CHAPTER 10

2-MODULES ENRICHED WITH
A SESQUILINEAR PAIRING

Summary. Our aim in this chapter is to extend the notion of (V,V)-flat
sesquilinear pairing, used for the definition of a variation of C-Hodge struc-
ture (see Definition 4.1.3), to the case where the flat bundle is replaced with a
2-module. The case of a holonomic Z-module will of course be the most inter-
esting for us, but it is useful to develop the notion with some generality in order
to apply derived functors.

In this chapter, we keep Notation 7.0.1. However, we will only consider & x-modules
and Zx-modules, as coherent filtrations will not play any role here. We will use the
constructions and results of Chapter 7 in this framework.

10.1. Introduction

One of the ingredients of a variation of polarized Hodge structure is a flat Her-
mitian pairing (that we have denoted by Q), which is (—1)?P-definite on HP*~P. In
this chapter, we introduce the notion of sesquilinear pairing between holonomic Zx-
modules. It takes values in the sheaf of distributions (in fact a smaller sheaf, but we
are not interested in characterizing the image). This notion will not be used directly
as in classical Hodge theory to furnish the notion of polarization. Instead, we will take
up the definition of a C-Hodge structure as a triple (see Section 2.4.c) and mimic this
definition in higher dimension. Our aim is therefore to define a category of Z-triples
(an object consists of a pair of Zx-modules and a sesquilinear pairing between them)
and to extend to this abelian category the various functors considered in Chapter 7.

10.2. Sesquilinear pairings for Zx-modules and the category Z-Triples

10.2.a. Distributions an currents on a complex manifold. Let X denote the
complex manifold conjugate to X, i.e., with structure sheaf &5 defined as the sheaf
of anti-holomorphic functions &x. Correspondingly is defined the sheaf of anti-
holomorphic differential operators Z+. The sheaf of €™ functions on X is acted on
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by Zx and Z+ on the left and both actions commute, i.e., €% is a left Zx ®c P
module. Similarly, the sheaf of distributions Dbx is a left Zx ®c Zx-module: by
definition, on any open set U C X, Dbx(U) is dual to the space @2"(U) of C*
2n-forms with compact support, equipped with a suitable topology, and the presheaf
defined in this way is a sheaf. On the other hand, the space of €x(U) of currents
of degree 0 on X is dual to C°(U) with suitable topology. Then €x is the right
Dx @c Y+-module obtained from Dbx by the left-to-right transformation for such
objects, i.e.,
Cx = (wx ¢ wy) B(ox®6%) Dbx .

The stupid conjugation functor M + M transforms &'x-modules (resp. Zx-mod-
ules) into Ox-modules (resp. Z-modules): let us regard O as an Ox-module by
setting f-g := fg, and similarly let us regard P as a Yx-module; for an Ox-module
(resp. a Px-module) M we then define M as O ®4, M (resp. P @4, M). In other
words, for a local section m of M, we denote by m the same local section, that we act
on by f € Ox (resp. Z) with the formula f -m := fm.

Notation 10.2.1. From now on, the notation szxy will mean @/x ®c o5 (7 = O
or 9).

One can easily adapt Exercise A.5.5 to prove that the C*°-de Rham complex
gt ®eyr Ixx = 6x Vo, Pxx[2n], where the differential is obtaineci from
the standard differential on C*° k-forms and the universal connection Vx + Vx on
Px x> is a resolution of & = £F" as a right Py x-module.

We denote by Db’ """ = 77" @4 Dbx or Dby, 4 the sheaf of currents
of degree (p, q) (we also say of type (n —p,n — q)), that is, continuous linear forms on
Cge differential forms of degree p, q.

The distributional de Rham complex gives then a resolution of €x as a right 7 -
module:

(10.2.2) Dby [2n] ®o,  Ixx — Cx -
Let us make precise that the morphism is induced by

@b?{’n ®‘@X7Y:¢X ®‘@X77—>Qx, URQP+—u-P.

10.2.b. Sesquilinear pairings. Let us start with the case of right Zx-modules.

Definition 10.2.3 (Sesquilinear pairing).

(1) A sesquilinear pairing ¢ between right Zx-modules M', M" is a Py x-linear
morphism ¢ : M’ ®c M” — Cx. When M’ = M” = M, we speak of a sesquilinear
pairing on M.

(2) The adjoint of ¢ is ¢* : M @c M/ — €x defined by ¢*(m”,m/) = c¢(m’,m"),
with (c(m/,m”),n) := (c(m/,m”),n) for any test function 1. We clearly have ¢** = c.
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Remark 10.2.4 (Extension to C coefficients). Let us define a right action of 2  on
M Rg, EF by setting (m ®@n) - 0y, = MmOy, ® N —m R In/0zr; and (M ®n) - Oz, =
—m ® 9n/0%;. Then ¢ extends in a unique way as a Gy°-linear morphism

(M/ Rey C%) Bege (M ® gy cg)o(o) — Cx
which satisfies, for any local section ¢ of O x or Ox,
c(u' 1€ = (& 1) + e, W€,
by setting
c(m' @n',m” @n") = c(m',m")n'n".

Conversely, given such a pairing, one recovers the original ¢ by restricting to M’ ®cM””.

Remark 10.2.5 (The case of left 7 x-modules and side-changing)

If M/, M” are left Zx-modules and ¢ = ¢!*f* : M’ @c M” — Dby is a sesquilinear
pairing, that is, a left Qij—linear morphism, then it determines in a canonical way
a sesquilinear pairing

( ) B (wx @ M) ¢ (wx @M) — wx FWx @ Dby = Cx
10.2.5 - _ -

(W @m, " @m") — W Aw” @ e (m/ m").
Conversely, from a sesquilinear pairing between right Zx-modules one recovers one
for left 9 x-modules.

The compatibility with adjunction is given by the following relation:
(10.2.5 xx) (crishty* — (—1)n(¢*)risht,
since w’ AW = (—1)"W" AW

Let us notice the following.

Lemma 10.2.6. If M and M" are Ox-coherent (hence Ox -locally free of finite rank),
the pairing ¢ takes values in C™ forms of mazimal degree (resp. functions).

Proof. We know (see Example A.4.b) that M/, M are &x-generated by their flat local
sections. For such local sections m/,m”, the current (resp. distribution) ¢(m’, m”) is
annihilated by 0 and 0, hence is locally a constant. It follows that, for any local
sections m/,m”, ¢(m’,m”) is real-analytic, so in particular C'*°. O

10.2.c. The category of Z-triples. The category Z-Triples(X) is a prototype,
without any Hodge filtration, of the category of Hodge modules. It serves as a model
for it, but is also a constituent of it, as we will see in Chapter 12. It is an abelian
category, and possesses the basic functors we need for studying pure Hodge modules,
as a consequence of the results of the previous sections. Moreover, we will define sign
rules for various functors in order to eliminate various signs which have appeared in
the previous formulas, and to be compatible with the notion of Lefschetz structure
(see Chapter 3) when possible.
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Definition 10.2.7. The category Z-Triples(X) has

« objects consisting of triples T = (M’',M”, ¢), where M/, M" are Zx-modules and
¢ is a sesquilinear pairing between them (with values in Dbx in the left case, and in
Cx in the right case),

« morphisms ¢ : T3 — Ta consisting of pairs ¢ = (¢, ¢"), where ¢’ : M} — M},
and ¢ : M) — MY are Zx-linear, such that for all local sections m/ of M} and m/
of MY,

(10.2.7x) ¢ (mi, ¢ (m5)) = e2(¢(my), m).
In particular, 2-Triples(X) is an abelian subcategory of Mod(Zx) x Mod(Zx )°P.

We say that an object T of P-Triples(X) is coherent, resp. R-specializable,
resp. smooth, if its components M',M"” are Zx-coherent, resp. R-specializable,
resp. Ox-locally free of finite rank.

Definition 10.2.8 (Side-changing in 2-Triples(X)). Let T = (M',M" ¢) be a left Dx-
triple. We set

Tright = (M/right M//right crig;ht)
where 8 is defined by (10.2.5%). The right-to-left side changing is defined corre-
spondingly, so that the composition of both is the identity.

Definition 10.2.9 (Adjunction). The adjoint of an object T = (M, M” ¢) of
2-Triples(X) is the object T7* := (M, M/, ¢*). The adjoint of a morphism ¢ = (¢’, ¢"")
is the morphism ¢* := (¢”, ¢’). We clearly have T7** = T and ¢** = ¢.

Remark 10.2.10 (Adjoint of a graded triple). Let T, = @, T be a graded object in
P-Triples(X). We write Ty, as (M},,M”,, ¢x). The adjoint object is then

T =T = @)

k

Remark 10.2.11 (Side-changing and adjunction in 2-Triples(X))
With the previous definitions, adjunction does not commute with side-changing
when n is odd, because of the sign in (10.2.5 %x).

Definition 10.2.12 (Pre-polarization, see Definition 2.4.32). A pre-polarization of
weight w of an object T of Z-Triples(X) is a morphism Q : T — J* which is
(—=1)*-Hermitian. In the graded category, we ask Q to be graded. We say Q is
non-degenerate if it is an isomorphism.

Let us make this definition more explicit. We write Q = ((—1)*Q, Q), where Q is
a morphism M’ — M"” which satisfies

c(my, Qmp) = (—1)*c¢*(Qmy, mb)) := (—1)"c(mj, Qm}),
and the sesquilinear pairing on M’

(mf, my) — c(m, Qm)
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is (—1)*-Hermitian in the usual sense. In the graded case, Qi = (Qk, (—1)*Q_y),
where each Qy, is an isomorphism M), — M” . which satisfies

ck(m;ﬂ, Q_kmlk) = (—1)“’c_k(m’7k, kagg),
so the graded sesquilinear pairing Mj, @ M”, — €x (or Dby)
(m;w ml—k) — ck(m;ca Q—km/_k)

is (—1)"-Hermitian in the graded sense.
The following is shown as in Remark 3.2.26.

Lemma 10.2.13. Any non-degenerate pre-polarized triple (T,Q) of weight w is isomor-
phic to a triple T = (My,My,¢1) such that ¢ = (—=1)Y¢y (i.e., with polarization
((-1)*1d,1d)).

Similarly, any non-degenerate graded pre-polarized triple (T,,Q,) of weight w is
isomorphic to a graded triple T1, = (My,,Mi,,c1.) such that ¢ = (—1)"e1,—g :
My, @My — €x (or Dby ). O

In other words, working with non-degenerate pre-polarized triples of weight w
amounts to working with pairs (M, ¢), where ¢ is a (—1)*-Hermitian pairing M ®
M — €x (or Dbx). Given such a pair, we associate to it the object (M,M,¢) of
P-Triples(X) with pre-polarization ((—1)" 1d,Id).

Example 10.2.14 (Two basic examples).

(1) (Left case) The triple +Ox = (Ox,0x,cy) is the smooth left triple with
cn(1,1) = 1. Tt satisfies (+Ox)* = +Ox. The identity morphism Q = (Id,Id) :
+O0x — (:O0x)* is an Hermitian non-degenerate pre-polarization.

(2) (Right case) The triple ;wx = (wx,wx,¢y) is the smooth right triple with
(W, w”) = w Aw”. We have ¢ = (—1)"c,, and the morphism Q = ((—1)"1d,Id) :
wx — (rwx)* is a (—1)"-Hermitian non-degenerate pre-polarization.

Definition 10.2.15 (Side-changing for a pre-polarization). Let T be a left Zx-triple
and let Q = (Q',9") be a pre-polarization of weight w of it. We then set Q"&h* :=
((=1)"1d ®2Q’,1d ®Q"), which is a pre-polarization of T*2h* with the natural mor-
phisms

Id®RY, IdRQY” :wx @M — wx @ M.
This defines a pre-polarization of weight w-+n of T8, Moreover, Q is non-degenerate
if and only if Qg is so.

Note that, for a (—1)“-Hermitian left pair (M, ), the associated right pair is
(wx @M, Cright).

Remark 10.2.16 (Lefschetz triples). The notion of (graded) Lefschetz structure (T, N) in
the abelian category Z-Triples(X) is obtained from Definition 3.1.2. Using adjunction
in Z-Triples(X) (Definition 10.2.9), we obtain as in Definition 3.1.10 the notion of
adjunction and pre-polarization of weight w of a (graded) Lefschetz 2-triple (T,N).
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Any Lefschetz Z-triple (T,N) with a (—1)*-Hermitian non-degenerate pre-
polarization Q is isomorphic to one of the form ((M, M, ¢), (N, —=N)), with ¢* = (—1)"¢,
and Q = ((=1)*1d,Id). Tt is thus determined by the data (M, ¢, N), such that ¢ is
(—=1)*-Hermitian and N is skew-adjoint with respect to c.

10.3. Pushforward in the category Z-Triples(X)

10.3.a. Pushforward of currents. Let 1 be a C* form of maximal degree on X.
If f: X — Y is a proper holomorphic map which is smooth, then the integral of 1 in
the fibres of f is a C™ form of maximal degree on Y, that one denotes by [ 71

If f is not smooth, then [ Py is only defined as a current of degree 0 on Y,
and the definition extends to the case where 7 is itself a current of degree 0 on X
(see Appendix A.4.d for the notion of current).

Exercise 10.3.1 (Pushforward of the sheaf of currents as a right 7 <-module)

Extend the notion and properties of direct image of a right (resp. left) Dx %
module, by introducing the transfer module 2 Y XY = Dx -y @c P%_,v- One
denotes these direct images by 5 f« or p 5 fi. In particular,

pof1Cx = RfI(Cx ®9x,7 SPX—>YX—>?(@X,Y))-

Definition 10.3.2 (Integration of currents of degree (p,q)). Let f : X — Y be a proper
holomorphic map and let u be a current of degree (p,q) on X. The current [ P U of
degree (p,q) on Y is defined by

</f“77> =(u,no f), Vne&IY).

This definition extends in a straightforward way if f is only assumed to be proper on
the support of u.

We continue to assume that f is proper. We will now show how the integration of
currents is used to defined a natural %, - morphism ¢’ O 5fe €x — Cy. Let us first
treat as an exercise the case of a closed embedding.

Exercise 10.3.3. Assume that X is a closed submanifold of Y and denote by ¢ : X — Y
the embedding (which is a proper map). Denote by 1 the canonical section of
9 _.vx_7- Show that the natural map

%ODﬁL* Cx =t (CX ®9x,Y@X—>Y,Y—>?) —Cy, u®1l— /u

induces an isomorphism of the right ny—module ffouga* ¢x with the submodule
of €y consisting of currents supported on X. [Hint: use a local computation.|

For example, consider the case ¢ : X = X x {0} — X x C, with coordinate ¢t on C
and identify J#°; 51, €x with 1, €x [0, O5].
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The integration of currents is a morphism
/ : f* @bX,p,q — @byypyq,
f

which is compatible with the d’ and d” differentials of currents on X and Y. In other
words, taking the associated simple complex, it is a morphism of complexes

/ £, Db% [20] —> Db [2m],
f

Let us notice that the integration of currents is compatible with conjugation. Namely,
given a current u,, € I'(X,Db% ”"77), its conjugate w,, € I'(X, Db "77) is
defined by the relation

(@p,q,1"") = (tp,q: NTP)

for any test form n?P. Then we clearly have

(10.3.4) /up,q:/upyq.
! !

Since €x = (Dbx)rshtrisht a5 a right %, v-module, we can apply Exer-
cise A.8.24(4) to get, since f is proper,

(1035)  pofeCx = f(DOX[20) ©f-10, . [T Dyy) = £. D020 @0, . Dy .

The integration of currents | f induces then a %, -linear morphism of complexes

(10.3.6) / o pfr €x — Dby [2m] @0, . Dy 5 = Cy,
. v 7y,

where we recall that the differential on the complex Dby [2m] ®g,. . Py 3 uses the

universal connection V¥ + VY on Py v, and the isomorphism with €y is given by
(10.2.2). If we star from distributions, we have a morphism

(10.3.7) /f 5[ Dbx = p5fs €x[2(m — n)] — €y [2(m — n)].

Exercise 10.3.8. Extend the result of Exercise A.8.20 to the case of right 2 -modules
and show that the composed map

f* Q:X — %OD,ﬁf* QX — CY

is the integration of currents of Definition 10.3.2.

Exercise 10.3.9. Let f : X — Y be a holomorphic map and let Z C X be a closed
subset on which f is proper.

(1) Define the sub-Z w-module €x 7 of €x consisting of currents supported on Z.
(2) Show that the integration of currents [ ; induces a %y 3-linear morphism of
complexes

/ ‘poh Cxz — Qb;/[Qm] ®o, + 9}/7 ~ Cy .
¥ ) )
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10.3.b. Pushforward of a sesquilinear pairing. In order to define the pushfor-
ward of a sesquilinear pairing in the case of right Z-modules, it will be convenient to
start from left Zx-modules as in Exercise A.8.24, and use side changing at the source
to get the right definition.

Let M/t Mot be left Px-modules, let M8t M/right he the associated
Px-modules and let f : X — Y be a holomorphic map which is proper when
restricted to Z := Supp M’ U Supp M”. Let ¢!t : M @c M/left — Dby 7 be a

right

sesquilinear pairing and let ¢ the corresponding right sesquilinear pairing.

Our aim is to define, for every k € Z, a sesquilinear pairing:

(1013.10) Dyﬁf!kcright . %k(DﬁM/right) ®c %_k(Df!M”right) N €Y )

In order to integrate differential forms (and not poly-vector fields) we will use the
formula of Exercise A.8.24(1) for computing the direct image as a complex of right
Py -modules, namely,

~

o AMIER 2 RAQS (M @516, f7' Dy) 0],

where the isomorphism is induced termwise by the morphism in Lemma A.5.8. More-
over, it will be convenient to compute the direct image Rf, by using flabby sheaves
more adapted to the computation than the Godement sheaves. According to Remark
10.2.4, it is enough to define the C*extension of 5 ; f{*c, so we will use the formula

RfIQB((Mleft Qf-10y f_1@y> X oy %}90 AN fgéa;((Mleft Qf-10y f_lgy),

~

obtained from the Dolbeault resolution Q% = (£(**) d”) and by taking the associ-
ated simple complex. Lastly, we identify each term of this complex with

(10.3.11) fi(Ex Rey M) @6, Dy
and, with this identification, the differential is given by the formula
[(d® Idypen) @ 1d] + [(Id®@V) @ 1d] + [(Id®1d) ® fif*VY],

where VY is the universal connection on %y .
The O extension of ¢'° is denoted by c'ft

(10.3.12) 2 (&% @0, M) @y (6% @o M) — DOKTS

(n/k ® m/) ® 77//( Qm' —3 n/lc A WCIEft(m/,W),

, and it induces a morphism

and by applying fi,
R s Fi(E% @0 W) @ g (6% ©oy M) — fiDBY,

so, by right 2, 3-linearity, a morphism

(o ficli)risht . [£(£% @0y M) @6, Dy] Qe filE% Qox M) @4, Dy
— fi(DK ) ®0, ¢ Dy v

The compatibility of ¢'*f* with the connections on M/t M"1*f implies that this mor-
phism is compatible with the differentials, so that, with respect to the identifications
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above and according to (10.3.5), we get a morphism of complexes of right Z, 3
modules

b ettt () AT @ 5 @) Rgge (oMM @p, €3°) — b pfi€x 7

Composing with the integration of currents (see Exercise 10.3.9)

/ ‘p5f1€x,z — Cy
f

we finally get a morphism of complexes of right -5>-modules (where €y is regarded
as a complex having a single term in degree zero) that we denote by the same symbol:

D,ﬁf! céioght . (Df!eright ®ﬁy cg}c;o) ®<g§c (Df!M//right ®ﬁy %{ﬁo) — Q:Y .

By restricting to the holomorphic/anti-holomorphic part (and side changing from
right to left in the left case), we obtain the pushforward morphism

b ficE L AMTIERE @ ) fVIiERE s @y
Forgetting now the “right” exponent on ¢, we denote by ;, 5 f;'¢ the induced morphism

(10.3.13) o fEC s A NV 0 Py FNTRER @y

Remark 10.3.14 (Making explicit the pairing ,, 5 fc). We assume that f is proper on
SuppM’ and Supp M”, so that we will consider the ordinary pushforward f,. Let U
be an open set in Y, and let

mtt €U, f(63F o M), m ™" € DU, £.(637F @05 M)

Then [, frceft(mntk mZ2=k) belongs to I'(U,&y). If the section mZt* ® 1 of

F(ExTF @6 M) @ Dy (vesp. m/2~* @1) is closed with respect to the differential
of the complex (10.3.11), then, denoting by [+] the cohomology class, we get

pofie(mItF 1], (i F 2 1)) = / foclft (mtr 0=k € T(U, €y).
f

Remark 10.3.15 (Pushforward and adjunction). Let us denote by ¢&f the sesquilinear
form (10.3.12). Due to the relation n’* A "¢ = (—=1)kn""* An'*, we have

(C* )é,k(nué ® m//’m) _ n//é A n/kc* (m”,W)

oo

_ (_Dk,@c&f (n/k Qm/, 77//2 ® m//)
_ (_l)k,Z(cl;éﬁ)*(n//Z ® m//’m)'

It follows that the behaviour with respect to adjunction of (5 5 f"~*c'eft)right (defined
in a way similar to the previous formulas) is given by the relation

(D - 'n+kcleft)right* — (_1)n+k(D 6f'n—kc1eft*)right.

Since we have
k right __ n—+k left\right
p /i ¢ = (o fi )R,
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the behaviour with respect to adjunction is given by the formula

(10315 *) D,Bf!k(c*) — (_1)k(D,5frkc)*-

10.3.c. Pushforward of Z-triples

Remark 10.3.16 (Rule of signs for the pushforward). Before defining the proper pushfor-
ward of an object of Z-Triples(X )con, we will modify the definition of the pushforward
b.5fF¢ of the sesquilinear pairing in order to eliminate various signs. For every k, we
set (recall that e(k) = (—1)F(k—1)/2);

(10.3.16 %) ]Tffc =e(n—m+k) ooff,

so that, since e(n —m — k) = (=1)*s(n — m + k), (10.3.15 %) becomes

(10.3.16 %) fE() = (o7

(The choice of e(n — m + k) instead of (k) will be justified by the side-changing
formula.)

Definition 10.3.17 (Proper pushforward). Let T be an object of Z-Triples(X)con Sup-
ported on Z and let f : X — X’ be a holomorphic map which is proper on Z. Then
+fFT is the object

(AF S f N, A f I o f )

of 9-Triples(X”)con. The total pushforward is the graded object @, +fFT, with , fET
in degree k.

Example 10.3.18 (Kashiwara’s equivalence in Z-Triples). Assume that ¢ : X <— Y
is a closed immersion and let M = M',M"” be right Zx-modules. We then have
oM = 1. M = 1, (M ®g, Px_y). Let 1 denote the canonical section of
Dxsy = Ox ®,-14, 19y, Tt is a generator of Px_,y as a right ¢~ Py-module.
Any sesquilinear pairing ¢y : S0, M @ L1, M" — €y takes values in Cy x
and is determined by its restriction ¢y|x to tx(M ® 1) ® 1,(M” ® 1). Hence it
takes the form , 5t0cx. For local sections m/,m” of M/, M”, the current of degree 0
botiex (m ®1,m” ®1) is the pushforward by ¢ of the current ¢(m’, m”). Together
with the rule of signs (10.3.16 %), we conclude that

210 : D-Triples(X)con — Z-Triplesy (Y)con
is an equivalence of categories, compatible with adjunction.

Remark 10.3.19 (Pushforward of a (—1)“-Hermitian pair). The behaviour of a pre-
polarized triple of weight w by pushforward is determined by the behaviour of the
associated (—1)“-Hermitian pair (see Lemma 10.2.13).

If (M,¢) is a (—1)”-Hermitian pair, then the pushforward (,fiM,rfi¢) graded
(—1)¥-Hermitian pair.



10.3. PUSHFORWARD IN THE CATEGORY %-Triples(X) 227

Remark 10.3.20 (The Lefschetz morphism). In the previous setting, let n be a closed
(1,1)-form on X which is real, i.e., such that 77 = n. This condition is satisfied if the
cohomology class of 7 is equal to ¢1(-%) for some line bundle £ on X. The corre-
sponding Lefschetz morphism £, : p, f.M —  f.M[2] with M = M’, M"” (see Definition
A.8.16 and Remark A.8.18) satisfies then

D,Bff+2c('£’l7m/)ﬁ) = D,ﬁffc(mlv an/,)v

if m’ (resp. m") is a local section of ,, fFM’ (resp. of ,, f7*=2M"), that is, because of
en—m+k+2)=—-<c(n—m+k),

(10.3.20 %) fE2(Lym! m7) = — o fRe(m!, L,m7).
We can thus define a Lefschetz morphism by anti-symmetrization
(10.3.20 %) Ly = (L5, L) o fFT — o fET2T,

L% =L, on kL .M,
Ly=-L, on HR2 0 f M

It is functorial with respect to J and satisfies Ly = —L;,.
Let (M, ¢) be a (—1)“-Hermitian pair (corresponding to a pre-polarized triple of
weight w). Then (10.3.20 *) implies that, for k > 0, the sesquilinear pairing

(Tf*c)(_k) = Tfﬁkc(%ﬁﬁ') : Tf*_kM & Tf;kM — Cy
is (—1)“*t*k-Hermitian.

10.3.d. Pushforward of left Z-triples. In a way analogous to (10.3.10), we first
define a sesquilinear pairing

(10.3.21) ppfy kel gpn=mtk( M) @c n—m—k(, AMef) — Dby .
According to Exercise A.8.24(1), we have
(Df!Mleft>right AN Rf[Q_.X(Mleft ®f*16’y f—l@y)[m]

By using (10.3.12) we obtain a morphism of complexes of right % w-modules

(D,ﬁf! cloe.ft)right . ((DfIMIIeft)right ®6’y %§o> ®(@”§° ((Df!M//left)right ®ﬁy Cglc/)o)
— oo f1 €x,z[2(m — n)]

and by composing with the integration of currents, we finally get a morphism of
complexes of right Z-5--modules

(D,ﬁf! cloe.ft)right . ((nyMlleft)right R6y %}90) ®<g§30 ((Df!M//left)right R oy Cglc;o)
— Cy [2(m —n)],

which restrict to the pushforward morphism, after going from right to left in the
target Y:

oo fict s D AMIE @ o AMeR —s Dby [2(m — n)].
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At the cohomology level, and omitting the “left” exponent on ¢, we denote by 5 ;"¢
the induced morphism

(10.3.22) pfi T R TR A @ n—mk ) Ml s Dby

Remark 10.3.23 (Pushforward and side-changing). With respect to the side-changing
functor of Remark 10.2.5, the right pairing (10.3.13) is obtained by side changing
from (10.3.22), if ¢"8"* is obtained by side-changing from ¢'*f. This follows from the
definition of both sesquilinear pairings, since both are defined from (p, 5 ficleft)rieht,
namely, (10.3.13) by applying the side-changing at the source, and (10.3.22) at the
target. In other words, for ¢ = ¢!t

(D,ﬁ !n—m—i-kc)right — Dyﬁf!k(cright)'
If we define . fF¢ in the left case by
(10.3.23 ) offe:=e(k) ooff,

the side-changing formula become

(10.3.23 ) (o ffrmrheyrisht — gk (cright)

Remark 10.3.24 (Pushforward and adjunction). As in Remark 10.3.15, we use that

Dyﬁf!nferkcleft — [( ~ pn+k left)right} left,

o)1 €
to obtain
(10.3.24 %) o /i TR(E) = (—1) TR (L R
Now (10.3.24 ) becomes
(10.3.25) fTTTR () = (D) (e R

Then, if ¢ is (—1)*“-Hermitian, then , f; ¢ is graded (—1)“*"~"-Hermitian. As a conse-
quence, the pushforward of a (—1)¥-Hermitian pair (left case) is a graded (—1)¥ 7™
Hermitian pair.

The definition of the pushforward of a Z-triple in the left case is similar to Defini-
tion 10.3.17. The only difference is the grading, which is shifted by n —m. We thus
set

Tff_7n+leeft _ (%n—m,+kDf*M/’ L;fn—m—k‘,Df*jYE//7 . :,—m+kc).
The total pushforward is the graded object fr~™*+*T = @, fr ™ *T, with
o fP7mHET in degree k.

Similarly, the pushforward of a left (—1)*-Hermitian pair (M, ¢) is the graded pair

(pfRmMT M, fR7™ %), which is a graded (—1)¥+t"~™_Hermitian pair.

Lastly, for £ > 0, the Lefschetz morphism £,, induces a sesquilinear pairing
(e fue) TR = R (0 LR s [T TEM @ 1 f2TTEM — Dby

which is (—1)**T*=™+k_Hermitian.
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Example 10.3.26 (Kashiwara’s equivalence in @-Triplesle“

10.3.18, we obtain that

). In the setting of Example

LU0 9P-Triples(X)f +— @-Triplesy (YV)eff

coh coh

is an equivalence of categories.

10.4. Specialization in Z-Triples

10.4.a. Specialization of a sesquilinear pairing. Let g : X — C be a holomor-
phic function on X and let M',M"” be Zx-modules which are specializable along
g = 0. Assume that ¢ is a sesquilinear pairing between M’ and M"” with values in €x
(right case) or Dby (left case). We wish to define sesquilinear pairings between the
P x-modules 1, \M’ and g \ M’ with values in €x or Dbx. We start with the case
where g is the projection X = Xy x C — C and M', M” are specializable Zx-modules
along X, equipped with a sesquilinear pairing. We will denote by ¢ the coordinate
on C. In order to define a sesquilinear pairing on nearby cycles, we will use a Mellin
transform device by considering the residue of ¢(m’, m”)|t|?* at various values of s. It
is important to notice that, while we need to restrict the category of coherent Zx-
modules in order to define nearby and vanishing cycles (i.e., to consider R-specializable
coherent Zx-modules only), the specialization of a sesquilinear pairing between them
does not need any new restriction: any sesquilinear pairing between such Zx-modules
can be specialized.

We assume that M', M are right 2x-modules which are R-specializable along Xj.
Let ¢ : M’ ®@c M” — €x be a sesquilinear pairing. Fix z, € X,. For local sections
m/,m” of M',M" defined in some neighbourhood of z, in X, the current of degree 0
¢(m’,m") has some finite order p on some neighbourhood nbx (z,). For 2Res > p,
the function t +— |t|?¢ is CP, so for every such s, ¢(m’,m”)[t|** is a section of €x
on nbx(x,). Moreover, for any test function n with compact support in nbx(z,),
the function s — (c(m’,m”)[t|**,n) := (c¢(m’,m"), |t|**n) is holomorphic on the half-
plane {2Res > p}. We say that c(m’,m”)|t|** depends holomorphically on s on
nbx(z,) X {2Res > p}.

Let x(t) be a real C* function with compact support, which is = 1 near t = 0.
In the following, we will consider test functions 7, - x(t), where 7, is a test function
on a neighbourhood nbx,(z,) of z, in Xj.

Proposition 10.4.1. Let M',M" ¢ be as above. Then, for every x, € Xy, there exists
an integer L > 0 and a finite set of real numbers v satisfying Yy exp(2xi) My, # 0
and Yy exp(2xi) My, # 0, such that, for every element m' of M, and m" of M;_, the
correspondence

(10.4.1%) o — [1T(s =) 7" - (elm!,m7) [t mo - x(2))



230 CHAPTER 10. 2-MODULES ENRICHED WITH A SESQUILINEAR PAIRING

defines, for every s € C, a section of €x, on nbx,(z,) which is holomorphic with
respect to s € C.

The proposition asserts that the current of degree 0
Mo — (e(m’, m")[t**, 1, - X(t))

extends as a current of degree 0 on nbyx,(z,) depending meromorphically on s, with
poles at s = —k + v (k € N) at most, and with a bounded order. We note that
changing the function x will modify the previous meromorphic current of degree 0 by
a holomorphic one, as [t|?* is C°° for every s away from t = 0. The proposition is a
consequence of the following more precise lemma.

Lemma 10.4.2. Let x, € Xg and let o, o’ € R. There exist L > 0 and a finite set of
real numbers v satisfying

(10.4.2 %) Ut exp(2rig) Me, Ut exp(2miy) My, # 0, and ~ < min(a/,a”),
such that, for any sections m' € Vo M, and m" € VoM, the correspondence
(10.4.2 %) o — [[T(s =) 7" - (e(m/,m™) [t 1o - x(t))

B!

defines, for every s € C, a section of €x, on nbx,(x,) which is holomorphic with
respect to s € C.

Proof. Let by (S) = [1,cr(m) (S —~)"™) be the Bernstein polynomial of m’ (see Def-
inition 7.3.10), with v() bounded by the nilpotency index L of E—~z. It is enough to
prove that the product [ ¢ g, I'(s — 7)™V of T factors can be used in (10.4.2 **)
(recall that the I' function has no zeros and has simple poles at the non-positive
integers, and no other poles). Indeed, arguing similarly for m’ and using that the set
of roots R(m'") of b, (S) is real, one obtains that the product of I' factors indexed by
R(m/)NR(m") can also be used in (10.4.2 xx). It is then easy to check that Conditions
(10.4.2 %) on ~ are satisfied by any v € R(m') N R(m").

We note first that, for every germ @ € VyZx ,, and any test function n on nbx (),
the function @ - (|t|**n) is CP with compact support if 2Res > p. Applying this to
the Bernstein operator @ = b,/ (E) — P for m’ (see Definition 7.3.10), one gets

0 = (c(m’,m7) - (b (E) — P, [¢]2n)
(10.4.3) = <c(m’,ﬁ)’ [bp (E) — P] - (|t|2s77)>
= by (s){clm’, i), 12 + (e, 7). 101

for some 71, which is a polynomial in s with coefficients being C'>° with compact
support contained in that of . As |t|?*t is CP for 2Res + 1 > p, we can argue by
induction to show that, for every n and k € N,

(10.4.4) § = D (5 b — 1) -+ by (8) (c(m/, m7) |25, )
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extends as a holomorphic function on {s | 2Res > p — k}, and thus, letting k — oo,

s [IT(s =)™ - (e(m!,m7) [t )
Y

extends as an entire function. We apply this result to n = 7, - x(t) to get the
lemma. O

Remark 10.4.5. The previous proof also applies if we only assume that ¢ is @ij—linear
away from {t = 0}. Indeed, this implies that c¢(m’,m”) - [b,, (E) — P] is supported
on {t = 0}, and (10.4.3) only holds for Re s big enough, maybe > p. Then, (10.4.4)
coincides with a holomorphic current of degree 0 defined on {s | 2Res > p — k}
only for Res > 0. But, by uniqueness of analytic extension, it coincides with it on
Res > p.

A current of degree 0 on Xy which is holomorphic with respect to s can be restricted
as a current of degree 0 by setting s = a. By a similar argument, the polar coeflicients
at s = a of the meromorphic current of degree 0 (c(m’,m”)[t|*,«- x(t)) exist as
currents of degree 0 on nbx, (o).

Lemma 10.4.6. Let [m'] be a germ of section of i expariayM' near z, and [m”] a
germ of section of ¥y exp(2ria)M” near x,. Then the polar coefficients of the current
of degree 0 (c(m/,m”)|t|**,«- x(t)) at s = « do neither depend on the choice of the
local liftings m',m”" of [m'], [m”] nor on the choice of x, and take value in Cx,.

Proof. Indeed, any other local lifting of m’ can be written as m’+p’, where p1/ is a germ
of section of V,M’. By the previous lemma, <c(ﬂ’7W)|t|2s, .- X(t)> is holomorphic
at s = a. We note also that a different choice of the function y does not modify the
polar coefficients. O

According to the lemma, for a € [—1,0), we get a well-defined sesquilinear pairing

—a 8 (9)
ngM/ ®c ngM” B A AN Cx,
(10.4.7) .

('), T) +— 5= Resu—a (e(m',m"),« - X (1)),

where m’,m’ are local liftings of [m'], [m”]. The nilpotent operator N := 27i(E — «)
is skew-adjoint with respect to this pairing, in the sense that

(10.4.8) gr¥ (¢) (N[m'), ")) = —gr () ([m'), N7

This is a consequence of the following properties:

e (v is real,
« TOfft]** = tOy[t[**,
« t0;x(t) and tOx(t) are zero in a neighbourhood of ¢ = 0.
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Exercise 10.4.9 (see Remark 7.4.12). Show that grY (¢) induces pairings (¢ € Z):
gry'ert (c) == gr'erl M @c grMerl M — €x,

and, for £ > 0,
Pygry (¢) := Pogri M’ @c Prgri M — €x,
by composing with N on the M” side.

Exercise 10.4.10 (Adjunction and nearby cycles). Show that
gty (¢°) = —(gre )"
[Hint: use that o and x are real.]

Exercise 10.4.11. Show that, if M’ or M” is supported on Xy, the right-hand side of
(10.4.2 #x) is always zero, and the residue formula (10.4.7) returns the value zero for
every a € R.

Example 10.4.12 (The smooth case). We set M = M’ or M”. Assume that M', M" are
Ox-locally free of finite rank, and let ¢ : M/ @cM” — €x be a sequilinear pairing. Let
m’,m"” be horizontal local sections of M’, M" (i.e., local sections annihilated by 9,,).
Then the current c¢(m/,m”) satisfies c¢(m/,m”)0,, = ¢(m/,m")dz = 0 for every i,
hence is a locally constant function by the Poincaré lemma for distributions. Since
M = wx @c MY, we conclude that ¢ takes values in the sheaf of C> forms of maximal
degree. For local sections w’ ® p’ and w” ® p”’, we thus have c¢(w’ @ p/,w” @ p’) =
NV, 1" - W AW, where ¢V MY @ MV — C is the induced sesquilinear pairing
on the underlying local systems.

Assume that X = H x Ay. Then M = V_ 1M, gr¥M = 0 for a ¢ —N*, and
gr¥,M = M/tM. For local sections as above, set w’ = w/ A dt and W’ = W A dt.
Then from Exercise 5.4.7 we obtain, by choosing x(t) = u(|t|?),

grylc<w; ® M/a wg & :u’N) = (71)n71CV (M/7W)|H : wé A ;ga
since

2L Reso——1(c(w, A dt @ p',wi Adt @ p)[t**, 10 - x(2))
™

= 2L Res,——1¢" (1, ") 11 / [t nox (t) wl A dt Aw! A dt
T

= (0" [ oy £,

We now take up the setting of Exercise 7.3.31(4), namely we consider the local
embedding ¢ : X = H x Ay x {0} = X3 = H x Ay x A,. Let M/, M” be coherent
9 x-modules which are R-specializable along H and let ¢ : M’ ® M’ — €x be a
sesquilinear pairing between them. We deduce a sesquilinear pairing , 5¢%¢ between
pIM and i 9M”. Let us denote by ¢, : H x {0} < X the inclusion. We consider
the V-filtrations along (¢) in X and Xj.
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Lemma 10.4.13 (Independence of the embedding). With these assumptions, we have
for all « € [-1,0),

gre (b.500¢) = p5to.8ln (¢)  and  gry (ride) = reg,ery (c).
Proof. The second equality follows from the first one, since the codimension of H
in X and H x A, in X; is the same. Recall that if n is any test function on X;
and m/, m” are local sections of M', M”, so that m’ ® 1,m” ® 1 are local sections of
1M [02], LsM"[D,], then

(bstle(m @ 1,m" @1),n) = (c(m’,m"),nx).

For m/,m” in V,M', V,M” | n a test function on H x A, and x(t) as above, we thus
have (arguing for Re s > 0 first and then using analytic continuation)

i RESS:a <D,§LSC(mI ® ]-,W)HFS» UX(t)>

i -
= o Resea {elm T ()
= <ngc(m',W),77|X>. 0

(gra (o520)([m’ @ 1], [m” @ 1]), 1)

Exercise 10.4.14 (Non-characteristic restriction of a sesquilinear pairing)

Assume that X = H x A; and let M',M"” be coherent Zx-modules such that
the hypersurface H = {t = 0} is non-characteristic for them (see Section 7.5). Let
¢: M’ ®c M” — €x be a sesquilinear pairing. Then gr¥; ¢, as defined by (10.4.7), is
a sesquilinear pairing between 1, M’ = M'/tM’ and 1, 1 M” = M’ /tM”. We denote
it by ptec.

Check that ¢3¢ only depends on the embedding H < X and not on the product
decomposition X ~ H x A;. Conclude that it is a well-defined sesquilinear pairing
pliC oty M Q¢ ptyM" — Cq.

Proposition 10.4.15 (Uniqueness along a non-characteristic divisor)

Let M/, M" be coherent Px-modules and let H be an hypersurface which is non-
characteristic for them. If two sesquilinear pairings ci, ¢y : M/ @c M” — €x coincide
when restricted to the open set X ~ H, then they coincide.

Proof. The question is local, so we can assume that X = H x A; and we can shrink A,
if needed. Set ¢ = ¢; — ¢g and let m’, m” be local sections of M’, M" defined on some
neighbourhood nb(z,) = nby x A; of z, € H x {0}. Let n € C(nb(x,)), and
let p be the order of c¢(m’,m”) on the compact set Suppn. We aim at proving that
{c(m/,m"),n) = 0.

We consider the current on A; defined by

x > c(m’,m")y(x) = (e(m/,m”),x -n) for x € CF(Ay).

It is enough to prove that ¢(m’,m”), = 0 (by choosing x = 1 on the projection to A;
of Suppn). This current has order < p and is supported at the origin, hence can be
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written in a unique way, by using the Dirac current dg at the origin, as

o)y = cap(MOL,  cas(n) € C.

0<a+b<p

We will prove that all the coefficients ¢, (1) vanish. This is obvious if n = t9t" 1,
with ¢ +r > p and if 5, , is C°°, so that we can reduce to the case where 1 does not
depend on t,t.

We claim that there exists N large enough such that m' satisfies an equation of
the form

N
b(tdy) :==m H t0p + k) =m/ 47T " Pyt a,00) (),

k=1 j
where x are local coordinates on H. Indeed, H is also non-characteristic for the
coherent sub-module m’ - Zx, and the filtration m’ - V;,Zx is comparable with the
V-filtration V, (m’-Zx ), so there exists N such that V_y_1(m"-Zx) C m"-V_¢,11)Zx.
Since m'O)N € (m'- Dx) = V_1(m’ - Dx), we have m'ONtN € V_n_1(m' - Zx), hence
the assertion.

We thus have ¢(m/,m”), - b(td;) = 0. Since 600802 - (t0; + k) = (a + k)6o0f 02, we

conclude that for every a,b, cq5(n) - Hszl(a +k) =0, 80 cqp(n) =0. O

We also have an analogue of Corollary 7.7.13 for sesquilinear pairings.

Proposition 10.4.16. Let M, M" be two holonomic Px-modules which are S-decompo-
sable and let (Z;)icr be the family of their strict components. Then any sesquilinear
pairing ¢ : M, @c M’éj — Cx wanishes identically if Z; # Z;.

We will first prove a similar result related to the S-decomposition along a function.

Lemma 10.4.17. Let g : X — C be a holomorphic function and let M',M" be two
coherent Px -modules which are R-specializable along (g). Assume that one of them,
say M, is a minimal extension along (g), and the other one, say M", is supported on
g~ 4(0). Then any sesquilinear pairing ¢ : M' @ M — Cx vanishes indentically.

Proof. By Kashiwara’s equivalence 10.3.18, we can assume that ¢ is the projection
XpxC — C, and we choose a coordinate ¢t on C. We work locally near z, € Xy. Con-
sider ¢ as a morphism M’ — J#omg_(M”,€x). Fix local Zx-generators mf, ..., mj}
of M . By Kashiwara’s equivalence 7.6.1, there exists ¢ > 0 such that mj/t9 = 0 for
allk=1,...,0. Let m" € M, and let p be the maximum of the orders of ¢(m’)(m})

on some neighbourhood of x,. As tp+1+q/fq is CP, we have, for every k =1,...,/,
P . tptltg tptH1t+q
o(m")(m) = e(m)(my)E* - T c(m')(myt) - a0

hence ¢(m/)tPT*9 = 0. Applying this to generators of M/, shows that all local
sections of ¢(M/, ) are killed by some power of ¢.
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As M’ is a minimal extension along (t), we know from Proposition 7.7.2(2) that
VeoM,, generates M, over Zx. It is therefore enough to show that ¢(Vo oM, ) = 0.

On the one hand, we have ¢(V,M} ) = 0 for a < 0: indeed, ¢ : ¢(V,M] ) —
¢(Vo—1MY, ) is an isomorphism for a < 0, hence acts injectively on ¢(Vo M, ), therefore
the conclusion follows, as t is also nilpotent by the argument above.

Let now o < 0 be such that ¢(V.,M, ) = 0, and let m’ be a section of VoM, ;
there exists v, > 0 such that, setting b(s) = (t0; — a)"~, we have m/b(s) € Voo M, ,
hence ¢(m/)b(td;) = 0; on the other hand, we have seen that there exists N such that

¢(m’)tN = 0, hence, putting B(s) = évzgl(s —{), it also satisfies ¢(m’)B(td;) = 0;
notice now that b(s) and B(s) have no common root, so ¢(m’) = 0. O

Proof of Proposition 10.4.16. The assertion is local on X, so we fix x, € X and we
work with germs at z,. Assume for example that Z; is not contained in Z; and
consider a germ g of analytic function, such that g =0 on Z; and g # 0 on Z;. Then
we can apply Lemma 10.4.17 to M/, and M’Z’J O

Definition 10.4.18 (Sesquilinear pairing on nearby cycles). Let g : X — C be a holo-
morphic function. Assume that M’, M are R-specializable along (g). For a sesquilin-
ear pairing ¢ : M/ ® M” — €x and for every A € S' and o € [~1,0) such that

A = exp(2ni @), we define (note that i),¢ = e(—1)p 5tg.c = —ppL.¢)
(104,18 %) Dot = (1" g (10,€) g a0 © Uy — .

Remark 10.4.19 (The basic example). The sign (—1)""! is justified by the calcu-
lation in Example 10.4.12. Namely, if X = Xy x C, and if M' = M" = wy,
with ¢, being the natural pairing 10.2.14(2) in dimension n, then gr’jwx ~ wy,
and (—1)""'gr¥ ¢, = ¢,_1. Setting now g = t and denoting by ¢ : Xg < X the
inclusion, we have gr', (Tbg*cn) = +%gr¥ ¢, according to Lemma 10.4.13, so with
our definition, ¥g 1¢, = o2, 1.

Remark 10.4.20 (Properties of v, »¢). The following properties are obviously obtained
0

.
(1) Ygac(Nm/,m”) = —pgxe(m',Nm”)  (m' € g \M;,_, m" € g \M ).
(2) We have induced pairings gri'e, yc : gri, \M @ gr™op, \M” — €x and, for

every £ > 0, Pythy rc: Pothy \ M @ Ppipy \M” — €x is induced by grili, sc(s,Nfe).
(3) Yga(c*) = —(¥gr0)".

Remark 10.4.21 (Sesquilinear pairing on vanishing cycles). It is possible to give the

definition of a sesquilinear pairing ¢¢1¢ : ¢ 1 M @ ¢ 1 M" — Ex for every M/, M”
which are coherent and R-specializable along ¢t = 0. However, such a general definition

from similar properties for ngTL

is not needed for our further purpose, since we will mainly have to work with S-decom-
posable Zx-modules. We now focus on this case.

Assume first that M = M', M” is a minimal extension along Xy (see 7.7.3). Then
G aM = Im[N : oy 1M — 1 M]. Then, for [i/] € ¢ 1M and [p'] € ¢ 1M, and
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(1] = N[m'], [1"] = N[m"], we set
deac([1'], [07]) = e c([m'],Nm"]) = ¢ 1c(N[m'], [m"]),
where the latter equality is due to 10.4.20(1), as well as the well-definedness, since
Prac([m'],N[m”]) = 0 for [m’] € KerN. Then all properties of Remark 10.4.20 also
holds for ¢, ¢ instead of 1 xc.
Assume now that M’, M" are S-decomposable. Then ¢ only pairs components with
the same pure support (see Proposition 10.4.16). If the pure support is not contained

in Xy, we apply the previous construction. If the pure support is contained in X,
then ¢; 1M = M for M = M’, M”. Then we obviously set ¢, 1¢:= c.

10.4.b. Specialization of objects of Z-Triples(X). We say that an object T =
(M, M ¢) of 2-Triples(X) is R-specializable along (g) if M/, M" are so. We then
define, for A € S,

(10.4.22) Yo AT = (¢g7,\Ml, ¢g7,\MN, ’(/Jg7,\C).

Then g4 is a functor from the full subcategory of R-specializable objects of
9-Triples(X) to the category of objects supported on g—1(0).

Example 10.4.23. In the setting of Remark 10.4.19, and using Definition 10.2.14(2) for
rwx, we thus have ¥y ) (rwx) = 0 (rwx, ), if ¢ : Xo x {0} = X = X x C denotes
the inclusion.

Remark 10.4.24 (Rule of signs for the nilpotent endomorphism)

We did not define the nilpotent operator on 14 7 since we wish to emphasize the
rule of signs in its definition. This rule is motivated by two properties we want to
realize.

o As for the Lefschetz operator L (2.3.10), we wish that the nilpotent comes from
geometry, i.e., is defined from the monodromy. Definition 7.4.11 is the “raison d’étre”
of the definition of N as 27i(E — «).

« Let N = (N/,N”) be the nilpotent operator to be defined on 4 2T. Due to the
skew-adjointness of N with respect to 14 x¢, we need to anti-symmetrize the action
of N on ¢y \M" and ¢, \M". We are thus led to define the nilpotent operator N on
Pg 2T as

(10.4.24 %) N:=(N,N”), N'=—-Non ¢y M, N’"=Non, M.
With this definition, N is indeed a morphism g T — 14 27"

Remark 10.4.25 (The graded Lefschetz object attached to (1), 1T, N))
The monodromy filtration of N exists in the abelian category 2-Triples(X), and
we have, according to Remark 10.4.20(2),

gr) Py 2T = (grp g M, g™y A\ M, grdapy vc),
Pf/‘pg,)\(‘T = (Pﬂ/}g,)\M/a PZ"/}g,)\Mﬁa Pﬂl}g,)\c) (é = 0)
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Remark 10.4.26 (Specialization of a pre-polarization of weight w)
Let Q = ((-1)*¥Q,9Q) : T — T* be a pre-polarization of weight w of J. Then
(1)1, 29,14 2Q) is a pre-polarization of weight w — 1 of 1y \T.

Remark 10.4.27 (Specialization of a (—1)“-Hermitian pair). Let (M,c) be a (—1)"-
Hermitian pair. Assume that M is R-specializable along (g). Then (14 A M, ¢4 x¢) is
a (—1)“~l-Hermitian pair and N is skew-adjoint with respect to g ac and, for £ > 0,
(Pepg AM, Pyipg rc) is a (—1)w~ 1+ _Hermitian pair.

Example 10.4.28. Let us take up Example 10.2.14(2) with X = A, the (—1)-Hermitian
pair (wx,c). With respect to the coordinate t, we have gr¥;wyx = C and, for m’ =
a'dt, m" = a"dt with a’,a” € C (so that [m/] = a’, [m"] = a” in gr¥ wx),

gr¥ic([m], [m"]) == d’a” ZL Ress—_1 / |t|2x(t) dt A df = a’a”.
77

Definition 10.4.29 (Middle extension quiver of a R-specializable &-triple)
Assume that T is R-specializable along (g).

(1) We say that it is a minimal extension along (g) if M/, M" are so (see 7.7.3).
(2) If T is a minimal extension along (g), we define
9917 = ($g 1 M, g1 M", dg 1)
with g M :=ImN',
$gaM" := Coim N” := M" / Ker N”,
$g,1¢ 7= Vg 1€ 1y N/ @ Toim N7
In other words, ¢41T =ImN in the category Z-Triples(X).
Let us make this definition more explicit. Since ¢y 1¢(N'm/,m”) = b, 1¢(m’, N"m/),

we have g 1¢(N'm/,m’”") = 0 for m” € Ker N”, and ¢, 1¢ is well-defined.

We define the middle extension diagram when 7 is a minimal extension along (g):

can

— T
(10.4.29 %) g1 T $g17,

-
var
where the epimorphism can : 1417 — ¢4.17 is given by
can’ =N : M — ImN’, can” =N": M"/Ker N’/ — M",
and the monomorphism var : ¢, 1T — 1417 is given by
var’ = incl. : ImnN' — M,  var” = proj. : M — M"/ Ker N”.

Remark 10.4.30 (Middle extension quiver of a R-specializable (—1)"“-Hermitian pair)
Let (M, ¢) be a (—1)"-Hermitian pair which is R-specializable along (g) and such
that M is a minimal extension along (g). We thus have

¢g,1M = Im[N : ’Lﬁg,lM — ’(/Jg’lM].
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For local sections m/, m” of M, we set
Gg1c(Nm/,Nm”) := 1hg 1¢(m/,Nm/).
Then ¢, ¢ is (—1)*~'-Hermitian.

Definition 10.4.31 (S-decomposable Z-triples). We say that a coherent Z-triple T
is S-decomposable if its components M’', M" are so. It then has a decomposition
T = @, Tz with Tz, having pure support the irreducible closed analytic subset
Z; C X (see Proposition 10.4.16).

10.4.c. Specialization of left Z-triples. While the question of signs is better
behaved for the pushforward functor in the case of right Zx-modules, the situation
is reversed for the specialization functors.

Let us start with the case of a projection X = Xy x C — C and R-specializable
left Zx-modules M/, M” equipped with a sesquilinear pairing ¢ : M’ @ M” — Dbx
between them. For every 8 € (—1,0] and each test form 7, of maximal degree on Xy,
the formula

(10.4.32) {gri-c([m'], [m"]), o) 1= Ress——g_1 {|t|**(m',m7), no A x(t) 5= dt AdF)

defines sesquilinear pairing gr@c : greM/ ® gr@M” — ®bx,. This is proved as for
(10.4.7). Since B and x are real, and since the form ﬁ dt A dt is real, we have

(10.4.33) gre(c*) = (gr‘B/c)*.

On the other hand, N is skew-adjoint with respect to ¢ (same proof as for (10.4.8) in
the right case).

Definition 10.4.34 (Sesquilinear pairing on nearby cycles, left case)

Let g : X — C be a holomorphic function. Assume that M’', M" are R-speciali-
zable along (g). For a sesquilinear pairing ¢ : M’ @ M” — Dby and for every A € S*
and § € (—1,0] such that A = exp(— 27i ), we define

(10.4.34%) g rc:= gr@(D,ﬁL;jc) = —gr@(TLg_*lc) P Pg A M @ hy M — Dby .
Given a left @-triple T = (M, M"”, ¢) which is R-specializable along (g), we set
(10434 **) 1/197)\7 = (wgyAM/,Zbg’AMH,(bgy)\t).
Remark 10.4.35 (Side-changing for ¢, z¢). If X = H x A; and T = (M, M",¢) is a
left 2-triple which is R-specializable along H, then, for holomorphic forms w!, w” of
maximal degree on Xy, for a C* function 7, on Xy and for Re s > 0, we have
(e (wp, A dE) @ ', (Wi Adt) @ m”),mox(1)[E**)

= (—=1)" He(m/,m"), nowl AW - x()|t]**dt A dE).
We deduce that, for § = —a — 1,

(grec)right _ (_1)n—1grz(cright).
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As a consequence, for every A € S, we have

(10.4.35 ) oA (HE) = (3hy c)TERE

Indeed, we have
P () = (—1)"gr¥ (+0cEM)  (Definition 10.4.18)
(_1)n_1gr}x/((Tbllc)right) (see (10.3.23 xx))
—gr€ (resto)reht (see above for X «—— X x C)
= (Pg.ac)"EM.
Example 10.4.36. Let + : Xy x {0} — Xy x C denote the inclusion. Using Defini-
tion 10.2.14(1) for »Oxxc, we thus have ¥y x(:Oxxc) = 2t (+Ox). Indeed, this

follows from Example 10.4.23, and from the side changing formulas (10.3.23 %) and
(10.4.35 %), since rwy = (O )bt

Example 10.4.37 (The smooth case). Let us take up the notation of Example 10.4.12 in
the left case. We have M = Ox ®@c MY and ¢ takes values in C* functions. For local
horizontal sections ', p”’, we have ¢(1@u/, 1@ p') = ¥ (¢, ). If X = H x A4, then
gr"@/M =0 for a ¢ N and gr{, M = M/tM. For local holomorphic functions f’, f” and
local horizontal sections u’/, "/, indicating by an index o the restriction to ¢t = 0, and
for a C*° test form 7, on H of maximal degree, we obtain

(& ® il TT@ 1) mo) = < (' 7)o / 0,

according to Exercise 5.4.7.

10.5. Localization and dual localization of a sesquilinear pairing

10.5.a. Moderate distributions. We refer to [Mal66, Chap. VII] for the results
in this subsection.

Let D be a reduced divisor in X and let &x(xD) be the sheaf of meromorphic
functions on X with poles along D. The subsheaf Dbx p of Dbx consists of distri-
butions supported on D (i.e., vanishing when applied to any test form with compact
support in X \ D).

On the other hand, let j : X . D < X denote the open inclusion. By definition,
there is an exact sequence of left @Xy—modules

0 —>©bX,D — Dbx —>j*©bX\D.

The image of the latter morphism is the sheaf on X of distributions on X ~. D which
are extendable as distributions on X. It can be characterized as the subsheaf of
Jx Db x . p consisting of distributions which can be tested along C'*° forms of maximal
degree on X ~\ D having rapid decay along D. It is denoted by @b%OdD (sheaf on X
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of distributions having moderate growth along D). It can be characterized more
algebraically. Indeed, we have

@b?OdD _ ﬁX(*D> ®ﬁx @bX = ﬁy(*ﬁ) ®ﬁY©bX .

In other words, Dbx p is equal to the subsheaf of Dbx consisting of local sections
annihilated some power of g (or f), and we have a short exact sequence

0 — Dbx.p — Dby — Db — 0.

The previous results apply to currents of degree 0 as well, and we keep similar notation.

Example 10.5.1 (The case where D is smooth). If D is smooth, the sheaf ®bx p is
identified with the push-forward, in the sense of 7 -modules, of ©bp. If for example
X = D x C, then, according to Exercise 10.3.3, we find exact sequences

0 —> 1, Dbp[dy, 8] — Dbx — Dbx[1/t] — 0,

0 — tu Cp[0, 5] — €x —> Cx[1/t] — 0.

10.5.b. Localization of a sesquilinear pairing. Let ¢ : M’ ®c M” — €x be a
sesquilinear pairing between right Zx-modules. Recall that localization and dual
localization are defined for Zx-modules which are R-specializable along D and that
we have natural morphisms (see Corollaries 9.3.6(3) and 9.4.9(3))

M(ID) —L5 M —L M(xD).

According to the results recalled above, it defines a moderate sesquilinear pairing by
localization:

¢4 M (xD) @ M (D) — €47

Our aim is to refine it as a pairing taking values in €x.

Proposition 10.5.2. Assume that M/, M" are R-specializable along D. Then ¢™°4P
naturally induces sesquilinear pairings

D) M/ (D) @c M7(1D) — €x,
D). M/(1D) @c M7 (+D) — Cx .

Moreover, the second one is obtained by adjunction of the first one, that is,

(D) _ [c*(ID)] *
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Lastly, ¢<*P) and ¢"'P) are compatible with ¢, in the sense that the following diagram
commutes:
S c*D)
M (xD) @c M"(1D) ————— €x

LVT Je
M @c¢ M’ ¢ Cx

[
1D)

~
M/ (ID) ®c M/(xD) — S ¢y

Proof. The question is local, and we can reduce to the case where X = D x C, with D
smooth. The V-filtration is then well-defined for an R-specializable Zx-module. Since
the morphisms M(!1D) — M and M — M(*xD) have kernels and cokernels supported
in D, they induce isomorphisms between the Vg of these modules. In particular, the
restriction of ¢ (hence of ¢™°4P) to VoM’ ®@¢ VoM takes values in €x. We will
construct ¢*P) the case of ¢'P) being similar.

For every £ > 1, we first extend ¢ as a sesquilinear pairing

cy: V<0M/ ®c VoM - =t — Cx.

We argue exactly as in the proof of Lemma 10.4.2 by extending, for every test func-
tion 1 on nb(z,) and each local section m’ of VoM’ and m” of VoM"”, the holomor-
phic function (for Re s > 0)

s+ (c(m’,m7)|t|2=OF, )
as a meromorphic function on C, and by checking that it has no pole at s = 0 since

m'" € VoM . Taking the value of this function at s = 0 gives the desired extension
of ¢, since [t|2(c=9# = |t|>t=¢. Moreover, one checks that ¢, restricts to c¢,_; on

(VoM - =) @¢ VoM”, and thus defines a sesquilinear pairing

D) M (D) @c VeoM” — Cx .
This pairing can be extended in at most one way as a pairing

D) M (D) @c M7 (ID) — €,
due to the Z¢-linearity and the equality M”(!1D) = Vo M” ®v,9, Zx. However,
since Zx is not locally free as a V) Zx-module, the existence of such an extension is not
a priori obvious. Such an extension will exist near z, if, for any finite family (m) of el-
ements of VoM , any finite family (P;); of germs of differential operators at x,, and
any m’ € M(D),,, the condition Y, m/ ® P; = 0 implies 3 P (m’, m/) - P; = 0.
This holds by definition if all P; belong to VoZx ,,. Therefore, one can reduce to the
case where j =0,...,N and P; = ).

We argue by induction on N, the case where N = 0 being clear. We first claim that

mi @ 8y € VoM (D). Indeed, M”(!D) has the property that 9, : gr¥ M"(!D) —
gry ;M”(ID) is an isomorphism if & = —1, and on the other hand it is an isomorphism
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for any other « (this holds for any R-specializable coherent Zx-module). This implies
that

N VoM (ID) Ve M (D) — Ve yM" (D) /Ven 1M (!D)

is an isomorphism. Since

N—-1
miy@of ==Y mj®0d] € Vey M (D).,
j=0

we conclude that m7y, ® 1 € Ve_1M"(!D),,,, hence the assertion.
By induction, we thus have

N-1 . - _N-
> P ml) - B + P ! © D)) -9, =0€ Cx.
7=0

It is therefore enough to check that, for m’ € M'(xD),, and m"” € Vo_ M/, , we have

D! m” @ 9) = P (m/,m”) - Oy
Notice now that ¢ : VoM} — Vo_1M] is an isomorphism, hence m” = n't for
some n’ € VoM, . We thus have
DN/ M7 @ 8;) = P (m! 0"t @ 8y) = P (m! " @ t9y)
=Pl m! 00, @ 1) = (PN (m/ 0" @ 1) - 0,
=P/ "t @1)- 0 = P/, m" @ 1) - 9.
The remaining assertions are straightforward, since (¢*)medP = (¢mod Dy, O
Definition 10.5.3 (Localization and dual localization of Z-triples)

Let D be an effective divisor in X and let T = (M’',M”,¢) be an object of
2-Triples(X) which is R-specializable along D (i.e., its components M’, M" are so).
If D = (g), we then set

T(xD) := (M (xD), M" (1D), {*P)),
TOD) := (M/(1D), M" (+D), ¢"P)).

These functors satisfy obvious identities with respect to Adjunction 10.2.9.

10.6. Pushforward, specialization and localization of sesquilinear pairings

Let f : X — Y be an holomorphic map between complex manifolds and let ¢’ :
Y — C be an holomorphic function. Set g = ¢’ o f. Let M’, M"” be right Zx-modules
which are R-specializable along (g). Let ¢ : M/ @ M” — €x be a sesquilinear pairing.
Assume that f is proper on the support of M’, M”.
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10.6.a. Pushforward and specialization of sesquilinear pairings. Recall that
Theorem 7.8.5 implies:

. for every k € Z, 7%, f. M is R-specializable along (¢’),
« for every a € R, the natural morphism 7%, £, V.M — %, f. M is injective and
its image is equal to V%, f. M.

Theorem 10.6.1. With respect to the previous natural morphism, we have
k _ n—m k
rfy %,AC = (71) wg’,A(Tf* c)'

Proof. It is enough to argue with , 5f*. We start with the case of a map f x Id :
X x C — Y x C and we take for the function ¢’ : Y x C — C the second projection.
We assume that M', M are right Zx xc-modules.

Lemma 10.6.2. With these assumptions, for every a € R and k € Z,
o5f(gra ) = gre (o.5(f x 1d)c).

Proof. Set f = —a — 1 and let

I € DU, LGS @0y, VM),
mgg+l—k c F(U, f*(éa)?;t@lc_k ®5x><c VﬁM//left)).

The cohomology classes [m/?**] and [m”"*'=*] can be regarded as sections of
Vo (o fEM) @6, €° and V, (p fr * M) @6, €° respectively, according to the result
recalled above. We can then compute with these classes. Let us also denote by s,
the class of « € V, modulo V.,. We have, for n € €°(U),

<ng (05X Id)5e) (M2 Mo, [T H]4), n(y)>

= o Res—a( (oo X 10)56) (pm2 4, ) () e (0))

= 5 Resyma (e(mZ 4, m 1) o fl@)2x(0))

= (gl (R, (BT o) o f(2))

= (o Earll e((met)al (mEF5)a]) n) ),

and we obtain the desired equality since, as recalled, [m"'**], = [(m21*F),] in
L', ngD,ﬁ(f X Id)fj\/f) =I'(U, D,EffngM)- O
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We can now end the proof of Theorem 10.6.1. We have
Tff¢g,>\5 =e(m—m—k)(-1)"p, Bffng(DﬁLg*c)
= e(n —m —k)(=1)"gry (o.5(f ¥ 1d)¥ » ptg,c)
=e(n—m—k)(—1)"gry (o510, p.5.f5¢)
(=1)" gy (2tgra o fi)
= (=1)" g A (+ fEe). O
Corollary 10.6.3 (Pushforward and specialization of Z-triples)
Let T be an object of P-Triples(X) which is R-specializable along (g) = (¢’ o f),
where f: X — Y is proper. Then we have an isomorphism
(D)™™ 1d,1d) : ¢ fEhg AT == g A (2 fET). O

Remark 10.6.4 (The case of left Z-triples). Due to (10.3.23 *x) and (10.4.35 %), the same
isomorphism holds in the case of left Z-triples.

10.6.b. Pushforward and localization of sesquilinear pairings. Similarly, let
D’ be an effective divisor in X’ and set D = f*D’. Assume that M is R-specializa-
ble along D. Then we have natural morphisms %, f.M[!D'] — S, f.M[!D]) and
HFL f.(M[xD)) — %, f.M[xD'].

Theorem 10.6.5. With respect to the previous natural morphism, the sesquilinear pair-
ings o5/ (c*P)) and (55fF)*P) coincide (x =, x).

10.7. Beilinson’s construction for sesquilinear pairings

Let D = (g) be a principal divisor on X and let M be a coherent Zx-module
which is R-specializable along D. Beilinson’s construction (see Section 9.6) produces
two exact sequences (9.6.2!) and (9.6.2 %) (recall that, for Zx-modules, R-specializa-
bility ensures maximalizability, due to the validity of Kashiwara’s equivalence). We
can also start from a Zx (xD)-coherent module M, which is R-specializable along D.
Given a sesquilinear pairing ¢™°4? between M/, and M/ with values in ®6%°¢? our
aim is to extend it as a sesquilinear pairing Egc : HgM Qc = M” — ®Dbx in such a
way that

(1) Egc(a’s,b"Ve) = 0 and the pairing induced by means of a”¥ on M'(!D) ®
M”(xD) is equal to ¢(*P)

(2) a similar property to recover the pairing

(3) a similar property to recover ) 1c.

*D)

10.8. Comments

Here come the references to the existing work which has been the source of inspi-
ration for this chapter.



