CHAPTER 11

LOCALIZATION, DUAL LOCALIZATION AND
MAXIMAL EXTENSION

Summary. We introduce the localization functor along a divisor D C X. Al-
though it only consists in tensoring with Ox (xD) in the case of D x-modules, the
definition for modules over RrpD x is more subtle. It strongly uses the Kashiwara-
Malgrange filtration. This construction can also be made for the dual localization
functor, and this leads to the notion of middle extension along D.NOn the other
hand, the maximal extension functor enables one to describe a Dx-module in
terms of the localized object along D and of a Dx-module supported on D.

In this chapter, we keep the notation and setting as in Chapter 9. In particu-
lar, we keep Notation 9.0.1, and Remarks 9.0.2 and 9.0.3 continue to be applied.
We continue to treat the case of right D x-modules.

11.0.1. Remark (The case of left D y-modules). The case of left D y-modules is very
similar, and the only changes to be made are the following:

« to consider V>"! instead of Vg,
+ to modify the definition of v, x with a shift,
« to change the definition of can (with a sign).

11.1. Introduction

We consider the following question in this chapter: given a coherent D x-module,
to classify all coherent D x-modules which coincide with it on the complement of a
divisor D. This has to be understood in the algebraic sense, i.e., the @X—modules
coincide after tensoring with the sheaf O x (*D) of meromorphic functions with poles
along D.

For each D x-module M which is R-specializable along D, e.g. holonomic D x-mod-
ules (with the restriction that the roots of the Bernstein-Sato polynomials are real)
it is known that the localized D x-module M(xD) := Ox (*D) ®9, M is D x-coherent
and R-specializable along D. There is a dual notion, giving rise to M(!D), and we
obtain natural morphisms

M(1D) — M — M(xD).
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The notion of localization is subtler when taking into account the coherent F-filtra-
tion. Indeed, for a coherent graded RrD x-module JQ[, we cannot just consider JV[(*D),
since this would correspond to tensoring each term of the underlying coherent filtration
by Ox (D), that would produce a non-coherent O x-module.

It is nevertheless useful to first consider this “naive” localization of a coherent
graded RpD x-module M. Let D be an effective divisor in X. The sheaf Ox(xD)
of meromorphic functions on X with arbitrary poles along the support of D at most
is a coherent sheaf of ring. So are the sheaves Dx(xD) := Ox(xD) ®ox Dx =
Dx ®o, Ox(xD), and Ox (D), D(*D) defined similarly. Given a coherent li mod-
ule M, its “naive” localization M(xD) = M ®5 « Ox(xD) is a coherent D (xD)-
module.

Assume that D is smooth. We then denote it by H and its ideal by Jg, and we
keep the notation of Section 9.2. The Jy-adic filtration of ) x(*H) is now indexed
by Z, and the corresponding V-filtration (9.2.8) of Dx (*H) is nothing but the corre-
sponding Jg-adic filtration. We can then define the notion of a coherent V-filtration
for a coherent D x (*H)-module, and the notion of strict R-specializability of Defini-
tion 9.3.18 can be adapted in the following way: we replace both conditions 9.3.18(2)
and (3) by the only condition 9.3.18(2) which should hold for every for every « € R.
By using a local graph embedding, one defines similarly, for every effective divisor D,
the notion of strict R-specializability along D. The following lemma is then mostly
obvious.

11.1.1. Lemma. Let~3\~/f be a coherenNt @X—module, strictly R-specializable along D.
Then the coherent D x (xD)-module M(xD) is strictly R-specializable along D. O

If M is strictly R-specializable along a smooth hypersurface H, one can construct a
substitute to the “naive” localized module M(xH ), that we call the localized D x -mod-
ule, denoted by JV[[*H |, and a dual version JV[[!H ]. Both are D x-coherent and strictly
R-specializable along H, and we have natural morphisms

M[IH] — M — M[+H].

Due to the possible failure of Kashiwara’s equivalence for RgD x-modules, the trick of
considering the graph inclusion ¢, when D = (g) is not enough to ensure localizability
for arbitrary D, so we are forced to considering the possibly smaller category of strict-
ly R-specializable D x-modules along D which are localizable along D, in order to have
well-defined functors [!D] and [«D], and a sequence

M[!D] — M —s M[*D).

The purpose of this chapter is to introduce a method for recovering any strict-
ly R-specializable D x-module M from a pair of D x-modules, one of them being
supported on D and the other one being localizable along D, and of morphlsms
between them. This leads to the construction of the mazimal extension =M of M
along D. It can be done when M is strictly R-specializable along D, at least when
D = H is a smooth hypersurface (with multiplicity one). For a general divisor D,
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we encounter the same problem as for localization, and the existence of the maximal
extension is not guaranteed by the strict specializability condition only. We say that M
is mazimalizable along D when this maximal extension exists.

Assume that D = (g). Given a strictly R-specializable, localizable and maximal-
izable (along D) Dx (*D)-module M,, we will construct a functor Gy, from the

category consisting of triples (N, ¢,v), where Nis strictly R-specializable along D and
supported on D, and ¢, v are morphisms

C

N
Pg 1M, N
_

(-1) v

to that of strictly R-specializable and localizable D x-modules, so that

(8) Gz (N, ¢, v)(+D) = M.,
(b) the above diagram is isomorphic to the specialization diagram

can

m
Vg,1Gy (N, ¢, v) $g1G5r. N, c,v) .
7\—/
=1 var
This classifies all such D x-modules M’ such that M/(xD) = M,. A first approxi-
mation of this construction was obtained in the proof of Proposition 9.3.36.

11.2. Localization and dual localization in the strictly non-characteristic
case

In section, we fix a smooth hypersurface H of X and we simply write strictly R-spe-
cializable instead of strictly R-specializable along H. We also denote by ¢ (instead
of vy ) the inclusion H < X. The coherent D x-module Ox (xH) is generated as such
by the Ox-submodule Ox(H) consisting of meromorphic functions having a pole of
order at most one along H. If we interpret Ox (H) as V1O x (xH), we then have the
equality Ox (xH) = Dx - Ox(H) = Dx -V 1O0x (xH).

11.2.a. Localization of OX and wx. Workmg with DX modules, we note that
o) x(xH) is not locally of finite type over Dy: for example, if ¢ is a local equation
for H, the D x-submodule generated by 1 /t does not contain 1/t? (but contains z/t?),
that generated by 1/t,1/t? does not contain 1 /t3

We then define the coherent D x-submodule ) X[*H ] of ) x(xH) as the D x-sub-
module generated by OX( ), that is, Dy -V~ 1OX(>|<H). It is a proper coherent
submodule of Ox (xH), as shown above. If we equip Ox (xH) with the increasing
filtration by the order of the pole, i.e., such that F,0x(x) = Ox((k+1)H) for k > 0
and F,Ox(xH) = 0 for k < 0, then Ox[«H] = RpOx(xH). We define & [+H]
similarly, as the D x-submodule of Wx (xH) generated by Vowx.
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11.2.1. Lemma. The right @X-module Wx[*xH) 1is is isomorphic to that obtained by
side-changing from Ox[*H].

Proof. 1t is a matter of proving that wx [+H] ~ wx ®g (~9X[*H] This is obtained as
follows:

Vo(@x (+H)) - Dx = (@x ®5, Ox(H))  Dx
~ Gy ®5, (Dx - Ox(H)) =wx ®5, Ox[*H]. O

11.2.2. Proposition.
(1) The natural surjective morphism Dx Oy By Ox(H) = Ox[«H] (resp. the sur-

jective morphism Wx (H) ® Dx — Gx|[*H]) is an isomorphism.

~ Voiva
(2) The coherent D x-module Ox[+H]| (resp. wx[«H]|) is strictly R-specializable and
for any k, the V -filtration is given by the formula V=*"10x[*H|=V;Dx @y, 5,0x (H)
(resp. Vkax[*H] :&X(H) ®Vo'5x Vka). N B
(3) The cokernel of the morphism loc : Ox — Ox[*H]| (resp.loc : wx — wx|[«H])
is strictly R-specializable and isomorphic to . (Op)(—1) (resp. pt(Wp)(—1)).

Proof.

(1) Since this is a local question, we can assume that X = H x A and use adapted
local coordinates. Then Ox(H) = (1/t)0x = VoDx /(X, VoDx s, + VoDx (8it)),
so Dx Oy By Ox(H) ~ @X/(Zz @ngl + @X(gtt)), and the natural morphism is
P P-(1/t) € Ox(xH). For the injectivity of the morphism, we are led to showing
that P - (1/t) = 0 implies P € (3, ngwz + @X(gtt)), which can be checked in a
straightforward way.

(2) A direct computation shows that the following formula define a V-filtration of
OX [*H] :

VO(Ox[+H]) = V°(Ox(+H)) = Ox,
VHOx[eH]) = V1 (Ox (+H)) = Ox (H),

k
VN Ox[xH]) =Y Z0x((G+ DH) (k> 1).
j=0
The graded objects read
gr;’“l@X if £ <0,
gy N Ox [H]) = { Ox(H)/Ox if k=0,

FO0x((k+1)H)/Ox(kH) if k>0,

hence are strict, showing strict R-specializability of 6[*H ]. Note that the Euler vector
field E acts by zero on each graded piece, hence the gr} D x-module structure descends
to a Dy-module structure (see Exercise 9.4).
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(3) The filtration induced by V*(O[«H]) on O[xH]/Ox satisfies

0 if k>0,

k(O +H/Ox) ~ ~
gry (Ox[*H]/Ox) ~ {gr"?(ox[*HD if k< —1.

Therefore, 6[*H]/6X is strictly R-specializable and gr‘jl(g)[*H]/GX) ~ Ox(H)/Ox.
Similar results hold for wx by side-changing (Lemma 11.2.1). We can regard
grywx[xH] = @x(H)/@x as a right D y-module and strict Kashiwara’s equivalence
of Proposition 9.6.2 implies

LT))([*H]/&X >~ ply (ax(H)/ax)
11.2.3. Lemma. The residue morphism induces an isomorphism of right D x-modules
ResH : CNL)X(H)/@X L) L~JH(—].)

Proof. This is easily checked in local coordinates. The twist (—1) is due to the “divi-
sion by dt”, which induces a multiplication by z. O

As a consequence, we obtain the exact sequence via the residue:

0 — Bx 2% Gy [wH] — pia (@r)(~1) — 0.
Since pi. commutes with side-changing, we deduce an exact sequence

0 — Ox 2%, Gy [xH] —> e (O5)(—1) — 0. 0
11.2.4. Example. Assume that X = H x A. Then any local section of DL*6H can be
written as (see (8.7.7 xx) with g = 0)

B (1) @0F @dt” = @ I (nox @ 1 @ dtY)
k>0 k>0

with no, € 6H. One can obtain a lift of such a local section in 6X [*H] by the formula
Z OF (ni /1)
k>0

where 7, is a local holomorphic function on X such that ny g = 1o

11.2.b. Dual localization of 6X and wx. We now consider a dual setting, al-
though strictly speaking the duality functor is not involved in the next construction.

We set Ox[!H] = Dy OB 5 Ox (resp.jT)X[!H] = Wx ®pp, Dy), where the
right (resp. left) VoD x-module structure of Dx is used for the tensor product. The
trivial left (resp. right) action of Dx makes Ox[!H] (resp. &x[!H]) a coherent left
(resp. right) D x-module equipped with a surjective morphism dloc : Ox [[H] — Ox
(resp. dloc : Wx[!\H] — @wx) whose kernel is supported on H. We will analyze its
kernel. Let us first check:

11.2.5. Lemma. The right Dx-module Gx|[\H| is is isomorphic to that obtained by
side-changing from Ox [ H].
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Proof. Using notation similar to that of Exercise 8.19, it is a matter of showing that
[Ox Oy D« Dxlowiv = [wx ®5  (Dx OBy Ox)]tens- The proof is completely similar
to that of loc. cit. O

11.2.6. Proposition.

(1) The coherent D x-module Ox[!H] (resp. Gx['H]) is strictly R-specializable and
for any k, the V-filtration is given by the formula V=*Ox[!H] = V; Dx ®y 5, Ox
(resp. Vi—iwx [\H] = wx @y, 5, ViDx).

(2) The kernel of dloc : Ox[!H] — Ox (resp. dloc : wx[!H] —wx ) is also strictly
R-specializable and isomorphic to pt«(Of) (resp. pie(@w)).

Proof It is a priori not clear that the formula for the V-filtration defines a filtration,

, that VkDX Ry OX injects into DX Ry OX We will check this by a
local computation. Let us consider the local settlng with X = H x A, where A has
coordinate t. Then O H, which is a quotient sheaf of 0 x on which ¢ acts by zero,
is also regarded as a subsheaf of 0 x (functions which do not depend on ¢). Then

Vk@X ®VO:~DX 6}( = ka@X/l:Zz Vk@ngi + Vkix(tgt)}

admits the local decomposition
~ ~ - k=1
ViDx ®y,5, Ox 2 O0x @ EB Of -0,
=0

which makes clear the injectivity property, as well as the strict R-specializability of
the kernel of Ker[dloc : Ox[lH] — Ox], whose V=% reads @f;ol O, After
side-changing, we obtain similar results for Wx['H]. In the right setting, we find the
local identification

_ k—1 ~.
Wx @y 5, ViDx ~Wx ® @)(@X/&XJH) TR

We note that Kerdloc : wx[!H]—©x is supported on H, so, by strict Kashiwara’s
equivalence (Proposition 9.6.2), Kerdloc ~ ¢, (gry Kerdloc). The first point of the
proposition yields an isomorphism of grg VD x-modules

grg (Kerdloc) = gry (@x [1H]) = Bx ®@yog g1 Dx = (@x/@xIn) @y, 871 Dx,

since Jy acts by zero on gry VD x. The Euler vector field E acts by zero on both
sides: this is clear by definition for the left-hand side, and for the right-hand side, in
local coordinates, the right action of &t sends w wx to wxJy. Therefore, both sides
are DH modules by means of the identification DH = grg DX/Egrg‘DX, and the
isomorphism is as such.

11.2.7. Lemma (Dual residue lemma). In the right setting, we have a natural isomor-
phism of right D -modules:

dRes : gry (Ker dloc) =~ (@x /oxTm) Bry B gtV Dy =5 ooy
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giwen in a local decomposition X = H x A by

(a(x,t,z)axl AR axn,l A at) ® 5,5 — a(z, 0, z)aml A /\axn,l.

Proof. Note that dRes does not involve a Tate twist since dt® 5t has z-degree equal
to zero. Is is a matter of showing that the formula in the lemma is independent of the
choice of the decomposition X ~ H x A and of local the coordinates on H and A.
This is easily checked by considering the coordinate changes on X which preserve H,
that is, of the form z} = p;(x,t, z) and t' = tu(x,t, z) (argue as in Exercise 9.4). O

The lemma ends the proof of the proposition, which thus provides two exact se-
quences obtained one from the other by side-changing:

00— DL*((NDH) — (7)X[!H] — (~9X — 0,

0—)DL*((I)H)—>C~U)([!H] —)&X—>O O]

11.2.c. Generalization for strictly non-characteristic D x-modules

The properties of localization and dual localization for ) x and wx extend to arbi-
trary coherent D x-modules provided that they are strictly non-characteristic along H
(the general case of coherent D x-modules which are strictly R-specializable along H
will be treated in Sections 11.3.a and 11.4.a). In this section 11.2.c, we consider a
coherent right D x-module M for sunphc1ty and we assume that H is strictly non-
characteristic with respect to M. Then M = V_ 13\/[ is VOD x-coherent.

Localization. The naive localization M(xH) is strictly R-specializable as a D x (+H)-
module and VoM(xH) = M ®5 « Ox(H), as seen by computing in a local chart.
We then denote by M[«H] the D x-submodule VoM (xH)-Dx C M(xH). The natural
morphism M — JV[(*H) is injective since the action of ¢ is injective on M = V_13\~/[.
Hence the natural morphism loc : M — M[*H | is also injective.

Let us check that M[*H] M®OX OX[*H] (where the right-hand side is equipped

with its tensor structure of right D x-module). We have
Vo(M(+H)) - Dx = M @5, Ox(H)) Dx

(11.2.8) - o _ _
~ M®6x (‘Dx . Ox(H)) = M®6x Ox[*H]

11.2.9. Proposition. The natural morphism VOJ\N/[(*H) S Dy — JV[[*H] is an
isomorphism. Furthermore, J\?E[*H] is strictly R-specializable, as well as JV[[*H]/J\?E,
the latter being supported on H, hence isomorphic to DL*(grg(~[*H]/JV[)) =
ol (gry (M[*H])) Lastly, there exists a natural zsomorphzsm gry (M [*H]/JV[) ~
MH( 1), where My = DLH(M) 18 the restriction ofM to H, giving rise to an ezact

sequence

0 —s M —9C 4 N[+ H] —> e (VMg)(=1) —> 0.

Proof. For the first assertion, we replace - D x with ®V0@X® x in the sequence of

isomorphisms (11.2.8) and we use the isomorphism D x Oy By Ox(H) ~ Ox[«H]. The
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formulas for the V-filtration given in the proof of Proposition 11.2.2, when considered
in the right setting, extend in a straightforward way by replacing there wx with M.

Let us give details on the identification of Cokerloc with pi.(Mg)(—1). We con-
sider M as obtained by side-changing: M= Dy 5, Mt Then we have a residue
morphism

(@x ®g, MM)(H)/(@x 05, M) = (@x (H)/dx) @5, M"

Res ® Id LAJH(—:[) ®6X j/’tleft.

Furthermore, since wy - Iy = 0, the latter term is isomorphic to

(11.2.10) Gu(-1) ®g, (M /I M) = Gy (—1) @5, MG = Mu(-1),
which gives the desired identification, according to Kashiwara’s equivalence. O

11.2.11. Remark. If X = H3< Ay, and if we use the V-filtrations, we have M= V_1JV[
and gry (Coker loc) = grl (M[*H]). We have the identification (see Section 9.3.24)

e@dt:gr’ M 5 My (-1).
The isomorphism gr} (Cokerloc) — My (—1) can be written as the composition of
the isomorphisms
v o~ gr¥i(loc) | ~ Jodt ~
gry (M[xH]) —> gr’; (M[xH]) +——— gr’ ;M ——— Mg(-1).
11.2.12. Example. Let us consider the setting of Example 11.2.4. A lift of a local
section P, OF (Mor ®1®@dtY) of s (Mp)(—1) in M®[xH] is given by the formula

> k>0 OF(my /1), where my, is a lift of mex € J\~/CII‘?I& in vleft,
Dual localization. We define J?[[!H] = V,li/[ Oy By @X =M Qv By @X.

11.2.13. Proposition. The coherent @X—module Jﬁ[‘H] 1s strictly R-specializable with
V-filtration given by Vi—1(M[IH]) = M ®y, 5 ViDx, as well as the kernel of the

surjective morphism dloc : M[!H] — M, the latter being supported on H, hence

isomorphic to pi.(gry (Kerdloc)) = pu(gry (M[IH])). Lastly, there exists a natural

isomorphism gry (Ker dloc) ~ Mg giving rise to an evact sequence

0 — pee (VMa) — MH] -2, 31— 0.

Proof. With the same argument as in the proof of Proposition 11.2.6, we find a local
decomposition

~ - k=1 _ .

M®y 5, ViDx 2 M @D (M/MIg) -0,

i=0

showing the first properties and the fact that M Oy Dy Vkﬁ x is the V-filtration
Vk,l(f/[[!H]). It remains to prove the identification gry (Kerdloc) ~ My. In a first
step, we find

gry (Ker dloc) = gr(‘)/(JT/[[!H]) ~M Oy By gt/ Dx = (M/MIy) ®F,, ar’ Dx.
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Arguing as in (11.2.10), but with the dual residue map of Lemma 11.2.7, we find
(see Exercise 8.19)

(M/MIg) @, 81 VDx ~ (ox/oxTn) ® Brr (VEeft /g 5 et gy D o gtV Dy
~ (@x /0x 1) Oy gty Dx @5, (M /7 M")

dRes®1Id on ®, Nlefo _ JV[H 0

11.2.14. Remark. In the setting of Remark 11.2.11, we have gr} (Kerdloc) =

gr¥ (M[!H]). The isomorphism gr} (Kerloc) — My can be written as the composi-
tion of the isomorphisms

_ 3 _ gVi(dloc) |, .gd -
gry (M[LH]) ¢ gr¥y (MH])(1) ———— g’ ,M(1) ——— M.
Side-changing. For a left D x-module M = JV[left7 the dual localized module JV[['H |is
defined as D x Oy By M. Arguing as in Lemma 11.2.5, it is obtained by side-changing
from J\N/E‘"ight[!H], and the V-filtration is given by V*kJ\N/E[!H] =V Dx Qv B« M. It ad-
mits local decompositions

. -~ k=1
(11.2.15) ViDx @y g5 M=Ma @ My -0
i=0
Let us make explicit the left action of Dx on JVE['H ] in the local decomposition
(11.2.15). The action of Dy is the natural one on each coefficient, while

(11.2.16) ;- (mo +Y0, mi+15§+1) = i(mo) +mody + X129 mi19;
and
t- (mo + Zf__ol mi+18i+l) =tmg — Zk 2(1 + 2)ml+28

In particular, the decomposition (11 2.15) is stable under the action of VOD X- Fur-

thermore, the natural morphism M[‘H ] — M is induced by the projection to M and

the morphism

(11.2.17) @My -0t — P My -9l @dt”, miyy- 0 —s myyr - (—0;)" @ dt”
>0 i>0

identifies (see Example 8.7.7(2)) its kernel with the pushforward . (JVE ) (note that

the supplementary term 9; on the left-hand side adjusts the gradings).

Conclusion. 1t follows that, in the sequence

MpE] ~oC, 5t 100, N,

the natural morphisms Ker dloc — pu, (M) and 5, (Mg )(—1) — Cokerloc are iso-

morphisms. Furthermore, we have two exact sequences whose terms are strictly R-spe-
cializable along H:

0 — M <19 FH] — L0, (My) «— O,
(11.2.18)

0 — M 2%, N+ H] —> 0 (Mar)(=1) — 0.
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11.2.d. The restriction and Gysin morphisms associated to a strictly non-
characteristic hypersurface. Let us assume that X is compact and let ax : X —pt
denote the constant map. The constant map ay : H — pt is equal to ax o ¢, and we
denote both ax and ay by a for simplicity.

Let M be a coherent D x-module. We assume that H is strictly non-characteristic
with respect to M. Let M g denotes the pullback DL*JV[.

The exact sequences (11.2.18) give rise to two connecting morphisms

(11.2.19) 2l L Lo R 2 el (ot (W),

~ Gvs ~
0™ (o0e (M) = pa® My —22H D31,

where the isomorphisms are given by Corollary 8.7.27.

Let us set L = Ox(H), and let X; denote the Lefschetz operator on pas v
associated with the Tate-twisted Chern class (27i)c1 (L) € H2(X,Q(1)). Recall that,
if 77 is a closed de Rham representative of (27i)c(£) in T'(X, €% ), then X is induced
by the wedge product with 77 = n/z.

11.2.20. Proposition. Under the previous assumptions, the following diagram com-

mutes:

X ~
ALY = Da£k+2)M(1)

Gysgy restry /
Gysy

X ~
pal TN (—1) —— =5 T IMy

Proof. Each term in the diagram is the hypercohomology of a de Rham complex
"DR = DR[n]. The shift has the effect of multiplying the differentials of the complexes
by (—1)", and it follows that the connecting morphisms restry and Gysy are also
multiplied by (—1)". For the sake of simplicity, we will then argue with the non
shifted de Rham complexes and the result for the shifted complexes will follow.

On the other hand, it will be convenient to make use of a different realization
(11.2.22) below of the complexes involved in the exact sequences (11.2.19). This is
why we make use of the logarithmic de Rham complexes (see Section 9.2.a).

Computation of logarithmic de Rham complexes. Let M be a coherent left D x-mod-
ule such that H is strlctly non-characteristic with respect to M and let VM de-
note the V-filtration of M along H. Then M = VOM and VM = (VOM)(—H) :=
Ox(—H) ®F VOM (see Section 9.5). For a left VoD x-module N, we recall (Section

9.2.a) that the (unshifted) logarithmic de Rham complex DRjog N is defined by means
of logarithmic forms:

DRiog N = {0 = N Vs QL (log H) @ N — --- — Q% (log H) & N — 0}.

11.2.21. Lemma. For M and H as above, the natural morphism
DR(M[!H]) — DR(M)
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s 1isomorphic to the natural morphism
DRy (VM) — DR(VM) = DR(M)
and the natural morphism
DR(M) — DR(M[xH])
s 1tsomorphic to the natural morphism

DR(M) = DR(V°M) — DRyog (VOM).

Proof. Let us treat the case of JVE['H ] for example. The question is local in the
neighbourhood of H, and we can assume that X = A x H, where A is a disc with
coordinate . Then DR(M) is realized as the total complex of the double complex

DR.x/a (M) 2 DRx/a (M) and DRjog(N) as that of DRy, (N) 22 DRy, (N).

Since M is strictly non-characteristic along H, we have M = VOJV[, so that the
complex {M RN M} is equal to {VOM RN VOM}. On the other hand, since

O+ gr¥ (M[1H]) — gr™ (M[!H]) is an isomorphism for any k < 0, the inclusion
of complexes

(V*M['H)) i VOM[IH])} — {M[!H] i M[IH]}

is a quasi-isomorphism, and since ¢ : VO(M[!H]) — V*(M[!H]) is an isomorphism,
we find a quasi-isomorphism

{VY(M['H)) t—gt> VIOM[IH])} ~ {M[!H] i M[IH]}.

Finally, note that V’“(JV[[!H]) = VEM for k > 0. Applying the functor DRx/a
concludes the proof. O

After applying the de Rham functor DR to the exact sequences (11.2.18), we obtain
therefore two exact sequences of complexes that are quasi-isomorphic to the exact
sequences

0 — DRyge(V'M) — DR(M) — 1, DR(My) — 0,

~ ~. Res

(11.2.22) _
0 — DR(M) — DRjg(M) —— 1. DR(Mg)[-1](—1) — 0,

and we can replace restry and Gysy by the connecting morphisms of the hyperco-
homology sequences attached to these exact sequences, for which we use the same
notation.

C° logarithmic de Rham complexes. We will also consider C'*° variants of these com-
plexes. On the one hand, the pullback of forms extends to the Dolbeault resolutions
of 63( and ﬁ}{ Arguing as in Section 8.4.13, we can realize the right terms of the first
line of (11.2.22) by the corresponding C* complexes, so that we have a commutative
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diagram of exact sequences of complexes in which the last two vertical morphisms are
quasi-isomorphisms, hence so is the first one:

0 — DRygg (VM) — DR(M) —— 1. DR(My) —— 0

(11.2.23) l gl gl

0 X3 DR (M) — 1, DR®(Mpy) —— 0

where 9~C1 is defined as the kernel of the horizontal morphism of complexes.

On the other hand, we introduce the sheaf 81 (log H) of C* logarithmic 1-forms,
having as local basis near a pomt of H the forms dt / t,dt, dac27 dz;. The C'*° logarithmic
de Rham complex (8' (log H), d) contains (Ek,d) as a subcomplex, and the corre-
sponding inclusion is quasi-isomorphic to the inclusion (Qk,a) — (ﬁ}( (log H),a)
There is also a residue morphism

Res : (€5 (log H),d) — (1.5, —d) (1) = (1€, d)[~1](~1)

that is compatible with the holomorphic one. We choose the latter for constructing
the C'*° exact sequence below, leading to a commutative diagram:

0 — DR(M) — DRyog (M) 2 ., DR(M1)[1](—1) — 0

(11.2.24) l { zl

0 e DREZ, (M) -2, 1, DR (V) [

1](-1) —— 0

where 5~C§ is defined as the kernel of the horizontal morphism of complexes and the
left vertical morphism is thus a quasi-isomorphism.

We can instead define the complex e by replacing the commutative diagram
(11.2.23) with

0 — DRygg (VM) — DR(M) — 1. DR(Mpy) — 0

(11.2.25) zl { l

0 —— DR{S, (VM) —— DR (M) e 0

and deduce that the right vertical arrow is a quasi-isomorphism. Explicitly, we have
ek [Ek ® J\%/ﬁk (log H)(—H)] ® M. The restriction T*: factorizes through C*.
We denote by ¢* the natural morphism 8’“ ® M — CF and by T'*. the morphism
ek L*Slfq, so that T, = T"*1 0 t*. Then T, : C* — Ly DRDO(MH) is a quasi-
isomorphism.

For the corresponding diagram (11.2.24), we define the morphism

Res : €% (log H) @ M —s CF



11.2. LOCALIZATION AND DUAL LOCALIZATION 425

by sending a local section ((dt/t) A1 + p1) @ m to 1*(¢) © m). We then obtain the
commutative diagram

0 — DR(M) — DRyog (M) 5 4, DR(M)[~1](—1) —— 0

(11.2.26) { Zl {

0 —— DR (M) —— DR{%, (M) —— 3 €*[~1](~1) ———— 0

A representative of the Chern class. Let 0 € T'(X, &% (log H)) be any C* logarithmic
1-form on X that can be locally written as dt/t + ¢ for some C*° 1-form ¢, where
t = 0 is a local equation for H. Then n := df € I'(X, &% (log H)) belongs to the
subspace I'(X, €%) and is closed.

Let U = (U,) be an open covering of X by charts in which H N U, is defined by
the equation t,, = 0, where ¢, is part of a local coordinate system in U,. If (xa) is a
partition of unity adapted to this covering, then 8 = > x,dt,/t, satisfies the above
hypothesis.

11.2.27. Lemma. For 0 as above, the cohomology class of n = df in H*(X,&%) ~
H?(X,C) is equal to the complexified Chern class (2mi)c1(Ox (H)).

Proof. We can realize H?(X, C) as the cohomology of total complex of the Cech double
complex C*(U, €% ), with Cech differential § and de Rham differential d. We consider
the cochain (0,) € T'(U, &% (log H)) = CO(U, &L (log H)) defined as 6, = dt,/ta.
We have df, = 0 and the class of §(6,) in H?(X,C) is (27i)e1(Ox (H)). So the class
of (§ +d)(6,) is equal to (27i)er (O x (H)).

On the other hand, let us consider the cochain (0jy, ) €T'(U, X (log H)). Its 4-dif-
ferential is zero, and the class of (6 4+ d)(6)y,, ) in H*(X,C) is equal to that of df.

We end the proof by noting that the difference (6+d)((6jy, ) —(6a)) is a coboundary
in the total complex, since 8|y, — 0, € I'(Uy, &L). O

End of the proof of Proposition 11.2.20. Let us start with the right triangle. We will
make use of the complexes in (11.2.23) and (11.2.24). Let m € TI'(X, E’% ® JT/[)
be a closed global section of g’} ® M and let [m] denote its cohomology class.
Then restry ([m]) is the cohomology class of the image restry(m) of m by the re-
striction morphism induced by the lower line of (11.2.23). In order to compute
Gysy (restry([m])), one has to make explicit the connecting morphism coming from
the lower line of (11.2.24). One has to choose a lift 1 of restry(m) in the space
INO:¢ Ekﬂ(log H)®M), differentiate is as Dy, where D is the differential of the com-
plex DRj5, M; then Dy belongs to I'(X, 9{'“+2) and is closed there, defining thus a
class in H*"2(X,X3) ~ H**2(X, DRM).
Let us make explicit this process. We set 6= 0/z with 6 as in Lemma 11.2.27. One
can take p = 0 Am as a lift of restry(m). Since m is closed, we have Dy = dgAm =
77 A m, whose cohomology class is Xz ([m]), according to Lemma 11.2.27, as desired.
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Let us consider now the left triangle, for which we will make use of the complexes
n (11.2.25) and (11.2.26). Let [m] be a cohomology class in H*~1(X,C*). We also
denote by [m] a representative in I'(X,CF=1). Let m € I(X, E’;{l ® M) be a lift
of [m], that is, such that .*m = [m]. A lift of [m] by Res can be represented as
6 A'm and the composition restrg o Gysy ([m]) is the class of t*(D( A m)). Since
the class of .*(df A m) is the desired class X ([m]), it remains to show that the class
of 1*(§ A Dm) is zero. Since [m)] is closed, Dm is a section of ek x(log H)(—H) ® M.
It follows that 6 A Dm is a section of 8’”1 ® M which is locally a multiple of dt. Asa
consequence, the class of T*.((§ A Dm)) = T"*10 .*((8 A Dm)) is zero and since T"*¢
is a quasi-isomorphism, the class of +* (5 A Dm) is zero. O

11.2.e. The weak Lefschetz property. Although we cannot assert in such gen-
erality that the diagram of Proposition 11.2.20 defines an X-slp-quiver with Hj =
D.. Daik)f\?[, Gy = Daik)ﬁm ¢ = restry, v = Gysy (see Remark 3.1.9), we give a
criterion for the weak Lefschetz property of this quiver to hold (see Definition 3.1.13).
It will be used in the proof of the Hodge-Saito theorem 14.3.1.

11.2.28. Proposition (A criterion for the weak Lefschetz property)
Let f: X — Y be a morphism between smooth projective varieties, and let H be

a smooth hypersurface of X.

(1) Assume that H is a divisor of the line bundle Ox(1).

(2) Assume that M is coherent, strict, and that H is strictly non-characteristic
with respect to M.
Let restryg : p fk)M — f (k+1) MH (resp. Gysy : Df* MH — Df*k+1 M(1)) be the
connecting morphisms obtained by applying p f+ to the exact sequences (11.2.18).

(3) Lastly, assume that, for all k € Z, restry (resp. GysH) is a strict morphism.

Then restry : Df* M — f(kH)M (resp. Gysy : Df* J\/[ — f (k+1) ( )) is an
isomorphism if k > 1 and is onto if k = 0.

Proof. According to the long exact sequence deduced from the first (resp. second) line
(11.2.18), it is a matter of proving that L (M[+H]) = 0 for k > 1. The strictness
assumption (3) implies that , fik)(ﬁ[*H ]) is strict for any k. It is then enough to
prove that the Dy-module underlying Dfik)(Jv[[*H]) is zero for k > 1. This module is
nothing but the pushforward of the D x-module underlying M[«H], that is, M(+H).
For the final part of the argument, it will be convenient to express the pushforward
complex p, fxM(*H) as a complex in nonnegative degrees. We will thus make use of
Formula (8.52 %) with no shift. Furthermore, we recall that, since X \ H is affine, for
any coherent O x-module IT the pushforward R"** f, F (xH) vanishes for k& > 1.(1)

(D Let us recall the proof: by considering the order of the pole along H, ?(*H) is the inductive limit
of O x-coherent submodules ?(*H)[ and, since f is proper, R""'kf*g"(*H) = H_r)ne Rn+kf*§:(*H)[;
by GAGA, each ?(*H)[ is the analytification of a coherent O yaiz-module, and the pushforward,
as well as its inductive limit, can be computed with the Zariski topology; the latter is then equal
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Since M is strict, M admits a coherent filtration F,M (Proposition 8.8.5(2)). To-
gether with the filtration of Dy by the order of differential operators, we obtain a
filtration of Q% @ (vleft ® 15, f~1Dy) by O x-coherent modules for any k, by means
of which we derive a filtration F,,C* of the complex

C" = 0% ® (MM (+H) @,_,5, f'Dy)

whose terms take the form F(xH) with F being O x-coherent (see 8.4.9). This complex
is in nonnegative degrees (we did not shift it as in (8.52)) and R"*¥ f, of each of its
terms vanishes for k£ > 1. Therefore, R”+kf*(FpC") = 0 for each p and each k > 1
Passing to the inductive limit (f is proper), we conclude that R"**f,(C*) = 0 for
k > 1, which is the desired assertion. O

11.3. Localization of @X-modules

Our aim in this section is to define, for any effective divisor D in X, a localization
functor with values in the category of strictly R-specializable D x-modules along D.
In the case of Dx-modules, the localization coincides with the naive localization,
but we will present the localization in a uniform way for D yx-modules and graded
D x = RpDx-modules with our usual convention for the meaning of D x and of
strictness.

11.3.a. Localization along a smooth hypersurface for @X-modules

If M is a coherent graded D x = RpDx-module which is strictly R—spemahzable
we cannot assert that M(*H ) is coherent. However, the natural morphism V<03\/[ —
M (xH) is injective since VooM has no Jy-torsion. For ar€[~1,0) and k>1, let us set

Vo x M(xH) = VoMt ™% € M(xH),
where ¢ is any local reduced equation of H. Each V. M(*H ) is a coherent VoDx-
submodule of M(*H) which satisfies V. M(*H)t =V, \M(xH) and V- M(*H)@t
Vi1 M(xH) (multiply both terms by t¢). Lastly, each gr,‘y/M(*H) is strict, being
isomorphic to gr - 13\/( ifvy>0

11.3.1. Definition (Localization of strictly R-specializable D x-modules)
For a coherent D x-module which is strictly R-specializable along H, the localized
module is (see 9.3.25(b))

M[«H] = Vo(M(xH)) - Dx C M(xH).

11.3.2. Remark. The construction of M[*H] only depends on the D (*H)-module
M(xH), provided it is strictly R-specializable in the sense given in the introduction of
this chapter. In Proposition 11.3.3 below, we could have started from such a module.

to Rntk palegale whose germ in y € Y is the inductive limit, taken on the affine open neighbor-

| X~H’
hoods V of y, of the cohomologies H™ 5 (f V),?‘a)l(g\H); since f|;(1\H(V) is affine, each such

f ! (
| X~H
cohomology vanishes if k > 1
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11.3.3. Proposition (Properties of the localization along H). Assume that Mis D x -cohe-
rent and strictly R-specializable along H. Then we have the following properties.

(1) M[*H] is D x -coherent and stmctly R-specializable along H .

(2) The natural morphism M — M(xH) factorizes through M[xH], so defines a
morphism loc : M — M[*H] and induces an isomorphism

VoM — Vo (M[+H]),
and in particular
grfy/loc : grfy/if[ = gr,‘y/(JT/E[*H]) for any v € [-1,0).

loc

Moreover, if X ~ H X At, the complex M 25 JV[[*H] 18 quasi-tsomorphic to the
complex ¢, 13\7[ MY WPe, 13\/[

(3) For every v, we have VA,JT/[[*H] = VVJ%(*H) NM[«H| and, for v <0, we have
V,MxH] = V, M(xH).

(4) We have, with respect to a local product decomposition X ~ H x Ay,

V'yf/[ if v <0,
V. N VoM(xH) = V_1 M- t‘1 if v =0,
VMo Z VoM(xH)D! in M(xH), if v > 0.
(5) (M[xH]/(z = YM[xH]) = (M/(z = )M)(+H), and M[xH][z~!]=M(«H)[="].

(6 ) If t is a local generator of Iy, the multiplication by t induces an isomorphism
gry M[*H] =gV 1M[*H]

(7) M[ H| = VO(M( H)) Oy 5y Dx-

(8) Assume M = M is a morphism between strictly R-specializable coherent
D x -modules which induces an isomorphism M(xH) — M'(xH) (i.e., whose restric-
tion to Vg is an isomorphism). Assume moreover that M satisfies (6), i.e., the
multiplication by t induces an isomorphism grj VM =5 grV M. Then M/ ~ J\?[[*H]
More precisely, the induced morphism M[*H] — M’[*H] is an isomorphism, as well
as M/ — M/[xH].

(9) Let M, M be as in (8). Then any morphism M — M[«H] factorizes through
M [«H]. In partzcular if M is supported on H, such a morphism s zero.

(10) If M is strict, then so is M[*H]

(11) Let 0 — M’ — M — M” — 0 be an ezact sequence of coherent strictly
R-specializable DX—modules. Then the sequence

0 — M/[xH] — M[xH] — M"[xH] — 0

is exact.

Proof. The D x-coherence of M[xH] is clear, by definition. Let us set U,M[xH] =
Va(M(xH)) N M[xH] as in (3). Our first goal is to show both that M[«H] is strictly

R-specializable and that U,M[«H] is its Kashiwara-Malgrange filtration.
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Note that U,M[«H] is a coherent VoD x-submodule of M[xH] (locally, JVE[*H] has
a coherent V-filtration, which induces on V, (J\N/[(*H )) a filtration by coherent VO'D x-
submodules, which is thus locally stationary since Vi (M(xH )) is VoD x-coherent).
It satisfies in an obvious way the following local properties:

« UM[xH]t C Ug_1M[+H],

« UsM[H]9, C Uyt M[xH],

. grgJ\N/E[*H] C ngJV[(*H) is strict.
Since by definition VoM(xH) C J\~/[[*H] it is clear that UM[xH] = VoM (xH) for
o < 0, and thus Uaf/[[*H]t = Uy 1M[*H] for such an «. To prove our assertion,
we will check that UsM[«H] = U.oM[*H] + Ua_yM[xH], for a > 0, i.e., 9, :
grgflﬂ[[*H] — grgi/[[*H} is onto. We will prove the following assertion, Which is
enough for our purpose:

11.3.4. Assertion. For every o € [-1,0) and k > 1, if m := Z;‘V:o mjgf € Vo M(+H)
with m; € VOJT/((*H) (j=0,...,N), then one can re-write m as a similar sum with
N < k and my, € VoM (xH).

Let us first reduce to N < k. If N > k, we have mNg e Vn_ 13%(*H) which
is equivalent to mNaN tN ¢ V 1M(*H ) by definition. We note that, by strictness,
ONtN is injective on grgM(*H) for § > —1. We conclude that my € V_ 1M(*H)
We can set my_; = my_1 +mN8t € VoM(xH) and decrease N by one. We can thus
assume that N = k.

Iftmy eV, M(*H) with 7 > a, we argue as above that mt*dF € V, M(*H) hence
my € Ve, M M(+H) by the same argument as above, and we finally find my, € V,, M(*H)
Now, (1) and (3) are proved, and (2) is then clear (according to Proposition 9.3.38 for
the last statement), as well as (4). Then (5) means that, for D x-modules, there is no
difference between JVE[*H ] and JV[(*H ), which is true since JV[(*H ) is R-specializable,
so D x-generated by VoM (xH).

For (6), we note that, by (3), 8rg M[*H] = grg M(*H) and gr’ 1ﬁ[*H] =
gr¥ M(xH), and by definition ¢ : gry M(*H) s arV 1M(*H) is an isomorphism.

Let us now prove (7). Set M/ = Vo(M(xH)) OB x Dx. By definition, we have a
natural surjective morphism M’ — M[+H] and the composition Vo(M(xH)) — M’ —
M|[«H] is injective, where the first morphism is defined by m — m ® 1. We thus have
Vo(M(xH)) € M and we set Vy M/ = Zf o VoM M(xH)d? for k > 0. Let us check that,
for k > 1, 8 :grg VM = gry VM is injective. We have a commutative diagram (here
gry means Vi /Vj_1) B

K
gy M ———— g/ M

Lo,

gry M[*H] 4> gry Y M[xH)|

where the lower horizontal isomorphism follows from strict R-specializability of M[xH]
and Proposition 9.3.25(d). Therefore, the upper horizontal arrow is injective. Note
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that it is onto by definition. As a consequence, all arrows are isomorphisms, and it
follows, by taking the inductive limit on k, that M/ — M[+H] is an isomorphism.

For (8) we notice that, since VoM(xH) —= VoM (*H) and according to (7), we have
J\~/[[*H] 5 M/'[«H]. Since M/ is strictly R-specializable and satisfies (6), we have
M’ € M/(xH) and VoM’ = VoM'(xH). Still due to the strict R-specializability, M’ is
generated by VOJ% hence we conclude by Definition 11.3.1.

For (9), we remark that a morphism M — M[*H ] induces a morphism M/ (xH) —
M[«H](xH) = M(xH) and thus VoM (xH) — VOJ\/[( H), hence the first assertion
follows (7). The second assertion is then clear, since M[«H] C M/ (xH).

(10) holds since, if M is strict, then M(*H) is also strict, and thus so is M[*H]

It remains to prove (11). By flatness of OX(*H) over O, the sequence

0 — M/ (xH) — M(xH) — M"(+xH) — 0
is exact, and by Exercise 9.20(2), the sub-sequence
00—V M=V M-—-V M —0
is also exact. It follows that the sequence
0 — VoM (xH) — VoM (xH) — VoM” (xH) — 0
is exact. By (7) we conclude that the sequence
M/ [xH] — M[xH] — M"[xH] — 0
is exact. Since JT/E[*H] C JV[(*H), the injectivity of M’ [«H] — JV[[*H] is clear. O

11.3.5. Remark (strict R-specializability of loc). The kernel of loc : M — M[xH]
is strictly R-specializable along H and supported on H. Indeed, by Proposition
11.3.3(2), in any local setting X = H x Ay, it is equal to the pushforward by ¢y of the
kernel of var : d)t,lf/[ — 1/)“3;[(—1), which is strict. In particular, loc : M — JT/[[*H]
is injective if and only if, in any local setting, var; is injective.

On the other hand, Coker loc, which is also supported on H, may not be strictly
R-specializable along H without any further hypothesis. It is so if and only if, in any
local setting, Coker var, is strict, i.e., the morphism vary is strictly R-specializable. For
example, it is so if M is strongly strictly R-specializable along H (Definition 9.3.27).

11.3.6. Remark (Side-changing and localization). If M is a left D x-module, we de-
fine M[«H] as the submodule of M(+H) generated by V" M. We will check that
Mright [« /| ~ (M[«H])" €% This relation clearly holds for the naive localization, i.e.,
if we replace [«H| with (xH). Then the morphism Mrght — (M[xH])rieht = M/
obtained by side-changing from the natural morphism M — M[*H | satisfies the as-
sumptions of Proposition 11.3.3(8), proving the desired isomorphism. If H is strictly
non-characteristic with respect to M, we then have M[*H | =~ ) x[*H] ®g M.

11.3.7. Remark (The de Rham complex of JT/[[*H ]). Since multiplication by ¢ is injective
on Vo(M(xH)), we can apply Proposition 9.2.2 to M[*H| because of the expression
11.3.3(7), and obtain a logarithmic expression of "DR(M[*H]):

"DR(M[*H]) ~ "DRiog(Vo(M(xH))).
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11.3.8. Remark (Restriction to z = 1). Let M be as in Proposition 11.3.3 and let us
set M = JV[/(Z - 1)3% Then M is R-specializable along H (see Exercise 9.24) and
V.M = V.M/(z — 1)V,M. Furthermore, since Proposition 11.3.3 also holds in the
setting of D x-modules, we have M[xH| = VoM(xH) Qv,n, Dx.

On the other hand, by using Exercise 9.24, one also checks that, from Definition
11.3.1 in the setting of D x-modules, M[xH] = M(*xH ).

11.3.b. Localization along an effective divisor

Let g : X — C be a holomorphic function. Let M be a coherent @X—module
which is strictly R-specializable along (g). We say that M is localizable along (g) if
there exists a coherent D x-module N such that (M V[xH| = ﬂg. Recall indeed that
Kashiwara’s equivalence is not strong enough in the filtered case in order to ensure
the existence of N. Nevertheless, by full faithfulness, if N exists, it is unique, and we
denote it by ﬁ([*g] At this point, some checks are in order.

o Assume that g is smooth. Then one can check (Exercise 11.1) that J\N/[[*g] as
defined by 11.3.1 satisfies the defining property above, so there is no discrepancy
between Definition 11.3.1 and the definition above.

« By uniqueness, the local existence of J\N/[[*g] implies its global existence.

« Let u be an invertible holomorphic function on X. We denote by ¢, : X x C —
X x C the isomorphism defined by (z,t) — (x,u(x)t), so that ¢,y = ¢, 0ty. We con-
tinue to set H = X x {0}, so that ¢, induces the identity on H.

Let M be a coherent D x-module which is strictly R- specializable along (g). If M
is localizable along (g), then it is so along (ug) and we have M[xg] = M[+ug]. Indeed,
one checks that

DPux ((ﬁg)[*H]) = (DLug*ﬁ) [*H],

and this implies (DLug*f{)[*H} = DLug*(jVV[[*gD7 hence the assertion by uniqueness.

11.3.9. Definition (Localization along an effective divisor). Let D be an effective divisor
on X. We then say that M is localizable along D if M is a coherent D y-module
which is strictly R-specializable along D (see Definition 9.4.1) and such that M[*g]
exists locally for some (or any) local reduced equation g « defining the divisor D. The
localized module, obtained by gluing the various local M[xg], is denoted by M[D],
and the complex M — M[*D] is denoted by RF[D]M

11.3.10. Corollary (Properties of the localization along (g)). Let g : X — C be a holo-
morphic function and let M be Dx-coherent and strictly R-specializable along (g).
Set H=X x {0} C X x C. Assume moreover that M is localizable along (g).

(1) The D x -module Jﬁ[*g] is strictly R-specializable along (g) and

var : ¢g}1(3\~/t[*g]) — Yy, 1( [* 9])( 1)

s an isomorphism.
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(2) There exists a natural morphism loc : JV[—)JT/[[*g] This morphism induces an
isomorphism
M(xg) = (Mlx]) (x9).
and isomorphisms
wg,AJVEL)wg’A (f{[*g]) for every A.

Moreover, we have a commutative diagram

~ 1 _
poa il — 22 (Bleg)

Var’ﬁl 2lvarﬁ[*g}
= I -
B e(—1) 221 (e (<)

and Kerloc (resp. Cokerloc) is identified with Ker vars; (resp. Coker vars: ).

(3) Given a short exact sequence of coherent @X -modules which are strictly R-spe-
cializable and localizable along (g), the [xg] sequence is exact.

Proof. This follows from Proposition 11.3.3 by using full faithfulness of ¢4 (Propo-
sition 9.6.2) and Proposition 9.6.6. O

11.3.11. Remark. The proof gives in particular that ¢4.loc, = locy.

11.3.12. Remark (Remark 11.3.2 continued). One easily checks that pig..(M(*xg)) =
(ﬁg)(*H), so that, in Corollary 11.3.10, we could start from a coherent @X(*g)—
module M, which is strictly R-specializable. One deduces that the construction JVE[*g]
only depen§s on the naively localized module JV[(*D) Similarly, for an effective

divisor D, M[«D] (when it exists) only depends on M (D).

11.3.13. Remark (Restriction to z = 1). Assume that Mis D X—c~oherent a1~1d is strictly
R-specializable and localizable along (g). Then, setting M = M/(z — 1)M,

(M) (xH)/(z = 1)(My) (+H) = (M) (+H),
the same holds for V; (see Remark 11.3.8), and thus

(M) [xH]/(z = )(My) [xH] = (M) (+H).

As a consequence,

Mg/ (z = 1)M[xg] = M(xg).
11.3.14. Example (The case of holonomic D x-modules). The main example of special-
izable coherent D x-modules are the holonomic D x-modules. This is the origin of
the theory of the Bernstein-Sato polynomial. The roots of the Bernstein polynomials
are not necessarily real, but a similar theory applies. For such a D x-module, the
localized module M(xD) is D x-holonomic (see e.g. [Bj693, Prop. 3.2.14]). As a con-
sequence, if M is smooth on X ~ D, M(xD) is coherent over Ox (xD). Indeed, the
assertion is local, so we can assume that M has a coherent filtration F,M such that
FoMixp = M|xp- For k > 0, the inclusion FoM < F; .M has an Ox-coherent
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cokernel supported on D, hence it induces an isomorphism FoyM(xD) — FM(*D).
Passing to the limit k — oo, we find FyM — M(*D).

11.4. Dual localization

In this section, we treat simultaneously the case of D x-modules and that of graded
RrD x-modules, so D x means either of these sheaves. The Kashiwara-Malgrange fil-
tration enables one to give a comprehensive definition of the dual localization functor,
which should be thought of as the adjoint of the localization functor by the D x-mod-
ule duality functor. We will give a direct definition and we will not need the duality
functor.

11.4.a. Dual localization along a smooth hypersurface

11.4.1. Definition (Dual localization along a smooth hypersurface)

Let H C X be a smooth hypersurface and let M be a coherent rlght D x-mod-
ule which is strictly R-specializable along H. The dual localization of M along H is
defined as

M H] := VoM Oy Dx

11.4.2. Proposition (Properties of the dual localization along H)
Assume that M is @X—coherent and strictly R-specializable along H. Then the

following properties hold.

(1) M[1H] is D -coherent and strictly R-specializable along H.

(2) The natural morphism dloc : M[IH] — M induces an isomorphism

VooM[IH] =5 VoM,
and in particular
gr¥ dloc : grylj\%[!H] = nglﬁ.
(3) With respect to a local decomposition X ~ H x Ay,
0 : grYﬂ%[!H] — 8y M['H]( 1)

is an isomorphism, and Ker gr}/ dloc (resp Coker gr¥ dloc) is isomorphic to the kernel
(resp. cokernel) of 9, = gr¥ , M(1) — grg VM. Furthermore, the complex M[IH] 5 dlog
18 quasi- zsomorphzc to the complex 1y, 13\/[ “an O, 13\/E

(4) Assume M — Mis a morphism between strzctly R-specializable coherent
D x -modules which induces an isomorphism M’(*H) — J\/[(*H) (i.e., whose restric-
tion to V<o is an isomorphism). Assume moreover that M satisfies (3), i.e., the
action of 8y induces an isomorphism gr‘_/li/[/ = grg M/( 1). Then M~ JVE[!H].
More precisely, the induced morphism JV[’[!H] — M['H} s an isomorphism, as well
as M/[IH] — M.

(5) Let M, M be as in , (4). Then any morphism M[IH] = M’ factorizes through
JV[’['H} In particular, sz 18 supported on H, such a morphism is zero.

(6) If M is strict, then so is M[IH].
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(7) Let 0 — M — M — M” — 0 be an ezact sequence of coherent strictly R-spe-
cializable D x -modules. Then the sequence

0 — M'[\H] — M[!H] — M"[\H] — 0
18 exact.

Proof. We first locally construct a D x-module JV[; which satisfies all properties
described in Proposition 11.4.2, and we then identify it with the globally defined
D x-module JT/E['H ]. The question is therefore local on X and we can assume that
X ~ H x A;. We will use the notation and results of Section 9.3.39.

Step 1. We search for JVE! with a morphism JVE; Y inducing an isomorphism
V<OJVE| — V<OJ\~/[ hence v, AJ\~/[; 5 by AJ\~/[ for every A € S', and such that gbt 13\7[1
is naturally identified to the graph of cany; : 13\/[ — ¢y, 13\/[ hence to v, 13\/[ SO
that )y, 13\/[: — 1[1,5 1M is the 1dent1ty, while qbt 1Mu — Py, 1M is induced by the second
projection wtﬂv[ &) qi)t,lM — qzﬁt,lf!\/[, hence can be identified with cans;.

We use the identification analogous to that of 9.3.39(3) of J\~/[/1£_13\~/[ with

1 01 8T M|s]. n the other hand, we introduce a similar V3D x-module
ae(=1,0] M On th her hand d lar V4D dul
structure on gr¥, M(1)[s] by setting
0 if j =0,
WAl t=0 G 1
(WHE+G - 1)2)s/ " ifj =1
(1) s)t0;, = (W) (E+(j — 1)2)) s

One checks similarly that this is indeed a VoD y-module structure (i.e., [td;,t] acts
as zt), but the action of 9, defined as the multiplication by s, does not extend this
structure as a D y-module structure (see Section 9.3.39(4)). We then notice that the
morphism
p:grY M(1)[s] — gry M[s] € M/V_1M
ns! — (u)0,)s7

is VO@ x-linear.

Given a local section m of M, we denote by [m] its class in M/V_{M =
@ae( 1,0] gr,M[s], and by [m]y = > isolm ](J)SJ the component of this class in
gry V'M[s]. Let us consider the VoD x-submodule M; € M @ gr¥,M(1)[s] consisting
of pairs (m, p—1) of local sections such that [m]o = p(u—1) (since the maps p and
m [ lo are VO'DX—hnear Mn is indeed a VODX submodule). We will extend
the VOD x-module structure on 3\/[1 toa D x-module structure so that the natural
morphism M; — M induced by the first t projection is D x-linear.

We have a decomposition M/Ve_1M ~ gr¥ M & Doc(—1,0 8 VM[s] and, for a

local section m of J\/[ we can write

[mdy)o = cangg[m (0) + Z Vgl = cangg[m ](_O% + [m]os,
j=>1
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where [m] (f)% obviously denotes the component of m mod V<,1JT/f in grflf/[. For any

local section (m, p_1) of M; we define

(m, p-1)By = (my, [m] ) + p_1s).

The rightN—hand term is easily checked to belong to J\~/E!. We now check that
(m, p—1)[0¢,t] = z(m, p—1). On the one hand, we have

(m, pi—1)0t = (mgtt, ([m](f? + p_1s)t) = (mgtt, > is0(N+ jz)u(j%sj)
= (mgtt, ﬂ_létt),
and, on the other hand,
mt, o (N + (G = D)2)ul) 1),

mtoy, [mt] © 1t 2 N+ (- 1)z ),u( )s]>

(m, p— ltat (
=

=vars[m]y’ = vars;(cans; pu )) Nu(_of. As a consequence,

(0)
1 M M

Moreover, we have [mt]"
(1) (01, £] = (2m, 21+ varse[m]” — Nu®) = 2(m, p—1).

Since M is D x-coherent and gr” 13\/[ is D g-coherent, one concludes easily that M; is

D x-coherent.
We set

— a

VoM@ gr¥ M(1)[s]) == VoM @ @ gr¥ M(1)s?

The induced filtration V, M, := M; N V,, (J\/[ e gr‘_/lM(l)[sD satisfies VoM == VM
for a < 0 and
ngJ\~/[ ifagN,
gra M = ¢ {([ml§”, 1) € e Mo er¥ , M(1) | [m] = cange u¥]} - 57 if @ =
~ grV M(1)s?

It is clear that this is a coherent V-filtration and that M, satisfies 11.4.2(1)—(3).

Identification between M[\H] and M,. Since VoM, = V_oM, the natural morphism
M[!H] — M[!H] is an isomorphism, and we will prove that the natural morphism

(11.4.3) j\V/[![!H] = V<ij[g ®V By @X — J%!

is an isomorphism. For any coherent D x-module N which is strictly R-specializable
along H, the natural morphism VON Qv By D x = N is onto, and if cang is onto,

then VooN Qv B« Dx — N is also onto. Since cang; is an isomorphism, (11.4.3) is
onto.
The composition VeoM; =~ VooMi[IH] — M[IH] — M, so (11.4.3) is injec-

tive when restricted to the Voo part. We V-filter M;[!H] by setting U, My[\H] =
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> i<k VooM3!, so that UooM[\H] = VoM. For k > 1 we have a commutative
diagram

(U<O/U<71)3\~/[! [1H] S (V<0/V<71)3%

5;{ zléf
(Uar/Usrmt) ML H)(—k) —— (Vi / Vi1 )My ()

The left down arrow is onto by definition, and since the right down arrow is an
isomorphism by the properties of 3\7[1, the left down arrow is also an isomorphism, as
well as the lower horizontal arrow, showing by induction on k that M, [H] — M, is
an isomorphism, so My[1H] = M['H] satisfies 11.4.2(1)—(3).

We now prove (4). Since V<0M = V<0M Definition 11.4.1 implies M'[\H] >
M[!H]. It remains to check that M'[!H] — M’ is an isomorphism. Since the question
is local, it is enough to check that the morphism JV[’ — M is an isomorphism, which

is straightforward from the construction of M,, with the assumption that can, is an

ot
isomorphism.

For (5), we remark that the morphism JV[['H] — M’ restricts to a morphism
V<OJT/[[!H] = VoM — VoM, so the first assertion follows from Definition 11.4.1.
The second one is then obvious since V<03\~/[ =0if M’ is supported on H.

Let us now check (6), that is, the strictness of M[!H]. One check it locally for M,
for which it is clear since M, € M & gr¥, M(1)[s].

It remains to prove (7). The argument is the same as for 11.3.3(11) except for
the injectivity of M/[!H] — M[!H]. In order to prove this property, we notice that
Voo [H] — V<0M['H] is injective, according to (2). It is then enough to check the
injectivity of ngJ\/[’['H] — ngM['H] for every a > 0. Due to the strict R-speciali-
zability of M’['H] M['H] injectivity holds for every « ¢ Z since ngJV[' — ngM is
injective. Similarly, if « is a non-negative integer, the injectivity at a holds if and
only if it holds at &« = 0. Now, (3) reduces this check to the case a = —1, where the

injectivity holds since gr” 13\/[’ — gr’ 13\/[ is injective. O

11.4.4. Remark (Remark 11.3.2 continued). Clearly, J\N/[['H | only depends on J\N/[(*H ), sO
that, in Proposition 11.4.2, we could start from a coherent D x (*H )-module M which
is strictly R-specializable.

11.4.5. Remark (Uniqueness of the morphism dloc). Let dloc’ : M[IH] — M be a mor-
phism whose naive localization dloc(, s : M[IH](+H) — M(+H) coincides with the
naive localization dloc, gy of dloc. Then dloc’ = dloc. Indeed, the assumption implies
that dloc’ coincides with dloc when restricted to V<OJ\/[['H ] = VooM. Both induce
then the same morphism M[!H] = VooM Oy By Dy = M.

11.4.6. Remark. The kernel of the morphism dloc : M[LH] — M is strictly R-speciali-
zable along H and supported on H. Indeed, in any local setting X = H x A, it is
identified with the pushforward by ¢g of Ker[can : ¢, 1M — ¢, 1M], which is strict.
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On the other hand, Coker[dloc : M[!H] — M], which is supported on H, need not
be strictly R-specializable without any further assumption. It is so if and only if, in
any local setting, Coker can is strict, i.e., can : wmi/[ — ¢t,1JV[ is strictly R-speciali-
zable along H.

11.4.7. Remark (Side-changing and dual localization). If Mis a left D y- module, we de-
fine M[!H] = Dy vy Vo IM. Let us check that MY eht[IH] ~ (J\/E['H])“ght This
relation clearly holds for the naive localization, i.e., if we replace [|H] with (xH).
Then the morphism M’ = (M[LH])"sht — f{right obtained by side-changing from the
natural morphism M[!H] — M satisfies the assumptions of Proposition 11.4.2(4),
proving the desired isomorphism.

11.4.8. Remark (The de Rham complex of J\N/[['H ])- Since multiplication by ¢ is injec-
tive on Vo(M), we can apply Proposition 9.2.2 to M[!H] and obtain a logarithmic
expression of "DR(M[!H]):

"DR(M[!H]) ~ "DRyog (Vo (M)).

11.4.b. Dual localization along an arbitrary effective divisor

We keep the same notation as in Section 11.3.b. Let D be an effective divisor on X
and let M be D x-coherent and strictly R-specializable along D. We say that M is
dual-localizable along D if for some (or any) local reduced equation g defining D, there
exists a coherent D x-module M[lg] such that DLQ*(ﬁ[!g]) = (ff[g)[!H}. The various
checks done in Section 11.3.b can be done similarly here in order to fully justify this
definition.

11.4.9. Corollary (Properties of the dual localization along (g))
Let g : X — C be a holomorphic function and let M be DX coherent, strictly
R-specializable and dual-localizable along (g). Set H =X x {0} C X x C.

(1) The Dx-module M[lg] is strictly R-specializable along (g) and
can : Pg,1(M[lg]) — ¢g.1(M[lg])
s an isomorphism.

(2) There is a natural morphism dloc : M[lg] — M. This morphism induces an
isomorphism

(Mllg]) (+g) = M(xg),
and therefore isomorphisms
g, A( ! ]) - g, ,\M for every \.

Moreover, we have a commutative diagram

1q.1dloc ~

g1 (M[lg]) —"— g1 M
canﬁ[!g]b lcanﬁ

¢g,1dloc ~

g1 (M[lg]) —2— dg 1M

and Ker dloc (resp. Cokerdloc) is identified with Ker cansz (resp. Coker cangy ).
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(3) Given a short exact sequence of coherent @X -modules which are strictly R-spe-
cializable and dual-localizable along (g), the [lg] sequence is exact.

Proof. Similar to that of Corollary 11.3.10. O

11.4.10. Remark. Denoting by dloc? resp. dloc’ the morphism given by 11.4.9(2)
resp. the same for ¢, the proof gives in particular that g, (dloc?) = dloc’.

11.4.11. ReNmark (Remark 11.3.2 continued). In Corollary 11.4.9, we could start from a
coherent D x (xg)-module M which is strictly R-specializable and, globally, we could
start from a coherent D x (xD)-module M which is strictly R-specializable.

11.4.12. Remark (Restriction to z = 1). One proves as in Remark 11.3.13 that dual
localization behaves well with respect to the restriction z = 1.

11.5. D-localizable D x-modules and middle extension
Let D be an arbitrary effective divisor.

11.5.1. Definition (D-localizable D x-modules). Assume that M is strictly R-speciali-
zable along D. We say that it is D-localizable if it is localizable and dual-localizable
along D. The localized (resp. dual localized) module M[xD] (x = x, resp. x = !) is
then well-defined and is strictly R-specializable along D.

Recall that, if D = H is smooth, any M which is D x-coherent and strictly R-spe-
cializable along D is D-localizable. On the other hand, for D x-modules, R-speciali-
zability implies D-localizability, whatever D is.

11.5.2. Definition (Middle extension). Assume that Mis D x-coherent, strictly R-spe-
cializable and localizable along an effective divisor D. The image of the composed
morphism M['D] - M = M[*D] is called the middle extension of M along D and
denoted by M['*D]

Note however that we do not assert that J\?E[!*D] is strictly R-specializable along D.
Nevertheless, if D = (g), DLg*(M[!*D]) is the image of DLg*(JVE[!D]) — DLg*(JVE[*D}),
that is, the image of (M )IH] — (Jﬁg)[*H], and it is R-specializable along H with
strict V-graded objects, according to Exercise 9.23(2). We will still use the no-
tation ¢y \M[!+D] and ¢g 1 M[1xD] for gr¥ (pie.(M[!+D]))(1) for a € [~1,0) and
gry (DLQ*(JT/[[!*D])) respectively.

11.5.3. Example. Assume that D = (g) and that M is strictly R-specializable and
localizable along D (if D = H is smooth, the latter condition holds if the former
holds). Assume moreover that can is onto and var is injective, that is, M is a middle
extension along (g) Then, according to Remarks 11.3.5 and 11.4.6, J\?(['D] — M is
onto and M — M[xD] is injective, so M = M[!xD], and in particular M[1+D] is strictly
R-specializable along D. (See also Remark 3.3.12.) This property holds for example
if M is strictly non-characteristic along H.
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11.5.4. Proposition (A criterion for the strict R-specializability of JT/[['* aD

Assume that M is @X-coherent, strictly R-specializable and localizable along (g).
If N = varocan : ¥, 1M — by 1 M(—1) is a strict morphism, then M|[lxg] is strictly
R-specializable along (g).

Proof. This follows from Exercise 11.4. O

11.5.5. Remark (Restriction to z = 1). If M satisfies the assumptions in Definition
11.5.2, then the restriction to z = 1 of the middle extension J\N/[[!*D] is equal to
the D x-module middle extension M(!xD). Indeed, by tensoring over C with @[z‘l]
we obtain that M[!%D][z~1] is the image of M[!D][z"!] in M[*D][z"]. According
to Remarks 11.4.12 and 11.3.13 we have M[!D][z"!] = M(!D) ®&¢ Clz,271] and

M[*D][z7!] = M(xD) ®c C[z,271], and there exists a Dx-module M’ such that

M[!%D][z71] = M’ ®c C[z,271]. Restricting to z = 1 shows that M’ is the image of
M(!D) in M(xD), that is, M(!xD).

11.6. Beilinson’s maximal extension and applications

In this section, we continue working with right D x-modules.

11.6.1. Remark (The case 0~f left D x-modules). The same changes as in Remark 11.0.1
have to be made for left D x-modules.

11.6.a. Properties of Beilinson’s maximal extension. Let g : X — C be a
holomorphic function. Let M be a coherent D x-module which is strictly R-speciali-
zable along D := (g). When D is not smooth, we also assume that M is D-localizable,
and mazimalizable (see Definition 11.6.14 below). We aim at constructing a coherent
@X—module EgJ\N/[, called Beilinson’s maximal extension ofJV[ along D, which is also
strictly R-specializable along D. It comes with two exact sequences

(11.6.21) 0 — Mlg] ~% 2,0 25 9 N(—1) — 0,

(11.6.2 %) 0 — M 2 =M L N[vg] — 0,

such that bob” = —N and a” oa = locodloc, where dloc, loc are the natural morphisms
(see Corollaries 11.3.10(2) and 11.4.9(2))

Mitg] L, F and M 2 Mixg].

The construction and the exact sequences only depend on the naively localized module
M (D) (recall also that M|[!g] and M][xg] only depend on M(xD)). It can be done for
any coherent D x (*D)-module M, which is strictly R-specializable along D and gives
rise nevertheless to a coherent D x-module which is strictly R-specializable along D.
The usefulness of Beilinson’s maximal extension comes from Corollary 11.6.5 below,
which enables one to treat some questions on D x-modules which are strictly R-spe-
cializable along D by reducing to the case of D x (*D)-modules strictly R-specializable
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along D on the one hand, and to the case of D x-modules supported on D and strict-
ly R-specializable along D on the other hand, the latter case being subject to an
induction argument.

11.6.3. Theorem (Gluing construction). Let M, be a coherent D x (xD)-module which is
strictly R-specializable, D-localizable and mazimalizable along D = (g). Let (N, c,v)
be a triple consisting of a coherent DX module supported on D and stmctly R-specia-
lizable along D, and a pair morphisms c : g, 1M —Nandv:N — 1/Jg,1M (—1) such
that voc = N. Then the complex

~ bV ~ b
(11.6.3 %) Vg M =28 5 M, @ N 2TV 4y ML (—1)

has nonzero cohomology in degree one at most, its H' is a coherent @X-module
G(M,, N, ¢, v) which is strictly R-specializable along D and we have an isomorphism
of diagrams

can C
T . T T
¢g,1G(M*;NaC7V) ¢g,1G(M*aN7CvV) =~ "/}g,lM* N
—

(=1 var -1 v

11.6.4. Remarks.

(1) We obviously have G(M.,N, ¢, v)(xD) = (E,M.)(+D) = M.

(2) If D = H is smooth and ¢ is a projection, the conditions “D-localizable” and
“maximalizable” along D follow from the condition “strictly R-specializable along D”.

Set D = (g) and consider the category Glue(X, D) whose objects consist of data
(M*,N c, V) satisfying the properties as in the theorem, and whose morphisms are
pairs of morphlsms M, — J\/[’ and N — N’ which are naturally compatible with c, v
and ¢/, v’.

We have a natural functor

M —s G(M(xD), qﬁg,lJ\N/E, can, var).

from the category of D x-coherent modules which are strictly R-specializable, localiz-
able and maximalizable along D, to the category Glue(X, D).

11.6.5. Corollary. This functor is an equivalence of categories.

The proof will occupy Sections 11.6.b—11.6.c, where we consider the case of a pro-
jection t : X ~ H x Ay — Ay, and 11.6.d for the case of a principal divisor. Before
starting, we give some examples.

11.6.6. Example (Local identification of RT'| ]M) Assume that D = (g) and M corre-
sponds to the object G(M (D), q[)g,lM can, var), then we have the correspondences

M[D] — G(M(xD), 14,1 M(~1), N, d),
M[!D] —s G(M(+D), 1,1 M,1d, N).
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The morphisms M[!D] — M resp. M — M[«D] corresponds to the pairs (Id, can)
resp. (Id, var). The inclusion of horizontal complexes

~ (0, var) ~
G(0, ¢4,1M,0,0) G(0, 4,1 M(—1),0,0)

((),Id)l (Oald)J/
(Id, var) ~
G(M(xD), bq, M, can, var) —— G(M (xD), g 1 M(—1),N,1d)

is a quasi-isomorphism. It follows that we have a quasi-isomorphism

RF[DM {¢g 1j\v/[ &"pg IM( >}’

We recover in this example the result obtained with V-filtrations in Proposition 9.3.38.
If we add to the assumptions on M made in Theorem 11.6.3 the assumption of
strong strict R-specializability (see Definition 9.3.27), then RI'(p; M is strict.

can

Similarly, the complex M['D] — M is quasi-isomorphic to thg, Y alt bg, M.

11.6.b. A construction of 1), ; starting from localization. We will give another
construction of wtﬂv{* for a strictly R-specializable D (*H)-module M, (see the
introduction of this chapter for this notion).

Let k be a non-negative integer and let ) denote the upper Jordan block of size k,
that is, the filtered vector space Ceq @ -+ @ Cep_1, where e; € F' (i > 0), so gk is
in fact graded, with the nilpotent endomorphism

(k)
g T, g ()
e — €1 (convention: e_; = 0).

Similarly, we denote by J(x) the lower Jordan block Ceg @ - -+ @& Cey_1 increasingly
filtered (in fact graded) so that e; € F;, with the nilpotent endomorphism

€i — €41 (convention: ej, = 0).

Following Beilinson, we interpret these Jordan blocks as subquotients of the ring
C[s, 1], with the nilpotent endomorphisms induced by the multiplication by the new
variable s. We consider the rings

A=Cl[s]cC[s,s"'] and B =C[s,s ']/sC[s] ~ C[s™!]
together with their natural action of s (which is nilpotent on B) related by the C-linear
pairing
1 1 dS
(11.6.7) (s,) : A®c B— C, (a(s),b(s™")) = Ress—o (a(s)b(s )?),
which satisfies

(11.6.8) (sa(s),b(s™")) = (a(s),sb(s™")).
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For k > 0, we set Ay = A/s*A, B() = B/s~kB and we identify (dky> I (k) with
(Agy, s) and (3%, J®)) with (B%®), s). The pairing (s, «) descends as a nondegenerate

C-linear pairing

satisfying (11.6.8). The increasing filtration of C[s,s™!] by the degree in s induces
an increasing filtration on A, B and A(k),B(k). Let us set s = zs, A= (E[g] and
B = C[3,5!]/5C[3]. Then the associated Rees modules E(k), B®) can be identified
respectively with A/3%A and B/5*B.

We have natural morphisms (graded of degree zero and compatible with the nilpo-
tent endomorphisms induced by 3):

Apn(1) s Ay 4— Aprs,
(11.6.9) e-1(1) ) m

BF1(=1) «= B®) —y Bkl

The second line can be made explicit in terms of the C-basis (§_i)i:0,_“,k_1: the
inclusion sends the class of 37 in B®) to that of 37 in B¥*!, while the projection
sends it to the class 577t in BF-L B

Let M, be a strictly R-specializable left D x («H )-module. We set

Moy = Ms ® Ak
with the action of td, given by
to(m ® a(38)) := (tdm) @ a(5) + m ® sa(s),

and we define JV[ik) similarly. To make clear the action of tgt, we write J\~/[*(k) =
t5/% (J\?f* Rz g(k)) = ts(3\~/[* ®g Z(k)), and similarly for JV[EJC)

Both are strictly R-specializable, according to Exercise 11.8.
11.6.10. Proposition. Assume that M, is strictly R-specializable along H .

(1) The morphisms

(loc o dloc)®) m k) H] — M [«H]

and (loc o dloc) g : ﬁ*(k)[!H] — J%*(k) [«H)|
are strictly R-specializable for k large enough, locally on H.

(2) We have functorial isomorphisms

lim Ker(loc o dloc)®) ~ wmﬁt* ~ lim Coker (loc o dloc) ),
k k

and the limits are achieved for k large enough, locally on H. Furthermore, we have

lim Coker(loc o dloc)®) = 0 = lim Ker(loc o dloc) ).
k k

(3) The composed natural morphisms

MEH] — ME i) = ME D ) (1)

and Moy [HH] (1) <2 Mo [1H] — Mo r [+H]

are strictly R-specializable for k large enough, locally on H.
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Proof.

(1) Since the morphisms considered induce isomorphisms on Vg, it is enough to
check that their ¢, are strict for k large enough (Proposition 9.3.38). By Exercise
11.4(3), this amounts to the strictness of N : wtylﬁ,(kk) — wt’lﬁfsﬂk)(—l) and, by
Exercise 11.8, to the strictness of N(*) : (wtﬁljﬁ*)(k) — (1/),5,13%*)(’“)(71), and similarly
for Nzy. For k large enough locally on H, the cokernel of N*) is identified with
1/))5,13:/[*(—19), and similarly for N, according to Exercise 11.6, hence the strictness.

(2) By Exercises 11.4(1) and 11.8, we have

Ker(loc o dloc)® ~ Ker [N(k) : (wtle\N/[*)(k) — (%713\7[*)(’“)(—1)],

which is identified with 1/),5,13%* for k large enough, according to Exercise 11.6. The
vanishing assertion is obtained similarly and we argue similarly for the lower case.

(3) Arguing as above, we are reduced to checking the strictness of ¢, of the
composed morphisms. The upper one reads

~ N&) ~ ~
(a0 = (2 M)W (1) = (2 M)ED(-2)
and, according to Exercise 11.7(1), coincides with the composed morphism

() (306D (1) N (50670 (-2)

whose cokernel, which is the cokernel of N(*~1) since the first morphism is onto, is
identified with ¢, ;M.(—k — 1) for k large, hence the strictness. The argument for
the lower one is similar. O

11.6.c. The maximal extension along H x {0}

11.6.11. Definition (Maximal extension along H). Let J\~/E* be a coherent D x (xH)-
module which is strictly R-specializable along H. We set

2 M., 1= lim Ker [M"[UH] 2 MV [H](-1)).
k

11.6.12. Proposition (The basic exact sequences). The limit in the deﬁmtzon of HtM* 15
achieved for k large enough, locally on H, and HtM* is a coherent D x -module which
is strictly R-specializable along H. We have two functorial exact sequences

(11.6.121) 0 — ML[H] -2 S0, s M (1) — 0,

b\/ ~ a\/

(11.6.12 %) 0 — 11 M, =M, M, [+H] — 0,

with bo b = =N and a” o a = loc o dloc (see Corollaries 11.3.10(2) and 11.4.9(2)).
Moreover, we also have

2 M. := lim Coker [M, (1) [1H](1) = My [+H]].
k
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Proof of Proposition 11.6.12. Arguing as in Proposition 9.3.31, one checks that the ker-
nel of the morphism M) [|H] — f{ik_l)[*H](—l) is strictly R-specializable along H.
We decompose this morphism either as

MBI E] 2 MEVH] (1) — MEY [H)(-1)
or as N

MBI NH] — MW [eH] S MY [ H](<1).

In the first case, its kernel is the middle term of a short exact sequence having the
kernel of the right-hand morphism as right-hand term, that is, ¢t713\~/[*(—1) for k
large enough locally, according to Proposition 11.6.10, and the kernel of the left-hand
morphism as left-hand term, that is, J\~/[*[!H], according to Proposition 11.4.2(7). The
kernel is thus independent of k if k is large enough locally, and we have thus obtained
(11.6.121).

In the second case, its kernel is the middle term of a short exact sequence having
the kernel of the right-hand morphism as right-hand term, that is, f{*[*H ], according
to Proposition 11.3.3(11), and the kernel of the left-hand morphism as left-hand term,
that is, ¢t,13\~/[* for k large enough locally, according to Proposition 11.6.10. We have
thus obtained (11.6.12 x).

The composed morphism a o a is the composition

dloc¥® o dloc® M [« H]

— M, [*H] ® 1 ~ M, [+H],

M. [1H] ~ M [1H] @ 1 — MP[1H]

which is equal to loc o dloc. On the other hand, the morphism b o b : ¢t,1ﬁ* —
1M, (—1) is identified with the natural morphism

Ker(dloc"™ o dloc™) — Ker(dloc”* 1) o dloc* 1))
for k large enough locally. It is identified with the natural morphism
Ker [N® : (4,1 M,)® = (¢, M) *) (<1)]
— Ker[N(kfl) : (%,13%*)(’“1) — (wt,lﬁ*)(kfl)(*lm

which is identified, as in Exercise 11.6, to the morphism (k large enough locally)
—N: Ker N¥+1 ~ qpy M, — Ker NF(—1) ~ o 1 M, (—1). O

11.6.13. Proposition (Nearby and vanishing cycles of the maximal extension)

(1) The morphisms a : JV[J'H] — ZM, and a¥ : M, — M, [«*H] induce isomor-
phisms when restricted to V<o, and thus isomorphisms of the . x objects.

(2) The exact sequence ¢;1(11.6.121) is isomorphic to the naturally split exact
sequence 0 — 'l/Jt,lj;[* BN ¢t,1ﬁ* &) 1/1,5713:/[*(—1) RN wtylf/t*(—l) — 0. With respect
to this isomorphism, the exact sequence ¢ 1(11.6.12 %) reads

(Id, —N) N +1Id

0— %,13\7[* 1/%,13%* @ 1/’:&,13\7[*(—1) —_— ¢t,13\~/[*(—1) — 0.
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Proof.

(1) We notice that, since all modulesin (11.6.12!) and (11.6.12 %) are strictly R-spe-
cializable, the morphisms a and a" are strictly R-specializable, in the sense of Defi-
nition 9.3.29. The result follows from Proposition 9.3.31, since wt,lj\N/[* is supported
on H.

(2) This follows from Exercise 11.7. O

Proof of Theorem 11.6.3 for the function t. The complex C* considered in the theorem
has nonzero cohomology in degree one only, since b" is injective and b is onto. We show
that ¥ »C* and ¢ 1C* are strict. We have 1y \C* = {0 — 7l)t,>\5t3\~/[ — 0}, so
the strictness follows from Proposition 11.6.12. On the other hand, according to
Proposition 11.6.13, ¢, 1C* is identified with the complex

1/1@13’\7[ — 1/Jt7ljvvt D 1/),5713’\7[(*1) (&) N — ’l/)t,lj\/v[(fl)
e—— (e, —Ne,ce)

(e,m,e) ———— m + ve.

Its cohomology in degree one is then identified with N. Since N is assumed to be
strict, H'¢;1C"* is strict, and we clearly have Hi¢; 1C* = 0 for j # 1. We deduce
from Corollary 9.3.32 that H'C* is strictly R-specializable along H and v, \H'C* =
H' 2C®, and ¢y H'C® = H ¢ 1C". O

Proof of Corollary 11.6.5 for the function t. The construction G of Theorem 11.6.3
gives a right inverse of the functor considered in Corollary 11.6.5, implying that the
latter is essentially surjective. That it is fully faithful now follows from Proposition
9.3.36. O

11.6.d. The maximal extension along a holomorphic function

11.6.14. Definition. Let g : X — C be a holomorphic function and let M, be Dx (+D)-
coherent and strictly R-specializable along D. Set H = X x {0} € X x C. We say
that M, is mazimalizable along (g) if, for each k > 1, there exist coherent D x (xD)-

modules N and N*(k) such that (N&k))g = (M))™® and (Ny))g = (Ms)g) )
(see also Definition 11.5.1).

11.6.15. Proposition. Assume that M, is mazimalizable along (g9). Set
2y M, = lim Ker (MM [tg] = MOV [g] (-1)),
k

gf/[* = yLnCoker(JvE*(k_l)[!g](l) — J\N/[*(k) [xg]).
k

(1]

equivalently,

Then the analogues of Propositions 11.6.12 and 11.6.13 hold for 593\7[*,

Sketch of proof. One first checks that the analogue of Proposition 11.6.10 holds,
by checking that it holds after applying ptg«. This follows from the fact that the
morphisms dloc and loc behave well under 4. (see Remarks 11.4.10 and 11.3.11).
The remaining part of the proof is done with similar arguments. O



446 CHAPTER 11. LOCALIZATION, DUAL LOCALIZATION AND MAXIMAL EXTENSION

11.6.16. Remark. If we denote by ag,ay,by,by and ay,ay, by, by the morphisms
a,a”,b,b" given by (11.6.2!), (11.6.2 %) and Proposition 11.6.12 respectively, we have

Qat = plgxQg, €tc.

Proof of Theorem 11.6.3 and Corollary 11.6.5. Let us apply the exact functor 4. to
(11.6.3 %),. Since M, is maximalizable along D, this produces (11.6.3 %), to which we
apply the theorem. Since DLgJ*)(l]..G.S *), plgxHI(11.6.3 %),, we deduce the theorem
for (11.6.3%),4, and thus the functor of Corollary 11.6.5 is essentially surjective. It
is fully faithful because it is so when g = t and pg4. is fully faithful by Proposition
9.6.2. [

11.6.17. Proposztwn (Recovering gbg 1 from localization and maximalization)
Let M be as above and set M, M(*D) Then the complex

o ~ a ® dloc ~ a¥ —loc <
(11.6.17 %) BIM = {M*[!g] e®doc, }

_gM DM —— M, [*g]
satisfies H’WI);JVE =0 fork#1 and H1<I>;JV( ~ ¢g713\~4,

Proof. We first consider the case of X = H x C and g = t. Injectivity of a & dloc
follows from that of a, and surjectivity of a¥ — loc follows from that of a. Since, for
every A € St, Pe za and 1 ya" are isomorphisms inverse one to the other, and the
same property holds for ¢ ydloc and ) yloc, it follows that ¢t,)\<I>ZJT/£ ~ (0. On the
other hand, the complex ¢t71<I>;JV[ is isomorphic to the complex

0— 1/%,13\7[ — 1/)zt,13vt @ 1/%,13;[(—1) 53] ¢t,1i/[ — wt.ﬂﬁ(—l) —0
e——— (e,0,cane)

(e,n,e)————Ne+n —vare

SO quSt 19; M ~ (¥, 1MEB¢,5 13\/[)/ Im(Id & can), and therefore the projection ;. 1MEB
o, 1M — @, 1M induces an isomorphism H* P, 1<I> M O, 1M As a consequence of
Corollary 9.3.32, the cohomology of complex oM M is strictly R-specializable along H
and in partlcular e H @} M~ H 1(;5,5 1D} M. The first part of the proof also shows
that H'®; M ~ Gea H @} M, so H'®; M ~ br, IV

The general case is obtained by using the exactness of tgs. O

11.7. Localizability, maximalizability and pushforward
Let us keep the notation and assumptions of Corollary 9.8.9.

11.7.1. Corollary.

(1) Assume moreover that M is locahzable along (g). Then Df*(i)JT/[ are so along (g")
for all i, we have (p f* )M) [xg'] ~ Df*z (M [xg]) (* = *,!) and the morphisms dloc,loc
behave well under Df* 23
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(2) Assume moreover that M is mazimalizable along (g). Then Dfii)ﬁf are so
along (¢') for all i, we have Zy (o f*Z)M) f,EZ)(_gM), and the exact sequences
(11.6.21) and (11.6.2%) behave well under o o,

Proof.

(1) Assume first that f takes the form fr x Id : H x Ay — H’ x A;. Then from
Theorem 9.8.8 one deduces that p £’ )(M[*H ]) satisfies the characteristic properties
11.3.3(8) or 11.4.2(4) for (Df*l)J\/[) [xH'], so the statement holds in this case.

For the general case, we note that we have a Cartesian diagram

L
X2y X x A,

fl lfod

X' C&X’ x Ay¢
and we set H = X x {0}, H = X’ x {0}. Then
(o(f x 1)INOBH") = o (f x 1d)3 (M) [+H])
o (f X T (otgw (M[xg])) 2 nigrs (o7 (Mxg])),

and the assertion holds according to the first case.

(2) Let us indicate the proof in the case where f = fy x Id, as above. We first
notice that Df*(i)(fff(a’k)) ~ (Df,gi)ﬁ()(g’k), and since f is proper, we can locally on X'
choose k big enough so that the limits involved are already obtained for k. Let us
denote by ), the morphism MO-F[IH] — ML) [«H]. We have a natural morphism

()Kergok — Kerp ()
sequences

¢ and, according to (1), it induces a morphism between

S F((11.6.121) (M) — (11.6.121) (5, £2N),
o ((11.6.12 %) (M) — (11.6.12) (» £V V).

The right-hand sequences are short exact, while the left-hand ones are a priori only
exact in the middle. Moreover, the extreme morphisms between these sequences are
isomorphisms, by the previous results. Let us show that the left-hand sequences are
indeed short exact and that the morphisms (in the middle) are isomorphisms. We will
treat (11.6.12!) for example. The composed (diagonal) morphism

@) (e ofia Oy
pfe M H]) ——— p fx 'Eg(M)

|~

O] — 2=, M

is 1nJect1ve by assumptlon hence so is p f* a, and by applying this with ¢+ 1, we find
that »fVZ,(M) = o/ (1.1 M) is onto, so that the sequence Df*l)((ll 6.121)(M))
is short exact. Now, it is clear that it is isomorphic to (11.6.12 !)(Dfi )M). O
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11.8. The Thom-Sebastiani formula for the vanishing cycles

The Thom-Sebastiani formula for the vanishing cycle functor is analogous to the
Kiinneth formula for the pushforward functor of Section 8.8.f. The setting is as
follows. We are given, for ¢ = 1,2, a holomorphic function g; : X; — C and a strict-
ly R-specializable D x,;-module J\N/fl along g;. We consider the Thom-Sebastiani sum
g: X = X; x Xo = C defined by g(z1,22) = g1(21) + g2(22). In other words, g is
the composition of the map (g1,¢92) : X1 X X3 — C x C with the sum map CxC — C
defined by (t1,t2) — t1 + t2. In order to state this formula in a uniform way, we will
set ¢gr = Yg as defined by (9.4.3%x) if X\ # 1 (and we keep the notation ¢4 as
it is). Moreover, given A with |[A| = 1, we set A = exp 27ia with o € (—1,0].

11.8.1. Theorem (Thom-Sebastiani formula). Assume that M, (i =1,2) are strict and
strictly R-specializable along g;. Then, sz M1 X5 Mg 1s strictly R-specializable
along g, we have

PgaM =~ @ (Dgr 2 M1 B35 g, 2 /2, Ma)

a1 €(—1,a]u{0} - ~
D 6(9 )(¢g17/\1M1 ‘X@ ¢92,>\//\1M2)(_1)'
a1 €(a,0

We will denote by N the pushforward ptg, M and set similarly N = M Recall
that N; = M; ®g C[dy,] with a suitable right action of D (see Example 8.7.7).

We will regard it as a D, [t;](d;, )-module.

X;xC

11.8.2. Lemma. The following sequence of @X-modules is exact:

~ O, K1 — 1K, ~ ~ ~
Nl &,5 NQ)(l) h L2 L(l (Nl &,5 NQ) — L;lN — 0,

91,92)

0— L(gl gz)(

and the right action of 5,5 on Lg_lif is the action naturally induced by that of 5751 X1
and that of 1 X 0y,.

Proof. Let us first make precise that Nl XS NQ is supported on the image of ¢4, 4,),
and similarly for N, so that the functors dloc™! only serve to identify the supports of
all the terms to X = X; x X2 In the following, we will neglect to write them down.
Considering only the (C[atl , atz] module structure, the sequence is written
BBy
M[04,, 01, )(1) —————— M9, O,] — M[0],
where the second map is obtained by sending 5&- to Oy (¢ = 1,2). This obviously forms
a short exact sequence. One then checks, by using Exercise 8.46, that the sequence
is compatible with the D y-actions. O

11.8.a. Naive algebraic microlocalization. In order to understand the behaviour
of the V-filtrations, we will need to invert 5t We first make clear the corresponding
framework. We will work in the setting of D x [t ]<8t> modules. The ring D x [t](D;, O; )
is obtained by inverting d; (so that the degree of 29F is €] + k for every £ € NdimX
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and k € Z, and the grading of Dx[t](d;,d; ') is indexed by Z). The only possible
way to define it as a ring containing D x[t](0;) as a subring is to impose that 8 1
commutes with Dy, to set

[0F 1] = k20F"', ke,

(extending thus the formula for k£ € N) and to define [5{ % '] by similar (more com-
plicated) formulas. For example, we have

toF = (t0)9F ' = OFH((t0y) — (k —1)2) = ft —kOF Y, ke Z.
Note that working with D xxc instead of D x|t] <5t) would have led us to introduce
(non convergent) series in 5{ 1 and this justifies our choice of keeping the variable ¢
algebraic. Note also that, if instead of inverting the action of d, we invert that of t,
we recover the notion of naive localization of the introduction of this chapter.
We will write Dx[t](dy, 8; 1) = Dx [y, d; 1](td,), so that we consider J; ' as the
“variable” in the t-direction. In such a way, we set

VoD x [0y, 8; 1)(t0y) = Dx[0; ] (td,),
ViDx [0y, 0;11(t0,) = 9F VoD x [0y, 0; 11(t,) = VoD x [0y, 9; '](td,)OF .

We clearly have tViDx [y, 0 \|(t8y) C Vi— 1D x [0y, 0;](ty). For a D[y, 0; ](t0y)-
module N a coherent V-filtration U,"N indexed by A+7Z for A C (—1,0] finite, is
an exhaustive filtration such that Uy x'N = U, N( )6’“ (k € Z, a € A) and each
U,N is VoD x [y, ;] (td;)-coherent. We say that “N is strictly R- specializable along
(at 1) if there exists a coherent V-filtration U,’ "N indexed by A+ Z such that ¢0; —

is nilpotent on grg“if (v € A) and each grg“ﬁf is strict.

11.8.3. Remark. Let us denote by ¢ the ‘variable’ 5{ !. The commutation relations
above show that t behaves like 829y. Then 00y is identified with 0.t = t0; + z. The
setting is then completely similar to that of Section 9.2.

11.8.4. Lemma. If "N is strictly R-specializable along (5{1), such a filtration UN is
unique.

This filtration is then denoted by V.'N.

Proof. Assume we are given two such filtrations U, U’, that we can assume to be
indexed by the same index set A + Z, by taking the union of both index sets. Fix
a € A. We will prove that U/, “N € U,"N and the reverse inclusion is proved similarly.
There exists 5 > « (locally on X) such that

UVNCUS"™N, UL,NcU5"N.
Let m be a local section of U}, “N. Tt satisfies m(td, — Bz)N € U</@Hj:f on the one

hand, and m(tat —ax)M UL Nc Ucg “N on the other hand. Therefore, the class
[m] of m in gr “N is annihilated by a power of z(a — 5) If B > «, it is thus zero by

strictness of grﬁ “N. We conclude that U, "N c Ucp "N and, by induction, we obtain
U'N C Uy N. O
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11.8.5. Definition (Naive algebraic microlocalization). Let N be a Dy [t ]< ;)-module.
The associated microlocalized module is “N := N D%  111(5:) DX[ Ka a;1>.

11.8.6. Lemma. Assume that N = JT/KQ ~ M R C[d,] and that N is strictly R-spe-

cializable along (t). Then "N is strictly R-specializable along (5{1) and we have
grV'N =~ gr¥ N for a > —1.

F:roof. ~\7\/~ith~the first gssumption7 we have a natural inclusion~N < "N since "N ~
M @z C[0;,9; '] as a D x-module. We define a V-filtration U,"N by

(11.8.7) Ud'N=3 VorN-9;7", VaeR.

i>0

(See Exercise 11.9.) It is straightforward to check that it is a coherent V-filtration of
"N as defined before Lemma 11.8.4.

(1) We claim that the morphism N < “N is strictly compatible with the filtrations
Vs N and Us_ VN, ie., we have V,"NNN = VN for every a > —1. Let Zf Onlg_i
be a local section of U, “N for some fixed & > —1. In particular, nj is a section of

a+kN Assume that it belongs to NO~*+1. We claim that N =nj_ 18,57 where n)_,
is a local section of Va+k_1N. This claim implies that the sum above can be rewritten
with ¢ running from 0 to k¥ — 1. Arguing inductively, we find that the sum can be
rewritten with ¢ = 0 only, i.e., belongs to V, N.

In order to prove the claim, we note that nka also belongs to NO—F+1 and ng
belongs to Va+ka AN - 8t Let us write ny = nﬁ&g with nﬁ € VBTN Ifg>a+
k — 1, we deduce that m;@t =0in grBHN. By the strict R-specializability of N and
Proposition 9.3.25(d) we conclude that ng € V<53:f, and by induction this implies
that ng € Va+k,1ﬂ, as wanted.

(2) We claim that the filtration U, ( N/N) naturally induced by U, "N satisfies

U (“N/N) = 0 for @ > —1. Indeed, this amounts to proving that Uy N = UL "N+ N

for «a > —1. This immediately follows from the property that, for a > —1 and k£ > 1,
VoskN = Vay s aN - 8y + Va1 N (Proposition 9.3.25(b)).

We conclude from (1) and (2) that, for every a > —1, gr}x/ﬂ — grg“if is an

isomorphism. As a consequence, grg“N is strict, and "N is strictly R-specializable
along (0; ') with U,"N as V-filtration. This concludes the proof. O

11.8.b. External product of DX[ t](8¢, d; *)-modules. We consider in this section
coherent Dy, [0y,,; '-modules “N; (i = 1,2) equipped with a compatible action of

t; 8t that we denote E; for short. This covers the case considered in Lemma 11.8.6.
Then “N; are also D, [t:](0;,, 8 1)-coherent. We denote by “N the cokernel of

9, W1 — 1K,

(11.8.8) Ny Kz "Ny "Ny Bz “No.
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It is a 'DX module, that we equip with the structure of a @X[at,a -module by
deﬁnlng the action of at as induced by that of 8,51 X1 or, equlvalently, that of 1X 8t2
Then “N is Dx [y, d; *]-coherent (as this is already true if “N; = DX [3t 8 k).

We now neglect to write the X symbol. From the relations E; at = 8,5 (E; —z) and
E; at = 8t E; if i # j, we deduce that (E; + Eg)(ﬁtl dr,) = (Oy, — Or,) (B1 + Eg —2),
and E1 —|—E2 induces a well-defined action on “N in a way compatible with the
D x [0, 0; ']-action.

11.8.9. Lemma. Assume that, for i = 1,2, “ifi are strict and strictly R-specializable
along (0;,"). Let us set
Ua(NiBg "No) = Y (Va, N1 B Vo, No).
a1tas=«a
Then we have for every a € R
gl (N1 Ky No) = @ (grh, "Ny Kz grl,"No).
altoaz=a
Proof. Same proof as in Exercise 15.4(4), by replacing the F-filtration there with the
V-filtration here. O

11.8.10. Lemma. The morphism (11.8.8) is strictly filtered of degree one with respect
to the filtration U, (H.'Nl X3 "No).

Proof. For o € (—1,0] and ¢ € Z, we have, due to Lemma 11.8.9,
11.811) @l (N1 Ry No) = @ @ (el "N,  Kgrl_, "Nodkr).
k€Z oy €(—1,0]

The graded morphism at the level o + ¢

. o~ Oy — 0, . ~
gt (N Ry "Np) ——2 iV, ("N; Kz "N,)

is then clearly injective. Let m be a local section of Im (11.8.8) N U,4¢. Let us write
m =n(dy, — y,) for n € Ugp_; for 8 big enough. Assume that 5 > a+ £ and [n] #0
in gry_;. Then the class [n] of n in grf_, satisfies [n)(Dy, — By,) = 0 in gry, hence
is zero, a contradiction. This shows that Im (11.8.8) N Uy1y = Ua+g_1(5t1 - 5t2), as
wanted (see Exercise 5.2(7)). O

11.8.12. Remark. Let us keep the assumptions of Lemma 11.8.9 and let us equip "N
with the filtration U, N naturally induced by U,("N; Kz “N). We then have

. By, — o,
gtV N:coker[gr LNy B “Ny) T U (N K :NQ)}

Formula (11.8.11) leads to

(11.8.12 %) grguif ~ P (gr. N1 X gry
a1 €(—1,0]

i~
a—aq NQ)

In particular, each grU N is strict, and U, “N satisfies all properties of the V-filtration
except possibly the D x[t](9; *)-coherence, so we cannot infer that “N is strictly R-spe-
cializable along (8; ).
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Nevertheless, if a; € ( 1,a), we have @ — a1 € (0, + 1) and we replace isomor-

phically gr¥_, with gr¥_, _;(1) so that all indices belong to (—1,0] and (11.8.12 %)
reads
gl N~ @ (@l NMiReal_ o, N()e @ (e, NiRerl_,, o).
ar1€(—1,a) a1 €[a,0]

If we write ¢y for grl(1) if A = exp27mia # 1 and ¢; = gr{, we find

PN =~ D (O N1 B dryn, No) @ @ (dx, Ny H gy, Na)(—1).
a1 €(—1,a]u{0} a1 €(a,0)

11.8.c. Proof of Theorem 11.8.1. We take up the notation of Lemma 11.8.2 and
we will apply the results of Section 11.8.b. From the exact sequence of Lemma 11.8.2
we obtain, by tensoring over C[dy,, dy,] with C[0}, , Oy, 5{11, 51;1] (and since the latter
is flat over the former), the exact sequence

U T S "
OHNIN&@NzuMNl,i@@NgMH N —0.

By the assumptions in the Theorem and Lemma 11.8.6, ﬂlw ifgu and “N are strict
and strictly R-specializable along (571), (5{21) and (9, ') respectively. In view
of Lemmas 11.8.6 and 11.8.10 and of Remark 11.8.12, we are reduced to proving
that U, (Nm X~ NQM) induces V,"N, that is, the image of each U, (Nlu X3 NQH) is
Dx [t](0; 1)- coherent

The finiteness on N1 u XD NQ & priori involves the independent actions of ¢; and 5,
while we can only use the action of ¢; + ¢5 on "N. We will thus prove that ﬁmtenebs
for V,"N; already holds without taking into account the action of E;, that is, Vj, "N;
is @X[a !]-coherent. This will imply that each Us (Nlu X5 NQH) is @X[atl ,8t2 I-
coherent and thus the module U, "N induced on “N is D X[(’? !]-coherent. As noticed
in Remark 11.8.12, Formula (11.8.12x) gives then the Thom-Sebastiani formula in
the theorem.

Let us therefore show the D X[8 !]-coherence of V"N, if N = M[d;] is strict and
strictly R-specializable along (t). By Pr0p031t10n 10.7.3, these two properties imply
that each V,, N is @X[ t]-coherent. But N is supported on the graph of 9, hencet — g
acts in a nilpotent way on any section of N. This implies that V, Nis D x-coherent.
The formula of Exercise 11.9 gives the D x [d; *]-coherence of V,,"N if o > —1, hence
that of V, "N for any o. O

11.9. The Kodaira-Saito vanishing property

Let X be a complex projective manifold of dimension n and let ax : X — pt denote
the constant map. Let M be a strict coherent D x-module and let (M, E, M) be
the corresponding filtered D x-module. Recall that the de Rham complex "DRM is
naturally filtered (see Section 8.4.9).
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11.9.1. Definition. We say that M satisfies the Kodaira-Saito vanishing property if for
any ample line bundle L on X,

(%) HYX,L7' @ gr "/DRM) =0 for k <0,
() H*(X,L®gr" "DRM) =0 for k > 0.

The aim of this section is to give a criterion on M to ensure that it satisfies the
Kodaira-Saito vanishing property (Theorem 11.9.5). We will see in Chapter 16 that,
if M underlies a pure Hodge module, or a W-filtered Hodge module, then M satisfies
these criteria, hence the Kodaira-Saito vanishing property.

11.9.a. A criterion for the Kodaira-Saito vanishing property. For an ample
line bundle L on X, we choose a positive integer m such that L™ defines an embed-
ding X — PV for some N and let ¢ : H < X be a smooth hyperplane section of X.
In the following, we assume that m > 2 in order to regard the line bundle L' as a
direct summand of a bundle obtained by the following geometric construction.

11.9.2. Cyclic coverings. Classical constructions of coverings (see [Laz04, §4.b] and
[EV86, §2]) produce a finite morphism f : X’ — X satisfying the following properties:

(1) the source X’ is smooth, as well as H' := f~(H),

(2) the restriction f : H' — H is an isomorphism,

(3) setting U = X \ H and U’ = f~Y(U) = X’ " H’, the restriction f: U’ — U is
a degree m covering, and f is cyclically ramified along H,

(4) the bundle f*L is very ample, H' := f~'(H) ~ H is a corresponding hyper-
plane section of X', and U’ is affine,

(5) there exists a canonical isomorphism f,Ox/ ~ @;161 L~ (with L° := Ox).

We will prove the next proposition in Section 11.9.b.

11.9.3. Proposition. Let f: X' — X be such a cyclic covering. Then the pushforward
pfswx: of the right Dx-module Wx: has nonzero cohomology in degree zero only,

Dfio)@X/ is strict and decomposes as @;i_ol (ZS) with @g?) ~ wyx. Furthermore, for
1=1,...,m—1, we have (,Nug? ~ (I;E?[*H] ~ (I)E?[!*H].

11.9.4. Notation. We write Dfio)osz = Wy ® Wy with &y = @7;11 Gg?, and we use

the corresponding notation Df,EO)wX, = wy ® wly for the underlying D x-modules.

11.9.5. Theorem. Let M be a left @X—module which is strictly holonomic (so that
DM is concentrated in degree zero and is strictly holonomic, see Proposition 8.8.38).
Assume that there exists a hyperplane section H (relative to L™ ) which is strictly

non-characteristic for N =M or D(M) such that
(1) with respect to the associated cyclic covering f : X' — X, the pushforward
Clz]-modules nax. (W ® N) are strict (i.e., torsion-free);
(2) the non-characteristic restriction pLg Ny := pt«(pt5N) satisfies the Kodai-
ra-Saito vanishing property.

Then M and DM satisfy the Kodaira-Saito vanishing property.
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11.9.6. Remark (A condition which is almost equivalent to 11.9.5(1))
We can replace Condition 11.9.5(1) by the stronger condition:

(1) the pushforward complex pax . (pfO*N) is strict.

Indeed, by the adjunction formula of Example 8.7.31, we have an isomorphism
Df* (Df(())*j:f)right ~ Df*(Df(O)*6X)right ®6X j:f ~ Df*a)X/ ®(‘~)X j:f

According to Proposition 11.9.3, the latter term reads (wx ® &%) ® N. Therefore,
Condition (1) is equivalent to the strictness of pax.((Wx @ &) ® N), in view of
Theorem 8.7.23. O

11.9.b. Cyclic coverings and D-modules. We fix a morphism f: X’ — X as in
Section 11.9.2 in the sequel. The bundle f,Ox- is naturally equipped with a logarith-
mic connection with poles along H extending from U to X the natural pushforward
bundle with connection f,(Op,d), each L% is equipped with a logarithmic con-
nection with poles along H and residue equal to (i/m)Id, and the isomorphism is
compatible with the connections. In other words, if V,Dx denotes the V-filtration
relative to H, then each L~* is equipped with a left V5D x-module structure. We set
=@ 'L
For i = 1,...,m — 1, L™%(xH) is a holonomic D x-module and we have L~ =
Vi/m(L=%(+H)). We rather consider L™%(H) = V5 (L™"(xH)) with 8; = —1+i/m €
(—1,0), so that the V-filtration of L=%(xH) is defined, for ¢ € Z, by
VAT LT(xH)) = L7((1 — 0)H).

The F-filtration of L™¢(xH) is then defined by setting F,L~*(xH) = F,Dx - L™*(H)
(p > 0). Let us consider the strict Dx-module L) = Rp(L~(xH)). We define a
Vfiltration of L(®) by the expected formula, for £ > 0,

VAHLW = L7((1 ~ O H) @c C[),

VOLO — (LN H)®@ 1)@ (L'2H) @ 2) & -+ & (L ((H) @ 27 1)

@ (L7 ((¢+ 1)H) ® 2°C[2)).

This formula shows that L() is strictly R-specializable along H and that L(®) =
LO[xH] = LO[1xH].

Let us now turn right. The O x-module f,wx is also O x-locally free. Side-changing
from left to right the V5D x-module structure is made explicit by the next lemma.

11.9.7. Lemma. The locally free Ox-module f.wx is naturally endowed with a right
VoD x -module structure. As such, it decomposes as the direct sum of rank-one bundles
@;Z_Ol wg?, with wg?) = wy and wg? ~ wx oy L7HH) for each i =1,...,m —1,
equipped with its natural right VoD x -module structure induced by that of wx and the
left one on L™¢(H).

Sketch of proof. We consider the exact sequence of coherent sheaves

Respy:
0 — WX/ —>wX/(H’) —H>wH/ — 0.
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On the one hand, the cotangent map to f induces a commutative diagram, with
fHI = f‘H’ ~ Id,

*Res
f*wx(H) Q) f}k[,wH

T*flz {T*fH/
m Respg:

00— wx ‘HA)X/(H/) Wi’ 0

from which one deduces an exact sequence

«f* Res
J+«f" Resy

0—>f*wX/ —)wx(H)®f*oX/ fH*wH/ =wy — 0.

From the splitting wx (H) ® fO0x = wx(H) ® (wx (H) ® L’) and the exact sequence
for Resy, we deduce the splitting

frwxr ~wx ®uwly, with Wy =wx(H)® L =wx @ L'(H). O
We consider the corresponding prc_)perties for right D x-modules. Fori=1,... ,m-1,
we set &')g? = &x ® L®. Then @g? =0 )[*H} ~§)[!*H]. Setting a; = —i/m,

we obtain, for £ > 0,
Voo -e(@)) = i (~¢H) ©c C[2],
(11.98) Vot (@) = W @ 1) @ (WY (H) @ 2) & -+~
@ (W (L~ DH) @2 & (Wi (¢H) © 2'CL2)),
and gr¥ (& (Z)) =0fora ¢ o, +Z.
11.9.9. Lemma. For eachi=1,...,m —1 and each £ € Z, Vai+g(@§?) 18 6X-ﬂat.

Proof This is clear if £ # 0, since V,, H(wg()) is 6X—locally free in that case. If £ > 1
and F < 9 is an inclusion of O x-modules, we have

T = @ GH) 9o, 7).

Vot @) 5

and Vaﬁé@&?) ®F F - Vai_i'_[(&‘(}é)) ®5 . G remains injective since wg? (jH) is Ox-lo-
cally free of rank one, so the assertion follows. O

Proof of Proposition 11.9.3. According to (8.52%) in Exercise 8.52, we have, setting
n = dim X = dim X',
pfelxr = f*(Q?(J/r. @15, f_l'DX).

The first assertion is a local question near a point of H, so that we can assume that
there exist local coordinates (z,z2,...,z,) on X' and coordinates (z1,za,...,zy)
on X such that f(z},29,...,2,) = (i, z2,...,2,). By the external product opera-
tion, one is reduced to the case where X’ is a disc with coordinate 2’ and f(z') = «/™
The complex 62?7' ®f*15x f‘lﬁx is the complex of right f‘lﬁx—modules

~ = 7v ~ =
OX’ ®f—16x f 1DX —_— Q}X’ ®f’16x f 1DXa
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with V : (9@ P) — dg ® P + gdf ® 9, P, that is, factoring out dz’,
(9@ P)— ¢ @ P+ mgz"™ ' © 0, P.

By using the standard basis (55)190 of D X, [« of this morphism writes

® f.0x 0 25 @ f.0x 03

k>0 k>0
D @0 > (gh + mgp 2™ 1)k,
k>0 k>0

and the right action of Oy is obtained by the formula

k
(gk(a’,2) @ OF) - h(z,2) = > M9k<m’,z><5£-jh><x'm,z> ® 0},

Jj=0

while the right action of 590 is the obvious one. By considering the highest degree
terms, one checks that ¢ is injective, as this amounts to the injectivity of g — mgz'™ !
from f*6 x- to itself, which is clear. This implies the first assertion of the proposition.
In a similar way one checks that z acts in an injective way on Coker o, which implies
the strictness of Coker f*ﬁ

We will now check that Coker f*ﬁ has no z-torsion. First, the formula for ¢ shows
that an element of Coker ¢ has a unique representative » k>0 gr(2, z) ®5§ such that,
for k > 1, gx(2/, 2) = 2" up (2, z) with «(0,z) # 0 and ax < m — 1. For such a term
gr(2',2) ® 5’; (k> 1), we have

(gr(z',2) @ OF) - = 2'™ gy, @ OF + kzgpdli ™!
~ (=02 gi,/m) )0z’ + kzgr) ® 5];_1

a 1 1 ,0u =

_ |:< E+ +I€Z)’U,k+*x/7k x/ak ®a/;—17
m m  Ox'

which has the normal form as above, since the coefficient of 2’ does not vanish at

x = 0. Assume thus that (3,50 gr(2',2) ©® 95) - @ = 0, and that the first term is

written in normal form.

o If gi # 0 for some k > 2, then the above computation shows a contradiction with
the assumption.

o If g, # 0 only for £k = 0,1, then the previous computation and the assumption
imply

1 1 ,0
"™ go + [(a1+ +z)u1+—x’ﬂ}x'“1 =0,
m m  Ox'

which also leads to a contradiction since either g; # 0 and then a1 < m—1,0r g3 =0
and gg # 0.

Returning now to the general situation, these results in dimension one imply the
strictness assertion of the proposition, so that , ffo)@ x+ corresponds to a coherent fil-
tered D y-module (Dfio)wxl, F,), and Dfio)wxx, as well as foo)fuxl, has no H-torsion.
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The filtration Fj(p f,EO)w x) is obtained as the image of the zero-th cohomology of
the filtered complex f,(Q%*® f1Fy,_,Dx) to Dfio)wxf. The filtration is thus given
by the formula

0 if p <0,
(11.9.10) FponlofPwx:) = { image[fawx @1 — o fQwy] if p =0,
F_n(Dfio)wX/) . FpDX lfp > 0.

Since f.wx- is Ox-locally free and since the map above is an isomorphism away from
H, it is thus injective and we can identify F_,(pf{”wy) with f.wy. In particular,
Dfio)wx/ is Dx-generated by f.wx, and its filtration is that induced by F,Dx by
means of this action. Let us consider the filtered D y-submodule of , io)w x+ generated
bng? fori=0,...,m—1.
« If ¢ = 0, this is nothing but wx with its standard filtration jumping at —n only.
o« If 9 > 1, since p fio)wx/ has no H-torsion, this submodule is contained, hence
equal, to the middle extension wg? (xH), and the filtrations coincide, so that (7.);) is a
@X—submodule of Df,EO)cT;Xr.
We obtain a natural morphism @ZBI ng? — b io)@ x+ which is an isomorphism away
from H, and since the left-hand side is a middle extension, it is injective. Lastly, For-
mula (11.9.10) together with Lemma 11.9.7 imply its surjectivity, thereby concluding

the proof. O

11.9.c. A vanishing result for holonomic D x-modules. The setting is as above
(in particular, Properties (1)—(4) of Section 11.9.2 are assumed to hold). We will make
use of the following basic vanishing result.

11.9.11. Lemma. Let N be a holonomic having a coherent filtration. Then
HY(X''DR(N(xH')) =0 VEk>O0.

Sketch of proof. That a holonomic N on any complex manifold admits a coherent filtra-
tion is known to be true (see [Mal04, Th.II.3.1]). Our assumption allows us not to re-
fer to this complicated result. In any case, as we mainly work with @—modules7 we only
deal with such holonomic D x -modules N. The assumption implies that the localized
module N(xH') also has a coherent filtration, being isomorphic to O x:(*H') ®¢,, N.

The GAGA property for each step F,N(*H’) of the coherent filtration F,N(xH")
extends to N(xH') and, denoting with the exponent alg the sheaves in the Zariski
topology, it is enough to prove that H*(X'*& "DR(N*8(xH')) for k > 0. Almost by
definition, we have

H*(X'™ "DR(NY2(xH')) = H* (U8 "DR(N2|;/a1e ).

Since U’ is affine, we have H* (U2, Q?],alg ® FyN8| 00 ) = 0 for any i > 0, any j and

any p and, passing to the limit with respect to p (as we work in a Noetherian space),

we find H (U™, QJ .., ® N¥8|y.) = 0 for any i > 0 and any j > 0. It follows
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that H* (U8 "DR(N*8|;.ix) is the cohomology of the complex of global sections
Qnte(U'ale) @ Nalg(U’218) and the assertion of the lemma follows. O

Let M be a holonomic left D x-module having a coherent filtration and let M’
be the left Dx-module associated with the right D x-module Wy ®9, M (see Nota-
tion 11.9.4).

11.9.12. Lemma. Under this assumption, we have H* (X,"DRM') = 0 for k > 0.

Proof. Since f is flat, we have , f*M = , f*(OM. Furthermore, the adjunction mor-
phism of Proposition 8.7.30 induces an isomorphism (see Example 8.7.31):
oo OM) = fO 0 OM) = (o fPwxs @0, MY,
so that, by Lemma 11.9.7,
(11.9.13) o O FOM) ~ M e M.
Similarly, we have
o felo P OMH)) = o £ (o FfOM(H)) 2= (o fwxr (H) @0 M),

Since Wy = w' (xH) is a direct summand of Df,go)wxl(*H), it is enough to prove the
vanishing of H* (X, "DR[p fup f*©OM(xH)]) for k > 0. This hypercohomology is equal
to H*(X',"DR/[, f*OM(xH)]). Since , f*OM(xH)] = [» f*@M](xH') and since this
holonomic D x,-module clearly admits a coherent filtration obtained from that of M,
we can apply Lemma 11.9.11 to it and conclude the proof. O

11.9.14. Proposition. Assume moreover that H is non-characteristic for M. Then we
have H*(X,"DRM’) = 0 for k # 0.

Proof. The assumption on H implies that f is non-characteristic for M and duality of
D-modules commutes with the pullback , f* (see e.g. [HTTO08, Th.2.7.1(ii)]). Since f
is flat, we have we have , f*(®) = | f* (Remark 8.6.7). We conclude that we have a
functorial isomorphism of D x,-modules
Df*(O)(Mv) ~ (Df*(O)M)v_
On the other hand, the pushforward ,,f. commutes with duality (see e.g. [Kas03,
Prop. 4.39]), so that, functorially with respect to M,
ol [ OM)] = o £ [ OM)]

and taking cohomology in degree zero we obtain

o [0 O] = o 0o O]
and finally
o fin M) 2 (o £ D).
This isomorphism is compatible with the decomposition (11.9.13), hence we find an

isomorphism (M')¥ ~ (M")’. By applying the result above to the dual MY of M
(which is also non-characteristic along H), we find H*(X,"DR(M")’) = 0 for k > 0,
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that is, H*(X,"DR(M’)¥) = 0 for k > 0, hence H *(X,"DRM')¥ = 0 for k > 0, as
was to be proved. O

11.9.d. Proof of Theorem 11.9.5. Let M bNe a coherent left D x-module equipped
with a coherent F'D x-filtration F,M. We set M = RpM.

Synopsis of the proof. We assume that M is strictly holonomic and satisfies the
assumptions of Theorem 11.9.5.

(a) A duality argument (Lemma 11.9.15) together with the assumptions for M and
DM reduces the proof to that of 11.9.1(x) for M and DM. We then argue for M.

(b) Strictness of pax. (W ®M) (Assumption 11.9.5(1)) together with the vanishing
result of Proposition 11.9.14 imply the vanishing of H* (X, gr’ "DR(w’ ®M)) for any
k # 0.

(¢) That H is strictly non-characteristic with respect to M implies that &’ QM =
(@' ®@M)[xH] and we can compute "DR(& ®M) by means of a logarithmic de Rham
complex (see Remark 11.3.7). This enables us to identify grf "DR(w% ® M) with
L' ® gr” "/DR(M[xH]), that is, to neglect the action of the connection on L. From
the previous step we conclude that H*(X, L’ ® gr¥ "/DR(M[*H])) = 0—and therefore
HYX, L' ® gt "{DR(M[*H])) = 0 since L~! is a direct summand of L'—for any
k # 0.

(d) Assumption 11.9.5(2) yields the vanishing of H*(X, L~ ®@gr’ "DR(ptm.Msr))
for k < 0.

(e) From the exact sequence (see Proposition 11.2.9)

0 — M — M[*H] — pegoMp(—1) — 0
and the strictness of each term, we obtain an exact sequence of complexes
0 — grf '/DR(M) — gr "DR(M[*H]) — gr’ "DR(p.Mp)(—=1) — 0

which remains exact after tensoring by the locally free O x-module L~!. The asso-
ciated long exact sequence for H*(X, L=! @ gr¥ "DR(+)), together with (c) and (d),
yields the vanishing of H*(X, L=! @ gr’ "DR(M)) for k < 0, which is the conclusion
of Theorem 11.9.5 for M. O

We provide below the proof of (a) and (c), and the remaining parts of the synopsis
are straightforward.

Proof of (a)
11.9.15. Lemma. Assume that M is strictly holonomic. Then, for any line bundle L
on X, we have an isomorphism

H*(X,L®gr" "DRM) ~ H *(X, L' @ gr’ "DR(DM))".

It follows that 11.9.1(x) for M (resp. DM) assuming 11.9.5(1) and (2) for M
(resp. DM) yields 11.9.1(xx) for DM (resp. M).
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Proof. Let us consider the right setting for simplicity, so that grf’ "DRM = grf Sp M.
Grothendieck-Serre duality for the bounded complex L ® grf” SpM of O x-modules
with coherent cohomology (see Lemma 8.8.40) yields an isomorphism

H"(X,L®g"SpM) ~ H *(X,D(L @ gr’ SpM))".
We conclude with the identifications (the first one is clear)
DL ®g"SpM)~L '® D(gr” SpM) ~ L' @ (gr” Sp(DM)),

where the latter isomorphism is provided by Proposition 8.8.41. O

Proof of (c). For L and the embedding X — PV as above, assume that there exists
a hyperplane section vy : H — X of X which is strictly non-characteristic with
respect to M. Notice that a non-characteristic hyperplane section always exist (this
follows from the holonomicity property of Jv[) On the other hand, such a hyperplane
section is strictly non-characteristic as soon as M is strictly R-specializable along H
(see Proposition 9.5.2(2)). In particular, such a strictly non-characteristic hyperplane
section always exists for polarizable Hodge modules defined in Chapter 14.

11.9.16. Lemma. Assume that the left @X -module M is strictly hologomic and that H
s a hyperplane which is strictly non-characteristic with respect to M. Then

(1) W% ® M is strictly R-specializable along H

(2) V.(@ @ M) = V(@) @ M;

(3) wX®M (@' ®M)[*H]

Proof. The question islocal on X, so We assume that X = HxA;. Fori=1,...,m—1,
if we set Uy, H(WX M) = V,, H(WX ) ® M, we have (see Lemma 11.9.9)

(4) =~
59 <M wy ((H) ®ox M f0r€< ;
Uai+[(wg() ® M) = Z () .
Do (wy (JH) ®oy 22M) for £>1

It is then straightforward to show that UaiJrg(@;) ® JT/[) satisfies the characteristic
properties of the canonical V-filtration, and strictness of grg +£(~(i) ® JV[) follows
from the strictness of M/tM We conclude that w ~( ) @ M is strictly R-specializable
along H, and
Vo@W @ M) = Vo, @Y @ M) = w? @0, M.
Let us now check (3). We recall Definition 11.3.1. We use that, for j > 0, we have

w( Y (JH)O, = w)?((j +1)H) (check this on the left VD x-module L~(H)). We then
ﬁnd

WP GH) @0y 2M) -0, = (WP ((G + 1)H) ®o, 2 T'M) mod Vi 4;@% @ M),

which implies (:);? ®M = Vo(o?)é ® J\~/[) - Dx, according to the above formula for
V.@V @ M). O
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We can now end the proof of (¢). The idea is to express the de Rham complex
"DR(@y ® JV[) in terms of the logarithmic de Rham complex, for which it can be
readily seen that the connection on L’ can be neglected on the graded complex.

By Proposition 11.3.3(7) and (3) above, we have

Ty @M = V(@ ®M) @y, 5, Dx,

and Proposition 9.2.2 yields "DR(&y ® M) ~ "DRyog (Vo (@ ® M)). We also have,
recalling that M = VoM by strict non-characteristicity,
Vo(@y @ M) = wy ®ox M =wx ®oy L'(H) @0, M
= wx ®oy L' @0y M(H) = wx ®oy L' @0y V7 HM(xH)).
By side-changing, we conclude that
"DRiog (Vo (@ @ M)) = "DRiog(L' @0 VH(M(xH))).

Modulo z, the left-hand side becomes grf’ "DRjoq (Vo (w ® M)). The connection on
the right-hand side reads

V(' @m)=2V({')@m+ ' @V (m),
so that, modulo z, it reads ¢ @ m — £ @ [V(m) mod z]. We deduce the identification
o "DRiog(1 @0 VL)) = I @0, g1 "DRiog (VL (M(H)).
Applying Propositions 9.2.2 and 11.3.3(7) once more yields
gr” "DR1og (VT HM(xH))) ~ gr” "DR(M[xH]).
In conclusion, grf "DR(&y @ M) ~ L' ® gr "DR(M[«H]). This ends the proof of (c),
and thereby that of Theorem 11.9.5. O

11.10. Exercises

Exercise 11.1. In the setting of Section 11.3.b, assume that g is smooth and set D =
g 1(0) = (g9). Let ¢y : X < X x C be the graph inclusion and set H = X x {0}.
Show that M[«D] as defined by 11.3.1 satisfies

ot M[x|D|] = (My)[+H].
Conclude that M[xg] exists and is equal to M[x|D)|].
Exercise 11.2. In the proof of Proposition 11.4.2, show however that the action of 5t
induces a D x-module structure on Ker p and on Coker p, and identify these D x-mod-

ules with Ker cang; and Coker cang; respectively. [Hint: Argue as in Proposition
9.3.38.]

Exercise 11.3. We work within the full subcategory of D x-modules which are strictly
R-specializable and localizable along D.

(1) Show that M[*D] and M[!D] are localizable along D and
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(a) the morphisms (M[!D])[*D] — M[*D] and (M[ID])[!D] — M[!D] induced
by M[1D] — M are isomorphisms,

(b) the morphisms M[!D] — (M[«D])[!D] and M[*D] — (M[«D])[*D] in-
duced by M — M[+D] are isomorphisms.

(2) Let g be a local equation of D. Show that there are isomorphisms of diagrams
(see Definition 9.7.3)

can N
~ - ~ I N
Vg1 M[%g] bg,1 M[xg] >~ hgaM g1 M(~1)
~ v
(=1 var (=1 Id
and
can Id
ng,lm[!g] ¢9,1M[!g] _— %,1M zbg,lj\/L
~—_ - - -
(=1 var -1 N

Exercise 11.4. We keep the assumptions as in Definition 11.5.2 and we also assume
also that D = (g). Recall that loc (resp. dloc) have been defined in 11.3.3(2)
(resp. 11.4.2(2)).

(1) Show that the kernel and cokernel of the natural morphism
loc o dloc : J\N/E[!g] — JV[[*g]
are equal respectively to the kernel and cokernel of
$g,1(loc o dloc) : q[)g,ﬂ?/[[!g] — qbg’lf/[[*g],

and also to the kernel and cokernel of
N: wg)lM — ¢g71M(—1).

[Hint: Show that locodloc induces an isomorphism on V. and argue as in Proposition

9.3.38 for peg. (M[*g]).]
(2) Identify 1y \M[!xg] with 1y \M and ¢4,1M[!xg] with image(N).
(3) Show that if N : ¢ 1M — by 1 M(—1) is strict, then loc o dloc : M[!lg] = M]xg]

is strictly R-specializable.

Exercise 11.5. With the assumptions of Proposition 11.5.4, show similarly that the
morphism M — M[xg] (resp. M[lg] = M) is strictly R-specializable along (g) if and
only if the morphism var : ¢4 1M — g 1 M(—1) (resp. can : 1y 1M — @41 M) is
strict.

Exercise 11.6 (Linear algebra 1). Let (M, N) be a graded C-vector space with a nilpo-
tent endomorphism N : M — M(—1). For e = 0,1, set M(&F) = M @¢ JEF) (FEF) as
in Section 11.6.b) with nilpotent endomorphism

NER = N@Id+Id@JER) . pER o k) (1)

and similarly for N, ;). Show the following properties.
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(1) The morphism
M — M©ER
m— ¥ _(-N)m®e,

induces an isomorphism Ker N¥t1—¢ =5 KerN(#) with respect to which the
natural morphism Ker N(&*) — Ker N+ 1) correspond to the natural morphism
Ker NF+1=¢ < Ker N2 and the natural morphism Ker N(O%) — Ker N(1F) (1)
correspond to the natural morphism Ker N¥+1 =5 Ker N*(—1). In particular, if N
has finite order on M, show that have natural commutative diagrams

limg, Ker N(O*) = lim KerN*' —=— M

ML

lim, Ker NWF)(—1) = limy, Ker N*(—1) —— M (~1)

and the limits are achieved for k > ord(N).
(2) Show that the morphism
MER s M(e — k)

k k

Z m; @ e; — Z(—N)k_imi

i=¢€ i=¢e
induces an isomorphism

Coker N&F) .= MER) (1) / Tm NER) =5 M (e — (k + 1))/ Im NF+1=¢)

and thus, if k£ > ord(N),

Coker N&R) ~ M (e — (k +1)).
Identify the map Coker N(*) — Coker N(&*1) with N : M(e—(k+1)) — M (e —(k+2))
and deduce that hﬂk Coker N(=:%) = 0.

(3) Show similar properties for the lower Jordan block. Note that the previous
diagram becomes

M— @k Coker Nk =~ mk Coker N(q )

| |

M(—1) - Jim, Coker NFFL(—1) = lim, Coker N(gx)(—1)

Exercise 11.7 (Linear algebra 2). We keep the notation as in Exercise 11.6.

(1) Show that the two composed natural maps

MOB _y ppamqy NEY g
(0.0)
and MO N om )y R (—2)

coincide. Let Z¥ M denote their kernel. In particular, N(©*) induces a map

N2, - EMM — Ker[MOF) (—1)  MON(=2)] > (M ® e9)(—1) = M(-1).
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(2) Show that the map
M @ Ker N¥(—1) — MO0
(n,m) —n®ey+ Zle(—N)i’lm ® €;

induces an isomorphism onto ZFM.

3) Show that, under this isomorphism, N0 - ZFAf — M(—1) is identified with

|=F M

(n,m) — Nn +m.

(4) Conclude that, if ord(N) is finite and & > ord(N), then the exact sequence

0 — Ker[M©F — MR (—1)] — 2FM — Ker NF) — 0

is isomorphic to the naturally split sequence 0 = M — M & M(-1) - M(-1) = 0
with respect to which the exact sequence

0 — KerNOF) — =2k — Ker[MOF) (~1) — MM (-2)] — 0

corresponds to

0 —s Ker(N +1d) — M & M(~1) 21 -1y 0.

(5) Show similar properties for the lower Jordan block.

Exercise 11.8. Show that, if M, is strictly R-specializable along H, then so are J%Sf’k)
and JVE*(EM, we have V,Jv[ff’k) = (V,JVE*)(E”C) and the lower similar equalities, and for
every \, ¢t7,\(3\~/[5f’k)) ~ (1hy \M.)=F) and other similar equalities with ¢ 1, together
with the lower similar equalities.

Exercise 11.9. Show that, for a« > —1, Uy"N defined by (11.8.7) is equal to VN +
Zi>1 VoN - 8{i. [Hint: Use that, for such an « and for k > 1, Vo xN = Vi N +
Vask_1N - 9y, see Proposition 9.3.25(b).]

11.11. Comments

The property that the localization along a hypersurface of holonomic D x-module
remains coherent and, better, holonomic, is one of the main applications of the the-
ory of the Bernstein polynomial (see [Ber72, Kas76, KasT78|, see also [Bj679] and
[EhI8T7]).

The notion of localizable filtered D x-module has been introduced (with a differ-
ent terminology) by M. Saito in [Sai90| as an essential step for the theory of mized
Hodge modules. The approach given here follows that of T. Mochizuki in [Moc15].
In particular, the parallel way to present localization and dual localization is due to
him. The proof of Proposition 11.2.20 owes much to that of [Voi02, Prop. 8.34].

The gluing construction for perverse sheaves goes back to the work of Verdier
[Ver85| and Beilinson [Bei87]. It plays an important role in M. Saito’s theory of
mixed Hodge modules [Sai90|, where the construction of the maximal extension is
given in a geometric way. The approach given here is closer to that of Beilinson,
and has been much inspired by the treatment made by T.Mochizuki in [Moc15],
where this gluing construction is also fundamental for the theory of mixed twistor
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D-modules. Section 11.2.d is also much inspired from the treatment in [Moclla,
§17.3].

The Thom-Sebastiani formula proved in Section 11.8 is due to M. Saito. An initial
proof had been given in an unpublished preprint dated 1990 [Saill]. A simpler
proof has been given in [MSS20]|. The proof of Theorem 11.8.1 is much inspired by
the latter. The proof of the Kodaira-Saito vanishing property is also much inspired
from that of [Sai90] (see also [Popl6]), but the need of using logarithmic de Rham
complexes is not explicit in these references, so we have adapted the proof in [Sch16];
lastly, we avoid arguing with perverse sheaves in Section 11.9.c.






