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The logarithm

• Li1(z) = −Log(1 − z)
(

z ∈ C
)

• Integral representation : Log(z) =
∫ z

du
u−0

Li1(z) = −
∫ z

du
u−1

• Taylor series : Li1(z) =
∑∞

k=1
zk

k

• Monodromy : M0
(

Log
)

= Log + 2iπ

• Functional identity : Log( x ) − Log( y ) − Log
(

x
y

)
= 0

Indoles logarithmorum hac aequatione fundamentali continetur [Pfaff 1788]

[ The nature of logarithms is contained in this fundamental eq◦ ]



The dilogarithm Li2

• Li2(z) =
∑∞

k=1
zk

k2

(
|z |< 1

)

• Integral formulas : Li2(z) = L01(z) = −
∫ z

log(1 − u) du
u−0

L10(z) =
∫ z

log(u − 0) du
1−u

• Monodromy : M1
(

Li2
)

= Li2 − 2iπ Log

• Abel’s functional identity
(
Ab

) (
0 < x < y < 1

)

Li2
(
x
)

− Li2
(
y
)

− Li2
( x

y

)
− Li2

( 1− y

1− x

)
+ Li2

(
x(1− y)

y(1− x)

)
=

Log(y) Log

(
1 − y

1 − x

)
−

π2

6
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R
(
x) − R

(
y
)

− R
( x

y

)
− R

( 1− y

1− x

)
+ R

(
x(1− y)

y(1− x)

)
= 0 .

R(x) =
1

2

(
L01(x) − L10(x)

)
= Li2(x) +

1

2
Log(x)Log

(
1 − x

)
−

π2

6



The n-th polylogarithm Lin

• Lin(z) =
∑∞

k=1
zk

kn

(
|z |< 1

)

• Integral formula : Lin(z) =
∫ z

Lin−1(u)du
u

Lin
′(z) = Lin−1(z)/z

• Monodromy : M1
(

Lin
)

= Lin − 2iπ (Log)n−1

(n−1)!

• Identités fonctionnelles en une variable :

Lin
(
z r
)

= rn−1
∑

ωr =1

Lin(ω z)
(

|z |< 1
)

Lin(z) + (−1)nLin
(
z−1

)
= −

(2iπ)n

n!
Bn

(
Log z

2iπ

) (
z ∈ C \ [0, +∞[

)



The n-th polylogarithm Lin

• Lin(z) =
∑∞

k=1
zk

kn

(
|z |< 1

)

• Integral formula : Lin(z) =
∫ z

Lin−1(u)du
u

Lin
′(z) = Lin−1(z)/z

• Monodromy : M1
(

Lin
)

= Lin − 2iπ (Log)n−1

(n−1)!

• Functional identities in several variables ( ∃ ? ) :

∑

i∈I

ci Lin
(
Ui

)
= Elem<n ⇐⇒

∑

i∈I

ci Ln

(
Ui

)
= 0

(
I finite , ci ∈ Z , Ui ∈ Q(x1, . . . , xN)

)
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Example : Li3

• Li3(z) =
∑∞

k=1 zk/k3 =
∫ z Li2(u)du

u

• Spence-Kummer identity SK (1809-1840) :

2 Li3
(

x
)

+ 2 Li3
(

y
)

− Li3
( x

y

)
+ 2 Li3

( 1 − x

1 − y

)
+ 2 Li3

( x(1 − y)

y(1 − x)

)
− Li3

(
xy
)

(SK) + 2 Li3
(

−
x(1 − y)

(1 − x)

)
+ 2 Li3

(
−

(1 − y)

y(1 − x)

)
− Li3

( x(1 − y)2

y(1 − x)2

)

= 2 Li3(1) − Log (y)2Log
(1 − y

1 − x

)
+

π2

3
Log (y) +

1

3
Log (y)3

2L3
(

x
)

+ 2L3
(

y
)

− L3

( x

y

)
+ 2L3

( 1 − x

1 − y

)
+ 2L3

( x(1 − y)

y(1 − x)

)
− L3

(
xy
)

(SK) + 2L3

(
−

x(1 − y)

(1 − x)

)
+ 2L3

(
−

(1 − y)

y(1 − x)

)
− L3

( x(1 − y)2

y(1 − x)2

)
= 0

• L3(z) = Li3(z) − Li2(z) Log|z |+1
3 Li1(z)

(
Log|z |

)2
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−
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−
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Example : Li4

• Li4(x) =
∑∞

k=1 xk/k4 L4(x) = Li4(x) + Elem<4(x)

• Kummer’s functional identity K(4) (1840) :

L4

(
−

x2yη

ζ

)
+L4

(
−

y2xζ

η

)
+L4

( x2y

η2ζ

)
+L4

( y2x

ζ2η

)

− 6L4

(
xy
)

− 6L4

( xy

ηζ

)
− 6L4

(
−

xy

η

)
− 6L4

(
−

xy

ζ

)

(K4) − 3L4

(
xη
)

− 3L4

(
yζ
)

− 3L4

( x

η

)
− 3L4

( y

ζ

)

− 3L4

(
−

xη

ζ

)
− 3L4

(
−

yζ

η

)
− 3L4

(
−

x

ηζ

)
− 3L4

(
−

y

ηζ

)

+ 6L4
(

x
)

+ 6L4(y) + 6L4

(
−

x

ζ

)
+ 6L4

(
−

y

η

)
= 0

(
ζ = 1 − x , η = 1 − y

)



• Abel 1881 (Spence 1809, Hill 1829, Rogers 1907)

R
(
x) − R

(
y
)

− R
(

x
y

)
− R

(
1−y
1−x

)
+ R

(
x(1−y)
y(1−x)

)
= 0 (Ab)

• Spence-Kummer :
∑9

i=1 ci L3

(
Ui(x , y)

)
= 0 (SK)

• Kummer 1840 :
∑

i ci Ln

(
Ui(x , y)

)
= 0

(
n ≤ 5

)
(Kn)

• . . .

• Goncharov 1995 :
∑22

i=1 ci L3

(
Ui (a, b, c)

)
= 0 (Gon)

• Gangl 2003 :
∑

i ci Ln

(
Ui (x , y)

)
= 0

(
n = 6, 7

)
(Gann)

• Charlton, Gangl, Radchenko, Rudenko, Goncharov-Rudenko, ...



• Functional identities (FI) of polylogarithms Lin :

◮ Hyperbolic geometry

◮ Web geometry ( n ≤ 3 )

◮ K-theory of number fields ( n ≤ 4 )

◮ Theory of periods (MZVs)

◮ Particle physics (‘Scattering amplitudes’)

◮ Mathematical physics (‘Y -systems’) ( n = 2 )

◮ Cluster algebras ( n ≤ 4 )

◮ Mirror symmetry (‘Scattering diagrams’) ( n = 2 )

• Main problems : − find FIs for Ln

(
e.g. ∃ n ≥ 8 ?

)

− better understand the polylogarithmic FIs
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K-theory and polylogarithmic identities

• F = number field  Kn(F ) =

{
n even X (Borel)
n odd ?

• [Zagier] K3(F )

 

 B2(F ) with

B2(F ) =
Z

[
F\{0,1}

]

〈
[ x ]−[ y ]−

[
x
y

]
−[ 1−y

1−x ]+
[

x(1−y)
y(1−x)

] ∣∣ x ,y∈F\{0,1} , x 6=y

〉

(
R
(
x) − R

(
y
)

− R
(

x
y

)
− R

(
1−y
1−x

)
+ R

(
x(1−y)
y(1−x)

)
= 0

)

• (Borel’s) regulator : RB
2 = L2 : K3(F )−→R

( for n ≥ 2 ) RB
n = Ln : K2n−1(F )−→R ( n ≥ 2 )

•
Understanding

FI’s of Ln
→
− Desc◦ of K2n−1(F ) = generators

/
relat◦

− Applications to “Zagier’s Conjecture”



‘Scattering amplitudes’ and functional identities

• ‘Scattering amplitudes’ I =
∫

∆
Ψ

(
important in HEPP

)

• ‘Scattering amplitudes’ I = I ′
+R

• ‘Scattering amplitudes’ I = I ′
+
∑

i∈I Fi

(
xi

)

• [dDDS] ‘The 2-loop hexagon Wilson loop in N = 4 SYM’ (2010)

R
(2)
6,WL = ‘remainder’ given by a 17 pages formula !

• [GSVV] R
(2)
6,WL =

∑3
i=1

(
L4
(
x+

i , x−
i

)
− 1

2Li4(vi

))
− 1

8

(∑3
i=1 Li2(vi

))2
+ · · ·

• Importance of simplifying
∑

i∈I Fi

(
xi

)
when Fi = polylogarithms

Fi = hyperlogarithms
Fi = elliptic polylogs

• Justifies the study of functional indentities
∑

j∈J Fj

(
xj

)
= cst



• Ab
(
x , y

)
= R

(
x) − R

(
y
)

− R
(

x
y

)
− R

(
1−y
1−x

)
+ R

(
x(1−y)
y(1−x)

)
≡ 0

Thm [de Jeu 20] For I finite, ci ∈ Q and Ui ∈ Q[x1, . . . , xm] :

∑
i∈I ci R

(
Ui

)
≡ cst ⇐⇒

∑
i∈I ci R

(
Ui

)
is a LC of

specialisations of Ab
(
Xs , Ys

)
’s

with Xs , Ys ∈ Q[x1, . . . , xm] ∀ s

• Log(x) − Log(y) − Log(x/y ) = 0 is the FFI of the log X

• Ab ⇐⇒
(

Ab
(
x , y

)
≡ 0

)
is the FFI of the dilog X

• Gon22 ⇐⇒
∑22

i=1 ciL3

(
Ui

)
= 0 is the FFI of the trilog ?

• Q4 [ Goncharov-Rudenko ] is the FFI of the tetralog ?



[ Hain MacPherson 1990 ] Higher logarithms
The dilogarithm has properties analogous to those of the
logarithm. It has been widely believed, both in the nine-
teenth century and more recently, that these two functions
should be the first two elements of an infinite sequence
of higher logarithms which share analogous properties. To
date, several sequences of such functions have been pro-
posed, but no function beyond the dilogarithm in any of
these sequences is known to possess all the desired proper-
ties.

[ Griffiths 2002 ] The legacy of Abel in algebraic geometry
...intuitively, we are asking whether or not for each n
there is an integer d(n) such that there is a “new”
d(n)-web of maximum rank one of whose abelian
relations is a (the ?) functional equation with d(n)
terms for Lin ? Here, ‘new” means the general extension
of the phenomena above for the logarithm when n = 1,
where d(1) = 3, for the 5-term identity when n = 2 and
d(2) = 5,. . .



[Goncharov-Rudenko 2018] Motivic correlator, cluster algebras ...

Conclusion. If n > 3, the problem of writing explicitly
functional equations for Lin might not be the “right”
problem. It seems that when n is growing the functional
equations become so complicated that one can not write
them down on a piece of paper.

• Main problems about polylogarithms :

− Finding FI’s for Ln

(
e.g. ∃ n ≥ 8 ?

)

− Does it exist a sequence (FIn)n≥1 of FI’s for the polylogs ?

− Does it exist a (fundamental) FFI for Ln for each n ≥ 1 ?

− Better understand polylogarithmic FI’s



• In this talk, considering hyperlogarithms
(

⊃ polylogarithms
)

:

− we describe a series of new hyperlogarithmic identities

HLog1 ⇐⇒
(

Log(x) − Log(y) − Log(x/y ) = 0
)

HLog2 ⇐⇒
(

R
(
x) − R

(
y
)

− R
(

x
y

)
− R

(
1−y
1−x

)
+ R

(
x(1−y)
y(1−x)

)
= 0

)

...

...

HLog6
(

hyperlogarithmic FI of weight 6
)

− For w = 1, . . . , 6, one has

HLogw :
∑κ

i=1 AHw
i

(
φi
)

= 0



A geometric view on Abel’s identity

•
(
Ab

)
R
(
x
)
− R

(
y
)
− R

(
x
y

)
− R

(
1−y
1−x

)
+ R

(
x(1−y)
y(1−x)

)
= 0

= = = = =

U1 U2 U3 U4 U5

p
Base points of the U i ’s :

− p1 =
[
1 , 0 , 0

]

− p2 =
[
0 , 1 , 0

]

− p3 =
[
0 , 0 , 1

]

− p4 =
[
1 , 1 , 1

]

 Blow-up β : X4 = Blp1,...,p4

(
P2
)

−→ P2



A geometric view on Abel’s identity

•
(
Ab

)
R
(
x
)
− R

(
y
)
− R

(
x
y

)
− R

(
1−y
1−x

)
+ R

(
x(1−y)
y(1−x)

)
= 0

= = = = =

U1 U2 U3 U4 U5

• Blow-up β : X4 = Blp1,...,p4

(
P2
)

−→ P2

The φ1, . . . , φ5 : X4 −→ P1 are
the five fibrations by conics on
the quintic del Pezzo surface X4

•
(
Ab

)
⇐⇒

∃
(
ǫi
)5

i=1
∈ { ±1 }5

(
∃ ! up to sign

) s. t.
∑5

i=1 ǫi R
(

φi
)

= 0



Generalisation to del Pezzo surfaces

• p1, . . . , pr ∈ P2 : points in general position
(

r ∈ {3, . . . , 8}
)

• Blow-up βr : X r = Blp1,...,pr

(
P2
)

−→ P2
(

X r = dP9−r

)

Prop : 1. There is a finite number
κr of conic fibrations

φ1, . . . , φκ : X r −→ P1

2. For any i : Σi = Spectrum(φi ) ⊂ P1 has r − 1 elements

Def◦ : The complete antisymmetric
hypergarithm of weight r − 2

: AHr−2
Σi

: P1 \ Σĩ −→ C

Thm [ Castravet-P. ] ∃
(
ǫi

)κ
i=1

∈ { ±1 }κ, ±-unique, such that

(
HLogr−2

) ∑κ
i=1 ǫi AHr−2

Σi

(
φi
)

= 0



(
HLogr−2

) ∑κ
i=1 ǫi AHr−2

Σi

(
φi
)

= 0

• One identity HLogr−2 for each del Pezzo dPd = X r

(
d = 9 − r

)

[ d = 6 ] dP6 is unique, AH1
Σi

= Log for all i

HLog1 =
(

Log
(

x
)
− Log

(
y
)
− Log

(
x/y

)
= 0

)

[ d = 5 ] dP5 is unique : AH2
Σi

= 1
2

(
L01 − L10

)
= R for all i

HLog2 =

( ∑5
i=1 ǫi R

(
φi
)

= 0
) (

Ab
)



(
HLogr−2

) ∑κ
i=1 ǫi AHr−2

Σi

(
φi
)

= 0

[ d = 4 ] dP4 ∞
2 moduli  ∞2 identities HLog3

AH3
1

(
x
)
+AH3

2

(
1

y

)
+ AH3

3

(
y

x

)
+ · · ·

· · ·+AH3
9

(
y(x − b)

x(y − a)

)
+ AH3

10

(
a (b − x)

by − ax

)
= 0

[ d = 3 ] dP3 = cubic surface in P3  ∞4 identities HLog4

∑27
i=1 AH4

i

(
φi

)
= 0



Thm [ Castravet-P. 2022]

∃∃
(
ǫi

)κ
i=1

∈ { ±1 }κ unique up to sign, such that

(
HLogr−2

) ∑κ
i=1 ǫi AHr−2

Σi

(
φi
)

= 0

−→ Del Pezzo surfaces

−→ Hyperlogarithms (aka ‘Iterated integrals on P1’)



Del Pezzo surfaces I : properties

• dPd ⊂ Pd smooth surface, of degree d
(

d = 9 − r
)

• dPd = Xr = Blp1,...,pr (P
2) Pic(dPd) = Z h ⊕

(⊕r
i=1 Z ℓi

)

• −KdPd
= 3h −

∑r
i=1 ℓi ample ϕ|−K | : dPd →֒ Pd embedding

• Pic
(
dPd

)
⊃ K⊥ =

〈
ρ1, . . . , ρr

〉
ρi = ℓi − ℓi+1 i ≤ r − 1

ρr = 3h −
∑3

i=1 ℓi

• −(·, ·) + { ρi }r
i=1  Root system Er ⊂ Rr = K⊥ ⊗ R

• For any root ρ : sρ : Rr −→ Rr (orthog. reflection)

d 7−→ d + (d , ρ)ρ

• W r = W (Er ) =
〈

sρ1
, . . . , sρr

〉
⊂ O(Rr ) : Weyl group of type Er



Del Pezzo Surfaces I

1 2 3 4

1 2 3 4

5

1 2 3 4 5

E
6

1 2 3 4

7

E7

1 2 3 4

8

E8

5

5

6

6

6 7

E = D5 5

E = A4 4

Figure – Dynkin diagram Er

(
k stands for ρk for any k = 1, . . . , r

)



Lines and conics on X r = dPd

(
d = 9 − r

)

• Lines Lr =
{

ℓ ∈ Pic(X r )
∣∣∣
(

ℓ , −K
)

= 1 , ℓ2 = −1
}

∈

δ  | δ | =
{

δ
}

with P1 ≃ δ ⊂ dPd deg(δ) = 1

• Lr = W r · ℓr

W′
r−1 = Stab

(
ℓr

)
=
〈

sρi

∣∣ i 6= r − 1
〉

= W
(
E ′

r−1

)
( Weyl group )

• Clonics Kr =
{
c ∈ Pic(X r )

∣∣∣
(
c , −K

)
= 2 , c

2 = 0
}

∈

c → | c | ≃ P1  Conic fibration φc : X r → P1

• Kr = W r ·
(
h − ℓ1

)

W′′
r−1 = Stab

(
h − ℓ1

)
=
〈

sρ2 , . . . , sρr

〉

= W
(
E ′′

r−1

)
( type E ′′

r−1 = Dr−1 )





Example : the lines of dP2 seen in P2

• dP2 = X7 = Blp1,...,p7

(
P2
) β

−→ P2

• ℓi = β−1(pi) ⊂ X7  ℓi ∈ Pic(X7)

 ℓ =
∑7

i=1 ℓi



Example : the clonics of dP2 seen in P2



Non irreducible conics on Xr = dPd

• Lr = ∪ℓ∈Lr
ℓ ⊂ X r  Ur = X r \ Lr

• Kr ∋ c  Fibration by conics φc : X r → P1

• Σc = Spectrum
(

φc

)
=
{

σ ∈ P1
∣∣∣ φ−1

c (σ) not irreducible
}

=
{

σ1
c , . . . , σr−2

c , σr−1
c = ∞

}
⊂ P1

• For σi
c ∈ Σc : φ−1

c

(
σi
c

)
= Li

c + L̃i
c

(
Li
c , L̃i

c ∈ Lr

)

• Hc = H0
(
P1 , Ω1

P1

(
Log Σc

) )
=
〈

dz
z−σi

c

〉r−2

i=1
≃ Cr−2

≃

• Hc = φ∗
c

(
Hc

)
=
〈

dφc

φc−σi
c

〉r−2

i=1
⊂ H0

(
X r , Ω1

Xr

(
Log Lr

) )
= HX r



Del Pezzo’s webs WdPd

• WdPd
=W

(
φc

)
c∈Kr

: κr -web by conics on dPd

• Questo : ∃∃
(

Fc

(
φc

) )

c∈Kr

such that
∑

c∈Kr
Fc

(
φc

)
= 0

for some polylogarithms Fc ?

Theorem : ∃∃
(
ǫc
)
c∈Kr

∈ { 1 , −1 }Kr ±-unique such that

(
HLogr−2

) ∑

c∈Kr

ǫc AHr−2
c

(
φc

)
= 0

where ∀ c : AHr−2
c = complete antisymmetric hyperlogarithm

of weight r − 2 on P1 \ Σc



Iterated integrals

• Poincaré (1884), Lappo-Danilevski (1928), Chen (1973)

• Y complex manifold

• H =
〈

ω1 , . . . , ωm

〉
⊂ H0

(
Y , Ω1

Y

)
+

[
dωi = 0

ωi ∧ ωj = 0

]

• Ex : φ : Y → C and ωi ∈ φ∗
(
H0
(

C , Ω1
C

))
i = 1, . . . , m

• Base point y ∈ Y , path γx : [0, 1] → Y from y to x :

− IIωi
: x 7−→

∫
γx ωi  IIωi

∈ Oy

− IIωjωi
: x 7−→

∫
γx ωj(u) · IIωi

(u)  IIωjωi
∈ Oy

− IIωk ωjωi
: x 7−→

∫
γx ωk(u) · IIωjωi

(u)  IIωkωj ωi
∈ Oy



Iterated integrals (polylogarithms)

IIw : H⊗w −→ Oy

• ω = ωi1 ⊗ · · · ⊗ ωiw 7−→ IIω : z 7→
∫

γz ωi1(u) · IIωi2
···ωiw

(u)

• II :
(⊕

w≥0 H⊗w , �
)

−→ Oy
injective morphism
of C-algebras

• ∀ ω :
IIω ∈ Oy ∩ Õ(Y )

unipotent monod.
−→ Symbol S

(
ĨIω

)
= ω X

• Ex : Y = P1 \ Σ with Σ = { 0, 1, ∞ }

H =
〈

dz
z

, dz
1−z

〉
= H0

(
P1 , Ω1

P1

(
Log Σ

) )

Lin = IIn
( (

dz
z

)⊗(n−1)
⊗
(

dz
1−z

) ) (
‘Polylogarithms’

)



Iterated integrals (hyperlogarithms)

• Ex : Y = P1 \ Σ with Σ =
{

σ1 , . . . , σr−2 , σr−1 = ∞
}

H =
〈

dz
z−σ1 , . . . , dz

z−σr−2

〉
= H0

(
P1 , Ω1

P1

(
Log Σ

) )

IIn
( (

dz
z−σi1

)
⊗ · · · ⊗

(
dz

z−σin

) )
“Hyperlogarithm”

• Complete antisymmetric hyperlog of weight r − 2 on P1 \ Σ :

AH r−2
Σ = IIn

(
Asym

(( dz

z − σ1

)
⊗ · · · ⊗

( dz

z − σr−2

)))

= IIn

(
1

(r−2)!

∑
ν∈Sr−2

(−1)ν

(
dz

z−σν(1)

)
⊗ · · · ⊗

(
dz

z−σν(r−2)

))

• Ex : AH2
{0,1,∞} = 1

2 II2
(

dz
z

⊗ dz
(1−z) − dz

(1−z) ⊗ dz
z

)
= R



III Identity HLogr−2 : proof(s)

(
HLogr−2

)
:
∑

c∈K ǫc AHr−2
c

(
φc

)
= 0 with AHr−2

c = AHr−2
Σc

• φc : X r → P1 ⊃ Σc =
{

σi
c

}r−1

i=1
Hc = H0

(
Ω1
P1

(
Log Σc

))

• φ∗
c

(
Hc

)
= Hc ⊂ HX r

= H0
(
Ω1

Xr

(
Log Lr

))

• AHr−2
c

(
φc

)
= II

((
dφc

φc−σ1
c

)
∧ · · · ∧

(
dφc

φc−σr−2
c

))
∈ IIr−2

(
∧r−2 Hc

)

y S (symbol)

• Ωr−2
c =

(
dφc

φc−σ1
c

)
∧ · · · ∧

(
dφc

φc−σr−2
c

)
∈ ∧r−2Hc ⊂ ∧r−2HXr

(
HLogr−2

)
⇐⇒

∑
c ǫc Ωr−2

c = 0 in ∧r−2HXr



Proofs of : hlogr−2 =
∑

c ǫc Ωr−2
c = 0 dans ∧r−2HXr

• HXr
= H0

(
Ω1

X r

(
Log Lr

)) ⊕ℓResℓ
// CLr injective

Ωr−2
c ∈ ∧r−2HXr

�

�

// ∧r−2 CLr x W (Er )

[
P1
]

One decomposes hlogr−2 in a natural basis for ∧r−2 CLr

[
P2
]

signr →֒ ⊕c

(
Hc

)∧(r−2)
−→ ∧r−2 CLr

〈
signr , ∧r−2 CLr

〉
= 0

1 7−→
(

Ωr−2
c

)
c

7−→
∑

c Ωr−2
c ( GAP3 )

[
P3
]

Explicit descrip◦ of lines −→ ZLr ≃ Z|Lr |

• + linear algebra over Z −→
∑

ǫcΩ
r−2
c = 0 ( Maple )

[
P4
]

Inductive analytic proof ( ... ? )



IV Comparison between HLog2 and HLog3

• HLog2 R
(
x) − R

(
y
)

− R
(

x
y

)
− R

(
1−y
1−x

)
+ R

(
x(1−y)
y(1−x)

)
= 0

• HLog3 ∑10
i=1 ǫi AH3

Σi

(
φi
)

= 0 with for Σ =
{

b1, . . . , b4
}

AH3
Σ(x) = 1

3

∑3
k=1(−1)k−1Log

(
1 − x

bk

)
RΣ\{bk }

(
x
)

AH3
1

(
x
)

+ AH3
2

(
1
y

)
+ AH3

3

(
y
x

)
+ AH3

4

(
x−y
x−1

)
+ AH3

5

(
b(a−x)
ay−bx

)

+AH3
6

(
P(x,y)

(x−1)(y−b)

)
+ AH3

7

(
(x−y)(y−b)

y P(x,y)

)
+ AH3

8

(
x P(x,y)

(x−y)(x−a)

)

+ AH3
9

(
y(x−b)
x(y−a)

)
+ AH3

10

(
a (b−x)
by−ax

)
= 0



Del Pezzo’s webs WdP5
and WdP4

•
(
Ab

)
R
(
φ1
)
− R

(
φ2
)
− R

(
φ3

)
− R

(
φ4

)
+ R

(
φ5

)
= 0

• For each i : Fφi
= foliation by the { φi = λ }, λ ∈ P1

• Web : WdP5
=
(
Fφ1

, . . . ,Fφ5

)
: 5-tuple of foliations

• WdP5
= geometric object  

(
HLog2 ) =

(
Ab

)

• WdP4
=
(
Fφk

)
φk : dP4 → P1

fib◦ by conics

 
(

HLog3 )



Comparison between the webs WdP5
and WdP4

•WdP5
and WdP4

satisfy similar remarkable properties :

◮ formed by the pencils of conics on a del Pezzo surface

◮ non linearizable webs

◮ webs of maximal rank, with all their ARs hyperlogarithmic

◮ one has RA
(
WdP5

)
= LogRA1(WdP5

)
⊕
〈

HLog2 〉

RA
(
WdP4

)
= LogRA1(WdP4

)
⊕ HLogRA2(WdP4

)
⊕
〈

HLog3 〉

(decompositions in irreducible W r -representations)

◮ caracterized by the matroids of their hexagonal 3-subwebs

◮ are ‘canonically algebraizable’ ( !)

◮ are ‘modular webs’

◮ are ‘cluster webs’

◮ can be obtained geometrically à la [Gelfand-MacPherson]
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◮ non linearizable webs
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◮ one has RA
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WdP5

)
= LogRA1(WdP5
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⊕
〈

HLog2 〉

RA
(
WdP4

)
= LogRA1(WdP4

)
⊕ HLogRA2(WdP4

)
⊕
〈

HLog3 〉

(decompositions in irreducible W r -representations)

◮ caracterized by the matroids of their hexagonal 3-subwebs

◮ are ‘canonically algebraizable’ ( !)

◮ are ‘modular webs’

◮ are ‘cluster webs’

◮ can be obtained geometrically à la [Gelfand-MacPherson]



Gelfand-MacPherson webs

• G ⊃ P ⊃ H :
G = simple Lie group, Dynkin type D, rank r
P = standard parabolic sub-group (maximal)

H ≃
(
C∗
)r

= Cartan sub-torus

• X = G/P : G-homogenous projective variety

• X ⊂ P
(
V ρ

)
:

V ρ = rep◦ of G
(

ρ : G →֒ GL(Vρ)
)

such that
X = G ·

[
vω
]

with vω ∈ V ρ of highest weight ω
P = StabG

([
vω
])

= stabilizer of
[
vω
]

∈ P
(
V ρ
)

• Wρ =
{

weights of ρ
}

⊂ h∗
R ≃ Rr

(
h = Lie(H)

)

− X ∋ x =
[∑

w∈W pw (x)vw

]
∈ P

(
V ρ

) (pw(x))w ‘generalized
Plücker coordinates’

• Moment map : µ = µD,ρ : X −→ h∗
R , x 7−→

∑
w |pw (x)|2w
∑

w |pw (x)|2



Gelfand-MacPherson webs

• Moment map : µ : X −→ h∗
R , x 7−→

∑
w |pw (x)|2w
∑

w |pw (x)|2

• Moment polytope : µ
(
X
)

= ∆ = ∆D,ρ = Conv
(
Wρ

)
⊂ h∗

R

• One sets H+ = H
(
R>0

)
≃
(
R>0

)r (
split form over R

)

Thm [Atiyah, Guillemin-Sternberg, Gelfand-Serganova]

1. For every x ∈ X :

− ∆x = µ
(

H ·x
)

is a Wρ-sub-polytope of ∆

− µ induces an Cω-isom of manifolds with corners H+ ·x ≃ ∆x

2. For generic x , i.e. x ∈ X◦ = µ−1
(
∆̊
)
, one has ∆x = ∆D,ρ



Gelfand-MacPherson webs

• F face of ∆ : XF = µ−1
(
F
)

⊂ X

Prop : 1. XF = GF /PF with
(
GF , PF

)
of type (DF , ωF )

and F ≃ ∆DF ,ωF

2. One has V ρ = V F ⊕ V F as GF -rep◦ →
Linear project◦

ΠF : V ρ → V F

XF = X ∩ P
(
V F

)
= ΠF (X) ⊂ P

(
V F

)

3. ΠF (X◦) = X◦
F and ΠF : X◦ −→ X◦

F is a locally trivial fibration
in weighted projective spaces

4. H-torsor νH : X◦ −→ Y◦ = X◦/H
(
Y◦ ⊂ Y = X ss//H

)

5. ΠF : X◦ −→ X◦
F is

(
H, HF

)
-equivariant

(
H ։ HF

)



Gelfand-MacPherson webs

5. P
(
V ρ
)

⊃ X◦ ΠF−→ X◦
F ⊂ P

(
V F

)
is
(
H, HF

)
-equivariant

6. ∃ πF : Y◦ → Y◦
F = X◦

F /HF such that the diagram

X◦

νH

��

ΠF
// X◦

F

νHF

��

be commutative

Y◦
πF

// Y◦
F

• Def◦ : Gelfand-MacPherson webs

WGM
X =W

(
ΠF

∣∣ F face of codim 1 of ∆

)
← H-equivariant

WGM
Y =W

(
πF

∣∣ F face of codim 1 of ∆

)
=
(
WGM

X

)/
H



Gelfand-MacPherson’s webs : Gk

(
CN

)

• Gk

(
CN
)

⊂ P
(

∧k CN
) (

G = SL(CN), D = AN−1, etc
)

• µ : Gk

(
CN
)

−→ ∆N
k =

{
(ti)

N
i=1

∣∣∣∣
0 ≤ ti ≤ 1∑N

i=1 ti = k

}
hypersimplex

• Facets of ∆N
k =

{
∆N

k ∩ {ti = 0} = ∆N−1
k  Gk

(
CN−1

)

∆N
k ∩ {ti = 1} ≃ ∆N−1

k−1  Gk−1
(
CN−1

)

• For each i = 1, . . . , N, there are two ‘face maps’ :

G ◦k−1

(
C

N−1
{xi =0}

)
G ◦k
(
CN
)Π{ti =1}

oo
Π{ti =0}

// G ◦k

(
CN/〈ei 〉

)



Gelfand-MacPherson’s webs : Gk

(
CN

)

• For each i = 1, . . . , N, there are two ‘face maps’ :

G ◦k−1

(
C

N−1
{xi =0}

)

νi,0

��

G ◦k
(
CN
)Π{ti =0}

oo

ν

��

Π{ti =1}
// G ◦k

(
CN/〈ei 〉

)

νi,1

��

Conf ◦
N−1

(
Pk−2

)
Conf ◦

N

(
Pk−1

)πi,0
oo

πi,1
// Conf ◦

N−1

(
Pk−1

)

[
Projpi

(
pk

)]

k 6=i

[
p1, . . . , pN

]
✤ //✤oo

[
p1, . . . , p̂i , . . . , pN

]

• GM-web : WGM
ConfN(Pk ) =W

(
N forgetful maps of a point +
N maps of proj◦ from a point

)

• k = 2 : Conf ◦
N

(
P1
)

=M0,N WGM
M0,N

=W
(
M0,N

fi−→M0,N−1

)

+ N = 5 : M0,5 ≃ dP5 = X4 WGM
M0,5

=WdP5
≃ B ←−

(
Ab

)



Construction of (Ab) by Gelfand and MacPherson

Go
2

(
R5
)

ν=ν4

��

Fi
// Go

2

(
R5/〈ei 〉

)

ai

{{

νi =ν3

��

M0,5(R)
fi

//M0,4(R) ≃ R \ {0, 1}

P1 : 1-st Pontryagin class

H4
(
G2
(
R5
))

∋ P1 =
[
Ω
]

with Ω ∈ Ω4
(
G2
(
R5
))SO5(R)

•

∫
along the fibers

of the 4-form Ω
−→

− ω0,5 = ν∗
(
Ω
)

∈ Ω0
(
M0,5(R)

)

− ω0,4,i =
(
νi

)
∗

(
Ω
)

∈ Ω1
(
M0,4(R)

)

• At ν(ξ) : ω0,5 =
∫

H·ξ
Ω +

H · ξ ≃ ∆5
2 via G2

(
R5
) µ

−→ ∆5
2

∂
[
∆5

2

]
=
∑5

i=1(−1)i ai∗

([
∆4

2,i

])

• Stokes for
∫

along fibers :

d ω0,5︸︷︷︸
= 0

=
∑5

i=1(−1)i fi
∗
(

ω0,4︸︷︷︸
= dR

)
=⇒ 0 =

∑5
i=1(−1)i fi

∗
(
dR
) (
Ab

)



Cox varieties

• How get G2
(
C5
)

from X4 = dP5 =M0,5 ?

It is its Cox variety !

• S = smooth projective variety such that PicZ
(
S
)

= ⊕r
i=0Z ℓi(

S = Blp1,...,pr (P
2) ℓ0 = h = [ H ] et ℓi = [ Ei ] i = 1, . . . , r

)

• Def◦ : Cox ring

Cox
(
S
)

=
⊕

n0,...,nr ∈Z

H0
(
S, OS

(
n0H + n1E1 + · · · + nrEr

))

• Facts : − Cox
(
Pn
)

= C
[
x0, . . . , xn

]
( homonenous polynomials )

− Cox
(
S
)

= C
[
y1, . . . , ym

]
⇐⇒ S is toric

− Cox
(
S
)

of finite type = S ‘Mori Dream Space’ ( MMP X)

=

Cox
(
S
)

=
C
[
Γ1,...,Γm

]

J S
−→ A

(
S
)

= Spec
(
Cox

(
S
))

⊂ Am
Γ



Cox varieties of del Pezzo surfaces

•
Surface S ⊃ ℓ with
ℓ ≃ P1 and ℓ2 = −1

=⇒
σℓ ∈ H0

(
OX r

(ℓ)
)

\ {0}

generator of Cox
(
S
)

•
In Blp1,...,p9

(
P2
)

:
∃ ∞ of (−1)-lines

=⇒ Cox
(
Blp1,...,p9

(
P2
))

not of finite type

Thm [Batyrev, Popov] For r = 3, . . . , 8 :

Cox
(
dPd = Xr = Blp1,...,pr

(
P2)) = C

[
σℓ

∣∣ ℓ ∈ Lr

]/
JdPd

• TNS = HomZ

(
PicZ(X r ),C

∗
)
	 A

(
X r

)
 X r = A

(
X r

)
// TNS

• A
(
X r

)
→֒ CLr + Z-graduation on Cox

(
Xr
)

induced by (−K , ·)

−→ P
(
X r

)
= Proj

(
Cox

(
Xr
))

︸ ︷︷ ︸
=
(

A
(

X r

)
−{0}

)
/C∗

⊂ P
(
CLr

)
� TNS = TNS/C∗



Cox varieties of del Pezzo surfaces

• P
(
X r

)
= Proj

(
Cox

(
Xr
))

⊂ P
(
CLr

)
�
TNS = TNS/C∗

W (Er )

}
 G(Er )

Thm [Batyrev, Popov, Derenthal, Serganova-Skorobogatov]

1. The space CLr is a minuscule representation of G r = G(Er )

2. There is a (TNS, Hr )-equivariant embedding :

P
(
X r

)
→֒ X r = G r /Pr ⊂ P

(
CLr

)

3. There is an embedding fSS : X r →֒ Y r = X r//H r such that

P(X r )
�

�

//

��

X r

��

⊂ P
(
CLr

)

is commutative

dP9−r = X r
�

� fSS
// Y r = X r //H r



• r = 4, Er = A4 : P
(
X4
)

= G2(C5) →֒ P
(
CL4

)
≃ P9

(
Plücker

)

P(X4)

��

G2(C5)

��

Πi
//❴❴❴❴❴❴ G2(C4

i )

��

dP5 = X4
�

� fSS

∼
// Y4 =M0,5

πi

fi

//❴❴❴❴❴❴ M0,4 ≃ P1

−→ WdP5
= f ∗

SS

(
WGM
Y4

=WM0,5

)

• For r ∈ {4, . . . , 7} ( r = 8 ? ), one has :

P(X r )
�

�

//

��

X r = G r /Pr

��

ΠF
//❴❴❴❴❴ X F

��

dP9−r = X r
�

� fSS
//

FSS

55❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦
Y r

πF
//❴❴❴❴❴❴❴❴ YF

Thm : WdP9−r
= f ∗

SS

(
WGM
Y r

)
= F ∗

SS

(
WGM

Gr /Pr

)



Example : WdP4
( case r = 5 )

• Type D5 :
G5 = Spin10(C)

2:1
−→ SO10(C)

G5/P5 = S5 ⊂ P(S+
5

)

− S5 ≃ OG+
5 (C10

)
= ‘Spinor 10-fold’

− S+
5 ≃ C16 = ‘half-spin representation’

• µ : S5 → ∆D5
=

demihypercube : convexe envelope of the
1
2

(
ǫ1, . . . , ǫ5) ∈ 1

2{±1 }5’s with ǫ1 · · · ǫ5 = 1

• Facets : F = ∆ε
D5,i = ∆D5

∩ { ti = ε
2 } ≃ ∆D4,Q6

( i = 1, . . . , 5
ε ∈ { ±1 }

)

• Diagram : P(X5) �
�

//

��

S5

��

ΠF
//❴❴❴❴❴ Q6

F

��

dP4 = X5
�

� fSS
// Y5

πF
//❴❴❴❴❴ YF ≃ P2



Example : WdP4
( case r = 5 )

• Diagram : P(X5) �
�

//

��

S5

��

ΠF
//❴❴❴❴❴ Q6

F

��

dP4 = X5
�

� fSS
// Y5

πF
//❴❴❴❴❴ YF ≃ P2

• Gelfand-MacPherson’s web of S5 :

WGM
Y5

=W
(
πε

i : Y5 99K P
2
)

=
10-web of codim 2
on Y5 ≃birat C

5

Thm : The websWGM
Y4

∼WdP5 andWGM
Y5

are even more pl

similar thanWdP5 andWdP4 = f ∗
SS

(
WGM
Y5

)
are !

•
[
WGM
Y4

→WGM
Y5

→WGM
Y6

→ · · ·

] ‘better
than’

[
WdP5

→WdP4
→WdP3

→ · · ·

]



Questions

•
Can HLogr−2 ∈ AR

(
WdP9−r

)
be obtained

from an abelian relation Ar of the webWGM
Y r

? YES !

• Question : Can the abelian relation Ar ofWGM
Y r

be constructed
à la Gelfand-MacPherson from a characteristic class on
(a real form of) the homogeneous space X r = G r /Pr ?

• X 6 = OCP2  OP2 = F4/Spin(9) H8
(
OP2

)
= R

[
Ω8
O

]

OsP
2 = E6(6)/F4(4)

( split R-form )

• Projective differential geometry of surfaces :
For any ‘sufficiently generic’ Surface S ⊂ Pd

d = 3 : [ Moutard, Darboux - 1880 ] 27-web on S ⊂ P3

d = 4 : [ Darboux 1880 ] 10-web on S ⊂ P4

d = 5 : [ C. Segre -1921 ] 5-web on S ⊂ P5

−→ Plenty of questions !



Many other questions...

• Applications − HLog1 =
(

Log(x)−Log(y)−Log
(

x
y

)
= 0

)
X

− HLog2 =
(

R
(
x) − R

(
y
)

− R
(

x
y

)
− R

(
1−y
1−x

)
+ R

(
x(1−y)
y(1−x)

)
= 0

)
X

− HLog3 =
( ∑10

i=1 AH3
i

(
Ui (x , y)

)
= 0

)
?

• Construction of HLog3 à la Gelfand-MacPherson ?

• Interpretation of HLog3 in terms of the SC of dP4 ?

• Versions Unival. HLog3
univ ? Quantum HLog3

q ? Motivic HLog3
mot ?

• Singular/real del Pezzo surfaces ?

• Blow-ups Blp1,...,pr

(
P2) with r ≥ 9 :

∑
c∈KAHr−2

c (ϕc) = 0 ?


