APPENDIX A

TRAINING ON 2-MODULES

Summary. In this chapter, we introduce the fundamental functors on Z-mod-
ules that we will use in order to define supplementary structures, and we also
introduce various operations: pushforward and pullback by a holomorphic map
between complex manifolds or a morphism between smooth algebraic varieties,
and specialization along a divisor. Most results are presented as exercises. They
only rely on Leibniz rule.

Although it would be natural to develop the theory of coherent Zx-modules
in a way similar to that of 0'x-modules, some points of the theory are not known
to extend to Zx-modules (the lemma on holomorphic matrices). The approach
which is therefore classically used consists in using the &'x-theory, and the main
tools for that purpose are the coherent filtrations. The main references for this
chapter are [Bj693|, [Kas03] and [GM93].

A.1. The sheaf of holomorphic differential operators

Let (X, Ox) be a complex manifold endowed with its sheaf of holomorphic func-
tions. We also denote by €% the sheaf of complex-valued C*° functions on the
underlying C*° manifold Xk. This sheaf is a fine sheaf, hence is soft.

We will denote by ©x the sheaf of holomorphic vector fields on X. This is the
Ox-locally free sheaf generated in local coordinates by Oy,,...,04,. It is a sheaf of
O x-Lie algebras which is locally free as an €x-module, and vector fields act (on the
left) on functions by derivation, in a way compatible with the Lie algebra structure:
given a local vector field € acting on functions as a derivation g — &(g), and a local
holomorphic function f, f¢ is the vector field acting as f - £(g), and given two vector
fields &, 7, their bracket as derivations [£,n](g) := £(n(g)) —n(£(g)) is still a derivation,
hence defines a vector field.

Dually, we denote by Q% the sheaf of holomorphic 1-forms on X. We will set
Qk = AFQL. We denote by d : Q% — Q5! the differential.

Exercise A.1. Let £ be a locally free Ox-module of rank d and let €Y be its dual.
Show that, given any local basis e = (eq,...,eq) of & with dual basis e”, the section



360 APPENDIX A. TRAINING ON 2-MODULES

Z?Zl e;®ey of E®g, € does not depend on the choice of the local basis e and extends
as a global section of € ®4, €Y. Show that it defines, up to a constant, an Ox-linear
section Ox — € ®¢, €Y of the natural duality pairing € ®¢, €Y — Ox. Conclude
that we have a natural global section of Q% ®4, ©x given, in local coordinates, by

Recall that the contraction by a vector field ¢ is the & x-linear morphism & J: Q% —
Q%=1 defined by 7+ 7(, ), where « is an ordered (k — 1)-tuple of vector fields. Set
n = dim X and wx = Q%: this is the sheaf of forms of maximal degree. In local
coordinates (z1,...,xy), set dx := dzy A---dx, and dz; := dx A-- Adzi A Adzy,.
Then we have 9,, | de = (—1)""'da;, and for f € Ox, we have d(f0,, | dx) =
0f /0y, - dz. Setting Z(dz) := £ J dz, and using that £, (dz) = 0, this relation

can be written as
[0z:s fld® = —| [ 20, (dx) — ZFo, (dz)|.

We conclude that there is a natural right action (in a compatible way with the Lie
algebra structure) of ©x on wx: the action is given by w- & = —Lew := —d(§ J w)
(L¢ is called the Lie derivative of £). The action is on the right due to the sign above
which makes this definition compatible with bracket.

Definition A.1.1 (The sheaf of holomorphic differential operators)
For any open set U of X, the ring Zx(U) of holomorphic differential operators
on U is the subring of Hom¢(Oy, Oy ) generated by

« multiplication by holomorphic functions on U,
« derivation by holomorphic vector fields on U.

The sheaf Zx is defined by I'(U, Zx) = Zx (U) for every open set U of X.
By construction, the sheaf Zx acts on the left on Oy, i.e., Ox is a left Zx-module.

Definition A.1.2 (The filtration of Zx by the order). The increasing family of subsheaves
F.9x C Dx is defined inductively:

e [ 9x =0if k < —1,

o Fy9x = Ox (via the canonical injection Ox — Fomc(Ox, Ox)),

« the local sections P of Fy 1 Px are characterized by the fact that [P, f] is a local
section of Fj,Zx for any holomorphic function g.

Exercise A.2. Show that a differential operator P of order < 1 satisfying P(1) =0 is
a derivation of Ox, i.e., a section of O x.

Exercise A.3 (Local computations). Let U be an open set of C™ with coordinates
Z1,...,%n. Denote by Oy, ,...,0s, the corresponding vector fields.
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(1) Show that the following relations are satisfied in 2(U):

0
[aZL7f] = 8.%1"

[8xnam_7]20 Vz,jé{l,,n}

VfeoU), Vie{l,...,n},

with standard notation concerning multi-indices «, (.

(2) Show that any element P € Z(U) can be written in a unique way as »__ a,0%
or y ., 09b,with an, b, € O(U). Conclude that Zx is a locally free module over Oy
with respect to the action on the left and that on the right.

(3) Show that max{|a| ; an # 0} = max{|ca| ; by # 0}. It is denoted by ord, P.

(4) Show that ord, P does not depend on the coordinate system chosen on U.

(5) Show that PQ =0in 2(U) = P=0or @Q =0.

(6) Identify F2x with the subsheaf of local sections of Zx having order < k
(in some or any local coordinate system). Show that it is a locally free &'x-module of
finite rank.

(7) Show that the filtration F,Zx is exhaustive (i.e., Zx = J, FrZx) and that it
satisfies

Fv9x - FyDx = FriDx.

(The left-hand term consists by definition of all sums of products of a section of Fy, Zx
and a section of FyPx.)

(8) Show that the bracket [P, Q] := PQ — QP induces for every k,¢ a C-bilinear
morphism F,Zx @c FyPx — Fryr—19x.

(9) Conclude that the graded ring grfZx is commutative.

Exercise A.4 (The graded sheaf gr’?x). The goal of this exercise is to show that the
sheaf of graded rings grf%x may be canonically identified with the sheaf of graded
rings Sym O x. If one identifies © x with the sheaf of functions on the cotangent space
T*X which are linear in the fibres, then Sym © x is the sheaf of functions on T*X
which are polynomial in the fibres. In particular, grf?x is a sheaf of commutative
rings.

(1) Identify the &x-module Sym” ©x with the sheaf of symmetric C-linear forms
£:0x ®c -+ ®c Ox — Ox on the k-fold tensor product, which behave like a deriva-
tion with respect to each factor.

(2) Show that Sym©x = &, Sym* ©x is a sheaf of graded @x-algebras on X
and identify it with the sheaf of functions on 7% X which are polynomial in the fibres.

(3) Show that the map Fy9x — #omc (®é‘§ﬁx, ﬁx) which sends any section P
of Fk@X to

fr@ @ fo— [+ [P, fulfa] - fe]
induces an isomorphism of &x-modules grf 7y — Sym* ©x.

(4) Show that the induced morphism

gI‘F@X = @gl‘kF@X — Sym Ox
k
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is an isomorphism of sheaves of graded Ox-algebras.

Exercise A.5 (The universal connection).

(1) Show that the natural left multiplication of ©Ox on Zx can be written as a
connection

V:9x — Qﬁ( Koy Dx,

i.e., as a C-linear morphism satisfying the Leibniz rule V(fP) = df @ P + fVP,
where g is any local section of Ox and P any local section of Zx. [Hint: V(1) is the
global section of Q% ®4, Ox considered in Exercise A.1.|

(2) Extend this connection for every k > 1 as a C-linear morphism

BV .0k ®p, Ix — Q! R4, Dx
satisfying the Leibniz rule written as
OV(w® P)=dv® P+ (~1)*w A VP.
(3) Show that **DV o ()W = 0 for every k > 0 (i.e., V is integrable or flat).
(4) Show that the morphisms (*)V are right Zx-linear (but not left &'x-linear).

Exercise A.6. More generally, show that a left Zx-module M is nothing but an Ox-
module with an integrable connection V : M — Q. ®4, M. |Hint: to get the
connection, tensor the left Zx-action Zx ® g, M — M by (2%( on the left and compose
with the universal connection to get Zx @ M — QL ® M; compose it on the left with
M — Zx ® M given by m — 1 ® m.| Define similarly the iterated connections
BV 0k @, M — Q5 @45 M. Show that *+DV o (WY = 0.

In conclusion:

Proposition A.1.3. Giving a left Dx -module M is equivalent to giving an Ox -module M
together with an integrable connection V.

Proof. Exercises A.1, A.5 and A.6. O

A.2. Filtered objects and the graded Rees ring Rpr9x

A.2.a. Filtered rings and modules

Definition A.2.1. Let (<7, F,) be a filtered C-algebra. A filtered <7 -module (M, F,M)
is an &/-module M together with an increasing filtration indexed by Z satisfying (for
left modules for instance)

Frpof - F,M C Foo M VE L eZ.

We always assume that the filtration is ezhaustive, i.e., | J, F;M = M. We also say
that F,M is an F,.«-filtration, or simply an F-filtration.

A filtered morphism between filtered .@7-modules is a morphism of «/-modules
which is compatible with the filtrations.
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It is possible to apply the techniques of the previous sections to filtered objects.
A simple way to do that is to introduce the Rees object associated to any filtered ob-
ject. Introduce a new variable z. We will replace the base field C with the polynomial
ring C[z].

Caveat A.2.2. Since it is standard, when considering Hodge filtrations, to work with
decreasing filtrations, and since the variable z is adapted to increasing ones, we set
the degree of z to —1.

Definition A.2.3 (Rees ring and Rees module). If (o, F,) is a filtered C-algebra, we
denote by o (or Rpo/ if we want to insist on the dependence with respect to the
filtration) the graded subring P, £}, - 27 of & ®@c C[z, z71] (the term F, - 2P is in
degree —p). For example, if F,&/ = 0 for p < —1 and F,« = &/ for p > 0, we have
o = o ®c Clz]. Any filtered module (M, F,) on the filtered ring (7, F,) gives rise
similarly to a graded .&/-module RpM = @D, FpyM-2P C MecClz, 271, and a filtered
morphism gives rise to a graded morphism (of degree zero) between the associated
Rees modules.

The category Modgr(szf/N) is the category whose objects are graded o/-modules and
whose morphisms are graded morphisms of degree zero. It is an abelian category. It
comes equipped with an automorphism o: given an object .# = @p AP of Modgr(,ga?j
(where .7 is in degree p), we set

(A.2.3%) o(M)=#(1) with #(1)F = 4P+

Remark A.2.4 (Shift of the filtration and twist of the Rees module)
(1) The shift F[k] of an increasing filtration is defined by

(A.2.4%) F[k].M = F,_M.

(2) If # = RpM, with F,MzP in degree —p, then .#(—k) has F, ;MzP** in
degree —p, so that, for k > 0, z* is a graded morphism of degree zero .# — .4 (—k).
On the other hand, for every k € Z, the isomorphism 2* : .Z[z7'] — #[271|(—k)
induces an isomorphism

(A.2.4**) Rp[k]M L) .///(—k‘)

Notice also that, as RpM is contained in M ®¢ C[z, 27!], the multiplication by z
is injective on RpM.

Exercise A.7.

(1) If A is a graded o/-module, show that its C[z]-torsion is also graded and each
torsion element is annihilated by some power of z.

(2) Conclude that (z—a) : A4 — A is injective for every a € C~ {0}, equivalently
that .#[z7'] := Clz, 27" ®c,] A is C[z, 27 ']-flat, and that a graded /-module is
C[z]-flat if and only if it has no z-torsion.
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(3) Let v : A4 — A be a morphism in I\/Iodgr(;z?s. Assume that ¢ is injective.
Show that the induced morphism ¢, : A /(z — a)# — N [(z — a)AN is injective if
a # 0. [Hint: use (2) for Coker ¢.]

(4) Let #* be a complex in Modgr(«7). Show that, for every i and each a # 0,
we have

M) (2 —a) M)~ M| (2 — a) M.
[Hint: Consider the long exact sequence
e HOM T M — M (2= a) M) — -
attached to the exact sequence of complexes (according to (3))
0— M =% * — H)(z—a)ll* —0

and apply (3).]

(5) Show that the Rees construction gives an equivalence between the category of
filtered (&, F,)-modules and the subcategory of the category of graded /-modules
(the morphisms are graded of degree zero) whose objects have no z-torsion (equiv-
alently, are C[z]-flat). [Hint: If # = @ A7 is a graded ,Q,/\jmodule, the property
that z : .# — .#(—1) is injective is equivalent to .#P C .#P~! for all p; set then
M = limg, MR

(6) Recover M as RpM/(z — 1)RpM, and grM as RpM/2RrM (as a graded
grfie7-module).

Exercise A.8. If (M, F,M) is a filtered object of Mod(47), then a subobject M’ of M
carries the induced filtration (F,M N M'),ez, while a quotient object M/M" carries
the induced filtration ((F,M +M")/M"),cz. Show the following properties.
(1) ReM' =RpMNM'[z,271] and Rp(M/M")=RpMNM"[z, 2~/ M" [z, 27 1].
(2) The two possible induced filtrations on a subquotient M’NM” /M" of M agree.
(3) For every filtered complex (M*, F'), the i-th cohomology of the complex is a
subquotient of M?, hence it carries an induced filtration. Then there is a canonical
morphism S (F,M*) — 2#(M"), whose image is denoted by F,#"(M").

A.2.b. Strictness. Strictness is a property which enables one to faithfully pass prop-
erties from a filtered object to the associated graded object.

Definition A.2.5 (Strictness in Mod(%/) and Modgr(#)).

(1) An object of Mod(%7) is said to be strict if it has no C[z]-torsion.
(2) A morphism in Mod(47) is said to be strict if its kernel and cokernel are strict
(note that the composition of two strict morphisms need not be strict).

(3) A complex .#* of Mod(.«7) is said to be strict if each of its cohomology modules

is a strict object of Modgr(&).

An object, resp. morphism, resp. complex in Modgr(%/) is strict if it is so when con-
sidered in Mod(.#).
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Exercise A.7 shows that an object of Modgr(.sz//\j is strict if and only if it comes
from a filtered &/-module by the Rees construction.

Exercise A.9. Show the following properties in Mod() or in Modgr(<).

(1) A subobject of a strict object is strict.

(2) An extension in of two strict objects is strict.

(3) A morphism between two strict objects is strict if and only if its cokernel is
strict.

(4) A complex which consists of strict objects and which is bounded from above is
a strict complex if and only if each differential is a strict morphism.

A.2.c. Some basic results on filtrations in abelian categories

Let A be an abelian category. The category WA consisting of objects of A equipped
with a finite exhaustive (!) increasing filtration indexed by Z, and morphisms com-
patible with filtrations, is an additive category which has kernels and cokernels,
but which is not abelian in general. For a filtered object (H,W,H) and for every
k < £, the object (WH, W, H).<¢ is a subobject of (H,W,H) (i.e., the kernel of
(WZH, W,H),gg — (H, W,H) is zero) and the object (WzH/WkH, W,H/WkH)k<,<[
is a quotient object of (W,H,W,H),<, (i.e., the cokernel of (W,H,W,H).,<¢ —
(W H/W,H,W,H /W, H)i<.<e 1S zero).

Lemma A.2.6. We set A = Modgr(«7).

(1) Let .4 be a an object of WA. If each gr}V 4 is strict, then M s strict.

(2) Let ¢ : M1 — Mo be a morphism in WA. If gr}V 4y, g}V Mo are strict for
all k, and if ¢ 1is strictly compatible with W, i.e., satisfies o(Wy M) = Wi N Np( M)
for all k, then ¢ is strict.

Proof. The first point is treated in Exercise A.9(2). Let us prove (2). Let W, Ker ¢
and W, Coker ¢ be the induced filtrations. By strict compatibility, the sequence

gry o w

0 — gt} Kero — gryf sl —E" gr}V ¥ — gr}¥ Coker p — 0

is exact. By strictness of grngo, and applying (1) to Ker ¢ and Coker ¢, one gets that
Ker ¢ and Coker ¢ are strict, i.e., ¢ is strict. O

Let A; (j € Z) be full abelian subcategories which are stable by Ker and Coker
in A an such that, for every j > k, Homa(A;, Ax) = 0. We will denote by A, the data
(A, (Aj)jez). Let WA, be the full subcategory of WA consisting of objects such that
for every j, gr}/V €A,

Proposition A.2.7. The category WA, s abelian, and morphisms are strictly compatible
with W,.

1. Exhaustivity means that, for a given object H in A, we have WyH = 0 for { < 0 and Wy, H = H
for £ > 0.
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Proof. It suffices to show the second assertion. Let ¢ : (H,W,H) — (H',W,H') be a
morphism. It is proved by induction on the length of W,. Consider the diagram of
exact sequences in A:

0——W;.1H —— W;H ——grl H——0

(A.2.8) %‘—{ Pj lgrjww

0—— W, H —— W;H’ %gr}-’VH’ —0
Due to the inductive assumption, the assertion reduces to proving in A:
Im Pj—-1 = Im ©j N ijlH“

equivalently, Coker¢;_; — Cokery; is a monomorphism. This follows from the
assumption on the categories A; and the snake lemma, which imply that the short
sequences of Ker’s and that of Coker’s are exact. O

A.2.d. The filtered ring (Zx,F,%x). Applying these constructions to the filtered
ring (Zx,F,Zx) and its (left or right) modules, we obtain the following properties:

. 5){ = RFﬁX = ﬁx[z]
« in local coordinates, we have

(A.2.9) Dx = RpPx = Ox|2|(0a,,...,04, ),

i.e., any germ of section of éX may be written in a unique way as
Z aq(x,2)08 = Z 0Py (x, 2),
« «

where aq, by € 7% x, and where we set
(A.2.10) Oy, = 20g,.

« The sheaf © x is the locally free graded 7% x-module locally generated by
Ozy5--.,04, (having degree —1, due to our convention A.2.2) and we have
[0x,, f] = 20f/0x; for any local section g of Ox;

« QL is the locally free graded 0x-module 27 *C[z] ®c Q%, and Q% = A*QL; the
differential d is induced by 1® d on 27*C[z] ®c Q’)“(, we regard the differential as a
graded morphism of degree zero

d: 0k — Okt

the local basis (dz; = 2~ dz;); (having degree 1) is dual to the basis (3,,); of Ox.

« We also set 65 := €% [2]. Thisis a fine sheaf on the underlying C°° manifold Xg,
hence a soft sheaf.

Example A.2.11 (Filtered flat local systems). Let (£, V) be a flat bundle on X and let
F* L be a decreasing filtration of £ by &x-locally free sheaves. Then the flat connec-
tion V endows .Z with the structure of a left Zx-module. The Griffiths transversality
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property VFPL C Q% @ FP~1L for every p € Z is equivalent to the property that the
corresponding increasing filtration F, L is an F'Px-filtration of the Zx-module L.

Exercise A.10.

(1) Show that Rp%x is naturally filtered by locally free graded &'x[z]-modules of
finite rank by setting (locally)

Fu(RpZx) =Y Ox|z
|| <k
(2) Show that grf(RpZx) = Clz] ®c gr?x with the tensor product grading.
(3) For a filtered Zx-module (M, F,M), show that, if one defines the filtration
Fk(RFM) = ZFJM ®c ZjC[ZL
J<k

then F,(RpM) is an F,(Rp%x)-filtration and grf(RpM) can be identified with
Clz] ®c grfM, equipped with the tensor product grading.

DeﬁmtwnA 2.12 (Connection). Let .#Z be a graded Ox-module. A connection on .4
is a graded C-linear morphism Vo~ Q ® A (of degree zero) which satisfies the
Leibniz rule

Viebx, V(fm)=fVm+dfem.

Exercise A.11.

(1) Show that Zx has a universal connection V for which V(1) = > dx2®5

(2) Show the equivalence between graded left @X modules and graded 7% x- modules
equipped with an integrable connection.

(3) Extend the properties shown in Exercise A.5 to the present case.

Example A.2.13. The fundamental examples of filtered left and right Zx-modules are:
« (Ox,F,0x) with grffﬁx =0for p#0, so RpOx = Ox|z], N
o (wx, Fowx) with grgwx =0 for p # —n, so Rpwx = wx = Q% = 27 "wx|[z].

Convention A.2.14. We will use the following convention.

(i) Ox (resp. ‘gf(o) denotes either the sheaf rings Ox (resp. €5°) or the sheaf of
graded rings Ox[z] = RpOx (resp. €5°[z]), and Mod(€x) denotes the category of
O x-modules or that of gmded O'x [z]-modules.

(ii) The notation ©x, ke AFOx has a similar double meaning.

(iii) Similarly, I denotes either the sheaf rings Px or the sheaf of graded rings
Rr%x, and Mod(@x) denotes the category of Zx-modules or that of graded Rp P x-
modules.

(iv) It will also be convenient to denote by C either the field C or the graded
ring Cl[z].

(v) In each of the second cases above, we will usually omit the word “graded”,
although it is always understood.
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(vi) One recovers standard results for Zx-modules by setting z = 1 and 8 = 0.
(vii) The strictness condition that we may consider only refers to the second cases
above, it is empty in the first cases.

A.3. Left and right

Considering left or rlght QX modules is not completely symmetric. The main
reason is that the left Zx-module Oy is a sheaf of rings, while its right analogue
Oy = QO %, is not a sheaf of rings. So for example the behaviour with respect to
tensor products over % 'x 1s not the same for left and rlght Z-modules. Also, the side
changing functor defined below sends @Mt to Ox ®g, ., and not to Py regarded
as a right @X module over itself.

The categories of left (resp. right) Zx-modules are denoted by Mod*®(Zy)
(resp. Mod™#"(Zx) (recall that we consider graded modules and morphisms of
degree zero in the case of 9 = Rr2). We analyze the relations between both
categories in this section. Let us first recall the basic lemmas for generating left or
right Z-modules.

Exercise A.12 (Generating left Qx-modules) Let ./ be an 0'x-module and let '°ft :
Ox R, M s g be a C-linear morphism such that, for any local sections g of

ﬁ’~X, &,m of O©x and m of A one has

(1) ¢ (fE@m) = fe'(E @m),

(2) Y€ ® fm) = f' (€ @m) +&(g)m

(3) PM([&,n] @ m) = PN (E @ P (n @ m)) — P (n @ P E @ m)).
Show that there exists a unique structure of left éX—module on " such that
Em = (¢ @ m) for every &, m

Exercise A.13 (Generating right .@X-modules). Let .#"#% be an Ox-module and let
right . gyright ®F Ox — 4" be a C-linear morphism such that, for any local
sections g of 5’}9 &, of O and m of M one has
(1) 8" (mf @ &) = ¢ & (m @ f€) (P& is in fact defined on 28" @ 5 Ox),
(2) ¢ e (m® f€) = " (m @ €) f — m&(g),
(3) @ (m @ [¢,7]) = "M (M (M @ €) ® 1) — "B (m @ ) ® ).
Show that there exists a unique structure of right @X-module on .Z"&" such that
mé = "t (m @ £) for every &,m
Example A.3.1 (Most basic examples).

(1) Px is a left and a right Zx-module.
(2) Ox is aleft Zx-module (Exercise A.14), with grading

~ ﬁX lfp>0
Oxp= .
0 if p<O.
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(3) wx = ﬁ%mx is a right Zx-module (Exercise A.15), with grading

~ wx lfp P -n,
WX.,p = .
0 if p<—n.

Exercise A.14 (O is a simple left Zx-module). We consider here the setting of Sec-
tion A.1.

(1) Use the left action of © x on Ox to define on Ox the structure of a left Zx-mod-
ule.

(2) Let g be a nonzero holomorphic function on C™. Show that there exists a
multi-index @ € N” such that (9% f)(0) # 0.

(3) Conclude that Ox is a simple left Zx-module, i.e., does not contain any proper
non trivial Zx-submodule. Is it simple as a left &'x-module?

(4) Show that RpCx is not a simple graded RpZx-module. [Hint: consider
zRrOx C RFﬁx.]

Exercise A.15 (wx is a simple right 2x-module). Same setting as in Exercise A.14.

(1) Use the right action of Ox on wx to define on wx the structure of a right
P x-module.

(2) Show that it is simple as a right Zx-module.

(3) Show that Rpwx is not a simple graded right RpZx-module.

Exercise A.16 (Tensor products over o X ).
(1) Let . and A be two left Zx-modules.
(a) Show that the @x-module .Z"" @ 5, V" has the structure of a left

Zx-module when setting, by analogy with the Leibniz rule,
E-(men)=EMAn+m®e En.

(b) If " and At are regarded as €'x-modules with connection (Propo-
sition A.1.3 and Exercise A.11), show that the connection on . @ i left
coming from the left éx—module structure above is equal to %@Idl v +1d g4 V.

(c) Notice that, in general, m @ n — (§ém) @ n (or m @ n — m ® (£n)) does
not define a left _@X—action on the & x-module .#Z ® Fx N

(d) Let @ : . — A" and @) : N — N be Dx-linear morphisms. Show that
YRYis P x-linear.

(e) Show the associativity

(%left ®5X t/‘/left) ®5X t@left _ %lef‘c ®[§X (/left ®5X ggleft).

(2) Let ' be a left Px-module and A T#ht be a right Px-module.

(a) Show that .#*ight @ P4 left has the structure of a right Zx-module by
setting

(n®@m)-£=nE@m—n®&m.
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Remark: one can define a right Zx-module structure on .2 @ 6y A Tisht by
using the natural involution .Z'°f* ® o right =, gright o o M left 5o this
brings no new structure.

(b) Show the associativity

(Wright ®5X %left) ®5X yleft _ JVright ®5X (ﬁleft ®5X yleft)-

(3) Assume that .#"8" and .#"ieht are right Zx-modules. Does there exist a
(left or right) Zx-module structure on .Z"8h @ o right defined with analogous
formulas?

Exercise A.17 (77om over o X)-
(1) Let .#, ./ be left Zx-modules. Show that Homg (M ,N) has a natural
structure of left Zx-module defined by

(§-p)(m) =& (p(m)) + ¢(§ - m),
for any local sections & of éx, m of /4 and ¢ of Homg_ (A, N).
(2) Similarly, if #, 4" are right @X—modules, then Hom s (A, N) has a natural
structure of left éx—module defined by
(& p)(m) = p(m- &) —p(m) - €.
Exercise A.18 (Tensor proNduct of aleft 7 ' -module with 17 x) N
Let ' be a left Zx-module. Notice that .2 @ fx Px has two commuting
structures of &' x-module. Similarly .@X ®g, '™ has two such structures. The goal

of this exercise is to extend them as Zx-structures and examine their relations.

(1) Show that .z ® g, x has the structure of a left and of a right Zx-module
which commute, given by the formulas:

f-(meP)=(fm)@ P=ma (fP),
. (m®P)-f=ma (Pf),
(right) {(m@P) £ =m e (P§),

for any local vector field £ and any local holomorphic function g. Show that a left
Px-linear morphism ¢ : " — A} extends as a bi-Zx-linear morphism ¢ ® 1 :
%116& ®5x Dx — %216& ®5X~.@)(.

(2) Similarly, show that Ix @z A left also has such structures which commute
and are functorial, given by formulas:

fo(Pem)=(fP)om,
. (P@m)- [ =P®(fm)=(Pf)om,
(right) {(p@)m).f:Pg@m—P@fm.
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(3) Show that both morphisms
%left ®5X éX SN éX ®5X %left éX ®5X %left SN %left ®5X -éX
m®P+— (1®@m)-P Pamr— P-(m®1)

are left and right .@X-hnear induce the identity M1 =1 2", and their
composition is the identity of .#'ft ®z .@X or Iy ® 5X M, hence both are re-
ciprocal isomorphisms. Show that this correspondence is functorial (i.e., compatible
with morphisms).

(4) Let A be a left @X module and let .Z be an @ x-module. Justify the following
isomorphisms of left .@X modules and &' 'x-modules for the action on the right:

'///®5x (@X Qg L)~ (.///®5X @X) Qg Z
~(Dx @5, M) D5 L~Dx D5 (M5 L)

Assume moreover that .# and . are 0'x-locally free. Show that . ® Fx (éx ®5, )

is @X—locally free.

Exercise A.19 (Tensor product of a right 17 x-module with 17 x)
Let .#"ie" bhe a right Zx-module.

(1) Show that .Z"sht @ 6x Px has two structures of right Zx-module denoted triv

and tens (tensor; the latter defined by using the left structure on éx and Exercise
A.16(2)), given by:

(m®P)'trin:m®(Pf)a

(I‘ight)triv { (m ® P) “triv 5 =mQg (P§)7

(MRP) tens f=mfROP=m® [P,

(I‘ight)tens { (m ® P) “tens 5 = mf RP—m® (fp)

(2) Show that there is a unique involution ¢ : .Z"#b ® Gx éx = arEt 6x .@X
which exchanges both structures and is the identity on .#'&" ® 1, given by
(Mm@ Ptriv = (M @ 1) tens P. [Hint: show first the properties of ¢ by using local
coordinates, and glue the local constructions by uniqueness of ¢.|

(3) Let .Z be an Ox-module and equip Zx ® g5, - with its natural structure of
left _@X—module and that of & x-module where 0 'x acts on .. Extend the previous
involution as an involution of & x-modules, where the o x-action is on .Z:

L:///right@)é (éx@ﬁ X)L)(///right@)ﬁ éx)tri\,@ﬁ Z.

(4) For every p > 0, consider the pth term F), _@X of the filtration of Zx by the
order (see Exercise A.1.2) with both structures of &x-module (one on the left, one
on the right) and equip similarly ./*iht ®5 F Px with two structures tens and triv

of & 'x-modules. Show that, for every p, ¢ 1nduces an isomorphism of 7% x-modules
(%rlght ® F @X)tene (%rlght ® Ox F, @X)trlv
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Definition A.3.2 (Side-changing of Zx-modules). Any left Zx-module 4"t gives rise
to a right one .#Z"8" by setting .Z"#" = Oy ® G M left and, for any vector field &
and any function g,

(weam) - f=fuem=w® fm, (WOmM)-{=wlm—w®&m.

Conversely, set .Z'*% = #om 6x (Wx, 48", which also has in a natural way the

structure of a left Zx-module (see Exercise A.17(2)). The grading behaves as follows:
%right _ Z—an ®ﬁx %left(n)'

Exercise A.20 (Compatibility of side-changing functors). Show that the natural mor-
phisms

left ~  ~ left ~ ~ ight ight
e —>jf0m§x(wX,wx®5X///e ), wX®5Xjfom5X(wX,///ng ) —
are isomorphisms of graded Zx-modules.

Caveat A.3.3. Let wy = %”omgx (Wx, 5){) as an 5X—module. One often finds in the
literature the formula .Z'*%* = &% ® G M right which give the &x-module structure

of .. However, the left Zx-module structure is not obtained with a “tensor prod-
uct formula” as in Exercise A.16, but uses the interpretation as JZom 6x (Ox, A8,

Exercise A.21 (Side-changing on morphisms). To any left @X—linear morphism '°ft :

//llléfthtﬁ A3 s associated the Ox-linear morphism e = Tdg @@l . 28" —
My

(1) Show that ('8h* is right I x-linear.

(2) Define the reverse correspondence @tight s pleft,

(3) Conclude that the left-right correspondence Mod'*®(Zx) — Mod™8%(
functor, as well as the right-left correspondence Mod™8"(Zy) — Mod"™ (2

x) is a
).

The following is now obvious.

Proposition A.3.4. The side-changing functors left-to-right and right-to-left are iso-
morphisms of between the categories of left and right graded Px-modules, which are
tnverse one to the other. O

Remark A.3.5. The ring @X considered as a right éX—module over itself is not equal
to the right Zx-module associated with Zx regarded as a left Zx-module over itself
by the side-changing functor.

Exercise A.22 (Compatibility of side-changing functors with tensor product)

Let 4" and A4 be two left Zx-modules and denote by .#*&bt, yright the
corresponding right Zx-modules (see Definition A.3.2). Show that there is a natu-
ral isomorphism of graded right éX—moduleS (by using the right structure given in
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Exercise A.16(2)):

~

</I/rig;ht ®5X %left AN %right ®5X </VIeft
(w@n)@mr— (W@m)n

and that this isomorphism is functorial in .Z'*f* and _#1eft,

Exercise A.23 (Local expression of the side-changing functors)
Let U be an open set of C".
(1) Show that there exists a unique C-linear involution P s P from 2(U) to itself
such that
SVfeoW), =1,
«Vie{l,...,n}, '0,, = —0,,,
<V P,Qe 2(U), (PQ)="'Q-'P.
(2) Let . be aleft P x-module and let t# be A equipped with the right Zx-mod-
ule structure

m- P :="'Pm.
Show that z~"'# > .#"&" that is, '#(n) — .#"™. |[Hint: use that
F,'’0x = F,_nwx, hence Rp'0x = Rpp,wx, so '0x = @x(—n), according to

Remark A.2.4(2).] Argue similarly starting with a right Zx-module.

A.4. Examples of Z-modules

We list here some classical examples of Z-modules. One can get many other
examples by applying various operations on Z-modules.

A4l Let Zbean O 'x-module. There is a very simple way to get a right @X—module
from Z: consider .Z ® Gy 9x equipped with the natural right action of Zx. This

is called an induced éx—module. Although this construction is very simple, it is also
very useful to get cohomological properties of Zx-modules. One can also consider
the left Zx-module Ix ® fx Z (however, this is not the left Zx-module attached to

the right one .Z P, éx by the left-right transformation of Definition A.3.2).

A.4.2. One of the main geometrical examples of Zx-modules are the vector bundles
on X equipped with an integrable connection. Recall that left Zx-modules are Ox-
modules with an integrable connection. Among them, the coherent Zx-modules are
of particular interest. One can show that such modules are Ox-locally free, i.e.,
correspond to holomorphic vector bundles of finite rank on X.

It may happen that, for some X, such a category does not give any interesting
geometric object. Indeed, if for instance X has a trivial fundamental group (e.g. X =
P1(C)), then any vector bundle with integrable connection is isomorphic to the trivial
bundle &x with the connection d. However, on non simply connected Zariski open
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sets of X, there exist interesting vector bundles with connections. This leads to the
notion of meromorphic vector bundle with connection.

Let D be a divisor in X and denote by &x (D) the sheaf of meromorphic functions
on X with poles along D at most. This is a sheaf of left Zx-modules, being an
Ox-module equipped with the natural connection d : Oy (xD) — Q% (D).

By definition, a meromorphic bundle is a locally free Ox (xD) module of finite rank.
When it is equipped with an integrable connection, it becomes a left Zx-module.

A.4.3. One can twist the previous examples. Assume that w is a closed holomorphic
form on X. Define V : Ox — QX by the formula V =d +w. As w is closed, V is an
integrable connection on the trivial bundle Ox.

Usually, the nonzero closed form on X are meromorphic, with poles on some divi-
sor D. Then V is an integrable connection on Ox (D).

If w is exact, w = d f for some meromorphic function g on X, then V can be written
ase fodoel.

More generally, if M is any meromorphic bundle with an integrable connection V,
then, for any such w, V 4+ wId defines a new Zx-module structure on M.

A.4.4. Denote by Dbx the sheaf of distributions on the complex manifold X of di-
mension n: given any open set U of X, Dbx (U) is the space of distributions on U,
which is by definition the weak dual of the space of C*° forms with compact support
on U, of type (n,n). By Exercise A.15, there is a right action of Zx on such forms.
The left action of Zx on distributions is defined by adjunction: denote by (n,u) the
natural pairing between a compactly supported C*°-form 7 and a distribution v on U;;
let P be a holomorphic differential operator on U; define then P - u such that, for
every 7, on has

<TlaPU>:<77PaU>

Given any distribution u on X, the subsheaf Zx - u C Dby is the Zx-module gener-
ated by this distribution. Saying that a distribution is a solution of a family P, ..., Py
of differential equation is equivalent to saying that the morphism Zx — Zx - u send-
ing 1 to w induces a surjective morphism Zx/(P1,...,Py) = Px - u.

Similarly, the sheaf €x of currents of degree 0 on X is defined in such a way that,
for any open set U C X, €x(U) is dual to C°(U) with a suitable topology. It is a
right Zx-module.

In local coordinates x4, ..., x,, a current of degree 0 is nothing but a distribution
times the volume form dxq A -+ Adx, ANdT1 A -+ AN dT,.

As we are now working with C*° forms or with currents, it is natural not to
forget the anti-holomorphic part of these objects. Denote by & the sheaf of anti-
holomorphic functions on X and by %+ the sheaf of anti-holomorphic differential op-
erators. Then Dby (resp. €x) are similarly left (resp. right) Z-modules. Of course,
the Zx and %+ actions do commute, and they coincide when considering multiplica-
tion by constants.
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The conjugation exchanges both structures. For example, if u is a distribution
on U, its conjugate u is defined by the formula

(A41) (n,w) = (@Mu)  (ne&l™(U)).
This is of course compatible with the usual conjugation of L{, . functions.
It is therefore natural to introduce the following sheaves of rings:

ﬁX,? = ﬁx ®C ﬁy, @X,Y = @X ®([j @Y?
and consider Dby (resp. Cx) as left (resp. right) Zy z-modules.

A.4.5. One can construct new examples from old ones by using various operations.
« Let .# be a left Px-module. Then Homg (A, Zx) has a natural structure

of right P x-module. Using a resolution N of A by left Zx-modules which are
acyclic for #omg_ (-, @X) one gets a right Zx-module structure on (g’xt = (/// QX)
for k>0

« Given two left (resp. a left and a right) .@X modules .# and .4, the same argu-
ment enables one to put on the various Jor; 5 (A", #) aleft (resp. aright) P x-mod-
ule structure.

A.5. The de Rham functor

Definition A.5.1 (de Rham). For a left Zx-module .4 , the de Rham complex DR .Z
is the bounded complex (with « in degree zero and all nonzero terms in nonnegative
degrees)

DRA ={0 =t Vs Okt s Y o.at — 0},

The terms are the &'x-modules Q% @ 5, " and the differentials the C-linear mor-
phisms V defined in Exercise A.6 or A.11.

The previous definition produces a complez since VoV = 0, according to the
integrability condition on V, as remarked in Exercise A.6 or A.11.

Definition A.5.2 (Spencer). The Spencer complex Sp(.#) of a right P x-module A
is the bounded complex (with « in degree zero and all nonzero terms in nonpositive
degrees)

Sp() = {0 > M 05 NOx L5 s w0y Bx Lot 0,

where the differential & is the C-linear map given by

~ k
m®£1A~-A£kL>Z(—1)Hm&®£1A~~~A£7A~-A£k
=1 N N
+D) (D)TIm[EGGING A AGA NG A Ny

1<J
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Exercise A.24. Check that Sp(.#) is indeed a complex, i.e., that §06=0.

Of spec1a1 interest will be, of course, the de Rham or Spencer complex of the
ring QX, considered as a left or right @X module. Notice that in DR(@X) the differ-
entials are right @X—hnear and in Sp(@x) they are left @X—hnear

Exercise A.25 (Sp(@X) is a resolution of & x as a left @X-module)

The natural surjective morphism éx Ny ' of left .@X—modules has kernel the
image of .@X ® 0O x — .@X. In other words, we have a morphism of complexes of left
éX—modules

Sp(Zx) — Ox
(where Ox is regarded as a complex with a nonzero term in degree zero only), which
induces an isomorphism
#°Sp(Zx) = O.

In this exercise, one proves that % (Sp(Zx)) = 0 for k # 0, so that the morphism
above is a quasi-isomorphism.

Let F, éx be the filtration of éx by the order of differential operators. Filter the
Spencer complex Sp(Zx) by the subcomplexes Fp(Sp(éx )) defined as

. A(S—) Fp,kéx ® /\kéx A(S—) Fp,k+1éX (%9 /\kiléx A6—>

(1) Show that, locally on X, using coordinates xi,...,x,, the graded com-
plex ngSp(éx) = @ ng Sp(éx) is equal to the Koszul complex of the ring
Ox [€1,- .., &n] with respect to the regular sequence SRR

(2) Conclude that ngSp(.@X) is a resolution of ﬁx

3 ) Check that F, Sp(@x) =0for p <0, Fy Sp(_@x) = grl Sp(@x) is isomorphic
to O 'x and deduce that the complex

5 5
erf Sp(Tx) = {2 @ Ty @ NBx s i Ty @ AF1By O}

is acyclic (i.e., quasi-isomorphic to 0) for p > 0.

(4) Show that the inclusion Fy Sp(Zx) — F, Sp(Zx) is a quasi-isomorphism for
every p > 0 and deduce, by passing to the inductive limit, that the Spencer complex
Sp(@x) is a resolution of 5)( as a left @X—module by locally free left @X—modules.

Exercise A.26 (DR(@X) [n] is a resolution of wx as a right P -module)
(1) Similarly, the natural morphism of right Zx-modules
Bx ®5, Ix — Bx
extends as a morphism of complexes of right .@X—modules
DR(Zx)[n] — @x.

Show that #%(DR Zx) = 0 for k # n, so that the shifted complex DR(Zx)[n] is a
resolution of Wy as a right @X module by locally free right @X modules.
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(2) Let .# be a left Zx-module. Show that the complex
DR(Zx @5, 4 )[n]

is a resolution of .Z"#M" = Oy ® Fx M by right éx—modules, where the left and right

structures of Zx ® &y -~/ are those of Exercise A.18(2), and the left one is used to
compute the de Rham complex.

Exercise A.27. Let .#"#* be a right Zx-module
(1) Show that the natural morphism
///right@)éx (@X ®5X /\kéX) SN J//right(g)ﬁx /\kéX
defined by m ® P ® £ — mP ® € induces an isomorphism of complexes
MU @5 Sp(Tx) o Sp(ATET),
(2) Similar question for DR(Zyx ) ®5, M — DR,
Let .4 be a left éx—module and let .#Z"8" the associated right module. We will

now compare DRy (.#) and Sp(.Z""). Given any k > 0, the contraction is the
morphism

~ N - N

wx ®ﬁx NOx — QX

(A.5.3)
w®E— (EJw)(e) =w(EAe).

Lemma A.5.4. There exists a unique isomorphism of complezes of right @X—modules
(i.e., is compatible with the differentials of these complezes)

L1 Bx ®5, Sp(Zx) = DR(Zx)n]
which induces the identity
wx ®5X Spo(éx) =Wx ®5X —@X = DR" éx.

It is induced by the isomorphisms of right Dy -modules (see Notation 2.3.7 for the
notation €(s))

wx ®s, (éx ®é, /\kéx) % ﬁ?{k Qg @X
we(1®&)] P (c(k+1w(EAs)) @ P

(where the right structure of the right-hand term is the natural one and that of the
left-hand term is nothing but that induced by the left structure after going from left to
right).
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Proof. From the properties of the function ¢ (see Notation 2.3.7) and the value :° = Id,
it is enough to prove that the diagram

~ = ~ i Sn— =
wx @5, (@X R, /\kex) — QY k Qg Dx

il %
wx ®g, (_@X ®s, /\k_léx) i)ﬁ}_k—i_l ®g, -QX

commutes up to the sign (—1)%. It is also enough to check this locally, and, in local
coordinates (z1,...,z,), we are reduced to checking this on sections of the form
(dz ® P) @ (Oy, A---ADy,). Fori=1,... k, letussetg; = 511/\"'/\5;/\'“/\6:1:;6
for simplicity.

On the one hand, since acc-fixi =0 and 5; Jda = (=1)*dz; Adzgpgy A Ada,
we have

§[(dz ® P) © (3, A- )i-l(dx ® P)d,, ® (3,,)
{(de © 0,,P) ® (3,,)
k ~ ~
— (—1) > (dai Adwpgr A+ Aday,) @ B, P.
=1

On the other hand,
V[@s A AD,y) J (dz @ P)] = V[(dzprr A--- Adzy,) @ P

k
Z(Eixi Adzjey A+ Adayp) @0, P O
=1

Exercise A.28.
(1) If A is any left @X—module and 2" = Gy ® 6x M is the associated right
éx—module, show that ¢ induces an isomorphism
M @5 Sp(Px) 5 DR(Zx)[n] @5, M
which is termwise & v-linear.

(2) Use Exercise A.27 and the involution of Exercises A.18(4) and A.19(3) to show
that the Ox-linear isomorphism

wx ®5x %@5}( /\kéx AN ﬁ?(_k ®§x M
given on wy Qg M Q5 A*Ox by
wamMEr—e(k+ 1wl A ®

induces a functorial isomorphism Sp(.# right) ~, DR(.#)[n] for any left Zx-mod-
ule ./, which is termwise €'x-linear. (Other solution: direct computation between 5
and V through this isomorphism.)
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Notation A.5.5 ("DR). We will denote by "DR(.#"8") the Spencer complex Sp(.Z"¢ht)
and we keep the notation DR(.Z') for the de Rham complex of a left Zx-module.
The previous exercise gives an isomorphism

(A.5.5%) "DR(.2"8") = DR(.4"%)[n].

We will use this notation below. Exercise A.27 clearly shows that "DR is a functor
from the category of right (resp. left) Zx-modules to the category of complexes of
sheaves of C-modules. It can be extended to a functor between the corresponding
derived categories.

Definition A.5.6 (Contraction by a one-form). The contraction morphism
ﬁk ® /\kéx i) /\k_léx
is the unique morphism such that the following diagram commutes:

wx ® (ﬁﬁ( ® /\k(:jx) Id&)&x & /\kiléx

| |

QL @ Qt A Qo

where the vertical morphisms are induced by (A.5.3).

Notice that if k = 1 and & (resp. 1)) are local sections of ©x (resp. (NZ}(), then
ndE=gdn.

Remark A.5.7 (Action of a closed one-form on the de Rham complex)
Let n be a closed holomorphic one-form on X. Then the exterior product by 7n
induces a morphism

nAe: DR(A'") — DR(AZM)[1].
Indeed, for a local section m of .# and a k-form w, we have
%(n/\w@m) :an/\w®m+nA§(w®m) :77/\6(w®m),

so that the morphism n A commutes with V.

It follows then from Lemma A.5.4 and Exercise A.28 that the contraction by a
closed one-form 7 induces a morphism of complexes

n e : DR(.#"") — DR(.2™8)]1].
Note that, if n = d f is exact, then the induced morphism
nA - A DR(ANY) —s L DR

is zero. Indeed, if a local section p of Q% @.#"" satisfies V= 0, then dfAp = V(f1).
In other words, the morphism 1 A on the cohomology only depends on the class of n

in H'T'(X, (?2;(,&)) The same result holds when we make 7 acting on the complex
(X, DR(.#')), and a similar result holds for the action 1 J « on DR(.Z"8").
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Remark A.5.8 (C*° de Rham and Spencer complexes). Denote by (éNB)(("O),a’ ) the com-
plex €57 ® 5 Q% with the differential induced by d (here, we assume » > 0). More
generally, set
g)((pyq) _ ﬁg{ A g)({oﬂz) _ g)((p,o) A g)((OVQ)

and let d” be the (usual) anti-holomorphic differential. For every p, the complex
(og)((p’.)7 d”) is a resolution of S~2§( We therefore have a complex (@5)’(,5), which is the
single complex associated to the double complex (é?)(;"),a’ ,d”).

In particular, we have a natural quasi-isomorphism of complexes of right _@X—mod—
ules:

(63( Qg éx,%) - ((ga;( DG, éx,ﬁ)
by sending holomorphic k-forms to (k,0)-forms. Remark that the terms of these
complexes are flat over Ox and are fine sheaves.

A.6. Induced Z-modules

A subcategory of Mod(@x) proves very useful in many places, namely that of
induced right Px -modules.

Exercise A.29. Let £ be an 5X—module.

(1) Show that, for every k, we have a (termwise) exact sequence of complexes
0.2 @5 Fi1(Sp(Zx)) = £ @5 Fi(Sp(Zx)) = £ ® 5, etk (Sp(Zx)) = 0.

[Hint: use that the terms of the complexes F) (Sp(Zx)) and grg(Sp(éX)) are Ox-
locally free.|
(2) Show that £ ®5_ grf’Sp(Zx) is a resolution of .Z as an ¢ x-module.

(3) Show that £ ®5_ Sp(Zx) is a resolution of .Z as an @x-module.

Remark A.6.1. Let £ be an ﬁX—module. It induces a right @X—module A Qs éx-
We note that £ ® Gx 9P x has two structures of 0 x-module, one coming from the action
on .Z and the other one from the right @X;structure, and they do not coinciile. We
will mainly use the right one. The “left” &x-module structure on . ® Fx Px will

only be used when noticing that some naturally defined sheaves of C-vector spaces
are in fact sheaves of &x-modules. On the other hand, .Z ® Fx Px has a canonical

structure of right Zx-module.

The category Mod; (éx) of right induced differential modules is the full subcategory
of Mod(Zx) consisting of induced Zy-modules (i.e., we consider as morphisms all
P x-linear morphisms). It is an additive category (but not an abelian category).

Let .# be a right éX—module and let £ be an 5X—m0du1e. Considering the
natural & x-module structure on .# ® 6x %, we define an induced right éx—module

(A ® s, Z) ®s, @X. Here, the @X—module structure on .# is not used.
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On the other hand, considering the canonical left éx—module structure on
Dx Qg % and using Exercise A.16(2), we obtain a right Zx-module structure on
MRp, (éx Qg ). Here, the P x-module structure on ./ is used in an essential

way.
Exercise A.30. Prove that the canonical & 'x-linear morphism
M5 L — MD5 (Ix @5 L)
ml—m1/4
induces in a unique way a .@X-linear morphism
(M 05, L) 05 Ix — M5 (Ix 05 2L
which is an isomorphism. [Hint: argue as in Exercise A.19.]

Proposition A.6.2 (The canonical resolution by induced éX-mOdules)
Let A be a right Dx-module. Then the complex A ®g, Sp(Zx) is isomorphic

to a complex of right induced D x -modules which is a resolution of M as such.

One should not confuse .# ®z5_ Sp(Zx) with .# ® 5, Sp(Zx) ~ Sp(.#) as in

Excrcise A.27(1), where a tensor product over Zy is considered.

Proof. That the terms of the complex are induced @X modules follows from Exercise
A.30 applied to .Z = /\k®x Since Sp(@X) is a resolution of ﬁ’X as a @X mod-
ule, hence as an @x-module, and since the terms of Sp(Zx) are Ox-locally free, we
conclude that . #Z ®5_ Sp(Zx) is a resolution of .. O

Let C*(@X) the category of *-bounded complexes of the additive category
Mod; (.@X) and let K*(@X) be the corresponding homotopy category. Since Sp QX is
a complex of locally free Ox- -modules, the functor .#* — .#*®; Sp P is a functor
of triangulated categories, and sends acyclic complexes to acyclic complexes according
to the previous proposition. It induces therefore a functor D*(éx) — D-*(.éx).

Corollary A.6.3 (Equivalence of D*(@X) with D*(@X)) The natural functor | D*(@X)
D*(Zx) is an equivalence of categories, and the functor D*(Zy) — D*(.@X) induced
by M°* — M° Rg, Sp Zx is a quasi-inverse functor. O

A.7. Pullback of left Z-modules

Let us begin with some relative complements to Section A.3. Let f: X — Y be
a holomorphic map between analytic manifolds. For any local section & of the sheaf
@X of z-vector fields on X, Tf () is a local section of ﬁx ®Or-15, f~ 16y We hence

have an Ox-linear map

Tf : éX — 5){ ®f_1éy fﬁléY7
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and dually

T*f: Ox ®,..5, O — Q.
Therefore, if A is any left @y—module, the connection VY on .4 can be lifted as a
connection

VX PN =0x @, 05, [N — Ok @, 05, TN =0k @5 [N
by setting
(A.7.1) VX =d@Id+(T*f®@1dy)o (1@ V).
Exercise A.31 (Definition of the pullback of a left @X-module)

(1) Show that the connection VX on N = Ox ®r14, f~1.4 is integrable and
defines the structure of a left éx—module on f*.4. The corresponding éx—module
is denoted by p f* A N

(2) Show that, if .4 also has a right Zy-module structure commuting with the
left one, then VX is right f~!%y-linear, and , f*.4 is a right f~!%y-module.
Exercise A.32.

(1) Express the previous connection in local coordinates on X and Y.
(2) Show that, if .Z'*"* is any left Zx-module and .4 any left f~!%y-module,
then .zt @16, f~t A4 may be equipped with a left Zx-module structure: if £ is

a local z-vector field on X, i.e., a local section of éx, set
£ (m@n) = (Em) @ n + TF(E)(m @ n).
[Hint: identify "% ®pag, [~ L with 4 ® 5, pf*/ and use Exercise A.31.]

Definition A.7.2 (Transfer modules).

(1) The sheaf .@Xﬁy = ﬁx D16, - 1.@}/ = Df*.@y is a left-right (@X,f .@y)
bimodule when using the natural right f~ 1.@3/ module structure and the left @X mod-
ule introduced above.

(2) The sheaf @3/(_ x is obtained from .@X_,y by using the usual left-right trans-
formation on both sides:

Dy x = Hom .5 (@y,wx ® 5y .éx—w)-
Exercise A.33 (Local computation of 17 XY )

(1) Show that Df*_@y is a locally free 5X—module. [Hint: Use that @y is a locally
free Oy-module.|

(2) Choose local coordinates x1,...,z, on X and yi,...,¥yn on Y. Show that
@Xﬂy = ﬁx[fﬁyl,... 0y,.] and, w1th this identification, the left @X structure is
given by

o 0 o 8f]
511.20;%4(@5?/ :za:(za% Z 5 )5
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Exercise A.34 (é 'x v for a closed embedding). Assume that X is a complex submani-
fold of Y of codimension d, defined by g1 = - - - = g4 = 0, where the g; are holomorphic
functions on Y. Show that

~ ~ J ~
Dx—y =Dy | X1 9Dy

with its natural right éy structure. In local coordinates (z1,...,Zn, y1,...,yq) such

that g; = y;, show that Dx_,yv = Dx[0y,,...,0y,]-

Conclude that, if f is an embedding, the sheaves ‘@Xﬁy and éYF x are locally
free over Px.

Exercise A.35 (The chain rule). Consider holomorphic maps f: X =Y and ' : Y — Z.
(1) Give an canonical isomorphism éxﬁy ®r-15, f‘léyﬁz = éx»z as right
(f' o f)~12z-modules.
(2) Use the chain rule to show that this isomorphism is left Zx-linear.

We can now give a better definition of the pullback of a left @y—module A, better
in the sense that it is defined inside of the category of Z-modules. It also enables one
to give a definition of a derived inverse image.

Definition A.7.3 (of the pullback Bf a left @ylmodule). Let A4 be a left @y—modula
The pullback ,, f*.4" is the left Zx-module Zx_,y ®r-15, N

Exercise A.36 (Restriction to z = 1). Show that
f* )/ (z =D f* N = f (N [(z—1)N).

Exercise A.37.

(1) Show that the provious definition coincides with that of Exercise A.31(1).

(2) Let f : X - Y, f/:' Y — Z be holomorphic maps and let .4 be a left
2z-module. Show that (' o f)* A =~ f*(bf*AN).

The deriwed pullback L f*./" is now defined by the usual method, i.e., by taking
a flat resolution of ./ as a left y- module, or by taking a right f— 1Py - ﬂat resolu-
tion of QX_W by (Qx,f 191/) bimodules. The cohomology modules L7, f*. 4" :=

ﬂor? (@Xﬁy f1A) are left @X modules.

Remark A.7.4 (Side-changing and pullback). The pullback for a right @y—module
A1ieht s obtained by applying the side-changing functor at the source and the target.
Let A be the left Zy-module associated with #78ht so that ATight = Gy g/ left,
Then we set

Df*JVrigllt = wX ® Df*ﬂleft’
and similarly with L, f*. Notice the change of grading by dimY — dim X, due to the
grading of Ox ® f~l@y "
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A.8. Pushforward of Z-modules

Let f : X — Y be a holomorphic map between complex manifolds. The pullback
of a C'°° function on Y is easy to define and, by adjunction, the pushforward of a
current of degree 0 is easily defined provided that f is proper. On the other hand, the
pullback of a form of maximal degree on Y is usually not of maximal degree on X,
so the pushforward of a distribution is not defined in an easy way. This example is
an instance of the fact that the pushforward of @X—modules by a proper holomorphic
map should be defined in a simple way for right .éx-modules7 while for left éx-mod—
ules one should use the side-changing functors. Let us start with two simple and
natural examples of pushforward of @X—modules.

Example A.8.1 (Pushforward of a right Z-module by a closed embedding)

If f is a closed embedding, it is proper, so the ordinary pushforward and the
pushforward with proper support will be the same. After Exercise A.34, it is natural
to set

ofill = ofodl = [ (M @5 Dxy),
so that , fs, p /i are functors Mod(.@x) — Mod(éy).

Example A.8.2 (Pushforward of a left Z-module by a projection)

If X =Y xT and f is the projection Y xT — Y, let us denote by Q the sheaf

1
v X/Y
of relative differential forms, i.e., which do not contain dy; in their local expression
in coordinates adapted to the product Y x T. If .Z is a left Zx-module, we can

form the relative de Rham complex pDRX/Y A by mimicking Definition A.5.1 and
by using the relative connection v x/vy- On the other hand, there remains an action
of Vy on .#. Due to the integrability property of V on A , both connections 6){/3/
and Vy commute, so that the relative de Rham complex pDRX/Y/// is naturally

equipped with a f_léy-connection Vy. We can then set, for x = * or x =/,
o fetl = (Rf,"DRy )y M, Vy).
To make this definition more precise, we can replace the holomorphic relative de Rham

complex (53(/1/7 HX/Y) with the C*° relative de Rham complex (g;(/y, HX/Y) defined
as in Remark A.5.8. In such a way, we obtain

ofedl = (f(Exyy @ M), Vy) (x=x1).

Each term of the complex, hence each cohomology sheaf % f*(éNa e 7y ® M), is thus

endowed with a flat connection 63/, that is, with a left @y—module structure.

Since any morphism can be decomposed as a closed embedding followed be a pro-
jection, through the graph embedding, we could simply say that the pushforward by
a closed embedding (resp. a projection) of a left (resp. right) morphism is obtained
by side-changing at the source and the target from the definitions above, and define
the pushforward by any holomorphic map f by composing the pushforward functors
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in these simple cases. Nevertheless, in order to check various other properties, it is
useful to have an intrinsic definition for any holomorphic mapping f. The case of
right Zx-modules is simpler to define first, as explained above.

A.8.a. Pushforward of right Z-modules

Definition A.8.3 (Pushforward of a rigjnt @-modulg). Setting x = * or x =!, the direct
image o f, is the functor from Mod(Zx) to D (Zy) defined (? by

Df*<% = Rf* (% ®%X éX%Y) .
Remarks A.8.4.

(1) If f is proper, or proper on the support of .#, we have an isomorphism in the

category DF(Zy):
ofill = f M.

(2) If f is a closed embedding, we recover Example A.8.1.

(3) If Z is any sheaf on X, we have R’ f,.# = 0 and R’ fi.7% = 0 for j & [0,2dim X].
Therefore, taking into account the length dim X of the relative Spencer complex, we
find that 7, f..#4 and 7, fi.# are zero for j ¢ [—dim X,2dim X]: we say that
ofet o fi# have bounded amplitude.

We will now give an explicit representative of the pushforward. Recall that the
Spencer complex Sp(Zx ), which was defined in A.5.2, is a complex of locally free left
P x-modules (hence locally free &x-modules). Denote by Spx_,y(Zx) the complex

Sp(_@x) ®p, _@Xﬁy (the left Ox-structure on each factor is used for the tensor

product). It is a complex of (§X7 f‘l_@y)—bimodules: the right f_léy structure
is the trivial one; the left Zx-structure is that defined by Exercise A.16(1).

Exercise A.38 (The relative Spencer complex).

(1) Show that prﬁy(_@x) is a resolution of Zx_,y as a bimodule.

(2) Show that the terms of the complex Spy_,y(Zx) are locally free left Zx-mod-
ules. [Hint: use Exercise A.18(4).]

(3) Show that gI‘F‘@X%y = RF.@X_}Y/ZRF.@X%Y is identified with 7* Sym @y
as a graded (Sym ©x)-module (see Exercise A.4). For example, if Y = pt, so that
Dx_y = Ox, gt Ox = Ox is regarded as a (Sym O x )-module: in local coordinates,
we have Sym O x = C{z1,...,z,}[&1, ..., & ] and

Cl{z1,. . xn} = Clar,...,xn}[Er o En] /(€L En).

(4) For f =1d: X — X, the complex Spy_, x(Z2x) = Sp(Zx) ®e, Px is a reso-
lution of Px_,x = Px as a left and right Zx-module (notice that the left structure
of Px is used for the tensor product).

(5) For f : X — pt, the complex Spy_,,,(Zx) = Spx(Zx) is a resolution of
Dxspt = Ox.

2. Recall that, if Zx = RpPx, then Mod(Zx) := Modgr(Rr Zx ).
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Corollary A.8.5. We have
ofutl = Rf (M @5 _Spx_y(Px)), oftl =RA(M @5 Spx y(Zx)). O

Example A.8.6 (Pushforward by a constant map). For Y = pt, and .# a right .@X—mod—
ule, we have

ofidl = RU(X,DR.#), ofitlt = RTo(X,DR.Z).

Example A.8.7 (Pushforward by a projection). If X =Y x T and f is the projection
Y xT — Y, denote by 5) x/y the sheaf of relative tangent vector fields, i.e., which do
not contain d,; in their local expression in coordinates adapted to the product Y xT.
The relative Spencer complex @X/y ®g, N ‘0 x/y is defined in the same way
as its absolute analogue, and is a resolution of 72 x as a left @X/y module. As a
consequence, Qx/y Rg, N @X/y Q14, f- 19y is also a resolution of Oy ® ;- 16y

I 1@)/ = Px_,y as a bimodule by locally free left P x-modules. By identifying 7%
with @X/y ® 16, f~ 1@y, we can also write this resolution as .@X ®g, N @X/y
We moreover have a canonical quasi-isomorphism as bimodules
Spx Ly (Zx) = (-éX ® 5, Ai‘éX/Y) Q14, fﬁl(/\AéY ®s, éy)

= (Ix @5, N "Ox)v) @15, F (Sov(Pv) @5, D)

5 (Ix 5, N Ox)y) @, T Dy oy

=Px @5, N "Ox)y.
Corollary A.8.5 now reads
(A8.7%) pfutl =Rf(M @5 N "Ox)y), ofil =RA(M @5 N "Oxy),
where the right Dy structure is naturally induced from that of f “19y on M.

Example A.8.8 (Pushforward by a graph inclusion). Let g : X — C be a holomorphic
function and let ¢4 : X < X x C denotes the graph embedding of g, with coordinate
t on the factor C. Let .# be a right Zx-module. Then pigy.# >~ 14 M [0;] with the
right Px «c-action defined locally be the following formulas (recall that for a holo-
morphic function h(zx,t, z), the bracket [3F, h] can be written as > i<k anj(®,t, 2)07):
0
(m 2 0F) -0, = mdy, @0 —m L @,
(A.8.8%) (medF) -9, =modrt!
(m ®03F) - h(z,t,2) Zmahjmg, ) ® 9.
i<k

Exercise A.39. Extend p f, and 1, fi as functors from D (Zx) (or D*(Zx)) to DT (Zy).
[Hint: replace first #* ®5 Spx_y(Zx) with the associated single complex.]

As in Remark A.8.4(3), show that if .#° has bounded amplitude, then so has
o f1dl".
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Recall that the flabby sheaves are injective with respect to the functor f. (direct
image) in the category of sheaves (of modules over a ring) and, being c-soft, are
injective with respect to the functor f, (direct image with proper support). The
Godement canonical resolution is an explicit functorial flabby resolution for any sheaf.

Definition A.8.9 (Godement resolution).

(1) The Godement functor C° (see [God64, p. 167]) associates to any sheaf .# the
flabby sheaf C°(.Z) of its discontinuous sections and to any morphism the correspond-
ing family of germs of morphisms. Then there is a canonical injection £ «— €°(.%).

(2) Set inductively (see [God64, p. 168]) 2°(.¥) = £, 2F1(¥) = k(L) /2*(¥),
CHHI( L) = COUZF(Z)) and define 6§ : C*(L) — CFF1(Z) as the composition
Ck(L) — 2k (L) — CO(ZF+1(Z)). This defines a complex (€°(Z),d), that we will
denote as (God® %, d).

(3) Given any sheaf ., (God®.¥,d) is a resolution of . by flabby sheaves. For
a complex (.Z*,d), we regard God® #* as a double complex ordered as written, i.e.,
with differential (8;, (—1)°d;) on God" %7, and therefore also as the associated simple
complex.

Corollary A.8.10. We have, by taking the single complex associated to the double com-
plex, and for x = % or x =!,

ofutl = f.God" (M @5 _Spx_,y(Px)). O

Exercise A.40 (Compatibility with the Godement functor). (1) Show by induction
on k that, for every k > 0, the functor God" is exact (see [God64, p.168]). Given
an exact sequence 0 — ¢ — £ — Z"” — 0 of sheaves, show that we have an exact
sequence of complexes

0— God* ¥ — God" ¥ — God" " — 0.

Similarly, show that the functors f, God” are exact (with + = % or x =!) and deduce
an exact sequence of complexes

0 — f,God" ¥ — f,God" ¥ — f,God" .¥" — 0.
Deduce also that, for every k > 0 and a complex .Z*, we have
H(f, God® £°) ~ f, God* #".2".

(2) Show that, if £ and % are Ox-modules and if .7 is locally free, then we
have a natural inclusion C°(¥) ® 6 T = (Z® G 7 ), which is an equality if 7
has finite rank. More generally, show by induction that we have a natural morphism
ck(L) ®s, F — ek ®g, ), which is an equality if 7 has finite rank.

(3) With the same assumptions, show that both complexes God® (%) ® Fx Z and
God* (¥ ® &, 7 ) are resolutions of 2 ®; F. Conclude that the natural morphism
of complexes God* () ®5 F — God' (¥ ®5 _F) is a quasi-isomorphism, and an
equality if .%# has finite rank.
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(4) Let .# be a right Zx-module. Show that the natural morphism of complex
(God" ) ®5_Sp Dx — God* (M ®g, Sp Px)

is a quasi-isomorphism. B

(5) Let .# be a right Zx-module. Show that

Sp(God® .#) = God® Sp .4 .
(6) If f: X =Y xT — Y is the projection, show that, for x = *, !,
pfsdl = [y God* (.// ®5X /\_.éx/y).

[Hint: use Example A.8.7.]

Exercise A.41 (Restriction to z = 1).

(1) Show that the Godement functor applied to sheaves of C-modules restricts, for
z =1, to the Godement functor applied to sheaves of C-vector spaces.

(2) Show that Spy_,y(Zx) = Spx vy (Zx)/(2 — 1) SPx v (Zx).
(3) Conclude that pfedl /(2 — 1)pfettl = pfi(M[(z — 1)) and, for every i,
A fodl |(z = VA foll = [ (M) (2= 1)) (% = ,)).

Exercise A.42 (Computation of the pushforward with differential forms)

Let f: X — Y be a holomorphic map, let .# be a riNght .@X-module and let .zt
be the associated left Zx-module. As Zx_.y is a left Zx-module,

(/%Ieft ®5X éX—ﬂ/ — E//@filé)/ f_l.éy

has a natural structure of left Zx-module (by setting £(u ® 1y ) =Eu@1y +uT f(£),
see Exercise A.16(2)) and of course a compatible structure of right f ~1%y-module. It
is often convenient to compute the pushforward , f,.# with a complex of differential
forms (de Rham) and not a complex with poly-vector fields (Spencer). This exercise
gives such a formula.

(1) Show that the de Rham complex
W (A 05 Dxy) = Ox (M 05 [ Dy) =05 (M @5, [71Dy)
is isomorphic to # ®5 Spx_,y (Zx)[—n], as a complex of right f~'Zy-modules, by
using the isomorphism (see Lemma A.5.4)
wORRER Ly e+ DwEA)@u@ly (&€ A" *Oy).

[Hint: see Exercise A.28.]

(2) Check that the connection induced by the left Px-module structure on
M it *Dy is V@ 1d+1d g @V, where VX is obtained from the universal
connection VY on %y by the formula A.7.1.

(3) Conclude that, for x = *, I,

ofotl = REQ (M @, 5 [T D).
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This is the complex of left @y—modules associated to the double complex
fo God" Oy (A" @, 5 [T Dy)[n].

Show that this complex is quasi-isomorphic to the complex
FO%(God” A" @, 5 [~ Dy)n].

[Hint: use Exercise A.40.]

(4) Show that the latter complex is the single complex associated with the
ouble complex having terms f, ' @ God’ ) ® = v and first differentia.
doubl lex havi Q’;;” God’ 't ﬁy.@ d first diff 1

Fo(V @ 1d+1d_gien @VX) (the second differential is induced by the Godement
differential).

Remark A.8.11 (C*° computation of the pushforward). In the setting of the previous
exercise, it is often more convenient to replace the Godement resolution by a Dolbeault
resolution. We then have

Df*jl = f*g).((//lleft ®f—1éy fﬁléy)[n]v

where the differential in the latter complex is obtained in the usual way from the
holomorphic differential of Exercise A.42(2) and the anti-holomorphic differential d”.

Example A.8.12 (C'*° computation of the pushforward by a projection)
Asin Example A.8.7,let f : X =Y xT — Y be the projection. Setting p = dim T,
the relative version of Exercise A.28(2) gives an isomorphism, for .# = .4/t

M & NOx )y = [T1By @ @x/y @ M@ N Ox)y) > [Ty @ O ) @ A,
an denoting by & e Iy the complex of relative C*° differential forms (with relative
differentials d’ and d”), (A.8.7 %) reads

(A.8.12%) ofudl =Ty @5, [(Ex)y @ M M)p] *=xorl.

The Lefschetz morphism. As a consequence of Remark A.8.11, given a (1, 1)-form 7 €
(X, éa)((l’l)) which d-closed (equivalently, d’ and d”-closed), there is a well-defined
morphism (* = % or x =!)

NA :pfedl — o fedl]2],

induced by 7 A : f*C;mv;( — f*éo;’( [2]. Tt is clearly functorial with respect to .#, that is,
given any morphism ¢ : .# — s, the following diagram commutes (where * is
either for * or for !):

A
Df*fﬂl L> Df*%l [2]

Df*@l N JDf*SO

A\
o fudlo L o fxtla [2]
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Definition A.8.13 (The Lefschetz morphism attached to a closed (1, 1)-form)
The Lefschetz morphism associated to a (usual) closed (1, 1)-form 7 on X is the
morphism
1
L, = ;17/\ Cpfedl — o[ [2](1).
It is functorial with respect to .#

Remark A.8.14 (The Lefschetz morphism attached to a line bundle)

Let f: X — Y Dbe any morphism between complex manifolds and let .Z be a
line bundle on X, with Chern class ¢;(-¢) € H?(X,Z). We will define a Lefschetz
morphism

Lo :pfetl — o fet2](1).

We can choose a closed (1, 1)-form 7 on X whose class in H2(X,C) is equal to the
complexified class ¢1(.Z)c. We regard 7 as a closed relative (1,1)-form with respect
to the projection. As noticed in Remark A.5.7, namely by using a similar argument,
the action of L, given in Definition A.8.13 only depends on the class of n in H?(X, C).
Notice also that, since 7 has degree two, wedging (or contracting) with n on the left
or on the right gives the same result.

We thus define Ly as L,,. This operator only depends on ¢;(Z)c. It is functorial
with respect to ..

Remark A.8.15 (Restriction to z = 1 of the Lefschetz morphism)
It is obvious that the restriction to z = 1 of the morphism L is the morphism

Ly : o fiM — 5 fLM[2].

Other properties of the pushforward functor

Exercise A.43 (Pushforward of induced Z-modules). Let .# be an &x-module and let
M= R, Px be the associated induced right Zx-module. Let f: X — Y be a
holomorphic map.

(1) Show that .2 ®z_ SpX_,Y(éx) - Z Qp, Px_y is a quasi-isomorphism.
[Hint: use that @X is 0 x-locally free.|
(2) Deduce that
M5 Spx Ly (Zx) = MR Dxsy = LQag, 19y

(3) Show that » fi(L ®z 9x) is quasi-isomorphic to (Rf.Z) ®s, Dy . |Hint: use
the projection formula.]

Exercise A.44 (Pushforward of %-modules and pushforward of 0 -modules)

Let f : X — Y be a holomorphic map and let .# be a right éx—module. It is also
an Ox-module. The goal of this exercise is to exhibit natural Oy -linear morphisms
(x =)

Rfo Ml — AL fo M.
(1) Show that éx Qf15, ffl.@y has a natural global section 1.
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(2) Show that there is a natural f ~10y-linear morphism of complexes
M — M D5 Spx Ly (Zx), m—m®1,

where .# is considered as a complex with .# in degree 0 and all other terms equal
to 0, so the differential are all equal to 0. [Hint: use Exercise A.18(3) to iden-
tify SpXﬁy(.@X) Dx ®g5, Ix—y with its twisted left Zx-structure (denoted by

.@X_n/ ®ﬁ QX in loc. cit.) with .@X ®@, .@X%y, where the tensor product uses the

rlght o 'x-structure on .@X and the left QX structure is the trivial one, and then with
@X ®r16, f- 1ﬁy with trivial left @X structure and tensor product using the right

ﬁ’X structure of .@X. Identify then ‘///®9x (.@X R, .@X%y) with ///®f,1ﬁy I 1@3/.]

(3) Conclude with the existence of the desired morphisms.

Exercise A.45 (Grading and pushforward, right case). Let (M, F,M) be a filtered right
Px-module. Set .# = Rp.#, so that grk. = 4 |24 .

(1) Show that
(M ®rpay SP RrDx v ) @c|z) Clz]/2C[2] ~ griMm ®§ym@x f*Sym©Oy.

[Hint: Use the associativity of ® and Exercise A.38(3).]

(2) Assume that f..Z is strict (i.e., the complex of Corollary A.8.10 is strict in
the sense of Definition A.2.5 or 8.2.2). Show that, for every i, we have, as graded
modules

gt AL f M~ RS (er"M @ 0, f*SymOy).

A.8.b. Composition of direct images and the Leray spectral sequence for
right Z-modules

We compare the result of the pushforward functor by the composition of two maps
with the pushforward by the second map of the pushforward by the first map. We find
an isomorphism at the level of derived categories, that we will translate as a spectral
sequence, which is the Z-module analogue of the Leray spectral sequence (see Section
All.c).

Theorem A.8.16 (Composition of direct images). Let
f:X—Y and f:Y—2Z
be two holomorphic maps. There is a functorial canonical isomorphism of functors
D(f/ © f)' = Df!lDf!-
If f is proper, we also have

D(f/of)* = Df;Df*'

Proof. We have a natural morphism of complexes

SPx oy (Zx) @415, f 7 SPyo2(Dy) — Spx oy (9%) ©p g, [~ Dysz,
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lifting the identity morphism of @X_,y @15, ffléy_g, obtained by using the
augmentation morphism Spy_, ,(Zy) = Zy_ 7.

On the one hand, the left-hand term is a resolution (in the category of
(éx, (f’of)*léz)—bimodules) of Dx_z by locally free Zx-modules. Indeed, remark
that, as Spyﬁz(éy) is Zy locally free, one has

SPxov (Zx)® 15, F 7 SPy o 2(Pv) = Dxy ® i, £ SPy oz (D)
= 0x ®ag, f7 Spy_2(7v)
= 5){ ®}—115Y f_léY—)Z
— 5)( @116, f’_lf_léz (.@yﬁz is Oy locally free)
= Dxz.

On the other hand, there is a natural morphism

Spx v (Zx) -1, F YDy z — Spx_,2(Zx).
Indeed, we have a natural morphism
Sp*(Zx) ®F, éx—w} ®r15, F ' Dy 7 = Sp"(Zx) ®s, D7,

which is an isomorphism of (éX, (f'Of)*léz)—bimodules, according to the chain rule
(Exercise A.35).
We have found a morphism, lifting the identity,

SPx oy (7x) ®;ag, [ SPy2(Pv) — Spx2(Zx);

between two resolutions (in the category of (.@X, (f' o f)_l.éz)—bimodules) of Dx_z
by locally free Zx-modules. Thii morphism is tilerefore a quasi-isomorphism. We now
have, for an object .# of Mod(Zx) or of DT (Zx) (see Remark A.8.17 for details):

o(f o [t = R(f o f)i(M @5 _Spx_7(Zx))
~ R(f'o [)(M @5 Spx_.y(Zx) ®sagz, f71 Spy . 2(%v))
~ Rf{Rf(M @5, Spxyy(Dx) @15, F 7 Spyo2(Py))
~ Rf {Rf! (. Q5 SpXﬁY(éX)) Q. SpY%Z(éy)}
=pofinfid.

Remark that the analogous result holds with ,, f, if f is proper on the support of .Z .
O

This theorem reduces the computation of the direct image by any morphism
f:X =Y by decomposing it as f = po s, where ¢ty : X — X X Y denotes the
graph inclusion © — (z, f(z)). As ¢ is an embedding, it is proper, so we have
Df* = pPxplfx*-
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Remark A.8.17. We can make explicit the isomorphism of Theorem A.8.16(6) by using
the Godement resolution as follows. We have, for an object .# of Mod(Zx) or
of D+ (.@)():

o(f o Pt = (f o ) God" (M @5 _Spx_z(Zx))
~ ("0 )1 God® (M @5 Spxoy(Px) @15, I Spyo2(Py))
(A8.17.2) =~ f/ God" fi God" (4 @5 _Spx_y(Zx) @15, [ SPyz(Py))
(A8.17.b) =~ flGod" f, [God' (M 05, Spx v (Tx)) @15, f spyﬂz(g?y)}
(A817.c) = f/God" [fGod" (# ©5_Spx .y (7)) @5, Spy_,z(Fv)]
=pofiohd.

Indeed, (A.8.17.a), as fi God" is c-soft, it is acyclic for f/, hence the natural mor-
phism f}fi God® = f{ God® fi God® is an isomorphism. Next, (A.8.17.b) follows from
Exercise A.40, as the terms of Spy_, ,(Zy) are Zy-locally free (see A.38(2)). Lastly,
(A.8.17.c) follows from the projection formula for f (e.g. [KS90, Prop. 2.5.13]).

If f is proper, then fi = f. and f, God® is flabby, so (A.8.17.a) still holds with f/,
and the same reasoning gives ,(f’ o f). = pfip f«-

If f is not proper, we cannot assert in general that (f' o f). = pflpf«. However,
such an identity still holds when applied to suitable subcategories of DJF(‘@X)7 the
main examples being:

« the restriction of f to the support of .# is proper,
o M has Px-coherent cohomology.

In such cases, the natural morphism coming in the projection formula for f, is a
quasi-isomorphism (see [MIN93, §I1.5.4] for the coherent case).

Remark A.8.18 (Behaviour of the Spencer complex by pushforward)
In the proof of Theorem A.8.16, let us set Z = pt, so that Spy_,,(%y) =
Spy (Zy). By the same argument, but not applying the functor Rf/, we obtain

Spy (o i) ~ Rf Spx (A ).

Remark A.8.19 (The Leray spectral sequence). Let us consider the expression
(A.8.17.c). Firstly, fi God®(.# ®5, SpX_,Y(‘@X)) is a bi-complex, that we replace
with its associated single complex (K’*,¢’), having cohomology p,fi.#. Similarly,
fl God® [K" X3, SpY%Z(éYﬂ is a triple complex, from which we consider the asso-
ciated double complex (K**,4’,6"”) by grouping the terms corresponding to f/ God®
and Spy_,,(%y). The single complex attached to (K**,§,8”) has cohomology
o(f' o f)F#, according to our previous computation.

Since the terms of the complex Spy_, , are Zy-locally free (see Exercise A.38(2)),
we have

A (K" @5, Spy_1(Dy)) = ofidl @5, Spy _7(Dy).



394 APPENDIX A. TRAINING ON 2-MODULES

Similarly, according to Exercise A.40(1), we have
A (f{ God! (K" @5, Spy_,2(Pv))) = fi God! (o fitl ©5, Spy_,7(Fv))-
We deduce that, with respect to the spectral sequence attached to the double complex
(K**,0",0"), we have
Ey? = H3, (Hy (K*) = o (o fi ).

We call this spectral sequence the Leray spectral sequence for the composition [’ o f.
Since the functors fi and f/ have finite cohomological dimension, we can truncate
the complexes above at a finite order and the spectral sequence degenerates at a
finite step. In such a way, the abutment ,(f’ o f)F.# comes equipped with a natural
filtration, that we call the Leray filtration, such that

EY = gtien(f o Sl .
We have a similar result for ,(f’ o f)*.# if f is proper.

By using Exercise A.41, we note that the restriction to z = 1 of the Leray spectral
sequence is the Leray spectral sequence for Zx-modules.

A.8.c. Pushforward of left Z-modules. We make explicit the effect of side-
changing with respect to the pushforward functor. Our definition is intended to
be similar to the standard convention for the constant map X — pt (see Caveat
A.8.21). Tt will also be shown to coincide, after taking cohomology, with the notion
of Gauss-Manin connection, in the case of a proper smooth morphism, see Theorem

A.11.23.

Definition A.8.20 (Pushforward of a left @X-module). If A is a left éX—moduIe (recall
that n = dim X, m = dimY’), one defines the pushforward functor by side-changing;:

Df*%: (Df*%right)left[min] (*: *7!)7
=ay @ (pful@x ® A))[m —n] (see Caveat A.3.3).
Caveat A.8.21. The standard definition of the pushforward of a left Z-module does not
introduce the shift [m —n]. We introduce it here in order that, when f is the constant
map to a point, we get S5, f,.4'" = H* (X, DR.#'"") according to (A.5.5%), a

convention which is commonly used for vector bundles with flat connection. Similarly,
according to Remark A.8.18, we have

DR(, fi.#) ~ Rfi DR ..
Indeed,
DR(p fi.#) =~ Spy (o fr# )" [—m])  (due to (A.5.5%))
~ Spy (b fi(#"¥")[-n]) (Definition A.8.20)
~ Rf Spy (#"")[—n] (Remark A.8.18)
~ RfiDR.#Z (due to (A.5.5%)). O
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Exercise A.46 (Computation of the pushforward of a left .@X-module)

(1) We consider the setting of Exercise A.42 with a left @X—module A . By using
the results of this exercise, show

(o fxtl)E" = REOS (M 16y f_léY)[m]~

(2) We now compute the pushforward by the graph inclusion ¢5 : X — X xY
in local coordinates yi,...,ym on Y. Set f; = y; o f. Show that ST il = 0
for j # —m, and S " srp = Ly M[Dy,, ..., 0y, |(—m) with left Dxy structure
given locally by

6%‘ /162‘ — /’L83+1j7
) 9% = (0 ¢ — - % 6a+1j
j=1 """

[Hint: for the shift (—m) of the grading, use Exercise A.23(2).]

(3) Show that, when f : X — Y is a projection, we recover the definition of
Example A.8.2.

(4) Let n be a closed (1,1)-form on X. Show that the Lefschetz morphism

Lyt 20 <ol — ol 2))
is functorial in .#Z and compatible with the side-changing functor.
(5) As in Remark A.8.14, define the Lefschetz morphism
Lo i pfetl — o fudl [2)(1)
attached to a line bundle on X, for any morphism f: X — Y.

Exercise A.47 (Grading and pushforward, left case). With the assumptions as in Ex-
ercise A.45(2), but assuming that M is a left Zx-module, show that

gt f M~ TR, (wX/y R6x gri_n_mM ®§ym oy /" Sym @y),

where wx/y = wx ey f*wgfl, and we have set n = dim X, m = dimY. For
example, if Y = pt, deduce that

gr H'(X,DRM) ~ H"™" (X, wx ® (grf,, M @ me, Ox))-

A.8.d. A morphism of adjunction. There are various adjunction morphisms for
Z-modules in the literature (sce [Kas03, HT'TO08]). We will give here a simple one,
in the case where the source and target of the proper holomorphic map f: X — Y
have the same dimension. In such a case, the cotangent map 7™ f induces a morphism

Fk — ak
for every k, which is compatible with the differential H, and similarly for C*° forms.

Proposition A.8.22. Under this assumption, if A is a left .éy-module, there is a func-
torial morphism

M — o fO o f M
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Proof. Set n = dim X = dimY. By Exercise A.42 we have
(ofond M) = (85 @ o f M @y, 17 Ty
~ 1o (8x 0pp, UM 05, Tr)ln))
~ fuby ®g, (M 25, D)),

where the last isomorphism is the sheaf-theoretic projection formula for a proper map.
By using the isomorphism of Exercise A.18(3), we finally obtain

(o funf " M) = [,6% @5 (Dy ©5, M)N].

The cotangent map ffl%’} — g}éinduces, by using the sheaf-theoretic adjunction
f«f~! = 1d, a morphism &% — f.&% compatible with differentials, hence a morphism
& @ (Dy @G, M)n) — (ofunf M),

Lastly, by using Exercise A.26(2), we find
& @ (Dy @5, M) <= Oy @ (Dy @4, M)n] > A7 O

A.9. Coherence of éx

Let us begin by recalling the definition of coherence. Let <7 be a sheaf of rings on
a space X.

Definition A.9.1.
(1) A sheaf of «7-modules .7 is said to be &7-coherent if it is locally of finite type:

Vo€ X, 30y, Iq, 3L —» Ty,

and if, for any open set U of X and any .«7-linear morphism ¢ : ;zf‘TU — Zu, the
kernel of ¢ is locally of finite type.

(2) The sheaf o7 is a coherent sheaf of rings if it is coherent as a (left and right)
module over itself.

Lemma A.9.2. Assume o/ coherent. Let % be a sheaf of o/ -module. Then F is o -
coherent if and only if F is locally of finite presentation: Vz € X, 3U,, dp,q and
an exact sequence

szf‘f]x — 427“;"]1 — Fu, — 0.

Classical theorems of Cartan and Oka claim the coherence of o 'x, and a theorem
of Frisch asserts that, if K is a compact polycylinder, 7% x (K) is a Noetherian ring.
It follows that grfZx (K) is a Noetherian ring, and one deduces that éX(K ) is left
and right Noetherian. From this one concludes that the sheaf of rings P is coherent
(see [GM93, Kas03] for details).

Exercise A.48.

(1) Prove similarly the coherence of the sheaf of rings grf’ éx.
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(2) Let D C X be a hypersurface and let &x (xD) be the sheaf of meromorphic
functions on X with poles on D at most (with arbitrary order). Prove similarly that
o x (*D) is a coherent sheaf of rings.

(3) Prove that Zx (xD) := Ox (xD) ® s, Px is a coherent sheaf of rings.

(4) Let ¢ : Y — X denote the inclusion of a smooth submanifold. Show that
i*éx = 53/ Rg, éx is a coherent sheaf of rings on Y.

(5) Let Y C X be a smooth hypersurface of X. Show that VoZx (see Section 7.2)
is a coherent sheaf of rings.

A.10. Coherent @X-modules and coherent filtrations

Let .# be a @X-module. From the preliminary reminder on coherence, we know
that # is Px-coherent if it is locally finitely presented, i.e., if for any x € X there

exists an open neighbourhood U, of x an an exact sequence 9;1(' v~ @f(lU — My, -
Exercise A.49.

(1) Let .# C A be a Px-submodule of a coherent Zx-module .#. Show that,
if A is locally finitely generated, then it is coherent.

(2) Let ¢ : .4 — A be a morphism between coherent Zx-modules. Show that
Ker ¢ and Coker ¢ are coherent.

A.10.a. Coherent filtrations

Definition A.10.1 (Coherent filtrations). Let F,.# be a filtration of .# (see Section A.2).
We say that the filtration is coherent if the Rees module Rp.# is coherent over the
coherent sheaf RrpZx (i.e., locally finitely presented).

It is useful to have various criteria for a filtration to be coherent.

Exercise A.50 (Characterization of coherent filtrations).
(1) Show that the following properties are equivalent:

(a) F,.# is a coherent filtration;

(b) for every k € Z, Fy . # is 5X—coheren‘c, and, for every = € Z(, there exists a
neighbourhood U of x and kg € Z such that, for every k > 0, F\.Zx v - Fr, - #|v =
Fiovro- v N

(c) the graded module gr’.z is gr@x-coherent.

(2) Conclude that, if F,.#,G,# are two coherent filtrations of .#, then, locally
on X, there exists kg such that, for every k, we have

Fk*ko'//[ C Gt C Fk+k0/ﬂ.

Proposition A.10.2 (Local existence of coherent filtrations). If .#Z is 2 'x -coherent, then
it admits locally on X a coherent filtration.

Proof. Exercise A.51. O
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Exercise A.51 (Local existence of coherent filtrations).

(1) Write Rp.# = @, Fy.#/ (" and show that, if .# has a coherent filtration, then
it is Px-coherent. [Hint: use that the tensor product C[¢]/(¢ — 1) ®clz] * is right
exact.]

(2) Conversely, show that any coherent :@X—module admits locally a coherent fil-
tration. [Hint: choose a local presentation égﬂU LN QXIU — My — 0, and show
that the filtration induced on .Z|y by F, -@X\U is coherent by using Exercise A.50:
Set Z = Im ¢ and reduce the assertion to showing that Fj Dy N H is Ox- coherent;
prove that, up to shrinking U, there exists k, € N such that @(Fk9§(|U) C Fitr, QX‘U
for every k; deduce that ap(Fk@XW) being locally of finite type and contained in a
coherent ﬁX module, is 7% 'x-coherent for every k; conclude by using the fact that
an increasing sequence of coherent o x-modules in a coherent 7 x-module is locally
stationary.|

(3) Show that a coherent filtration F,.# satisfies Fj,.# = 0 for p < 0 locally [Hint:
use that this holds for the filtration constructed in (2) and apply Exercise A.50(2).]

(4) Show that, locally, any coherent .@X module is generated over .@X by a coherent
0 x-submodule.

(5) Let .# be a coherent Zx-module and let .Z be an Ox-submodule which is
locally finitely generated. Show that .# is 5)( coherent. [Hint: choose a coherent
filtration F,.# and show that, locally, # C Fy.# for some k; apply then the analogue
of Exercise A.49(1) for €'x-modules.|

The notion of a coherent filtration is the main tool to obtain results on coherent
@X—modules from theorems on coherent & x-modules, and the main results concern-
ing coherent P x-modules are obtained from the theorems of Cartan and Oka for
ﬁ}-modules.

Theorem A.10.3 (The0~rems of Cartan-Oka for 9?)( -modules)
Let A be a left Dx-module and let K be a compact polycylinder contained in an
open subset U of X, such that .# has a coherent filtration on U. Then,
(1) I(K,.#) generates M|k as an Ok -module,
(2) For everyi>1, H(K, #) =

Proof. This is easily obtained from the theorems A and B for 5X—modules, by using
inductive limits (for A it is obvious and, for B, see [God64, Th. 4.12.1]). O

Theorem A.10.4 (Characterization of coherence for .@X-modules, see [GM93))
(1) Let A be a left éx-module. Then, for any small enough compact polycylin-
der K, we have the following properties:
(a) #(K) is a finite type Z(K)-module,
(b) For every x € K, O, R x) M(K) — My is an isomorphism.
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(2) Conwversely, if there exists a covering {K,} by polycylinders K, such that X
is the union of the interiors of the K, and that on any K, the properties (la) and
(1b) are fulfilled, then A is Dx-coherent. O

Exercise A.52.

(1) Show similar statements for RpZx-modules, grf@x-modules, O (xD)-
modules, _@X(*D) modules and * Zx-modules (see Exercise A.48).
(2) Let .# be a coherent P x-module. Show that .@X(*D) ®g, A is @X(*D)

coherent and that i*.# is z*@x coherent.

Exercise A.53 (External product).

(1) Let A, B be two Noetherian C-algebras. Show that A ®g B is Noetherian.

(2) Let X,Y be two complex manifolds and let px,py be the projections from
X XY to X and Y respectively. For any pair of sheaves of C-vector spaces ZFx, Fy
on X and Y respectively, set Fy Mz Fy := p}lyx ®F p{/lﬂy. Show that 5)( Xz 53/
is a coherent sheaf of rings on X X Y [Hint: Use an analogue of Theorem A.10.4(2).]

(3) Prove similar r properties for Dx Xz Dy

(4) Show that ﬁXXy is faithfully ﬂat over ﬁX Xz ﬁy [Hint: Use [Ser56,
Prop. 28].]
(5) Show that

Dxxy = Oxxy ®(6xR:6y) (Zx Xz Dy) = (9x Xz Py) ®(6xR:6y) Oxxy-.

(6) FOE an ﬁ~X—module Zx (resp. a éx—module Mx) and an ﬁ~y—module %%
(resp. a Zy-module .4y ), set
Cx W5 Ly = (Ix Qe L) ©5,5.5, Oxxy
resp. Mx Ry My = (Mx Rz L///Y)®5x®@5y 5XXY
= (Mx B My) 95 w5, Dxxy-

Show that if Zx,% are O-coherent (vesp. Mx, My are @—coherent), then
Zx Wz Ly is Oxxy-coherent (resp. A x X Ay is Px xy-coherent).

(7) Show that, if F,.#x, F,.#y are coherent filtrations, then F;(.#x X #y) =
ZkJrg:j Fp /4y Xﬁ Fy.#y is a coherent filtration of .Zx @@ My for which

gI"F(.%X |X§ %y) = gI‘F%X Eng’@' gI‘F./ﬂy.
[Hint: See [Kas03, §4.3].]
A first application of Theorem A.10.4 is a variant of the classical Artin-Rees lemma:

Corollary A.10.5. Let M be a éx -module with a coherent filtration F,.# and let A be
a coherent Dx -submodule of A . Then the filtration F, N = AN N F,.# is coherent.
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Proof. Let K be a small compact polycylinder for Rp.#. Then I'(K, Rp.#) is finitely
generated, hence so is I'(K, Rp.4), as I'(K, RpZx) is Noetherian. It remains to be
proved that, for any x € K and any k, the natural morphism

O @0y (Fil (K) NN (K)) — Fyutlly NN
is an isomorphism. This follows from the flatness of &, over €(K) (see [Fri67]). O

Exercise A.54. Similarly, prove that if ¢ : .# — 4 is a surjective morphism of
coherent Yx-modules and if F,.# is coherent, then F, 4 := ¢(F,.#) is coherent as
well.

A.10.b. Support and characteristic variety. Let .# be a coherent Zx-module.
Being a sheaf on X, .# has a support Supp .#, which is the closed subset complement
to the set of x € X in the neighbourhood of which .# is zero.

Lemma A.10.6. The support of a coherent ﬁNX-module s a closed analytic subset of X .

Proof. This is stanglard if ﬁ’~X = Ox. On the other hand, if éx = RpOx, let 7 be
a graded ideal of Ox, locally generated by functions f;z7 with f; € Ox. Then the
support of Ox /.7 is that of Ox /(f;);. O

Such a property extends to coherent @X—modules:

Proposition A.10.7. The support Supp .# of a coherent éx -module A is a closed
analytic subset of X.

Proof. The property of being an analytic subset being local, we may assume that M
is generated over Zx by a coherent €x-submodule .% (see Exercise A.51(4)). Then
the support of .# is equal to the support of .%. O

The support is usually not the right geometric object attached to a @X-module M
as it does not provide enough information on .#. A finer object is the characteristic
variety. Using the convention A.2.14, we set T*X =T*X or T*X =T*X x C,.

Definition A.10.8 (Characteristic variety). Let .#Z be a coherent éx—module. The
characteristic variety Char .4 is the subset of the cotangent space T* X defined locally
as the support of grf.# for some (or any) local coherent filtration of ..

Exercise A.55. Let 0 — . #' — .# — .#" — 0 be an exact sequence of @X—modules.
Show that Char .# = Char.#’ U Char.#". [Hint: take a coherent filtration on .#
and induce it on .#" and 4" |

Exercise A.56 (Coherent 17 'x-modules with characteristic variety 75 X)
Assume that .# is coherent with characteristic variety contained in T5 X x C..
(1) Show that, for any local coherent filtration F,.#, the graded module grf' ./ is
locally of finite type, hence coherent (see Exercise A.51(5)) over Ox.
(2) Deduce that, locally on X, there exists p, such that grg/// =0 for p > p,.
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(3) Conclude that . is O'x-coherent.
(4) For a Zx-module M, deduce that M is locally free of finite rank.

Exercise A.57 (Coherent Zx-modules with characteristic variety contained in 7y X)

In this exercise, we switch to the case of Zx-modules. Let ¢ : Y < X be the in-
clusion of a smooth codimension p closed submanifold. Define the p-th algebraic local
cohomology with support in Y by RPI'y10x = lim, Ext?(Ox | IE, Ox), where Sy
is the ideal defining Y. RPT 1y Ox has a natural structure of Zx-module. In local
coordinates (z1,...,%,) where Y is defined by z1 = --- =z, = 0, we have

Ocnll/zy - xp)]
f:l ﬁcn (l'z/l'l s :En) ’

RPF[y]ﬁX ~

Denote this Zx-module by By X.

(1) Show that By X has support contained in Y and characteristic variety equal
to T3 X.

(2) Identify By X with i, Oy.

(3) Let M be a coherent Zx-module with characteristic variety equal to Ty X.
Show that M is locally isomorphic to (By X)? for some d.

A.10.c. Holonomic @X-modules and duality

Definition A.10.9 (Holonomic éx-modules). A coherent .@X—module A is said to be
holonomic if Char .Z C A x C,, where A is a Lagrangian closed subvariety of T*X.

Such a Lagrangian subvariety is the union of its irreducible components, each of
which is usually written as 77 X, where Z is a closed irreducible subvariety of X and
T X means the closure, in the cotangent space 7% X of the conormal bundle 77, X of
the smooth part Z° of Z. It is also known that, due to the existence of stratifications
satisfying Whitney condition (a), there exist a locally finite family (Z?);c; of locally
closed sub-manifolds Z? of Z, with analytic closure and one of them being Z°, such
that T; X C |, TgioX.

For example, a coherent @X—module as in Exercise A.56 is holonomic. The case of
Px-modules is the most useful. We will recall some fundamental results.

Proposition A.10.10. Let M be a coherent Px-module. We have
cg’xti@X(M,@X):O fori>n+1. O
Theorem A.10.11. Let M be a coherent Px-module and x € Supp M. Then
2n — dim, Char M = inf{i € N | &cti@XJ My, Dx ) = 0}. O

Corollary A.10.12. Let M be a coherent Px-module. Then M is holonomic if and
only if &xtly (M, Zx) = 0 for i # dimX. The Px-module Enty™™ (M, Zx)
(see Section A.4.5), after having applied the suitable side changing functor to it, is
called the dual of M, and denoted by DM.
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Theorem A.10.13 (Bi-duality, see [Kas76]). Let M be a holonomic Px-module. Then
its dual module DM is holonomic and the natural functorial morphism from M to its
bi-dual module D DM is an isomorphism. O

Let us now consider holonomicity and duality for strict coherent RpZx-modules.

Exercise A.58. Let M be a coherent Zx-module equipped with a coherent filtration
FM.

(1) Show that Char(RpM) = (CharM) x C,, so that .# is holonomic (in the
sense of Definition A.10.9) if and only if M is holonomic. (In other words, for a
strict coherent Zx-module .#, # /(z — 1).# is holonomic if and only if .# itself is
holonomic.)

(2) In such a case, show that (g’xt%{F@X (RpM, Rp9Px) consists of z-torsion if i #
dim X.

Definition A.10.14. We say that RpM is strict holonomic if RpM is holonomic and
vt 9 (REM, RpPx) is a strict RpZx-module for every i (and as a consequence,
Ently, o (REM, RpZx) = 0 for i # dim X).

Exercise A.59. Assume that RrpM is strict holonomic. Then there is a unique coherent
filtration F, @@xt%)rfx(M, 9Px) such that

RF gxt%}?X(M, -@X) = (g)l't(}{l;ngfi (RFM, RF@)().

A.10.d. Coherence of the pushforward

Theorem A.10.15 (Coherence of the pushforward). Let f : X — X’ be a holomorphic
map between complex manifolds and let .4 be a coherent .@X -module. Assume that A
admits a coherent filtration F,.#. Then, if f is proper, the pushforward complex
pfe has @X/—coherent cohomology.

Proof. Assume first that .# is an induced right Zx-module £ ® Fx Dy where 7 is

a coherent @y-module. Due to the formula of Exercise A.43(3), the result follows
from Grauert’s direct image theorem. As a consequence, the same result holds for
any bounded complex of such induced right @X—modules.

For .# arbitrary, it is enough by Remark A.8.4(3) to prove the coherence of
HIfodl for j € [—dim X,2dim X]. Since the D xr-coherence is a local property
on X', it is enough to prove the coherence property in the neighbourhood of any
2’ € X', and therefore it is enough to show the existence, in the neighbourhood of the
compact set f~1(z'), of a resolution of A#_n_1 — -+ — My — M — 0 of sufficiently
large length N +2, such that .#; is a coherent induced Zx-module for j=—N,....,0.

Since f~!(z’) is compact, there exists p such that F,.# Qs @X is onto in
some neighbourhood of f~1(z') (i.e., the coherent &x-module F, . generates A
as a éX-module). Set Fy(Fptl @z Ix) = Fptl @5, Fq,péx. This is a co-

herent filtration of F,.Z ® Fx Px, which therefore induces a coherent filtration on
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Ker[F,.# ®p, Dx — A]. Continuing this way N +2 times, we obtained a resolution

of length N + 2 of .# by coherent induced right .@X—modules on some neighbourhood
of f=1(a"). O

Remark A.10.16 (Pushforward of a holonomic 17 v-module). Assume that the coherent
I x-module .# has a good filtration. For example, assume that .# is strict. Then,
the pushforward of a holonomic @X—module by a proper holomorphic map has coher-
ent cohomology. Moreover, a theorem of Kashiwara [Kas76| complements Theorem
A.10.15 with an estimate of the characteristic variety of the pushforward cohomology
@X/—modules in terms of the characteristic variety of the source éx—module. This
estimate shows that holonomicity is preserved by proper pushforward. (The theorem
of Kashiwara is proved for holonomic Zx-modules, but it extends in a straightforward
way to holonomic @X—modules.)

A.11. Appendix: Differential complexes and the Gauss-Manin connection

In this section we switch to the case of Zx-modules as in Section A.1 (see Remark
A.11.9). Let M be a left Zx-module and let f: X — Y be a holomorphic mapping.
On the one hand, we have defined the direct images  fxM or p fiM of M viewed as
Px-modules. These are objects in D (Zy ). On the other hand, when f is a smooth
holomorphic mapping, a flat connection called the Gauss-Manin connection is defined
on the relative de Rham cohomology of M. We will compare both constructions,
when f is smooth. Such a comparison has essentially already been done when f is the
projection of a product X =Y xT — Y (see Example A.8.7 and Exercise A.46(?7)).

In this section we also introduce the derived category of differential complexes on
a complex manifold X, that is, complexes of &x-modules with differential morphisms
as differential. This derived category is shown to be equivalent to that of Zx-modules
(Theorem A.11.16). It is sometimes useful to work in this category (see e.g. the proof
of Theorem A.11.23).

A.11.a. Differential complexes. Given an &x-module £, there is a natural Ox-
linear morphism (with the right structure on the right-hand term)

L—=L®py Px, —L®1.
There is also a (only) C-linear morphism
(A.11.1) L®oy Ix — L

defined at the level of local sections by £ ® P — P(1)¢, where P(1) is the result of the
action of the differential operator P on 1, which is equal to the degree 0 coefficient
of P if P is locally written as > an(z)0. In an intrinsic way, consider the natural
augmentation morphism Zx — Ox, which is left Zx-linear, hence left x-linear;
then apply L4, ¢+ to it. Notice however that (A.11.1) is an Ox-linear morphism by
using the left 0'x-module structure on £ ®g, Zx.
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Exercise A.60. Let L be an Ox-module. Show that the terms of the Spencer complex
Sp(L R, Zx) are Ox-modules with the “left” structure, that the differentials are
O'x-linear, that this complex is a resolution of £ as an Ox-module and that the
morphism (A.11.1) is the augmentation morphism Sp®(£ ®¢, Zx) — L. [Hint: use
Exercise A.29.]

Let £, L’ be two Ox-modules. A (right) Zx-linear morphism
(A.11.2) v:L®oy Ix — L' oy Dx
is uniquely determined by the &'x-linear morphism
(A.11.3) w:Ll— L R, Dx

that it induces (where the right x-module structure is chosen on £’ ®g, Zx). In
other words, the natural morphism

Homg (L,L/ ®ey Ix) — Homg, (L e, Dx, L' ®ox Dx)
is an isomorphism. We also have, at the sheaf level,
(A.11.4) Home, (L,L/ Reox Px) = Homag, L Reox Dx, L Koy Dx).

Notice that Zomeg, (L,L' ®e, Px) is naturally equipped with an €'x-module struc-
ture by using the left &x-module structure on £’ ®4, Zx (see Remark A.6.1), and
similarly Homg, (£,£L' ® s, Px) is a I'(X, Ox)-module.

Now, w induces a C-linear morphism

(A.11.5) u: L — L]

by composition with (A.11.1): £’ ®g, Zx — L'. By Exercise A.60, u is nothing but
the morphism

A°("DR(v)) : #° ("DR(L ®oy Zx)) — #°("DR(L' ®oy Zx)).

Definition A.11.6 (Differential operators between two &'x-modules)
The C-vector space Homp;g (L, L") of differential operators from L to L' is the
image of the morphism Homg, (£ ®¢, Px,L @6y Px) — Home (L, L).
Similarly we define the sheaf of C-vector spaces Somp;g(L,L").

Exercise A.61.

(1) Show that any €x-linear morphism u : £ — £’ is a differential operator from £
to £’ and that a corresponding v is u ® 1.

(2) Assume that £, L are right Zx-modules. Let u: L — L’ be Zx-linear. Show
that the corresponding v is Zx-linear for both structures (right)tyiy and (right)tens
(see Exercise A.19) on L") @4, Px.

(3) Show that %Om]:)iﬂ‘(ﬁx, ﬁx) = 9x.

(4) Show that the morphism in Definition A.11.6 is compatible with composition.
Conclude that the composition of differential operators is a differential operator and
that it is associative.
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Exercise A.62 (Integrable connections are differential operators)
Let M be an &x-module and let V : M — Q}( ®e M be an integrable connection

on M.

(1) Show that V is a differential morphism, by considering the right Zx-linear
morphism

vim® P):=V(m)®P+m®V(P),

for any local section m of M and P of Zx, and where VP is defined in Exercise A.5.
Extend this result to connections *)V.

(2) Let M/, M” be Ox-submodules of M such that *)V induces a C-linear mor-
phism OV’ : Q% @5, M — Q5@ s M”. Show that ¥V’ is a differential morphism.

Definition A.11.7 (The category Mod(0x, Diff x)). We denote by Mod(0x, Diff x) the
category whose objects are 0x-modules and morphisms are differential operators
between €x-modules (this is justified by Exercise A.61(4)).

In particular, Mod(€x) is a subcategory of Mod(&x, Diff x), since any Ox-linear
morphism is a differential operator (of degree zero).

Exercise A.63. Show that Mod(Ox, Diff x) is an additive category, i.e.,

« Homp;g (£, L’) is a C-vector space and the composition is C-bilinear,

« the 0 Ox-module satisfies Homp;g(0,0) = 0,

e Hompig (L1 @ L2,L") = Homp;g (L1, L") & Homp;g (Lo, L) and similarly with
L4, L),

We will now show that the correspondence £ — L ®g, Px induces a functor

Mod(Ox, Diff x) — Mod;(Zx). In order to do so, one first needs to show that to any
differential morphism u corresponds at most one v.

Lemma A.11.8. The morphism
Homg, (£ ®6y Zx,L' @6 Px) — Home (L, L)

v—u

18 injective.

Proof. Recall that, for any multi-index 3, we have 9%(2°) = 0 if 8; < «; for some
i, and 9%(x®) = al. Assume that u = 0. Let ¢ be a local section of £ and, using
local coordinates (x1,...,xy), write in a unique way w(¢) = > w({), ® 03, where
the sum is taken on multi-indices @ and w is as in (A.11.3). If w(€) # 0, let 8 be
minimal (with respect to the usual partial ordering on N™) among the multi-indices
a such that w(¢), # 0. Then,

0=u(@0) = Y 92 (@ )w(l)a = Blw(l)s,

a contradiction. O
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Remark A.11.9. A similar lemma would not hold in the category of induced graded
Rr2x-modules because of possible z-torsion: one would only get that z*u(xz%¢) =0
for some k.

According to Lemma A.11.8, the following definition is meaningful.

Definition A.11.10 (The inverse de Rham functor). The functor
PR . Mod(Ox, Diff x ) — Mod;(Zx)
is defined by “*DR™"(£) = £ ®p, Zx and “"DR"(u) = v.

Exercise A.64 (De Rham and inverse de Rham on induced Z-modules)

(1) Let £ be an @x-module. Show that #*("DR(£ ®¢, Zx)) =0 for k # 0 and
A ("DR(L ®¢y Zx)) = L. [Hint: use Exercise A.60.]

(2) Show that s#°("DR) defines a functor Mod;(Zx) + Mod(Ox, Diffx), which
will be denoted by “*DR.

(3) Show that “*DR™ : Mod(Ox, Diff x) — Mod;(Zx) is an equivalence of cate-
gories, a quasi-inverse functor being “*DR : L ®¢, Zx — £, “*DR(v) = u.

(4) Show that the composed functor Mod(&x, Diff x) — Mod;(Zx) — Mod(Z2x),
still denoted by “DR™, is fully faithful, i.e., it induces a bijective morphism

HomDiff(L,L/) AN HOIH@X (L Ko @X,Ll Reox -@X)

(One may think that we “embed” the additive (nonabelian) category Mod(Ox, Diff )
in the abelian category Mod(Zx ); we will use this “embedding” to define below acyclic
objects).

Remark A.11.11. By the isomorphism of Exercise A.64, Homp;g (£, L’) is equipped
with the structure of a I'(X, Ox)-module. Similarly,

Homg, (L ®oy Dx,L' @y Dx) — Home(L,L')

is injective, and and this equips the image sheaf J#Zompg (L, L") with the structure
of an Ox-module.

Remark A.11.12. When considered as taking values in Mod(Zx ), the functor “*DR™*
is not, however, an equivalence of categories, i.e., is not essentially surjective. The
reason is that, first, not all Zx-modules are isomorphic to some £ ®g, Zx and,
next, its natural quasi-inverse would be the de Rham functor "DR which takes values
in a category of complexes. Nevertheless, if one extends suitably these functors to
categories of complexes, they become equivalences (see below Theorem A.11.16).

A.11.b. The de Rham complex as a differential complex. According to Ex-
ercise A.63, one may consider the category C*(Ox,Diff x) of *-bounded complexes
of objects of Mod(Ox, Diff x) (with x = &, 4+, —,b), and the category K*(&x, Diff x)
of x-bounded complexes up to homotopy (see [KS90, Def. 1.3.4]). These are called
*-bounded differential complezes.
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Exercise A.65 (The de Rham functor ““*DR).

(1) Show that the deRham complex of a left Zx-module M is a complex in
CP(0x,Diffx). [Hint: use Exercise A.61(1).]

(2) By using Exercise A.28(1), show that the de Rham complex of a right Zx-mod-
ule M is a complex in CP(Ox, Diff x)

(3) Show that the de Rham complex of a x-bounded complex of right Zx-modules
has its associated single complex in C*(€0x,Diff x). [Hint: use Exercise A.27.]

(4) Conclude that "DR induces a functor “"DR : C*(Zx) — C*(Ox, Diff x).

(5) Extend this functor as a functor of triangulated categories K*(2x) —
K*(Ox,Diff x).

Exercise A.66. Let M be a Px-module. Show that God® “*DRM is a differential
complex. [Hint: Identify this complex with “*DR God® M.]

There is a natural forgetful functor Forget from Mod(&x, Diff x) to Mod(Cx ), and
by extension a functor Forget at the level of C* and K*. The previous exercise shows
that we can decompose the "DR functor as

"DR

MOd(@)() v e—— Cb(ﬁx,Diﬁx) —_— Cb(Cx)
HEPDR Forget

and

"DR

K*(Zx) DR K*(0x,DDiffx) W K*(Cx)

In order to define the “derived category” of the additive category Mod(&x, Diff x),
one needs to define the notion of null system in K*(&'x, Diff x) and localize the cat-
egory with respect to the associated multiplicative system. A possible choice would
be to say that an object belongs to the null system if it belongs to the null system
of C*(Cx) when forgetting the Diff structure, i.e., which has zero cohomology when
considered as a complex of sheaves of C-vector spaces. This is not the choice made
below. One says that a differential morphism u : £ — £’ as in (A.11.5) is a Diff-
quasi-isomorphism if the corresponding v as in (A.11.2) is a quasi-isomorphism of
right Zx-modules.

The functor “*DR™ of Definition A.11.10 extends as a functor C*(&x, Diff x)
Cr(Zx) and K*(Ox,Diff x) — K¥(Zx) in a natural way, and is a functor of triangu-
lated categories on K. Moreover, according to the last part of Exercise A.64, it is an
equivalence of triangulated categories.

We wish now to define acyclic objects in the triangulated category K*(Ox, Diff x ),
and show that they form a null system in the sense of [KS90, Def. 1.6.6].
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Definition A.11.13. We say that a object L£°* of K*(Ox,Diff x) is Diff-acyclic if
HPRT(L?) is acyclic in Kf (Zx) (equivalently, in K*(Zx)).

Exercise A.67. Show that the family N of Diff-acyclic objects forms a null system in
K*(ﬁx,Diﬁx), i.e.,

« the object 0 belongs to N,

« an object £° belongs to N iff £°[1] does so,

o if £L* — L' — L — L*[1] is a distinguished triangle of K*(0x, Diff x), and if
L*,L'* are objects in N, then so is £"*.

[Hint: use that the extension of DR to the categories K* is a functor of triangu-
lated categories.|

Define, as in [KS90, (1.6.4)], the family S(N) as the family of morphisms which
can be embedded in a distinguished triangle of K*(&x, Diff x ), with the third term
being an object of N. We call such morphisms Diff -quasi-isomorphisms. Clearly, they
correspond exactly via “*DR™ to quasi-isomorphisms in K*(Zx).

We now may localize the category K*(&x, Diff x ) with respect to the null system N
and get a category denoted by D*(€Ox, Diff x ). By construction, we still get a functor

(A.11.14) WPR™ : D*(Ox,Diffx) — Df (Zx) — D*(Zx).

We note that the first component is an equivalence by definition of the null system
(since we have an equivalence at the level of the categories K*). The second component
is also an equivalence, according to Corollary A.6.3. We will show below (Theorem
A.11.16) that “*DR is a quasi-inverse functor.

Exercise A.68 (The functor D*(0x) — D*(Ox, Diff x)). Using Exercise A.61(1), define
a functor C*(Ox) — C*(Ox,Diff x ) and K*(Ox) — K*(Ox, Diff x). By using that Zx
is Ox-flat, show that if £° is acyclic in K*(Ox), then £°®4, Px is acyclic in K*(Zx).
Conclude that the previous functor extends as a functor D*(€x) — D*(€x, Diff x).

Remark A.11.15. The category Mod(Ox, Diff x) is also naturally a subcategory of the
category Mod(Cx) of sheaves of C-vector spaces because Homp;g (£, £’) is a subset of
Homg (£, L'). We therefore have a natural functor Forget : K*(0x, Diff x) — K*(Cx),
forgetting that the differentials of a complex are differential operators, and forgetting
also that the homotopies should be differential operators too. As a consequence of
Theorem A.11.16, we will see in Exercise A.70 that any object in the null system N
defined above is sent to an object in the usual null system of K*(Cx), i.e., objects
with zero cohomology. In other words, a Diff-quasi-isomorphism is sent into a usual
quasi-isomorphism. But there may exist morphisms in K*(€x, Diff x ) which are quasi-
isomorphisms when viewed in K*(Cx), but are not Diff-quasi-isomorphisms.

Theorem A.11.16. The functors “*DR : D*(2x) — D*(Ox,Diffx) and “*DR™" :
D*(Ox,Diff x) — D*(Zx) are quasi-inverse functors.
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Lemma A.11.17. Let M"8" be a right Dx-module and let M'* be the associated left
Px-module. Then there is a functorial isomorphism of complezxes of right Zx-mod-
ules [(““DR(J\/Eright Ry @X)mv] tons (1-€-, the structure (right )iy is used for “"DR
and the remaining structure (right)iens gives the right Px-module structure) and
[ DR(M"*"* @, ‘@X)tens]mv [n] (similar meaning), and the latter complex is an ob-
ject of CP(Px).

Moreover, there is an isomorphism of functors ““DR™ 4*DR ~ “*DR 4 DR from
CP(2x) to itself.

Proof. We note that (M'*®® 4, Zx)ieht ~ Mrightw ; Py, both with the tensor struc-
ture, respectively left and right, and this isomorphism is compatible with the right
Px-structure (right)¢, on both terms. On the other hand, “"DR(M'*® ® 5, Zx )tens
is the complex Q% ® (M R4, Px) with differential “*DR*(V) given by a for-
mula like in Exercise A.62, and is clearly a complex in CP(Zx) with respect to the
(right)¢riy-structure.

The isomorphism ““DR(M'® @ 5. Zx )tens[n] =~ “"DR(M" 8" @5 Dx )tens of Ex-
ercise A.28(1) is compatible with the (right)¢iy-structure, hence

[dif‘fDR(Mright ®ﬁx A@X)triv} ~ |:diffDR(Mright ®ﬁx @X)tensi| . (Exercise A19)

tens triv

~ |:diffDR(Mleft ®lﬁx QX)tcnsL ' [n]
For the last assertion, we note that, by definition (see Exercise A.65(1) and (2)),
diffDR—l diffDR Mright _ diffDR—l diffDR Mlcft [’I’L]

Now,

diffDR—l diffDR Mleft} ~ [diffDR(diffDR-l Mleft)tcns}

triv triv

follows from Exercise A.62: indeed,
diffDR-l DR Mleft _ (QB( ® Mleft) ® -@X

with differential “*DR*(V), which is nothing but the complex Q% ® (M'** ® Px)
where the differential is the connection on the left Zx-module (M'*®* ® Zx )tens. More-
over, this identification is right Zx-linear with respect to the (right),iy structure on
both terms.

Lastly, diff DR diffDR-l Mleft [n] — [diffDR(Mleft ® @X)triv]tens [n] is identified with

[diffDR(Mright ® -@X)triv]tens — diffDR diffDR»l Mright

by the previous computation. O

Lemma A.11.18. There is an isomorphism of functors “"DR™ “*DR = Id from
D*(Zx) to itself.
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Proof. By the previous lemma, we have

SDRT DR (s) ~ DR DR (o) = [d*ffDR(- ® @X)mv]
tens

~le® diffDR(QX)triv} e [- ® ﬁx} =. O

tens
Proof of Theorem A.11.16. From the previous lemma, it is now enough to show
that, if £° is a complex in C*(&x, Diff x), there exists a a Diff-quasi-isomorphism
GFPDRUDR™T L — L£°, and this is equivalent to showing the existence of a quasi-
isomorphism “*DR™ “*DR DR £* — 4DR" £°, that we know from the previous
result applied to M = 4*DR™ £°. O

Remark A.11.19. The functor “*DR™ 4“DR, regarded as a functor D*(Zx) —
D (Z2x), is nothing but that of Corollary A.6.3.

Remark A.11.20 (The Godement resolution of a differential complex)

Let £° be an object of C*(Ox,Diffx). Then God® £* is maybe not a differen-
tial complex (see Exercise A.40(2)). However, God® “*DR DR £* is a differential
complex, being equal to “*DR God® “*DR™ £*. Therefore, the composite functor
God® DR “*DR™" plays the role of Godement resolutions in the category of differ-
ential complexes.

Exercise A.69. Show that the following diagram commutes:
"DR

D*(9x) ——— D*(0x,Diff x) ——— D*(C
(Zx) PR (0, Diftx) Forget (€x)

Exercise A.70. Assume that £° is Diff-acyclic. Show that Forget £° is acyclic. [Hint:
by definition, **DR™ (L") is acyclic; then "DR“DR™ (L") is also acyclic and quasi-
isomorphic to Forget £°.]

Conclude that Forget induces a functor D*(0x,Diff x) +— D*(Cx), and that we
have an isomorphism of functors

"DRYDR" - Forget : D*(Ox, Diff x) — D*(Cx).
Compare with Exercise A.60.
Exercise A.71. Let £, L’ be two Ox-modules and
v M=L®g, Ix — M =L ®o, Dx

a Px-linear morphism. It defines a f~! %y -linear morphism

V1 :MQgpy Ixy — M Qg Ixy,
where 1 is the section introduced in Exercise A.44(1). This is therefore a morphism

T:LQs10, [ Dy — L @f-106, ' Dy.
Show that “*DRy (v) = “*DRx (v).
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[Hint: since the problem is local, argue with coordinates on X and Y and write
f=0(f1,---, fm). Let £ be a local section of £, and let 1x be the unit of Zx. Set
Wlelx)=wl) =Y ,wHl)a®0f and ({®1x) =v({®1x) ®1xy. Show that,
if (07 75 0,

of;

5 © 0

LTI
J

Deduce that the image of 9(¢ ® 1x) by the map £ ®;-14, f~'%y — L is equal to

the image of w(f)o, which is nothing but u(¢) by definition of u := #° DRx (v).]

A.11.c. The Gauss-Manin connexion. We assume in this section that f : X - Y
is a smooth holomorphic map. The cotangent map T*f : f*Qj — QL is then
injective, and we will identify f*Qf with its image. We set n = dim X, m = dimY
and d = n —m (we assume that X and Y are pure dimensional, otherwise one works
on each connected component of X and Y).

Consider the Leray filtration Ler® on the complex (2%,d), defined by

LerPQ% = Im(f*Q @4, Q? — Q).
[With this notation, Ler’Q% can be nonzero only when i € [0,n] and p €
[0, min (¢, m)].]
Exercise A.72.

(1) Show that the Leray filtration is a decreasing finite filtration and that it is
compatible with the differential.

(2) Show that, locally, being in Ler” means having at least p factors dy; in any
summand.

Then, as f is smooth, we have (by computing with local coordinates adapted to f),
gl Uy = [ @0y Oy,
where Q’)“(/Y is the sheaf of relative differential forms: Q])“(/Y = /\kQ§</Y and Qﬁ(/y =
Q% /f*Qy. Notice that Q% )y is Ox-locally free.
Let M be a left Zx-module or an object of D¥(Zx)"*t. As f is smooth, the
sheaf 2y of relative differential operators is well-defined and by composing the flat
connection V : M — Q% ®4, M with the projection Q% — Qﬁ(/y we get a relative

flat connection Vx,y on M, and thus the structure of a left Zx,y-module on M. In
particular, the relative de Rham complex is defined as

PDRX/yM = (QB(/Y Rex M,Vx/y).

We have "DRM = (Q% ®gy, M, V) (see Definition A.5.1) and the Leray filtration
Ler’Q% ®¢, M is preserved by the differential V. We can therefore induce the
filtration Ler® on the complex "DRM. We then have an equality of complexes

gri o, DRM = f*QF ®¢, "DRx/y M[—p].

Notice that the differential of these complexes are f~!@y-linear.
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The complex f. God® "DRM (resp. the complex f; God® "DR M) is filtered by sub-
complexes f, God® Ler” "DRM (resp. fi God® Ler” "(DRM). We therefore get a spec-
tral sequence (the Leray spectral sequence in the category of sheaves of C-vector
spaces, see, e.g. [God64]). Using the projection formula for f; and the fact that O,
is Oy-locally free, one obtains that the F; term for the complex fi God® "DRM is
given by

(All?l) E;fjlq = Qg)/ Koy qu! pDRx/y M,

and the spectral sequence converges to (a suitable graded object associated with)
RPtafi" DRM. If f is proper on SuppM or if M has Zx-coherent cohomology, one
can also apply the projection formula to f. (see [MIN93, §IL.5.4]).

By definition of the spectral sequence, the differential dy : EP¢ — EPTH? is the
connecting morphism (see Exercise A.73 below) in the long exact sequence associated
to the short exact sequence of complexes

0 — gVt ' DRM — Ler? "/DRM/Ler? > "DRM — gi?  "DRM — 0

after applying fi God® (or f. God® if one of the previous properties is satisfied).

Exercise A.73 (The connecting morphism). Let 0 = C7 — C5 — C35 — 0 be an exact
sequence of complexes. Let [u] € HFCj and choose a representative in C¥ with
dp = 0. Lift p as i € C.

(1) Show that dfi € C*! and that its differential is zero, so that the class [dfi] €
H*103 is well-defined.

(2) Show that 6 : [u] + [dfi] is a well-defined morphism H*C§ — H*+1C3.

(3) Deduce the existence of the cohomology long exact sequence, having ¢ as its
connecting morphism.

Lemma A.11.22 (The Gauss-Manin connection). The morphism
VM .= d, : Rfi"DRx/y M = B — B} = Q) @4, R1fi"DRx/y M

is a flat connection on RYf pDRX/Y M, called the Gauss-Manin connection and the
complex (Ey?,dy) is equal to the de Rham complez “"DRy (R4 fi "DRy/y M, VEM).

Sketch of proof of Lemma A.11.22. Instead of using the Godement resolution, one can
use the C*>° de Rham complex &y ®¢, M, with the differential D defined by

D(n®m) =dn@m+ (—1)"n A Vm,

if 7 is O differential k-form, that is, a local section of &% (k < 0). By a standard
argument (Dolbeault resolution) analogous to that of Exercise A.46(?7), this C*
de Rham complex is quasi-isomorphic to the holomorphic one, and is equipped with
the Leray filtration. The quasi-isomorphism is strict with respect to Ler’. One can
therefore compute with the C*° de Rham complex. Moreover, the assertion is local
with respect to Y.
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Assume first that, in the neighbourhood of f~!(y), X is diffeomorphic to a product
X ~ Z x Y. This occurs for example if f is proper (Ehresmann’s theorem). Then
we identify 579 with &2 ® Ex sy and the differential D decomposes accordingly as
Dy + Dx/y. The flatness of D implies the flatness of Dy,y and Dy. Given a
section p of fi(&F @ (éo)‘z,/y ® M)) which is closed with respect to Dy,y, we can
identify it with its lift & (see Exercise A.73), and d;p is thus the class of Dy p, so the
C> Gauss-Manin connection DM in degree zero induces d; in any degree.

In general, choose a partition of unity () such that for every a, when restricted
to some open neighbourhood of Supp x., f is locally the projection from a product
to one of its factors. We set D = )" xoD = >, D) and we apply the previous
argument to each D(®), O

Theorem A.11.23. Let f : X — Y be a smooth holomorphic map and let M be left
Dx -module—or more generally an object of DT (Zx )™,
isomorphism of left Py -modules

RFfi" DRy )y M — 5%, M

Then there is a functorial

when one endows the left-hand term with the Gauss-Manin connection VM. The
same result holds for p, f. instead of , fi if f is proper on Supp M or M is Dx -coherent
(or has coherent cohomology).

Proof. Recall that, for a left Zx-module M, we have
M ©g. Spy Ly (Zx) = QM @f-16, [~ Dy,

so that the direct image of M, regarded as a right Zy-module, is
(A.11.24) (b AM)EY = RAPDRY (M @414, ' Dy)[m],
by Exercise A.46(1). We conclude that

“DRy pfiM ~ “"DRy (Rfi"DRx M ®@¢-16, [ ' Dy)).
There is a Leray filtration Ler® "DRx (M ®;-14, f~'%y). Notice that the graded
complex grf . "DRx (M ®-14, f~'%y) is equal to the complex

fHO8 @16, "DRx)y M®@s-16, [~ Dy[-p,

with differential induced by Vx,y on M (remark that the part of the differential
involving T*f is killed by taking gr? ). The differential is now f~!&y-linear.

The filtered complex RfiLer® "DRx(M ®f-10, f~'%Py) gives rise to a spectral
sequence in the category of right Zy-modules. By the previous computation, the E%*?
term of this spectral sequence is the right Zy-module

RPTaf, (f*lg)’;/ Rf-10y pDRX/Y M®s-14, fﬁng[—p])
~ Of ®g, R1fi" DRx/y M @a, Dy,

which is an induced Zy-module, whose “*DRy is equal to the corresponding Gauss-
Manin term (A.11.21). We claim, as will show below, that the differential d; becomes
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the Gauss-Manin d; after applying “*DRy-. This will prove that the Gauss-Manin F;
complex is equal to “*DRy of the E; complex of right Zy-modules.

Notice now that Lemma A.11.22 shows in particular that the F; complex consid-
ered there is a complex in C*(Oy, Diffy ), and

DRy (B, d1) ~ (R fi "DRy/y M, VEN) T[],
since, for a left Zy-module N, we have, according to Theorem A.11.16,
diffDR;/l diffDRY (N) _ diffDR;/l diffDRY (:Nright)[—m} ~ Nright[—m].

The claim above, together with Lemma A.11.18, implies that the F; com-
plex of the Zy-Leray spectral sequence has cohomology in degree m only, hence
this spectral sequence degenerates at Fs, this cohomology being isomorphic to
(Rf,"DRx/y M, VEM)risht[_m] - But the spectral sequences converges (the Leray
filtration is finite) and its limit is B, gr? 277~ (5, At for the induced filtration
on ™ (, AM)*iEht according to (A.11.24). We conclude that this implicit filtra-
tion is trivial and that s#4(, fiM)"8M = (RYfi"DRy/y M, VEM)Tieht a5 wanted,
after side changing.

Let us now compare the d; of both spectral sequences. As the construction is
clearly functorial with respect to M, we can replace M by the flabby sheaf God'M
for every ¢. We then have

Rf(Q%x®0y God'M @16y [ Dy)
= Rfi(God"(Q% ®ox M) ®f-14, f'Py) (Exercise A.40)
= Rfi(God"(Q% ®ox M)) ®ay Py  (projection formula)
= fi(God"(Q% ®ex M)) @6, Zy (Habbiness of God")
= fiI(% ®eox God* M) ®p, Py (Exercise A.40)
=h (QB( Qe God‘M Rf-16y f_1@y) (projection formula).

It is also enough to make the computation locally on Y, so that we can write
f = (f1,--., fm), using local coordinates (y1,...,¥ym). If u is a section of Q% ® M
and 1y is the unit of 2y, then (A.7.1) can be written as

V¥ uely)= (V) @1y + > pAdf; @0,
j=1
Using the definition of d; given by Exercise A.73 and an argument similar to that of
Exercise A.71, one gets the desired assertion. O

A.12. Comments

Here come the references to the existing work which has been the source of inspi-
ration for this chapter.



