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Abstract. Let p be a prime number, let O be the ring of integers of a finite field
extension F' of Q, and let Ox be a complete valuation ring of rank 1 and mixed
characterstic (0, p). We introduce and study the integral Hodge polygon, a new invariant of
p-divisible groups H over O endowed with an action ¢ of Op. If F|Q, is unramified, this
invariant recovers the classical Hodge polygon and only depends on the reduction of (H,¢)
to the residue field of O . This is not the case in general, whence the attribute “integral”.
The new polygon lies between Fargues’ Harder-Narasimhan polygons of the p-power
torsion parts of H and another combinatorial invariant of (H,:) called the Pappas-
Rapoport polygon. Furthermore, the integral Hodge polygon behaves continuously in
families over a p-adic analytic space.
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1 Introduction

Let p be a prime number. When one studies the geometry of the modular curve over
a base ring of mixed characteristic (0, p), one often considers not the universal elliptic
curve E, but rather its p-divisible group E[p™]. Indeed, Serre-Tate theory ensures that
deforming an elliptic curve in positive characteristic amounts to deforming the associated
p-divisible group. More generally, when studying the p-adic geometry of Shimura varieties
(such as the Hilbert modular variety or the Siegel modular variety), one is especially
interested in the p-divisible group associated to the universal abelian scheme.

As far as the special fibre is concerned, several invariants have been attached to a
p-divisible group H over an algebraically closed field of characteristic p. The Newton
polygon Newt(H) classifies the isogeny class of H and leads to the Newton stratification
of Shimura varieties. The Hodge polygon Hdg(H) is determined by the dimension of H
and always lies above the Newton polygon (all polygons are concave in this article).

In the context of Shimura varieties, however, one is led to consider objects endowed
with additional structure, such as an endomorphism structure. Let Op be the ring
of integers of a finite field extension F' of Q, (possibly ramified) and assume that H
comes with an action ¢ of Op. One can then refine the previous invariants and define
polygons Newt(H, ) and Hdg(H, ), taking this action into account (see [BHIL §1]). The
polygon Newt(H,:) is just a renormalization of Newt(H ), but Hdg(H,:) is genuinely
different from Hdg(H).

When F|Q, is ramified, the necessity of a good integral model of the Shimura variety
suggests to impose a Pappas-Rapoport condition on (H, ), encoding the action of O on
the module wy of invariant differential forms of H (see [BHI) Définition 2.2.1]). This
condition is based on a fixed combinatorial datum g, which in turn determines a new
polygon, the Pappas-Rapoport polygon, lying above Newt(H, ). It is then proved in
[BHI Théoreme 1.3.1] that Hdg(H, ¢) lies between Newt(H, ) and the Pappas-Rapoport
polygon associated to p; its variation throughout the reduction of Shimura varieties is
used to study the geometry of the latter (cf. [BH2]).

Turning now our attention to the generic fibre (after p-adic completion), the objects of
interest become p-divisible groups with endomorphism structure (H,:) as above, but
defined over a complete valuation ring O of rank 1 and mixed characteristic (0,p). In
this case, the datum p is determined by (H, ) itself and the reduction (Hy,t) of (H,¢)
to the residue field k of Ok naturally inherits a compatible Pappas-Rapoport condition,
see The associated Pappas-Rapoport polygon has already been considered in [Ma],
where it is referred to as the “Hodge polygon” of (H,t). Actually, if F|Q, is ramified,



this polygon may be different from the Hodge polygon of (Hj,:) mentioned above. In
order to avoid any confusion and in accordance with the previous discussion, here we
write PR(H, ) for the Pappas-Rapoport polygon associated to the datum p determined
by (H,t) and call this the “Pappas-Rapoport polygon” of (H, ).

Other invariants of (H,¢) to be considered stem from the Harder-Narasimhan theory for
finite locally free group schemes developed by Fargues in [Fal]. Namely, the theory allows
to attach a Harder-Narasimhan polygon HN(H [p'],:) to each pi-torsion part of (H,¢).
These polygons contain information about certain finite locally free sub-group-schemes
of H and converge from above to an invariant HN(H, ) of the whole p-divisible group
(the presence of ¢ only accounts for a renormalisation of the polygons in this case); an
application to the p-adic geometry of Shimura varieties may be found in [Fa3]. Under
the assumption that O is discretely valued, it is proved in [Mal Proposition 2.14] that
HN(H][p],t), and along with it the other Harder-Narasimhan polygons HN(H [p'], ), lie
below PR(H, ).

In this article, we define the integral Hodge polygon Hdg™ (H, t) of a p-divisible group
with endomorphism structure (H,¢) over Ok, a new invariant describing the action of
a uniformiser 7 of Op on wy. If F|Q, is unramified, this polygon only depends on the
reduction of (H,t¢) to k and recovers Hdg(Hjy,¢). This is not the case in general, whence
the attribute “integral”. The basic feature of the integral Hodge polygon is that it lies
between HN(H|p],¢) and PR(H,¢).

Theorem 1.1 (Corollary [4.4] Theorem [4.8)). Let (H,t) be a p-divisible group over Ok
with endomorphism structure for Op. Then:

HN(H|[p],¢) < Hdg™ (H,.) < PR(H, ).

This refines and generalises the inequality HN(H|[p],¢) < PR(H,t) obtained in [Mal,
2.14] for Ok discretely valued. More conceptually, this result tells that the presence of
additional (ramified) endomorphism structure on H produces a constraint on HN(H[p], ¢),
with consequences on the possible subobjects of H, see Remark

The integral Hodge polygon of (H,:) is in general unrelated to the Newton polygon and
the Hodge polygon of (Hy, ), see An exception is the limit case when Hdg"™ (H, 1) =
PR(H, ), which happens if and only if Hdg(Hy,t) = PR(H, 1), see Proposition This
situation is realised for instance when Op acts on wy through a fixed embedding O —
Ok, that is, when (H,:) is a p-divisible Op-module. The case of Op-modules also falls
within a class of objects which we call w-diagonalisable, meaning that the action of 7
on wy is diagonalisable. This condition is detected by Hdg™ (H,:) if F|Q, is tamely
ramified and it always implies that Hdg™ (H,:) = Hdg(Hy, ), see §4.6

Another notable feature of the integral Hodge polygon, especially in view of geometric
applications, is that it behaves continuously in families.

Theorem 1.2 (Theorem . Let X be a formal scheme as in and denote by X"
its generic fibre as a Berkovich analytic space. Let (H,t) be a p-divisible group over X



with endomorphism structure for Op and suppose that H has constant height. Then, the
function Hdg™ (H, 1) from X2 to the space of polygons is continuous. Moreover, for
every fixed polygon fy, the subset:

%aHrzigint<f0 = { x E %an

Hdg™ (Heo1) < fo } © %™

defines a closed analytic domain of X*".
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2 Setup and notation

Let p be a prime number. Let K be a field extension of the p-adic numbers Q, and
assume that K is complete with respect to a valuation v with values in R extending the
p-adic valuation (thus normalised at v(p) = 1). Denote by O the valuation ring of K
and by k its residue field, which is then of characteristic p.

Let F' be a finite field extension of Q, of degree d, with ring of integers Of and
residue field kr; we choose a uniformiser m € Op. Denote by F™ the maximal unramified
subextension (or inertia subfield) of F|Q, and by Opnr its ring of integers, so that F™|Q,
is an unramified extension of degree f(F'|Q,), the inertia degree of F'|Q,, and F|F™ is a
totally ramified extension of degree e(F'|Qy), the ramification index of F'|Q,.

We assume throughout the document that k is perfect and that K contains a Galois
closure of F' over Q,, (and hence that k contains k), although we do not fix an embedding.
However, let us remark that the main definitions can be given without these assumptions,
as they are invariant under suitable base change (we will indicate when this is the case).
In particular, the statements depending only on these definitions hold in general.

Write W (k) for the ring of Witt vectors with coefficients in k, which is naturally a
subring of Ok, and let K be its fraction field, a subfield of K. We denote by o the
Frobenius endomorphism of W (k) and its extension to K.

For n € N, we write R} := { (a;)j-; € R" | a1 > --- > ay, } for the set of decreasing
n-tuples of real numbers. As a subset of R", note that R} is closed under addition and
nonnegative scalar multiplication. We endow R’} with the following partial order:

J J n n
(ai)izqg < (bi)iey if Zai < Zbi for all 1 < j <n and Zai = Zbi‘
i=1 i=1 i=1 i=1

An element f = (a;)j~; € R’} can be viewed as a piecewise affine linear, continuous,
concave function f: [0,n] — R starting at (0,0) and proceeding with slope a; on [i —1,4].
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In this sense, there is an obvious notion of break points of f, from which we exclude the
extremal points (0,0) and (n, f(n)). The partial order defined above extends naturally
to the set of all piecewise affine linear, continuous, concave functions f: [0,n] — R with
f(0) =0, namely f < g if we have pointwise inequality and f(n) = g(n).

3 Recalls and definitions

3.1 p-divisible groups with endomorphism structure

Let R be a commutative p-adically complete local ring.

We call p-group over R any finite locally free commutative group scheme over Spec R
of p-power order. If H is such an object, we denote by ht H the height of H, i.e. the
logarithm to base p of its order, and we write wy for the cotangent space of H along
the identity section, a finitely presented R-module. Recall that the association H — wpy,
from the category of finite locally free commutative group schemes over Spec R to that
of R-modules, defines a contravariant additive functor which is compatible with base
change and right exact (cf. [Mel, Proposition 11.3.3.4]). The notation H” stands for the
Cartier dual of H.

For H = (H|[p']);>1 a p-divisible group over Spec R (or, for short, over R), we denote
by ht H the height of H (which equals the height of the p-group H[p] over R) and we set
Wy = @91 wrpi)- 1f p is nilpotent in R, then wy = wyy,) for i > 1 sufficiently large
and this is a finite free R-module (cf. [BBM], 3.3.1] and recall that R is a local ring). In
general, since R is p-adically complete, we have that wy is anyway a finite free R-module,
with wy /pwy = wrp for all @ > 1. The dimension of H, denoted by dim H, is the rank
of wy over R. The association H — wp, from the category of p-divisible groups over R
to that of R-modules, defines a contravariant Z,-linear functor which is compatible with
base change (to other p-adically complete local rings). We write H? = (H[p']P)
the Cartier dual of H.

If H is a p-divisible group over k, we denote by (D(H ), ¢g) its contravariant Dieudonné
module (cf. [Fo, §IIT]). Recall that this is composed of a free W (k)-module D(H)
of rank ht H and an injective o-linear endomorphism ¢z : D(H) — D(H) such that
pD(H) C ogD(H); in particular, (D(H),pg) is an F-crystal over k as in [BHI, Déf-
inition 1.1.1]. The association H — (D(H ), pn) determines a contravariant Z,-linear
functor from the category of p-divisible groups over k to that of F'-crystals over k, inducing
an antiequivalence with the full subcategory of Dieudonné modules. This functor is
compatible with base change of perfect fields. Moreover, we have a natural identification
of k-vector-spaces:

i>1 for

D(H)/ouD(H) = wy. (3.1)
Definition 3.1. A p-group, respectively p-divisible group over R with endomorphism
structure for O is a pair (H,¢) consisting of a p-group, respectively a p-divisible group H
over Spec R and a map of Z,-algebras ¢: Op — End(H).

We denote by p—grp, o,., respectively p—divg o, the category of p-groups, respectively
p-divisible groups over R with endomorphism structure for O, with morphisms given



by maps of p-groups, respectively p-divisible groups over R that are compatible with ¢
(or Op-equivariant).

Remark 3.2. Note that the definition of the Dieudonné module used here is the one
given by Fontaine in [Fo, §III]. One may also use the Dieudonné crystal defined by
Berthelot, Breen and Messing in [BBM| §3.3|, evaluated at W (k). The latter is naturally
isomorphic to the former up to a Frobenius twist (cf. [BBM, §4.2]).

3.2 The Hodge polygon in special fibre

Let (H,t) be a p-divisible group over k with endomorphism structure for Op, where we
remind that % is a perfect field of characteristic p containing the residue field kp of F.
Let us recall from [BHI) §1.1] the definition of the Hodge polygon of (H,t), which is
based on a more general invariant of F-crystals with Op-action.

In fact, the Dieudonné module (D(H), ¢p) of H inherits from ¢ a Z,-linear action of
Op, that is, a map of Z,-algebras ¢: Op — End(D(H), ¢p). Because k contains kp, we
have a decomposition of finite free W (k)-modules:

DH)= O D(H).,
v: Fir— Ky

where v ranges through the f(F|Q,) embeddings of F™ in Ky and Opnr acts on D(H ),
via v: Opne — W (k). The o-linear endomorphism ¢ restricts then to injective maps:

o D(H)y-1, — D(H),,

ensuring that the ranks rkyy ;) D(H), are all the same. Moreover, the decomposition
above reduces to a decomposition of k-vector-spaces:

D(H) /o D(H @D Jo/eaD(H) ;10 (3.2)

Observe now, for each embedding v, that ID(H), is a module over the ring:
Worp.w(k) = O @0 v W (k)

and that this is a discrete valuation ring, with uniformiser 7 ® 1; in fact, it is the ring
of integers of a totally ramified extension of Ky of degree e(F'|Q,). Without ambiguity,
we denote by v the valuation of W, ,,(k) normalised at v(p) = 1. Because D(H),, is a
torsion free W (k)-module, it is again torsion free and hence free as a Wo,. ,,(k)-module.
In fact, we have that rkyy ) D(H ), = e(F|Qp) Ko o (k) D(H), independently of v, so
we may set:

n = rkWOF,/u(k) D(H)U eN

for any v. We remark that this means in particular that:

ht H = rkyy ) D(H) =Y rtkyy iy D(H)o = f(F|Qp)e(F|Qp)n = dn € dN.

(v



Now, for every v: F™ — K, since Wo,, (k) is a valuation ring and ¢g is injective, we
may write:

DU = D(H)U/SOHD a 1y = @ WOF7 /aU ZWOFv (k>

for some nonzero elements a, 1,...,ayn € Wo, (k) with v(a,1) > -+ > v(ay,); these
elements are uniquely determined up to units of Wo,. ,,(k). We set:

Hdg(H, )y == (v(au,1),---,v(avn)) € RY.
As a piecewise affine linear function, Hdg(H,t),: [0,n] — R interpolates the following

values:

7

Hdg(H, 1), :qu (av,;) = v(FittoD,) — v(Fitt; D,,), i€ {0,...,n},
7=1

where Fitt; D,, denotes the i-th Fitting ideal of the Wo, v(k)-module ]ﬁ)y; since Fitt; D,
is a principal ideal, it makes sense to consider its valuation. Note that D, is a p-torsion
Wo, »(k)-module. Thus, if we write:

D, [7] = {wE]D

(r®1yw=0}CD,

for 0 < j < e(F|Qp), then we have the following alternative description:

e(F|Qp)
1 o
Hdg(H,t)y: 2 —> ———— min § z,dimy, D, [77]/D,[x" 7}, =z €[0,n].
e(F|Qp) ]221 { }
Indeed, dimy D, [77]/D,[7/~1] equals the number of indices i € {1,...,n} such that

e(F|Qp)v(ay,) > j. In particular, the end point of Hdg(H, ), is:

e(F|Qp)
Z dimy D, [77] /Dy (77 1) =
7j=1

1

Hdg(H,t),(n) = e(FIQ,)

1 .=
TFIQ,) dim;D,.  (3.3)

The Hodge polygon of (H, 1) is defined to be:

Hdg(H, ) == ZHdg (H,1), € R},

(F’QP v

where v ranges through the f(F|Q,) embeddings of F™ in K. Its end point is given by
the average over v of the equations ({3.3)):

1 1

dim H
F(F|Qp) zv: e(F|Qp)

d )

_ 1

Hdg(H,0)(n) = b



the last equaliy due to the identification . We remark that up to reversing the order
of the slopes in order to get a convex polygon, Hdg(H, ) equals the Hodge polygon of
the F-crystal (D(H), ¢p) with Op-action ¢, as introduced in [BHI), Définition 1.1.7].

Note that the above definition is invariant under base change of (H,t¢) to another
perfect field. Thus, one may define Hdg(H,¢) even if k is not perfect or does not contain
kr, namely as the Hodge polygon of the base change of (H,t) to a sufficiently large
perfect field extension of k. In this case, we still find that ht H = dn for some n € N
and so Hdg(H,:) € R7}. All statements concerning Hdg(H, ¢) will then hold in this more
general setup.

Remark 3.3. If F'|Q, is an unramified extension, then we have that Wo,. (k) = W (k)
for every embedding v of F™" = F'in K. In particular, for (H,:) € p—divy o, one sees
that in this case:

Hdg(H,.), = (1,...,1,0,...,0),

the number of 1’s being equal to dimy D(H),/ogD(H),-1,. In fact, the notion of Hodge
polygon in this setting can be traced back to that of “Hodge point” for F-crystals with
additional (unramified) structure, introduced in [RR} §4].

3.3 The Pappas-Rapoport polygon

Let (H,t) be a p-divisible group over Ok with endomorphism structure for Op, where
we remind that O is the valuation ring of a complete valued field extension (K, v) of Q,
containing a Galois closure of F' over Q,. We will now define the Pappas-Rapoport polygon
of (H,.). Note that ht H = ht H, € dN, where Hj denotes the reduction of H to the
residue field k of O thus, we may write ht H = dn with n € N. Set wg x = wg ®o, K
and observe that ¢ induces a map of Qp-algebras ¢: F' — Endg(wpy k). Because K
contains a Galois closure of F' over Q,, we have a decomposition of K-vector-spaces:

wik = P wHKr (3.4)
T: F=K

given by wy k- = {w € wpk | Va € F : 1(a)(w) = 7(a)w } for each embedding 7 of F'
in K. Set r, = dimg wpy K » for every 7.

Remark 3.4. Recall from [Bi, Lemma 1.13] that we have an Op-equivariant exact
sequence of Ox-modules:

0 —wy — & — whp — 0, (3.5)

where £ is a free O ®z, Og-module of rank n and wXID = Homop, (wygp, Ok) carries
an Op-action induced naturally from ¢. Write £k = & ®p, K = @, €k, in a similar
fashion as for wy x above. Since € is free of rank n over Or ®z, O, we have that
dimg €k - = n for every 7: F' — K. Hence, because the K-vector-space wy k- injects
into £ 7, we find that r; = dimg wy ik < n for all 7’s.



We may now set:
PR(H,t); =(1,...,1,0,...,0) € R,
the number of 1’s being equal to r,, for each 7: F' — K. The Pappas-Rapoport polygon
of (H,1) is defined to be:
1
PR(H,:.) == b XT: PR(H,.), € R,

where 7 ranges through the d embeddings of F' in K. Equivalently, as a piecewise affine
linear function:

PR(H,.): x — CllzT:min{x,rT}, z € [0,n].

Its end point is given by:

1 1 . dim H
PR(H,L)(TL):gZTngdlmKwHJ(: d .

Note that the above definition is invariant under base change of (H, ¢) to the valuation
ring of a larger field K within our setup. Thus, one may define PR(H, ) even if K does
not contain a Galois closure of F' over Q,, namely as the Pappas-Rapoport polygon of
the base change of (H,¢) to the valuation ring of a sufficiently large finite field extension
of K. In addition, we did not really make use of the fact that k is perfect, so the Pappas-
Rapoport polygon is also defined without this assumption. All statements concerning
PR(H, ) will then hold in this more general setup.

Remark 3.5. In the case that the valuation of K is discrete, the Pappas-Rapoport
polygon of an object (H,t) € p—divp, o, was already considered in [Ma], although in
loc. cit. it is named “Hodge polygon” of (H,:). Here, in accordance with the terminology
of [BHI], we choose to reserve the latter name for an invariant of objects over k. The
name “Pappas-Rapoport polygon” comes then from [BHI] as well and its use here is
motivated by the following observation.

For each embedding v of F™ in Ko, let Ty 1,..., 7, ¢(r|Q,) be an ordering of the
embeddings 7: F' — K which restrict to v on F"'. Set then r,; := dimg wy, K,r.i» With
notation as in , for every v and 1 < i < e(F|Q),). Now, up to reversing the order of
the slopes in order to get a convex polygon, one finds that PR(H, ) corresponds to the
“Pappas-Rapoport polygon” associated to the tuple = (ry,i)y 1<i<e(F|0,) in [BHIL §1.2].

Remark 3.6. If F'|Q, is unramified, the decomposition for (H,.) € p—divo,,0,
restricts to a decomposition of wy into a direct sum of finite free Ox-submodules, on
each of which OF acts via a single embedding of F' = F™ in Ky C K (see below).
The reduction of this to k recovers, via , the decomposition relative to the
reduction (Hy,t) of (H,t) to k. Taking Remark into consideration, we get that in
this case PR(H, ) = Hdg(Hy, ).

For a general extension F'|Q,, we will see in the next section that one can still compare
the two polygons PR(H,:) and Hdg(Hy, ), see Proposition



3.4 Comparison between Pappas-Rapoport and Hodge polygon

Let us keep the notation of the previous section, with (H,¢) € p—divo, 0, and ht H = nd.
Consider the Op-action induced by ¢ on wg, a map of Z,-algebras ¢: Op — Endo, (wh).
Looking at the restriction of ¢ to Opnr, we have a decomposition of finite free O -modules:

o= @  wie (3.6)

v: For— Ky

where v ranges through the f(F|Qp) embeddings of F™ in Ky and Opnr acts on wyy,,
via v: Opr — W(k) C Ok. Observe now that the Op-action ¢ restricts to each
component wy,, and the decomposition (3.4) restricts to:

Wi, R0, K = Puwn k.- (3.7
T|v

where 7|v stands for the embeddings of F' in K which agree with v on F™. Fix then
an ordering 7, 1, ..., Ty e(F|g,) Of the set { 7: F' — K | 7|v } for every v: " — Kj and
consider the filtrations:

0=wypo Cwy1 €+ Cwyerio,) = WHu (3.8)

given by the Og-submodules:

Wy = WHy N @WH,K,TW-
Jj=1

for 0 < i < e(F|Qp). In order to make use of these filtrations, we will need the first part
of the following lemma (the final statement will only be useful later on).

Lemma 3.7. Let M be a finitely generated and free O -module, together with a map of
Zp-algebras v: Op — Endp, (M). Consider the decomposition of K-vector-spaces:

Mg =M®o, K= @ Mg,
7: F>K

gwen by Mk, ={w € Mg |VYa € F : 1(a)(w) =7(a)w } for each embedding T of F in
K, where v is extended in the natural way to an F-action on My. Then, for any
subset I C{7: F — K } the Og-module:

Mp=MNE Mg, C Mg
Tel

is a direct summand of M, free of rank ) ;dimg Mg .. Moreover, setting:

pr = H 7(m) € Ok,

Tel

we have that pyMyp C o(m)M.
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Proof. The inclusion M C My induces an injective map:

M/M; — Mg/ Mk = @ Mk, (3.9)
Tel T¢I

ensuring that M /M7y is a torsion free Ox-module. Since Ok is a valuation ring and
M /M is finitely generated over it, it follows that M /M is a free Ox-module and, in
particular, projective. This proves that M7 is a direct summand of M and, as such, it
is also torsion free and finitely generated over O, hence a free Og-module. Now, the
inclusions M; C @,c; Mk and imply respectively that:

l"koK M[ < ZdimK MK’.,- and I‘k@K M/M[ < ZdimK MK,7-~
Tel T¢I

However, the left-hand sides of the above expressions sum to rkp,, M = dimg Mg, which
also equals the sum of the right-hand sides. Thus, we actually have equality in both
expressions.

We prove the final statement by induction on the cardinality of I. If I is empty, then
M7 =0 and p; = 1, so the assertion is clear. Assume now that I contains at least one
element and fix 79 € I. Set then I’ := I'\ { 79 } and observe that Mp = MiN@,cp Mk -
In particular, the inclusion M7 C @, c; Mg - induces an injective map:

MI/MI/ — @MK,T/ @ MK,T = MK,Toa
Tel Tel’

ensuring that the Op-action induced by ¢ on M;/Mp factors through 79: O — Ok.
Thus, for every element w € M, we have that 7o(7)w and ¢(7)(w) have the same image
in My/Mjp, i.e. their difference lies in M. By inductive hypothesis, then:

pr(To(mw — o(m)(w)) € o(m)M.

But this element can be rewritten as pjw — v(7)(ppw), so that pyw belongs itself to
t(m)M, proving the inductive step and hence the claimed statement. ]

Back to our discussion, the lemma implies that for every embedding v of F™ in Kj the
filtration (3.8)) of wg,, is by Ok-direct-summands, with rko, wy i /wyi—1 = dimg WH K7y ;
for 1 <i < e(F|Qp). Furthermore, these filtrations are clearly Op-stable and the Op-
action induced on each graded piece wy ;/wy, i—1 is via 7,;: O = Ok.

Let now (Hy, ¢) denote the reduction of (H, () to k. Considering the Op-action induced
by ¢ on wpy, , or rather its restriction to Opnr, we have a decomposition of k-vector-spaces:

wi, = P wmo, (3.10)

where v ranges through the embeddings of F™ in Ky and Opnr acts on wy, ,, through
v: Opne — W (k) — k (in fact, via (3.1)) this recovers the decomposition (3.2)) relative to
Hy). Note that (3.10) identifies Op-equivariantly with the reduction to & of (3.6]). Then,
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putting together the previous observations, we have that for every v the reduction to &
of (3.8)) gives a filtration:

0=wook Cwoik " CWyer|gy) k= WHyw = WHo Q0k k (3.11)
of wp, » by sub-k-vector-spaces satisfying the following conditions:

o () (Wo,ik) C wyi—1k for 1 < i < e(F|Qp), as the Op-action induced on the
quotient wy, ; /Wy i1,k is via 7, ;: Op — Ok — k, which sends 7 to zero;

o dimgwy i k/Wo -1,k = dimg WH K7, for 1 <@ <e(F[Qy).

In other words, according to [BHI, Définition 2.2.1], the collection of the filtrations
for varying v yields a Pappas-Rapoport condition on (Hy, ) for the tuple p = (7y4)v.i
defined by 7, ; = dimg Wy K7, ,; for all v: ™" — Ky and 1 <i < e(F|Q,). Equivalently,
we have a Pappas-Rapoport condition for u, in the sense of [BHI, Définition 1.2.1], on
the Dieudonné module (D(Hy), ¢n,) of Hj, endowed with the Op-action corresponding
to ¢. This allows us to deduce the next proposition from [BHI, Théoréme 1.3.1] (after
reversing the order of the slopes of the polygons and taking the second observation of
Remark into account).

Proposition 3.8 (|[BHI1], Théoreme 1.3.1). Let (H,¢) be a p-divisible group over Ok with
endomorphism structure for Op and denote by (Hy,t) the reduction of H to k together
with the induced Op-action. Then:

Hdg(Hyg,t) < PR(H,.).

Remark 3.9. A closer look at the proof of [BHI, 1.3.1] shows that in fact, for (H,:) €
p—divo, o, and its reduction (Hy,t) € p—divy o, we have:

Hdg(Hy, 1), < m@ S PR(H, 1),

T|v

for all embeddings v of F™ in Ky. Consider now the limit case Hdg(Hy,¢) = PR(H, ).
In the language of [BHI, Définition 3.1.1], this means that (Hy, ¢) satisfies the generalised
Rapoport condition with respect to the tuple p introduced above. Note that this is
equivalent to having an equality in all expressions above. Following then a similar
observation as in loc. cit., one finds that this condition is in turn equivalent to the fact
that for every v the filtration is given by:

Wik = OJHk’U[Wi] = { W E WH, v L(mHw =0 } for 1 <i <e(F|Qp).

3.5 The Harder-Narasimhan polygons

Let us recall from [Fal] the definition of the Harder-Narasimhan polygon of a p-group C' €
P—8ro, , which describes a certain filtration of C' by finite locally free sub-group-schemes.
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After suitable renormalisation, this will allow us to attach similar invariants to objects of
P—8ro, .0, and, passing to the limit, of p—divo, op-

First of all, to each nonzero object C € p—grp, is associated a value degC € R,
called the degree of C (cf. [Fall, §3]). Explicitely, if wc has a presentation:

wo = @OK/ai(’)K

i=1

for some m € N and nonzero elements a1, ..., a, € Ok, then:

degC = ZU(CM) = v(Fittowe).
i=1

The degree is additive in short exact sequences and satisfies the relation deg C'+deg CP =
ht C. One defines then the slope of C to be p(C) = degC/htC € R. By [Fall §4],
the category p—grp, admits a Harder-Narasimhan formalism for the slope function p.
More precisely, C' is called semi-stable if for every nonzero subobject C! C C' we have
w(C") < u(C). In general, C possesses a unique Harder-Narasimhan filtration:

0=CoCCiC - CC=C

in p—grp,, with semistable graded pieces and u(C1) > -+ > u(C/C;—1). The Harder-
Narasimhan polygon of C' is defined to be:

HN(C) = (u(Cy) D u(C)Cypy) B C/Cr-1)) ¢ REEC

where the superscripts denote the multiplicity of each slope. Note that HN(C)(ht C) =
deg C. Let us also remark that the Harder-Narasimhan filtration, and hence the associated
polygon, are invariant under base change of C' to the ring of integers of a larger field K
within our setup.

Suppose now that C' is endowed with endomorphism structure ¢: O — End(C) for
Op. Then, by [Fall, Corollaire 10], the Harder-Narasimhan filtration is t-stable. We
define the Harder-Narasimhan polygon of (C,¢) € p—grp, o, to be the piecewise affine
linear function:

HN(C,:): [0,ht C/d] — R

1
T HN(C)(dx).

If (H,¢) is a p-divisible group over Ok with endomorphism structure for O, we may
consider the family of Harder-Narasimhan polygons of the objects (H[p‘], ) € p—gro 1.Op>
for ¢ > 1. In order to compare these among each other, we define the renormalised
Harder-Narasimhan polygons:

HN"(H[p'],¢): [0,n] — R

v s < HN(H[p], (i),
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where n = ht H/d and i > 1. It follows then from [Fa3, Théoréme 1 and Théoréme 7]
that the sequence of functions HN'(H[p],:) converges uniformly, for i — oo, to a
piecewise affine linear, continuous, concave function HN(H,¢): [0,n] — R, which is
equal to the infimum of the previous functions and satisfies HN(H,:)(0) = 0 and
HN(H,:)(n) = dim H/d. We recall that H (equivalently (H,¢)) is called of HN type if the
Harder-Narasimhan filtrations of H|[p'], for i > 1, form a filtration of H by sub-p-divisible
groups. By [Fa3, Proposition 7], this is equivalent to the fact that HN(H, ) = HN(H [p],¢).

Note that for the definition of the above polygons we do not really need to assume
that K contains a Galois closure of F' over Q,, nor that the residue field £ of Ok is
perfect. All statements concerning the Harder-Narasimhan polygons hold therefore in
this more general setup.

4 The integral Hodge polygon

4.1 The definition

Throughout this whole section, we let (H,¢) be a p-divisible group over Ok with endomor-
phism structure for Or. We denote by (Hy,¢) the reduction of H to k together with the
induced Op-action and write ht H = ht H;, = nd with n € N. We now come to the defini-
tion of the integral Hodge polygon of (H, ). Recall that we have a decomposition
of finite free Og-modules:
wi = P wie,
v

where v ranges through the f(F|Q,) embeddings of F™ in Ky and Opn acts on wy,,
viav: Opnr — W (k) C Og. Let [r]: wg — wpy denote the endomorphism of wg induced
by ¢(m) and note that this restricts to each component wg . Because 7e@F1Q) equals p
times a unit in Op and wy is torsion free, we have that [r] is an injective map. For every
embedding v, then, since O is a valuation ring, the endomorphism [7]: wy,, — Wi,y
may be represented, with respect to suitable Og-bases, by a diagonal matrix with nonzero
entries ay.1,...,0yr, € Og with v(ay1) > -+ > v(ay,,), where r, = rko, wh,; the
elements a, 1, ..., a0y, are uniquely determined up to units of Ok and can be found
unchanged even with a different choice of uniformiser 7 € Op. Thus, we have an
isomorphism of Og-modules:

wiw/[Mwiw = @ Ok /ayiOk. (4.1)
=1

We claim that this expression features at most n nontrivial summands. In order to see
this, it suffices to show that the dimension of the k-vector-space given by the reduction
along O — k has dimension at most n. Note first that according to the decomposition

in (3.2), the identification (3.1]) restricts to:
D(Hi)o/omD(Hi)o-10 = whw @0k k, (4.2)
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compatibly with the induced Op-action on both sides. In particular, wpg, ®o, &
affords a surjection from D(Hy),, which we recall being a free module over Wo,. (k) =
OF @0 pur v W (k) of rank ht Hy,/d = n. Quotienting by the action of 7 € Op, then, we
find that (wp/[Tlwh ) @0 k affords a surjection from a k-vector-space of dimension n,
proving the claim. This means that we may always write:

B = wip/[Twie = P Ok fay,iOk (4.3)
i=1

by neglecting trivial summands from or possibly setting a,; = 1 for ¢« > r,. Let
us remark that the last statement remains true even without the assumption that & is
perfect; in fact, in the argument for the previous claim one may pass to any perfect field
extension of k. We let:

Hdgint(H, Lo = (v(av1),...,v(avn)) € RY.
Note that the end point of Hdg™ (H, ¢), is:

Hdgint(H, )o(n) = Zv(au,z‘) = v(det([n]|wr)) = 6(FTQ)
i=1 ’

rko, whw,  (4.4)
the last equality due to the fact that 7¢F1Q) equals p times a unit in Op. More generally,
as a piecewise affine linear function, Hdg™ (H, ), : [0,n] — R interpolates the following
values:

Hdg™ (H, 1), (i) = Z v(ay,j) = v(Fitto oy o) — v(Fitt; 0p ), 1€{0,...,n},

where Fitt;wp, denotes the i-th Fitting ideal (in this case principal) of the Og-
module wg,,. Observe that wy, is a p-torsion Og-module. Thus, in the case that
the valuation of K is discrete, say of absolute ramification index er, we have the
following alternative description:

1 ) .
Hdg™ (H, 1), lg g o [0] )@@ 0
g™ (H, 1) x»—)eKme{:c gwn ||/ WH @ ]}, x € [0,n],

where @ € Ok is a uniformiser (so that v(w) = ej') and for 0 < j < eg:

(DHW[wj] = {w € WHv ww =0 }

We define the integral Hodge polygon of (H,.) to be:

Hdg™ (H, 1) = ZHdgmt (H, 1), € R".

(F’QP v
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Its end point is given by the average over v of the equations (4.4)):

int = 1
Hdg (Ha L)(n) - f(F|Qp) zv: €(F|Qp

1 1 dim H
) rko, wHo = grkoK wyg = 7

Note that the above definition is invariant under base change of (H,¢) to the valuation
ring of a larger field K within our setup. Moreover, it only makes use of the fact that &
contains kp, i.e. that K contains F™, but not that it contains a whole Galois closure of F,
nor that k is perfect. Thus, one may define Hdgint(H ,t) even without these assumptions,
possibly as the integral Hodge polygon of the base change of (H,:) to the valuation ring
of a finite field extension of K whose residue field contains kr. All statements concerning
Hdg™ (H, 1) will then hold in this more general setup.

Remark 4.1. Suppose that F|Q, is an unramified extension, so that p € Op is a
uniformiser. In this case, we have that wy ., /[T|wH . = WH,v/PwH o for every embedding v
of F* = F in Ky. In particular, one sees that for (H,¢) € p—divo, 0.:

Hdglnt(H7 L)’U = (1, .. .,1,0) N 70)7

the number of 1’s being equal to rko, wp . By the identification , this number is
also equal to dimy D(Hy)y /@, D(Hy),-1,. Thus, recalling the observation in Remark [3.3]
and taking the average over v, we obtain that in this case Hdg™ (H,:) = Hdg(Hg,1).
Putting this together with the considerations of Remark , we conclude that if F|Q,
is unramified then Hdg™ (H, 1) = Hdg(Hy, ) = PR(H, ).

Remark 4.2. Let H[r| denote the kernel of the endomorphism «(7): H — H, a closed
sub-group-scheme of H|[p]. Note that ¢(7¢(¥1@)=1) induces an epimorphism H|[p] — H|[x],
so that the Hopf algebra of H|[r] injects into that of H[p] and is therefore a torsion free
Og-module; since Ok a valuation ring, it follows that H x| is locally free over Ok, i.e.
it is a p-group over Ok . The Op-action on H clearly restricts to H[r|. However, since
by definition 7 acts trivially on this object, there is no loss of information in considering
H{r] equipped only with the restriction (" : Opnr — End(H|[n]) of the induced action to
the unramified part. Observe now that we have an Opnr-equivariant identification:

WH[x] = wy/[r|wh. (4.5)

In particular, for (H,:) € p—divo, o, the polygon Hdg™ (H, 1) only depends on the
object (H[r], ™) € p—gro, opn - In fact, if F|Q, is totally ramified, then Hdg™ (H, ) is
equal to the Hodge polygon of the p-group H|[r] over Ok, as defined by Fargues in [Fall
§8.2]. In general, Hdg™ (H, () coincides with the Hodge polygon of the p-group with
unramified endomorphism structure (H|[x], ™) over O, as considered by Shen in [Sh|
Definition 3.8]. Here, we really want to view this polygon as an invariant of (H, ), using
it to describe properties of the whole p-divisible group with endomorphism structure and
relating it to other invariants thereof.
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4.2 Comparison with the Harder-Narasimhan polygons

Let us compare Hdg™ (H,:) with the Harder-Narasimhan polygons recalled in
Consider the object (H[r],:™) € p—gro,. o introduced in Remark More generally,
for ¢ > 1 we can consider:

H[r"] :== Ker(¢(7'): H — H)

and similarly observe that this is a p-group over O . For 1 < j < 4, then, we have exact
sequences:

0 — Hrl] — Hx] % mini-i] — 0. (4.6)
Since H[r¢FI®%)] = H[p], an inductive reasoning shows that ht H[r] = ht H/e(F|Q,).
In particular, the function HN(H[x], ™) is defined on [0,n] and can be compared
with Hdg™ (H,:). In light of Remark the following statement really concerns
(H[r],t") € p—gro, 0pm: and, as such, it follows from [Shi Proposition 3.10]. We will
anyway sketch its proof for completeness.

Proposition 4.3 ([Sh], Proposition 3.10). Let (H,¢) be a p-divisible group over Ok with
endomorphism structure for Op. Then:

HN(Hx], ™) < Hdg™ (H, 1)

Proof. First, the Opnr-equivariant identification (4.5)) implies:

. 1
HAg™ (H, 0)(n) = ——— deg Hlr] = HN(H[x], ™) (n).
f(F|Qp)
Next, let H' C H|[r] be a step of the Harder-Narasimhan filtration of H|[r]; in particular,
H' is /™"-stable. We have to check that:
deg H' ht H’

Firlg,) = Hde" () (f(FIQp)) |

i.e. that:

: ht H’
v p

where v ranges through the f(F|Q,) embeddings of F™ in Kj. In fact, the inclusion
H' C H[r| induces a surjection:

wH/[ﬂ]wH = WHIn) — Wy,

which splits into surjections wp ., /[7|wH,y — Wi, for all v’s. The result follows then
from basic properties of Fitting ideals with respect to exact sequences, together with
the observation that, for every v: F™ — Kj, the Og-module wg,, is generated by
ht H'/ f(F|Qp) elements (cf. the proof of [Shl Proposition 3.10]). O
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Corollary 4.4. Let (H,.) be a p-divisible group over O with endomorphism structure
for Op. Then:
HN(H[p],) < Hdg™(H, 1).

In particular:
HN(H,:) < Hdg™(H,1).

Proof. By repeated applications of [Fall Proposition 9] to the exact sequences (4.6) with
i = e(F|Qp), we find that HN(H[p], ) < HN(H[x], ). O

Remark 4.5. The previous corollary provides a sufficient condition for (H,:) to be of
HN type, namely that Hdg™ (H,:) = HN(H,t). Indeed, since HN(H|[p], ) is squeezed
between these two polygons, their equality implies that HN(H|[p], ) = HN(H, ).

More specifically, if a break point of HN(H, ) lies on Hdg™(H, ), then the previous
corollary implies that it also lies on HN(H|[p],¢). This is then sufficient to find an
t-stable sub-p-divisible group of H corresponding to the break point at hand (cf. [Mal
Corollary 3.4], at least if the valuation v is discrete).

Remark 4.6. One could look for a relation between the polygons HN(H[p],¢) and
Hdg(Hy,t). This is in general hopeless, as the following example shows. Assume that
F|Q, is totally ramified of degree d = 2. Suppose moreover that ht H = 4 = 2d, dim H = 2
and that, with notation as in we have r = 1 for both embeddings 7: F' — K. One
can attach to H two “primitive Hasse invariants” m, hasse € [0,1/2], such that the usual
Hasse invariant of H is given by ha(H) = 2hasse+ (p+1)m € [0, 1] (see [Bi, §1]). Assume
that ha(H) < 1/2 and p > 3. This ensures the existence of the “canonical subgroup” of
H{p] and hence that HN(H[p],¢)(1) = 1 — ha(H)/2 (cf. [Fa2, Théoréeme 6]). Note that
under our assumptions we have 3/4 < 1 — ha(H)/2 < 1. Now, by [Bi, Proposition 1.6]
we know that m = 0 if and only if wy is free as an Op ®z, Og-module. Thus, if m =0
the polygon Hdg(Hp, ) has slopes (1,0) and is therefore above HN(H [p], ¢), whereas if
m > 0 then Hdg(Hy, ) = (1/2,1/2) is below HN(H [p], ¢).

4.3 Comparison with the Pappas-Rapoport polygon

We will now compare the integral Hodge polygon of (H,:) € p—divp, o, with its
Pappas-Rapoport polygon. For this purpose, we are going to need the following lemma.

Lemma 4.7. Let M’ — M be an injective homomorphism of finitely presented torsion
Ok -modules and suppose we are given presentations:

/

M%@OK/aj(’)K, M/Q@OK/I)]'OK, (4.7)
j=1 j=1
for some m,m’ € N and ay,...,am,b1,...,bp € Oxg\{0} withv(ay) > --- > v(ay) and

v(by) > -+ > v(bpy). Then, for all j =1,...,min{m,m’'} we have that v(b;) < v(a;)
and, if m' > m, then for all j = m+1,...,m' we have that v(b;) = 0.
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Proof. Note first that by possibly adding trivial summands to either of the two presenta-
tions, we reduce to the case that m’ = m.

Let then eq,...,e,, be the standard basis of M’ with respect to the given presenta-
tion. In particular, if these elements satisfy a linear equation 77, cje; = 0 for some
1y, cm € Ok, then v(bj) < w(cy) forall j=1,...,m.

Now, since M is an aj-torsion module and M’ — M is injective, we have that
are; = 0, so that v(b1) < wv(ay). Fix then j € { 2,. m} and note that the images of
ajei,...,aje; in M are all contained in the submodule @l 1 (’)K/alOK C M, because the
complementary submodule ;" ; O /a;Of is aj-torsion. Choosing lifts via the standard
surjection (’)K — @lzl (’)K/al(’)K, we obtain j elements of a free Ox-module of rank
j — 1. In particular, these elements must satisfy a nontrivial linear equation, where we
may assume that at least one coefficient is a unit. By projecting this equation back to
@ OK/al(’)K and due to the injectivity of M’ — M, we find that Zk 1 ckajer, =0

for some ci,...,¢; € Ok, with ¢, € Of for some kg € {1,...,j}. It follows that
v(by,) < v(ckoaj) = v(a;) and hence that v(b;) < v(by,) < v(aj). This completes the
proof of the lemma. O

We now have all the tools that we need in order to prove the following statement.

Theorem 4.8. Let (H, 1) be a p-divisible group over O with endomorphism structure
for Op. Then:
Hdg™ (H,:) < PR(H, ).

Proof. First of all, we have that Hdg™(H,:)(n) = dim H/d = PR(H, :)(n). Next, recall
that we have decompositions (3.6)), respectively (3.4)):

wy = @ WHw, WHK = WH Qo K = @ WH,K,r
v: Frr— Ky 7: F—>K

and that for every v: F™ — K| the latter equation restricts to (3.7):

WH,K = WHy Q0 K = @WH,K,T,

T|v

where 7|v stands for the embeddings of F' in K which agree with v on F™. By taking
the average over the f(F|Q,) embeddings v of F™ in Kj, it suffices to prove that for
each of these v and 0 < i < n we have:

Hdg™ (H, 1), (i) < Z min { 4,7, },

T|v

(FIQp

where r; = dimg wy k ~. Fix then v: F'" — Kq and write:

n
WHb = WHv/[Twh . = @ Ok /a;Ok
i=1
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with a1,...,a, € Og \ {0}, v(a1) > -+ > v(ay), as in (4.3). We need to show that for
0 <i<nandanysubset ] C{7: F— K |7|lv} we have:

> vla) € pig (szm)

7j=1 T¢I

where |I| denotes the cardinality of I. So we fix ¢ and I as above and consider the
Ox-module:
wr =Wy N @wH,K,T C wHw K-
Tel
By Lemma this is a direct summand of wp ., free of rank r; == _;r,. Moreover,
because [7]: Wi, — wWh, restricts to an injective endomorphism of w; and Ok is a
valuation ring, we may write:

Ty
u_J[ = wj/[ﬂ]wj = @OK/b]OK
j=1
for some nonzero elements by,...,b,, € Ox with v(b;) > --- > v(b;;). The second
assertion of Lemma together with the fact that [7]wg, Nwr = [7]wy, tells us that wy
is pr-torsion, where pr = [[,.¢; 7(7) € Ok. In other words:

1|
v(by) < v(pr) = —— (4.8)
’ e(F|Qp)
for all j =1,...,r;. Note that the inclusion w; C wpy, induces an injective map wr —

@i, This, by Lemma [.7] implies that U(b ) <w(aj) forall j =1,...,min{n,r; } and,
if rr > n, then v(b;) =0 for all j =n+1,...,r7. In particular:

S b)Y olay) (1.9)
Jj=i+1 Jj=t+1

Finally, because 7¢F1Q) equals p times a unit in Op, we have:

71

B _ 1 _ rr
jz:lv(bj) = v(det([r]|wr)) = TFIT,) rko, wr = FQy)°
This allows us to rewrite:
> v(aj) = Hdg™ (H, 1)y(n) — > v(ay)
j=1 j=i+1
1 n
= — k v — -
€(F|Q ) ' OK va j%lv(a‘j)
= rr+ v(aj).
gy S ) - 3 e
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But using first (4.9) and then (4.8)), we see that:

rr n rr rr min{ i,ry } .
iz
Youlby) = Do wlag) <Y wlby) = Yo wby) = Y wby) < (F1Q,)’
j=1 j=i+1 j=1 j=it1 j=1 P
thus concluding the proof of the theorem. O

Combining the above statement with Corollary [£.4] we obtain the following inequality,
which generalises [Mal Proposition 2.14] beyond the case when the valuation v is discrete
(note that in loc. cit. the Hodge polygon of an object (H, ) € p—divo, 0, refers to what
we call here the Pappas-Rapoport polygon PR(H, ), as already observed in Remark .

Corollary 4.9. Let (H,.) be a p-divisible group over O with endomorphism structure
for Op. Then:
HN(H[p),1) < PR(H, ).

Consider now the limit case when the integral Hodge polygon is equal to the Pappas-
Rapoport polygon. It turns out that this situation is also detected by the Hodge polygon
in special fibre.

Proposition 4.10. Let (H, 1) be a p-divisible group over Ok with endomorphism structure
for OF and denote by (Hy, ) the reduction of H to k together with the induced Op-action.
The equality Hdg™ (H, 1) = PR(H, ) is equivalent to Hdg(Hy, ) = PR(H, ).

Proof. Let us recover the same notation as in the previous proof and set:

PR(H, 1), == e(FlQp) > PR(H, 1),

Tlv

for every embedding v of F™" in K. Note that the argument for the previous theorem
shows that in fact Hdg™(H, ), < PR(H, ), for every v. Together with Remark this
allows us to reduce to proving that for every v, the equality Hdg™ (H, ), = PR(H, ),
is equivalent to Hdg(Hy, ), = PR(H,t),. Fix then v: F™ — K and, for 7|v, order the
elements 7, = dimg wy xr as r1 > 19 > -+ > 1., where e := e(F|Q,). This gives an
ordering 71,...,7. of the set { 7: F' — K | 7|v }. Recall now from that from this we
can define an Op-stable filtration :

0= Wy,0 CwWy1 € CWye =WHp (410)

by Og-direct-summands, with rko, wy,i/wy,i—1 =15 for 1 <i < e and Op-action acting
via 7; on each graded piece wy ;/wy i—1. Choosing then an Og-basis of wy ,, adapted to
this filtration, we may write [7]: wy,, — wH,, as a matrix:

71 (7)1, Ay *
p_ 0 To(m) Iy, 7
’ Ae 1
0 0 7e(m)ly,
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where, for m € N, I,,, denotes the identity matrix of rank m. Thus, for 1 <i<e—1, A;
is a r; X rjy1-matrix. We will prove that both conditions in the statement are equivalent
to the fact that for all i = 1,...,e — 1 the reduction A; of the matrix A; along Ox — k
has rank r;41.

Let us first prove the equivalence of the last assertion with Hdg(Hp,t), = PR(H, ).
Consider the filtration 0 = wy, 01 C wy,1.6 € -+ € Wyek = WH,w @0k k obtained as the
reduction to k of and note, recalling the discussion in that the action of 7
induces maps wy i11,5/Wy,ik — Woik/wWoi-1,k for 1 <i < e—1. In fact, each of these
maps can be represented respectively by the matrix A;. Now, A; having rank r;4; for
all = 1,...,e — 1 is equivalent to all these maps being injective. This, in turn, is
realised if and only if w,, ; ; is equal to the L(?T)i—tOI'SiOIl submodule of wp, ®o, k for all
1 =1,...,e. However, as observed in Remark this last condition is equivalent to
Hdg(Hg,t), = PR(H, t),.

Assume now that Hdg™ (H,:), = PR(H,t),. Looking at the number of nonzero
entries of both polygons, we find on one side rko,. wg , minus the rank of the reduction P
of the matrix P to k and on the other side the number r;. Since these must be equal and
rko, W, = > j—1 T4, it follows that the rank of Pis equal to ro + - - - + .. Now, because
the blocks along the diagonal of P reduce to zero, this implies that for 1 <i <e—1
the rank of A; is maximal, hence equal to 7;41. Conversely, assume that the rank of A;
is equal to 7,41 for all 1 < ¢ < e — 1. We will compute the polygon Hdgint(H, L)y by
induction on e, where e is seen simply as the number of diagonal blocks of P. The cases
e = 1,2 are easily done. Let then e > 3 and assume that the result is true for e — 1.
Let w € Ok be an element of valuation 1/e, so that v(w) = v(7 (7)) for any i. Then,
applying the inductive hypothesis to the restriction of [r] to wy ¢—1 (i.e. considering the
top left submatrix of P containing the first e — 1 diagonal blocks), one can make a change
of bases such that the matrix P transforms to:

I, 0o ... 0 By
0 wly, . : By
. ) ) 0 . ’
: . w U, | Be
o ... ... 0 Te(m) Iy,
where s =ro+ -+ 4+ 7re_1,81 =71 —T2,...,8.-9 = Te_2 — Te_1,S¢_1 = Te_1. It is also

possible to do this in Sl}Ch a way that the reduction of the matrix B._1 along O — k
has the same rank as A._1, that is, r.. Up to a further change of bases, one can then
reduce to the case where:

B._1 = <166> , the zero block having size (re—1 — 7re) X Te,

and B; = 0 for 0 < ¢ < e — 2. By an explicit computation, one finally finds that

Hdg™(H, 1), = PR(H,1),. O
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Remark 4.11. Concerning a direct comparison between the integral Hodge polygon of
(H,t) € p—divo, 0, and the Hodge polygon of its reduction to k, the above proposition
is unluckily the best that one can obtain, unless (H,¢) is “m-diagonalisable” (see
in particular Remark . In general, we will see in that the two polygons are
unrelated.

4.4 Behaviour with respect to Cartier duality

Consider the Cartier dual HP of the p-divisible group H over Ok. It carries an Op-
action (”: Op — End(HP) induced by ¢ and functoriality of Cartier duality. Then, the
integral Hodge polygon of (HP,:P) € p—divo, o, is related to Hdg™ (H, ) as in the
following statement.

Proposition 4.12. Let (H, ) be a p-divisible group over Ok with endomorphism structure
for Op and write ht H = dn with n € N. Let v be an embedding of F™ in Ko. If
Hdg™ (H, 1)y = (Ao1y-- -5 Aom) € RY, then HAdg™ (HP,1P)y = (1 — Apny oy L — Ap1).
Thus, if Hdg™ (H, 1) = (A1,...,\) € R%, then Hdg™ (HP, /D) = (1 = My ..o 1= \p).

Proof. With notation as in (3.6)), note that the exact sequence (3.5 restricts to an
Op-equivariant exact sequence of Og-modules:

0— wyp — E — wIYID:U — 0,

where &, is a free O ®0 v Ox-module of rank n and w}/ID , = Homo, (wyp ,, Ok)
carries the Op-action induced naturally from that on wyp ,,. Since wy, N (7 ® 1)€, =
[T]wH ., one deduces an exact sequence:

0— WH,U/[W]WH,U — (OK/pOK)n — w\}/ID,U/[Tr]Vw}-/ID,U — 0,

where [71]" denotes the endomorphism of w}/ID’U given by the action of 7. Observe
that if [7]: wyp, — wgp, is represented by a certain matrix with respect to two
Og-bases of wyp ,,, then [7]¥ may be represented by the transpose of this matrix.
In particular, if we have a presentation of wyb ,/[Tlwyp ,, as in (4.3), which is what
defines Hdg™ (HP?,."),,, then we may find the same presentation for wy, b o/ [ Wb -
The result can now be deduced by the following consideration. Let N C OF% denote
the preimage of wy ,/[T]wh, via the standard surjection OF% — (Og/pOgk)"™. Then,
we have a chain of inclusions pOf% C N C Of with N/pO% = wg./[rlwh,, and
O%/N 2wy /7] Wb - O

4.5 Behaviour with respect to subobjects

Given (H,t) € p—divo, 0, and an t-stable sub-p-divisible group H' C H, we would like
to understand what we can say about the integral Hodge polygon of H' (equipped with
the induced Op-action) in comparison to Hdg™*(H, ). For this, we need a dual version
of Lemma
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Lemma 4.13. Let M — M’ be a surjective homomorphism of finitely presented tor-
sion O -modules and suppose we are given presentations as in (4.7). Then, the same
conclusions as in Lemma [{.7] hold.

Proof. For any finitely presented torsion Og-module N, we define a new Ox-module:
N* :=Homp, (N, K/Ok).

Note that if N = Ok /aOf with a € Ok nonzero (i.e. if N is cyclic), then N* = Ok /aOk,
the element 1+ a0k € Ok /aOk corresponding to the map defined by 1 + aOg —
a~' 4+ Ok. In general, if N has a certain presentation as direct sum of cyclic modules,
then we can present N* in the same way.

Now, our surjective map M — M’ gives rise to an injection M™* — M™*. Since, as
observed above, M"™* and M* can be presented in the same way as M’ and M respectively,
we are then reduced to the statement of Lemma O

Suppose now that we have an (-stable sub-p-divisible group H' of H. Write ht H' = dn/
with n’ € N and let ¢/ denote the restriction of ¢ to H'. The inclusion H’ C H induces
an Op-equivariant surjective map wy — wpgr. According to the decomposition ,
this map splits as a direct sum of surjections wpy . — wg,, With v ranging through
the embeddings of F™ in K. Quotienting by the action of 7, we obtain a surjective
map Wg,, — Wh,, for each v, with notation as in . Applying now the previous lemma,
we deduce that for every i = 1,...,n’ the slope of Hdg™ (H’, '), on the interval [i — 1, 1]
is less than or equal to the slope of Hdg™ (H, ), on the same interval. Taking the average
over v, we find a similar statement for the full integral Hodge polygons Hdg™* (H’, /) and
Hdg™ (H, ). In particular, the end point (n/,dim H’/d) of Hdg™*(H’, ') lies on or below
Hdg™ (H, ). In fact, if this point lies on Hdg™*(H, 1), then Hdg™ (H’, ') is forced to be
equal to the restriction of Hdg™ (H, ) to [0,n/]. Note that this is for instance the case if
H' is the subobject corresponding to a break point of HN(H,¢) lying on Hdg™(H, 1), as
in Remark (.51

Let us sum up the above conclusions in the following proposition.

Proposition 4.14. Let (H,.) be a p-divisible group over Ok with endomorphism struc-
ture for Op, let H C H be an i-stable sub-p-divisible group, write ht H' = dn’ with
n’ € N and let |/ denote the restriction of v to H'. Then, for every i = 1,...,n the
slope of Hdg™ (H',1") on [i — 1,1 is at most the slope of HAg™ (H, 1) on the same inter-
val. Moreover, if (n',dim H'/d) lies on Hdg™ (H, 1), then Hdg™ (H', /) is equal to the
restriction of Hdg™ (H,¢) to [0,n/].

Remark 4.15. Consider the situation of the proposition just stated and let H” be the
quotient of H by H’; it has an induced Op-action, which we denote by ”. Then, arguing
by duality, we see that for every i = 1,...,n — n’ the slope of Hdg™ (H", /") on [i — 1, 1]
is at least the slope of Hdg™ (H,:) on [0’ +1i — 1,n’ + i]. Moreover, if (n/, dim H'/d) lies
on Hdg™ (H, ), then Hdg™ (H",.") is equal to the restriction of Hdg™ (H, ) to [n',n],
up to a shift of coordinates setting the origin in (n/, dim H'/d).

24



4.6 The w-diagonalisable case

In this section we are going to study a special case of p-divisible groups over O with
endomorphism structure for O, defined as follows.

Definition 4.16. The object (H,:) € p—divo, 0, is called m-diagonalisable if the
endomorphism [7] of the free Og-module wy is diagonalisable.

Remark 4.17. Recall that K is assumed to contain a Galois closure of F' over Q,,.

1. If [7]: wg — wpy is diagonalisable, then the eigenspace decomposition of wy must
recover after inverting p, hence each eigenspace of wy is contained in a
corresponding wy i C wy ®@o, K. In particular, we deduce that [7]: wy — wgy
is diagonalisable if and only if the decomposition restricts to:

wg = @(w[{ N UJH,K,T) (4.11)

T

(in general we only have a containment relationship). This also means that for
(H,t) € p—divo, 0, the notion of being w-diagonalisable does not actually depend
on the choice of the uniformiser m € Op.

2. If F'|Q, is unramified, then every object (H,t) € p—divo,. o, is m-diagonalisable. In
general, using , the m-diagonalisability reduces to a condition on the restrictions
of [7] to wp, for each v: F™ — Kj. Observe now that if [7]: wg — wpy is
diagonalisable, then its eigenvalues belong to { 7(7) € Ok | 7: F — K }, so they
are all elements of valuation 1/e(F|Q,). Thus, if (H,:) is m-diagonalisable, then
for every v: F™ — Ky we have:

int _ 1 1
Hdg™(H, 1), = (e(F|Qp),...7e(F’Qp),o,..,0>,

the number of nonzero entries being equal to rko, wp ,; in particular, rko, wi,, <
n = ht H/d for each v. In this sense, the polygons Hdg™ (H, ), give a measure of
the obstruction to the diagonalisability of the endomorphism [7]: wy — wg.

3. A converse to the statement above is false in general. Let for instance F' = Q(n)
with 72 = p = 2. Consider then a p-divisible group H over O of height 4
and dimension 2, endowed with an Op-action ¢: Op — End(H) such that the
endomorphism [7] of wy induced by ¢(7) is given, with respect to some Og-

basis (e1,e2), by a matrix:
V2 ¢
0 —v2

with ¢ € Ok satisfying 1/2 < v(c) < 3/2. Now, because [r](e1) = V2e; and
[7](e2) = —v/2(e2 — ¢/\/2e1), we have that Hdg™ (H,:) = (1/2,1/2). However, if
we denote by 7, and 7_ the two embeddings of F in K, defined by 7, (1) = v/2
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and 7_(7) = —/2, then we see that wy N wH K = Ok -e1and wy Nwy K+ =
Og - (e1 — 2v/2/ces), which together do not span the whole wy. Note that in this
example F|Q, is a wildly ramified extension. It turns out that if we rule out this
possibility, then the properties deduced in part (2) of this remark characterise the
m-diagonalisability completely.

Proposition 4.18. Assume that F|Q, is tamely ramified and let (H, 1) be a p-divisible
group over Og with endomorphism structure for Op. Write ht H = dn with n € N and
consider the decomposition wy = @, wh, as in . Then, (H,1) is w-diagonalisable
if and only if for every v we have that tko, wi, < n and:

int _ 1 1
Hdg™ (H, 1), = <e(Fy@p)"“’e(Fy@p)’O""’())’ (4.12)

the number of nonzero entries being equal to Tko, W ..

Proof. One direction of the double implication is the content of part (2) of the remark
above. For the other direction, assume that for every embedding v: F™ — Ky we have
that r, = rko, wg,, < n and Hdgmt(H , L)y satisfies the formula in the statement, with
as many 1/e(F|Q)) entries as r,. By the first part of Remark it suffices to prove
that restricts to wyg = @, (wg N WH, KJ) or, equivalently, that for each v we have:

3 = IR ’
wi,w = Plwr Nwak,r)
T|v

where 7|v denotes the embeddings 7: F' — K which agree with v on F™. Fix then
v: F™ — Kj and note that for every 7|v, by Lemma the Og-module wy Nwh K - is
a direct summand of wpy,,, free of rank dimg wy k. We set:

Opr = (wg Nwa k) Q0 k Cwhy @0y k.

By Nakayama’s lemma, it is enough to show that wpy ., ®o, k is equal to the sum over
7|v of the sub-k-vector-spaces @y .. However, since:

Zdimk (I}Hﬂ- = Zdim[( WH K =Ty = dimk(me Kok k),

T|v T|v

the claim is equivalent to the fact that, for varying 7|v, the &y ;’s have pairwise intersec-
tion 0.

In order to prove this, recall that because F|Q, is tamely ramified, we may choose
the uniformiser m of Op in such a way that 7¢(F1%) ¢ F™  Then, the elements 7(r)
for 7|v are exactly the different e(F|Q,)-th roots of v(7¢(*'1@)) in K. Thus, fixing one
embedding 70: F' — K with 7o|v, we may write { 7: F' — K | 7|v } = {70,..., Te(r|Q,)-1}
with 7;(m) = ('ro(m), where ¢ € Ok is a primitive e(F|Q,)-th root of 1. Now, by
assumption the endomorphism [7]: wy, — wh, may be represented, with respect to
suitable Og-bases, by a diagonal matrix with nonzero entries ai,...,a,, € Ok all

v
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of valuation 1/e(F|Q,). By rescaling the elements of one of the two bases by the
appropriate units of Ok, we may even represent [r] by a scalar matrix of coefficient any
element a € Ok with v(a) = 1/e(F|Q,); let us take a = 7o(m). This allows us to write
[7] = 10(m)% with 1 an invertible endomorphism of wy .. Let 1 denote the reduction of 1
to W, ®o k. Note at this point that for every ¢ = 0,...,e(F|Q,) — 1, the restriction of
(7] to wg NwH K7 C Wh 4 coincides with the multiplication by 7;(7), hence the restriction
of ¥ to the same submodule coincides with the multiplication by 7;(m)/mo(7) = ¢*. This,
in turn, implies that the restriction of ¢ to W r equals the multiplication by the image (*
of ¢* in k. However, since e(F|Q,) is coprime to p, the elements (¢ € k are distinct for
i=0,...,e(F|Qp) — 1, ensuring that the sub-vector-spaces W 7y, . . . "I’H,Te(m@p)_l have
pairwise intersection 0. This concludes the proof of the proposition.

Remark 4.19. Write wy = @, wn,» as in . Let then v be an embedding of
F™ in K( and suppose that rkp, wp,, < n. We claim that if Hdg™* (H, 1), satisfies the
formula (4.12)), then the same holds for Hdg(Hy, ¢),. In particular, if (H, ) € p—divo,,0p
is m-diagonalisable, then taking into consideration the second part of Remark we
have that for every v: F™ — Kj:

_ 1 1 _ int
Hdg(Hkv L)U - (e(F‘Qp)a ) €(F‘Qp)707 . a0> = Hdg (H7 L)v

and ultimately Hdg(Hjy, ) = Hdg™ (H, ).
To prove the claim, recall first the Op-equivariant identification (4.2]):

]D)(Hk)U/SOHkD(Hk)U_l’U = WH» @Ok k,

where the left-hand side is part of the decomposition . Observe next, as in the
previous proof, that by assumption (and up to base changing to the ring of integers of
a suitable finite field extension of K) the restriction of [7]: wg — wy to wp, can be
expressed as the multiplication by an element of Ok of valuation 1/e(F|Q)), composed
with an invertible endomorphism. Now, the reduction of this map to wpy, ®o, k is zero.
Thus, given the above identification, we have that D(Hy), /¢, D(H), -1, is ™ ® 1-torsion
as a module over Wo,. (k) = Op ®0mr 0 W(k), and this proves the claim.

The converse to the statement which we just showed is false in general. Consider again
the case F' = Q,(m) with 72 = p (for any p) and assume that K contains an element c
with 0 < v(c) < 1/2. Let then (H,:) € p—divo, 0, with ht H =4, dim H = 2 and such
that [7]: wg — wp is given, with respect to some Og-basis (e, e2), by a matrix:

VRS

0 —vp
Then, because the reduction of this matrix to k is zero, we have that Hdg(Hg,t) =
(1/2,1/2). However, over O we see that [7](e2) = c(e1 —+/p/ce2) and [](e1 —/D/ce2) =

p/ces, hence Hdg™ (H, 1) = (1 — v(c),v(c)) # (1/2,1/2).
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The case of Op-modules. As examples of m-diagonalisable p-divisible groups over O
with endomorphism structure for Op, we should mention a particularly relevant class of
objects defined as follows. Fix an embedding 79: F' — K. The object (H,¢) € p—divo, .o,
is called a p-divisible Op-module if the Op-action induced by ¢ on wy is via 79: Op — Ok.
In this case, the decomposition reduces to Wy, xk = WH,K 7, 50 that the equality
in is clearly satisfied. In fact, the previous formulas simplify considerably for
p-divisible Op-modules. First of all, we have that dim H < n = ht H/d by Remark
Furthermore, the polygons Hdg™(H, ), are zero for all embeddings v: F™ — K except
for the one given by the restriction of 7. Thus:

‘ 1 1 1 1 1
Hdg™(H,.) = 0,....0=(=,...,=.0,....0
g ( ;L) f(F‘Qp) <€(F|Qp)’ 7€(F’Qp’ 9 9 > <d) ada 9 9 ) 9

the number of nonzero entries being equal to dim H. By Remark a similar situation
holds for the polygons Hdg(Hg, ), and Hdg(Hj,¢). Finally, note that even the Pappas-
Rapoport polygon of (H,:) has only slopes 1/d and 0, so that in the end:

. 1 1
Hdgmt(H7 L) = Hdg(Hk;L) = PR(Hv L) = (da---7d707' : 70) :

In particular, p-divisible Op-modules are also an example of the special case considered

in Proposition

5 The integral Hodge polygon in families

5.1 Continuity of the integral Hodge polygon

In this section, we let  be a complete valued field extension of @, and denote by
Opf its valuation ring. We assume that E contains F™, although we do not fix
an embedding. Let w € Op be a pseudouniformiser. For r;s € N, we denote by
Op{S1,...,S;} the w-adic completion of Og[S,...,S,] and, if F is discretely val-
ued, we denote by Og{S1,...,S-}[T1,...,Ts]] the (w,T1,...,Ts)-adic completion of
Ogl[Si,...,Sr,T1,...,Ts]. Recall that these rings have a description in terms of (con-
verging) power series, in particular they do not depend on the choice of w.

Let now X be a formal scheme over Spf O and consider the following two situations.

(A) X is locally finitely presented over O, i.e. it is a locally finite union of open affine
formal subschemes, say Spf A;, with each A; a topologically finitely presented
Opg-algebra, that is, an Og-algebra of the form Og{Si,...,S,}/I for some r € N
and I C Og{Si,...,S;} a finitely generated ideal.

(B) E is discretely valued and X is a special formal scheme over Spf Op, i.e. it is a locally
finite union of open affine formal subschemes, say Spf A;, with each A; a special
Og-algebra, that is, an Og-algebra of the form Og{Si,..., S, }H[T1,...,Ts]]/I for
some r,s € Nand I C Og{S1,..., S }[T1,...,Ts]] a finitely generated ideal. This
notion can also be found in the literature under the name of locally formally of
finite type (without the locally finiteness assumption).
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We let X2 denote the generic fibre of X as a Berkovich E-analytic space (see [Be2, §1] for
the construction in case (A) and [Be3l §1] in case (B)). Let us remark that the topological
space underlying X®" is Hausdorff and paracompact.

Observe that in both situations considered above, the formal scheme X is adic. If
J C Ox is an ideal of definition of finite type, where Oy is the structure sheaf of X, we
let X; denote the scheme with the same underlying topological space as X and structure
sheaf Ox /3L, for i > 0. Then, X is equal to the inductive limit of the schemes X;, with
respect to the obvious transition maps. By a p-divisible group over X we shall mean a
family H = (H;)i>o0 where each H; is a p-divisible group over X;, together with compatible
isomorphisms H; xx; X; = H; for j > i. We say that H has constant height h € N if
each H; has constant height h over X; (equivalently, if Hy has constant height h over
Xp). A homomorphism of p-divisible groups over X is given by a compatible system of
homomorphisms of p-divisible groups over X;, for ¢ > 0. We remark that these notions
are independent of the choice of the ideal of definition J.

Definition 5.1. A p-divisible group over X with endomorphism structure for Op is
a pair (H,t) consisting of a p-divisible group H over X and a map of Z,-algebras
t: Op — End(H). Note that if 3 C Ox is an ideal of definition of finite type and
H = (Hi)i>o0 with notation as above, then ¢ amounts to a compatible system of maps of
Zy-algebras ¢;: Op — End(H;), for i > 0.

Let then (H,¢) be a p-divisible group over X with endomorphism structure for Op
and suppose that H has constant height, say h € N. For each point = € X?*", we let
A (x) denote the completed residue field of z; it is a complete valued field extension
of E. Then, z induces a map of formal schemes Spf O, — X over Spf O, where O,
is the valuation ring of J#(x). By base change of (H,¢), we obtain a p-divisible group
over Spf O, with endomorphism structure for Op. Recall that this amounts to the same
thing as a p-divisible group over Spec O, with endomorphism structure for Op (cf. [Me),
Lemma I1.4.16]); we denote this object by (H,¢) € p—dive, o,. Note that in particular
we have that h = ht H; = dn, for some n € N uniform on X. Consider now the integral
Hodge polygon Hdg™ (H,,t) € R of (Hy,¢). This defines a function:

Hdg"™" (H,¢): X** — R}
x — Hdg™ (Hy, 1)
Let us endow R’} with the topology induced by the usual topology of R. Then, we have
the following result.

Theorem 5.2. Let X be a formal scheme over Spf Og falling in situation (A) or (B) as
above and denote by X*" its generic fibre as a Berkovich E-analytic space. Let (H,t) be a
p-divisible group over X with endomorphism structure for Op, suppose that H has constant
height h and write h = dn with n € N. Then, the function Hdg™ (H,.): X — R is
continuous. Moreover, for every fixed element fo € R, the subset:

x?_lndgint<f0 = { T € :{a’n

Hdg™ (Ha,0) < fo ) © %™

defines a closed analytic domain of X*".
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Proof. Let J C Ox be an ideal of definition of finite type and write X = li_n>1i>0 X; and

H = (Hi)i>o0 as above. For i > 0, let wy, denote the cotangent sheaf of H; along the
identity section. Then, wy = @DO wy, is a finite and locally free Ox-module (cf.

(3

[BBM, 3.3.1] and recall that X is p-adically complete), with the property that for each
point z € X*", the pullback of wy along Spf O, — X identifies with wy,. Note that wy
is endowed with an action of Op induced by ¢. Thus, because E contains F™, we have
a decomposition wy = @, wy ., into finite locally free Ox-submodules, where v ranges
through the embeddings of F™ in F¥ and Opnr acts on wy,, via v: Opne — O — Ox.
For each v, let [7]: wy,, — wy,, denote the endomorphism induced by ¢(7) and set
W0 = Wi v/ [T|wrw, & coherent Ox-module. For j € N, then, we have coherent sheaves
of ideals Fitt; wy ., which locally recover the Fitting ideals of wy,, (cf. [Ab) 2.8.13]). We
obtain a description of the function Hdg™ (H, ) as follows. Let z € X*", write v, for the
valuation on J#(x) and, for j > 0 and v: F™ — E, denote by (Fitt; Wy, ), the pullback
of Fitt; wy, along Spf O, — X. Then:

HAE™ (1. 0)()(7) = 7y 2 HOs™ (e 1))
_ f(Fl\Qp) zvj(m(mto G10)e) — vo((Fitt; D30)2)
— Hdg™ (H,, 1) (n) — f(;@p) 3 vl (Fitt g )2)
_ dirr;?’-[g; B f(FllQp)vx (H(Fittj wm)x> , je{0,....,n}.

Recall now, from the construction of X*", that if X = (J,, Xj, is a locally finite covering of
X by open affine formal subschemes, then the generic fibres X3" provide a locally finite
covering of X*" by closed analytic domains, so that both claimed statements may be
checked on each X?" independently. Thus, it suffices to treat the case that X is affine,
say X = Spf A, with A an Op-algebra which is topologically of finite type (in situation
(A)), respectively special (in situation (B)). Furthermore, we may assume without loss of
generality that wy has constant rank over X, hence that z — dim H, is constant over
X*. Let now j € {0,...,n } and choose generators f;1,..., fjr; € A of [, Fitt; by v;
observe that these elements define regular functions on X*". The results follow then from
the fact that for every x € X*" we have:

Vg (H(Fittj w?-l,v)z) = min { vx(fj,l(x))v s ,U:r(fj,rj (x)) } :

v

O]

Remark 5.3. Assume that F|Q, is totally ramified and that we are in situation (B).
Then, in light of Remark the above theorem also follows from [Fall Proposition 16].

Remark 5.4. Let us outline the meaning of the previous theorem first from the point of
view of classical rigid analytic geometry, then in terms of adic spaces.
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1. Let X*'8 denote the generic fibre of X as a rigid analytic space over E (cf. [Bert],
§0.2]). We can identify X™® with the rigid analytic space associated to the Berkovich
space X" (cf. [Bell, §1.6]); as a set, it is given by the points x € X*" such
that 7 (x) is a finite extension of E. Moreover, the intersection with X'& of
any analytic domain of X" is an open admissible subset of X™&. Thus, the
final statement of Theorem [5.2) means that for every fixed element fy € R’}, the
subset %;{iigim <o = Xrig 0 %%r:igim <o
be constructed even without the locally finiteness assumption in (A) or (B), with
any open affine covering of X yielding an admissible covering of X'&. Furthermore,
every point z € X"& induces again a map of formal schemes Spf O, — X over
Spf Of, so that we can define the function Hdg™ (%, ) similarly as above. Then,
the above statement holds even in this generality, with an analogous proof to that
of the final statement of Theorem [5.2]

C X"8 is open admissible. In fact, X" may

2. Let X2 denote the adic space associated with X*" (cf. [u, Remark 8.3.2]). As
topological spaces, we can identify X?" with the maximal Hausdorff quotient of
x2d (cf. loc. cit. Lemma 8.1.8). Then, by composing Hdg"™ (#,¢): X*» — R"
with the quotient map ¥? — X2" we obtain by Theorem a continuous
function Hdg™ (H,.): 24 — R”. Note that, being R} a Hausdorff topological
space, it is really equivalent whether we consider Hdg™ (H, ) as a function from
x2d or from X20,

5.2 An example

Let us study here a noteworthy example in the framework of the previous discussion.
Assume that F is discretely valued, that it contains a square root \/p of p and that its
residue field kg is perfect. Let then F = Q,(7) with 7® = p, so that d = e(F|Q,) = 3.
We consider the special Og-algebra A = Og[[T,U]]/(TU — /p) and the affine formal
scheme X = Spf A over Spf Og. Then, X*" is an open annulus inside the F-analytic
closed unit disc Dg(1):

1
X = {x S DE(I) ‘ 0< ’U$(T) < 5 } - DE(I) = (SpfOE{T})an
We choose the ideal of definition J C Ox generated by T, U and a uniformiser of F, so
that, with notation as before, Xy = Spec kg corresponds to the reduced special fibre of X.

Let now H be the p-divisible group over Xy whose contravariant Dieudonné crystal (in
the sense of [BBM| §3.3]) evaluated at W (kg) is given by:

0
p 0
0

oo

0
0
1

S = O
— o O
o o3
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Here, W (kg) is the ring of Witt vectors with coefficients in kg and o its Frobenius
endomorphism. We let 7 € Op act on (Dy, @) via the matrix:

p

0

o

0
0
1

O = O
[es}

0

o~ O
_ o O
oo

which satisfies [7] o o = ¢p o [r] and [r]> = p - idp,,. Denoting by ¢ the corresponding
Op-action on H, we obtain an object (H,¢) € p—divy, 0., with ht H = 6 = 2d.
Consider now the free A-module Dy ®yy(g,,) A = A5 denote by fi, ..., f¢ the standard
basis and let L be the free submodule generated by e := fo + T f4, s == f3 + Tf5,
es = U/pf1 + fe. Observe that the quotient A%/L is a free A-module and that
L®sAJ3C A°®4A/T = Dy /pDy identifies with the sub-kg-vector-space Vi Dy /pDyr,
where Vi denotes the Verschiebung of (Dg,¢n), i.e. Vupny = p-idp,. Then, by
Grothendieck-Messing theory, there exists a p-divisible group ‘H = (H;)i>0 over X with
Ho = H and wy = L, where wy = 1'&ni> o WH, as in the proof of the previous theorem
(here, we apply [Me, Theorem V.1.6] inductively to the thickenings X;11 — ¥, for i > 0;
since the defining ideal has square zero, these thickenings are endowed with the trivial
divided power structure). Note that L C Dy ®yy(x,,) A is stable under the action of 7
that we obtain extending [7] by linearity. Precisely, the restriction of [r] to L is given by

the matrix:
0 0 Uyp
10 0 (5.1)
0T 0
with respect to the basis e, es, e3. In particular, ¢ upgrades to an Op-action on H, giving
rise to a p-divisible group (#,:) over X with endomorphism structure for Op. Moreover,

the induced action of m on wy = L is described by the above matrix. Using this, we can
then compute the function:

Hdg™ (H,1): X — R%
@ — Hdg™ (Ho,t) = (vo(U /D), 0a(T)) = (1 = 0a(T), vs(T))-
Observe that for each point x € X?", corresponding to the map of formal schemes
Spf O, — X over Spf Op, the reduction of (H,¢) to the residue field k, of O, coincides

with the base change of (H, () along kg — k.. In particular, its Hodge polygon is given
by:
21
Hd H7 =155 >
g(H, 1) (3 3>
as it can be seen reducing (|5.1) modulo J. The same observation can be made with
regard to the “Newton polygon”, for whose definition in this context we refer to [BHI, 3.1
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and Proposition 1.1.9] (it is in fact just a rescaled version of the classical Newton polygon,
see loc. cit. Remarque 1.1.12). In our case, up to reversing the order of the slopes to
comply with our conventions, the Newton polygon of (H, ), hence of the reduction of

(Hyyt) to ky, is:
Newt(H, ) = (2 1)
ewt(H, 33
In conclusion, the family (4, ¢) provides examples of objects in p—divp,. o, (for suitable
complete valued fields K|E) whose integral Hodge polygon can be either above the Hodge
polygon and the Newton polygon of their reduction (for z € X*" with 0 < v, (7T") < 1/3)
or below them (for z € X*" with 1/3 < v,(T) < 1/2).
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