CHAPTER 14

POLARIZABLE HODGE MODULES AND
THEIR DIRECT IMAGES

Summary. This chapter contains the definition of polarizable Hodge modules.
The actual presentation justifies the introduction of the language of triples. The
main properties are abelianity and semi-simplicity of the category of polarizable
pure Hodge modules of weight w. It is convenient to also introduce polarizable
Hodge-Lefschetz modules, as they appear in many intermediate steps of various
proofs, due to the very definition of a polarizable Hodge module. We also give
the proof of one of the two main important results concerning polarizable Hodge
modules, namely, the decomposition theorem. The proof of the structure the-
orem will be given in Chapter 16. Here, we will use the machinery of filtered
D-module theory and sesquilinear pairings to reduce the proof to the case of
the map from a compact Riemann surface to a point, that we have analyzed in
Chapter 7, according to the results of Schmid and Zucker developed in Chap-
ter 6. This strategy justifies the somewhat complicated and recursive definition
of the category pHM(X, w) of polarizable Hodge modules.

14.1. Introduction

Polarizable Hodge modules on a complex analytic manifold X are supposed to play
the role of polarizable Hodge structures with a multi-dimensional parameter. These
objects can acquire singularities. The way each characteristic property of a Hodge
structure is translated in higher dimension of the parameter space is given by the
table below.

dimension 0 dimension n > 1

H a C-vector space M a holonomic D-module

F*H a filtration F,M a coherent filtration

H= RpJ a strict graded M= RrM a strict graded
Clz]-module RprD-module

H = (3, H",s) a triple M = (M, M",s) a triple

with sesquilinear pairing s with sesquilinear pairing s

S: H — H*(—w) a polarization | S : M — M*(—w) a polarization

Why choosing holonomic D-modules as analogues of C-vector space? The reason
is that the category of holonomic D-modules is Artinian, that is, any holonomic
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D-module has finite length (locally on the underlying manifold). A related reason is
that its deRham complex has constructible cohomology, generalizing the notion
of local system attached to a flat bundle. Moreover, the property of holonomicity
is preserved by various operations (proper pushforward, pullback by a holomor-
phic map), and the nearby/vanishing cycle theory (the V-filtration) is well-defined
for holonomic D-modules without any other assumption, so that the issue con-
cerning nearby /vanishing cycles of filtered holonomic D-modules only comes from
the filtration.

In order to define the Hodge properties, we use the same method as in dimension 1
(see Chapter 7):

« as in Section 7.4.a, we work in the ambient abelian category D-Triples(X), which
has been defined in Section 12.7;

« the definition of the category pHM(X,w) of polarizable Hodge modules of
weight w is obtained by induction on the dimension of the support of the triples
entering the definition; contrary to dimension 1, many steps may be needed before
reaching the case of polarizable Hodge structures.

The definition of a polarizable Hodge module can look frightening: in order to
check that an object M = (ﬁ[’,ﬁ?ﬁ",s) belongs to pHM(X, w), we have to consider in
an inductive way nearby cycles with respect to all germs of holomorphic functions.

That the category of polarizable Hodge modules is non-empty is a non trivial fact.
Already, it is not obvious at all that Ox underlies a polarizable Hodge module when
dim X > 2. The reason is that the definition involves considering nearby and vanishing
cycles along any germ of holomorphic function, whose singularities can be arbitrarily
complicated. In dimension 1, holomorphic functions are just powers of coordinates,
and this explains why the property is easier to check. The higher-dimensional case
will be proved in Theorem 14.6.1.

The question should however be considered the other way round. Once we know
at least one polarizable Hodge module (e.g. a polarizable variation of Hodge struc-
ture, according to Theorem 14.6.1), we automatically know an infinity of them, by
considering (monodromy-graded) nearby or vanishing cycles with respect to any holo-
morphic function and pushforward by any projective morphism, by the Hodge-Saito
theorem 14.3.1.

In the same vein, due to this inductive definition, the proof of many properties of
polarizable Hodge modules can be done by induction on the dimension of the support,
and this reduces to checking the property for polarizable Hodge structures.

14.2. Definition and first properties of polarizable Hodge modules

The notion of a polarizable Hodge module will be defined by induction on the
dimension of the support, and we will make extensive use of the properties of the
abelian category D-Triples(X) introduced in Section 12.7, in particular the definitions
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relative to nearby/vanishing cycles (Section 12.7.14). We mimic the definitions in
dimension 1.

14.2.1. Definition (of a polarizable Hodge module of weight w)

The category pHI\/I(X w) of polarizable Hodge modules of weight w on X is the
full subcategory of D- Trlples( ) whose objects T are holonomic and for which there
exists a morphism S : T — T*(—w) such that (T,S) is a polarized Hodge module of
weight w on X in the sense of Definition 14.2.2 below.

We will denote by M a triple which is a polarizable Hodge module and by
pHM(X,w) the full subcategory of the category of holonomic D x-triples whose
objects are polarizable Hodge modules of weight w. Objects of pHM(X,w) can be
represented either by left or right triples, by using the corresponding definition for
the functors in the left or right case. The definition below has to be understood in
an inductive way, with respect to the dimension of the support of a triple.

14.2.2. Definition (of a polarized Hodge module of weight w)
Let T be an object of D-Triples(X) which is holonomic, and let S : T — T*(—w)
be a morphism (w € Z).
(0) If dim Supp‘} = 0 and ¢ denotes the inclusion Supp‘} — X, we say that (‘5’, S)
is a polarized Hodge module of weight w on X if
(‘:T,S) = @ ~TL*(HI78I)7
x€Supp T
where each (H,,S,) is a polarized Hodge structure of weight w.

(>0) For d > 1, assume we have defined polarized Hodge module of weight w
having support of dimension < d, and let (i S) be such that dim Supp T =d. We say
that (‘}, S) is a polarized Hodge module of weight w on X if T is strict and for any
open set U C X and any holomorphic function g : U — C,

(1) T is strictly R-specializable - along (9);
(2), if moreover g~ (0) N Supp T has everywhere codimension 1 in Supp 7,
then for every £ > 0 and every A € S!,
(a) sz/)g7,\(‘I, S) is a polarized Hodge module of weight w+¢—1 on U,
(b) Pg(i)gyl(i S) is a polarized Hodge module of weight w + ¢ on U.

(See (12.7.17x) for the objects considered in (2)4.) Note that, by the strict-
ness assumption, M’, M" correspond to coherently F-filtered holonomic D x-modules
(M, EW) and (M, E M),

14.2.3. Remarks. Let us already emphasize some properties that will be proved in
Theorem 14.2.17 below, or are a consequence of this theorem.

(1) The restriction on g in (2), can be relaxed, and in fact (2), holds for any g.

(2) The morphism S, that we call a polarization of T is in fact a pre-polarization
of weight w of the triple ‘}, that is, a Hermitian isomorphism.

(3) If Properties 14.2.2(1), and (2), are satisfied, then so are 14.2.2(1)4 and (2),-
for any r > 2. This follows from Section 12.7.21.
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(4) It (‘}, S) satisfies (1), (2a), and is a middle extension along (g), then it also
satisfies (2b),. This follows from the vanishing cycle theorem 14.2.22.

14.2.a. First properties of pHM(X, w)

14.2.4. Hermitian duality. Hermitian duality in @—Triples(X ) exchanges pHM(X, w)
with pHM(X, —w)°P.

14.2.5. Tate twist. The Tate twist (¢) in @—Triples(X) sends the category pHM(X, w)
to pHM(X,w + 2¢). More precisely, if S is a polarization of M, then (—1)*S is a
polarization of M ({).

14.2.6. Strictness of N. We also note that, for an object M of pHM(X,w) and for
any function g : U — C such that ¢g~1(0) N Supp M has everywhere codimension 1 in
Supp M, the morphism N is strict on 143 M and ¢41M: this follows from Proposi-
tion 9.4.10. We will relax below the restriction on g.

14.2.7. Stability by direct sums and isomorphisms. The category pHM(X, w) is stable by
direct sums in @—Triples(X ): this is clear for polarizable Hodge structures of weight w
in the category (E—Triples (see Section 5.2), and the general case follows by induction
on the dimension of the support. Similarly, we obtain that any object of @—Triples(X )
which is isomorphic of an object of pHM(X, w) is an object of pHM(X, w).

14.2.8. Stability by direct summands. The category pHM(X, w) is stable by direct sum-
mand in ﬁ—TripIes(X). More precisely, if T, ®T, = M is in pHM(X, w) and if S is
a polarization of M, then ‘}1,‘}2 are in pHM(X, w) and S induces a polarization on
each of them. Indeed, the property of coherence and holonomicity restricts to direct
summands, as well as strictness and the property of strict R-specializability along
any g (see Exercise 9.20(1)). We then argue by induction on the dimension of the
support, the case of dimension zero reducing to Lemma 5.2.8 and Exercise 2.12(1).
If the support has dimension > 1, let S; the morphism T — i“f(fw) induced by S.
Then, for any g such that ¢g=!(0) NSupp M has everywhere codimension 1 in Supp M,
Py S induces Pyipg 2S1 on Pyrpg z My, and this is a polarization by the induction
hypothesis. A similar property holds for ¢, 1, showing that (‘3’1, S1) satisfies (2)g.

14.2.9. Proposition (Kashiwara’s equivalence). Let Y —— X be a closed analytic sub-
manifold of the analytic manifold X. The functor rt. induces an equivalence between
pHM(Y, w) and pHMy (X, w) (objects supported on'Y ).

Proof. Full faithfulness follows from Section 12.7.29. It follows that essential surjec-
tivity is a local question, and more precisely, if essential surjectivity holds locally
for polarized objects (M,S), it holds globally. In the local setting, we can argue by
induction and assume that Y = H is a smooth hypersurface. Then Proposition 9.6.6
(and its obvious variant for sesquilinear pairings, hence for objects in @—Triples(X ),
implies the assertion by induction on dim X. O
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14.2.10. Proposition (Generic structure of polarizable Hodge modules)

Let M be an object of pHM (X, w) with support on an irreducible closed analytic set
Z < X. Then there exists an open dense set Z° C S and a smooth Hodge triple H
of weight w on Z°, such that M|zo = vt H. In particular, if Z = X, then M|x. is a
smooth Hodge triple of weight w.

Note that we use Definition 5.4.7 for a smooth Hodge triple, in order to have an
object similar to the object M. By definition, it corresponds to a polarizable variation
of Hodge structure of weight w — dim Z on Z°.

Proof. Set M = (J\~/E’,J\~/[”75) and let S be a polarization. We first restrict to the
smooth locus of S and apply Kashiwara’s equivalence 14.2.9 to reduce to the case
when S = X. By Corollary 9.7.13 (that we can apply since M is strict), there exists
a dense open subset X° of X such that JT/[T o and JV[(XU are O xo-locally free of finite

rank. Then s xo takes values in €|°° » (see Lemma 12.3.6). We now restrict to X° and
argue by induction on dim X. It will be convenient to use the left setting.

Let ¢ be a local coordinate and set H = {t = 0} We have seen in the proof of
Proposition 9.7.10 that ngM M/tM for M = M/, M”. After Remark 12.5.19 and
Example 12.5.18, gr{s is the restriction of s to ¢ = 0 as a C* function. We conclude
that ;1M is the pushforward TL;1M|t=0. It is also pure of weight w — 1 since N is
easily seen to be zero. Therefore, M;_( is pure of weight w — 1 and, by induction on
dim X, is a smooth Hodge triple of weight w— 1. Since this holds for any H and since
M, M” are Ox-locally free, it is clear that M is a smooth Hodge triple of weight w.
A similar argument shows that S is a polarization of this smooth Hodge triple. O

14.2.11. Caveat. At this point, we do not know the converse property that a polar-
izable smooth Hodge triple of weight w on X is an object of pHM(X, w), since we
have not checked that (2), holds for any nonzero g for such a triple. This will be
done in Theorem 14.6.1.

14.2.b. Abelianity and the S-decomposition theorem

Before proving the main properties of pHM(X, w), we introduce other categories
which will prove useful at some intermediate steps.

14.2.12. The category of W-filtered Hodge modules. As a first approximation of the
category of mixed Hodge modules, we consider the category WHM(X): this is the full
subcategory of WD- TripIes(X) (see Section 2.6.b) such that, for each object (‘}, W,‘})7
the graded object gry WT belongs to pHM(X, ). We denote the objects of WHM(X)

as (M, W,M). We can regard each pHM(X, w) as a full subcategory of WHM(X) by
considering on M the filtration W, which jumps at w only.

14.2.13. The category of polarizable Hodge-Lefschetz modules. We also consider the
category pHLM(X,w) of polarizable Hodge-Lefschetz modules with central weight w.
An obJect in this category consists of a Lefschetz triple (‘J' N) (see Section 12.7.11),
that is, T is an object of D-Triples(X) and N is a nilpotent endomorphism of T, such
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that there exists a pre-polarization S : (i N) — (‘}, N)*(—w) of weight w satisfying
(see Section 5.3)

. (P[}, (=1)“P,S) is a polarized Hodge module of weight w + ¢ for every ¢ > 0,

where P;S is the morphism P,S : PyT — (PyT)*(—(w 4 £)) defined in a way similar
to that of Sections 3.2.11 and 3.4.c.
We denote an object of pHLM(X,w) as (M,N) and we also say that (M,N,S) is a
polarized Hodge-Lefschetz module with central weight w. From the Lefschetz decom-
position, we deduce that, setting Wi M := Mg_, M (i.e., My = Wiyaye), (M, W,) is
an object of WHM(X) (but pHLM(X, w) is not a full subcategory of WHM(X), since
morphisms have to commute with N).

14.2.14. Caveat. We do not claim that objects and morphisms in WHM(X) or
pHLM(X, w) are strictly specializable along any (g). On the other hand, objects and
morphisms in the graded category psloHM(X, w) defined below are so, since they are
graded with respect to the weight or monodromy filtration.

14.2.15. The category of polarizable Hodge-Lefschetz quivers. In a way similar to that
of Definition 3.4.19, we also define the notion of polarized/polarizable Hodge-Lefschetz
quiver with central weight w, starting from a Lefschetz quiver in @—Triples(X ) (defined
in a way similar to what is done in Section 5.3.6): such an object consists of the data
((M,N,S)7 (Ml,Nl,Sl),C,V), where the first terms are polarized Hodge-Lefschetz
modules of weight w — 1 and w respectively, and ¢ : M — M; and v : My — M(—1)
are morphisms in 95—Trip|es(X) such that voc = N, cov = N; and the following
diagram commutes (see (3.2.14)):

S
M, —2 5 M7 (—w)

| e

M(-1) —— M*(—w)

The corresponding category is denoted by pHLQ(X, w).
We can rephrase Condition (2), of Theorem 14.2.2 as follows:

(2'), if moreover g=1(0) N Supp T has everywhere codimension 1 in Supp 7, then
for every ¢ > 0 and every X\ € St,
(a) for each A € St \ {1}, (wg’)ﬁ', N, %4,1S) is an object of pHLM(X,w — 1),
(b) the set of data ((1/19,1‘}, 1g19), (6g.1T, ¢g1S), can, var) is a polarized ob-
ject of pHLQ(X, w).
Indeed, the only properties which need a check are those for can and var, and they
have been proved in 12.7.16.

14.2.16. The category of polarizable s\o-Hodge modules. The category psloHM(X, w) of
polarizable sly-Hodge modules with central weight w consists of objects of pHLM (X, w)
which are graded with respect to their monodromy filtration M,. Morphisms should
also be graded. A polarization of an object (M,,N) of psloaHM(X, w) is by definition
a polarization of (M,,N) as an object of pHLM(X, w) which is graded. This is not a
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restrictive condition since the conditions on the polarization S in pHLM (X, w) concern
grS (see Section 3.4.c).

Therefore, given an object (M, N) of pHLM(X, w), the graded object (grM M, grN)
is an object of psloHM(X, w) and, conversely, any object of pslaHM(X, w) is an ob-
ject of pHLM(X, w) (by forgetting the grading). On the other hand, morphisms in
psloHM (X, w) are graded with respect the given grading. So, by definition, there is a
functor gr™ from pHLM(X,w) to psloHM(X,w). We denote by (M,, p) an object of
psloHM (X, w), where p is meant for the corresponding sly-representation with p(H)
defined by means of the grading and p(Y) = N.

One can set H = ¢1d on M, and, due to Proposition 3.1.6 applied with the category
A= CND—TripIes(X)7 one can extend uniquely Y = N, H as an sly-triple X, Y, H. Then X
induces morphisms My — My,5(1) in D-Triples(X).

On the other hand, given a finitely Z-graded object M, of D-Triples(X) endowed
with an endomorphism X which satisfies the Lefschetz property, there is a unique
action of Y defining a representation p of sl on M, such that H is defined by means
of the grading. We then say that (M,,X) is an object of psloHM(X, w) if (M,, p)
is so.

We set (M*)y = (M_y)*. Then M*(—w) is also an object of psloHM(X, w). By def-
inition, a polarization S of M is a (graded, by definition) morphism S : M — M*(—w)
such that (—1)*P,S is a polarization of PyM for every ¢ > 0.

14.2.17. Theorem (Main properties of polarizable Hodge modules)
(1) Any object M = (3\7[/,3\7["75) of pHM(X, w) is S-decomposable in pHM(X, w),

and the components of the pure support of M and M” are the same.

(2) There is no nonzero morphism (in @—Triples(X)) from an object in pHM(X, w1)
to an object in pHM(X, ws) if wy > wa.

(3) Property 14.2.2(2), holds without any restriction on g.

(4) The category pHM(X, w) is abelian. Any morphism is strict and strictly spe-
cializable along any (g).

(5) Any polarization of an object of pHM(X,w) or pHLM(X,w) is a Hermitian
isomorphism (i.e., a pre-polarization of weight w of the corresponding triple).

(6) If My is a subobject of M in pHM(X,w), then it is a direct summand and a
polarization S of M induces a polarization on each summand.

(7) The category psloHM(X, w) is abelian. Any morphism is strict and strictly
specializable along any (g). Any sub-object of an object (M,, p) in psloHM(X, w) is a
direct summand and a polarization of (M,, p) induces a polarization on it.

(8) The category WHM(X) is abelian, and any morphism is strict and strictly
compatible with W, .

(9) The category pHLM(X, w) is abelian. Any morphism is strict and strictly com-
patible with the monodromy filtration M, .

(10) Any polarizable Hodge-Lefschetz quiver (M, Ml,c,v) with central weight w
satisfies (M1,N1) = Imc @ Kerv in pHLM(X, w).
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Let us emphasize some direct consequences of the theorem.

14.2.18. Notation. If Z C X is a closed irreducible analytic subset, we denote by
pHM (X, w) the full sub-category of pHM(X, w) whose objects have pure support Z.
By the S-decomposition property 14.2.17(1), Any object of pHM(X, w) resp. any
morphism between objects of pHM(X, w) decomposes as the direct sum of objects
resp. morphisms in of pHM, (X, w) for a suitable locally finite family of closed irre-
ducible analytic subsets Z; C X.

14.2.19. Corollary. Given two objects My, My in pHM(X, w), any morphism between
them (as objects of D-Triples(X)) has kernel, image and cokernel in pHM(X, w); and
a corresponding statement for pHLM (X, w) and psloHM(X, w). O

14.2.20. Corollary (S-decomposition theorem and semi-simplicity for pHM (X, w))

(1) Each object M decomposes uniquely into the direct sum of objects in pHM(X, w)
having pure support a closed irreducible analytic subset of X.

(2) The category pHM(X, w) is semi-simple (all objects are semi-simple and mor-
phisms between simple objects are zero or isomorphisms).

(3) The category psloHM(X, w) is semi-simple. O

14.2.21. Corollary. If M is an object of pHM(X, w) with polarization S, then for every
open subset U C X and every holomorphic function g : U — C,

(1) for every € =1, N* i 9hg \M — by \M(—£) and ¢y 1M — ¢, 1M (L) are strict
and strictly shift M,(N) by 2¢, and a similar property holds for grN*,

(2) can : Yy 1 M — @1 M and var : ¢pg1 M — g1 M(—1) are strict and strictly
shift M, by 1. O

14.2.22. Corollary (The vanishing cycle theorem). Let (M,N,S) be a polarized object of
PHLM(X,w —1). Let us endow (Im N, Ny, ) with the morphism

Si: (ImN, N n) — (Im N, N 5) (—0)

such that the following diagram commutes:

ImN4> (ImN)*(—w)

incl.J{ JN*

M(-1) —> M*(—w
Then (ImN, N1, x,S1) a polarized object of pHLM(X, w).

Proof. We use the same argument as in the proof of Proposition 3.4.20. Strictness of
can = N : M — ImN, var = incl. : ImN — M (—1), can* = N*, and S (according
to 14.2.17(9)) enables us to reduce the problem to the graded case. We note that,
arguing as in (3.2.16), for £ > 0, the isomorphism can : Py; 1 M — P,M; transports
the polarization (—1)**1P;1 1S to (—1)*P,S;. O
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14.2.23. Corollary. Given any morphism ¢ : My — My between objects of pHM(X, w)
and any germ g of holomorphic function on X, then, the specialized morphisms 14 ¢
(A € SY) and ¢g1¢p are strictly compatible with the monodromy filtration M, and,
for every £ € Z, grifhy ¢ (and similarly gryi¢,1¢) decomposes with respect to the
Lefschetz decomposition, i.e.,

Bio0 N Priorthg ae (>
<

)
@k-20 NkieP—£+2kwgy>\@ ( :

0
M =
8ry Ygap 0)

In particular we have
gy g\ Ker p = Kergry'tg a

and similarly for Coker, where, on the left side, the filtration M, is that induced
naturally by Mg \Myi or, equivalently, the monodromy filtration of N acting on
g Ker o = Ker g 1. O

14.2.24. Corollary. If M is in pHM(X,w), then the Lefschetz decomposition for
grMpy \M (X € St) resp. gr)lg, 1 M holds in pHM(X, w —1+£) resp. pHM(X, w +£).

Proof. Indeed, N : grng’,\M — gr}}/l_gwg,AM(—l) is a morphism in the category
pHM(X,w — 1 + £), which is abelian, so the primitive part is an object of this cate-
gory, and therefore each term of the Lefschetz decomposition is also an object of this
category. O

Similarly to Proposition 7.4.9, we can simplify the data of a polarizable Hodge
module.

14.2.25. Proposition (Simplified form for an object of pHM (X, w) or pHLM (X, w))
Any object M of pHM(X,w) resp. (M,N) of pHLM(X,w), resp. (M,,N) of
psloHM(X, w), is isomorphic to an object of the form

(M, F*M), (M, F*M)(w), 8)
(resp. ...) such that 8* = 8 and with polarization (Id,I1d) : M — M*(—w). O
We call the data ((M, F*M), 8) a Hodge-Hermitian pair of weight w (resp. Hodge-
Lefschetz Hermitian pair with central weight w, resp. slo-Hodge Hermitian pair with

central weight w) if the corresponding triple ((M, F*M), (M, F*M)(w), 8) with polar-
ization (Id,Id) is polarized Hodge module of weight w (resp. ...).

14.2.26. Example (of filtered Hermitian pairs). We consider the following corresponding
filtered Hermitian pairs (see Example 12.3.5)

HOX = ((OX7FcOX)75£$ft)7 HwX = ((wX7FowX)7sgght)'

We will prove in Theorem 14.6.1 that they are Hodge-Hermitian pairs of weight n.
The case where n = 1 is a consequence of the results in Chapter 7 (see Exercise 14.1).
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Proof of Theorem 14.2.17. 1t is done by induction on the dimension of the support.
By the point (0) in Definition 14.2.2, the categories of objects with support equal to
a point as considered in the theorem are equivalent to the corresponding categories
for X = pt. In such a case, the assertions of the theorem are proved in Chapters 2
and 3.

We will thus fix d > 1 and assume that the assertions are proved for the subcate-
gories consisting of objects having support of dimension < d, in order to prove them
when the dimension of the support of M is d.

(10).4, = (1), Let 2, € Supp M and let g be a germ of holomorphic function
at z, such that ¢g=*(0) N Supp M has everywhere codimension 1 in M. By Condi-
tion 14.2.13(2'),, the nearby/vanishing quiver of M along (g) satisfies the assumption
of (10)_4, hence its conclusion, so M is S-decomposable along (g) in D-Triples(X).
By (14.2.8), the summands also belong to pHM(X, w). This proves S-decomposability
in pHM(X, w).

We assume that there is a pure component Z’ of Supp M which is not a pure
component of Supp M”. Then we have a summand (J\?E’Z,,O,O) of M in pHM(X, w),
according to the previous argument. We wish to show that M, = 0, and it is enough,
by the condition of the pure support, to show the vanishing on the smooth locus of
Z'. We can thus reduce to the case where Z' = X, according to Proposition 9.7.10.

We now argue by induction on dim X, the case dim X = 0 reducing to the case
of Hodge structures, which is easy. Let ¢ be a local coordinate on X. Arguing as
in Corollary 9.7.11, one checks that M /tMy = wmj\?[’x, and that ¢, \My = 0 for
A€ St {1}, as well as ¢ M’ = 0. It follows that N = 0, so 4, MYy is S-decom-
posable, according to Condition 14.2.2(2);. By induction, the object wt’l(J\N/[’X, 0,0) is
zero. Hence J%’X / tff[’X = 0, and by applying Nakayama’s lemma as in Corollary 9.7.11,
we obtain JV[X =0.

(1), = (2),. Since any morphism between S-decomposable objects decomposes
correspondingly, it is enough to consider a morphism ¢ : M; — M> between polar-
izable Hodge modules of respective weights w;,ws having pure support. Since the
result is clear for polarizable variations of Hodge structure (see Proposition 2.5.6(2)),
it follows from Proposition 14.2.10 that the support of Im ¢ is strictly smaller than Z.
By definition of the pure support (see Definition 9.7.9), this implies that Im ¢ = 0.

(1), = (3),- The question is local at z, and by assumption we can assume that
M, has pure support a closed irreducible subset Z,, C X, . Let g: X;, — C be a
germ of holomorphic function. If g is non-constant on Z,_, it satisfies the constraint
in Definition 14.2.2(2),. Otherwise, Supp M., C |¢~'(0)| and Proposition 12.7.15
implies that M, = ¢41M,, (and similarly S = ¢41S). Moreover, 14 M, = 0 for
any A € S', and N = 0. Hence, if M, is an object of pHM((X,z,),w), 14.2.2(2),
obviously holds.

(4)cq> (6) g & (8)cy = (4)4. The question is local. Let ¢ : M; — Ms be a
morphism in pHM(X,w) between objects having support in dimension d. Then, by
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(8)<a applied to 4.1, dg.1¢, for any germ g satisfying the constraint of Definition
14.2.2(2)4, ¢ : M1 — M is strictly R-specializable along (g) and Corollary 10.7.6
implies that it is strict. Moreover, 14 ¢ and ¢; 1¢ are strict with respect to the
monodromy filtrations, since these are weight filtrations up to a shift.

It remains to check that Ker ¢, Im ¢; Coker ¢ belong to pHM(X, w). Let us check
this for Ker ¢ for example. It follows from the M-strictness above that

gr%/[wg,)\ Ker ¢ = Ker gr%lﬁg,,\qp

and thus, for any ¢ > 0, P4 » Ker ¢ = Ker Py1)4 2. Since Py1)g 1 is a morphism in
pHM(X, w—1+¢) between objects having support in dimension < d, (4) <4 implies that
Ker Pyypy a¢ is an object of pHM(X,w — 1 + ¢) and, according to (6)<4, is a direct
summand of Py, M;. If S is a polarization of M, let S, denote the morphism
induced by S on Ker¢. On the one hand, the morphism induced by —P,i4 1S on
Ker Py, »¢ is a polarization, according to 14.2.8. On the other hand, it is equal to
—Pyipg2S,. We can argue similarly with ¢4 1, by assumption on g. This shows that
(Ker ¢, S,) satisfies 14.2.2(2),.

(4)4 & (5).4y = (5)4- A polarization S of M is a morphism M — M*(—w), hence
it is strict and strictly specializable along any (g). Let ¢ be a holomorphic function
such that g~'(0) N Supp M has everywhere codimension 1 in Supp M. (5)_, implies
that Pgip, 2S and Py¢y 1S are isomorphisms for every ¢ > 0, which implies the same
property for grlfz/JgAS and gryqﬁg,ls and thus for ¥4 »S and ¢4,1S. By strict R-specia-
lizability, 14 » and ¢4,1 commute with taking Ker and Coker on S. We conclude that
Yo KerS =0 and ¢4 1 Ker S = 0, and similarly with Coker. Since Ker S and Coker S
are in pHM (X, w) by (4),, we can apply to them the regularity property along (g) of
Corollary 10.7.5, which implies they both are zero.

That S is Hermitian is obtained similarly by applying the argument to Im(S — S*).

(1), = (6),. A polarization of M decomposes with respect to the S-decomposition
of M, and it is clear that it induces a polarization on each summand. We can thus
restrict to considering objects M with pure support a closed irreducible analytic
subset Z of X.

If dim Z = 0, we apply Exercise 2.12. If dim Z > 1, we consider the exact sequences
(defining S1)

0 —— M (—w) < M*(—w) —— M (—w) —— 0

s s

0 M, L M M, 0

where Ms is the cokernel, in the abelian category pHM(X, w), of My — M. We first
show that S; is an isomorphism. It is enough to prove it on an open dense sub-
set Z° of Z. By Kashiwara’s equivalence 14.2.9 and the generic structure 14.2.10,
we are reduced to considering the case of polarizable variations of Hodge struc-
ture, which is follows from Exercise 4.2. We conclude that we have a projection
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p= S;l 0i*oS: M — M; such that poi = Id, and a decomposition M = M; &
S~tMj(—w). By construction, S splits correspondingly, and it is then clear that each
summand is a polarization.

4), & (6), = (7). Abelianity and strictness resp. strict R-specializability of
morphisms follow from (4), in a straightforward way by the grading property. In the
same way, (6), implies the similar property for pslHM(X, w).

4), & (2), = (8),. We note first that, since objects of pHM(X,w) are strict,
Lemma 5.1.9(1) implies that the D x-modules which are components of an object in
WHM,(X) are strict. According to (2), and Proposition 2.6.3, (4), implies that the
category WHM¢4(X) is abelian and that morphisms are strictly compatible with W.
Using Lemma 5.1.9(2), we conclude that all morphisms are strict.

8);, = (9), Since pHLM(X,w) is a subcategory of WHM(X) with the weight
filtration given by the shifted monodromy filtration, strictness of morphisms and
strict compatibility with W, follow from (8),,.

(Mg (8)y & (10)_, == (10),. Since c,v are morphisms in WHM(X), they are
strictly compatible with the weight filtration, due to (8),, hence strictly shift by —1
the monodromy filtrations. We then denote by grc, gr v the corresponding morphisms,
graded of degree —1 with respect to M,. We then have grMImc = Imgrc and
gr'M Kerv = Kergrv. Moreover, the natural morphism Imc @ Kerv — M is strict
with respect to the weight filtration, hence to the monodromy filtrations. It follows
that, if the graded morphism Imgrc @ Kergrv — grMM; is an isomorphism, then
M; = Imc & Kerv, as wanted. We are therefore reduced to proving the assertion in
the category of polarizable graded Hodge-Lefschetz quivers.

In such a case, M, My,c,v are strict and strictly R-specializable along any (g),
according to (7),, and by the regularity property (Corollary 10.7.5), it is enough to
prove locally, for any holomorphic germ g, the decompositions

YoMy =TImp, \c @ Kerypy av, V€S
¢g71M1 =Im ng,lc @& Ker ¢g71V.

Let us argue with ¢4 for example. Recall that M = @, M, and M, = @, M1 4,
with M, € pHM(X,w — 1+ ¢) and M; 1 € pHM(X,w + £ — 1), and that ¢4 icis a
morphism ¢g 1My — ¢41M1—1. It is strictly compatible with the weight filtration
on these spaces, which is nothing but My4¢—1+.(Ng), hence with the monodromy
filtration of Ng. The same argument holds for v. It is thus enough to prove

gri g1 My -1 = Imgr}'o,1c ® Kergr)'og 1 v.
We can therefore apply (10)_, to the quiver
(gr?/[(bg,le gr?/[(bg,lMl,th gr?/[(bg,lca gré\'/ld)g,lv)a

with central weight w4 ¢ — 1+ j. O
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14.2.27. The category of polarizable 5[§-Hodge modules

In the presence of k& commuting nilpotent endomorphisms, we can extend the def-
inition of the category psloHM(X, w) of slp-Hodge modules to that of the category
psISHM (X, w) of sl5-Hodge modules. The objects of pslyHM(X, w) are Z*-graded
polarizable Hodge modules M = @, M, such that

o for each £, My is an object in pHM(X,w +>, Ei),

« M is endowed with actions p; of sly (i = 1, ..., k) such that, for each ¢, H; = ¢;1d
on My and Y; : My — Mp_21,(—1), X; : My — Mpgy01,(1) satisfy the isomorphism
property for an slo-Hodge module, so that there is a Lefschetz k-decomposition (argue
as in Exercise 3.9),

« M can be endowed with a polarization S, that is, a (multi) graded morphism
S: M — M*(—w) (i.e., Ssends My to M (—w) = (M_g)*(—w)), such that each Y;, X;
is skew-adjoint with respect to S (i.e., S is a morphism (M,Y) — (M,Y)*(—w)) and
that, for every € = (¢1,...,£}) with non-negative components, the induced morphism
(see Section 3.4.c)

X’lkel ...Xzek oS:M_p, — (M—é)*(_w - e)

induces a polarization of the object P_gM_, := ﬂle Ker X5 of HM(X, w—£). (One
can also use the Y;’s or use alternatively Y,;’s and X;’s with an obvious modification
of the twists and the signs, e.g. (—Y1)*% --- (—=Y})*** oS should induce a polarization
on PgMe.)

Morphisms should be compatible with the 5[12‘—5‘51"uctu1re7 hence k-graded of k-degree
zero. The category is abelian, and any morphism is strict and strictly R-specializable
(this is proved as 14.2.17(7)).

14.2.28. Lemma. Let (M,X,Y,H) be an object of the category p§[§H|\/|(X, w) and let g
be a germ of holomorphic function. Then, for every A € St, the graded nearby cycle
object (gr§4¢g’AM, (grM)y 0 Y, Ng)) is an object of ps[é“HM(X, w— 1) and for each
L€ ZF and L € Z, PogrtMpy \M; = grMp, \PoM;, where P, denotes the multi-
primitive part. A similar statement holds with ¢4 1 and ps[é“Hl\/l (X, w)

Proof. The lemma is a direct consequence of the strict compatibility of 1; xX;, ¢ 2 Y;
with the monodromy filtration M(Ny), as follows from 14.2.17(9) applied to the mor-
phisms X;,Y;. O

14.2.29. Lemma. The category ps[lchM(X7 w) has an inductive definition as in Defini-
tion 14.2.2. Furthermore, Properties 14.2.17(5)—(7) hold for this category.

Proof. This directly follows from the commutativity of Pp and gr), » and gr)ie, 1
shown in Lemma 14.2.28. 0
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14.3. Introduction to the direct image theorem

The theory of polarizable Hodge modules was developed in order to give an analytic
proof, relying on Hodge theory, of the decomposition theorem of the pushforward by a
projective morphism of the intersection complex attached to a local system underlying
a polarizable variation of Hodge structure. Two questions arise in this context:

« to relate polarizable variations of Hodge structure on a smooth analytic Zariski
open subset of a complex analytic set with a polarizable Hodge module on a com-
plex manifold containing this analytic set as a closed analytic subset (the structure
theorem),

« to prove the Hodge-Saito (i.e., direct image) theorem for the pushforward by a
projective morphism of a polarizable Hodge module.

Recall Definition 12.7.28 for the pushforward functor in the category @—Triples(X ),
and the corresponding definition of the pushforward of a pre-polarization S. In par-
ticular, we consider the pushforward fi.)‘j' as a graded object in @—Triples(Y). The
Hodge-Saito theorem describes the behaviour by projective pushforward of an object
of pHM(X,w). The case of the constant map X — pt and of the Hodge module ;O x
corresponds to the results of Section 2.4.

The proof of the Hodge-Saito theorem is obtained by reducing to the case of a
constant map, by using the nearby cycle functor and its compatibility with pushfor-
ward. In the case of the constant map, one can reduce to the case where the Hodge
module is a polarizable variation of Hodge structure on the complement of a normal
crossing divisor in a complex manifold by using Hironaka’s theorem on resolution of
singularities, and the decomposition theorem already proved (by induction) for the
resolution morphism. One can use a Lefschetz pencil to apply an inductive process,
after having blown up the base locus of the pencil. In such a way, one is reduced to
the case of the constant map on a smooth projective curve, where one can apply the
Hodge-Saito theorem 7.4.19.

Another approach in the case of a constant map would make full use of the higher
dimensional analogues of the results proved in Chapter 6 for polarized variations of
Hodge structure, but this would need to include in the inductive process the structure
theorem for polarizable Hodge modules in the normal crossing case.

The Hodge-Saito theorem enables us to give a proof of a simple case of the structure
theorem, namely, that a variation of Hodge structure of weight w on a complex
manifold X is a polarizable Hodge module of weight w + dim X. It is indeed difficult
to check the behaviour along an arbitrary holomorphic function g (e.g. strict R-spe-
cializability), but the case where the function is a monomial can be reduced to the
case where the function is a product of coordinates, and in that case Example 12.7.24
provides the result by induction on the dimension. The pushforward theorem 12.7.32
enables us to obtain the result for an arbitrary holomorphic function, according to
Hironaka’s resolution of singularities of holomorphic functions.
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14.3.1. Theorem (Hodge-Saito theorem). Let f : X — Y be a projective morphism be-
tween complex analytic manifolds and let M be a polarizable Hodge module of weight w
on X. Let £ be an ample line bundle on X and let X = (2mi)L be the corresponding
Lefschetz operator. Then (TﬂE.)M, X¢) is an object of psl HM(Y, w).

A special case of the Hodge-Saito theorem is the case where f is a closed embedding,
which is a consequence of Kashiwara’s equivalence 14.2.9.

Let us make explicit the statement of Theorem 14.3.1. Let us choose a polar-
ization S on M = (M/,M”,s). It induces an isomorphism M” ~ M/(w) and we can
assume that M corresponds to a Hodge-Hermitian pair (M, 8), i.e., M = (M, M(w), 8)
with polarization S = (Id,Id).

14.3.2. Theorem (Reformulation of the Hodge-Saito theorem)
For f and (J\~/E 8) as above, the following properties hold.
(1) Df*JV[ regarded as an object of Dhol(ﬂ)y) is strict, that is, for every k, Dfik)M
18 a strict Dy module (see Proposition 8.8.23). Moreover, fo )M 18 S-decomposable.
(2) Each Tf* )M is a polarizable Hodge module of weight w+k onY.
(3) (Relative hard Lefschetz theorem) For each k > 0, the Lefschetz operator Xz
induces isomorphisms in pHM(Y, w + k):

X,kC : Tf»g_k)M = Tfik)M(k),

so that (Tf£°)M, XL) is an object of psloHM(Y, w), that is, a graded Hodge-Lefschetz
Hermitian pair with central weight w.

(4) The object (Tfi')f{, Tfi')S)7 Xz) (see Section 12.4.a for 1 f.8) is an sly-Hodge-
Hermitian pair.

One of the most notable consequences of the Hodge-Saito theorem is the decom-
position theorem.

14.3.3. Theorem (Decomposition theorem). Let f : X — Y be a projective morphism
of complex manifolds. Let M be a @X—module underlying a polarizable Hodge mod-
ule. Then the complex o f.M in DEOl(iy) decomposes (in a non-canonical way) as
P, Dfik)ﬁ[fk]. Similarly, if M = JV[/(Z — I)JV[ is the underlying D x -module, then
there exists a (non canonical) decomposition , f.M ~ @, Df,.Ek)M[fk] in D, (Dy).

Proof. This is a direct consequence of Deligne’s criterion 3.3.8 for a spectral sequence

to degenerate at Fs. We apply this theorem to p f,M as an object of Db(@y), b
using the Hard Lefschetz theorem furnished by the Hodge-Saito theorem. O

14.3.4. Sketch of the proof of Theorem 14.3.1. That holonomicity is preserved by proper
pushforward is recalled in Remark 8.8.31. We will now focus on the other proper-
ties defining a polarizable Hodge module. The proof of Theorem 14.3.1 is done by
induction on the pair

(n,m) = (dim Supp M, dim Supp r f« M)

ordered lexicographically. Note that the pairs occurring satisfy 0 < m < n.
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(a) In the case where n = 0, the assertion of Theorem 14.3.1 is easily obtained:
we can assume that M is supported on a point x,, hence is equal the pushforward
by ¢ : {z,} — X of a polarizable Hodge structure, and - f. M is equal to this Hodge
structure.

(b) In the case where dim X = 1 with X smooth, and m = 0, it is straightforward
to reduce to the case where X is also connected, so that f factorizes as X — pt — Y.
As already remarked for the case of a closed embedding, we are left with considering
the case of the constant map ax : X — pt from a compact Riemann surface, which has
been treated in Chapter 7 (see Corollary 7.4.14 and the Hodge-Saito theorem 7.4.19
in dimension 1, i.e., the Hodge-Zucker theorem 6.11.1).

Both (a) and (b) provide the property [(14.3.1)(@’0) with Supp M smooth].

(c) (14.3.1)(n’m) — (14.3.1)(n+1’m+1)
the behaviour of f,M with respect to nearby and vanishing cycles for a function g on
the base is controlled by the behaviour of M with respect to nearby and vanishing
cycles for the function g o f on the source, plus a good behaviour of these by the
pushforward . f, relying on 12.7.32. The main point is provided by Proposition 14.4.2.

(d) (14.3.1)(@%1’0) & [(14.3.1)(@’0) with Supp M smooth] — (14.3.1)(%0) for
n>1 is proved in Section 14.5 by using the method of Lefschetz pencils. In this case,
f is the constant map and we factor it through a map to P! (up to taking a blowing-up
along the axis of the pencil). If such a blow-up is not needed, i.e., a factorization of f
exists, the proof relies on the analysis of the corresponding Leray spectral sequence.

is proved in Section 14.4. In such a case,

The general case follows the same strategy.

Conclusion. Let us check that the statements (a)—(d) lead to the proof of Theorem
14.3.1.

Given a pair (n,m) € N? with m < n, let us assume that the theorem is proved
for every pair (n/,m’) < (n,m). If m > 1, (c) gives the theorem by induction since
(n—1,m—1) < (n,m). We can thus assume that m = 0. By (a), it is enough to
consider the case n > 1. Then (d), together with (a) and (b), reduces the proof to
that of (14.3.1)(,_; ¢y, which is also true by induction. O

14.4. Behaviour of the Hodge module properties by projective pushfor-
ward

In this section we fix n and we assume that (14.3.1)(,,, ., holds for any n’ < n
and any m’ < n’. We aim at proving that (14.3.1)(n+1’m+1) holds for any m < n.

Let f : X — Y be a projective morphism between complex manifolds, let h be a
holomorphic function on Y and set g = ho f : X — C. Let £ be a relatively ample
line bundle on X. In other words, we choose a relative embedding

XY x PN

(14.4.1) f\J}l/L}@
g
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so that £ comes by pullback from an ample line bundle on PY. We aim at proving
that the properties 14.2.2(1) and (2) relative to the given g are preserved (in some
sense) under pushforward by f under weak assumptions on (M,S), and a support
condition that allows the application of the induction hypothesis (14.3.1)

(n,m)

14.4.2. Proposition. Let T = (M, M",s) be a an object of D-Triples(X)no1 and let S be
a pre-polarization of T of weight w. We assume

(a) dim(Supp%ﬁ g 1(0)) < n,

(b) (7,8S) satisfies 14.2.2(1)4 and (2)4. In other words, we assume that the objects
(gtMepy 2T, grN, gr vy 2S) and (grMe, 17T, grN, gr,¢,1S) are respectively polarized
sly-Hodge triples with central weight w — 1 and w (grN of type Y in both cases and
denoted Y, ).

Then, if Theorem 14.3.1 holds for pairs (n',m') with n' < n, the following holds.

(1) Tfik)‘j" is strictly R-specializable and S-decomposable along (h) for every k€Z.

(2) (@k,e gr%¢h7A(Tf£k)§), (XL,YQ),gryz/Jhy)\(Tfik)S)) is a polarized bi-sly Hodge
triple with central weight w — 1.

(3) (EBM gr%d)h,l(Tffk)"Jt), (XL,Yg),gr?/[¢h71(Tf£k)S)) is a polarized bi-sly Hodge
triple with central weight w.

Before giving the proof of this proposition, we will introduce the technical tools
that are needed for it.

14.4.a. bi-sl; Hodge modules

14.4.3. Proposition. The conclusions of Propositions 3.2.26 and 3.2.27 remain valid
for polarizable bi-sls Hodge modules.

Proof.

(1) Let us start with Proposition 3.2.27. Let ((Mjez2,p1,p2) be an object of
ps(BHM(X, w) with a polarization S. We assume that it comes equipped with a bi-
graded differential d : M, — M,_(; 1)(—1) which commutes with Y; and Y, and is
self-adjoint with respect to S. In particular, d is strict and strictly specializable and
we have, for any germ g of holomorphic function, any A € S! and any ¢ > 0,

Pﬂ/)g’)\(KeI‘ d/ Im d) = Ker(Pg¢g7Ad)/Im(Pg1/)g,)\d)

(see Corollary 14.2.23). By induction on the dimension of the support, we can assert
that (sz/)%,\(Kerd/ Imd),Pyipg ap1, Pgw_q?,\pg) is an object of ps[%HM(X, w—1+Y)
with polarization Py, 1S, and we conclude with Lemma 14.2.29. The case where the
dimension of the support is zero is obtained from Proposition 3.2.27.

(2) The analogue of Proposition 3.2.26 is proved similarly. O

14.4.4. Corollary (Degeneration of a spectral sequence). Let (‘Af', d) be a bounded com-
plex in D-Triples(X), with d : T9 — TT1(1) and dod = 0. Let us assume that it is
equipped with the following data:
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(a) a morphism of complexes S : (5‘, d) — (‘}'7 d)*(—w) which is (—1)"-Hermitian,
that is, for every k, a morphism S : T* — (T=%)*(—w) which is compatible with d
and d*, and such that S* = (—1)*S,

(b) a morphism X' : (T*,d)— (T*T2(1),d) which is self-adjoint with respect to S,

(¢) a morphism N : (T*,d) — (T°(—1),d) which is nilpotent, commutes with X',
and self-adjoint with respect to S, with monodromy filtration of M,(N).

Let us consider the spectral sequence associated to the filtered complex (M,g‘}', d)
with Ef’J_Z = ngrl\_/lg‘f'. We set Y = grN. We assume that
@(Ef’j_z = H (gr™,T"), (H/gr, X', H7Y), ngrlld(S)

.
is a polarized object of pslaHM(X, w). Then

(1) the spectral sequence degenerates at Ea, N

(2) the filtration W,H?(T*) := image[H? (M,T*) — H7(T*)] is equal to the mon-
odromy filtration M,H7(T*) associated to HIN : H/ (T*) — HI(T*),

(3) the object
@ <grll/[€Hj (‘:‘\]:.)7 (grll/[ZHjX/) ngjN)? grl\—/IZHjS)

4.
is a polarized object of pslZHM(X, w).

Proof. Let us first make clear the statement. Since d and X’ commute with N,
d and X’ are compatible with the monodromy filtration M,(N), hence for each ¢
we have a graded complex (grll/lf"j",d), and X’ induces for every £ a morphism
grM X (grl\_/[e%',d) — (grll/[é‘j"JrQ(l),d), and thus a morphism H7grM X’ : BRIt
EST2741). Similarly, H7Y is a morphism Ef7 ¢ — EfP297072(_1). We consider
the bi-grading such that Ef’j_é is in bi-degree (4, ¢).

The differential dy : Hi(gr™M,T*) — HIT (g™, T*)(1) is a morphism in
HM(X,w + j — £) that commutes with H7grM,X’ and HYY. We will check
below that d; is self-adjoint with respect to H7gr™,S.  From the analogue of
Proposition 3.2.27 (see Proposition 14.4.3), we deduce that @MESJ_E is part
of an object of ps[%HI\/I(X,w). Now, one shows inductively that, for r > 2,
dy : Eﬁ’j_é — E;H'r’j_e_r“ is a morphism of pure Hodge modules, the source having
weight w 4+ j — £ and the target w+j — ¢ —r+ 1 < w+ j — ¢ and thus, by applying
14.2.17(2), that d, = 0. This proves 14.4.4(1).

In order to prove (2), we notice that, due to the degeneration property above,
we have an identification

gr) HY(T°) ~ 57",
and the action of grN on the left-hand side is that induced by H?Y on the right-hand
side. By the sly property of Fy relative to H’Y, we deduce that grN satisfies the
Lefschetz property on gr'¥ H7 (5”) In other words, (2) holds.

Lastly, due to the above identification, (3) amounts to the bi-slo Hodge property
of Eg. ]
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Proof that d, is self-adjoint. We regard gr™,S as a morphism gr™, M7 — (grd M —7)*.
It is compatible with d and d* on these complexes, since N commutes with d. Then,
HigrM,S is a morphism H7gr™M,M* — (H7gr}M~=")*. Since d; is obtained by a
standard formula from d on the filtered complex, the equality Sod = d* o S implies
HigiM,Sody = (dy)* o Higr™,S. O

14.4.b. Proof of Proposition 14.4.2 and of 14.3.4(c)

Proof of Proposition 14.4.2. One of the points to understand is the way to pass from
properties of Tfik)grll/[éwg,x} to properties of grl\_/lzwh’,\(Tf,Ek)ﬁ'), and similarly with
¢g.1- Although we know that wt7,\(Tf£k);Jv') is isomorphic to Tf,E’“)wm% if the latter is
strict, according to 12.7.32, we have to check the strictness property. Moreover, we are
left with the question of passing from . ik) grM, to grM, ffk). Here, we do not have a
commutation property, but we will use Corollary 14.4.4 to analyze the corresponding
spectral sequence. At this point, the existence of a polarization is essential. The
S-decomposability is not obvious either, and the polarization also plays an essential
role for proving it.

Since we assume that Theorem 14.3.1 holds for objects in pHM,, (X) and since
dim(Supp‘}O g~ 1(0)) < n, we deduce that, for every A € S,

(@1 T, (K, f N, 1 05)

is a polarized object of ps[%Hl\/I(Y7 w — 1) if we keep here the grading convention used
in Corollary 14.4.4. This corollary implies that

(9% grll/[g Tfik)l/)g,xi (XL » 8 Tf»gk)N)a grll/lé Tf*gk)@[}g,ks)

is a polarized object of ps[%HM(Y, w—1). In particular, each grll/[e Tfik)wg,A‘S' is strict,
and therefore so is ffk)wg, AT, We argue similarly for ¢g ;.

We can now apply Corollary 9.8.9 to conclude that f,gk)‘} is strictly R-specializable
along (g) for every k. We also conclude from 12.7.32 that

W+ fOTN) = fP G a T N), (G o VT N) = 2 £ (6,07, N),
We have thus proved that
(EBZ gr™yn 9T, (X, grN), g™ A Tffk)s)

is a polarized object of psl2HM(Y, w — 1), and a corresponding assertion for éna1. O

Proof of 14.3.4(c), i.e., (14.3.1), ., = (14.3.1)(, 4 1) Let [+ X — Y be
a projective morphism and let (M,S) be a polarized object of pHMg (X, w), where
S is an irreducible analytic subset of X of dimension n 4+ 1. We can assume that
(M,S) is represented as a Hodge-Hermitian pair (JV[,S) of weight w, and we will
omit S = (Id,Id) in the notation. Assume that f(S) has dimension m + 1 and that
(14.3.1)(,, ) holds. Since Theorem 14.3.1 is a local statement on Y, we can work in
an open neighbourhood of a point y, € f(5), that we can take as small as needed.
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By the S-decomposability of (JT/[, 8) on X, we can therefore assume that S and f(S)
are irreducible when restricted to a fundamental basis of neighborhoods of f~!(y,)
and y, respectively.

Let h be a holomorphic function on some nb(y,) and set g = ho f. We distinguish
two cases. We note that strictness of - fik)M on nb(y,) is obtained by choosing any h
as in Case (1) below.

(1) h=1(0) N £(S) has codimension 1 in f(S). Then g~1(0) N S has codimension 1
in S. We can thus apply Proposition 14.4.2. It follows that each 1 fik)M is strict and
satisfies 14.2.2(1);, and (2)p.

(2) The function h vanish identically on the closed irreducible subset f(.5)Nnb(y,)
of nb(y,). We now omit referring to nb(y,). We denote by

tg: X —>XxC, and ¢:X x {0} — X xC,

the respective graph and trivial inclusions, and similarly on Y. The only property to
be checked relative to h is that , fik)f/[ is strictly R-specializable along (h), that is,
14.2.2(1)p,: indeed, in such a case, Proposition 12.7.15 implies ¢g71(Df,£k)J\7[) = Dfik)JV[
and 1/)97,\(Df*(k)3§7[) =0 for any A € S', s0 14.2.2(2)}, is trivially satisfied. Since fok)ﬁ[

is strict, pe«(p ffk)f/{) is strictly R-specializable along (¢) and it is enough to prove
DL}L*(Df*gk)J%) = DL*(Dfik)j\;[) VEk.

The left-hand term is equal to ffk)ﬁtw if we still denote by f the map f x Idc.
Similarly the right-hand term is equal to p f,Ek)DL*JVE, with obvious abuse of notation.
Since g =0 on S and M is assumed to be strictly R-specializable along (g), we have
3\7[9 = DL*J\N/[, hence the desired assertion. O]

14.5. End of the proof of the Hodge-Saito theorem

Recall that we wish to prove

(d)
(14.3.1) (¢ pp—1,0) & [(14.3.1)(; ) with Supp M smooth] = (14.3.1),, ;) for n>1.

We thus fix n > 1 in this section and assume that both properties of the left term
hold true. It follows then from the results of Section 14.4 that (14.3.1),, . is true
for any m > 1. As already noticed in the case 14.3.4(b), we only have to consider the
case of the constant map ax : X — pt.

Let (M,S) be a polarized Hodge module of weight w on a smooth complex pro-
jective variety X and let £ be an ample line bundle on X. We can assume that
S = (Id,Id) and consider the Hodge-Hermitian pair (3\7[,8) for M as in Proposition
14.2.25. We can also assume that M has pure support Z, which is an irreducible
closed n-dimensional algebraic subset of X (n > 1). It is not restrictive to assume
that £ is very ample, so that, by Kashiwara’s equivalence (Proposition 14.2.9), we can
further assume that X = PY and £ = Opn (1).
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14.5.a. The case where X maps to a curve

In order to emphasize the main steps, we start with the simpler case where we
assume that there exists a morphism f from X to a curve C' which is non-constant
on the irreducible pure support Z = Supp M, that we decompose as in (14.4.1) with
Y = C. We use the corresponding notations for the ample line bundles £ on P¥
and £’ on C. We decompose the constant map ax on the projective manifold X of

dimension n as X —1» C 2% pt and we consider the Leray spectral sequence for this
decomposition (see Corollary 12.7.38).

Our induction hypothesis implies that Theorem 14.3.1 holds for both maps f
and ac: indeed, (14.3.1),, ;) holds true, and thus (v ,£°)(M,S)7XL) is a polarized
slo-Hodge module with central weight w; furthermore, by (14.3.1)(170), the push-
forward (Tagi(T >£°)(M,S)),XL,XL/) by the constant map ac on the curve C is a
polarized bi-sl, Hodge structure with central weight w. We are thus led to analyz-
ing the Leray spectral sequence in order to get that (Ta(°l(M, S), (X¢ + Xzr)) is a
polarized sls-Hodge structure.

According to Corollary 12.7.38, there exists a spectral sequence in @—Triples(pt)
whose Es term is E5? = Ta(gz(T M. Since dim C = 1, we have EE'? = 0 unless
p = —1,0,1. By our induction hypothesis, we can apply the decomposition theorem
14.3.3 to f and (M, S), and the spectral sequence degenerates at Es.

Furthermore, our induction hypothesis implies that ((E3*,S),Xz,X5,) is a polar-
ized sl2-Hodge structure with central weight w. We set Ef§ = D, i F3?. We ap-
ply Proposition 3.2.26 to deduce a polarized slo-Hodge structure ((E3,S), Xz + Xz,)

with central weight w. It follows that (Tag;)*M, (X¢ +X¢/)) has a filtration Ler® (the
Leray filtration attached to the spectral sequence) whose graded term is an sly-Hodge
structure polarized by the pre-polarization induced from Tag;)*S. From this property
one deduces at once that (Tag;?kM, (Xe + XL/)) is an slo-Hodge structure of central
weight w and that S induces a pre-polarization of it. However, at this step, we cannot
assert that S is a polarization (i.e., that the positivity property holds), since it is only
a successive extension of polarizations.

In order to overcome this difficulty, we will make use of the criterion provided by
Theorem 3.2.20, which relies on the weak Lefschetz property. Since we have at our
disposal a pre-polarization, we will work with the Hodge Hermitian pair (J\?[,S,w)
attached to (M, S) (see Proposition 14.2.25).

The operator X + X is the Lefschetz operator attached to the ample line bundle
LX L' and, up to multiplying X ;s by some positive integer, we can assume that it
is very ample. It defines an embedding X — PV " and its restriction to X takes the
form O x (H) for a general hyperplane of PN’ that we can assume to be non-character-
istic with respect M. Since, by Definition 14.2.2(1), for any local equation g of H, M
is strictly R-specializable along H, it follows from Proposition 9.5.2 that H is strictly
non-characteristic with respect to M.
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For each k € Z, we consider the X-sl,-Hodge quiver with center w — 1, with
(.. X) = (20, (V. 8,w), Xgrae).

(Go,X) = (za Ey{jl)(MmsH, 1), Xewer),
can = restry, var = Gysy .

Our induction hypothesis yields that (G,,X) is a polarized sly-Hodge-Hermitian
pair of weight w — 1. Furthermore, Gysy : Da%)MH — Da(kH)M( 1), being induced
by a morphism of Hodge structures, is a strict morphism for each k. We can
therefore apply the criterion of Proposition 11.2.28 to deduce that the X-slo-Hodge
quiver ((H,,X), (G,,X), can, var) satisfies the weak Lefschetz property. According to
Theorem 3.2.20, we are left with proving the positivity of P(TaX)S) on P(TaX M)
in order to deduce the desired positivity property for the pre-polarization of
(Ta§lM7 (Xg +Xer)).

14.5.1. Lemma. The pure Hodge structure P(Tag?iM) is a Hodge sub-structure of
ra (Ci (P( iO)MH)) and the pre-polarization P(Ta()?iS) is induced by Ta(o)( ( ,EO)SH)).

The proof of (d) is achieved with this lemma, according to Exercise 2.12. O

Proof of Lemma 14.5.1. We can assume that S and Sy are of the form (Id, Id), so that
we only need to show the first part.

We first check that P(Tag()M) C Ler (Tag()* M). Due to the weak Lefschetz
property, we have P(ra X*M) = Ker[restry : TaX)M — TaH)MH] (see Remark
3.1.14(2)). Since the Leray filtration has only three terms 0 C Ler! C Ler® C Ler™!,
we are reduced to showing that glrier restry is injective. This is the restriction
morphism Tac* ( f*l)M) — ac*l)( ff)MH) induced by the restriction morphism
T il)M — T *Z)MH relative to f: the latter is the connecting morphism in the long
exact sequence in pHM(C) obtained as in (11.2.19) by applying rf. to the exact
sequence (12.7.27 ). Since any morphism in pHM(C') is strict, we can apply the cri-
terion for the weak Lefschetz property in Proposition 11.2.28 and deduce that this
morphism is an isomorphism, hence in particular the desired injectivity.

We then claim that it is enough to check that P(TaX) M) does not intersect
Ler (Tag() M), hence injects into grLer(Tag()M) = ra (692( f*O)M) Indeed, having
proved this, we note that the action of Xz on this space is zero since Ta(cl( ) =0.
Therefore,

P(ralf) M) C Ker[(Xe + Xgr) : grie (ralQl M) — g, (vl M)]
= Ker[ra) (Xz) : 2a (+ fO M) — 2al0) (- 1P M)].

Due to the Lefschetz decomposition of Tfi')M with respect to X, Tfio)M de-
composes as P(r 1EO)M) @ XL(Tf,EJ)M), and Xz : Xg(rp - 2)M) = o fPM is an
isomorphism. Then Ta(COi(XL) : Ta(cgl (XL (Tf*(fz)M)) — Tac*( f*Q)M) is also an
isomorphism, hence P(Ta()?lM) does not intersect its source, that is, P(Tag()M)

Tac*( (r f*O)M)), which is the desired inclusion.
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For the claim, we have Ler' (Tag??kM) = grier(Tag?lM) = Ta((}i(Tf*(*l)M), and the
action of X 4+ X/ reduces to that of X;. By the Lefschetz decomposition of - i.)M
with respect to X, the morphism X : Tf,.E_l)M — Tfil)M is an isomorphism,
hence so is the morphism Tagi(XL) : Tagi (r ifl)M) — Ta(c}z(Tf*(l)M). It follows
that Ler! (ra'Q) M) N P(ra'd) M) = 0. O

14.5.b. The general case. In general however, we do not have such a decomposition
x L C 2% pt of the constant map as in Section 14.5.a, and the usual trick is to
consider a Lefschetz pencil instead, a procedure that introduces a supplementary
complication due to the base locus of the pencil, that we can choose as generic as we
want nevertheless.

Let us choose a pencil of hyperplanes in X = PV with axis A ~ PN~2. It defines a
map X \ A — P!, whose graph is contained in (X \ A) x P!. Let X4 be the closure
of this graph in X x P! with projection 7 to X, and let A4 be the pullback 7~ !(A).
By definition, X 4 is the blow-up space of X along the axis A of the pencil, and A4
is a smooth divisor in it. We have the following commutative diagram:

AxPLC—5 X x P!

| T
Ay C /XA P!

(14.5.2) f
J P J{ﬂ' J{apu

ax

A x X

The restriction of 7 to any fiber f~1(¢) is an isomorphism onto the corresponding
hyperplane in X and, conversely, the pullback by 7 of this hyperplane is the union of
f71(t) and A4 = A x P!, whose intersection f=1(t) N As = A x {t} is transversal.
Similarly, the pullback 7~ 'Z of the support Z of M consists of the union of the
strict transform S, of Z by 7, i.e., the blow-up space of S along the ideal J4Og, and
(AN Z) x P

We set £’ = Op1(1), and we consider the ample line bundle £ ® £’ on X x P!.
We will simply denote by X, X’ the Lefschetz operators X, X/, so that X + X' is the
Lefschetz operator that is to be considered on X x P'.

We consider the pullback (+7*M,S). Although we cannot assert, at this stage of
the theory, that it is a polarized Hodge module, we will prove that it enjoys a similar
behaviour along the divisors (f — t) when t varies in P!. This will enable us, by

decomposing ax, as ap: o f, to obtain for rax ,.(+7*M,S) the same results as in the
simple case 14.5.a.

On the other hand, we consider the decomposition of ax, as ax onw. We will
show (with the induction hypothesis at hand) that the pushforward m.(+7*M)
decomposes as the direct sum of its cohomology objects, and that M is a direct

summand of T7TS<0)(T7T*M). It follows that (€D, Ta&?iM, X) is a direct summand of

G Tag’;i*(Tﬂ*M ), X +X’). Then, according to the previous step, the result follows
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from stability of polarizable slo-Hodge modules by direct summand (see Lemma 5.2.8
and Exercise 2.12(1), as already used in 14.2.8).
The detailed proof will take various steps.

Step 1. We define 7* as the composition t* o p*. This first step aims at showing
that, under a non-characteristic condition,

« the pullback +m*(M,S) is well-defined, is strict and satisfies 14.2.2(1);_; and
(2) f—t, for every t € PL.

The smooth pullback p*M is well-defined as an object of @—Triples(X x Ph)
(see Section 12.7.12). In order to define ¢*(+p* M), we will prove strict R-specializa-
bility of +p*M along the graph ¢(X4). Note however that we do not know that the
pullback p*M satisfies Hodge properties along every germ of holomorphic function
on X x P'. Non-characteristic properties obtained by choosing the axis of the pencil
generic enough will help us to overcome this difficulty.

More precisely, let us choose the pencil generic enough so that the axis A of the
pencil is non-characteristic with respect to M (see Section 8.8.d). If the characteristic
variety of M is contained in A x C, with A Lagrangian in 7% X, there exists a complex
stratification of the support of M by locally closed sub-manifolds Z with analytic
closure Z;, such that A C ||, 75,X. Then A is chosen to be transversal to every
stratum S¢. In particular, since the axis A has codimension two, it does not intersect
any zero- and one-dimensional stratum. Moreover, for every ¢, the blow-up Z;4 of Z;
contains (AN Z;) x PL. This implies that Z;4 = 771(Z;).

14.5.3. Lemma.

(1) The inclusion ¢ : Xa — X x P is strictly non-characteristic with respect
to Dp*JV[.

(2) We have Dﬂ'*]\~/[ = Dﬂ*(O)J\~/[.

(3) The @XA -module DW*M is holonomic, strict and strictly R-specializable along
each divisor (f —t).

According to this lemma, the pullback functor .* is defined as in Section 12.7.22.

Proof.

(1) We first prove the non-characteristic property. We postpone the proof of strict
R-specializability after the proof of (3). Since p is a projection, the characteristic
variety of ,p*M is contained in the union of the sets Tg , pi (X X PY) x C,.

« Away from A4 = A x P!, ¢ is the graph inclusion of a map to P! and, in a local
setting, we are reduced to proving the claim for the inclusion ¢ : U = U x {0} — U xC
and the projection p : U x C — C, where the claim is obviously true.

« Let us now consider the neighbourhood of a point of A4 = A x P! in X x P!,
Since A is non-characteristic with respect to each S;, so is A4 with respect to each
S; x P — and therefore so is X4 near any point of Ay4, since in such a point the
space Tk , (X x P') is contained in T% (X x P'). The non-characteristic property is
then also true along A 4.
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(2) We now prove that LF,m*M = 0 for k ; # 0. Since X4 is of codimension 1 in
X x P!, this amounts to the property that Dp*J\/[ has no local section supported on X 4.
Notice that Dp*M is strict, since 0 xxpl 1S 0 x-flat. Any coherent D x xpi-submodule
of Dp*M is then also strict, and it is supported on X4 if and only if the associated
D x xpr-module is so. But such a coherent D x ,pi-module is a submodule of ,7*M,
hence is holonomic with characteristic variety contained in A x T P'. This cannot
be the characteristic variety of a holonomic D yx ypi-module with support on X 4.

(3) Note that, as a consequence of Theorem 8.8.16, the characteristic variety of
DW*J\N/[ = DL*D])*M is contained in the union of sets (T;iAXA) x C,. Hence DW*M is
holonomic.

We also claim that, for every ¢t € P!, the inclusion A x {t} < X4 is non-charac-
teristic with respect to LT M. Indeed, by the choice of A, for every S; as above, the
intersection of 17, ¢, (X X P') with T o (X ¥ P1) is contained in the zero-section
of T*(X x P!). As we have sz{t}(X x Py = (T*b)_l(TZX{t}XA), it follows that
Thy g Xan 15, ,Xa CTx, Xa.

This implies that, for every ¢ € P!, the inclusion f~!(#) < X4 is non-characteristic
for ,7*M near any point (z,,t) € A x {t} since A x {t} is contained in f~1(t).

Let us fix a point z, € A and let g = 0 be a local equation of the hyperplane f =t
of X near x,. We will prove strict R-specializability of M along (f —t) and we will
identify ¢ ¢_;(rm* M) near (z,,t) € Aa with @YoM

Since f is smooth, we can locally consider good V-filtrations along (f—t) in order to
compute Y y_;(pm* 3\7[) _Arguing as in the beginning of the proof of Proposition 9.5.2,
one obtains that D’]T*M is spemahzable along f = t and that there exists a good
V-filtration for which gr¥, (pm*M) = bt} 1(t)<D7T M). The latter module is equal to

_1(0)3\/[ which itself is equal to g, 1M as M is strictly R-specializable along (g)

accordmg to 14.2.2(1),; it follows that LM is strictly R-specializable along (f — t),
hence strictly non-characteristic along (f — t) (see Proposition 9.5.2(2)).

(1) Let us end the proof of the first statement. The strict R- spe(:1a11zab111ty property
for Dp*M amounts to strictness of DW*M A local section of DT&'*M which is of z-torsion
is supported on A x P! since M is strict. It is thus a local section of the coherent
submodule of ,m*M supported on the divisor (f — t), for every ¢. Since LM s
strictly R-specializable along (f — ¢) by (3), this submodule is strict, according to
Exercise 9.21. O

End of the proof of Step 1. A similar argument is used to identify the sesquilinear pair-
ings. The identification of the pre-polarizations S is straightforward, as they all both
equal to (Id,Id).

Using the identification above near the axis, and the properties assumed for (M, S)
on and out of the axis, we get all properties asserted for 7*(M,S) with respect to
(f —t) for any t. This concludes the first step. O

Step 2. Let us set (Ma,Sa) = +7*(M,S) that we consider as a pre-polarized object
of D-Triples(X 4) since we do not yet know that it is a polarized Hodge module of
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weight w. Nevertheless, we aim at showing that, for the constant map ax, : X4 — pt
and the object (Ma,S4),

. (Tag;l*(MA, Sa), X+ X’) is a polarized slo-Hodge structure of weight w.

The support of M4 is #—1Z, which is equal to the blow-up Z4 of Z as we have
seen above, and the fibers of f|z, all have dimension n—1 (n = dim Z). According to
Step 1 and to Assumption (14.3.1)(71_170)7 the assumptions of Proposition 14.4.2 are
satisfied by the pre-polarized triple (M4, S4), and the conclusion of this proposition
yields that (Tf,E.) ((M4,S4),X) is a polarized sly-Hodge module of weight w. From
this point, the arguments developed for the simple case of Section 14.5.a apply with
no change to the present situation, and they yield the desired assertion.

Step 3. We now prove that

o the pushforward Twio)(MA) decomposes as a direct sum in @—Triples(X), one

summand being M.

Let us first check that this is a local statement on X. If such a decomposition exists
locally, then Twﬁo)(MA) = M & M locally, with M; supported on A. We need to
prove that this decomposition is unique, in order to glue it along X (along A in fact,
since 7 is an isomorphism away from A). Let g be a local equation for the hyperplane
f = t near a point z, € A. We claim that DT((O) (J%A) is strictly R-specializable
along (g). Indeed, we have seen in Step 1 that My is strictly R-specializable along
(f —t) and we have identified locally ’z,ZJf_t(J\N/[A) with Q/JQJVE (and we have a strict
non-characteristic property, so that ¢f_t71(j/v[ 4) is zero). We have also used that
7w {f =t} = {g = 0} is an isomorphism. By the pushforward theorem 9.8.8 or 10.5.4,
we conclude that D7r£0) (JVE ) is strictly R-specializable along (g). Since M has pure
support S, if DW,(kO)(JT/[A) decomposes locally as J%@if[l with Jvtl supported in A, hence
in {g = 0}, we can apply Proposition 9.7.2 to conclude that there does not exist any
non-zero morphism M — 3\7[1 and JV[l — Jv[, and thus the local decomposition of M
is unique. Similarly, according to Lemma 12.3.10, any sesquilinear pairing between
M and M; is zero, hence Dyﬁwﬁo)(Dyﬁw*s) decomposes uniquely as s & s1.

Let us then consider the local statement near (x,,t,), that we can assume to
belong to A x P!, as 7 is an isomorphism outside of A. Let g be a local equation of
a hyperplane containing A.

We claim that M 4 is strictly non-characteristic along both components of g o 7 = 0

and their intersection. The components consist of

o the germ at x, of the hyperplane f = ¢, containing A, for which the assertion
has been proved in Step 1,

« the germ at (z,,t,) of A x P'; by considering the left square in (14.5.2), the
assertion follows from the property that M is strictly non-characteristic along A,
since Ay — A is smooth;

o the germ at (x,,t,) of A x {t,}, for which we apply the same argument as the
previous one.
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We can therefore apply the results of Section 12.7.23 together with Remark
14.2.3(4). They show that (Ma,S4) satisfies 14.2.2(1) 4o and (2)gor-

Arguing as in Proposition 14.4.2 (this is permissible due to the inductive hypothesis
(14.3.1) (< (n—1),0)> as the fibers of 7 : S4 — S have dimension < n — 1), we conclude

that (D, Tﬂik)(MA),X/) is strict and satisfies 14.2.2(1), and (2), in the sense of
Lemma 14.2.29. We can cover A by finitely many open sets where the previous
argument applies.

Let us set My := Tﬂio)(MA). We note that, as X2 = 0, My = P6T7T£O)(MA)
is strict and satisfies 14.2.2(1), and (2),. By applying 14.2.17(10) to the quiver
(¥g,1 Mo, ¢g,1 Mo, c,v) and arguing as in the proof of ((10)_, = (1),), we find that My
is S-decomposable along (g). We will identify M with a direct summand of it.

Let us set My = (JV[O, 80). It decomposes therefore as M7 ® My, with My supported
on g~1(0) and M; being a middle extension along (g). By Proposition 8.7.30, there is
an adjunction morphism M — J\N/[o. This morphism is an isomorphism away from A,
hence from ¢g=1(0), and is injective, as M has no coherent submodule supported on
g~ 1(0). Its image is thus contained in M.

At this point, we cannot assert that the image is equal to 3%1, since the middle
extension property 9.7.2(2) of J\~/El only implies the vanishing of some quotient modules,
and not all of them a priori. Nevertheless, the morphism M — M, between the
underlying D x-modules is an isomorphism (since no restriction occurs in 9.7.2(2)
for Dx-modules). It follows then from Proposition 12.3.8 applied to any germ of
hyperplane containing A that 8§ = 8;. It also follows that the cokernel of M — J%l is
of z-torsion.

We thus have a monomorphism of Hermitian pairs M — M. It is strictly R-spe-
cializable along (g), since the associated nearby and vanishing cycle morphisms are
morphisms in pHLM(X,w — 1) or pHLM(X,w). Therefore, this morphism is strict,
according to Corollary 10.7.6. The cokernel, being strict and of z-torsion, must then
vanish, and M ~ M, as wanted.

Step 4. As X’ vanishes on M, we conclude from Step 3 that (rax .M,N) is a direct

summand of (rax,«Ma, X+X'). From Step 2 and [Del68| we have a (non canonical)
(k)

AX

decomposition rax,«Ma ~ @, ray’ ,(Ma)[—k]. Therefore, this decomposition can

be chosen to induce a decomposition rax M ~ @, Taglg’)* (M)[—k]. In particular,
(@k Tag];_)*(M ),X) is an sly-Hodge structure with central weight w, being a direct
summand of the sl;-Hodge structure (€D, Tag];/)q*(MA), X +X') with central weight w.

Step 5. It remains to show the polarization property. By the result of Step 2,
(@k Tag?i*(M 4), X + X/ ) is polarized by (Id,Id), which induces the desired pre-
polarization on (@k Tag];_)*(M ),X) That the latter is a polarization is a particular
case of Proposition 3.4.18(2). This concludes the proof of 14.3.4(d), hence that of

the Hodge-Saito theorem 14.3.1. O
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14.6. Variations of Hodge structure are Hodge modules

The first non trivial example of a polarizable Hodge module is given by a polar-
izable variation of Hodge structure. The following theorem is a partial converse of
Proposition 14.2.10.

14.6.1. Theorem. Let X be a complex manifold of dimension n and let yH be a smooth
Hodge triple of weight w, that is, a polarizable variation of pure Hodge structure
of weight w — n (see Definition 5.4.7). Then wH is a polarizable Hodge module of
weight w.

14.6.2. Example. The two basic examples HE) x and zwx of 12.7.9 are the left and
the right Hodge module representatives of the trivial variation of Hodge structure of
weight 0. They belong to pHM(n).

From Theorem 14.6.1 and the Hodge-Saito theorem 14.3.1, we deduce:

14.6.3. Corollary. Let (3, V) be vector bundle with connection on X underlying a vari-
ation of polarizable Hodge structure of weight w. Then its direct image (in the category
of D-modules) by a projective morphism f : X — Y decomposes non-canonically in
D"(Dy)

o [ (3 V) = @ o 1P (3¢, V),
k

and each ,Sk)(f}f, V) underlies a polarizable Hodge module of weight w 4+ dim X + k.
O

Proof of Theorem 14.6.1. This assertion is not trivially satisfied since one has to check
in an iterative way that nearby cycles and vanishing cycles along any germ of holo-
morphic function are polarizable Hodge modules. We assume that the polarization is
S = (Id,1d), i.e., we realize y H as a Hermitian pair (5{, 8).

We first note that 14.2.2(1), and (2), hold for (,H, (Id,1d)) if g is a local coordinate
on X. According to Remark 14.2.3(3), these properties also hold when g is a power
of a local coordinate on X. As a consequence, the assertion of the theorem holds if
dim X =1.

If dim X > 2, the proof is by induction on dim X. We thus assume that the theorem
holds for dim X < n (n > 2), and we assume dim X = n. We wish to prove that, for
any germ of holomorphic function g on X, 14.2.2(1), and (2), hold for (4 H, (Id,Id)).

Step 1: reduction to the case where D := (g) is a normal crossing divisor

We assume that 14.2.2(1), and (2), hold for (4H, (Id,Id)) if g defines a normal
crossing divisor in X. Let us then take any germ g on X centered at x € X. We simply
denote by X the germ (X, x) and by D the germ of the reduced divisor defined by g.
Let f : X' — X be a projective modification which is an isomorphism X'~ f=*(D) —
X ~ D such that ¢’ := g o f defines a normal crossing divisor D’ in X’.

The pullback (;H', (Id,1d)) := + f* (s H, (Id,1d)) is also a polarized variation of pure
Hodge structure of weight w—n (see 12.7.13) and is strict as an object of D-Triples(X").
Furthermore, by our assumption, 14.2.2(1), and (2)4 hold for (wH’, (Id,Id)). It fol-
lows from Proposition 14.4.2 that (; O m (Id,Id)) satisfies 14.2.2(1), and (2)g,
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that it is S-decomposable along (g) as an object of @—Triples(X ) and Corollary 10.7.8
yields that it is strict.

Let us denote by (4 H]{, (Id,Id)) the component of (; O = (Id,Id)) with pure
support X. It also satisfies 14.2.2(1), and (2),, is strict, and is a middle extension
along (g). It corresponds to a coherently filtered D x-module (K, F,H(). We will
show that (yH}, (Id,1d)) is isomorphic to (yH, (Id,1d)), concluding thereby the first
step.

We start with identifying the D x-module components. Composing the adjunction

morphism H — b io)

H' of Proposition 8.7.30 with the projection (coming from the
S-decomposition) p, f*(o)ﬂff’ — 9766 vields a morphism H — 5766 which is an isomorphism
on the complement of D. Since HisO x-locally free, this morphism is injective. On the
other hand, 3 is a middle extension along (g) (Example 11.5.3 and Remark 11.5.5).
Therefore, H — 3 is an isomorphism (see Exercise 9.35(1)).

What about the Hodge filtrations? We know that the morphism F,H — F,H{ =:
F}3{ is injective and is an isomorphism on X \ D, so I, 3/ F,H is supported in D. On
the other hand, H/F,H is O x-locally free, being a successive extension of O y-locally
free modules grX’H. Since we have an inclusion F)H/F,H < H/F,H, it follows that
F3(/F,3 = 0, that is, [, H = F,3(, as desired.

What about the sesquilinear pairing 8 on H and 8’ on Hj ~ H? Both take values
in ¥ (Lemma 12.3.6) and coincide on X \ D, hence they coincide. O

Step 2: reduction to the case where (g) is a reduced normal crossing divisor. According
to Step 1, we can assume that g is a monomial 27" - - - z* in a local coordinate system
(z1,...,2zn). We still denote by X the corresponding local coordinate chart. There
exists a multi-cyclic ramified covering f : X’ — X such that h := go f is a power of
a product of local coordinates (x} ---z,)". Set h' =z} ---} and let us assume that
14.2.2(1)5 and (2) hold for (wH',(Id,Id)) := +f*(wH, (Id,Id)). Then 14.2.2(1)
and (2)p, hold for (yH’, (Id,1d))), according to Remark 14.2.3(3). We wish to prove
that 14.2.2(1), and (2), hold for (xH, (Id,Id)). We argue in a way similar to that of
Step 1 and take the same notation. In particular, (;H{, (Id,Id)) is the component of
T io)(HH’, (Id,Id))) with pure support X, and 14.2.2(1), and (2)4 hold for it.
According to 12.7.31, (yH, (Id,1d)) is a direct summand of (yH]{, (Id,Id)). Since
14.2.2(1)4 and (2)4 are stable by direct summand in D-Triples(X), as follows from
14.2.8, they hold for (yH, (Id,1d)). O

Step 3: case where (g) is a reduced normal crossing divisor. Assume now that g is a
product of distinct coordinates of a local coordinate system. We are thus in the
setting of Example 12.7.24. We then know that 4 H is strictly R-specializable and a
middle extension along (g), so we only need to check 14.2.2(2a),, according to Remark
14.2.3(4).

We are therefore led to showing that the right-hand side in (12.7.24 %) is a polarized
Hodge module of weight w+£¢—1 (¢ > 0), where each ¢; occurring there is the inclusion
of a codimension (¢ + 1) submanifold in X. By induction on dim X, each variation
(o H,S) for J = I° € Jy41 is a polarized Hodge module of weight w—(¢41), since its
support has dimension n — (¢ + 1). Hence, by Kashiwara’s equivalence of Proposition
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14.2.9, (vtr«(rtjuH), (Id,1d)) is a polarized Hodge module of weight w — (¢4 1), and
(rtrs(rtjuH), (Id,1d))(—£) is a polarized Hodge module of weight w + ¢ — 1. O

14.7. Some properties of the category of W-filtered Hodge modules

In this section, we consider the category WHM(X) of W-filtered Hodge modules
introduced in Section 14.2.12. In Sections 14.7.a and 14.7.b, we prove regularity and
strict holonomicity of the holonomic D x-modules underlying an object of WHM(X).
In particular, these properties hold true for polarizable Hodge modules. In Section
14.7.f, relying on the Hodge-Saito theorem 14.3.1, we partially extend it in the sense
that we prove stability of WHM by projective pushforward and we analyze the behav-
ior of nearby and vanishing cycles by such a pushforward.

14.7.a. Regularity

14.7.1. Theorem. Let (M,W,M) be an object of WHM(X). Then the underlying
D x-modules M', M" of M are reqular holonomic.

Proof. According to Proposition 10.7.13 we can use Definition 10.7.12 for the notion
of regularity. Furthermore, it is enough to prove the theorem for each graded object
gr}’VM , which is pure polarizable. We argue by induction on the dimension of the
support. Since the definition of pHM(X) and that of regularity are inductive, we are
left with checking the property 10.7.12(1), which follows from Corollary 10.7.10, as
by definition M , M are strict. O

14.7.b. Strict holonomicity. We refer to Section 8.8.g for the notion of strict
holonomicity and to Proposition 8.8.38 for various consequences.

14.7.2. Theorem. Let (M,W,M) be an object of WHM(X). Then the underlying
D x-modules M',M" are strictly holonomic.

Proof. As for Theorem 14.7.1, we can assume that M is pure polarizable. Then,
in view of the inductive definition of pHM(X), the result is a direct consequence of
Theorem 10.7.14, the case where the support of M is punctual being clear. O

14.7.c. Nondegeneracy. Let (M, W,M) be an object of WHM(X). Each compo-
nent M’, M is strictly holonomic by Theorem 14.7.2, and the underlying D x-modules
are regular holonomic by Theorem 14.7.1. In order to apply the duality functor of
Section 13.4.c, we only need to check that the underlying object of D-Triples(X)
is nondegenerate (see Definition 13.4.3). That the dual object is also an object of
WHM(X) is a stronger property that will be addressed in Chapter 16.

14.7.3. Lemma. The underlying triple T = (M',M",s) of an object M of WHM(X) is

nondegenerate.
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Proof. By induction on the length of the filtration W, M, we only need to consider
the case of an object of pHM(X, w) having pure support on a closed irreducible sub-
variety Z of X. Since the question is local, we can assume that there exists a holo-
morphic function g : X — C which is not identically zero on Z, such that M is a
middle extension along H and its restriction to X ~ g~!(0) is the pushforward by
t:Z~ g 10) = X \ ¢g71(0) of a polarizable variation of Hodge structure of some
weight w. It is immediate to check that a polarizable variation of Hodge structure
is nondegenerate when considered as a triple, and Proposition 13.4.5 implies that its
pushforward by ¢ is nondegenerate. Then Corollary 13.4.4 yields the conclusion. [

14.7.d. Localization and dual localization

14.7.4. Proposition. Let H be a smooth hypersurface of X. If M is an object of
pHM(X), then both M[xH]| and M| H] underlie objects of WHM(X).

Proof. The assertion is local, so we can assume that X = H x A;. We can also assume
that M has strict support a closed irreducible analytic subset Z C X. If Z C H, the
assertion is trivial. Since M is a minimal extension along H, we have exact sequences
in D-Triples(X):

0 — M — M[«H] — Cokervar; — 0

0 — Kercan, — M[!H] — M — 0,
and we have

Coker var; ~ Coker[N : p, M — ¢ M (—1)]
Ker can; ~ Ker[N : Y M — ¢, M (—1)].

We can then apply Lemma 3.3.7. O

14.7.e. Non-characteristic restriction

14.7.5. Proposition. Let (M,W,M) be an object of WHM(X) and let Y be a closed
submanifold of X which is non-characteristic with respect to each D x -module compo-
nent M of M. Then it is strictly non-characteristic with respect to each @X module
component of gr)¥ M for every { € Z, and the restriction (z.3 M, +05 W, M) as defined
by 12.7.22, is an object of WHM(Y").

Proof. The question is local on X. We argue by induction on the codimension of Y.
If H is a smooth hypersurface containing Y, then H is non-characteristic with respect
to each D x-module component M of M, hence to each gry WM. As ngVM is strictly
R—spemahzable along H, it follows that H is strictly non-characteristic with respect
to each gry WM (see Proposition 9.5.2(2)). Furthermore, plierlV M = TL}}(O)gre M.
Setting H = {t = 0}, we have pip.(rtfgr)¥ M) = 1 1gr}¥ M, which is an object
of pHM(H), so by induction Y is strictly non-characteristic with respect to each
@X—module component of TLH( )gré M. By Remark 8.8.19(2), Y is strictly non-char-

acteristic with respect to each WM. Hence, t3W,M has cohomology in degree
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zero at most for each ¢, so that (¢, W,M), defines a filtration of ¢} (M, W,M) in
WHM(X). O

14.7.f. Stability by projective pushforward

14.7.6. Theorem. Let f : X — Y be a projective morphism and let M be an object of
WHM(X). Then, for each k € Z, the pushforward Tfik)M, together with the shifted
image filtration W[k].(Tfik)M), is an object of WHM(X). Furthermore, the spectral
sequence attached to W, degenerates at Fs.

Proof. The term El_e’kH of the spectral sequence of Corollary 12.7.37 is an object of
pHM(Y, k + £), according to the Hodge-Saito theorem 14.3.1, and the differential dy
is a morphism in pHM(Y, k + ¢), so that EQ_M'M is also an object of pHM(Y, k + ¢),
due to the abelianity of this category (Theorem 14.2.17(4)). Then, for r > 2, d, =0
since the weight of E“k+=r+1is k4 ¢ —r 4+ 1 < k + ¢ (Theorem 14.2.17(2)). O

14.7.g. Semi-simplicity

Any polarizable Hodge module of weight w is semi-simple in the category
pHM(X,w) (Corollary 14.2.20). If X is a projective complex manifold, semi-
simplicity also holds for the underlying holonomic D x-module, that is, the analogue
of Theorem 4.3.3 holds for polarizable Hodge modules.

14.7.7. Theorem (Semi-simplicity). Assume X is projective. Let M be a polarized Hodge
module of weight w (so that M’ ~ M" by means of a polarization). Then the under-
lying D x -module M is semi-simple.

Proof. By the S-decomposition theorem (Corollary 14.2.20), we can assume that M
has pure support an irreducible variety Z C X. If dimZ = 0, the result is clear
by Definition 14.2.2(0). If dim Z > 1, the restriction of (M, S) to a suitable smooth
Zariski dense open subset Z° of Z is a polarized variation of Hodge structure of weight
w — dim Z (Proposition 14.2.10).

We claim that M has no submodule and no quotient module supported on Z ~\ Z°.
Indeed, let g be any local holomorphic function at z € Z ~ Z°. As M is a middle
extension along (g), so is M (Exercise 9.35(4)), so that M does not have any submodule
supported on g~1(0). As g is arbitrary, this proves the claim.

Since M is regular holonomic (Theorem 14.7.1), we can apply the criterion of
Corollary 13.2.11, and we are led with proving that the underlying local system on Z°
is semi-simple.

o If dim Z° = 1, the underlying local system is semi-simple (Corollary 6.4.2).

o If dim Z° > 2, we fix a projective embedding of Z. The Zariski-Lefschetz the-
orem [HL85, Th.1.1.3(ii)] implies that, for a generic hyperplane H, the inclusion
HNZ°— Z° induces a surjective morphism of fundamental groups. By induction
and according to Remark 4.3.2(2), we conclude that the local system underlying M z.
is semi-simple. [
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When both X and Y are projective, we can combine Theorems 14.3.3, 14.3.1 and
14.7.7 to obtain:

14.7.8. Corollary. Let f : X — Y be a morphism between projective complex man-
ifolds and let M be a semi-simple holonomic Dx-module underlying a polarizable
Hodge module. Then r, f.M decomposes non-canonically as €, Df,gk)M[—k;], and each

Dfik)M 1s itself a semi-simple holonomic Dy -module. O]

14.8. Exercises

Exercise 14.1. Show that if the conditions in Definition 14.2.2 hold for a function g,
they hold for g" for any r € N*. [Hint: Use the example of Section 9.9.a.] Conclude
that, if n = 1, Definition 14.2.2 reduces to Definition 7.4.7.

14.9. Comments

The relation between Hodge theory and the theory of nearby or vanishing cycles
in dimension bigger than one starts with the work of Steenbrink [Ste76, Ste77].
It concerns 1-parameter families of projective varieties, regarded as proper functions
from a complex manifold to a disc. A canonical Hodge structure is constructed on the
cohomology of the nearby fiber of a singular fiber of the family by means of replacing
the special fiber with a divisor with normal crossings and by computing the nearby or
vanishing cohomology in terms of a logarithmic de Rham complex, in order to apply
Deligne’s method in [Del71b]. This gives a geometric construction of Schmid’s limit
mixed Hodge structure in the case of a variation of geometric origin. The need of
passing from the assumption of unipotent monodromy, as used in the work of Schmid
[Sch73] to the assumption of quasi-unipotent monodromy is justified by this geomet-
ric setting. This leads Steenbrink [Ste77] to developing the notion of logarithmic
de Rham complex in the setting of V-manifolds. Steenbrink also obtains, as a conse-
quence of this construction, the local invariant cycle theorem and the Clemens-Schmid
exact sequence. We can regard this work as the localization of Hodge theory in the
analytic neighbourhood of a projective variety.

The work of Varchenko [Var82] and others on asymptotic Hodge theory has loca-
lized even more Hodge theory. This work is concerned with an isolated singularity
of a germ of holomorphic function and it constructs a Hodge-Lefschetz structure on
the space of vanishing cycles of this function, by taking advantage that the vanishing
cycles are supported at the isolated singularity, which is trivially a projective vari-
ety. The construction of Varchenko has been later analyzed in terms of D-modules
by Pham [Pha83|, Saito [Sai83b, Sai83a, Sai84, Sai85| and Scherk-Steenbrink
[SS85]|. It is then natural to consider the cohomology of the vanishing cycle sheaf of
a holomorphic function on a complex manifold whose critical locus is projective, but
possibly not the special fiber of the function, and to ask for a mixed Hodge structure
on it.

The theory of polarizable Hodge modules, as developed by Saito in [Sai88], em-
phasizes the local aspect of Hodge theory, by constructing a category defined by
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local properties in a way similar, but much more complicated, to the definition of
a the category of variations of Hodge structure. It can then answer the question
above. This idea has proved very efficient, eventually allowing to use the formalism
of Grothendieck’s six operations in Hodge theory. Many standard cohomological re-
sults, like the Clemens-Schmid exact sequence and the local invariant cycle theorem,
can be read in this functorial way. The proofs given in this chapter follow those of
[Sai88, Saig0| by adapting them to the setting of triples.

The definition of complex Hodge modules as developed here, not relying on a
@-structure and on the notion of a perverse sheaf, is inspired by the extension of
the notion of polarizable Hodge module to twistor theory, as envisioned by Simp-
son [Sim97], and achieved by Sabbah [Sab05] and Mochizuki [Moc07, Moc15|,
although the way the sesquilinear pairing is used on both theories is not exactly the
same. We refer to the comments of Chapter 12 for the idea of using sesquilinear
pairings in the framework of holonomic D-modules.



