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Exercises of Chapter 1: Ci-fields

The last exercises are harder than the first ones.

Exercice 1. By using the Arkhipov, Karatsuba and Alemu theorem, prove that number fields are
not Ci for any i.

Exercice 2. Let K be a field.
1. Let L be a finite extension of K. Assume that L is Ci for some i ≥ 0. Is K also Ci?
2. Prove that if the field of rational functions K(T ) is Ci+1 for some i ≥ 0, then K is Ci.

Exercice 3. Let X be a smooth integral R-variety such that X(R) 6= ∅. Prove that R(X) is not
Ci for any i.

Exercice 4. Let p be a prime number and let n and d be two positive integers. Let K be a p-adic
field and let a0, ..., an ∈ K×. Consider the projective variety X defined by the equation:

a0x
d
0 + ...+ anx

d
n = 0.

1. Assume that d is not divisible by p. Prove that, if n ≥ d2, then X(K) 6= ∅.
2. In general, prove that one can always find a positive integer f(d) depending only on d

such that, if n ≥ f(d), then X(K) 6= ∅. Can the function d 7→ f(d) be chosen to be a
polynomial?

Exercice 5. Let R be the ring C[[x, y]] of formal power series in 2 variables with coefficients in C
and let K be its fraction field C((x, y)).

1. Prove that the group R× is divisible.
2. Prove that any element f ∈ R can be factored as f = ug with u ∈ R× and g ∈ C[[x]][y].
3. Let n and d be positive integers such that n ≥ d2. Let a0, ..., an be elements in K. Prove

that the projective hypersurface defined by the equation a0x
d
0+ ...+anx

d
n = 0 has a rational

point.

Exercice 6. Let K be a field. Assume that there exists a function f : N→ N such that, for any
d ≥ 1, any n ≥ f(d) and any a0, ..., an ∈ K×, the projective hypersurface given by the equation:

a0x
d
0 + ...+ anx

d
n = 0

has a rational point in K.
1. Let m, d ≥ 1. Prove that there exists an integer g(d,m) such that, for any n ≥ g(d,m) and

any a0, ..., an ∈ K×, the set of solutions of the equation:

a0x
d
0 + ...+ anx

d
n = 0

in Kn+1 contains an m-dimensional vector subspace of Kn+1.
2. Let m, d1, ..., dh be positive integers. Prove that there exists an integer g(d1, ..., dh,m) such

that, for any n ≥ g(d1, ..., dh,m), the set of solutions of any system of equations:

fi(x) = 0, 1 ≤ i ≤ h

in which each fi is a homogeneous polynomial over K in n+1 variables of degree di contains
an m-dimensional vector subspace of Kn+1.
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Exercice 7. To do this exercise, you need to know Witt vectors. Let k be an algebraically closed
field with characteristic p > 0. LetW (k) be the ring of Witt vectors of k and let f be a homogeneous
polynomial of degree d in n variables over W (k) with d < n.

1. Letm be a positive integer. Consider the polynomial ring k[Xij , 1 ≤ i ≤ m, 0 ≤ j ≤ m]. For
each j, denote by Xj the vector (Xi,j)1≤i≤m. Construct m + 1 homogeneous polynomials
f0(X0), f1(X0,X1), ..., fm(X0, ...,Xm) with coefficients in k such that the equation f = 0
has solutions in W (k)/pm not divisible by p if, and only if, the system of equations:{

fj(X0, ...,Xj) = 0, 0 ≤ j ≤ m,

X0 6= 0,

has solutions in k.
2. Let m and j be positive integers. Prove that, if all solutions of the equation f = 0 in

W (k)/pm are divisible by p, then all solutions of f = 0 in W (k)/pm+jd are divisible by
pj+1.

3. Use the previous question to show that, for any m > 0, the equation f = 0 has solutions in
W (k)/pm which are not divisible by p.

4. Use Greenberg’s approximation theorem to show that the equation f = 0 has a non-zero
solution in W (k).

5. Prove Lang’s theorem: a complete discrete valuation field with algebraically closed residue
field is C1.
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