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Abstract
Let K be the function field of a p-adic curve C. We prove that, for each n, d ≥ 1

and for each hypersurface Z in Pn
K of degree d with d2 ≤ n, the second Milnor

K-theory group of K is spanned by the images of the norms coming from finite
extensions L of K over which Z has a rational point. When the curve C has ramifi-
cation index 1, we generalize this result to hypersurfaces Z in Pn

K of degree d with
d ≤ n.
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1. Introduction

In 1986, in the article [KK86], Kato and Kuzumaki stated a set of conjectures which
aimed at giving a diophantine characterization of cohomological dimension of fields. For
this purpose, they introduced some properties of fields which are variants of the classical
Ci-property and which involve Milnor K-theory and projective hypersurfaces of small
degree. They hoped that those properties would characterize fields of small cohomologi-
cal dimension.

More precisely, fix a field K and two non-negative integers q and i. Let Kq(K) be
the q-th Milnor K-group of K. For each finite extension L of K, one can define a norm
morphism NL/K : Kq(L) → Kq(K) (see Section 1.7 of [Kat80]). Thus, if Z is a scheme
of finite type over K, one can introduce the subgroup Nq(Z/K) of Kq(K) generated by
the images of the norm morphisms NL/K when L runs through the finite extensions of
K such that Z(L) 6= ∅. One then says that the field K is Cqi if, for each n ≥ 1, for
each finite extension L of K and for each hypersurface Z in PnL of degree d with di ≤ n,
one has Nq(Z/L) = Kq(L). For example, the field K is C0

i if, for each finite extension
L of K, every hypersurface Z in PnL of degree d with di ≤ n has a 0-cycle of degree 1.
The field K is Cq0 if, for each tower of finite extensions M/L/K, the norm morphism
NM/L : Kq(M)→ Kq(L) is surjective.

Kato and Kuzumaki conjectured that, for i ≥ 0 and q ≥ 0, a perfect field is Cqi if, and
only if, it is of cohomological dimension at most i+q. This conjecture generalizes a ques-
tion raised by Serre in [Ser65] asking whether the cohomological dimension of a Ci-field
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is at most i. As it was already pointed out at the end of Kato and Kuzumaki’s original
paper [KK86], Kato and Kuzumaki’s conjecture for i = 0 follows from the Bloch-Kato
conjecture (which has been established by Rost and Voevodsky, cf. [Rio14]): in other
words, a perfect field is Cq0 if, and only if, it is of cohomological dimension at most q.
However, it turns out that the conjectures of Kato and Kuzumaki are wrong in general.
For example, Merkurjev constructed in [Mer91] a field of characteristic 0 and of coho-
mological dimension 2 which did not satisfy property C0

2 . Similarly, Colliot-Thélène and
Madore produced in [CTM04] a field of characteristic 0 and of cohomological dimension
1 which did not satisfy property C0

1 . These counter-examples were all constructed by a
method using transfinite induction due to Merkurjev and Suslin. The conjecture of Kato
and Kuzumaki is therefore still completely open for fields that usually appear in number
theory or in algebraic geometry.

In 2015, in [Wit15], Wittenberg proved that totally imaginary number fields and p-
adic fields have the C1

1 property. In 2018, in [Izq18], the first author also proved that,
given a positive integer n, finite extensions of C(x1, ..., xn) and of C(x1, ..., xn−1)((t)) are
Cqi for any i, q ≥ 0 such that i + q = n. These are essentially the only known cases
of Kato and Kuzumaki’s conjectures. Note however that a variant of the Cq1 -property
involving homogeneous spaces under connected linear groups is proved to characterize
fields with cohomological dimension at most q + 1 in [ILA21].

In the present article, we are interested in Kato and Kuzumaki’s conjectures for the
function field K of a smooth projective curve C defined over a p-adic field k. The field
K has cohomological dimension 3, and hence it is expected to satisfy the Cqi -property
for i+ q ≥ 3. As already mentioned, the Bloch-Kato conjecture implies this result when
q ≥ 3. In this article, we make progress in the case q = 2.

Our first main result is the following:

Main Theorem A. Function fields of p-adic curves satisfy the C2
2 -property.

Of course, this implies that function fields of p-adic curves also satisfy the C2
i -property

for each i ≥ 2. It therefore only remains to prove the C2
1 -property. In that direction, we

prove the following main result:

Main Theorem B. Let K be the function field of a smooth projective curve C defined
over a p-adic field k. Let iram(C) be the g.c.d. of the ramification degrees of the extensions
k(v)/k when v describes the closed points of C. Then, for each n, d ≥ 1 and for each
hypersurface Z in PnK of degree d with d ≤ n, the quotient K2(K)/N2(Z/K) is killed by
iram(C).

In particular, whenever iram(C) = 1 (for instance whenever C has an irreducible proper
flat regular model whose special fibre has multiplicity 1 - see section 9.1 of [BLR90]), we
have K2(K) = N2(Z/K) for each n, d ≥ 1 and each hypersurface Z in PnK of degree d
with d ≤ n.

The article is structured as follows. In Section 2, we introduce all the notations and
basic definitions we will need in the sequel. In Section 3, we prove Theorem 3.1, which
widely generalizes Main Theorem A. Finally, in Section 4, we prove Theorem 4.7, which
widely generalizes Main Theorem B.
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2. Notations and preliminaries

In this section we fix the notations that will be used throughout this article.

Milnor K-theory Let K be any field and let q be a non-negative integer. The q-th
Milnor K-group of K is by definition the group K0(K) = Z if q = 0 and:

Kq(K) := K× ⊗Z ...⊗Z K
×︸ ︷︷ ︸

q times

/ 〈x1 ⊗ ...⊗ xq|∃i, j, i 6= j, xi + xj = 1〉

if q > 0. For x1, ..., xq ∈ K×, the symbol {x1, ..., xq} denotes the class of x1 ⊗ ...⊗ xq in
Kq(K). More generally, for r and s non-negative integers such that r + s = q, there is a
natural pairing:

Kr(K)×Ks(K)→ Kq(K)

which we will denote {·, ·}.

When L is a finite extension of K, one can construct a norm homomorphism

NL/K : Kq(L)→ Kq(K),

satisfying the following properties (see Section 1.7 of [Kat80] or Section 7.3 of [GS17]):

• For q = 0, the map NL/K : K0(L)→ K0(K) is given by multiplication by [L : K].

• For q = 1, the map NL/K : K1(L) → K1(K) coincides with the usual norm
L× → K×.

• If r and s are non-negative integers such that r + s = q, we have NL/K({x, y}) =
{x,NL/K(y)} for x ∈ Kr(K) and y ∈ Ks(L).

• If M is a finite extension of L, we have NM/K = NL/K ◦NM/L.

Recall also that Milnor K-theory is endowed with residue maps (see Section 7.1 of
[GS17]). Indeed, when K is a henselian discrete valuation field with ring of integers
R, maximal ideal m and residue field κ, there exists a unique residue morphism:

∂ : Kq(K)→ Kq−1(κ)

such that, for each uniformizer π and for all units u2, ..., uq ∈ R× whose images in κ are
denoted u2, ..., uq, one has:

∂({π, u2, ..., uq}) = {u2, ..., uq}.

The kernel of ∂ is the subgroup Uq(K) of K2(K) generated by symbols of the form
{x1, ..., xq} with x1, ..., xq ∈ R×. If U1

q (K) stands for the subgroup of Kq(K) generated
by those symbols that lie in Uq(K) and that are of the form {x1, ..., xq} with x1 ∈
m and x2, ..., xq ∈ K×, then U1

q (K) is `-divisible for each prime ` different from the
characteristic of κ and Uq(K)/U1

q (K) is canonically isomorphic to Kq(κ). Moreover, if
L/K is a finite extension with ramification degree e and residue field λ, then the norm
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map NL/K : Kq(L) → Kq(K) sends Uq(L) to Uq(K) and U1
q (L) to U1

q (K), and the
following diagrams commute:

Kq(L)/Uq(L)
∼= //

NL/K

��

Kq−1(λ)

Nλ/κ

��

Uq(L)/U1
q (L)

∼= //

NL/K
��

Kq(λ)

eNλ/κ

��
Kq(K)/Uq(K)

∼= // Kq−1(κ), Uq(K)/U1
q (K)

∼= // Kq(κ).

The Cqi properties Let K be a field and let i and q be two non-negative integers.
For each K-scheme Z of finite type, we denote by Nq(Z/K) the subgroup of Kq(K)
generated by the images of the maps NL/K : Kq(L)→ Kq(K) when L runs through the
finite extensions of K such that Z(L) 6= ∅. The field K is said to have the Cqi property
if, for each n ≥ 1, for each finite extension L of K and for each hypersurface Z in PnL of
degree d with di ≤ n, one has Nq(Z/L) = Kq(L).

Motivic complexes Let K be a field. For i ≥ 0, we denote by zi(K, ·) Bloch’s cycle
complex defined in [Blo86]. The étale motivic complex Z(i) over K is then defined as
the complex of Galois modules zi(−, ·)[−2i]. By the Nesterenko-Suslin-Totaro Theorem
and the Beilinson-Lichtenbaum Conjecture, it is known that :

H i(K,Z(i)) ∼= Ki(K), (1)

and
H i+1(K,Z(i)) = 0, (2)

for all i ≥ 0 (see [NS89], [Tot92], [SV00], [GL00], [GL01], [SJ06], [Voe11], [Rio14]).

Fields of interest From now on and until the end of the article, p stands for a prime
number and k for a p-adic field. We let C be a smooth projective geometrically integral
curve over k, and we let K be its function field. We denote by C(1) the set of closed
points in C. The residual index ires(C) of C is defined to be the g.c.d. of the residual
degrees of the k(v)/k with v ∈ C(1). The ramification index iram(C) of C is defined to
be the g.c.d. of the ramification degrees of the k(v)/k with v ∈ C(1).

Tate-Shafarevich groups When M is a complex of Galois modules over K and i ≥ 0
is an integer, we define the i-th Tate-Shafarevich group of M as:

Xi(K,M) := ker

H i(K,M)→
∏

v∈C(1)

H i(Kv,M)

 .

When a suitable regular model C of C is given, we also introduce the following smaller
Tate-Shafarevich groups:

Xi
C(K,M) := ker

H i(K,M)→
∏
v∈C(1)

H i(Kv,M)

 ,

where C(1) is the set of codimension 1 points of C.
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Poitou-Tate duality for motivic cohomology We recall the Poitou-Tate duality for
motivic complexes over the field K (Theorem 0.1 of [Izq16] in the case d = 1). Let T̂ be
a finitely generated free Galois module over K. Set Ť := Hom(T̂ ,Z) and T = Ť ⊗ Z(2).
Then there is a perfect pairing of finite groups:

X2(K, T̂ )×X3(K,T )→ Q/Z. (3)

3. On the C2
2-property for p-adic function fields

The goal of this section is to prove the following Theorem:

Theorem 3.1. Let l/k be a finite unramified extension and set L := lK. Let Z be a
proper K-variety. Then the quotient:

K2(K)/〈NL/K(K2(L)), N2(Z/K)〉

is χK(Z,E)2-torsion for each coherent sheaf E on Z.

At the end of the section, we explain how to deduce Main Theorem A.

3.1 Proof of Theorem 3.1

3.1.1 Step 0: Interpreting norms in Milnor K-theory in terms of motivic
cohomology

The following lemma, which will be extensively used in the sequel, allows to interpret
quotients of K2(K) by norm subgroups as twisted motivic cohomology groups.

Lemma 3.2. Let L be a field and let L1, ..., Lr be finite separable extensions of L. Con-
sider the étale L-algebra E :=

∏r
i=1 Li and let Ť be the Galois module defined by the

following exact sequence:
0→ Ť → Z[E/L]→ Z→ 0. (4)

Then:
H3(L, Ť ⊗ Z(2)) ∼= K2(L)/〈NLi/L(K2(Li)) | 1 ≤ i ≤ r〉.

Proof. Exact sequence (4) induces a distinguished triangle:

Ť ⊗ Z(2)→ Z[E/L]⊗ Z(2)→ Z(2)→ Ť ⊗ Z(2)[1].

By taking cohomology, we get an exact sequence:

H2(L,Z[E/L]⊗ Z(2)))→ H2(L,Z(2))→ H3(L, Ť ⊗ Z(2))→ H3(L,Z[E/L]⊗ Z(2)).

By Shapiro’s lemma, we have:

H2(L,Z[E/L]⊗ Z(2))) ∼= H2(E,Z(2)),

H3(L,Z[E/L]⊗ Z(2))) ∼= H3(E,Z(2)).
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Moreover, as recalled in section 2, the Nesterenko-Suslin-Totaro Theorem and the Beilinson-
Lichtenbaum conjecture give the following isomorphisms:

H2(L,Z(2)) ∼= K2(L),

H2(E,Z(2)) ∼=
r∏
i=1

K2(Li),

H3(E,Z(2)) = 0.

We therefore get an exact sequence:

r∏
i=1

K2(Li)→ K2(L)→ H3(L, Ť ⊗ Z(2))→ 0,

in which the first map is the product of the norms.

3.1.2 Step 1: Reducing to curves with residual index 1

In this step, we prove the following proposition, that allows to reduce to the case when
the curve C has residual index 1:

Proposition 3.3. Let k′/k be the unramified extension of k of degree ires(C) and set
K ′ := k′K. Then the norm morphism NK′/K : K2(K

′)→ K2(K) is surjective.

Proof. Consider the Galois module Ť defined by the following exact sequence:

0→ Ť → Z[K ′/K]→ Z→ 0,

Since K ′/K is cyclic, we also have an exact sequence:

0→ Z→ Z[K ′/K]→ Ť → 0,

and hence a distinguished triangle:

Z(2)→ Z[K ′/K]⊗ Z(2)→ Ť ⊗ Z(2)→ Z(2)[1].

By the Beilinson-Lichtenbaum conjecture, the group H3(K ′,Z(2)) is trivial. Hence we
get an inclusion:

X3
C(K, Ť ⊗ Z(2)) ⊆X4

C(K,Z(2)),

where C is a fixed regular, proper and flat model of C whose reduced special fiber C0 is a
strict normal crossing divisor. Now, by proposition 5.2 of [Kat86], the groupX4

C(K,Z(2))
is trivial, and hence so is the former group.

Now observe that, by Lemma 3.2, we have:

X3
C(K, Ť ⊗ Z(2)) ∼= ker

K2(K)/im(NK′/K)→
∏
v∈C(1)

K2(Kv)/im(NK′
v/Kv

)

 .

We claim that the extension K ′/K totally splits at each place v ∈ C(1). From this, we
deduce that:

0 = X3
C(K, Ť ⊗ Z(2)) ∼= K2(K)/im(NK′/K),
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and hence the norm morphism NK′/K : K2(K
′)→ K2(K) is surjective.

It remains to check the claim. It is obviously satisfied for v ∈ C(1), so we may and
do assume v ∈ C(1) \ C(1). If κ and κ′ denote the residue fields of k and k′, we then
have to prove that all the irreducible components of C0 are κ′-curves. To do so, consider
an infinite sequence of finite unramified field extensions k = k0 ⊂ k1 ⊂ k2 ⊂ ... all with
degrees prime to [k′ : k] and denote by κ = κ0 ⊂ κ1 ⊂ κ2 ⊂ ... the corresponding residue
fields. Let k∞ (resp. κ∞) be the union of all the ki’s (resp. κi’s). Since κ∞ is infinite,
Lemma 4.6 of [Wit15] and the definition of ires(C) imply that each irreducible component
of C0×κ0 κ∞ has index divisible by [k′ : k]. Hence the same is true for all the irreducible
components of C0. The Weil conjectures then imply that these irreducible components
are κ′-curves.

3.1.3 Step 2: Solving the problem locally

In this step, we prove that the analogous statement to Theorem 3.1 over the completions
of K holds. For that purpose, we first need to settle a simple lemma:

Lemma 3.4. Let l/k be a finite extension and set K0 := k((t)) and L0 := l((t)). The
residue map ∂ : K2(K0)→ k× induces an isomorphism:

K2(K0)/NL0/K0
(K2(L0)) ∼= K1(k)/Nl/k(k

×).

Proof. We have the following commutative diagram:

K2(L0)
∂ //

NL0/K0

��

l×

Nl/k
��

K2(K0)
∂ // k×.

Hence the residue map induces an exact sequence:

0→ U2(K0)

U2(K0) ∩NL0/K0
(K2(L0))

→ K2(K0)

NL0/K0
(K2(L0))

→ k×

Nl/k(l×)
→ 0.

It therefore suffices to prove that U2(K0) = U2(K0)∩NL0/K0
(K2(L0)). For that purpose,

recall that we have a commutative diagram with exact lines:

0 // U1
2 (L0)

NL0/K0
��

// U2(L0)

NL0/K0

��

// K2(l)

Nl/k
��

// 0

0 // U1
2 (K0) // U2(K0) // K2(k) // 0.

But the map Nl/k : K2(l)→ K2(k) is surjective since p-adic fields have the C2
0 -property,

and the map NL0/K0
: U1

2 (L0)→ U1
2 (K0) is surjective since the group U1

2 (K0) is divisible.
We deduce that NL0/K0

: U2(L0)→ U2(K0) is also surjective, as wished.

Proposition 3.5. Let l/k be a finite unramified extension and set K0 := k((t)) and
L0 := l((t)). Let Z be a proper K0-variety. Then the quotient:

K2(K0)/〈NL0/K0
(K2(L0)), N2(Z/K0)〉

is χK0(Z,E)-torsion for each coherent sheaf E on Z.
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Proof. For each proper K0-scheme Z, we denote by nZ the exponent of the quotient
group K2(K0)/〈NL0/K0

(K2(L0)), N2(Z/K0)〉. We say that Z satisfies property (P ) if it
has a model over OK0 that is irreducible, regular, proper and flat. To prove the propo-
sition, it suffices to check assumptions (1), (2) and (3) of proposition 2.1 of [Wit15].

Assumption (1) is obvious. Assumption (3) is a direct consequence of Gabber and de
Jong’s Theorem (Theorem 1.4 of [Ill08]). It remains to check assumption (2). For that
purpose, we proceed in the same way as in the proof of Theorem 4.2 of [Wit15]. Indeed,
consider a proper K-scheme X together with a model X that is irreducible, regular,
proper and flat and denote by Y its special fiber. Let m be the multiplicity of Y and let
D be the effective divisor on X such that Y = mD.

The residue map induces an exact sequence:

0→ U2(K0)

U2(K0) ∩N2(X/K0)
→ K2(K0)

N2(X/K0)
→ K1(k)

∂(N2(X/K0))
→ 0. (5)

Moreover:

(a) the proof of lemma 4.4 of [Wit15] still holds in our context, and hence the group
U2(K0)

U2(K0)∩N2(X/K0)
is killed by the multiplicity m of the special fiber Y of X ;

(b) the proof of lemma 4.5 of [Wit15] also holds in our context, and hence ∂(N2(X/K0)) =
N1(Y/k) = N1(D/k);

(c) by corollary 5.4 of [Wit15] applied to the proper K0-scheme Y tSpec(l), the group
k×/〈Nl/k(l

×), N1(D/k)〉 is killed by χk(D,OD).

By using exact sequence (5), facts (b) and (c) and lemma 3.4, we deduce that:

χk(D,OD) ·K2(K0) ⊂ 〈NL0/K0
(K2(L0)), N2(Z/K0), U2(K0)〉.

Hence, by fact (a), we get:

mχk(D,OD) ·K2(K0) ⊂ 〈NL0/K0
(K2(L0)), N2(Z/K0)〉.

But mχk(D,OD) = χK0(X,OX) by proposition 2.4 of [ELW15], and hence the quotient
K2(K0)/〈NL0/K0

(K2(L0)), N2(X/K0)〉 is killed by χK0(X,OX).

3.1.4 Step 3: Globalizing local field extensions

In rest of the proof, we will show how one can deduce the global Theorem 3.1 from the
local proposition 3.5. For that purpose, we first need to find a suitable way to globalize
local extension: more precisely, given a place w ∈ C(1) and a finite extension M (w) of
Kw such that Z(M (w)) 6= ∅, we want to find a suitable finite extension M of K that can
be seen as a subfield of M (w) and such that Z(M) 6= ∅. For technical reasons related
to the failure of Cébotarev’s Theorem over the field K, we also need M to be linearly
disjoint from a given finite extension ofK. The following proposition is the key statement
allowing to do that:
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Proposition 3.6. Let Z be a smooth geometrically integral K-variety. Let T be a finite
subset of C(1). Fix a finite extension L of K and, for each w ∈ T , a finite extensionM (w)

of Kw such that Z(M (w)) 6= ∅. Then there exists a finite extension M of K satisfying
the following properties:

(i) Z(M) 6= ∅;

(ii) for each w ∈ T , the field M is a subfield of M (w);

(iii) the extensions L/K and M/K are linearly disjoint.

Proof. Before starting the proof, we introduce the following notations for each w ∈ T :

n(w) := [M (w) : Kw],

m(w) :=
∏

w′∈T\{w}

n(w),

so that the integer n := n(w)m(w) is independent of w. We now proceed in three substeps.

Substep 1. Let Z ′ be a projective hypersurface in PmK given by a non-zero equation

f(x0, ..., xm) = 0

that is birationally equivalent to Z. Let U and U ′ be non-empty open sub-schemes of
Z and Z ′ that are isomorphic. Up to reordering the variables and shrinking U ′, we may
and do assume that the polynomial ∂f/∂x0 is non-zero and that:

U ′ ∩ {∂f/∂x0(x0, ..., xm) = 0} = ∅.

Given an element w ∈ T , the variety Z is smooth, Z(M (w)) 6= ∅ and M (w) is fertile.
Hence the sets U(M (w)) and U ′(M (w)) are non-empty. We can therefore find a non-trivial
solution (y

(w)
0 , ..., y

(w)
m ) of the equation f(x0, ..., xm) = 0 in M (w) such that:{

(y
(w)
0 , ..., y

(w)
m ) ∈ U ′

∂f/∂x0(y
(w)
0 , ..., y

(w)
m ) 6= 0.

Substep 2. Given w ∈ T , there exist m(w) elements α1, ..., αm(w) ∈ M (w) whose re-
spective minimal polynomials µα1 , ..., µαm(w)

are pairwise distinct and such that M (w) =

Kw(αi) for each 1 ≤ i ≤ m(w). Introduce the degree n monic polynomial µ(w) :=∏m(w)

i=1 µαi and consider the set H of n-tuples (a0, ..., an−1) ∈ Kn such that the poly-
nomial Tn +

∑n−1
i=0 aiT

i is irreducible over L. By corollary 12.2.3 of [FJ08], the set H
contains a Hilbertian subset of Kn, and hence, according to Proposition 19.7 of [Jar91],
if we fix some ε > 0, we can find an n-tuple (b0, ..., bn−1) in H such that the polynomial
µ := Tn +

∑n−1
i=0 biT

i is coefficient-wise ε-close to µ(w) for each w ∈ T . Consider the
field K ′ := K[T ]/(µ). If ε is chosen small enough, then K ′ is contained in M (w) for each
w ∈ T . Moreover, since (b0, . . . , bn−1) ∈ H, the polynomial µ is irreducible over L, and
hence the extensions K ′/K and L/K are linearly disjoint.
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Substep 3. According to Substep 1, for each w ∈ T , y(w)0 is a simple root of the
polynomial

g(w)(T ) := f(T, y
(w)
1 , ..., y(w)m ).

Let H ′ be the set of m-tuples (z1, ..., zm) in K ′ such that f(T, z1, ..., zm) is irreducible
over LK ′. By corollary 12.2.3 of [FJ08], the set H ′ contains a Hilbertian subset of
K ′m. Hence, by Proposition 19.7 of [Jar91], we can find (y1, ..., ym) in H ′ such that the
polynomial

g(T ) := f(T, y1, ..., ym)

is coefficient-wise ε-close to g(w) for each w ∈ T . Introduce the field M := K ′[T ]/(g(T )).
We check that M satisfies the conditions of the proposition, provided that ε is chosen
small enough:

(i) Fix w ∈ T . By Substep 1, the m-tuple (y
(w)
0 , ..., y

(w)
m ) lies in U ′. Hence, for ε small

enough, if y0,w stands for the root of g that is closest to y(w)0 , then the m-tuple
(y0, ..., ym) lies in U ′. We deduce that U ′(M) 6= ∅, and hence Z(M) 6= ∅.

(ii) For each w ∈ T , the polynomial g(w) has a simple root in M (w), and hence so does
g(T ) if ε is chosen small enough. The field M can therefore be seen as a subfield
of M (w).

(iii) Since (y1, ..., ym) ∈ H ′, the polynomial g(T ) is irreducible over LK ′. Hence the
extensions M/K ′ and LK ′/K ′ are linearly disjoint. Moreover, by Substep 2, the
extensions K ′/K and L/K are linearly disjoint. We deduce that L/K and M/K
are linearly disjoint.

3.1.5 Step 4: Computation of a Tate-Shafarevich group

This step, which is quite technical, consists in computing the Tate-Shafarevich groups of
some finitely generated free Galois modules over K.

Proposition 3.7. Let r ≥ 2 be an integer and let L,K1, ...,Kr be finite extensions of K
contained inK. Consider the composite fieldsKI := K1...Kr andKî := K1...Ki−1Ki+1...Kr

for each i, and denote by n the degree of L/K. Given two positive integers m and m′,
make the following assumptions:

(H1) the Galois closure of L/K and the extension KI/K are linearly disjoint and the
restriction map:

X2(K, T̂ )→X2(L, T̂ )⊕X2(KI , T̂ )

is injective;

(H2) for each i ∈ {1, ..., r}, the fields Ki and Kî are linearly disjoint over K;

(H3) the restriction map

ResLKI/KI : X2(KI ,Z)→X2(LKI ,Z)

is surjective and its kernel is m-torsion;
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(H4) for each i, the restriction maps

ResLKi/Ki : X2(Ki,Z)→X2(LKi,Z)

and
ResLKî/Kî : X2(Kî,Z)→X2(LKî,Z)

are surjective;

(H5) for each finite extension L′ of L contained in the Galois closure of L/K, the kernel
of the restriction map

ResL′KI/L : X2(L′,Z)→X2(L′KI ,Z)

is m′-torsion.

Consider the Galois module T̂ defined by the following exact sequence:

0→ Z→ Z[E/K]→ T̂ → 0, (6)

where E := L×K1 × ...×Kr. Then X2(K, T̂ ) is ((m ∨m′) ∧ n)-torsion.

Proof. Consider the following sequence:

X2(K, T̂ )
f0 //X2(L, T̂ )⊕X2(KI , T̂ )

g0 //X2(LKI , T̂ )

x � // (ResL/K(x),ResKI/K(x))

(x, y) � // ResLKI/L(x)− ResLKI/KI (y).

(7)

It is obviously a complex, and the first arrow is injective by (H1). In order to give further
information about the complex (7), let us consider the following commutative diagram:

0

��

0

��
X2(K,Z)

f1 //

φ0
��

X2(L,Z)⊕X2(KI ,Z)
g1 //

φ1
��

X2(LKI ,Z)

φ2
��

X2(K,Z[E/K])
f //

ψ0

��

X2(L,Z[E/K])⊕X2(KI ,Z[E/K])
g //

ψ1

��

X2(LKI ,Z[E/K])

ψ2

��
X2(K, T̂ ) �

� f0 //X2(L, T̂ )⊕X2(KI , T̂ )
g0 //

��

X2(LKI , T̂ )

��
0 0

(8)
The second and third columns are exact since the exact sequence (6) splits over L,

KI and LKI . Moreover, all the lines are complexes, and in the first one, the arrow g1 is
surjective since the restriction map:

X2(KI ,Z)→X2(LKI ,Z)

is surjective by assumption (H3).
The next two lemmas constitute the core of the proof of proposition 3.7.
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Lemma 3.8. Let a ∈X2(K, T̂ ) and b = (bL, bKI ) ∈X2(L,Z[E/K])⊕X2(KI ,Z[E/K]))
such that f0(a) = ψ1(b) and g(b) = 0. ThenmbKI comes by restriction from X2(Kî,Z[E/K])
for each i.

Proof. Consider the following commutative diagram, constructed exactly in the same
way as diagram (8):

0

��

0

��
X2(K,Z)

f i1 //

φ0
��

X2(L,Z)⊕X2(Kî,Z)
gi1 //

φi1
��

X2(LKî,Z)

φi2
��

X2(K,Z[E/K])
f i //

ψ0

��

X2(L,Z[E/K])⊕X2(Kî,Z[E/K])
gi //

ψi1
��

X2(LKî,Z[E/K])

ψi2
��

X2(K, T̂ ) �
� f i0 //X2(L, T̂ )⊕X2(Kî, T̂ )

gi0 //

��

X2(LKî, T̂ )

��
0 0

(9)
The last two columns are exact since the exact sequence (6) splits over L, Kî and LKî,
and the restriction morphism X2(Kî,Z) → X2(LKî,Z) is surjective by (H4). Hence
there exists bKî ∈X2(Kî,Z[E/K]) such that ψi1(bL, bKi) = f i0(a). The pair:

(0, bKI − ResKI/Kî
(bKî)) ∈X2(L,Z[E/K])⊕X2(KI ,Z[E/K])

then lies in ker(g) ∩ ker(ψ1). In other words, a diagram chase in (8) shows that there
exists c ∈X2(KI ,Z) such that:{

φ1(0, c) = (0, bKI − ResKI/Kî
(bKî))

ResLKI/KI (c) = 0.

By (H3), we have mc = 0, and hence: m · (bKI − ResKI/Ki(bKi)) = 0.

Lemma 3.9. Set µ := m ∨m′ and take a ∈X2(K, T̂ ). Then µa ∈ Im(ψ0).

Before proving the lemma, let us introduce some notation.

Notation 3.10. (i) For each i, we can find a family (Kij)j of finite extensions of KI
together with embeddings σij : Ki ↪→ Kij so that Ki,1 = KI , the embedding σi,1
is the identity of KI , and the K-algebra homormorphism:

Ki ⊗K KI →
∏
j

Kij

x⊗ y 7→ (σij(x)y)j

is an isomorphism. We denote by σ̃ij : KI → Kij the embedding obtained by
tensoring σij with the identity of Kî.
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(ii) For each i, j, we can find a family (Lijj′)ij′ of finite extensions of Kij together with
embeddings σijj′ : L ↪→ Lijj′ so that the K-algebra homormorphism:

L⊗K Kij →
∏
j′

Lijj′

x⊗ y 7→ (σijj′(x)y)j′ .

(10)

We denote by σ̃ijj′ : LKi → Lijj′ the embedding obtained by tensoring σijj′ with
σij . Observe that, when j = 1, the K-algebra homomorphism (10) is simply the
isomorphism L⊗K KI ∼= LKI , so that σi,1,1 is none other than the inclusion of L
in LKI .

(iii) We can find a family of finite extensions (Lα)α of L together with embeddings
τα : L ↪→ Lα so that L1 = L, the embedding τ1 is the identity of L, and the
K-algebra homormorphism:

L⊗K L→
∏
α

Lα

x⊗ y 7→ (τα(x)y)α

is an isomorphism. For each α, we denote by τ̃α : LKI → LαKI the embedding
obtained by tensoring τα with the identity of KI .

Proof. By Shapiro’s lemma, one cas identify the second line of diagram (8) with the
following complex:

X2(L,Z)⊕
⊕

iX
2(Ki,Z)

f

��⊕
αX

2(Lα,Z)⊕
⊕

iX
2(LKi,Z)⊕X2(LKI ,Z)⊕

⊕
i,j X

2(Kij ,Z)

g

��⊕
α,βX

2(Lαβ,Z)⊕
⊕

i,j,j′ X
2(Lijj′ ,Z)

(11)

where f is given by:

(x, (yi)i) 7→
(

((Resτα:L↪→Lα(x))α ,
(
ResLKi/Ki(yi)

)
i
,ResLKI/L(x),

(
Resσij :Ki↪→Kij (yi)

)
i,j

)
,

and g:

((xα)α, (yi)i, z, (tij)i,j) 7→((
ResLαKI/Lα(xα)− Resτ̃α:LKI ↪→LαKI (z)

)
α
,
(

Resσ̃ijj′ :LKi↪→Lijj′ (yi)− ResLijj′/Kij (tij)
)
i,j

)
.

Now take:

((xα)α, (yi)i, z, (tij)i,j) ∈
⊕
α

X2(Lα,Z)⊕
⊕
i

X2(LKi,Z)⊕X2(LKI ,Z)⊕
⊕
i,j

X2(Kij ,Z)

such that:
ψ1((xα)α, (yi)i, z, (tij)i,j) = f0(a).
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Since g0(f0(a)) = 0 and g1 is surjective, a diagram chase in (8) allows to assume that:

((xα)α, (yi)i, z, (tij)i,j) ∈ ker(g). (12)

This implies that: {
ResLαKI/Lα(xα) = Resτ̃α:LKI ↪→LαKI (z), (13)
Resσ̃ijj′ :LKi↪→Lijj′ (yi) = ResLijj′/Kij (tij) (14)

for each i, j, j′, α. In particular, ResL1KI/L1
(x1) = ResLKI/L(x1) = z, and hence the

commutativity of the following diagram of field extensions:

LαKI
τ̃α

Lα

τα

LKI

L

shows that:

ResLαKI/Lα(Resτα:L↪→Lα(x1)) = Resτ̃α:LKI ↪→LαKI (ResLKI/L(x1))

= Resτ̃α:LKI ↪→LαKI (z)

= ResLαKI/Lα(xα).

Since the kernel of ResLαKI/Lα is m′-torsion by (H5), we have:

m′Resτα:L↪→Lα(x1) = m′xα

for all α. Moreover, by (H4), one can find for each i an element ỹi ∈ X2(Ki,Z) such
that:

yi = ResLKi/Ki(ỹi).

Let us check that:
µ((xα)α, (yi)i, z, (tij)i,j) = µf (x1, (ỹi)i) . (15)

By construction, we have:

µ(Resτα:L↪→Lα(x1))α = µ(xα)α, (16)
(yi)i =

(
ResLKi/Ki(ỹi)

)
i
, (17)

µResLKI/L(x1) = µz. (18)

To finish the proof of (15), it is therefore enough to check that:

mtij = mResσij :Ki↪→Kij (ỹi) (19)

for each i and j. For that purpose, fix i = i0, and consider first the case j = 1. We then
have Ki0,1 = KI , and hence, by using (14):

ResLKI/KI (ti0,1) = ResLi0,1,1/LKi0 (yi0) = ResLi0,1,1/Ki0 (ỹi0) = ResLKI/KI (ResKi0,1/Ki0 (ỹi0)).
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By (H3), we deduce that:

mti0,1 = mResKi0,1/Ki0 (ỹi0) = mResKI/Ki0
(ỹi0).

Now move on to the general case. By lemma 3.8, the element:

(mti0,j)j ∈
⊕
j

X2(Ki0,j ,Z) = X2(KI ,Z[Ki0/K])

comes by restriction from an element ti0 ∈X2(KI ,Z) = X2(Kî0
,Z[Ki0/K]). In other

words:
(mti0,j)j = (Resσ̃i0,j :KI ↪→Ki0,j (ti0))j .

In particular, mti0,1 = ti0 , and hence for each j:

mti0,j = Resσ̃i0,j :KI ↪→Ki0,j (ti0)

= Resσ̃i0,j :KI ↪→Ki0,j (mti0,1)

= Resσ̃i0,j :KI ↪→Ki0,j (mResKI/Ki0
(ỹi0))

= mResσi0,j :Ki0 ↪→Ki0,j (ỹi0).

This finishes the proofs of equalities (19) and (15). We deduce that:

µf0(α) = µf0(ψ0((xα)α, (yi)i, z, (tij)i,j)).

Since f0 is injective, we get:

µα = µψ0((xα)α, (yi)i, z, (tij)i,j),

which finishes the proof of the lemma.

We can now finish the proof of proposition 3.7. The group X2(K,Z[E/K]) is divisi-
ble, and hence, by lemma 3.9:

(m ∨m′) ·X2(K, T̂ ) ⊆X2(K, T̂ )div.

In other words, the group X2(K, T̂ ) is (m ∨ m′)-torsion. But it is also n-torsion by
restriction-corestriction. Hence X2(K, T̂ ) is ((m ∨m′) ∧ n)-torsion.

The following lemma will often allow us to check assumptions (H3) and (H4) of
proposition 3.7:

Lemma 3.11. Let l be a finite unramified extension of k of degree n and set L = lK.
The restriction map ResL/K : X2(K,Z) → X2(L,Z) is surjective and its kernel is
(ires(C) ∧ n)-torsion.

Proof. It is obvious that ker(ResL/K) is (ires(C) ∧ n)-torsion. In order to prove the
surjectivity statement, consider an integral, regular, projective model C of C such that
its reduced special fibre C0 is an SNC divisor. Let c be the genus of the reduction graph
of C. According to Corollary 2.9 of [Kat86], for each n ≥ 1, we have an isomorphism:

X3(K,Z/nZ(2)) ∼= (Z/nZ)c.
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Hence, by Poitou-Tate duality, we also have:

X1(K,Z/nZ) ∼= (Z/nZ)c,

so that:
X2(K,Z) ∼= (Q/Z)c.

Since l/k is unramified, X2(L,Z) is also isomorphic to (Q/Z)c. The surjectivity of
ResL/K then follows from the isomorphism X2(K,Z) ∼= X2(L,Z) ∼= (Q/Z)c and the
finiteness of the exponent of ker(ResL/K).

3.1.6 Step 5: Proof of Theorem 3.1 for smooth proper varieties

In this step, we use Poitou-Tate duality to deduce Theorem 3.1 for smooth proper varieties
from the previous steps:

Theorem 3.12. Let l/k be a finite unramified extension and set L := lK. Let Z be a
smooth proper integral K-variety. Then the quotient:

K2(K)/〈NL/K(K2(L)), N2(Z/K)〉

is χK(Z,E)2-torsion for every coherent sheaf E on Z.

Proof. Set n := [l : k] and take x ∈ K2(K). We want to prove that:

χK(Z,E)2 · x ∈ 〈NL/K(K2(L)), N2(Z/K)〉.

First observe that, if K ′ stands for the algebraic closure of K in the function field of
Z, then Z has a structure of a smooth proper K ′-variety and that χK′(Z,E) = [K ′ :
K]−1χK(Z,E). Therefore, by restriction-corestriction, we can assume that K = K ′, and
hence that Z is geometrically integral. Moreover, by lemma 3.3, we may and do assume
that C has residual index 1.

Before moving to the proof of the theorem under the previous assumptions, observe
that the groupX1(L,Z/nZ) is finite. Therefore, the composite Ln of all cyclic extensions
of L that are locally trivial everywhere and whose degrees divide n is a finite extension
of L.

Let now S be the (finite) set of places v ∈ C(1) such that ∂vx 6= 0. Given a prime
number p, since the curve C has residual index 1 and the field k is fertile, we can find
some point wp ∈ C(1) \ S such that [k(wp) : k]res ∧ p = 1. Moreover, by proposition
3.5, we have χK(Z,E) ·K2(Kwp) ⊆ 〈NLwp/Kwp

(K2(Lwp)), N2(Zwp/Kwp)〉, and hence, if
vp(n) > vp(χK(Z,E)), then we can find a finite extension M (wp) of Kwp with residue
field m(wp) such that Z(M (wp)) 6= ∅ and vp([m(wp) : k(wp)]res) ≤ vp(χK(Z,E)).

For v ∈ C(1) \S, we have x ∈ NLv/Kv(K2(Lv)). For v ∈ S, we can find M (v)
1 , ...,M

(v)
rv

finite extensions of Kv such that Z(M
(v)
i ) 6= ∅ for all i and:

χK(Z,E) · x ∈ 〈NLv/Kv(K2(Lv));NM
(v)
i /Kv

(K2(M
(v)
i )), 1 ≤ i ≤ rv〉. (20)

By applying proposition 3.6 inductively, we can find, for each v ∈ S and 1 ≤ i ≤ rv, a
finite extension K(v)

i of K satisfying the following properties:
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(i) Z(K
(v)
i ) 6= ∅;

(ii) K(v)
i can be seen as a subfield of M (v)

i ;

(iii) K(v)
i can also be seen as a subfield of M (wp) for each prime p such that vp(n) >

vp(χK(Z,E));

(iv) for each pair (v0, i0), the field K(v0)
i0

is linearly disjoint to the composite field Ln ·∏
(v,i)6=(v0,i0)

K
(v)
i over K.

Consider the Galois module T̂ defined by the following exact sequence:

0→ Z→ Z[E/K]→ T̂ → 0,

where E := L×
∏
v,iK

(v)
i . To conclude, we introduce the composite field KI =

∏
v,iK

(v)
i

and we check the assumptions (H1), (H2), (H3), (H4) and (H5) of proposition 3.7 with
m = χK(Z,E) and m′ = | ker(ResLKI/L)|:

(H1) The extension L/K is obviously Galois. The fields L and KI are linearly disjoint
over K by (iv). By proceeding exactly in the same way as in lemma 4 of [DW14],
one gets the injectivity of the restriction map:

H2(K, T̂ )→ H2(L, T̂ )⊕H2(KI , T̂ )

and hence of:
X2(K, T̂ )→X2(L, T̂ )⊕X2(KI , T̂ ).

(H2) This immediately follows from (iv).

(H3) Let CI be the smooth projective k-curve with fraction field KI . On the one hand,
by (iii), given a prime p such that vp(n) > vp(χK(Z,E)), the field KI can be seen
as a subfield of M (wp) and the inequality vp([m

(wp) : k]res) ≤ vp(m) holds: we
deduce that vp(ires(CI)) ≤ vp(m). On the other hand, for any other prime number
p, we have vp(n) ≤ vp(χK(Z,E)). We deduce that ires(CI) ∧ n divides m, and
hence (H3) follows from lemma 3.11.

(H4) This immediately follows from lemma 3.11.

(H5) Since L/K is Galois, we have Lα = L for all α. Hence (H5) immediately follows
from the choice of m′.

By proposition 3.7, we deduce that the group X2(K, T̂ ) is ((m ∨m′) ∧ n)-torsion. But
by (iv), we have m′ ∧ n = 1, and hence (m ∨m′) ∧ n = m ∧ n. The group X2(K, T̂ ) is
therefore m-torsion. If we set T := Ť ⊗Z(2), that is also the case of X1(K,T ) according
to Poitou-Tate duality. In particular, since lemma 3.2, equation (20) and assertion (ii)
imply that mx ∈X1(K,T ), we get:

m2x ∈ 〈NL/K(K2(L)); N
K

(v)
i /K

(K2(K
(v)
i )), v ∈ S, 1 ≤ i ≤ rv〉 ⊆ 〈NL/K(K2(L)), N2(Z/K)〉,

the last inclusion being a consequence of (i).
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3.1.7 Step 6: Proof of Theorem 3.1

In this final step, we remove the smoothness assumption from the previous step and prove
Theorem 3.1 for all proper varieties. For that purpose, we use the following variation of
the dévissage technique given by proposition 2.1 of [Wit15]:

Proposition 3.13 ([Wit15]). Let K be a field and r a positive integer. Let (P) be a
property of proper K-varieties. Suppose we are given, for each proper K-variety X, an
integer mX . Make the following assumptions:

(1) For every morphism of proper K-schemes Y → X, the integer mX divides mY .

(2) For every proper K-scheme X satisfying (P), the integer mX divides χK(X,OX)r.

(3) For every proper and integral K-scheme X, there exists a proper K-scheme Y
satisfying (P) and a K-morphism f : Y → X with generic fiber Yη such that mX

and χK(X)(Yη,OYη) are coprime.

Then for every proper K-scheme X and every coherent sheaf E on X, the integer mX

divides χK(X,E)r.

Proof. One can prove this result by following almost word by word the proof of proposi-
tion 2.1 of [Wit15]. Alternatively, for each proper K-scheme X, write the prime decom-
position of mX :

mX =
∏
p

pαp ,

and consider the integer
nX :=

∏
p

pd
αp
r
e.

One can then easily check that the correspondence X 7→ nX satisfies assumptions (1),
(2) and (3) of proposition 2.1 of [Wit15]. We deduce that nX |χK(X,E), and hence that
mX |χK(X,E)r, for every proper K-scheme X and every coherent sheaf E on X.

Proof of Theorem 3.1. Given a proper K-variety Z, we denote by mZ the exponent of
the quotient

K2(K)/〈NL/K(K2(L)), N2(Z/K)〉.

We say that Z has property (P) if it is smooth and integral. We have to check the
three conditions (1), (2) and (3) of proposition 3.13. Condition (1) is straightforward.
Condition (2) follows from Theorem 3.12. Condition (3) follows from Hironaka’s Theorem
on resolution of singularities.

3.2 Proof of Main Theorem A

We can now deduce Main Theorem A from Theorem 3.1.

Proof of Main Theorem A. By Lang’s and Tsen’s Theorems, the field knr(C) is C2. Hence
there exists a finite unramified extension l of k such that Z(lK) 6= ∅. By Theorem 3.1,
the quotient:

K2(K)/〈NlK/K(K2(lK)), N2(Z/K)〉 = K2(K)/〈N2(Z/K)〉
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is χK(Z,OZ)2-torsion. But χK(Z,OZ) = ±1. Hence

K2(K) = 〈N2(Z/K)〉.

4. On the C2
1 property for p-adic function fields

The goal of this section is to prove Main Theorem B. Contrary to Main Theorem A, for
which we needed to deal with unramified extensions of k, here we will have to deal with
ramified extensions of k. For that purpose, the key statement is given by the following
Theorem:

Theorem 4.1. Assume that C has a rational point, let ` be a prime number, and fix
a finite Galois totally ramified extension l/k of degree `. Let E0l be the set of all finite
ramified subextensions of lnr/k and let El be the set of finite extensions K ′ of K of the
form K ′ = k′K for some k′ ∈ E0l . Then:

K2(K) = 〈NK′/K(K2(K
′)) |K ′ ∈ El〉.

4.1 Proof of Theorem 4.1

4.1.1 Step 1: Solving the local problem

The first step to prove Theorem 4.1 consists in settling an analogous statement over the
completions of K.

Lemma 4.2. Let ` be a prime number and let l/k be a finite Galois totally ramified ex-
tension of degree `. Let m/k be a totally ramified extension such that ml/m is unramified.
Then there exists k′ ∈ E0l such that k′ ⊂ m.

Proof. If ml/m is trivial, then m contains l and we are done. Therefore we may and
do assume that ml/l has degree `. Denote by k` the unramified extension of k with
degree ` and set l` := l · k`. The extension l`/k is Galois with Galoius group (Z/`Z)2,
and since ml/m is unramified of degree `, the field l` is contained in m′l for some finite
subsextension m′ of m/k. But:

`2[m′ : k] = [m′ : k] · [l` : k] > [m′l : k] = `[m′ : k].

Hence the intersection k′ := m′ ∩ l` is a degree ` totally ramified extension of k, and
k′ ∈ E0l .

Proposition 4.3. Let ` be a prime number and let l/k be a finite Galois totally ramified
extension of degree `. Fix v ∈ C(1). Then:

K2(Kv) = 〈NK′⊗KKv/Kv(K2(K
′ ⊗K Kv)) |K ′ ∈ El〉.

Proof. Three different cases arise:

1. the field k(v) contains l;

2. the extension lk(v)/k(v) is unramified of degree `;
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3. the extension lk(v)/k(v) is totally ramified of degree `.

Case 1 is trivial, since:

K2(Kv) = 〈NlK⊗KKv/Kv(K2(lK ⊗K Kv))〉.

Let us now consider case 2, and denote by k(v)nr the maximal unramified subextension
of k(v)/k. By lemma 4.2, there exists a finite extension m of k(v)nr such that m ∈ El
and m ⊂ k(v). By setting M := mK, we get that M ∈ El and that:

K2(Kv) = NM⊗KKv/Kv(K2(M ⊗K Kv))

⊂ 〈NK′⊗KKv/Kv(K2(K
′ ⊗K Kv)) |K ′ ∈ El〉,

as wished.

Let us finally consider case 3. To do so, fix a uniformizer π of k(v), and as before,
let k(v)nr be the maximal unramified subextension of k(v)/k. Denote by k(v)ramπ the
maximal abelian totally ramified extension of k(v) associated to π by Lubin-Tate theory.
Since l/k is abelian, the extension lk(v)ramπ /k(v)ramπ must be unramified. Hence, by
lemma 4.2, there exists a finite extension m of k(v)nr such that m ∈ E0` and m ⊂ k(v)ramπ .
We deduce from Corollary 5.12 of [Yos08] that:

π ∈ Nm⊗k(v)nrk(v)((m⊗k(v)nr k(v))×) ⊂ 〈Nk′⊗kk(v)/k(v)((k
′ ⊗k k(v))×) | k′ ∈ E0l 〉.

This being true for every uniformizer π of k(v), we deduce that:

k(v)× ⊂ 〈Nk′⊗kk(v)/k(v)((k
′ ⊗k k(v))×) | k′ ∈ E0l 〉,

and hence, by lemma 3.4:

K2(Kv) = 〈NK′⊗KKv/Kv(K2(K
′ ⊗K Kv)) |K ′ ∈ El〉.

4.1.2 Step 2: Computation of a Tate-Shafarevich group

The second step, which is slightly technical, consists in computing the Tate-Shafarevich
groups of some finitely generated free Galois modules over K associated to the fields in
El. Poitou-Tate duality will then allow to obtain a local-global principle that will let us
deduce Theorem 4.1 from proposition 4.3.

Proposition 4.4. Assume that C has a rational point, and let ` be a prime number. Fix
a finite Galois totally ramified extension l/k of degree `. Given K1, ...,Kr in El so that
the fields K1 and K2 are linearly disjoint over K, consider the Galois module T̂ defined
by the following exact sequence:

0→ Z→ Z[E/K]→ T̂ → 0, (21)

where E := K1 × ...×Kr. Then X2(K, T̂ ) is divisible.
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Proof. Consider the following complex:

X2(K, T̂ )
f0 //X2(K1, T̂ )⊕X2(K2, T̂ )

g0 //X2(K1K2, T̂ )

x � // (ResK1/K(x),ResK2/K(x))

(x, y) � // ResK1K2/K1
(x)− ResK1K2/K2

(y).

(22)
We start by proving the following lemma:

Lemma 4.5. The morphism f0 is injective.

Proof. Let KI be the Galois closure of the composite of all the Ki’s. By inflation-
restriction, there is an exact sequence:

0→ H2(KI/K, T̂ )→ H2(K, T̂ )→ H2(KI , T̂ ).

Take q ∈ C(k) a rational point. The previous exact sequence then induces a commutative
diagram with exact lines:

0 // H2(KI/K, T̂ )

∼=
��

// H2(K, T̂ )

��

// H2(KI , T̂ )

��
0 // H2(KI,q/Kq, T̂ ) // H2(Kq, T̂ ) // H2(KI,q, T̂ )

(23)

in which the first vertical map is an isomorphism since Gal(KI/K) = Gal(KI,q/Kq). We
deduce that the restriction map:

ker
(
H2(K, T̂ )→ H2(Kq, T̂ )

)
→
(
H2(K, T̂ )→ H2(KI,q, T̂ )

)
is injective. Hence so is the restriction map:

ResKI/K : X2(K, T̂ )→X2(KI , T̂ )

as well as the restriction maps:

ResK1/K : X2(K, T̂ )→X2(K1, T̂ ),

ResK2/KX2(K, T̂ )→X2(K2, T̂ ).
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Now observe that the complex (22) fits in the following commutative diagram:

0

��

0

��
X2(K,Z) //

��

X2(K1,Z)⊕X2(K2,Z) //

��

X2(K1K2,Z)

��
X2(K,Z[E/K])

f //

��

X2(K1,Z[E/K])⊕X2(K2,Z[E/K])
g //

��

X2(K1K2,Z[E/K])

��
X2(K, T̂ ) �

� f0 //X2(K1, T̂ )⊕X2(K2, T̂ )
g0 //

��

X2(K1K2, T̂ )

��
0 0.

(24)
The second and third columns are exact since the exact sequence (21) splits over K1, K2

and K1K2. The lines are all complexes. In the first one, the second arrow is surjective
since the restriction map:

X2(K1,Z)→X2(K1K2,Z)

is an isomorphism by lemma 3.11. As for the second line, we have the following lemma:

Lemma 4.6. The second line of diagram (24) is exact.

Proof. Write:

K1 ⊗K Kα =
∏
β

Lαβ

K2 ⊗K Kα =
∏
γ

Mαγ

Lαβ ⊗Kα Mαγ =
∏
δ

Nαβγδ

for some fields Lαβ , Mαγ and Nαβγδ. By Shapiro’s lemma, the second line of (24) can
be identified with the following complex:⊕

αX
2(Kα,Z)

f

��⊕
α,βX

2(Lαβ,Z)⊕
⊕

α,γ X
2(Mαγ ,Z)

g

��⊕
α,β,γ,δX

2(Nαβγδ,Z)

(25)

where f is given by:

(xα) 7→
((

ResLαβ/Kα(xα)
)
i
,
(
ResMαγ/Kα(xα)

)
i

)
,
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and g:

((yαβ)α,β, (zαγ)α,γ)) 7→
(

ResNαβγδ/Lαβ (yαβ)− ResNαβγδ/Mαγ
(zαγ)

)
αβγδ

,

Fix ((yαβ)α,β, (zαγ)α,γ)) ∈ ker(g). Then:

ResNαβγδ/Lαβ (yαβ) = ResNαβγδ/Mαγ
(zαγ)

for all α, β, γ, δ. But the restrictions ResLαβ/Kα , ResMαγ/Kα , ResNαβγδ/Lαβ and ResNαβγδ/Mαγ

are all isomorphisms by lemma 3.11 and they fit into a commutative diagram:

X2(Kα,Z)
ResLαβ/Kα //

ResMαγ/Kα
��

X2(Lαβ,Z)

ResNαβγδ/Lαβ
��

X2(Mαγ ,Z)
ResNαβγδ/Mαγ

//X2(Nαβγδ,Z).

(26)

We deduce that, for each α, there exists xα ∈X2(Kα,Z) such that:

∀β, ResLαβ/Kα(xα) = yαβ,

∀γ, ResMαγ/Kα(xα) = zαγ .

In other words, ((yαβ)α,β, (zαγ)α,γ)) ∈ im(f).

With all the gathered information, a simple diagram chase in (8) shows that the
morphism X2(K,Z[E/K])→X2(K, T̂ ) is surjective. But X2(K,Z[E/K]) is divisible.
Hence so is X2(K, T̂ ).

4.1.3 Step 3: Proof of Theorem 4.1

We can finally prove Theorem 4.1 by using Poitou-Tate duality.

Proof of Th. 4.1. Take x ∈ K2(K). By proposition 4.3, we have:

K2(Kv) = 〈NK′⊗KKv/Kv(K2(K
′ ⊗K Kv)) |K ′ ∈ El〉

for all v ∈ C(1). Hence we can find K1, ...,Kr ∈ E0l such that:

x ∈ ker(K2(K)/〈NKi/K(K2(Ki)) | 1 ≤ i ≤ r〉

→
∏

v∈C(1)

K2(Kv)/〈NKi⊗KKv/Kv(K2(Ki ⊗K Kv)) | 1 ≤ i ≤ r〉). (27)

Moreover, up to enlarging the family (Ki)i, we may and do assume that K1 and K2 are
linearly disjoint. Consider the étale K-algebra E := K1× ...×Kr and the Galois module
T̂ defined by the following exact sequence:

0→ Z→ Z[E/K]→ T̂ → 0.

Set T := Ť ⊗ Z(2). By lemma 3.2, equation (27) can be rewritten as:

x ∈X3(K,T ).

But, by Poitou-Tate duality, X3(K,T ) is dual to X2(K, T̂ ), and by proposition 4.4, the
group X2(K, T̂ ) is divisible. We deduce that X3(K,T ) = 0, and hence that:

x ∈ 〈NKi/K(K2(Ki)) | 1 ≤ i ≤ r〉 ⊂ 〈NK′/K(K2(K
′)) |K ′ ∈ El〉.
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4.2 Proof of Main Theorem B

By combining Theorems 3.1 and 4.1, we can now settle the following Theorem, from
which we will deduce Main Theorem B:

Theorem 4.7. Let K be the function field of a smooth projective curve C defined over
a p-adic field k. Let l/k be a finite Galois extension and set L := lK. Let Z be a
smooth proper integral K-variety. If sl/k stands for the number of prime factors of the
ramification degree of l/k, then the quotient:

K2(K)/〈NL/K(K2(L)), N2(Z/K)〉

is iram(C) · χK(Z,E)2sl/k+2-torsion for every coherent sheaf E on Z.

Proof. We first assume that C has a rational point, and we prove that

K2(K)/〈NL/K(K2(L)), N2(Z/K)〉

is χK(Z,E)2sl/k -torsion for every coherent sheaf E on Z by induction on sl/k. The case
sl/k = 0 immediately follows from Theorem 3.1. We henceforth assume now that sl/k > 0.
Let lnr be the maximal unramified subextension of l/k and set Lnr := lnrK. Theorem
3.1 ensures then that the quotient:

K2(K)/〈NLnr/K(K2(Lnr)), N2(Z/K)〉

is χK(Z,E)2-torsion. Now, the extension lnr/k is Galois and totally ramified. Since finite
extensions of local fields are solvable, we can find a Galois totally ramified extensionm/lnr
contained in l and of prime degree `. Set M := mK. By Theorem 4.1, we have:

K2(Lnr) = 〈NK′/Lnr
(K2(K

′)) |K ′ ∈ El〉.

But for each k′ ∈ Em, the ramification degree of lk′/k′ divides that of l/k. Hence, by
induction, the group:

K2(K
′)/〈NLK′/K′(K2(LK

′)), N2(Z/K
′)〉

is χK(Z,E)2sl/k−2-torsion for each K ′ ∈ Em. We deduce that:

K2(K)/〈NL/K(K2(L)), N2(Z/K)〉

is χK(Z,E)2sl/k -torsion, which finishes the induction.

We do not assume anymore that C has a rational point. Let k1, ..., kr be finite
extensions of k such that:

g.c.d.(e(ki/k) | 1 ≤ i ≤ r) = iram(C),

and, for each i, let ki,nr be the maximal unramified extension of k contained in ki. For
each i ≥ 1, set Ki := kiK and Ki,nr := ki,nrK . Theorem 3.1 ensures that the quotient:

K2(K)/〈NKi,nr/K(K2(Ki,nr)), N2(Z/K)〉
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is χK(Z,E)2-torsion. Moreover, a restriction-corestriction argument shows that the quo-
tient:

K2(K)/NKi/Ki,nr(K2(Ki))

is [ki : ki,nr]-torsion. Since [ki : ki,nr] = e(ki/k), we deduce that:

K2(K)/〈NK1/K(K2(K1)), ...., NKr/K(K2(Kr)), N2(Z/K)〉

is iram(C) · χK(Z,E)2-torsion. But C has rational points over all the ki’s. Hence the
quotients:

K2(Ki)/〈NLKi/Ki(K2(LKi)), N2(Z/Ki)〉

are all χK(Z,E)2sl/k -torsion. We deduce that:

K2(K)/〈NL/K(K2(L)), N2(Z/K)〉

is iram(C) · χK(Z,E)2sl/k+2-torsion.

Proof of Main Theorem B. By Tsen’s Theorem, the field k(C) is C1. Hence there exists
a finite extension l of k such that Z(lK) 6= ∅. By Theorem 4.7, the quotient:

K2(K)/〈NlK/K(K2(lK)), N2(Z/K)〉 = K2(K)/〈N2(Z/K)〉

is iram(C) · χK(Z,OZ)2sl/k+2-torsion. But χK(Z,OZ) = ±1. Hence the quotient

K2(K)/〈N2(Z/K)〉

is iram(C)-torsion.
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