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The logarithm

e Lij(z) = —Log(l — z) (zeC)
e Integral representation : Log(z) = Z%
Liy(z) = — [ 2%
e Taylor series : Lii(z) = > %2, Zkk
e Monodromy : M, (Log) = Log +2im
e Functional identity : Log(x) — Log(y) — Log ( ;(—/ ) =0

Indoles logarithmorum hac aequatione fundamentali continetur [Pfaff 1788]

[ The nature of logarithms is contained in this fundamental eq° |



The dilogarithm Li,

. k
o Lix(z) = XL % ( |z|< 1 )
e Integral formulas : Lio(z) = Loi(z) = —leog(l — ) %

Lio(z) = leog(u —0) 1‘f’u

e Monodromy : M (Liy) = Lip —2inLog
e Abel’s functional identity (Ab) ( O<x<y<l )
. . /X o l—y (x(L—y)\
Lio(x) — Lia(y) — le(;) — L|2( - x) + LI2<y(1 ) ) =



The dilogarithm Li,

o Lix(z) = 3%, z_2 ( |z|]< 1 )
e Integral formulas : Lio(z) = Loi(z) = —leog(l —u) %
Llo(Z) = leog(u — O) 1d__uu

e Monodromy : M (Liy) = Lip —2inLog
e Abel’s functional identity (Ab) ( 0<x<y<l1 )
x 1—y x(1—y) )
R(x) — R —R(—-—)—R R =
() ) (y) <1—x)+ (y(l—x)
2

R(x) = <L01( ) = Lio(x) ) = Lia(x) + %Log(X)Log(l —x) &




The n-th polylogarithm Li,

o Lin(z) = T2 % (lz<1)

e Integral formula : Lin(z) = szi,,_l(u)%

Li,'(z) = Lip—1(2)/z

e Monodromy : My (Lin) = Li,—2in ((Lno—g%;!_1

e ldentités fonctionnelles en une variable :

Li,,(zr) = 1 > Lin(wz) (|z\< 1)

wr=1

Lin(z) + (~1)"Lia (z72) = _im)" Bn<L°§Z> (zeC\ [0, +oof )

n! 2im




The n-th polylogarithm Li,
o Lis(z) = T2, % (lz1<1)

i d
¢ Integral formula : Lin(z) = f Li,—1(u)<

Li,'(z) = Lip—1(2)/z

e Monodromy : Ml (Li,,) = Lin —2im ((Lno—g};!_1

e Functional identities in several variables ( 37 ) :
> ciLin(U;) =Elem_,
iel

(/ finite, ¢; € Z, U EQ(xl,...,xN))



The n-th polylogarithm Li,
o Lis(z) = T2, % (lz1<1)

i d
¢ Integral formula : Lin(z) = f Li,—1(u)<

Li,'(z) = Lip—1(2)/z

e Monodromy : Ml (Li,,) = Lin —2im ((Lno—g};!_1

e Functional identities in several variables ( 37 ) :
Zc,- Li,(U;) =Elem., <= ZC;L,,(U,-) =0
icl iel

(/ finite, ¢; € Z, U EQ(xl,...,xN))



Example : Lis

o Lis(z) = 52, 24/k3 = [ Lip(u)%

e Spence-Kummer identity S/C (1809-1840) :
x(1-y) ,
y) + 2L3<y(1—i) ) - L|3<xy)

. x(1-— . 1—- o rx(1=y)?
+ 2Lis( -~ ((1_ y)))+ 2Li (,y((l_yx))) - L|3(y§1_§;2)

= 2is(1) ~ Log (v Log (+=2) + ZLog (1) + Lo ()

2Lis(x) + 2Lis(y) — Li3<§) + 2L|3(1

1—-



Example : Lis

o Lis(z) = S5 24K = [7 Lin(u)%

e Spence-Kummer identity S/C (1809-1840) :
—x o x(1—y) .
_y) + 2L|3<y(1 _i) ) — L|3<xy)

o ox(1— . 1- (X Ly)?
+2L|3(7 ((17)5))4-2'-'3(7 ((17};)))_“3(}/%17i;2)
~ + Llog(yy®

:2Li3(1)fLog()Log(1 )+7Log() :

2Lis(x) + 2Lis(y) — Li3(;) + 2Li3(1

2L3(x) +2L3(y) — 1:3(;) + 253(1:;) + 2£3(;(1—i)) — £5(xy)

(1-x)
x(1 - 1- x(1—y)?
+2L5( - ((1_Xy))>+ 2£3<_y((1_);))>_ [;3(yél_ﬁ;2):

L£3(z) = Liz(z) — Lia(2) Log|z|+1 Liz(2) (Log|2|)?



Example : Li,

o Lig(x) = SRy x*/k* L4(x) = Lia(x) + Elem4(x)

e Kummer’s functional identity 1C(4) (1840) :

Lo ) (- y;<>+z4<x2§>+c4<§¥>

oeu() o Z) -oei(-3) ol )

( :) ;
—354(x77) —3£4(yC) —3£4(—) _3£4(f)

(-

(

3, )_3c(_§ —sca(-2) -3a(-L)

'3 )
+6L4(x) +6Lay +6L:4(7)+6£4(7) =0

(¢(=1-x,n=1-y)



e Abel 1881 (Spence 1809, Hill 1829, Rogers 1907)
R(X)—R(y)—R(§)—R(1Y)+R<§ §>:0 (LAb)

e Spence-Kummer : Y7, ¢ £3(U,-(x,y)) =0 (SK)
o Kummer 1840 : Y, L,(Ui(x,y)) =0  (n<5) (Kn)
.

e Goncharov 1995 : -2, ¢ £5(Uj(a, b,¢)) =0 (Gon)
o Gangl 2003 : ¢ E,,(U,-(x,y)) =0 (n=6,7) (Gan,)

e Charlton, Gangl, Radchenko, Rudenko, Goncharov-Rudenko, ...



¢ Functional identities (Fl) of polylogarithms Li, :

» Hyperbolic geometry

» Web geometry (n<3)

» K-theory of number fields (n<4)

» Theory of periods (MZVs)

» Particle physics (‘Scattering amplitudes’)

» Mathematical physics ('Y -systems') (n=2)

» Cluster algebras (n<4

» Mirror symmetry (‘Scattering diagrams') (n=2
e Main problems : — find Fls for £, (eg. 3n>87 )

— better understand the polylogarithmic Fls
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K-theory and polylogarithmic identities

n even v (Borel)

e F = number field ~~ K,,(F):{ 0 odd 7

e [Zagier] K3(F) <~ By(F) with
Z[F\{O,l}]
(1= [3)-1 2 1 [30] [xveroat sy )
(Re9-RO) -R(3) -R(E2) +R(369) =0)

By(F) =

e (Borel's) regulator : RS =L, : K3(F)—R
'RE:LnZ Kzn_l(F)—>R ( n22)

Understanding — Desc® of Kop—1(F) = generators / relat®
FI's of L, — Applications to “Zagier's Conjecture”



‘Scattering amplitudes’ and functional identities

o ‘Scattering amplitudes’ | = fAll’ ( important in HEPP )
I-I'+Rr
I=1 4+, Fi(x)
e [dDDS] ‘The 2-loop hexagon Wilson loop in N'=4 SYM’  (2010)
’Rg‘)/VL = ‘remainder’ given by a 17 pages formula!
(s Ry =S (Lol o) = Bia(w) ) = § (SF L))+ -

e Importance of simplifying >_;; Fi(x;) when F; = polylogarithms
F; = hyperlogarithms
F; = elliptic polylogs

e Justifies the study of functional indentities >, F;(x;) = cst



X — x(1— _
Ab(x,y) = R(x) = R(y) = R( %) ~R( 1) + R(yglgg) — 0
Thm [de Jeu 20]  For / finite, ¢; € Q and U; € Q[x1,...,Xm] :
YicrciR(Uj) isa LC of
YiciciR(U)) =est <= specialisations of Ab(X;, Y5)'s
with Xs, Ys € Q[x1,...,xm] V s
e Log(x) — Log(y) — Log(x/y) =0 is the FFI of the log v
Ab <= (Ab(x,y)=0) is the FFI of the dilog v
Gony <= S 2,¢L3(U;)) =0 s the FFI of the trilog 7
?

Q: [ Goncharov-Rudenko ]

is the FFI of the tetralog




[ Hain MacPherson 1990] Higher logarithms

The dilogarithm has properties analogous to those of the
logarithm. It has been widely believed, both in the nine-
teenth century and more recently, that these two functions
should be the first two elements of an infinite sequence
of higher logarithms which share analogous properties. To
date, several sequences of such functions have been pro-
posed, but no function beyond the dilogarithm in any of
these sequences is known to possess all the desired proper-
ties.

[ Griffiths 2002] The legacy of Abel in algebraic geometry
...Intuitively, we are asking whether or not for each n
there is an integer d(n) such that there is a “new”
d(n)-web of maximum rank one of whose abelian
relations is a (the?) functional equation with d(n)
terms for Li, ? Here, 'new” means the general extension
of the phenomena above for the logarithm when n = 1,
where d(1) = 3, for the 5-term identity when n = 2 and
d(2) =5,...



[Goncharov-Rudenko 2018] Motivic correlator, cluster algebras ...
Conclusion. If n > 3, the problem of writing explicitly
functional equations for Li,, might not be the “right”
problem. It seems that when n is growing the functional
equations become so complicated that one can not write
them down on a piece of paper.

e Main problems about polylogarithms :
— Finding FI'sfor £, (eg 3n>87 )
— Does it exist a sequence (FI,),>1 of FI's for the polylogs ?
— Does it exist a (fundamental) FFI for £, for each n > 17

— Better understand polylogarithmic Fl's



e In this talk, considering hyperlogarithms ( D polylogarithms ) :

— we describe a series of new hyperlogarithmic identities
HLog! «<— ( Log(x) — Log(y) — Log(x/y) =0 )

HLog? = (R(9-R0)-R(;) -R(1) +R(34 ) =0

HLog® ( hyperlogarithmic Fl of weight 6 )

— For w=1,...,6, one has

HLog" : > AHYY (qb,) =0



A geometric view on Abel’s identity

() R R —R(3) —R(1) +R(5 ) =0
I I Il |
Us U Us U, Us

Base points of the U;’s :
—p1=1[1,0,0]
—p2=10,1,0]

—p3=10,0,1]

[ ]

/ —-ps=11,1,1

~> Blow-up B : X4=Bl, (Pz) — P2




A geometric view on Abel’s identity

() R R —R(3) —R(1) +R(5 ) =0
I I Il |
Us U Us U, Us

e Blow-up 3 : X4 =Bl, _,(P?) — P?

The ¢1,....¢5: X4 — P! are
5 the five fibrations by conics on
the quintic del Pezzo surface X,

3 (ei);y € {£1)°

° (A= (3! up to sign)

st Yo ,€R(p;)=0



Generalisation to del Pezzo surfaces

e pi,...,pr €P?: pointsin general position  (re {3,...,8})
e Blow-up 3, : X,=Bl, ,([P?)—P> ( X,=dPy_, )

Prop : 1. There is a finite number

. - X, — P!
K, of conic fibrations P, P X

2. Foranyi: X;=Spectrum(¢;) C P! has r —1 elements

Def® : The complete antisymmetric 2 e
hypergarithm of weight r — 2 AHy = P \Z —C

Thm [ Castravet-P.] 3 (e,—)?:1 € {£1}", £-unique, such that

(HLogr_2) Y€ AH;:_’2 (¢,) =0




(HLogr_z) 7:1 €; AH;:_,2 (gb,) =0

e One identity HLog" 2 for each del Pezzo dPy = X, (d =9 —r)
[d =6] dPg is unique, AH%:’, = Log for all i

HLog' = (Log(x) — Log(y) — Log(x/y) =0)

[d=5] dPsis unique : AHZ = %(LOl—Llo) =R for all i

HLog? — ( > €iR(¢i)=0 ) (Ab)



(HLog’_z) '7:1 €] AHg:_l2 (¢,) =0

[d=4] dP, oo? moduli ~» oo? identities HLog®
3 3( 1 3(Y

y(x—b)>

ol

[d =3] dP3 = cubic surface in P> ~» oo identities HLog*

.,‘
YL AH(¢i) =0 v



Thm [ Castravet-P. 2022]
3 (e);_, € {£1}* unique up to sign, such that

(HLog™?) Yy €l AHE (i) =0

—— Del Pezzo surfaces

— Hyperlogarithms (aka ‘lterated integrals on IP’l')




Del Pezzo surfaces | : properties

e dPy; C P9 smooth surface, of degree d (d=9—r)
e dP, =X, =Bl, _,(P?) Pic(dPy) =Zh & (Di_1 Z L))
o —Kap, =3h—>[_1 £ ample ~> ¢ _gx :dPy — PY embedding

e Pic(dPy) D K+ ={py,...,p,) pi=4ti—Li1 i<r—1
Pr :3’7—2?:1 ¢

e —()+{pi}—y ~ Rootsystem E, C R,=K-®R

e For any root p : o R — R, (orthog. reflection)
dr—d+(d,p)p

o W,=W(E)=(sp,---,5, ) C O(R:) : Weyl group of type E,



Del Pezzo Surfaces |

6
E6o—o—I—o—o
1 2 3 4 5
7
E70—0—I—o—0—0
1 2 3 4 5 6
8
Eso—o—I—o—o—o—o
1 2 3 4 5 6 7

Figure — Dynkin diagram E, (k stands for py forany k=1,..., r)

E=4,

1 2 3 4
.—.—IS—O
ES_ DS 1 2 3 4




Lines and conics on X, = dP, (d=9-r)

o Lines £, ={£ePic(X,) | (£, -K)=1,0=-1}
w
§ ~ |d6]={d} with PL~§CdPy deg(V)=1

L,=W,-¢,

e Clonics /¢, = { ¢ € Pie(X,) | (¢, ~K)=2,¢?=0}
w
¢ — |c|~P!~>  Conic fibration ¢, : X, — P!

=W, - (h—£y)



r 3 |4 5 6 7 8

E, Ayx Ay | Ay Ds Eg E; Eg
W, =WE) |C3xG,|Cs|(Z/22)'xCs| W(Ee) | WE) W(Es)
o, = W] 12 s 2t.s [27.3t.5]200.3t 5.7 0185527
=L 6 |10 16 2 56 240

K = K| 3 |5 10 il 126 2160




Example : the lines of dP, seen in P?

o dP, = X; =B, (P2) - P2

o (; = ﬂ_l(p;) CX; ~ 4 € PiC(X7)

v = ,?:1 ¢
Line | Class in Pic(X7) | Number of such lines Model in P?
& | ¢ 7 first infinitesimal neighbourhood p{”
& h-t-¢; 21 line joining p; to p;
Cij 2h-t+{+¢; 21 conic through the py’s, k ¢ {i, j}
C? 3h-t-¢ 7 cubic through all the p;’s with a node at p;

TasLe 2. Lines on dP; and the corresponding ‘curves’ in the projective plane



Example : the clonics of dP, seen in P?

‘ Conic class ¢ ‘ Number of such ¢ ‘ Linear system |€| ‘ (C:"d ‘

h-1¢; 7 lines through Di f,‘j +€j
Ciiy + Cini
2h = Yicr i 35 conics through the p;’s, i € I e
€, +Ciiy

_ . cubics through the py’s for €jx + Ci

3h—t+ti—¢; 42 k # i, with a node at p; &+ C;
Mh—t=3 ¢ 35 quartics through the py’s Criky + Cisky

—t-3. ¢ ! ;

Jel with a node at p; for j € J Ciip + C;B

_ . quintics through the p;’s with 3

Sh-2t+4 7 anode at py except for k = i Cij +Cj

TasLE 3. Conic classes on dP, and their reducible fibers



Non irreducible conics on X, = dP4

° Lr:U[eLrKCXr ~ U :Xr\Lr
e K, > ¢ ~> Fibration by conics ¢ : X, — Pl

Y. = Spectrum( ¢.) = { oeP! ) ¢ (o) not irreducible }

— 1 r—2 r—=1 _ 1
—{Uc,...,ac , O¢ —OO}C]P’

For oie¥e : ¢ (o)) =Li+Li (Li.Tiec,)

r—2
Hc:H()(IP’l,Q]%,I(LogZC)) :< dz >__12(C’_2

7
z—o,

He= cbt(Hc) = < (b%"ai >:12 C HO(X,, Q}(r(LogL,)> = Hy,



Del Pezzo’s webs Wgp,

e Wyp, = W(d)c)cEK, : kr-web by conics on dP4

o Quest®: 3 (Fe(c)) such that > .oy Fe(gpe) =0

Ce’Cr

for some polylogarithms F, ?

Theorem : 3 (e) . € {1, =1} +-unique such that

(HLog™?) 3 € AHI () =0

celC,

where V ¢ : AHE*2 = complete antisymmetric hyperlogarithm
of weight r —2 on P\ ¥,




Iterated integrals

e Poincaré (1884), Lappo-Danilevski (1928), Chen (1973)

e Y complex manifold

° H:<wl,--~awm>CH0(Y’Qly) +[ o }

w,-ijzo
e Ex: ¢:Y — C and w,-EqS*(HO(C,Q}:)) i=1,....,m

e Base point y € Y, path+*:[0,1] — Y from y to x :
— L, @ x— [wi 2 L, € Oy
= Ly o x— [xwj(u) - L, (v) o Ty, € 0y

Dopeop; = X — fyx wi(u) - I[ij,.(u) o e € Oy



Iterated integrals (polylogarithms)

Y . HEY— O,
o W=w, ® -Quwj, — I,z fyz wiy () - Ly oy, (1)

injective morphism

. Qw
o Il: <®W20 H ) LU) — Oy of C-algebras

I, € 0,NO(Y)

; e SymbolS(f[w>:g v
unipotent monod. -

e Ex: Y=PI\X with ¥={0,1,00}
H= (%, ) = H(P!, 0l (LogY))

z ) 1-z

Li, = ||"( (d_ZZ)®("_1) & (ld_—zz)) ( ‘Polylogarithms’ )



Iterated integrals (hyperlogarithms)

e Ex: Y=PI\T with Z:{Ul, o2, a’—lzoo}
H= (% . %) = H(P!, QL (LogY))
II”( (£ )@ ® (zizr,-n)) “Hyperlogarithm”

e Complete antisymmetric hyperlog of weight r — 2 on P! \ X :

_ dz dz
AHg 2= II”(Asym<(2_Ul) ®-® (m)))
= IIn(ﬁ 21/66,72(71)’/ <%> Q- & <%>>




Il Identity HLog' 2 : proof(s)

(HLog™?) : Yoexcc AHI2(0) =0 with AHI™2 = AHE?

o G X, »P oY ={0l}] He=HO(QL (Log X))

9% () = He C Hx, = HO(Q), (LogL,))

¢ A () () ey
l S (symbol)
o QP =( ) (Of‘a’,z) € AN"2H, C A"2Hy,

(HLog?) <= Y@ 2=0 in A"2Hy




Proofs of : hlog" 2= _¢.Q2=0 dans A" ?Hy,

®¢Resy

e Hx, =H° (Q}(,( Log Lr)) CEr injective

Q2eNHy —— AT2CE5 A W(E)

c

[P1] One decomposes hlog"™2 in a natural basis for A"~2 C£

[P2] sign, — @C(HC)A(r_Z)

1— (Q072), — > Q072 ( GAP3)

[

— AFT2C5r <sign,, A2 (C£f> =0

[P3] Explicit descrip® of lines —— ZFr ~ ZI£]
+ linear algebra over Z — Y eQ72=0( Maple)

[P4] Inductive analytic proof (...7)



IV Comparison between HLog” and HLog®

o[ Hog' | reo R R (5) -R(12) er(02 ) <o

e| HLog® 1% €i AHE (i) = 0 with for ¥ = { by,..., by }

AHE(x) = 13231 (~1)* 'Log (1 - £) Re\(s,3(x)

A3 (x) + AH3 (1) 4 AH3 () 4 AH3 (221 ) + A2 (2

ay—bx

+AHE (i ) + AR (U057 ) + A (562 )

e (154w (32 o



Del Pezzo’s webs Wgp, and Wyp,

o (Ab) R(61) = R(¢2) ~R(62) ~R(6s) +R(s) =0

e Foreach i : F, = foliation by the {¢; = A}, A e P!
e Web: Wgyp, = (.7:¢1, . ,.7:¢5) : b-tuple of foliations
e Wyp, = geometric object ~+ (HLog?) = (Ab)

* Wap, = <T¢k>¢k:dP4%P1 ~>  (HLog®)

fib® by conics



Comparison between the webs Wgyp, and Wp,

Wap, and Wyp, satisfy similar remarkable properties :

formed by the pencils of conics on a del Pezzo surface

v

» non linearizable webs
» webs of maximal rank, with all their ARs hyperlogarithmic

» one has RA(Wgp,) = LogRA (Wep,) © ( HLog?)
RA(Wgp,) = LogRA! (Wyp,) ® HLogRA?(Wgp,) ® ( HLog® )

(decompositions in irreducible W ,-representations)
» caracterized by the matroids of their hexagonal 3-subwebs
» are ‘canonically algebraizable’ (!)
» are ‘modular webs’
» are ‘cluster webs’

» can be obtained geometrically a la [Gelfand-MacPherson]
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Gelfand-MacPherson webs

G = simple Lie group, Dynkin type D, rank r
e GO PDH: P =standard parabolic sub-group (maximal)
H ~ (C*)" = Cartan sub-torus

e X=G/P : G-homogenous projective variety

V,=rep°of G (p:G— GL(V,)) such that
e XCP(V,): X =G-[w)] with v, € V, of highest weight w
P = Stabg([v,]) = stabilizer of [v,] € P(V))

o 23, = {weights of p} C hp ~Rf ( h = Lie(H) )

(p"(x))w ‘generalized
Pliicker coordinates’

Sl (x)Pw
Swlp(x)?

— X>5x= [Zwem pW(X)VW] eP(V,)

e Momentmap : pu=pup,: X — bg , x —




Gelfand-MacPherson webs

Sl (x)Pw

e Moment map : u: X — b5 SO

e Moment polytope : u(X) =A = Ap, = Conv(25,) C hj

e One sets Hy = H(Rq) ~ (Rxg)" ( split form over R )

Thm [Atiyah, Guillemin-Sternberg, Gelfand-Serganova]
1. For every x € X :

— Ay = p(H-x) is a 2 ,-sub-polytope of A
— v induces an C%-isom of manifolds with corners Hy-x ~ Ay

2. For generic x, i.e. x € X° = p‘l(A), one has Ay = Ap,




Gelfand-MacPherson webs

e Ffaceof A: Xp=p}(F)CX

Prop: 1. Xfp = GF/PF with (GF, PF) of type (DF,O.)F)
and F ~ Ap,

Linear project®

2.One has V, = Vr @ VF as Gerep® — Ne:V, — Vp
Vo

XF = Xﬂ]P)(VF) = I'IF(X) - P(VF)

3. Ng(X°) = Xg and Mg : X° — XE is a locally trivial fibration
in weighted projective spaces

4. H-torsor vy :X° — Y°=X°/H (yo CY=X*//H )

5. MNf: X° — Xg is (H, Hg)-equivariant ~ ( H — Hf )




Gelfand-MacPherson webs

5. P(V,) > X° 15 X% € P(VF) is (H, He )-equivariant

6. I 7F:Y° — Yy = Xg/HF such that the diagram

Mg
o [}
X' — XE

VHl JVHF be commutative
YV —— Yk
e Def® : Gelfand-MacPherson webs
WM = W(I'IF | F face of codim 1 of A) <— H-equivariant

WM = W(WF | F face of codim 1 of A) = (WXGM)/H



Gelfand-MacPherson’s webs : Gk((CN)

e G,(CN) CcP(AkCN) (6=SL(CY), D= Ay 4, etc )

0<t<1

°Min(‘CN)—>AN={(fi,N:1 K

} hypersimplex

AR N{t =0} =A)"" & Ge(CNY)

e Facets of AY = {
AYn{ti=1} ~A)]} < Ge1(CVNTY

e For each i =1,..., N, there are two ‘face maps' :

G, I(C{x 0}) o GkO(CN) T GkO(CN/(ei>)



Gelfand-MacPherson’s webs : Gk((CN)

e For each i =1,..., N, there are two ‘face maps’ :

G (Chlny)

Confy_; (P~2) «" Confj (P*-1) — " Confj_, (Pk1)

M=oy

{Projpi(pk)}k¢i<—{ [plv"' 7pN] '—> [plv"' 7/3\1'7"' 7pN]
. GM . N forgetful maps of a point +
* GM-web : WCO“fN(Pk) o W( N maps of proj° from a point )

e k=2": Coan( ) Mo n WMON:W(MO,NLMO,N—I)

+N=5: Mys~dPs = X, Wil = Wap, ~ B «— (Ab)



Construction of (\Ab) by Gelfand and MacPherson

/\ P; : 1-st Pontryagin class
Gg(RS) —F’> Gg(RS/@,-)) H4(G2(R5)) 5Py = [Q]
1/—1/4\[ ll/,‘:l/?, with Q e Q4<G2 (RS))
f,

Mo 5(R) ———— Mo 4(R) ~ R\ {0,1}

. f along the fibers =~ wos = 14(Q) € Q%(Mo;5(R))
of the 4-form 2 — woa,i = (11),(2) € QY Moa(R))

H- ¢~ A3 via G(R%) X A3

o At v(¢) : = Jgz @
s S EE T T g ag = v (c1yian((84))

e Stokes for [ along fibers :

dwos = Y71 (—1)f*(woa) = 0= Y1 (1) f*(dR) (.Ab)
jnry e

SO5(R)



)
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e How get G,(C®) from X, = dPs = Mos - 7

It is its Cox variety ! ¢

S = smooth projective variety such that Picz(S) = &/_oZ ¥;

°
(S=Blp. (P2 b=h=[H] et L=[E] i=1..,r)

e Def° : Cox ring
- P HO(S, Os(noH + niEy + -+ + n,E ))

Cox(S) =
no,...,nr€Z
( homonenous polynomials )

= C[xo,...,Xn)

,Ym] <= S s toric

e Facts : — Cox(P")
S ‘Mori Dream Space’ ( MMP v')

— COX(S) = (C[yl, ce
— Cox(8) of finite type

Cox(§) = Al [r}..s.,rm]

— A(S) = Spec(Cox(S)) C AP



Cox varieties of del Pezzo surfaces

Surface § D / with — € H(Ox,(0)) \ {0}
(~Pand (? = -1 generator of Cox(S)

0 Bly,,._ o (P2) :

3 50 of (—1)-lines = Cox(BI,,L...J,9 (IP’Q)) not of finite type

Thm [Batyrev, Popov] For r=3,...,8:
Cox(dPy = X, =Bly,_,, (P)) =C[or |t € £, |/ Tup,

e Tns = Homy(Picz(X,),C*) O A(X,) ~ X, =A(X,)// Tns

e A(X,) — C* + Z-graduation on Cox(X,) induced by (—K, )
— P(X,) = Proj (Cox(Xr)) C ]P’((CE’) O Tns = Tns/cx
—_————

=(A(X,)—{0}) /c+



Cox varieties of del Pezzo surfaces

e P(X,) = Proj(Cox(X,)) € B(CE) © w;Ef)TNS/ e }» G(E)

Thm [Batyrev, Popov, Derenthal, Serganova-Skorobogatov]

1. The space C% is a minuscule representation of G, = G(E))
2. There is a (Tns, H,)-equivariant embedding :

P(X,) = X, =G,/P, C P(C*)
3. There is an embedding fss : X, — Y, = X, //H, such that

P(X,)—— X, C P(C*)
J is commutative
dPy_, = X, —= Y, = X, //H,




oer=14,E=A;: P(X4)=Gy(C% — P(C5) ~P% ( Pliicker )

P(X4) Go(C%) ~ — — =~ +G2(CY)
dPs5 = X4(—>fsi Va=Mos- *7;* — =+ Mog ~ P!

— Wap, = fés( WS = W, )
eForre{4,...,7} (r=287), one has:

|~ | |

dPo_, = X, fss Vr---"0 - +YVr

Tam: W, , = fis(W§M) = Fis(WEY,)




Example : Wyp, ( case r =5)

_ . 2:1
e Type Ds : 0—0—0<: Gs = Spingp(C) == SO10(C)

Gs/Ps =S5 C P(S5)
— S5 ~ OGZ (C™¥) = ‘Spinor 10-fold’

— S ~ C® = 'half-spin representation’

demihypercube : convexe envelope of the
op,:S5—>ADSZ 1 yp P

T(e1, ... e5) € 3{£1}¥'s with €1+ - €5 = 1

) i=1,...,5
oFacets:F:A%&;:ADsﬂ{tl‘:E}’:ADM@6 (56{:i:1} )
e Diagram : P(X5) —————— S5 - - — -+ Q¢

J@JJ

dPy= XsC—— Y5 - - L Yp ~ P2



Example : Wyp, ( case r =5 )

e Diagram : P(Xs)c—— S5 — — ~ - Q¢
dP4: Xs(Lﬂysf *T* %y/: ";‘]PQ

e Gelfand-MacPherson’s web of Ss :

10-web of codim 2

— . o2\
Wy, —W(Wi Y5 - P )_ on Vs ~pjrae C°

Thm : The webs Wg;iw ~ Wagp; and WJG/SW are even more
similar than Wgp; and Wqp, = fS*S(Wg;’sw) are |

‘better

GM GM GM
Wy4 %Wys %Wye 4>:| than'

{WdP5 — Wap, = Wap, — }



Can HLog" %2 € AR(Wgp, ,) be obtained ? YES!
from an abelian relation A, of the web W3G;'rw ’ )

e Question : Can the abelian relation A, of W3G;'rv’ be constructed
a la Gelfand-MacPherson from a characteristic class on
(a real form of) the homogeneous space X, = G, /P, ?

e Xg=0cP?> ~~ O0OP?2= Fa/spin(9) H8(0P?) = R[Q¢]
0sP? = Eo(6)/ Fua) ( split R-form )

e Projective differential geometry of surfaces :
For any ‘sufficiently generic’ Surface S C P9

d = 3 : [Moutard, Darboux - 1880] 27-web on S C P3
d =4 : [Darboux 1880] 10-web on S C P*
d=>5: [C. Segre -1921] 5-web on § C P°

— Plenty of questions!



Many other questions...

e Applications — HLog' = (Log(x)-Log(y)-Log(}) =0)
— HLog? = ( R(x)—R(y) -R(%) —R(£2) +R<%) =0 )
— HLog® = (1% AH} (Uj(x,y)) =0 )

e Construction of HLog® a la Gelfand-MacPherson

o Interpretation of HLog? in terms of the SC of dP,

e Versions Unival. HLog?;,? Quantum HLog}? Motivic HLog},,

e Singular/real del Pezzo surfaces

e Blow-ups Bl, , (P?) with r>9: Y. AHI ?(p) =0

-~J
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