31, (4.2.4)]. Then, denoting by a the structure morphism, we have, for
7=

wfr NG 2= ufr Hi*(ples X M) ~ HaAltx.p{,?(plet X Mgy) ~ HaAlth,?(pQXIt X My),
in MHM(AL), and the result follows. O

In order to handle the general case, let us define V¥ so as to make Cartesian the following
diagram:

[mlv

vy —V
ng{ Lg
[m]
Gm,a — Gm,T

where the lower horizontal arrow is defined by [m|(¢) = ¢™. Then [m]y : V} — V* is a cover-
ing and V) is smooth. Let us set M{}. = xj*M;} and let M;}. denote the pullback x[m], M7)..

m

We recover M. as the pip,-invariant subobject M} = (u[m]v« Ml )*™ in MHM(V*).

Proposition 5.10. With the above notation and assumptions, for 7 = &, c, mid and every r,
we have the identifications

s pm 5
(5.10 %) H;(U, Ny, s™g) 41 ~ [Hl(Al, m]) ® H; 1(Vm,M“}%)] € EMHSE ,

where y, acts diagonally. If moreover My has no submodule, resp. quotient, supported on <,
then

H™ (U, Ny, s™¢)e ~ H YU, " (i wi' Ni)),
(5,10 4) { (U, Ny, s"g)a ( (nix i N{7))

. m 1 e in MHS ~ EMHS®*,
resp. Hy(U, Ny, s™g)a ~ Hi P (U, A7 (wiv wi* NT)),

and so

(5.10 #0xx) H3(U, Ny, s"g)a ~ H5(U, Ny, sg),

which is independent of m.

Proof. By definition, for 2’ € V¥, we have g, ()™ =g([m]v (2’)). We consider the isomorphism
e AL x VT AL« vE (8 2)) — (5 /gm(2)), ).

Let us set f,, = f o (Id x[m]y) : AL x V* — Al. We have

fm(s,2") = s - g([m]y (2')) = (s - gm(2’)™ and  fr 0 p(s',2") = 5™
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As a consequence, we find in MHM(AL), for each r:
AT QY B ML) = [ (o fins (CQY B M;%))}
S .
A ((fn 0 9). QY B M)
B I’I‘TVL
C%prfdfl (H(Slm)*(plel X M&;))]
[ spr—d—1 /my (PyH H Hm
o [ AT (™) Q) © ()]

where a,, is the structure morphism of V. Note that, on the first line, the action of p,, is
due to the ramification [m]y only while, on the next lines, owing to ¢, the action is due to the
ramification (s',2') — (8™, [m]y (). Since x(s™).(" Xl,) = %OH(s/m)*(plel), we deduce

Hm

12

1

%T_d_le*(pQXL X j M) =~ [%OH(SI )*(ple,) ®H I(Vm’ Mg’;)} .

After applying ITp, since Ty (%4 (s"™).("Q}y )) =H'(A', [m]) =H' (A", [m]) 41, we obtain that
H" (Ua (pQX}Q X ]*M\}/I*)a Smg) =H" (U7 (ples I ]*Mg*)7 Smg)?ﬂ

(5.11) = (1 (A, [m]) @ 1 (Vi M35 ) |

Arguing similarly with yjiM{l., we find

H" (Ua (ples X j!M\}/I*)a Smg) =H (Ua (ples X j!MS*)a Smg)751

(5.12) ~ (1A ) @ 1 (Vi )]

Owing to the exact sequences in MHM(V):
0 — A0 (i i M) — ME — 4 ME, — S (i i’ ME) — 0,
0 — S (i wi* M) — wit Mt — MY — 9 (yis ni* M{}) — 0,

(5.10 ) follows from Lemma 5.9 together with (5.11) resp. (5.12).

The assumption of the second part of the proposition implies that the above exact sequences
are respectively short exact sequences, and we obtain (5.10%x) according to Lemma 5.9 and
to the first equality in (5.11) resp. (5.12). The last statement (5.10x#x%%) only expresses the
independence of m in the right-hand side of (5.10 %x). O

Assume for example that M{} = "QJ, so that Ny = "Qp}. Since D("Qp)) ~ "Qp(d + 1)
and Dgily qi* =~ gix Hi!D, we obtain the identification in MHS:

H' (U, s™g)a = H22 7 (U, i yi* Q)Y (—d — 1) = (H2277(D, Q)" (~d — 1).

Let MHM(Q(e?™/™)) be the category of Q(e*™/™)-mixed Hodge modules, that is, where
we extend the coefficients of the perverse sheaf components to the field Q(e?™/™). Let
EMHSﬁ(Q(e%i/m)) be the corresponding category of Q(e2™/™)-exponential mixed Hodge
structures. In EMHSH(Q(e2™/™)), we can decompose E into rank-one objects (Kummer
sheaves):

E,~ @ K&

Ceﬂm\{l}

H
m
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Then we obtain an identification in EMHSE(Q(e?™/™)):

(5.13) MU s"gm= @ (Ko (Vi Kl ,)).
CEpm~{1}
Corollary 5.14. For any m > 1, we have, in EMHS‘;él ~ MHS‘;l,
Hot i (U, s™g) 1 = War H (U, 5™ g) 41

Proof. By using Formula (5.10 %) with M{} = "Q}, which has pure weight d, the assertion
reduces to

Hiia(Vin, Q) = WaH'(V,;,, Q).
which amounts to the property that gr!’ HI(V,:, Q) — gr¥ H4(V;%, Q) is bijective. Let X
be a good compactification of V;*. Since the mixed Hodge structure HY(V,*, Q) has weights
> d and WyHY(V, Q) = im[HY(X,Q) — HY(V%, Q)] (see [20, Prop.4.20]), it follows that
HY(X,Q) — grV HY(V;%, Q) is an isomorphism. Dually, gr!¥ H(V,:, Q) — H4(X,Q) is an
isomorphism. Since the canonical map H¢(V;%, Q) — H%(V;%, Q) factors through HY(X, Q),
the assertion follows. 0

5.c. The case of a tame function g¢. In order to extend Corollary 5.14 to EMHS®*
(see Corollary 5.21), we assume that V is the affine space A? (so that U = A%*!) and
that ¢ is a cohomologically tame function on V in the sense of [22] (e.g. ¢ is a convenient
non-degenerate polynomial in the sense of Kouchnirenko [16]).

On the one hand, a consequence of the assumption that V = A? is that, if d > 2, when
considering the exact sequences in EM HS# (equivalently, in I\/IHS’A”) with middle commutative
square (see |7, Ex. A.20|)

*
HIH (AY) +—— HIFLH (AT smg) Q HI (G s x A4, s™g) o HI(AT)

| |

HI (A (—1) — HITL(AIFL smg) ﬂ HFY Gy s x AL, s™g) —— HA(AD)(-1).

the maps (*) are isomorphisms. We can thus regard anﬁ (A%*1 s™g) as the image of the right
vertical arrow.

On the other hand, the tameness assumption implies that the cohomology modules 72" g Oy,
and " g4 Oy are constant Py -modules for 7 7 0, as well as the kernel and cokernel of the
natural morphism #0g; Oy — #g, Oy (see [22]).

We consider the pushforward mixed Hodge modules #;/"Ql;, and #"g."QY,. We thus
have

HT(%OHQ!pQXd) = HT(%OHQ*pQXd)'
Let us set 2 4g1"Ql, = im[#%49"Ql, — #%4g."Ql,y] in MHM(AL). Since #49"Ql,
has weights < d and %OHg*pQXd has weights > d, we conclude that %”OHgg*pdi is pure of

weight d. Furthermore, from the above isomorphism, we deduce that

HT(%OHg!*pQXd) = HT(%OHg*pQXd)'
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We set
(5.16) M" = im [ 491" Qfa — e (A %0g:"Qla)].
This is a pure Hodge module on Al of weight d with no nonzero constant submodule. Fur-
thermore, IT-(M™) = I1 (#4g."Q},).
Proposition 5.17. Under the previous assumptions and if d > 2, there are isomorphisms for
?7 = @,c,mid,
HYH (AT, 57 g)q ~ H3 (Gmy x AL, PQE, |, BM" 1),
HYPH (AT, s g) 41 = H3 Gy x AL, wj* Bl &M t7).
Lemma 5.18. Let M be a constant holonomic Dy -module. Then, for anyr € Z and m > 1,
Hig 2(Gms x AL, Og,, ., ®M,s™7) =0 for ? = @,c, mid.

Proof. Let us first consider the classical component Hjp (G x AL, Og,. , ® M, t7). Recall
that, for a holonomic Z -module M, we have

Hig 2 (G x AL, 0¢,,, ®M, t7) ~ Hyg (G, 7 FT,(M)) Vr, 2 =c,@.
Furthermore, if M is constant, then Hig . and Hjjp vanish for all r since FT M is supported
at the origin.

For the non-classical component, we can assume m > 2. By taking pushforward by s —
t = s, we have an identification
Hig 7(Gm,s x AL, Og,, , ®M, s"'7) 21 ~ Hig (G x AL, jTEpy IM, t7)
~ HQ;{}?(Gm,t7j+Em,t ® j+ FTT(M))7

and these cohomologies vanish if M is constant. O

Proof of Proposition 5.17. According to the isomorphisms (x) in (5.15), we may replace
Hf,”‘l(Ad“, s™g) with H‘;‘Fl(Gm,s x A%, s™g). Then, applying the pushforward by g, the com-
plexes 191" Q) and yg."Ql; reduce to the single mixed Hodge module M™ up to complexes in
DP(MHM(AL)) having constant Hodge modules as cohomologies. Therefore, by Lemma 5.18,
the hypercohomologies of these complexes reduce to H?(Guys x AL, pQEm &M s™T).
By applying then the pushforward by s — t = s™ we obtain the desired isomérphisms. O

Let us focus on the classical component and set N¥ = ple X M", so that yj*N" =
t
pQEmt X M. The following lemma is mainly [7, Cor.A.31] plus an argument developed
within the proof of [7, Th. 3.2]. We give details for the sake of completeness.

Proposition 5.19 ([7]). Assume that M™ is a pure object of MHM(AL) of weight w. Then
H? 0 (G X AL, wj* N, t7) = Wy 1 H? Gy x AL, wj*N" t7).

. @ M7, where
is constant, and M;j' is such that M; has no submodule nor

Proof. Since M" is pure, it can be decomposed as the direct sum M} & M
My' is supported at 7 = 0, M

quotient module supported at 7 = 0 or equal to a constant module. We can thus consider
separately My', Mk, and M{', the case of M being solved trivially since both terms in the

cst
lemma are zero in that case, according to Lemma 5.18.
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Let us consider a diagram similar to (5.15):

HZ(AL, M™) «— H2(A%, N¥ t7) < H2(Gt x AL, 4" N t7) +—— HL (AL, M™)

| |

HO(AL, M) — H2(A%, N¥, t7) — HX(Gy x AL, qj* N", tr) — H (AL, M7)(~1)

The upper and lower leftmost terms are zero for M" = Mg or M}, the upper, resp. lower,
middle terms have weight < w4+ 1, resp. > w+ 1 (Proposition 4.7), the upper rightmost term
has weights < w and the lower rightmost term has weights > w + 2. In these cases, the
assertion of the lemma is thus equivalent to the similar one on Al:

(5.20) H2,4(AL x AL NY t7) = W, H2(AL x AL N ¢7).

mid
The case M™ = M{'. Denoting by i the inclusion A} x {0} < Al x Al there exists a pure
Hodge structure V* of weight w such that N" = yi.("QY, ® V*). With the notation of (4.4)
. t
(with d = 1 here), we find that (N")J = 0 for j # 1, hence H?(A2, N" #7) = 0 in that case, so
that both terms are zero in (5.20).

The case M™ = Mj'. It has been treated in the proof of |7, Th.3.2|. Let us just sketch it.
It follows from |7, Cor. A.31(1)] that H?(Al x AL N ¢7) is isomorphic to the mixed Hodge
structure

coker[N: ¢, 1 M™ — 1 1 M7 (—=1)].
Purity of the mixed Hodge structure H2. (A} x AL, N ¢7) and inclusion in the subspace
Wi H2(AL x AL, N" t7) are clear from the weight estimates of Proposition 4.7. We are
reduced to proving equality of the dimensions of the de Rham fibers, that is,

dim Hig iq(A}, FT; M) = dim Wy Hig (A}, FT, M).
This is obtained in loc. cit. by proving the equality
dim Hyg iq(A}, FT; M) = dim Py,
where Pg is the primitive part of weight w — 1 in gr'V Y1 M. O
From Propositions 5.17 and 5.19 we deduce immediately:

Corollary 5.21. Under the previous assumptions on g and if d > 2, we have in EMHS®! ~

MHS:
H;intdl (Ad—H: smg)cl = I/Vd+lHCH_1 (Ad_H, Smg)ch

that is, according to (5.10 %xx),
Hd-i—l(AdJrl’ tg) _ Wd+1Hd+1 (AdJrl, tg). 0

mid
5.f. Computation of the non-classical part by additive convolution. We keep the set-
ting of Section 5.e. We revisit (5.13) from the point of view of additive convolution. We con-
sider K, ; as a pure Hodge module of weight 1 on Al. Regarded as a complex Hodge module
by extending the scalars, Ej, ; is the direct sum of Kummer Hodge modules Ké{ (@M =1,
¢ # 1), which are pure complex Hodge modules of weight 1 on A} and Hodge filtration jumping
at 0 only. We continue using Notation 3.1 for A! with various coordinates.
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A review of additive and middle additive convolutions. We refer to [6, §1.1] for the following
results. Let M be a holonomic module on AL. We consider the sum map

AL x AL ZHE AL
(7’1,7’2) — U =T1 + T2,
and define the additive convolutions E,, » x1 M and E,, » x M as the respective pushforwards
sumy (E,, - ¥ M) and sum (E,, - ® M). These objects of D?(Z,) have cohomology in degree
zero only, and the image of the natural morphism E,, ; x1 M — E,,  x M is denoted by
Emn + *mia M. We have

(5.22) FT(EpxM) =~ j1jT FT(Ep M) and  FT(E,, rxmia M) =~ jT+j+ FT(E,,  *M).
In particular, E,,  x M does not have any nontrivial constant submodule.
Weight properties of additive convolutions. We assume that M™ is a pure Hodge module of

weight w on Al. Then the various convolutions E}}, %, M" (? =!, @, mid) are mixed Hodge
modules.

Lemma 5.23. The mized Hodge module Ey, . M™ has weights > w + 1, and we have
EE’L,T *mid M" = Werl(Eg%T * MH)

Proof. Since Ky, . B M™ is pure of weight w + 1, it follows that E;, - % M™ has weights
<w+1, By, -« M has weights > w + 1, and so Ej, . #miq M™ is pure of weight w + 1. From
(5.22) one sees that the quotient E,, ; x M/E,, ; *miq M is constant, hence so is the quotient
Wiys1Em + * M /By, + *mia M, which underlies a pure Hodge module of weight w + 1, hence is
a direct summand of W41 (Ep, - x M). Since E,, » x M does not have any nontrivial constant
submodule, the last assertion follows. O

Lemma 5.24. The mized Hodge structure %OHZ'!(E%T * M™) has weights > w + 1 and
Wapsr [ (], - x M™)] = Po ¢or1 (Ey, 1 Sania MM)(—1).

Proof. Since yi' increases weights, it follows that
W1 [0’ (B, - M™)] 2 W1 [ A% (B, - %mia M)

Recall that %' can be computed as coker[N; : ¢-1 — 1, 1(—1)] on pure Hodge modules
(see e.g. [7, Ex. A.2]) and that the graded component gr}/,, , (¢ > 0) is isomorphic to the
primitive part Py(—1). The conclusion follows. O

A comparison result. Let M™ be a mixed Hodge module on Al. We aim at computing the
irregular Hodge filtration associated with the object of EMHS* defined as

(5.25) H?(A} x AL B, R M" 1) = H*(Gmy x AL, wj " El, , XM, 7).

Since we are only interested in the Hodge filtration, we work in the context of complex Hodge
modules and we consider the objects H*(Gy¢ x AL, Hj*K?t X M" tr) with (" =1 and ¢ # 1.
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Proposition 5.26. Let M™ be a mized Hodge module on Al. Then, for e € {1,...,m — 1}
and ¢ = exp(—2mie/m), we have
(5.26%)  dim gx—g;f/m nr (AL x AL KE, /MY, t7) = dimgrl, [ A7 2yl (KELa o« MY)],
and both terms are zero for r # 1, 2.

The above formula is stated in the setting of complex Hodge modules in order to make
precise the shift by —e/m. Once this shift is understood, the proof takes place within the

category of mixed Hodge modules and yields the formula for the dimension of the Hodge
filtration of (5.25).

Proof. We first explain the identification of the underlying de Rham cohomology spaces. If M
is supported at the origin, i.e., M =1,V we have
Hir (Gt x A7, j T K Qi V,ir) ~ Hyp (G, 577 Ko ®c V),
which is zero for all 7 since ¢ # 1. We can thus assume that M = j,j* M, so that
Hip (G x AL jT Ky M t7) ~ Hig (Gt X Gunry j T Ky W57 M, t7)
~ o[ (tr) (T K ®jTM)]  (Lemma 3.6).
On the one hand, we have seen that J#"~2(t7),(jT K¢ K jTM) is a vector bundle with con-

nection having monodromy equal to ¢ Id and fiber isomorphic to Hgﬁl (Gm,j K1 ® jTM),
where Gy, is regarded as the torus {¢t7 = 1} (end of proof of Proposition 5.7). Therefore,

dim Hjg (Gt X Gury i T K¢y R GTM, t7) = dim ¢ [ (¢7) 4 (5T Ko K jTM)]
= dim gy [ 2772 (t7) 1 (5 K B 5 M)
=tk "2 (tr) 1 (T K e 5T M)
= dimH5 (G, j T K1 @ jTM).
It follows that the left-hand side can be nonzero only if r = 1, 2.
On the other hand, let § be the diagonal embedding Al <+ Al x Al let . denote the

involution 7 = —7 on the first factor and set v = 106 : 7+ (—7,7). Note that tTKq-1 ; ~
K¢-1 .. The base change formula [5, VI, 8.4] in the present setting reads

it sumy (Ko, M) ~ ay (vH(Ke1 , ®M)) ~ ay (07 (Ke-1 . X M)),

where a is the structure morphism. By definition, the &y -module underlying 0 (K -1, KM)
is Keo1 7 ®é& M. Since the Og-module underlying K1  is O (%0), it is Oy-flat, from
which we deduce that

(5.27) T (K1, ®M) = Keer  @p,, M~ i (7K1, © 5T M),
and so

A2 (it sumy (Ko, ®M)| ~ Hig' (G, j T K- @ j7M).
We conclude that

dim Hjg (A} x AL, K¢y &M, tr) = dim 77" [ (Ko % M)], r=1,2.
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Let us now extend the previous computation by taking into account the Hodge filtrations.
For the left-hand side of (5.26 ), we have

dim gr%;f/m 4r(Gmt % Gmﬁ,jJrKC’t Xt M, tr)
= dimgry /"l [#7 (7)1 (7 Ky BT M)] - (Proposition 5.5)
= dim gr?, g1 [ 2 (1) (T K R jTM)]  (see (2.1))
= dimgrh. ¢y [%T_Q(t7)+(j+K§7t XjTM)| (because ¢ # 1)
= rkgrf, A7 (7)1 (5 Ko W5 M),
by using that, for a mixed Hodge module N on AL, we have dim grl, yyN" = rk grh, N1
We can compute the rank by restricting by the inclusion i : {§ = 1} < G,;,. Let ¢’ denote
the diagonal embedding Gy, < Gy, X Gy, and let inv denote the involution ¢t — 1/t of Gyy,.
Then inv o ¢ is the inclusion v : {t7 = 1} < Gy, X Gy,. We note that Hinv!K?t ~ KCH,1 .
Therefore, denoting by a’ the structure morphism of {t7 = 1}, we have
iy [ (07)« (" K& B aaf* M™)| ol [0y (0" K& B aj* M™)]  (see [31, (4.4.3)])
~ ], [56" (s K1 R oaf* M)
Thus, the left-hand side of (5.26 ) is given by dim gr, 24, [H(S/!(Hj*K?,l X H]*MH)]
For the right-hand side of (5.26 x), taking the notation as above and noting that WK~

C_lzT -
KH

(-1 We obtain

Wi [Hsum*(KH X MH)] ~ 0y [Hél( ?_% X MH)]

C_I7T
It remains to be checked that the natural morphism
00 (K0 WM™) — o6 (g Ky B g™ M)
is an isomorphism. It is enough to check that the morphism of the underlying Z-modules is

an isomorphism, a property which is provided by (5.27). ]

Corollary 5.28. For M" defined by (5.16), for e € {1,...,m — 1} and ¢ = exp(—2mic/m),
we have, for each p € 4,

dim gr%ﬁe/m HIH (AT s™g) 4y = dim gr?, [%OHi!(K?—l,r * M™), |

dim grh /M HE (AT ™) 4 = dim grl, [Po b1 (KE 1 demia M™)(—1)].

mid ¢l

Proof. The first equality is obtained by applying Proposition 5.26 to M™ together with Propo-
sition 5.17. For the second one, we apply Lemma 5.24. ([l

6. THE GENERALIZED AIRY CONNECTION AND ITS SYMMETRIC POWERS

6.a. The generalized Airy differential equation Ai,. Let n > 2 be an integer. The Airy
differential operator of order n on Al is defined as

o —z

and the corresponding C[z](0,)-module is denoted by Ai, = Clz](0,)/C[z](0;) - (07 — ).
The classical Airy equation corresponds to n = 2 and the corresponding C|[z](0,)-module is
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simply denoted by Ai. Let us set E=""'/(+1) = C[z](8,) /(05 + ™) considered as a holonomic
%-module on the affine line Al.

Lemma 6.1. The C[z](0,)-module Ai, is the (negative) Fourier transform of E=" /(D) gy
other words, Ai, can be obtained by means of the diagram

Al x AL

_ 1 _n+l _
. /f W\"Al flz,2) = il 2T,
zZ

as
Ai, = #7, E/

(6.1%) (8 + (2™ — 2)) @ da

~ coker {C[w, 2] Clz, 2] ® dx]

with 0, ([7'] ® dz) = —[21] @ da.

Proof. The negative Fourier transformation is induced by the isomorphism Clz|(0,) —
C|[z](0,) defined by x + 0,, O — —z. That it can be obtained by (6.1x) is proved in [17,
App. 2, §1]. O

The C[z](0,)-module Ai, is a free C[z]-module of rank n, with a connection V having
singularity at co only. Being the Fourier transform of a C[z](0;)-module of rank one, thus
irreducible, Ai, is also irreducible. Furthermore, the sheaf of horizontal sections Aiy is the
constant sheaf of rank n on A", The differential Galois group of Ai, is (see [13, Th. 4.2.7])

SL,(C) if n is odd,
(6.2)
Sp,(C) if n is even.

It follows that, for n even, Ai, is isomorphic to its dual module. More precisely, we have the
following behaviour with respect to duality. We denote by Aiy, the dual C[z](0,)-module. It is
isomorphic to C[z](0,)/((—0,)" — 2).

Let us denote by ¢, : Al — Al the isomorphism
(6.3) {z — exp(wi/(n+1)) -z if nis odd,
. ln

Z— 2z if n is even.

Lemma 6.4. We have AiY ~ (T Ai,.

n— n
Proof. If n is even, we have (—0,)" — 2z = 07 — z. If n is odd, Ai; is defined by the operator
07 + z, while ¢} Ai, is defined by the operator

exp(—nmi/(n +1))07 — exp(wi/(n + 1))z = exp(—nmi/(n + 1)) (0 + 2). O
The formal stationary phase formula for the local Fourier transform .#°7° (see |24, §5.c|)
applied to E*""/("1) shows the following, setting w = 1/z and Al, = C(w)) ® Aiy:

o The formal connection /A\ln is isomorphic to the elementary formal connection
(65) [n]+ (E—nt”+1/(n+1) ® L(,l)n-o—l) ~ ([n]+E—nt"+l/(n+1)) ® Lin7

where
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— [n] is the finite morphism ¢ — z = t",

— L(_yynt1 is the rank-one formal regular connection (C((t_l)),d—k(ngil)dt/t),

corresponding to the rank-one local system on the punctured disc with mon-

odromy (—1)"+1,

— we set i, = exp—mi(n + 1)/n (so that ia = i) and L;, is the rank-one formal
regular connection (C((w)),d + (n;Ll)

system on the punctured disc with monodromy i,,.

dw/w), corresponding to the rank-one local

The isomorphism (6.5) is not canonical, as we can replace i, with any n-th root of
(—1)"*! and obtain another isomorphism.
o The irregularity at infinity of Ai, is equal to n + 1; its (pure) slope is (n + 1)/n.

6.b. Symmetric powers of Ai,. We now consider Sym” Ai,. The preliminary analysis of
this object can be done as in |7, §2.1] for the symmetric powers of the Kloosterman connection.
Let us set P(n, k) = {a € Z%, | >i_, a; = k}. Then Sym* Ai, has rank #P(n,k) = ("7]1““)
and has an irregular singularity at co only.

Lemma 6.6 (Irreducibility). The C[2](d.)-module Sym* Ai, is irreducible.

Proof. Since the differential Galois group G C GL,(C) of Ai, equals SL,,(C) or Sp,(C) and
any symmetric power of the standard representation of such G is irreducible, one obtains that
Sym” Ai, is irreducible. [l

Set ¢, = exp(2mi/n) and
S8(n, k) = {a € P(n, k)| S0, aill = 0}, Snk = #8(n, k),
ire(n, k) = " L (@ k)~ S(n, k) = "1 [<"‘ L+ ’“) _ Sn,k}

n k
Lemma 6.7. We have
Sy Ay = (CHe @ L@ | @ prEear o] g ek
a€P(n,k)~8(nk)

Furthermore, irtq, (Sym* A\ln) =irr(n, k).
Proof. We have Sym* A, ~ Sym”*([n]y E-"""/(n+D) g LE* and Sym” ([n] B~/ (n+1)y
is the pp-invariant submodule (where the action is given by t — exp(2i/n)t) of

(o] " Sym"([n] 4 BT 0FD) = Symd (o] *n] B/ 004D)

= SymF (@), E—nat™ !/ (nt 1))

The latter C((¢~1))-module with connection decomposes as

a5 (X ai )t/ (nt1)
a€eP(n,k)
The result is obtained by taking the u,-invariant submodule. ([l

Example 6.8 (The case of n = 2). In the case of Ai = Aiy, Sym* Ai has rank k + 1 and we
find: o2 o
cont 53 o ) B0 ([2+ B>/ @ LB if k is odd,

ym 1= L®k ® @k/Z—l ([2] E2(2j,k)t3/3) ® L®k i ki

: Lo n : if k is even.
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In particular, irte (Sym* Ai) = 3 | (k + 1)/2] and, if k is odd, Sym* Al is purely irregular.

Corollary 6.9. One has

1<k+n—1

1
dim H}g 5 (A, Sym* Ai,) = i > — iS’mk for?=a,c,
o n n

0nz(k)Sn k., dd,
dim H(ljR mid (Al, Symk Ai,) = dim HcliR(A17 Symk Aiyp) — z(k)Sn.k n o
’ donz(k)Sn i, n even.

Proof. The analogue of the Grothendieck-Ogg-Shafarevich formula and Lemma 6.7 give
xar (AL, Sym* Ai,) = rk Sym* Ai,, — irr(n, k).

By irreducibility of Sym* Ai, and affinity of A!, the left-hand side is — dim H(liR(Al7 Sym* Aiy).
This yields the first equality for 7 = @. A duality argument gives the case 7 = ¢. The regular
part of Sym* Ai,, at infinity has rank S(n, k) and monodromy i¥ Id = exp(—k(n + 1)mi/n) Id.
We thus have

dim H' (A!, Sym”* Ai,,) if k(n+1)/n ¢ 2Z,
dim H'(A!, Sym* Ai,,) — S(n, k) if k(n+1)/n € 2Z,
which yields the second equality. g

Let fi, : AL x A% — Al be defined by

Fulertts v n) = (g a1 — )
=1

and let 7 : AL x A® — Al denote the projection. The symmetric group & acts as automor-
phisms on fi and 7 by permuting the variables x;.

Proposition 6.10. We have
A% ~ e BT and Sym® Ay, ~ (g ETR)SRX
where the latter term is the isotypic component of 7Tk+Efk under the action of &y with respect
to the sign character x on Gy.
Sketch. The second identification follows from the first one. We write
Ai®F = éFT_(E””n+1/ (n+1)y

which we interpret as the Fourier transform FT_ of the k-fold additive convolution product
of E="71/(n+1) with itself. We note that FT_(E*""/(+1) and its dual are O -flat, which
makes the computation of the iterated convolution easy (Exnﬂ/("H) belongs to the category P
of Katz [14]). The iterated convolution can also be computed as the pushforward by the sum
map (z1,...,2k) — o1 + -+ xp of EZi# /(1) Then the Fourier transform FT_ of this
convolution can be expressed as 7, E/*. In particular, m Ef* = 507, Bf*. g

Corollary 6.11. For ? = @&, c, the de Rham cohomologies HQR7(A1,Symk Ai,) wanish for
r # 1 and we have

(6.11 %) Hig (A", Sym" Ai,) ~ HEL, (AR By Sex,
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Proof. The first assertion for H" (Al Sym” Aji,) follows from the irreducibility of Sym” Ai,, and
H" (A, Sym* Ai,) = 0 for r > 2 as Al is affine. Furthermore, Poincaré duality for Z,-modules
implies (see (6.3) for ¢y,)
R (Al Sym" Ai,) ~ HiZ"(A', Sym" Aiy)"
~ Hzﬁr (Al of Sym* Ai, )" ~ Hflﬁr(Al, Sym* Ai,)Y,
hence the first assertion holds for Hf (AL, SymF Aiy,).
The case ? = @ in (6.11%) is a consequence of the proposition and of the isomorphism
Apl4 © Tt =~ apes1y, if a denotes the structure morphism. For the case ? = c, we argue

by duality, using the isomorphism above for the left-hand side. For the right-hand side,
we note that Hit! (AFF1) Bfr) is dual to HiEH(AFF1, E=fr), and the latter space is isomorphic

to Hg”f{l (A1 EJr) as is seen by using the change of variables (compatible with the action
of &)

T — —Xi, Z2—> 2 if n is even,
(6.12) ) _
x; — exp(mi/(n+1))x;, 2 — exp(—mi/(n+ 1))z if nis odd,
which changes fi to — f%. O

6.c. The [i-exponential mixed Hodge structure on the de Rham cohomology of
Sym* Ai,, and Sym” Ai,
In order to apply the results of Section 5 to Sym”* Ai,, we first consider a ramification of

order n on the base affine line. Consider the n-fold ramified cover [n] : AL — AL given by
s+ z=3s" Let 7 : AL x Al — Al denote the first projection and let

~ 1
f= n_i_lac"“—s”a;
equipped with the u, action on the variable s. We define
Aip = %% BT ~ 7, BT ~ [n]* Aiy,
where the last isomorphism is compatible with the pu,, actions. Then En is smooth on AL and
its formal model at infinity is the pullback by [n] of (6.5), and we have

Alp = ([n]-i-EH)MH

Setting
k

~ 1
o= S (),
Tt 1
we obtain similarly

/Avigk :%’k_s_Ef’“, Sym” A, ~ (%k_,_Ef’“)G’“’X, Sym* Ai, ~ (Sym” En)“" o~ (7Tk+Ef’“)“"XG’“’X.

Corollary 6.13. For 7 = @,c, the de Rham cohomologies HSR?(Al,SymkEn) and
HQR?(Gm,j“‘ Sym” En) vanish for r # 1 and we have

Hig 2 (A, SymF Ai,) = AL, (AR By,

Hig (G, it Sym* Ai,) = HAEY (G % A, BTeySix,
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Proof. We first claim that Sym* /Avln does not have any non trivial constant submodule: other-
wise its pushforward by [n] would give rise, by taking p,-invariants, to a non trivial constant

submodule of Sym” Ai,, a contradiction. Then we can argue as in the proof of Corollary 6.11.
O

As a consequence, we obtain:
Hp (AL, Sym® Ai) ~ ngg}?(Ak’-‘rl’Eﬁ)NnXGmX'

The isomorphisms (6.11x) together with (4.3) lead us to define, for 7 = &, ¢, mid, the
exponential mixed Hodge structures Hi(A!, Ai®F) and Hi(A!, Ai%*) as
(6.14) H(AY, AIRY) = HEPH AN ), H(AL ATRE) = HEPH A )
and then the exponential mixed Hodge structures H}(A!, Sym* Ai,,) and H}(A!, Sym* ’Avln) as
(6.15)  HI(A',Sym" Ai,) := H} (A", Ai®*)SxX  HI(A!, Sym* Ai,) := Hs (AL, Ai®F)Smx,
so that
(6.16) HI(A!, Sym” Ai,) ~ HI(A!, Sym* Ai, ).
We can similarly define H} (G, 5+ Sym”* Ai,) in EMHS by replacing A with Gy, x A¥. Recall
that H. .. is defined as the image in EMHS of H! — H!.
Theorem 6.17. The exponential mired Hodge structures

H'(A, Sym* Ai,), H(AL,Sym* Ai,), and HL (Al Sym* Ai,)

mid
are fi-exponential mized Hodge structures of weights > k+1, < k+1, and k+1 respectively, and

the natural morphisms between them are morphisms of fi-exponential mized Hodge structures.
Moreover, the induced morphism

grihy HE(AY, Sym" Ai,) — grj HY (A", Sym* Ai,,)

is an isomorphism, and H}nid(Al,Symk Aiy,) is equal to its image. This [i-exponential pure

Hodge structure of weight k + 1 is equipped with a (—1)**'-symmetric pairing
HL . (Al SymF Ai,) @ HL . (Al, Sym” Ai,) — Q(—k — 1).

mid mid
Similar properties hold for SymF K/ln

Proof. The first statement (weight estimates) follows from Proposition 4.7. For the second
statement, we first prove the results for Sym* Ai,, by applying Corollaries 5.14 and 5.21 as
follows. For 7 = &, ¢, mid, we note that

HY (A, =g 2" TH®Fif r =k,

Hy(AF, A ST oty =
2 (A7, g D i T 0 otherwise,

by the argument used in [7, Ex. A.22|. Furthermore, the exponential mixed Hodge structure

HY (AL n%rl 2" *1) is pure of weight 1 and of rank n according to Section 5.b, and belongs to
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EMHS”. On the other hand, arguing in a way similar to |7, Ex. A.20], we have the short exact

sequences in EMHS with a commutative square

0 ¢— HFFL (AR ) +— HFY Gy x AF, f) ¢—— HE(AF, LS 0Ty 0

7

w o

0 — HMI(ARFL, f) — HEFH (G x AF, i) — HF(AF, 23 SO0 ) (—1) — 0

i
and thus isomorphisms for ? = &, c:

griV HETH AR ) gV HEY (G X AP, f),

since the upper resp. lower rightmost non-trivial term in the diagram is pure of weight k

resp. k + 2. Furthermore,
HELARHL ) ~ HEHN(G,, x AR, ).

mid mid

Let us also set
1

o +1
and consider the convenient non-degenerate polynomial

Yt —y,

9(y)

k
g, uk) =Y g(ui).
=1

Under the change of variables z; = sy; on Gy, x A*, and arguing as for (5.15) one has, for

?7 =@, c, mid,

H3H (G x A, i) = Hy T (G x AY, 5 gy),

and a similar equality between the y-isotypical components with respect to the action of G
permuting 1, ...,yr. We can thus apply Corollaries 5.14 and 5.21 to obtain the second point

for Sym” Ai,.
Lastly, the pairing in the case of Sym* Ai,, is obtained from the pairing

HEPH A f) @ HEFH AR — f) — Q(=k = 1)

together with a change of variables similar to (6.12), and passing to the y-isotypical compo-

nent.
In order to deduce the results for Sym* Ai,, one uses (6.16) for ? = @, ¢, mid.

Corollary 6.19. We have the following identifications in EMHS”
Hl(Gm,fr Symk En) ~ Hk+1(Ak+1’ Sn+1gk)6k,x’

HL (1&17 Symk En) ~ Hk+1(Ak+1, Sn—i—lgk)Gk,x _ Wk+1Hk+1(Ak+1, Sn+1gk)6k’x.

mid mid

Proof. Notice that the localization sequences analogous to (5.15) (along s = 0) yield, for k& >

the canonical isomorphisms
Hk'H(Ak'H, Sn+lgk) -~ Hk+1(Gm « Ak, 5n+lgk),

H/C€+1(Gm « Ak, Sn-‘rlgk) N H§+1(Ak+1, 8n+1gk).

O

2,
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From Corollaries 5.14 and 5.21 we have canonical identifications

Hk+1(Ak+1, Sn+1gk) L> Wk+1Hk+1(Ak+1, s"+1gk).

mid
The desired identifications are obtained from the lower line of (6.18) together with (6.14),
(6.15) and (6.16). O

In order to apply Proposition 5.17 we set, in a way similar to (5.16),
M = im [ g1 0" Q) S — T (A 01" QU ) S+)] € MHM(AL),

which is pure of weight k, and we have HT(M,?) = HT((%OHgk*pQXk)Gk’X) which has weights
> k. Let us consider the exact sequence in MHM(AL):

(6.20) 0 — M}' — IL.(M}') — M{" — 0.
Lemma 6.21. We have ]TJ/,I: = WkHT(M,?) and M,;H is constant of weights > k + 1.

Proof. The cokernel of Ml? — WkHT(M,?) is a constant pure Hodge module of weight &,
which is thus a direct summand, hence contained in IL.(M}'). But the CI[r](0;)-module

underlying the latter mixed Hodge module does not contain any constant nonzero submodule,
by definition of II. O

Proposition 6.22. We have, for p € Z, ( = exp(—2mie/(n+ 1)) # 1 withe € {1,...,n},

dim grl. FLq (AL, Sym® Al = dim gr'y[Po oy 1 M (—1)],

mid
dim gr%;f/(nH) HL . (AL, SymF /Avin)# = dim grf. [Po ¢T,1(K§_1 *mid ]\7,?)(—1)} .
Proof. For the first equality, we identify H. . (AL, Sym* /Avin)cl with Wiy HF L (AFFL ¢g,)Skx
according to the second line of Corollary 6.19 and (5.10*%%). Then we can argue as in the
proof of [7, Th.3.2| by applying [7, Cor. A.31(1)] to M.
The second equality follows from the second lines of Corollaries 5.28 and 6.19. 0

Contrary to the case of the symmetric power of the Kloosterman connection Sym” IA(/IQ
considered in [7], j* Sym” A, is not the restriction to Gy of the Fourier transform of a
regular holonomic module like HT(Mk) because it is not of slope 1 at infinity (as can be seen
from Lemma 6.7). The Fourier transform of HT(M 1) will nevertheless prove useful in 7.e when
n = 2. It also takes the form of a symmetric power j; Sym” Gy, as asserted by the following
lemma. In other words, the rational slope of Sym” Ai, at infinity leads to considering both
expressions of Sym* Avln

[n]" Sym® Ai,, = Sym* Ai,, and ;T Sym* Ai, ~ [n+ 1]* Sym” Gy.

Lemma 6.23. Let G, = jTFT Ml be the restriction to Gy, of the Fourier transform of Ml
and let F'T My, be the Fourier transform of M. We have

FT I (M) = jj* FT M, ~ j, Sym* G,

Furthermore, F'T Mk ~ Jig SymF Gy.
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Proof. We have IT (M) = I (0 gj, O )X, so
GYFT My = j* FTIL (M) ~ j* FT(A gy O )X ~ Sym* G,

For the second point, let us define M such that FT M, = jT+ SymF Gg4. Since FT My, is the
minimal extension of G, at the origin, it follows that F'T Mk C FT Mk (because FT Mk =
FT Mk NFT Mk by minimality) and thus J\/[k C Mk We wish to prove equality. Since
FT Mk/ FT Mk is supported at the origin of AL, the quotient Mk/f/[k is constant, and equality
would follow from the property that M}, does not have any nonzero constant quotient C[7](0;)-
module. In order to prove this property, it is enough to show that such a quotient would
underlie a quotient in the category I\/IHI\/I(A1 ). Indeed, M I being pure, this quotient would
be a direct summand, hence contained in M ,?, and Mk is known to have no nonzero constant
holonomic submodule, being contained in HT(Mk). Dually, it is enough to prove that the
maximal constant C[7](9,)-submodule of a pure Hodge module on Al underlies the maximal

constant pure Hodge module. This follows from the theorem of the fixed part. In such a way,
we have identified Mk with Mk ]

7. PROOF OF THEOREM 1.1

We consider from now on the classical Airy equation 92 — z (the case n = 2 in Section 6),
and we set Al = Aip and f(z,z2) = 3 2% — zx. The strategy of the proof of Theorem 1.1 is very
similar to that developed in [7] for the Kloosterman case. It consists of

(1) exhibiting a natural basis of H}p (A, Sym* Ai) (Proposition 7.4 and Corollary 7.6);

(2) showing that this basis is adapted to the irregular Hodge filtration by lifting it to a
suitable compactification of A¥*1 and by computing order of poles of representative
differential forms along components of the divisor at infinity;

(3) showing that this basis induces a basis of each graded piece of the irregular Hodge
filtration by means of a duality argument.

Notation 7.1. We use the following notation and convention:

« For integers k£ > 1 and m € Z, we set
K= [(k—1)/2] (ie, k=2k'+1ork=2(K +1)), m!andm!! =1if m <O0.

« Since the cases where k is even and where 4 | k play a special role, we use the simplified
common notation:

K] = {1,..., K +1} if kis odd,
’ {1,...,K'} if k is even,

7.a. De Rham cohomology of Sym*Ai and Sym” Ai. One checks that Ai is the free
C[z]-module generated by the classes vg,v; of dz, —zdx (see (6.1x)). Moreover, d,ug =
—xdz = v and 0?vg = 2?dx = 2vg, so that we recover the Airy equation (92 — z)vy = 0.
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Corollary 6.9 in this case reads

kK +1 if kisodd
dim H(liR (AL Sym” Ai) = 1 ks odd, for ? = @, c,
" K if k is even,
(7.2)

dim Hjp (A", Sym® Ai if 41k,
dim H)g iq (A", Sym"* Af) = o TR( 1 ymk ?) : f
dim Hip (A", Sym* Ai) =1 if 4| k.

Let [2] : s+ s = z be the ramified covering of AL of order 2 given by s + s? = 2, and set

Ai=[2]TAi. Let L=L_1 = (0g,,,d + %%) Recall that j : G, < Al denotes the inclusion.
We will set L ® Sym* Ai := j, (L ® j* Sym” Ai). Then
‘r(Al, L ® Sym* Ai) = Hig (G, L ® 5 Sym* Ai),

which has dimension 3(k’ + 1) if i = 1 and is zero otherwise. We have, on Al,

2]+ Sym® Ai ~ Sym* Ai & (L ® Sym” Ai),
and the decomposition
(7.3) Hg(A!, Sym® Ai) = Hig (A!, Sym” Ai) & Hlg (AL, L ® Sym” Ai)
into po-character spaces. More explicitly, we have the isomorphism

2L = (@Gm,d + %) s (Og,,d)

via multiplication by s. Therefore, for an element of HcllR(Gm, L® jt Sym” Ai) represented by
the global section 7 € I'(Gy,, L ® j+ Sym”* Ai ® Q'), we regard it as the class s[2]*n belonging
to the image of H}y (A, Sym® Ai) in H!g (G, j T Sym” Ad).

We use the decomposition (7.3) to obtain a basis. The connection on Ai is given by the
matrix form

9. (v0,01) = (0, v1) - (2 g) |

To treat the symmetric power moments and the twists together in this subsection, for £ > 1
and p = 0,1/2, we let V, be the connection on Gy,

Vo 4 SymF Ai, p=0,
| L®jtSymFAl, p=1/2.

Let A, = I'(Gw,V,) be the differential module of global sections. We fix the basis u :=

(ta)o<ask of A, where u, = v(’f*“v%, in which the differential structure reads

20.1uq = puq + (k — a)zugy1 + az’uq_1, 0<a <k,

with the convention u_; = ug41 = 0. Then the de Rham cohomology of V,, is given by the
cohomology of the two term complex 20, : A, — A,

i i 20
HdR(va Vp) =H (Ap — Ap)-
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Proposition 7.4 (see |7, Proof of Prop.4.14]|).
(1) Put A} = EB]; 0 Clz]ua. Then the Clz]-module A is stable under 20, and the inclu-
sion of( ,20) into (A, 20;) is a quasi-isomorphism.
(2) The cokernel H' (A, 20.) has the basis
zk/+1u0, cee L ZUQY, UY, UL, LUk if k1S odd,

/ . .
g, - L 2UQ, UQ, UL, - U if k is even.

Remark 7.5. When analyzing the symmetric products Sym” Klz of Kloosterman connec-
tions of rank three, Y. Qin [21, §3.2.1] has developed a slightly different method to obtain an
analogous result.

Proof.
(1) In fact, for any r > 0, the lattice 27"A is stable under 20, and the induced map

20, 27" 1A;/;:*’"A;r — 27" 1A;r/z*TA;r
coincides with the multiplication by p —r — 1 and is an isomorphism.

2) Define a degree map on A by setting
P

2 a
degz = 37 degug, = 3

Then zd, is inhomogeneous of degree one. On the associated graded module Ai;f, the induced
map 20, is C[z]-linear with

20U = (k — a)2Ugy1 + az’tg_1, 0<a<k,

where %, denotes the image of wu,.
Assume k is even. It is clear that ker 20, = C|[z]u where

+
E+1 / )
Z ( + >Zk Floig

=0

Inside the C[z]-module Hl(A;f, 20y), the class Wy is torsion-free, ug,41 are z-torsion for 0 <
r <k, and
T .
— 1—2i 2r— /
= _— 1<r<k +1.
=gy e AS TS e

Furthermore one has (see |7, Proof of Lem. 4.17] for a similar argument)

coker [zaz L HO(AS,20,) — H(A], Taz)} =5 HY(AY, 20.)

and

20.(2"m) = Y (-1)

i=0
{cozk/“uo + (=)o, ifr=0,

k'+1
K1
I ISR

Tk g, if r >0,

for certain cg, ¢, € C. Since dim Hl(A;, 20,) = k+ kK + 1, one must have ¢, # 0 for all » > 0
and the claim follows.
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The case of k odd can be treated similarly and is easier. Indeed in this case, det 20, =
(—1)F+1EN 2343 and hence HY(A}, 20.) = H' (A}, 20.). We omit the details. O

Corollary 7.6.
(1) The classes

; d
w; = 2 tupdz, nj = uj—z (ie[lL,K],0<j<k)
z

(see Notation 7.1) form a basis of Hig (G, j7 Sym* Ai).
(2) The classes

. d d
w; —zuof un :ujf (ie[l,K], 0<j<k)

1

form a basis of Hig (G, L ® jT SymF Ai).
(3) The family By, = {w; | i € [1,K']} is a basis of Hig (A, Sym" Ai).

Proof. Let (Sym* Ai)y = @;?:0 Cu; be the fiber of Sym* Ai at z = 0. We have the exact
sequence

0 —s Hin (AL, Sym” Ai) — Hlg (G, 5+ Sym* Ai) —255 (Sym* Ai)g —s 0

where Res denotes the residue map. Statement (3) follows by noticing that Res(w;) = 0 and
Res(n;) = u;. O

Remark 7.7 (see |7, Proof of Prop.4.21]). Under the isomorphism (6.11x%) for 7 = &, the
classes w; are mapped to

w; = [z dzday - - - day).

7.b. Middle de Rham cohomology of Sym* Ai. By (7.2), Hig _.q (AL, Sym” Ai) is equal
to Hig (AL, Sym® Ai) if 4 1 k and is of codimension one in it if 4 | k. In order to compute a
basis of H(liR,mid(Alv Sym* Ai) in the latter case, we define a family of numbers Vi (1 € Z) as
follows. Consider the classical Airy functions Ai, Bi (see [1, §10.4] and [38]) which are entire

functions on C,. Let s = 52 2.3/2 As z — oo, we have the asymptotic expansions
. (n+ )Qk; 1
Ai(z) ~ 2fz1/4z W;nv |arg z| <,
(7.8) . .
. )2k
Bi(z) ~ le/4 Z 54”n' o |arg z| < 3™

Set w = 1/z. The formal asymptotic expansion of 27(AiBi) at z = oo is an element in
Vw (1 +w?Qw?]). Tt is the unique, up to scaling, formal power series solution in /w to the
second symmetric power of the Airy equation and one checks directly that it has a positive
coefficient in each degree v/w w3, i > 0. We define v ; by the formula

(27 Ai Bi) k/z Z 'y;“w
1>—00
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We then have
=0 fori¢k/4+ 3Z>o,
iy =1 fori=k/4,
>0 foriek/4+3Zs.
Proposition 7.9 (see |9, Cor.3.11|). If 4 | k, the family
B mid = {wi — Yriwpya | 0 € [1LK], 0 # k/4}
is a basis of HéR’mid(Al, Sym* Ai), and wWi/4 induces a basis of
Hig (A%, Sym"® Ai) /Hig pmiq (A", Sym" Ai).
Proof. The second statement follows from the first one and Corollary 7.6(3). For the first
part, let
15 : SymF Ai — (Sym” Ai)x

denote the formalization of Sym” Ai at infinity, and V the induced connection. We can
represent elements of H, (AL, Sym* Ai) by pairs (7, 7) as follows (see [8, Cor. 3.5]):

. m is a formal germ in (Sym® Ai)s, and

« 7 belongs to T'(A', 0}, ® Sym* Ai),
such that, denoting by 7 = 155n the formal germ of 7 in [Qﬁn =® (Sym”* Ai)&g], m and 7 are
related by Vi = 7).

We can regard H}lR’mid(Al, Sym* Ai) as the image of the natural morphism
Hig o (A', Sym” Ai) — Hlp (A", Sym" Ai)

sending a pair (m, 1) ton. According to [8, Rem. 3.6], there exists a basis of H} (Al Sym” Ai)
consisting of

« pairs (m;,0); where (m;); is a basis of ker V in (Sym* Ai)s, and

« a set of pairs (M, n;);, of cardinality dim H}g .4 (A', Sym” Ai), related as above such

that (n);); are linearly independent in H}p (Al Sym” Ai).

Furthermore, such a family (7;); is a basis of HéR,mid(Al7 Sym* Ai). The proposition follows
from Lemma 7.10 below. 0

Lemma 7.10. Let us firi > 1. If 4 | k, the subspace kerV C (Sym* Ai)ss has dimension
one and the equation Vin; = iz5(wi — Ykiwk/a) has a solution (in fact a dimension-one affine
space of solutions).

Proof. Assume 4 | k. In this case, the factor L?k in the (unique) formal decomposition of
(Sym* Ai)x in Example 6.8 is the trivial meromorphic connection (C((w)),d), so ker V has
dimension one. For a 1-form w € (A, Sym* Ai®Q}, ), we let (w)reg € C((w))dw be the regular
part of 155(w) in the decomposition of (Sym* Ai)ss (twisted by dw). Then i55(w) € 1m(§)
if and only if res,, (w)reg = 0. In order to compute res,,(w;)reg, we consider the horizontal basis
{eg,e1} of AiV given by

eo = Ai(z)vy — AT'(2)vg, e1 = Bi(2)vy — Bi'(2)wo.
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Then vy = 7w(Bieg — Aie;). We note that, for any i > 1,

(Wi)reg = (—w_iuodw/w)reg = Wk([Bi eg — Al el]k) - (—w ™ dw/w)

reg

= <k1;2> (— Ai B2 (eger)F/? - (—w ™ dw /w)

k—i

since (AiBi)®/2 is the only product among Ai’ Bi*~% which has no exponential factor in its

asymptotic expansion by (7.8). Therefore
k
resy (wi)reg = —(—/2)"/? (k/2> Vi (eoer)

and consequently, for i # k/4, there exists m; satisfying Ving = U (Wi — Vk,iWh/a)- d

7.c. Proof of Theorem 1.1 for k£ odd. According to Theorem 6.17, the de Rham coho-
mology Hlp (A, Sym* Ai) underlies a fi-exponential mixed Hodge structure H'(A!, Sym* Ai)
of weights > k + 1, which is pure of weight k + 1 and equal to H. . (Al Sym* Ai) if 41 k. In
the case k is odd, we will first relate the irregular Hodge filtration Fjp, H}g (Al Sym” Ai) of
Hlp (AL, Sym* Ai) with the basis %.

Lemma 7.11. If k is odd, we have
w; € FETD=RT20BL (AL Symb Ai) (1 <i <K +1).

irr
Proof. From Corollary 6.19 we deduce an inclusion
(7.12) v HY(AL Sym* Ai) — HFF LM s3¢,)

in EMHSH. This inclusion is strict for the irregular Hodge filtrations on each term, hence it is
enough to check that ¢(w;) € ES?H)*(H%)/?)H]“H(A]“H, s3gy,) for i in the given range.

We begin with the compactification P¥ of A*¥ with the boundary Akog 1 In fact, P* is the
toric variety associated with the Newton polytope of the Laurent polynomial gz on G¥ and
it is non-degenerate (in the sense of Mochizuki, see [7, §A.2|) for the pair (A*, g). Let X be
the blowup of P! x P* along {0} x A*Z! (the intersection of the divisors {0} x P* where s3g;
vanishes with order 3 and P! x A’g ! where s3g; has triple pole). Let P’ be the proper transform
of P! x AFZ1in X.

Since k is odd, it is readily checked that X is a non-degenerate compactification of
(AF*1 s3g;.) with boundary divisor D = X <. A**1. On X, the pole divisor P of s3g; equals
3({oc} x P¥ + P"). The cohomology Hﬁ;{l(A’“‘H, s3g;) is computed as the hypercohomology
on X of the twisted P-meromorphic de Rham complex

(2 (log D) (xP),d + d(s°gy,))
and the irregular filtration F};THSEI(AI“H, s3gr) on the hypercohomology is induced by the
filtration Fy, (2% (log D)(xP),d + d(s®gx)) by subcomplexes defined by (see [39, (6)])
0 if A <0
8% (log D) (+P) = o
Qf (log D)(L(p — AN)P]) ifA>0.
In particular, the image of the natural map

(X, Q" (log D)(|uP])) — Hig (A, s%y)
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lies in E]:jl_“Hflﬁl(Ak“, s3g1). Let us consider the image by ¢ of the basis %;. We note that
Z7 e Adzy A Aday € T(X, Q5 (log D)(| 3 (k + 20)P))).

It follows that ¢(w;) (i = 1,...,k" + 1), which is equal to the image of w; (see Remark 7.7) in

HEFL(AFH s3g,), belongs to

k+1)—(k+2¢)/3
FEAD- 20kt pb+L 3g, . O

1rr
Remark 7.13. When k is odd, the functions f; and s3g, are non-degenerate as Laurent
polynomials. Therefore to conclude the above Lemma, one can also use the toric method of
[2, 39] via the inclusions (6.11 %) and (7.12) respectively and restriction of the base space from
A1 to GF+1 as adapted in [7, §4.3.1]. Instead of describing explicitly the Newton polytope
of fi, or s2gi, needed in the toric approach, here we compute the Hodge filtration by exhibiting
a non-degenerate compactification which will appear again in the case of even k in Section 7.h.

It will be convenient to define the decreasing filtration GPHYR (A, Sym* Ai) (p € Q) as
GUHHD=(RF20/31 (AL SymP Al) = (wj € By | <i) (1 <i<KE +1),
and thus
1 ifp=(k+1)—(k+2i)/3for 1 <i<k +1,
(7.14)  dimgr® Hip (A, Sym* Ay = ¢ " P (k1) —(k+20)/3for I<i<h +
0 otherwise.
The statement of the lemma above amounts then to
(7.15) GPH}R (A, Sym” Ai) C FP Hip (A, Sym* Ai) for all p and k odd.
Proof of Theorem 1.1 when k is odd. Let us set d, = dim gr%irr and d, = dim grg. Then,
by the above inclusion, qup 0q < qup dq for each p with equality for p small and for p large.
Furthermore, by Hodge symmetry (Remark 5.6) we have dj11_q = dq and, noticing that for k
odd the symmetry i — j = k’+2—i amounts to k+1—(k+2i)/3 — k+1—(k+235)/3, we deduce
from Formula (7.14) that dx+1-q = dq. As a consequence, we also have > dq < > (<, d

asp
for all p, and it follows that d, = 6, for all p. Since d, = 1 for p as described in the theorem,
and zero otherwise, this concludes the proof. O

7.d. Synopsis of the proof of Theorem 1.1 when k£ is even. For k even, the formulas
in the theorem are equivalent to dim gr®. H}p (Al, Sym” Ai) = 1 for
(k)2 — (20 —1)/3,
{k‘/Q +1+4+(20—-1)/3,
(7.16) p= k/2—2i/3,
{k/2 +1+2i/3,
k/2+1 if 4|k,

1<i<k/4 if4]|(k+2),

1<i<k/d ifd|k,

and dim gr?, HY; (Al, Sym* Ai) = 0 otherwise.

The argument used for k odd cannot be extended to this case since we are not able to
prove in a similar way that the inclusion (7.15) holds for every p (see (7.21) below), and
indeed gj, is a degenerate Laurent polynomial when £ is even. We will thus develop another
method, similar to that used in [7] for the moments of the Kloosterman connection, relying
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on (ramified) Fourier transformation. This will need much more material, which we develop
in Sections 7.e-7.g. Let us emphasize a new tool with respect to loc. cit., namely the inverse
stationary phase formula with filtration, as expressed in [29, (7)] (see the proof of Proposition
7.25). We explain below the main steps.

Step 1. In this step (realized in Sections 7.e-7.g), we consider the pullback SymF Ai and the
decomposition (7.3) and its mid analogue

Hc11R7mid (A}, Sym” ;‘H) >~ HéR,mid(A{z, Sym* Ai) & Hijp (A, L ® Sym" Ai).

We directly compute the irregular Hodge numbers dim glr?Jirr HéR(Aé, Sym” /A\I) for all p, rela-
tive to the irregular Hodge filtration considered in Section 6.c.

For ¢ € {0, 1,2}, we consider the map
- pe {j10<j<k k+jte#0mod3} — N
: jr— [(k+j+¢e)/3].

Note that, for p € N, we have #p-!(p) € {0,1,2}.

Proposition 7.18 (analogous to |7, Prop. 4.20(2)|). If k is even, we have, for e =0,1,2 and
peZ,
1 ife=0andp=Fk/2,k/2+1,
dim gr%;fm HéR’mid(Aﬂ, Sym* Ai) = {1 ife#0 andp=Fk/2+1,
#p-1(p—1) otherwise.

At this step, we use the techniques explained in |7, App.| together with Proposition 6.22.
Since the irregular Hodge filtration is compatible with the decomposition (7.3), it also remains
to understand the action of us on the filtered vector space Hcl1R g (AL, Sym* Ai) and, if 4 | k,
to determine the irregular Hodge filtration on the dimension-one quotient space HcllR / HéRvmid

of Sym* Ai. We will more precisely relate the irregular Hodge filtration with the filtration G*
defined below by the basis constructed in Corollary 7.6.

Step 2. We define the filtration GpHéR(Al, SymF 2‘\:1) as the filtration defined by the basis made
of wi,w; ,n; forie [1,k'] and 0 < j < k, such that

gr1é+1—(k+2i)/3 ~ Cuw, grlg—l—(k—i-?i—i-l)/?) — Cur, grlgr1—(k+j+1)/3 —

Lemma 7.19. If k is even, we have, forp > k/2+ 1,
GpHéR(Alm Sym" E) C HcliR,mid(Alsv Sym” fAvi)7
and fore =0,1,2 and k/2+ 1< p € Z,
dim grlé_a/?) H(liR(Als? Symk ’A\;) = dim grg_g/g H<11R,mid (Alw Symk E) = #pe_l(p - 1)

Proof. The first point is clear if 4 1 k and follows, if 4 | k, from Proposition 7.9 and from the
equivalence

k+1—(k+2i)/3>k/24+1 < i<k/4
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For the second point, a direct check shows that
2 forpe (k/2+1,2k/3+1/3]N1Z,
dim grf, HéRvmid(Als, Sym* Ai) = {1 for p = 2k/3 +2/3,
0 forp>2k/3+2/3.
Assume for example £ = 0 mod 3. Then one finds, for p € Z,
1 2 forpelk/3+1,2k/3]NZ,
py (p—1) = .
0 otherwise,
2 forpelk/3+1,2k/3]NZ,
pitp—1) =<1 forp=2k/3+1,
0 otherwise,
2 forpelk/3+2,2k/3+1]NZ,
patlp—1)=<1 forp=k/3+1,

0 otherwise.

The desired equality is easily checked in this case. The other cases kK = 1,2 mod 3 are checked
similarly. ([l

When £k is even, the analogue of Lemma 7.11 holds only partially.
Lemma 7.20. If k is even, we have

w; € FETD=RF2BHL (AL Symb Ai)  if 1 <i < |k/4],

irr
wi € PV DBl (G, L@ j7 SymF Al) if 1< i <K)2,
ny € FAH DB (G, Lo j+ SymP Al) if 0 < j < K.
The statement of this lemma, which is proved in Section 7.h, amounts then to

GPHjg (A", Sym” Ai) C F Hlg (A', Sym"* Ai)
— forp>=k/2+41.

7.21 .
(7:21) GPH)R (AY, Sym” Ai) C FP Hip (A, Sym" Ai)

Step 3: End of the proof. We conclude the proof of Theorem 1.1 in the case of even k as
follows. Firstly, Proposition 7.18 and Lemmas 7.19 and 7.20 imply the equalities

‘FiF;rH(liR,mid (Alsv Symk /Avl) = GPH(liR,mid (Alsa Symk :&i) (P > k/2 + 1)
Restricting to Hlg iq(AL, Sym* Ai) yields
F}Fl:rH(liR,mid (Ala SyIn]C Al) = GthliR,mid (A17 SyIn]C Al) (p > k/2 + 1)
Since dim gr? H, (A, Sym* Ai) = 1 for p € (k/2 + 1,2k/3] and is equal to zero for p >
G “dR,mid
2k /3, we find that the same property holds for gr%m HéR i (AL Sym* Ai).
If 4 | (k +2), H'(A', Sym* Ai) = HL . (A!, Sym* Ai) is pure of weight k + 1, and Hodge
symmetry implies that dim gr%irr Hlg (AL, SymF Ai) = 1 for p € [k/3+1,k/2). The theorem is
proved in this case.
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If 4 | k, Hodge symmetry yields the result for HL ., (Al Sym* Ai) and it remains to obtain
the last line in (7.16). In that case, the underlying vector space Hgqg of the quotient

H := H'(A!, Sym® Ai)/Wj H' (AL, Sym* Ai) = HY(AL, Sym* Ai)/HL . (Al, Sym* Ai)

has dimension one with basis wy,/4 (Proposition 7.9). Thus this i-mixed Hodge structure is a
pure Hodge structure. Since its weight is > k + 2, the Hodge structure is of type (p,p) with
p = k/2 + 1. The first line of Lemma 7.20 shows that wy,/4 € FF/241H i, hence the previous
inequality is in fact an equality, yielding the last line of (7.16).

This completes the proof of Theorem 1.1 when £k is even. O

7.e. The differential module G, and its symmetric powers. We continue assuming k
even, although this is not important in this section. We consider the function g : A{L — AL
9(y) = % y? —y and define gi(y1,...,y%) = Zle 9(yi). The function g has two simple critical
points y = £1 with critical values 7 = £2/3, upon which the vanishing cycle space is of
dimension one and local monodromy equals — Id.

We take up the notation used in Lemma 6.23. Let Ml = jfog+ﬁA1y, that we regard as

a C[r](9-)-module. The localized Fourier transform G, = j*FT Ml of Ml on Gy, is the

cokernel of the C[t, ¢ !]-linear morphism

cit, -yl 20 e gy

and is equipped with the connection Vp, induced by 9; + g. Then G, is Clt,t-free of
rank two with basis {vg,v1}, where g is the class of 1 and v; that of y. The matrix of the
connection in this basis is given by

o= [ (2.) 205

One can check that it is irreducible (e.g. argue as in [35, Ex. 8.19]). It has a regular singularity
at the origin with semi-simple monodromy having eigenvalues exp(+27i/3). On the other
hand, the formalized module @g at infinity decomposes as (EQt/ 3 B2/ 3 ® L_y1, where L_;
is the rank-one C((1/t))-vector space with connection having monodromy equal to — Id.

Since the determinant of G4 is the trivial rank-one bundle with connection, the differential
Galois group of Gy is contained in SLy(C). It is in fact equal to this group (argue as in
loc. cit.). It follows that Sym” G is also irreducible and its monodromy at the origin is semi-
simple with eigenvalues 1, exp 27i/3 and exp —27i/3. Indeed, the eigenvalues are the numbers
(counted with multiplicities) exp(i + 2j)27i/3, for i,5 € [0,k] and ¢ + j = k, that is, the
numbers exp 2(k + j)mi/3 with j € [0, k].

We will implicitly identify Z/3Z with {0,1,2}. For ¢ € Z/3Z and ( = exp(— 27Ti€/3), we
denote by K¢, the Kummer sheaf on A} with monodromy ¢ around t = 0 (hence (~! around
t = o0) and we also consider similarly K¢-1,. We set Mko = Mk and Mke = K¢-1 7 %mid Mk
for € # 0. We note that, according to [6, Prop. 1.18], we have

FT My = jiy (57 K¢ @ Sym* Gy).
From the above computation of the monodromy of G, we deduce, for ¢,¢" € Z/3Z,

dim zﬁt,exp2&’7ri/3(.7'-i_KvCﬂf ® Symk Gg) = #{.7 S [Oa k] ‘ k+j= ¢’ —emod 3}'
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We note that, due to semi-simplicity of the monodromy at the origin, the minimal extension
ji+ (T K¢y ® Sym* Gy) at the origin of j¥ K¢, ® Sym* G, satisfies

bu1 [+ (T Ker ® Sym® Gy)] =0,
Gt [Gi+ (T Ko @ Sym* Gy)| = 1 14 (5T Koy ® Sym* Gy)] = by 21(GT K¢y ® Sym” Gy).

At infinity, the formalized module satisfies
ko . ~ ~
(T Kep © Sym* Gy)" ~ GBOEQ(ZJ_'“WS ® (L2 ® Ke-1,10).
‘]:

(Note that on the right-hand side, the monodromy of K is computed with center at infinity,
while on the left-hand side it is computed with center at the origin, hence the change from (
to ¢~!.) This formal module has a nonzero regular part at t = oo if and only if k is even, and
in that case the regular component has rank one and is isomorphic to K 11/t

The monodromy at infinity (in the 7 coordinate) of Mk’e is semi-simple and is isomorphic
to the monodromy of ¢;(ji+(jTKer ® Sym” Gy) (according to the inverse stationary phase
formula, which is a Z-module variant of [23, Cor.5.20]), and the latter space is nothing but
the space ¢y 21 (7 K¢y @ Sym” Gy). In particular,

tk M, = #{j € [0,k] | k+j # —< mod 3}

2(|k/3] +1) if k£ 0mod 3, fe—0

(7.22) 2|k/3] if k=0 mod 3, -
{2Lk/3j+1 if k 2 2 mod 3, o0,
2(|k/3] +1) if k=2mod 3,

On the other hand, since FT(HT(Mk7a)) = j(jT K ® Sym* G,), we have
rk [T, (M) = dim oy, [I(Mj,)] = dim ¢ [j4 (57 K¢ @ Sym* Gy)]

= dim v [j1 (T K¢ ® Sym* Gy)] = tkSym" Gy = k + 1.
Let us set ]\7;@, = @seZ/3Z Mkﬁ. We then find

rk My, = 2(k+1), rkIL(My.) =3(k+1).

In the exact sequence
0 — ji+ (T Ker @ Sym® Gy) — 4 (5 K¢y ® Sym* Gy) — C. — 0,
the cokernel C. is supported at the origin and is isomorphic to C[9;]"<, where
ve = dim 1 (57 K¢y @ Sym” Gy) = dim ¢y ey 2ic /3 Sym”* G,

By taking the inverse Fourier transform of the above exact sequence, we obtain the exact
sequence

0—s Mk@ — HT(Mk,E) — M[m — 0,
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where M,’m is constant of rank v, = #{j € [0,...,k} | k+ j = ¢ mod 3}. As a consequence,
there is an exact sequence

0— Mk,. — HT(M,%.) — M,’C — 0,

where M,’g . is constant of rank k 4+ 1 = Zan/BZ Ve.
The structure of Mk’e as a C[7](9;)-module is described by the following proposition.

Proposition 7.23. For e € Z/37Z the following properties hold.
(1) The regular holonomic C[7](0;)-module ]\ka,€ is wrreducible of rank given by (7.22).
(2) The monodromy of Mk,a at infinity is semi-simple with eigenvalues exp(+2mi/3).
(3) The singular points T; of Mk,s are the complex numbers 2(25 —k)/3, 7 =0,...,k, and
for each such j, qﬁT_T].Mk,E has dimension one and monodromy (—1)* exp(2mie/3)1d.
In particular, since k is even, 0 is a singular point of ]/\Zkyg.
(4) Furthermore,
o« if e £ 0, (leMkE = 0 and Qbﬂ]\?kg has dimension equal to rkﬂke — 1 and
monodromy equal to Id; on the other hand, ¢T exp@ms/g)Mk ¢ has dimension one;
o ife =0, qﬁTle has dimension one, ;. 1Mk has dimension equal to rk Mk and
the nilpotent part N of the monodromy on ?ﬁr,le satisfies N? = 0.

Proof. This follows from the stationary phase formula applied to Mk,g (see e.g. [24]) and the
formal decomposition of (j* K¢y ® Sym* G g)" at t = oo computed above. O

7.f. Weight properties of Mk@. Recall the exact sequence (6.20), with M,? pure of weight k.

Proposition 7.24 (analogous to |7, Prop.2.21]). For ¢ # 0, the CIr](0;)-module J\Ajk,E
underlies a pure Hodge module on AL of weight k + 1.

Proof. Since Mkﬁ = K¢17T*mide for € # 0, so that we can write Mk,l @Mkz as EmyT*mide,
we can enrich it with the structure of a pure Hodge module E%T *mid 1\7}3 of weight k& + 1
(the weights behave in an additive way under middle convolution). It follows that Mk,a
(e # 0) can be enriched with the structure of a pure complex Hodge module M, ,? . of weight
k + 1. Interpreting IL; as additive convolution with j;Og and noting that yj (pQEmJ) €
MHM(AL) has weights 0,1, we conclude that

I (ME,) = wjt(CQE, ) * M},

has weights > k + 1. Furthermore, due to the irreducibility of M, Wie (Proposition 7.23(1)), we
can argue as in Lemma 6.21 to conclude that M ke = Wil (M o) O

m,7?

7.g. Proof of Proposition 7.18. Recall the map p. defined by (7.17).
Proposition 7.25. The Hodge bundles F'(Mkyg) satisfy, for e € Z/3Z,
rkerh My = #p-'(p) V.

Proof. Since the monodromy of Mk at infinity is semi-simple, the limit mixed Hodge structure
of Mj! at infinity is pure, and the graded pieces of the limit Hodge filtration have the same
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dimension as the corresponding graded pieces at a generic point of AL. In order to compute
rk grh, Mk, we are thus led to computing the ranks for this limit Hodge filtration.

For that purpose, we use the comparison with the limit at ¢ = 0 of the irregular Hodge
filtration of SymF Gy, as proved in [28]2 in order to take advantage of the property that the
irregular Hodge filtration on Sym” Gy is easily computed by means of the Thom-Sebastiani
formula from that of Gy, hence is more directly accessible than the Hodge filtration of M, k-

We first compute the jumps of the irregular Hodge filtration F}, G41 of G4 at t = 1. Since
Hg*pQX1 is a pure Hodge module of weight 1, it corresponds, away from the singularities, to
a polarizable variation of pure Hodge structure of weight zero on Al. The eigenvalues of the
monodromy at 7 = oo of the non constant part of g+ @ (the constant part has rank one and
is given by the trace) being exp(+2mi/3), the irregular Hodge filtration F;,
and 2/3 (see 29, (7)]).

In order to compute the jumps of the irregular Hodge filtration of j7 K¢ ® Sym” Gy, we
use that this filtration is obtained by tensor product from the irregular Hodge filtration of
K¢ and that of Sym* G, (Thom-Sebastiani).

On the one hand, by the same Thom-Sebastiani argument and the computation above,
the jumps of Fj, SymF Gy, occur exactly at A = (i 4 27)/3 where 7,5 vary from 0 to k and
i+j=k. Wewrite A = k/3 + j/3 with j varying from 0 to k.

On the other hand, if ¢ # 0, we regard K1, on Al as a complex Hodge module of rank
one with Hodge filtration jumping at p = 0 only. Then, by [29, (7)], the irregular Hodge

g1 jumps at 1/3

filtration of its localized Fourier transform K¢; on Gy, jumps at « only, with a € [0,1) and
a =¢/3 mod 1. By using once more the good behaviour of Fj,; under tensor product, we find
similarly that the jumps of F (jTK:; ® Sym* G,) occur exactly at A = k/3 + j/3 + /3,
where j varies from 0 to k and £/3 € (0, 1).

Since rk Sym* G4 = k + 1, this implies that the jumps are all equal to one. For applying
the inverse stationary phase formula, we do not care of the jumps at integers, and the one-
dimensional jumps of Fy (j+ K¢, ® Sym* G,) (¢ € Z/3Z) at p + 1/3, resp. p + 2/3 for p € Z
occur respectively for

1
(7.26) p:§(k:+j+€—1), for j € {0,...,k} such that k 4+ j 4+ =1 mod 3,

1
"3
Using [29, (7)] once more in the other direction, we find that the limit Hodge filtration on
1/)1/7]\7/@5 satisfies, for € € Z/3Z,

(727) p (k+j+e—2), forje{0,...,k} such that k+j+ ¢ =2mod 3.

in Case (7.26),

otherwise,

i ~ 1
dim grz]):‘ wl/r,exp(Qwi/S)Mk,E = 0

dim gr?. ¢ —ori/3)Mke =
8L Y1/7exp(—2mi/3)Mk.e otherwise.

— {1 in Case (7.27),

We thus find the desired formula. O
Proposition 7.28 (Hodge filtration on 1/1T71Mk76). Assume k = 2(k' + 1) is even.

3We used this argument in the opposite direction in [29, (7)].
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(1) Ife =0, dim g% o1 My, = tkgry My, = #py  (p).

_ ~  [#p7(p) ifp# k/2,
(2) If e 75 0, dlmgr% d}r,le,e = {#pgl(k/z) —1 ifp= k/2_

Proof.

(1) In this case, 1/1er = 1/17,1Mk (see Proposition 7.23(4)), so the conclusion follows.

(2) In this case, 1p771]f\\/1'//1€,€ has codimension one in ¢7Mk,e (Proposition 7.23(4)) and we have
to determine which value of p as given by Proposition 7.25 to put aside. We know
that dim ¢71Mk = 1, and this space underlies a pure Hodge structure of welght k,
hence of type (k/2,k/2), so that grh. ¢, My, = 0 for p # k/2. Recalling that M,?
Hj*K?_lj *mid ]\AjH, a proof similar to that of [6, Th. 3.1.2(2)] using [18, Th. 1.2| implies
that

dim g1, ¥, exp(2ric/3) Mi,e = dim grhy, é71 My,

and the conclusion follows. O

Proof of Proposition 7.18. We continue assuming k even and we recall that we have set k =
2(K' +1). We apply Proposition 6.22.
(1) If e = 0, the Lefschetz decomposition of gr'V wﬂM,? reads P} @ Pj &N, (P}), and P}
has weight £/2 = k' + 1 and dimension one. Therefore, the Hodge jump on PY is at
p = k" + 1 and that on N.(P}) is at /. The remaining jumps on P are of size 1 if
p =K Kk +1 and of size #p~!(p—1) for the other values of p, according to Proposition
7.28(1). We conclude with Proposition 6.22:

1 ifp==Fk/2,k/2+1,
#oop—1) ifp#k/2,k/2+1.

(2) If ¢ # 0, the monodromy of QﬂT’le’E is equal to the identity, so that ¢T,1Mk,s =
Po 171 My, .. Propositions 6.22 and 7.28(2) give

dim grf, Hig mia (A}, Sym” Al = {

— 1 ifp=~k/2+4+1
dim rp E/ng (AL Sym” Aj) = ’
BIR R mia (s, 8 ) #p Y ) otherwise.
7.h. Proof of Step 2. We prove Lemma 7.20 (in a way similar to that of |7, §4.3.3]).
We start with w;. We take up the construction and the notation of Lemma 7.11. The
singular locus S C AF of (9x) C AF consists of the (k%) points y; = ¢; with ¢; = £+1 and

Zle g; = 0 (where gy = 0 has ordinary quadratic singularity). Then X is non-degenerate
away from {oo} x S. Let w : X — X be the 3-step blowup of X constructed as follows. Let X,
be the blowup of X along {occ} x S. Then on each component of the exceptional divisor Ej,
the rational function s3g; possesses an ordinary quadratic point. Let X5 be the blowup of X
along these points with exceptional divisor Eo; let X be the blowup of X5, with exceptional
divisor Eg, along the intersection of Fy and the proper transform of Ey. Then by a direct
checking, X is a non- degenerate compactification of (AkH s3gr). In X let D = X ~ AFt!
be the boundary, P the pole divisor of s3g; and Ej the proper transform of E; for j = 1,2.
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We moreover have
OrdE Sgr = —1, 01"dE2 Sgr =1, ordg73 3gr = 0.
Given a form
w=z"lg"dzAdzy A Aday, =1, n=(n) € {0,1}F, v= Zle ng,
one checks that the pullback satisfies
w*w € D(X, Q" (log D)(|my, P — (k — 2r — v)Es — (k — 4r — 2v) E3)),
k+2r+v
Mey = —
3
provided that & > 4r 4+ 2v (in order to have allowable pole order along E’l) In particular,
if o > L(k +2i) and i < k/4 (and since k — 2i > 2),
@ (27 tdz Aday A - Aday) € T(X, Q¥ (log D)(|uP))),
and thus ¢(w;) defines an element in FF+1=(F+20/3gEFL (AL (3,
Let us now consider the basis w, , un of HéR(Al, L ® SymF Ai). As in the proof of Lemma

7.11, let ¢ : HY(A!, L ® Sym* Ai) — HF1(AFH1 53¢, denote the inclusion in EMHS?. In this
setting, given a form

d
w=2"z" Adzy A Adayg, >0, n=(n;) € {0,1}*, v = Zleni,
z
one has
sw'w € [(X, Q" (log D)(|my, P| — (k —2r — v — 1)Ey — (k — 4r — 2v — 2) E3)),
_ k+2r+v+1
My =T

provided that k > 4r 4+ 2v + 2. In particular,

[swrw] € BT HEEL (AL By i k> dr 420 + 2.
Now we have (w; ) = w*w with 7 =4, v = 0, while ((;) = @w*w™ where w™ is the average
(i.e., the symmetric projection of any) of the forms w with » = 0, v = j. The claim follows. O
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